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Quantum simulation of lattice gauge theories (LGTs) provides a powerful framework for understanding non-
perturbative phenomena. However, to realize the hope of answering challenging physics questions on near-term
devices it is crucial to develop resource-efficient formulations, in particular for non-Abelian LGTs and beyond
(1+1) dimensions. In this work, we address this issue by focusing on the difficulty of simulating fermionic
degrees of freedom and on mitigating the Hilbert space redundancy, i.e., the presence of exponentially many
nonphysical states that do not obey gauge invariance. First, we show a procedure that removes the matter and
improves the hardware-resource efficiency. We demonstrate it for the simplest non-Abelian group addressable
with this procedure, D8, in the cases of both one and two spatial dimensions. Then, with the objective of running
a variational quantum simulation on real quantum hardware, we map the D8 LGT onto qudit systems with local
interactions. We propose a variational scheme for the qudit system with a local Hamiltonian, which can be
implemented on a universal qudit quantum device. Our results show the effectiveness of the matter-removing
procedure, solving the redundancy problem, and reducing the amount of quantum resources. This approach can
serve as a way of simulating LGTs in high spatial dimensions, with non-Abelian gauge groups, and including
dynamical fermions.

DOI: 10.1103/l8b6-h5s5

I. INTRODUCTION

Gauge theories are fundamental in describing the interac-
tions among the elementary particles in high-energy physics
[1]. Their formulation on a discrete spacetime lattice—
lattice gauge theories (LGTs)—has become a pivotal tool
for the study of fundamental interactions [2,3], particularly
in regimes where perturbative methods fail, such as the
low-energy dynamics responsible for quark confinement [4].
Traditional approaches to solving LGTs rely on Monte Carlo
simulations, which have been widely successful in explor-
ing properties of LGTs [4–6]. However, these methods face
significant limitations in addressing real-time dynamics and
systems with finite chemical potential, due to the Euclidean
time and the sign problem [7]. As such, there has been a
growing interest in leveraging new techniques to overcome
these challenges.

With the advent of quantum technologies, quantum simu-
lation [8] has emerged as a promising alternative for exploring
LGTs beyond the capabilities of classical methods [9,10].
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By mapping the gauge and matter fields onto controllable
degrees of freedom of a quantum device, it becomes possible
to simulate real-time dynamics and tackle problems that are
intractable using classical algorithms [11]. Quantum simu-
lation thus holds the potential to revolutionize the study of
both static and dynamic properties of strongly coupled gauge
theories.

Various quantum simulation schemes for LGTs have been
proposed (see, e.g., the reviews [10–19]) and demonstrated
across different platforms, from atomic systems [20–24] and
trapped ions [25–28] to superconducting qubits [29–32]. Yet,
in particular in d > 1 the complexity of gauge theories (in-
cluding their local symmetries), the many-body interactions
[5], and the need to handle both fermionic and bosonic
fields impose stringent requirements on simulation protocols.
These factors contribute to limiting the existing experimen-
tal demonstrations of LGTs to specific scenarios. Despite
all the pioneering advances, simulating LGTs in higher
dimensions remains an outstanding challenge [16], espe-
cially in the non-Abelian case and in presence of dynamical
matter.

In this paper, we present a general procedure for integrating
out fermionic fields in non-Abelian LGTs; see Figs. 1(a) and
1(b). This presents a significant step beyond previous schemes
developed for Abelian theories [33–36]. The basic idea is that
the intrinsic connection due to the gauge symmetry permits
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FIG. 1. Quantum simulation of a non-Abelian D8 lattice gauge theory with dynamical fermionic matter in arbitrary dimensions. (a) In the
Kogut-Susskind formulation, dynamical fermions representing the matter are situated on the sites of a lattice and gauge fields reside on the
links between the sites. For every vertex (site and the adjacent links), the Gauss’s law imposes constraints on the fermionic and gauge field
degrees of freedom. Further, to encode the fermionic degrees of freedom on a device capable of quantum computation that does not natively
support fermions, one typically introduces nonlocal Jordan-Wigner strings. This approach is not scalable in higher than (1+1) dimensions.
(b) In this work, we map the original D8 LGT onto a qudit quantum hardware by (1) unitarily eliminating the fermionic matter degrees of
freedom while keeping the resulting Hamiltonian for the gauge fields local and (2) efficiently encode the gauge field Hilbert space on each
link in a qubit and a ququart. This approach is applicable for spatial lattices of arbitrary dimensions. (c) To approximate the ground state of
the resulting qudit system, we employ powerful variational optimization techniques for approximating imaginary- and real-time evolution. In
a hybrid feedback loop between a quantum and a classical coprocessor, the former allows us to implement a variational quantum circuit and
measure quantities relevant for the optimization, whereas the latter serves for solving the corresponding equations of motion and updating
the variational parameters. (d) Observables of interest such as the energy of the variational state and others can directly be extracted from the
quantum hardware at each step of parameter update, allowing one to reproduce time evolution of a non-Abelian LGT in dimensions beyond
(1+1) dimensions.

the gauge fields to keep track of the matter fields. The result is
a simplified Hamiltonian that implements the fermionic statis-
tics of matter through local interactions of bosonic degrees
of freedom. It thus circumvents the need for encoding, e.g.,
Jordan-Wigner strings [37], and it removes the exponential
redundancy in the simulated Hilbert space, thereby reducing
the resource overhead required for simulation on quantum
hardware. Our procedure is of particular importance for quan-
tum simulation of higher-dimensional lattices, where other
proposals fail to provide scalability.

The general scheme works for both finite and compact Lie
groups, including U(N ). We illustrate it for the non-Abelian
D8 LGT, which is recently moving into the focus of quantum
simulation proposals [38–41], after a significant progress has
been made in various different approaches for other finite
groups [9,32,35,36,42–58]. We show how the resulting theory
can be mapped onto a local Hamiltonian acting on two- and
four-level systems locally representing the eight-dimensional
Hilbert space of D8.

D8 is a favorable choice to demonstrate the procedure for
non-Abelian groups for various reasons. For simplicity, we
choose to focus on a finite group, whose Hilbert space is
easier to understand as well as to encode on current devices.
Larger groups, and certainly Lie groups (which are infinite)
require truncation procedures. Therefore, one would like to
choose the smallest non-Abelian group (in terms of its order,
or number of elements) which allows the use of the pro-
cedure of [33,34], which is D8, as explained in Sec. III A.
One may argue that this choice is somewhat peculiar, with
the D8 lattice gauge theory having not been explored yet
out of the quantum simulation proposals context. However,
since this model has the same center as SU(2), the subgroup
Z2, and since the center symmetry is related to confinement,
it suggests a potential avenue for studying interesting con-
finement physics that may yield qualitative insights also for
physically relevant systems. Therefore, we expect this model,
once implemented on quantum devices, to already teach
us a significant lesson on standard-model-like confinement
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mechanisms, string-breaking phenomena, and topological ef-
fects. In parallel, other quantum simulation methods as well
as tensor network studies of this model would support each
other as sources for benchmarking and comparison.

We formulate a strategy for quantum simulating of the
non-Abelian lattice gauge model by employing a variational
quantum simulation protocol on a qudit trapped-ions platform
[59]; see also Figs. 1(c) and 1(d). The higher-dimensional
qudit Hilbert space allows for a compressed representation of
the gauge fields, facilitating the design of a resource-efficient
simulation protocol that can be used for both ground-state
preparation and time evolution [60]. By numerical sim-
ulations, we illustrate the performance of the variational
algorithm for the case of ground-state preparation of bench-
mark cases. We demonstrate the feasibility of our method,
highlighting its potential for application to a broad range of
problems in high-energy physics and beyond. In contrast to
other recent proposals, our study thus formulates a model of a
non-Abelian gauge theory that is simulable in the laboratory
with existing technology, paving the way for future investi-
gations into the rich physics of gauge theories in previously
inaccessible regimes.

Our work also leverages recent progress in building qudit-
based quantum computers, which has led to the design of
simulation protocols for lattice gauge theories based on multi-
level quantum systems. In particular, non-Abelian gauge
theories can greatly profit from using qudits, due to the
complicated structure of the gauge-field Hilbert space. In
Refs. [61,62], quantum simulations of SU(2) respectively
SU(3) lattice gauge theories in (1+1) dimensions have been
proposed, providing concrete examples of possible implemen-
tation strategies for non-Abelian gauge theories with qudits.
Despite the novelty of these proposals, their applicability is
still restricted to 1D lattice geometries. In Ref. [63], a theo-
retical fermion-qudit quantum processor has been identified
as a natural platform for the simulation of non-Abelian gauge
theories in arbitrary spatial dimensions. While this work re-
ports an intriguing new possibility for simulating non-Abelian
gauge fields beyond one dimension, engineering challenges
still restrict its applicability, as the experimental realization of
such a fermion-qudit quantum processor is still to be demon-
strated. Simulation protocols for models with non-Abelian
gauge symmetry are further important for the realization of
non-Abelian anyons, relevant for topological quantum com-
putation [64,65]. In that context, qudits have been envisioned
as a natural platform to calculate interesting properties of
such anyons [66]. As these examples show, there is a great
potential for qudit-based quantum simulation for non-Abelian
gauge theories, which in turn calls for viable implementation
strategies to harness these possibilities.

