p@ Prog. Theor. Exp. Phys. 2024 021A01 (11 pages)
DOI: 10.1093/ptep/ptae003

Entropy-Area Law and Temperature of de
Sitter Horizons from Modular Theory

Edoardo D’Angelo ®2, Markus B. Frob @3, Stefano Galanda ®!, Paolo Meda ©43
Albert Much @3, and Kyriakos Papadopoulos ®6*

! Dipartimento di Matematica, Dipartimento di Eccellenza 2023-2027, Universita di Genova, Italy,
Via Dodecaneso 35, 16146 Genova, Italy

2 Istituto Nazionale di Fisica Nucleare, Sezione di Genova, Via Dodecaneso 33, 16146 Genova, Italy
3 Institut fiir Theoretische Physik, Universitit Leipzig, Briiderstrafe 16, 04108 Leipzig, Germany
4 Dipartimento di Matematica, Universita degli Studi di Trento, Via Sommarive 14, 38123 Povo,
Ttaly

®Trento Institute for Fundamental Physics and Applications (TIFPA-INFN), Via Sommarive 14,
38123 Povo, Italy

8 Department of Mathematics, Faculty of Science, Kuwait University, Safat 13060, Kuwait

*E-mail: kyriakos@sci.kuniv.edu.kw

Received December 16, 2023; Revised December 30, 2023; Accepted December 30, 2023; Published January
16, 2024

We derive an entropy-area law for the future horizon of an observer in diamonds inside
a static patch of de Sitter space-time, taking into account the back reaction of quantum
matter fields. We prove the positivity and convexity of the relative entropy for coherent
states using Tomita—Takesaki modular theory, from which the quantum null energy
condition for diamonds follows. Furthermore, we show that the generalized entropy
conjecture holds. Finally, we reveal that the local temperature that is measured by an
observer at rest exhibits subleading quantum corrections with respect to the well known
cosmological horizon temperature H/(27).

Subject Index A60, A70, B30, B87

1. Introduction

Since Bekenstein and Hawking’s discovery of black hole entropy [1,2], the connection be-
tween entropy and geometry has provided fundamental insights into the nature of quantum
gravity [3]. Moreover, considerations motivated by quantum gravity fostered the study of
information-theoretic quantities and new entropic measures, providing sometimes surprising
results in quantum field theory (QFT). One example is the introduction of entanglement
entropy, as a measure of entanglement between quantum degrees of freedom in spatially sep-
arated regions, motivated by the search for a microscopic explanation of black hole entropy
[4-6]. From its introduction in the context of black hole thermodynamics, entanglement en-
tropy has found numerous applications in QFT, in particular in conformal field theory in low
dimensions; see e.g. Refs. [T-14]. However, the entanglement entropy in QFT suffers from uni-
versal UV divergences; physically, these arise from the entanglement of modes with arbitrary
high energies. Mathematically, they arise because the typical operator algebras describing
observables in QFT are von Neumann factors of type III that do not admit a trace, such that
a reduced density matrix does not exist [15-18].
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A more suitable notion of entropy for the algebras of QFT is the relative entropy, also
known as Kullback—Leibler divergence in information theory. The relative entropy measures
the distinguishability between two states. It is defined for any von Neumann algebra, and so
in particular it is a well defined notion for the type III factors of QFT; in the case of quantum
mechanics it reduces to the entanglement entropy with a vacuum-subtracted contribution.
Using the Tomita—Takesaki theory of modular automorphisms [19,20], the relative entropy
can be obtained from the Araki—Uhlmann formula [21-23], employing the relative modular
Hamiltonian.