This paper is organized as follows. In Sec. II we briefly
introduce the mathematical description of the target LGT fo-
cusing on non-Abelian D8 as a pedagocial example case. This
theory already shows the two key features our formulation
takes care of, the fermionic statistics of the matter and the
redundancy of the Hilbert space generated by the extensive
number of local constraints. Then in Secs. III A and III B
we introduce two unitary steps, V(1) and V(2), that allow
us to eliminate the matter for D8 in arbitrary dimensions. In
Sec. IV we give an outline of the variational algorithm we

FIG. 2. Illustration of gauge-invariant operators in the d = 2
Hamiltonian formulation of LGT. Squares represent matter sites
while circles are the gauge fields on the links. The orange cross
depicts a local gauge transformation as described in Eq. (19). The
red circle is an example of the electric Hamiltonian term we have on
all the links; this comes from HE . The blue plaquette stands for the
magnetic Hamiltonian term HB, and the green square is an example
of the local mass term HM . The purple horizontal line represents a
hopping interaction HGM .

use. Here we present specific quantum circuits and discuss
how the simulation protocol would be implemented on the
quantum device. We proceed to presenting a few numerical
demonstrations (Sec. VI) of the variational approach for a
pseudo-2D system, defined on the minimal lattice for which
1D methods for matter elimination fail. Finally, in Sec. VII
we present our conclusions.

II. THE D8 LATTICE GAUGE THEORY

While lattice gauge theories were first introduced by
Wilson in an Euclidean formalism [4], the Hamiltonian for-
mulation of LGTs has emerged as an alternative approach
with several distinctive features [5,67]. In the Hamiltonian
approach, space is discretized on a d-dimensional lattice Zd

(square/cubic by default, though formulations in other ge-
ometries exist [29]) whereas time remains continuous. This
formulation is particularly well suited for real-time dynamics
and finite chemical potential problems, both of which are
challenging for conventional Monte Carlo methods used in
Euclidean lattice field theory [7]. Fermionic matter fields live
on the vertices of the lattice, while the links host the gauge
fields.

The system has local symmetries generated by the gauge
group G, usually a compact Lie or a finite group as in our case
considered below (D8). These gauge transformations, �g(x),
are local unitaries under which the physically relevant states
and operators are invariant. They are parameterized by group
elements g ∈ G and are associated with the sites x ∈ Zd . The
local symmetry introduces conservation laws (Gauss’s law)
on every site. Each �g(x) acts locally on x and on the links
� around it (starting or ending at x; see Fig. 2), transforming
only those degrees of freedom in a way that is parametrized
by g. An operator A is gauge invariant if and only if

�g(x)A�†
g(x) = A, ∀g ∈ G, x ∈ Zd , (1)

and a gauge-invariant state |ψ〉 is invariant under all gauge
transformations (up to a global phase if G is Abelian; in the
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non-Abelian case, gauge transformations can mix the ele-
ments of state multiplets [68]).

Despite its advantages, the Hamiltonian formulation of
LGTs presents its own challenges. One key difficulty arises
from the high dimensionality of the Hilbert space due to the
gauge degrees of freedom on each lattice link. Moreover,
the need to enforce gauge invariance and the inclusion of
dynamical fermions introduces further complexities. It is the
purpose of this article to develop an efficient description to
circumvent these challenges, by integrating out the matter
degrees of freedom and mapping the resulting theory to a
qudit Hamiltonian.

A. The group D8

Although the procedure below is more general, for con-
creteness we focus on the case G = D8 (dihedral group of
order eight or sometimes known as D4, the symmetry group
of a 4-gon) in two space dimensions. This is the group of
planar symmetries of a square, which includes π/2 rotations
and reflections. It is a non-Abelian group, generated by a π/2
rotation, which we denote by a, and a diagonal reflection
about the origin, denoted by y. The dihedral group has recently
moved into the attention of quantum simulation proposals
[38–41], as its group structure allows for convenient mapping
to the discrete degrees of freedom of quantum simulators.

Labelling the identity element by e, we note that

a4 = y2 = e. (2)

Along with

yay = a−1 (3)

one can construct the full multiplication table of the group’s
eight elements,

D8 = {e, a, a2, a3, y, ay, a2y, a3y}
= {apyq|p = 0, 1, 2, 3; q = 0, 1}. (4)

The group has five irreducible representations (ir-
reps). Four are 1D unfaithful representations, denoted
by j = 0, 0, 1, 1, representing the group elements as
1, (−1)q, (−1)p, (−1)p+q respectively. This implies that the
1 × 1 Wigner matrices for these representations are

D0(a) = 1, D0(y) = 1,

D0̄ (a) = 1, D0̄ (y) = −1,

D1(a) = −1, D1(y) = 1,

D1̄(a) = −1, D1̄(y) = −1. (5)

The only nontrivial and faithful representation, j = 2, may
be constructed (for example) out of the generators’ Wigner
matrices

D2(a) = −iσy, D2(y) = σz. (6)

B. The Hilbert space

The matter in our model is fermionic, a crucial feature if
one aims for a realistic approximation of models of elemen-
tary particles such as electrons, positrons, or quarks. Each site

FIG. 3. Decomposition of the link Hilbert space, expressed in the
group element basis (8), into a qubit and a qudit.

can host two fermionic species of fermions (corresponding to
the spinors we have in the nontrivial representation), annihi-
lated by the local Fock operators ψ0(x) and ψ1(x),

{ψm(x), ψn(y)} = 0, {ψm(x), ψ†
n (y)} = iδmnδxy, (7)

where m, n = 0, 1 are group indices within the j = 2 repre-
sentation, and x, y ∈ Z2 are lattice sites. In the following, we
assume an implied summation over repeating group indices
and, although the discussion can be easily generalized, we
focus for concreteness on d = 2.

On the links—which we label by (x ∈ Z2, i = 1, 2),
their starting site and the positive direction to which they
emanate—the local gauge Hilbert spaces have dimension
eight, which equals the group’s order. One particular basis of
interest is therefore the group element basis, {|g〉}g∈D8 where
elements are identified with each of the elements of the group.
Having the two generators a, y, we can represent the elements
of this basis in a simpler way, using two quantum numbers,
p = 0, 1, 2, 3 and q = 0, 1:

|g〉 = |apyq〉 = |p, q〉 . (8)

This can be represented exactly by a product of qubit and qudit
spaces: the q quantum number will be encoded by the qubit
and p by a four-level qudit, as can be pictorially seen in Fig. 3.

One can also use the representation basis, whose states
| jmn〉 are labeled by irreps j and eigenvalues of a maximal
set of group transformations, m, n. The relation between the
groups is through the Peter-Weyl theorem,

〈g| jmn〉 =
√

dim( j)

|G| D j
mn(g), (9)

using the Wigner matrices D j
mn(g) [69]. In our case, for the

nontrivial representation we have the four states |2mn〉 where
m, n = 0, 1, and the four states of the unfaithful representa-
tions, with no m, n indices (since they correspond to singlets),
|0〉 , |0〉 , |1〉 , |1〉.

To conclude the link description, we define local unitary
operators θR

g and θL
g acting on the gauge field and transforming

it from the right and left sides, respectively. In the group basis,
they act as group multiplication operators [70],

θR
g |h〉 = |hg−1〉 ∀ h, g ∈ G, (10)

θL
g |h〉 = |g−1h〉 ∀ h, g ∈ G, (11)

θR
g | jmn〉 = | jmn′〉 D j

n′n(g), (12)

θL
g | jmn〉 = D j

mm′ (g) | jm′n〉 . (13)
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We further introduce the group element operators, U j
mn, which

will later be used as the gauge connections. They are diagonal
in the group element basis, satisfying

U j
mn |g〉 = D j

mn(g) |g〉 (14)

for every irrep j.
The possible gauge transformations are given by

�g(x) = Wg(x)θ†
g,M(x) ∀g ∈ D8, (15)

by which the links and matter sites are transformed as

Wg(x) =
∏

i=1,2

[
θL

g (x, i)θR†
g (x − êi, i)

]
, (16)

θ
†
g,M(x) = det(g−1)x1+x2 e−ψ†

a qmn(g)ψb, (17)

q(g) = −ilog[D2(g)]. (18)

The latter is related to the staggered fermions [71] prescription
for finite gauge groups, as discussed in Ref. [70]. In the above,
Wg(x) is a product of operators acting on the links i that are
connected to the site x while θ

†
g,M acts only on the matter.

The differentiation between left (L) and right (R) operators
is necessary as D8 is non-Abelian. êi are unit vectors in the
i = 1, 2 directions, As we mentioned before, gauge-invariant
states |ψ〉 satisfy the local Gauss’s law constraints, which for
D8, assuming no static background charges, can be written in
a compact form as

Wg(x)θ†
g,M|ψ〉 = |ψ〉 ∀x ∈ Z2,∀g ∈ D8. (19)

This is a manifestation of the redundancy of the Hilbert space,
in the sense that physical states must obey a number of con-
straints which is linear with the lattice size. Therefore the
physical Hilbert space of gauge-invariant states is exponen-
tially smaller than the full Hilbert space.

C. The Hamiltonian

The Hamiltonian (see Fig. 2) governing the dynamics of
the D8 LGT with dynamical fermions has the form

H = HM + HE + HB + HGM. (20)

For the mass term, HM, we choose to consider the staggered
formulation [71]. Moreover, in the representation basis, HE

is given by the number of excitations of the gauge field ( j =
2); nx,m = ψ†

x,mψx,m, m = 0, 1 (no summation) are the number
operators. Explicitly, the different terms of H are

HM = M
∑

x

(−1)x1+x2ψ†
m(x)ψm(x), (21)

HGM = ε
∑

x,l=1,2

ψ†
m(x)Umn(x, l )ψm(x + êl ) + H.c., (22)

HB = λB

∑
p

Tr[UaUbU
†
c U †

d ], (23)

HE = λE

∑
links

|2, mn〉 〈2, mn| . (24)

In the above, HE, HB are the electric and magnetic pure gauge
parts, respectively, constituting the Kogut-Susskind Hamilto-
nian [5] and HGM is the coupling of the gauge fields to the
matter [5]. The plaquette convention of HB is given in Fig. 2.

While in general LGTs the plaquette term as given in HB

is not Hermitian and requires an addition of the Hermitian
conjugate; here it is Hermitian as it is. The form of HE for a
finite group may be derived using transfer matrix techniques,
as in Ref. [40].

D. Mapping to the qubit-qudit spaces

To implement a quantum simulation on a qudit platform
[59], we need to express the operators involved in the Hamil-
tonian in terms of gates. If possible, we should map the
operators into gates that are easy to implement. Knowing the
algebra [Eqs. (10) and (11)], we can write down the matrix
formulation in the group element basis (8) and conclude that
θa2y, θy, and θa2 can be easily translated into a qubit and
qudit formulation. Defining θa2y = θ0, θy = θ1, and θa2 = �

to simplify notation, a possbile mapping to qubit and qudit
operators is

θL
a2y = θL

0 = X ⊗ (X02 + P13),

θR
a2y = θR

0 = X ⊗ (X02 + X13),

θL
y = θL

1 = X ⊗ (P02 + X13),

θR
y = θR

1 = X ⊗ 1,

θL
a2 = θR

a2 = � = 1 ⊗ (X02 + X13). (25)

In this notation, the first operator acts on the qubit space, while
the second operates on the qudit. The operator Zαβ represents
a Pauli-Z operator between the α and β levels of the qudit.
Similarly, the Pauli-X operator is denoted by Xαβ , and the
projector into the subspace spanned by the levels α and β

is given by Pαβ . Henceforth, we shall refer to these as the
generalized Pauli gates. Whenever there are no level indices
it is implied that there are only two levels.

The same mapping to qubit and qudit operators can be done
for the connection operators,

U00 = 1 ⊗ Z02,

U01 = −Z ⊗ Z13,

U10 = 1 ⊗ Z13,

U11 = Z ⊗ Z02. (26)

In Appendix A, we explain that these are the only operators
present in the transformed Hamiltonian after integrating out
the fermionic matter.

III. ELIMINATION OF MATTER

The transformations we now describe enable physics sim-
ulation on platforms that do not naturally support fermionic
degrees of freedom (e.g., trapped ions or superconducting cir-
cuits). In this way, we expand the potential available hardware
for quantum simulating LGTs with dynamical matter beyond
ultra-cold atomic systems, the original candidates [10].

This transformation has a second advantage. The dynamics
of LGTs is highly constrained due to the local symmetries on
every site. As a result, out of the full Hilbert space of matter
and gauge fields, only an exponentially small part is physical
and needs to be simulated. The remainder is redundant, and
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often additional overhead is required in order to avoid leakage
out of the physical subspace [41]. We resolve this redundancy
by integrating out the matter, which significantly decreases the
overhead for implementation on the quantum hardware. The
final result will be a simplified problem where we deal only
with gauge degrees of freedom without losing the properties
of fermionic statistics.

A. Bosonic reformulation of the matter

We can replace the fermionic matter of almost any LGT,
with only one significant restriction: The construction of the
reformulation relies on the existence of a group element
whose nontrivial representation is −1 [33]. Thus we can only
choose gauge groups that have such an element, or equiv-
alently, groups that include Z2 as a normal subgroup. This
includes both finite and compact Lie groups, such as U(N )
for all N and SU(N ) for even N . For concreteness, we apply
this to the smallest possible non-Abelian group that obeys this
condition: While D6 is the smallest non-Abelian group, it does
not contain a −1 element, and thus we opt for D8.

In this procedure, one applies a unitary and local transfor-
mation V(1) to a product of a state of the original LGT, |ψ〉,
and trivial states of some auxiliary degrees of freedom (which
can be disregarded at the end) and employs local, stringless
Jordan-Wigner transformations. The result is a state |ψ (1)〉
where the matter is hard-core bosonic instead of fermionic,
and the interaction ranges, while slightly extended, are still
local [33]. This is possible due to the local symmetry and in
particular its Z2 central subgroup, which allows one to absorb
the statistics by the gauge fields, instead of by the matter.

The hardcore bosonic matter is annihilated by the operators
ηm(x), with m = 0, 1 referring to the two species of matter.
Hardcore bosonic operators on different sites commute,

[ηm(x), ηn(y)] = [ηm(x), η†
n(y)] = 0, ∀x �= y, (27)

but anticommute on-site,

{ηm(x), ηn(x)} = 0, {ηm(x), η†
n(x)} = δmn. (28)

The Hamiltonian is transformed according to V(1), and
while the electric part is left unchanged, the other parts obtain
the form

H (1)
M = M

∑
x

(−1)x1+x2η†
m(x)ηm(x),

H (1)
B = λB

∑
p

ξpTr[UaUbU
†
c U †

d ],

H (1)
GM = −iε

∑
x,l=1,2

ξl (x)η†
m(x)Umn(x, l )ηm(x + êl ) + H.c.

(29)
Here the statistics is taken care of by the (operatorial) phase
factors [70]

ξh(x) = �v (x)�h(x − e1)�v (x − e2)�v (x + e1 − e2),

ξv (x) = �h(x − e1)�v (x − e2),

ξp = �h(x)�v (x + e1)�v (x + e2)�h(x − e1 + e2),

(30)

where the h, v subscripts refer to links emanating from the
respective sites horizontally and vertically, respectively.

In the Gauss’s laws (19), the fermionic operators are simply
replaced by the hard-core bosonic ones.

B. Matter removal

To reduce the required amount of quantum resources, and
to circumvent the redundancy problem mentioned above, one
approach is to eliminate the gauge fields by fully integrat-
ing them out. However, this is feasible only in the 1D case
(see, e.g., [25,72–74]). In higher dimensions, this procedure is
not achievable, but an alternative strategy is to eliminate the
bosonic matter instead. In Ref. [34], an elimination scheme
for the matter in U(N ) and SU(N ) theories was proposed.
The main idea is to build a unitary transformation, V(2),
which will decouple the matter degrees of freedom from the
gauge fields, leaving us with a product of a gauge field state
containing all the information, and a trivial matter state that
can be disregarded.

Here we proceed to a complete elimination of the matter
for a D8 LGT. In this case, on each site, we have eight Gauss’s
laws, or constraints, corresponding to the eight group ele-
ments; however, only two are necessary to eliminate the two
species of matter we have. From the explicit form [Eq. (19)],
we observe that the laws associated with the a2y and y ele-
ments result in two independent Gauss’s laws, corresponding
to two commuting transformations. These provide us with
separate, independent constraints for each matter component:

Wy(x) |ψ (1)〉 = ε(x)
(
1 − 2n1(x)

) |ψ (1)〉 , (31)

Wa2y(x) |ψ (1)〉 = ε(x)(1 − 2n0(x)) |ψ (1)〉 , (32)

where, for notation simplicity, we define the staggering
term as (−1)x1+x2 ≡ ε(x); we also use the number operators
n1(x) = η

†
1(x)η1(x) and n1(x) = η

†
0(x)η0(x). Introducing the

projectors

P±
1 (x) = 1

2 [1 ∓ ε(x)W1(x)], (33)

P±
0 (x) = 1

2 [1 ∓ ε(x)W0(x)], (34)

the two independent Gauss’s laws can be written as

P+
0 (x) |ψ (1)〉 = n0(x) |ψ (1)〉 ∀x, (35)

P+
1 (x) |ψ (1)〉 = n1(x) |ψ (1)〉 ∀x. (36)

Finally, we apply a local Jordan-Wigner transformation [37]
on each site x,

η0(x) −→ τ+
0 (x), η1(x) −→ −τ z

0 (x)τ+
1 (x), (37)

where the τ are Pauli operators. We can then reformulate
Eq. (35) and Eq. (36) in a similar form:

(P+
1 (x) − P−

1 (x))|ψ (1)〉 = τ z
1 (x)|ψ (1)〉, (38)

(P+
0 (x) − P−

0 (x))|ψ (1)〉 = τ z
0 (x)|ψ (1)〉. (39)

Using these constraints, we can write down a couple of
unitaries that locally eliminate the two types of matter
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we have

V1(x) = P+
1 (x) ⊗ τ x

1 (x) + P−
1 (x) ⊗ 1, (40)

V0(x) = P+
0 (x) ⊗ τ x

0 (x) + P−
0 (x) ⊗ 1. (41)

The rationale behind this transformation is as follows. If the
gauge fields connected to a vertex are projected onto the +
subspace, the Gauss’s law implies there is a charge at the site,
which is removed by the τ x operator. If they are projected onto
−, no charge is present. In both cases, the final charge state is
the vacuum.

Since [Vn(x),Vm(y)] = 0, we can safely define

V(2) =
∏

x

V1(x)V0(x). (42)

V(2) is unitary, and it follows that the spectrum of the phys-
ical problem does not change even though we have a different
Hamiltonian H (2) = V(2)HV(2)†. We label the transformed
states as follows:

|ψ (2)〉 = V(2)|ψ (1)〉. (43)

After applying V(2), the matter at all sites now resides in the
ground state [applyV(2) to Eq. (38)]:

τ z
n (x)|ψ (2)〉 = −|ψ (2)〉, ∀x, n = 0, 1. (44)

Consequently, the matter spaces can be projected out by work-
ing with

H̃ (2) = 〈�|H (2)|�〉 , where |�〉 =
∏

x

|↓〉x,1 |↓〉x,0 . (45)

This procedure (applying V(2) to H (1) and projecting on |�〉)
is described with more details in Appendix A. Note that HE ,
HM , and HB are invariant under V(2). With these transforma-
tions, the entire LGT including staggered fermions is encoded
into a local Hamiltonian acting only on the gauge degrees of
freedom. The simulated Hilbert space has thus been reduced
by a factor 4N , whereN is the number of vertices (the dimen-
sion of the eliminated matter Fock space).

IV. THE VARIATIONAL PROCEDURE

In this section, we discuss the ideas behind the algorithm
we propose for quantum simulation of the non-Abelian gauge
models under consideration, based on the variational princi-
ple. We also outline possible implementation strategies on a
specific quantum hardware, trapped-ion qudit quantum com-
puters like the one developed in Ref. [59].

Variational algorithms have emerged as a promising candi-
date to implement subroutines for resource-efficient quantum
simulation [75]. In this approach, a variational ansatz circuit is
chosen and efficiently prepared on the quantum device, and a
hybrid quantum-classical feedback loop is established. On the
quantum device, a set of observables is measured and given
as an input to the classical coprocessor. The latter employs
a minimization procedure for a preadefined cost function,
and calculates the updated parameters of the parametrized
nsatz, which are given as input to the quantum device. This
procedure is repeated until convergence to an optimal set of
parameters is reached. The variational approach can provide

an efficient parametrization of many-body states, for example,
ground and excited states of a Hamiltonian or even time-
evolved states under some unitary evolution. Nevertheless,
variational algorithms encounter several difficulties, some of
which are due to the current state of quantum technology,
while others are more fundamental in nature. Examples of
such difficulties are low robustness towards noise [76], over-
head in terms of establishing the quantum-classical feedback
[77], susceptibility to local minima, and the encounter of
barren plateaus [78].

Nevertheless, the variational approach has been applied
successfully in numerical simulations in the context of quan-
tum simulation of lattice gauge theories in the past, mostly
for systems with Abelian gauge symmetry [51,60,79–86], but
also for some non-Abelian toy models [31,87]. In the labora-
tory, variational protocols have been employed for simulating
gauge theory models on a (1 + 1)-dimensional [26] and re-
cently on a (2 + 1)-dimensional lattice [28]. In the following,
we elaborate on the specific variational algorithm used in
this work, the variational quantum imaginary time evolution
(VarQITE) algorithm [88].

A. The VarQITE algorithm

One can formally write the equation of motion for a quan-
tum state described by a density matrix ρ(τ ) as a function of
the (imaginary) time τ as

d

dτ
ρ(τ ) = L[ρ(τ )]. (46)

For a Hamiltonian H , the super-operator reads

L[ρ(τ )] = −{H, ρ(τ )} + 2〈H〉ρ(τ ), (47)

where the average is 〈·〉 ≡ Tr[ρ(τ )·] and the anticommutator
{A, B} ≡ AB + BA. The second term on the right-hand side of
Eq. (47) takes care of the normalization of the density matrix,
i.e., Tr[ρ(τ )] ≡ 1.

In the case where we have a parametrized density matrix,
ρ(τ ) = ρ(θ(τ )) for a set of parameters θ, solving Eq. (46) can
be cast as a minimization problem; solutions are obtained by
minimizing the so-called McLachlan distance,

D(θ) ≡
∥∥∥∥∥∥
∑

μ

∂ρ

∂θμ

θ̇μ −L[ρ]

∥∥∥∥∥∥
2

, (48)

with respect to trajectories of the parameters θ(τ ). Further-
more, the minimal action principle teaches us that one can
formulate equivalent equations of motion for the parameters,∑

ν

Mμνθ̇ν (τ ) = Vμ, (49)

where the matrix Mμν is the Fubini-Study metric tensor,

Mμν = Tr

[
∂ρ

∂θμ

∂ρ

∂θν

]
, (50)

and the vector Vμ is defined as

Vμ = Tr

[
∂ρ

∂θμ

L[ρ]

]
. (51)
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In this work, we consider a family of trial states given by a
parametrized quantum circuit (PQC), as follows:

|ψ (θ)〉 = U(θ) |ψ0〉 = UN (θN ) . . .Uk (θk ) . . .U1(θ1) |ψ0〉 ,

(52)

where |ψ0〉 is an initial state and Uk (θk ) are unitaries that,
acting on the initial state, generate the PQC. With the iden-
tification ρ(θ) ≡ |ψ (θ)〉 〈ψ (θ)|, one obtains the matrix Mμν

and the vector Vμ as follows:

Mμν = Re(〈∂μψ |∂νψ〉) − 〈∂μψ |ψ〉〈ψ |∂νψ〉 (53)

and

Vμ = 〈∂μψ |H |ψ〉 + 〈ψ |H |∂μψ〉 = ∂μ〈H〉. (54)

As long as these quantities depend on the point in the pa-
rameter space θ, Eq. (49) is nonlinear and therefore cannot
be solved efficiently without resorting to the quantum device.
In Ref. [60] one can find a protocol for measuring these
quantities on a qudit device. Here we focus on the formulation
of the PQC for the ground-state preparation of models with D8

discrete non-Abelian symmetry.

B. Parametrized quantum circuit for qudits

While the VarQITE algorithm, due to its versatility, holds
promise for implementation on various quantum devices
based on qubits as well on qudits, in this work we focus on a
specific platform—trapped-ion qudit quantum hardware. This
makes it possible to define qudit-tailored variational circuits,
composed of the gates that are native to the ions. These are
single-qubit and qudit (acting on two of the D levels) opera-
tions such as X and Y rotations

U i, j
X/Y (θ ) = exp

( − iθσ
i, j
X/Y

)
(55)

with

(σ i, j
X )m,n =

{
1, if (m, n) = (i, j) or ( j, i)
0, otherwise (56)

(σ i, j
Y )m,n =

⎧⎨
⎩

−i, if (m, n) = (i, j)
i, if (m, n) = ( j, i)
0, otherwise

(57)

and entangling qubit and qudit Mølmer-Sørensen (MS) gates

MSi, j
k,l (θ ) = exp

[
− iθ

4

(
σ

i, j
X ⊗ 1 + 1 ⊗ σ k,l

X

)2
]
. (58)

In Sec. II B we highlighted the fact that our LGT-to-hardware
encoding requires a mixed qubit–qudit quantum hardware.
This can easily be achieved in the trapped-ion platform be-
cause of the possibility to choose two levels in the higher
dimensional qudit for information processing. The corre-
sponding two-level rotations then become the Pauli X and Y
rotations, and the MS gate acts on the two levels of the qubit.

Specifically, we choose the variational circuit to be of a
layered structure, with each layer containing the same type
of gates but with a different variational parameter. The spe-
cific layers for the circuits used in this work are shown in
Figs. 5 and 8. It is worth noting that the single-qudit two-level
rotations, combined with the MS entangling gate, constitute
a universal set of qudit gates. A subset of these operations,
while not necessarily universal, can in practice produce a

highly expressive variational ansatz, able to approximate the
ground state of the non-Abelian gauge theory models under
consideration, as we show below.

We would like to emphasize that our use of the variational
method in this work, similarly to the choice of the D8 gauge
group, is done in order to demonstrate and illustrate the re-
source efficient encoding of the non-Abelian gauge theory.
Thus, even though one could make use of the remaining sym-
metries (e.g., translation, lattice rotation, parity, and charge
conjugation invariance) in order to improve the ansatz, we did
not do so, and this could be the focus of further study when
the same method is applied to specific models of interest.

One should also note that various forms of ansatz states
used by us for quantum simulators of non-Abelian lattice
gauge theories are quite similar to those use in applications
of quantum computing for material science [89] or quantum
chemistry [90–92]. In spite of the enormous progress these
areas we are still very far from being capable to compete
with the best simulations on classical computers [77,93]. Can
we reach a quantum advantage with our quantum simulators
of lattice gauge theories? Most physicists will say “yes,” but
the rigorous proof is missing; could it, perhaps, be even too
complex to be reached? Nevertheless, we strongly believe that
is would be practically impossible to simulate with classical
computers dynamics, and even statics of our models given
the high expressiveness of the ansatz we use. There are initial
publications that try to quantify these issues; hopefully, in the
future we will be able to apply these methods to our case.

C. Variational real-time evolution

Before delving into how one can apply the VarQITE al-
gorithm for studying equilibrium properties of non-Abelian
gauge theories, we want to briefly discuss the exciting possi-
bility to study out-of-equilibrium physics under non-Abelian
symmetry using a slight modification of the VarQITE algo-
rithm. The variational principle can be adapted to real-time
evolution [88]: in that case the variational state at each time in-
stance will approximate the time-evolved state under the desi-
red Hamiltonian. For that purpose, Eq. (47) needs to be mod-
ified to

LR[ρ(t )] = −i[H, ρ(t )], (59)

so that Eq. (46) becomes the usual Schrödinger equation for
the quantum state ρ(t ). We denote with t the real time (in
contrast to the imaginary time τ ) and the superscript R of the
super-operator stands for “real.” Here we do not need an extra
term as in Eq. (47), since the unitary time evolution preserves
the trace of the quantum state.

As a consequence, the only modification in the equation of
motion for the parameters [Eq. (49)] in case of a parametrized
quantum circuit is the right-hand side, which becomes

V R
μ = i(〈ψ |H |∂μψ〉 − 〈∂μψ |H |ψ〉)

+ i(〈∂μψ |ψ〉 − 〈ψ |∂μψ〉)〈H〉. (60)

While this quantity cannot be cast in the form of a gradient
of some observable, it is real and therefore can be measured
on the quantum device (see [60] for a discussion on specific
measuring protocols).
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FIG. 4. 1D model, on the top the original model, where the gauge
field is represented in blue, and the matter field in black. The lower
part shows the transformed model, now featuring only the links,
denoted as c, l , and r, corresponding to the center, left, and right,
respectively. These labels will be used in subsequent references to
indicate the specific link under consideration.

Simulating real-time evolution variationally is certainly an
exciting new avenue to be explored. Usually, Trotter formu-
las provide a controlled approximation to the time-evolution
operator, however, the cost of simulating longer times grows
linearly in terms of entangling gate count. In the case of
a complicated Hamiltonian with several-body terms, imple-
mentation of the Trotterization can require unviably many
entangling gates even to simulate relatively short-time dynam-
ics. In contrast, the variational real-time evolution procedure
can be used to approximate this short-time dynamics using
only hardware-friendly resources. For longer-time dynamics,
where entanglement is expected to grow significantly and
shallow variational circuits are prone to failure, one could
still use the variational real-time evolution procedure, com-
bined with a variational Trotter circuit, for more accurate
simulations.

V. THE 1D CASE

We begin by analyzing a simple 1D system. This approach
allows us to examine the various components of the Hamilto-
nian, including their representation in terms of gates. We also

perform benchmark simulations, whose results align well with
theoretical expectations.

A. Theory

The 1D transformed interaction Hamiltonian can be ob-
tained from the general formulation as a special case. As there
are no closed loops, in this case we do not have the magnetic
(plaquette) term. We use a link-only formulation, where the
matter sites are fully eliminated using the procedure given
above (see Fig. 4).

In the gate formulation [Eqs. (25) and (26)], the interaction
Hamiltonian is given by

H̃GM = J

2

∑
x

∑
mn

Ĥmn(x). (61)

For each link x, the local interaction term consists of four
terms, involving three links—the link x and its nearest neigh-
bors. To ease to notation, we denote the middle link by c and
its neighbors by l and r; see Fig. 4. Then the interaction terms
take the form

Ĥ00 = (
X l

02 + X l
13

)
X cY c

02X r
(
X r

02 + Pr
13

) + X l X cY c
02,

Ĥ01 = −(
X l

02 + X l
13

)
ZcY c

13

(
X r

02 + X r
13

)
− X l ZcY c

13X r
(
X r

02 + Pr
13

)
,

Ĥ10 = −Y c
13 − X lY c

13X r
(
X r

02 + Pr
13

)
,

Ĥ11 = −X lY cZc
02

(
X r

02 + X r
13

) − Y cZc
02X r

(
X r

02 + Pr
13

)
. (62)

A sum of such terms will give the interaction Hamiltonian
for a closed chain. We run our simulation with a chain of
four sites and open boundary conditions, hence resulting in
only three links for which we can simply keep the l, c, r
convention. The middle link will give rise to contributions as
above, but we also need to include boundary terms from the
transformed contributions of the interaction Hamiltonian on

FIG. 5. Individual layer of the parametrized quantum circuit for the 1D system: Each layer of the parametrized quantum circuit used to
find the approximate ground state of the 1D system with non-Abelian D8-symmetry consists of two-level single-qudit rotations on ququarts,
entangling two-body MS gates between neighboring qubits, nonlocal MS gates between a qubit and a ququart, and single-qubit Pauli-X and
Pauli-Y rotations. Each gate in the variational circuit is parametrized by a variational parameter θ , chosen to be different in each layer. The
software used for drawing the quantum circuits is taken from [94]. Note that, in accordance with the convention used in that software, the
circuit is to be read from right to left.
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the l, r links. For the boundary links (left, L,and right, R) we
get

ĤL
00 = −X lY l

02X c
(
X c

02 + Pc
13

) − X lY l
02, (63)

ĤL
01 = −ZlY l

13

(
X c

02 + X c
13

) − ZlY l
13X c

(
X c

02 + Pc
13

)
,

ĤL
10 = −Y l

13 − Y l
13X c

(
X c

02 + Pc
13

)
,

ĤL
11 = +Y lZl

02

(
X c

02 + X c
13

) + Y lZl
02X c

(
X c

02 + Pc
13

)
,

ĤR
00 = −(

X c
02 + X c

13

)
X rY r

02 − X cX rY r
02, (64)

ĤR
01 = −(

X c
02 + X c

13

)
ZrY r

13 − X cZrY r
13,

ĤR
10 = −Y r

13 − X cY r
13,

ĤR
11 = +X cY rZr

02 + Y rZr
02.

The full interaction term is given by

H̃GM = J

2

∑
mn

(
ĤL

mn + Ĥmn + ĤR
mn

)
. (65)

The electric field Hamiltonian and the mass term, in the
qubit-qudit scheme, are given by

HE = −λE

2

∑
i=l,c,r

(
X i

02 + X i
13

)
, (66)

HM = −M

2

∑
i=1,...,4

ĤMi, (67)

where the i index stands for the different vertices we are
considering. The different terms are given by

ĤM1 = X l
(
X l

02 + Pl
13

) + X l
(
Pl

02 + X l
13

)
, (68)

ĤM2 = X l
(
X l

02 + X l
13

)
X c

(
X c

02 + Pc
13

) + X lX c
(
Pc

02 + X c
13

)
,

ĤM3 = X c
(
X c

02 + X c
13

)
X r

(
X r

02 + Pr
13

) + X cX r
(
Pr

02 + X r
13

)
,

ĤM4 = X r + X r
(
X r

02 + Pr
13

)
.

Finally, the Hamiltonian we want to simulate for three
links is

H = HE + HM + HGM, (69)

where HGM, HE, HM are given in Eqs. (65), (66), and (67).

B. Simulations

Here we present the numerical results for the variational
ground-state preparation of the 1D three-link system. We
focus on the likely challenging point of the phase diagram
J = M = h = 1, where all terms in the Hamiltonian are of a
similar energy scale.

The PQC we use in this case is given in Fig. 5. It is
composed of single-qudit and single-qubit operations, as well
as entangling two-qudit and qubit-qudit operations. The num-
ber of entangling operations in each layer is chosen to be
Lent = Lb + Ld , where Lb/d is the number of qubits and qudits
in the system, respectively. Therefore, for a circuit of N layers,
the total number of entangling operations that need to be
implemented is Lent = N (Lb + Ld ).

We employ the VarQITE algorithm, starting from the initial
product state |ψ0〉 = ⊗3

i=1 |1〉b,i ⊗ |3〉d,i and initializing the
variational parameters of the circuit as θ = 0. The equation of
motion with respect to the imaginary time for the variational
parameters [Eq. (49)] is solved numerically, producing the
trajectories θ(τ ), which mimic the imaginary time evolution
w.r.t. the Hamiltonian H of Eq. (69). In order to take into
account the gauge symmetry of the model, we further include
a penalty term for the transformed Gauss’s law constraint (that
is, after the elimination of fermions); for more details we refer
to Appendix B 1 c. This is done by adding to the Hamiltonian
of the system an extra term H → H + λ

∑
i G2

i , where Gi

is the Gauss’s law operator at site i and λ is a Lagrange
multiplier. As explained in the previous section, the matter
elimination procedure does not solve completely the Gauss’s
law, and therefore, numerically there are still non-gauge-
invariant sectors. As it turns out, the ground state manifold
of the Hamiltonian without the penalty term has twofold de-
generacy: one of the states is the true gauge-invariant vacuum
and the other one is outside the gauge-invariant sector. By
adding the penalty term with λ > 0, we lift this degeneracy
and allow the VarQITE algorithm to converge to the true
(gauge-invariant) ground state. In order to ensure numerical
stability, we choose λ = 0.1, which we find already sufficient
for this purpose.

For each time τ and set of parameters θ(τ ), we calculate the
expectation value of the Hamiltonian in the trial state E (θ) =
〈ψ (θ)| H |ψ (θ)〉 as well as the fidelity w.r.t. the ground state
|ψground〉 of H obtained by exact diagonalization, defined by

Fθ (τ ) = |〈ψ (θ (τ ))|ψground〉|2. (70)

In Figs. 6(a) and 6(b), those two quantities are shown as
a function of the imaginary time τ . For a variational circuit,
composed of a total number of N = 3 layers, the fidelity with
respect to the ground state is already as high as 99%. The total
number of entangling operations in the circuit with N = 3
layers is Lent = 3(3 + 3) = 18.

VI. THE 2D CASE

Above we have analyzed the transformation properties of
the Hamiltonian under various transformations [33,34] and
provided a simple 1D example. Here we generalize to higher
dimensions, where these transformations are really needed,
and identify the complexity of the interactions in the Hamil-
tonian in terms of generalized Pauli gates.

The 2D system involves many-body interactions; for exam-
ple, the horizontal interaction Hamiltonian contains a five-link
and a seven-link interaction. Importantly, in our formulation,
each link comprises both a qubit and a qudit, meaning a
seven-link interaction could involve more than seven bodies.
Table I provides a concise summary of the interactions.

Given these considerations, the terms may involve up to
interacting 12 bodies, rendering it impractical to implement
this theory with current hardware capabilities, through ei-
ther a purely analog or digital approach. Alternatively, we
can employ a hybrid quantum-classical protocol for quantum
simulation—the variational time-evolution algorithm. In this
approach, the experimental overhead one is willing to spend
can be directly chosen, and the accuracy of the algorithm can
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FIG. 6. VarQITE for the 1D system: (a) The energy of the variational state |ψ (θ)〉 as a function of the imaginary time for N = 1, 2, 3, 4, 5
number of layers. The dashed black line shows the numerical value of the true ground state, whereas the cyan line the one of the numerical
non-gauge-invariant first excited state (see Sec. V B for a discussion of its origin). After initial fast convergence to low energies, the secondary
slow optimization is primarily due to the penalty for Gauss’s law violation. From the inset, one can deduce that after τ = 5, the optimization
practically stops, yielding a relative error ∼1% for N = 5 layers. (b) The fidelity of the variational state w.r.t. the true ground state from exact
diagonalization as a function of the imaginary time τ . As for the energy, the optimization practically stops after τ = 5, leading to a fidelity of
∼99% for N = 5 layers.

be estimated accordingly. We verify the resulting Hamiltonian
by considering two specific 2D systems that are small enough
to be solved using semianalytical methods. This allows us to
compare the spectrum of the original theory with that of the
matter-eliminated theory within the chosen sector. The details
of this verification are in Appendix B.

Next, we present the numerical results for the variational
ground-state preparation of a pseudo-2D system, shown in
Fig. 7. This model is the simplest nontrivial 2D lattice avail-
able to benchmark the matter elimination procedure, in the
sense that it is the simplest for which which 1D methods fail
[35].

As in Sec. V B, we again focus on the likely challenging
point of the phase diagram J = M = h = 1, and employ the
VarQITE algorithm in order to find an approximation of the
ground state. Again, the variational circuit we use is composed
of single-qubit, single-qudit, qubit-qudit, and two-qudit gates
that can be implemented in the trapped-ion qudit platform
natively, ensuring the feasibility of our protocol. In Fig. 8 one
layer of the circuit that implements the variational ansatz is
shown.

To initialize the VarQITE minimization, we choose the
product state |ψ0〉 = ⊗3

i=1 |1〉b,i ⊗ |3〉d,i and the variational
parameters θ = 0. At every step of the imaginary time evo-
lution, we calculate the energy of the variational state E (θ) =

TABLE I. Features of the various components of the Hamilto-
nian. By “hardest” we refer to the component involving the highest
number of bodies. From an experimental standpoint, the notion of
hardness may vary, given that qubits and qudits present differing
implementation challenges.

Max. # bodies Structure of the “hardest” term

Electric term 1 1 qudit
Magnetic term 10 4 qubits + 6 qudits
Vertical int. 12 7 qubits + 5 qudits
Horizontal int. 11 7 qubits + 4 qudits

〈ψ (θ)| H |ψ (θ)〉 and the fidelity w.r.t. the exactly diagonalized
ground state |ψground〉 of H . Here, as in the case of the 1D
system, we add to the Hamiltonian the penalty term H →
H + λ

∑
i G2

i , where Gi is the Gauss’s law operator at site i
and λ is a Lagrange multiplier. Here, for numerical stability
of the VarQITE algorithm, we choose λ = 0.05.

In Fig. 9(a), the course of minimization of the cost
function—the energy—is shown, and in Fig. 9(b) the fidelity
with respect to the ground state. A fidelity over 95% is reached
already for N = 3 layers, whereas for N = 5 layers the fidelity
is over 99%, corresponding to variational circuits with a total
of Lent = 3(4 + 4) = 24 and Lent = 5(4 + 4) = 40 two-body
entangling gates, respectively.

In Appendix C we discuss, both qualitatively and quantita-
tively, the single-plaquette case, the minimal instance in which
the plaquette interaction is included.

VII. DISCUSSION AND SUMMARY

In this work, we have addressed two key challenges in
the quantum simulation of lattice gauge theories (LGTs)
beyond 1D setups: the simulation of fermionic matter and

FIG. 7. Pseudo-2D model, in blue the gauge field while in black
the matter before being removed. We take a, b, and c as the even
sites and d as the odd one. Per each site we have at most two
fermions, and they correspond to two different flavours; we are using
the fundamental representation for the matter. The numbers will be
used subsequently to reference the specific link under consideration.
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FIG. 8. Individual layer of the parametrized quantum circuit for the pseudo-2D system. Each layer of the parametrized quantum circuit
used to find the approximate ground state of the pseudo-2D system with non-Abelian D8 symmetry consists of two-level single-qudit rotations
on the ququarts, entangling two-body MS gates between each pair of qubits and each pair of ququarts, nonlocal MS gates between a qubit
and a ququart, and single-qubit Pauli-X and Pauli-Y rotations. Each gate in the variational circuit is parametrized by a variational parameter θ ,
which differs between different layers. Note that, in accordance with the convention used in the drawing software [94], the circuit is to be read
from right to left.

the redundancy in the Hilbert space. We have generalized
transformation methods previously employed only in Abelian
cases [33,34] to non-Abelian theories. By applying them to
the case of a D8 LGT with staggered fermions, we have
demonstrated their effectiveness in simplifying the theory
and reducing resource requirements. As we have shown
through analytical checks, the spectra of the system remain
identical before and after the transformation, evidencing the
faithfulness of the mapping. Further, by performing numer-
ical simulations based on the variational principle for a
parametrized quantum circuit on a trapped-ion qudit platform,
we were able to show that using only an experimentally
friendly amount of resources in terms of gate count, the true
ground state of 1D and 2D models with a D8 non-Abelian
gauge symmetry can be approximated with high accuracy in
an experimentally relevant setup. Increasing the number of

layers of alternating single-qudit and two-qudit entangling
gates shows rapid improvements, both in terms of the value
of the energy and in the fidelity with respect to the exactly
diagonalized ground state. The relative error approaches 1%
for entangling gate count as low as 18 in the 1D case and
40 in the 2D case. The proposed algorithm can therefore be
implemented with available resources on existing quantum
hardware, and if it is chosen as a testbench for experimental
realizations, computations in other methods (e.g., classical
Markov Chain Monte Carlo, or fermionic tensor network
methods [95,96]) could be performed in order to allow for
proper comparison.

Looking ahead, apart from digital quantum simulations
on actual quantum devices, future research could focus
on extending the elimination techniques to more complex
non-Abelian groups. This, in turn, could allow for the

FIG. 9. VarQITE for the pseudo-2D system: (a) The energy of the variational state |ψ (θ)〉 as a function of the imaginary time for N =
1, 2, 3, 4, 5 number of layers. The dashed black line shows the numerical value of the true ground state, whereas the cyan line of the numerical
non-gauge-invariant first excited state (see Sec. VI and the discussion in Sec. V B). After initial fast convergence to low energies, the secondary
slow optimization is primarily due to the penalty for Gauss’s law violation. From the inset, one can deduce that after τ = 5, the optimization
practically stops, rendering relative error <1% for N = 5 layers. (b) The fidelity of the variational state w.r.t. the true ground state from exact
diagonalization is shown as a function of the imaginary time τ . As for the energy, the optimization practically stops after τ = 5, rendering
fidelity w.r.t. the ground state of >99% for N = 5 layers.
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exploration of phenomena such as confinement and deconfine-
ment, and potentially offer insights into the physical behavior
of lattice gauge theories. Furthermore, the variational prin-
ciple, although only applied to equilibrium setups here, can
be straightforwardly generalized and applied to studying
nonequilibrium dynamics of models with non-Abelian gauge
symmetry, relevant, for example, for heavy-ion collision ex-
periments and early-universe structure dynamics [97]. From
the implementation point of view, there is value in develop-
ing new tools that simplify quantum simulations, potentially
by reducing degrees of freedom or minimizing required
resources. Additionally, exploring methods for simulating
compact Lie groups like U(N ) or SU(N ) may offer new direc-
tions for overcoming current experimental and technological
limitations in quantum LGT simulations, specifically, because
these groups can give interesting insights into both strong and
weak interactions. It will also be interesting to test if these
methods can simplify numerical calculations of non-Abelian
groups in higher dimensions. The matter elimination proce-
dure is well defined for these groups, with the exception that
for SU(N ) we need N to be even (see [33] and Sec. III A).
Then to construct a complete quantum simulation proposal for
these groups one would have to encode the gauge field degrees
of freedom into some available quantum simulator. This can
be achieved using an approximated truncation of the infinite
dimensional local Hilbert space (e.g., [98–101]).
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APPENDIX A: MATTER REMOVAL TRANSFORMATION

In this appendix, we provide additional information re-
garding the matter removal process, going from the bosonic
reformulation setting to the one without matter at all. This
serves as an expanded explanation of the procedure introduced
in Sec. III B.

We start by studying how the single elements of the Hamil-
tonian terms are transformed underV(2) defined in Eq. (42):

V(2)τ±
n V(2)† = P+

n τ∓
n + P−

n τ±
n , (A1)

V(2)τ z
nV(2)† = −(P+

m − P−
m )τ z

n , (A2)

V(2)UmnV(2)† = τ x
mUmnτ

x
m. (A3)

Acting with V(2) on the Hamiltonian, we find that the
electric part is invariant,

H (2)
E = V(2)H (1)

E V
(2)† = H (1)

E = λE

∑
l=links

|2, mn〉 〈2, mn| .
(A4)

Recalling that � (≡ θa2 ) is defined as the difference between
the j = 2 irrep projector and that for all the unfaithful irreps,
we have

� = �1 − �2 HE = λE

∑
l=links

�2,l . (A5)

By omitting constant terms and rearranging, we ultimately
obtain a term expressed solely in �, whose corresponding
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gate form is known to be implementable [59],

H (2)
E = −λE

2

∑
l=links

�l . (A6)

Similarly to HE , HM is also invariant. Nevertheless, we take
a step back and consider its effective form. From the Gauss’s
laws in Eq. (35), we can write the mass term using solely
gauge fields,

H (2)
M = M

∑
x,i

ε(x)ni(x) = −M

2

∑
x,i

Wi(x). (A7)

Recall that the Wi(x), Eq. (16), consist of the operators θ0 and
θ1, which again can be easily translated into gates (25).

The magnetic term HB remains invariant, as it is a pure
gauge contribution. Its form is identical to that presented in
Eq. (29). Therefore, HB involves only the gates corresponding
to � and Umn.

Last, we examine the transformation of the interaction part,

H (2)
GM = V(2)H (1)

GMV
(2)†. (A8)

Here we need how terms like τ+
m (x)Umn(x, 1)τ−

n (x + ê1) are
transformed underV(2), resulting in [using Eq. (A1)]

(P+
m σ−

m + P−
m σ+

m )τ+
m (x)Umn(x)τ−

n (x + e1)(P+
n σ+

n + P−
n σ−

n ).

(A9)

Reordering and using the properties of the τ -Pauli matrices,
we observe that H (2) is block-diagonal in the matter spins,
with static (τz = −1) configurations. Using the constraints
in Eq. (44), we can restrict ourselves to physical states by
integrating out all the matter-down states. Formally, Eq. (44)
implies that

|ψ (2)〉 = |ψ̃ (2)〉 ⊗ |�〉, (A10)

where |�〉 is a product state of all matter spins pointing down,
and |ψ̃ (2)〉 is a state of the gauge fields. Then we can define
a Hamiltonian acting only on the gauge fields degrees of
freedom via

H̃ (2) = 〈�|H (2)|�〉, (A11)

including H̃ (2)
M = H (2)

M , H̃ (2)
E = H (2)

E , and H̃ (2)
GM.

The complete form of the final Hamiltonian becomes rather
complicated. An explicit example is given in Sec. V. As-
suming J is real-valued (which can be done without loss of
generality for d = 1), the expression can be simplified by
focusing exclusively on the anti-Hermitian components in the
summation [like in (61)]. As shown in Fig. 10, the radius
of interactions is extended after the transformations V(2) and
V(1), but, importantly, they nevertheless remain local.

APPENDIX B: ANALYTICAL VERIFICATION OF MATTER
ELIMINATION IN TWO DIMENSIONS

1. The pseudo-2D system

In this appendix, we aim to verify the correctness of the
transformations in the non-Abelian case and the resulting
Hamiltonian. The most effective approach is to ensure that the
spectrum of the Hamiltonian with matter aligns with that of
the transformed one. While the primary objective of quantum

FIG. 10. Pictorial representation of an interaction term (Hh
00(x)).

The vertices are empty as the matter fields have been eliminated. The
blue operators act on the links (gauge d.o.f.); in red the original term.

simulation is to find spectra and states of complex systems, it
is imperative to validate the model’s accuracy. It may seem
surprising that fermionic matter and the substantial redun-
dancy can be addressed in this manner within a non-Abelian
LGT. However, we demonstrate analytically that this approach
is consistent and free of any irregularities.

Our strategy is as follows. First, we identify the gauge-
invariant states and corresponding spectrum in the presence
of matter. Next, we apply the transformations to these states
and evaluate the spectrum. If the transformation is correct,
the spectra must coincide. Subsequently, we derive the states
from a pure gauge theory with the transformed constraints
and verify that they match the original ones. Once this is
established, we demonstrate that the transformations hold in
the non-Abelian case.

a. Solution of the original model

We impose gauge invariance and determine the states
satisfying the Gauss’s laws. Drawing an analogy with the
Wigner-Eckart theorem [69], we seek to ensure that, for each
site, the combination of right irreps equals the sum of left
irreps. This can be achieved by employing Clebsch-Gordan
(CG) coefficients and subsequently verifying that the state
maintains gauge invariance. The most general gauge-invariant
state is given by (for the notation refer to Fig. 7)

|�〉 =
∑

Ji,Mj ,Nk

α
J1J2J3 ja jb jc jd
M1M2M3N1N2N3

|J1M1N1〉|J2M2N2〉|J3M3N3〉

× (a†
0)na0 (a†

1)na1 (b†
0)nb0 (b†

1)nb1 (c†
0)nc0 (c†

1)nc1

× (d†
0 )nd0 (d†

1 )nd1 |�〉, (B1)

where |�〉 stands for the matter Fock vacuum. In addition, we
impose the half-filling condition for the fermions.

By utilizing the Clebsch-Gordan coefficients detailed in
Table II, we find a total of 10 gauge-invariant states,
{|�i〉}i=1,...10, for which we checked that they respect the
different Gauss’s laws. Moreover, we also assessed their ro-
tational symmetry (under a rotation every state is mapped into
another one) and verified that the Hamiltonian is rotationally
invariant. The spectrum of the 10 states is given in Fig. 11.
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TABLE II. Clebsch-Gordan coefficients, m, m′ ∈ {0, 1}, com-
puted using the Clebsch-Gordan series [103]: D j1

m1m′
1
D j2

m2m′
2

=∑
J 〈 j1m1 j2m2|JM〉〈JM ′| j1m′

1 j2m′
2〉DJ

MM ′ .

Coefficients Value

〈0|00〉, 〈0|0̄0̄〉, 〈0|11〉, 〈0|1̄1̄〉 1
〈0̄|0̄0〉, 〈0̄|00̄〉, 〈0̄|11̄〉, 〈0̄|1̄1〉 1
〈1|10〉, 〈1|01〉, 〈1|0̄1̄〉, 〈1|1̄0̄〉 1
〈1̄|1̄0〉, 〈1̄|01̄〉, 〈1̄|0̄1〉, 〈1̄|10̄〉 1
〈0, 2m|2m′〉, 〈2m, 0|2m′〉 δm,m′

〈0̄, 2m|2m′〉, 〈2m, 0̄|2m′〉 εm,m′

〈1, 2m|2m′〉, 〈2m, 1|2m′〉 (σz )m,m′

〈1̄, 2m|2m′〉, 〈2m, 1̄|2m′〉 (σx )m,m′

〈0|2m, 2m′〉 1√
2
δm,m′

〈0̄|2m, 2m′〉 1√
2
εm,m′

〈1|2m, 2m′〉 1√
2
(σz )m,m′

〈1̄|2m, 2m′〉 1√
2
(σx )m,m′

b. Solution of the transformed model

In the preceding section, we have identified the 10 gauge-
invariant states, evaluated the Hamiltonian upon them, and
plotted the resulting spectrum. Now we aim to determine the
spectrum of the pseudo-2D model in the absence of matter
and contrast it with the original one. We applyV(2) [Eq. (42)]
to the Hamiltonian and to the gauge-invariant states found
before. For the Hamiltonian, the process is similar to the 2D
analysis; see Appendix A for more details. In order to vali-
date the transformed Hamiltonian, we proceed to compute the
gauge-invariant states under V(2). This computation allows
us to compare the resulting spectrum with the analysis that
includes the matter (Fig. 11). Moreover, from the explicit cal-
culation we found that, as expected, the states {|ψ (2)

i 〉}i=1,2...10

are simply deprived of the matter part, while the gauge fields
remain unchanged.

FIG. 11. Spectrum evaluated with M = 1, λE = 1, and J = 1.
The solutions of the original and transformed model yield the same
result, confirming the validity of the employed transformations.

c. Solution of a pure gauge theory

It is essential to verify that the 10 states are exhaustive. To
achieve this, we begin with a pure-gauge theory and impose
Gauss’s laws. Since matter is no longer present, we must
derive a new version of the Gauss’s laws, which we achieve
by applyingV(2) to Eq. (19):

W (2)
g (x)θ†(2)

g,M (x)|ψ (2)〉 = |ψ (2)〉 ∀x ∈ Zd ,∀g ∈ D8. (B2)

The most general state of a pure gauge theory is given by

|ψ (2)〉 =
∑

Ji,Mj ,Nl

α
J1J2J3 ja jb jc jd
M1M2M3N1N2N3

|J1M1N1〉|J2M2N2〉|J3M3N3〉.

(B3)

We can substitute this state parametrization into Eq. (B2),
where the solutions correspond to the states with eigenvalue
1. The desired states are determined by the intersection of the
solutions derived from the various Gauss’s laws. As a result,
we obtain the same 10 states identified in Appendix B 1 b,
thereby concluding the proof. In conclusion, the evidence of
the pseudo-2D analysis validates both the transformation and
the Hamiltonian.

2. The single-plaquette system

In this case, constructing the gauge-invariant states for a
single plaquette (Fig. 12) as we did above in the case of the
pseudo-2D model is significantly more involved. There are
158 of them and finding the explicit form analytically is not
feasible. Nevertheless, we can use the above certification of
the 2D model without plaquette term. The Hamiltonian of the
plaquette can be extracted from the general 2D formulation
as a particular case with known boundary conditions. In this
case, we also take into account the magnetic term, which we
have verified to be correct as

[Wg(x)θ†
g,M (x), HB] = 0, (B4)

[HE, HB] = 0 = [HM, HB] = 0 = [HGM, HB]. (B5)

FIG. 12. Single plaquette, in blue the gauge field and in black
the matter before being removed. x and x + e1 + e2 are taken as the
even sites while x + e1 and x + e2 as the odd ones. Per site, we have
at most two fermions corresponding to two different flavours. We
defined the gauge Hilbert space as the product space of the links (1,
2, 3, and 4).
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FIG. 13. Individual layer of the parametrized quantum circuit for ground state preparation of the plaquette system. Each layer of the
parametrized quantum circuit used to find the approximate ground state of the plaquette system in 2D with non-Abelian D8-symmetry consists
of two-level single-qudit rotations on the ququarts, entangling two-body MS gates between each pair of ququarts, entangling flip-flop gates
between each pair of qubits, qubit-ququart controlled-rotation gates, and single-qubit Pauli-X and Pauli-Y rotations. Each gate in the variational
circuit is parametrized by a variational parameter θ , which differs between different layers. Note that, in accordance with the convention used
in the drawing software [94], the circuit is to be read from right to left.

By leveraging certain properties (U s and � are Hermitian
and real) derived from the gate formulation in Eq. (26), the
magnetic term can be rewritten as a sum of 16 terms,

HB = 2Re[λb]
∑

m,n,n′,m′=0,1

�1U 1
mn�

2U 2
nn′U 3

m′n′U 4
mm′ . (B6)

The theory developed for a single plaquette, while sim-
ple, presents significant interest for implementation on real
quantum hardware. Indeed, it describes the smallest nontrivial
system that is already challenging to treat both analytically
and computationally, thus offering a valuable testbed for
benchmarking practical quantum-computing and -simulation
algorithms.

APPENDIX C: VARQITE FOR THE SINGLE-
PLAQUETTE SYSTEM

Here we provide numerical simulations for the ground-
state preparation of the single-plaquette system.

We employ the VarQITE algorithm for ground-state
prepatation of the plaquette system for a set of coefficients
in the Hamiltonian J = M = h = 1 and for the magnetic field
coefficient λb = 0.3. As we show in the following, this point
of the phase diagram is already characterized by a signicifant
amount of entanglement. Therefore, designing a variational
circuit with that is capable in capturing this complicated en-
tanglement structure is challenging. Instead, we show how
variational circuits on the edge of the experimental feasibility
perform in preparing the ground state of the plaquette model.

FIG. 14. VarQITE for the single-plaquette system: (a) The energy of the variational state |ψ (θ)〉 as a function of the imaginary time for
N = 1, 2, 3, 4 number of layers. The dashed black line shows the numerical value of the true ground state, whereas the cyan line of the
numerical value of the gauge-invariant first excited state (here, in contrast to the 1D and the pseudo-2D cases, a small λ is sufficient to penalize
the non-gauge-invariant states significantly and lift them above the gauge-invariant first excited state). The optimized state converges to some
superposition of the ground state with the first few excited states and the difference between variational energy and the ground state energy does
not drop below the gap. (b) The fidelity of the variational state w.r.t. the true ground state from exact diagonalization is shown as a function of
the imaginary time τ . Although some improvement is visible, the fidelity does not reach above 90%.
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FIG. 15. Singular value decomposition of the reduced density
matrix of subsystem A in the exact ground state (black dots) and
in the optimized variational states for N = 1, 2, 3, 4 layers.

In other words, it is in general impossible to provide a
rigorous estimate for the number, or order of magnitude, of
entangling gates required in a variational circuit for the ap-
proximation of a quantum state with error ε. This is due to
the fact that the variational approach is heuristic and works on
the principle of trial and error. However, one can very much
answer the opposite and much more experimentally relevant
question: given a fixed finite amount of entangling gates, how
well one can approximate a given quantum state (provided
that one can estimate the fidelity between the variational ap-
proximation and this quantum state). This is what we address
below.

The circuit we employ is shown in Fig. 13. The entangling
operations in the circuit are the usual Mølmer-Sørensen gates
between qudits, as well as the qubit-qubit flip-flop (FF) gate,
given by

FF(θ ) = exp[−iθ (σ+ ⊗ σ− + σ− ⊗ σ+)] (C1)

and the qubit-qudit controlled-rotation (CROT) gate given by

CROTk,i j (θ ) = (1 − |k〉〈k|) ⊗ 1 + |k〉〈k| ⊗ exp
(−iθσ

i, j
X

)
.

(C2)

The flip-flop gate can be implemented by using one MS gate
and single-qubit rotations and the CROT is a native gate on the
trapped-ion qudit device [28]. Each gate is parametrized by a
variational parameter. We initialize the system in the prod-
uct state |ψ0〉 = 1

N0

⊗4
i=1

∑1
α=0 |α〉b,i ⊗ ∑3

β=0 |β〉d,i, which
can be easily prepared on the trapped-ion quantum computer
by applying a sequence of single-qudit operations, such as
Hadamard and generalized Hadamard gates, on a computa-
tional basis state. Here N0 = 82 is a normalization factor.
At each time step of the minimization, we measure the en-
ergy of the plaquette system in the variational state E (θ) =
〈ψ (θ)|H |ψ (θ)〉 and the fidelity w.r.t. the exactly diagonalized
ground state |ψground〉. Here, as in the other cases, we add to
the Hamiltonian the penalty term H → H + λ

∑
i G2

i , where
Gi is the Gauss’s law operator at site i and λ is a Lagrange mul-
tiplier. We have chosen λ = 0.1 for numerical stability. The
results of the optimization procedure are shown in Fig. 14.

In order to evaluate possible reasons for why the variational
circuit is not able to deliver a high-fidelity approximation of
the ground state, we look at the entangling structure of the
ground state and additionally, of the converged variational
state for N = 1, 2, 3 and 4 layers. Specifically, we perform
singular value decomposition (SVD) of the reduced density
matrix of subsystem A (see Fig. 15) for the variational states
and for the exact ground state. We observe that, with the in-
crease of the number of layers, the entangling structure of the
optimized variational state is only slightly changing, where
there is almost no difference between three and four layers.
Therefore, we conclude that, even though the circuit could,
in principle, capture the entangling structure of the ground
state already for a modest gate count, in practice the algorithm
converges to a state that is not the true ground state, but just
a local minimum. While a proper study of how to devise the
variational circuit for obtaining a high-fidelity approximation
of the ground state of the plaquette goes beyond the scope
of this work, we believe that the bottleneck for the optimiza-
tion is on the side of the optimizer strategy and not on the
gate count. Perhaps more sophisticated variational algorithms
[84,104] and tailoring the cost function in some way will
provide a viable way towards high fidelities.
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