In the most general setting, Tomita—Takesaki modular theory considers a von Neumann
algebra 2 acting on a Hilbert space ., and a cyclic and separating vector |Q2) € 7. The
Tomita—Takesaki theorem states that there exists a self-adjoint operator called a modular
Hamiltonian H, which defines an automorphism of the algebra via the modular flow o :
A — M7 Y e M7 Tomita Takesaki theory thus provides a natural notion of time evolution
along the modular parameter 7, for which the state |©2) is thermal (a Kubo-Martin-Schwinger
or KMS state). Generalizing to two cyclic and separating vectors 2 and ®, the modular theory
also defines a relative modular Hamiltonian Hq|¢. The Araki-Uhlmann formula then defines
the relative entropy as [22,23]

S(Qf|®) = —(QHqa]2) . (1)

Recently, relative entropy has found applications in the context of semiclassical gravity, gen-
eralizing the results obtained using entanglement entropy and establishing them rigorously
in QFT. For coherent states, obtained as a unitary excitation of the vacuum, the relative
entropy can be computed from the modular Hamiltonian of the vacuum alone, greatly sim-
plifying the computations and allowing for a more direct evaluation of the entropy [24-27].
This has been used to rigorously formulate and prove the Bekenstein bound [28-31] and the
quantum null energy inequality (QNEC) [32,33], to derive the Bekenstein-Hawking formula
for Schwarzschild [26], prove singularity theorems [34], and to define an entropy [35] and tem-
perature [36] for dynamical black holes. Finally, the relative entropy between coherent states
has recently been studied in de Sitter (dS) space-time by three of the authors [37].

De Sitter space-time also plays an important role as a test bed for quantum gravity ap-
proaches, and in particular for the generalized entropy conjecture. The generalized entropy
Sgen is defined as the sum of matter entropy Sy and the rescaled area Agg/(4Gn) of the
de Sitter horizon, and it has been conjectured that Sgen can only decrease when adding any
type of matter [38-43]. While the horizon entropy has been studied extensively in a holo-
graphic context [44-53], the conjecture itself does not make any reference to holography. It
can thus be understood (and possibly proven) in a purely QFT context, taking into account
the back reaction of the matter on the geometry. Here, we tackle this problem in the context
of modular theory.

Concretely, we consider the relative entropy between coherent states for a massless real
scalar field in dS diamonds. This is made possible by the results of Ref. [54], where the
modular Hamiltonian for these regions was derived. We show that the relative entropy is
convex if we shrink the diamond in the null direction, thus proving furthermore the QNEC
[55] for finite regions in de Sitter space.

We then associate the relative entropy with the geometric area of the cosmological horizon.
In this way, we derive a conservation law for the generalized entropy, using the back reaction
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Fig. 1. Geometry of the patches of de Sitter space relevant to our universe. On the left, the expanding
Poincaré patch in conformally flat coordinates (n, x) with r = |x|; on the right, the static patch in
static coordinates (T, X) with R = |X|. The cosmological horizon is situated at R = H~!.

of the entropy of matter fields on the classical geometry. Our result holds for the relative
entropy between the vacuum and a coherent perturbation in von Neumann algebras of type
ITI, coupled with classical gravity through Einstein’s equations. The computation can be
connected with recent results based on von Neumann algebras of type II, obtained by adding
to the algebra of observables for the scalar field linear, classical gravitational perturbations,
coupled via the Raychaudhuri equation [43]. However, our construction relies on the relative
entropy, which is always well defined, while the methods based on von Neumann entropies
require divergent quantities at intermediate steps [56,57].

Finally, we define a local notion of temperature for observers at rest inside a dS diamond.
In the limit where the diamonds become large and coincide with the full static patch, we
recover the well known temperature of the cosmological horizon [58,59], while for finite-size
diamonds we find exponentially suppressed corrections.

2. Relative entropy

The relevant part of dS is the expanding Poincaré patch with metric g, = €21, with the
conformal factor w = —In (— Hn), where n € (—o0, 0) is the conformal time. However, not all
of this is accessible to a single observer. The corresponding region (for an observer at rest at
r = 0) is the static patch with metric

ds? = —(1 — H*R*)dT? + (1 — H*R*)~' dR* + R*d0? (2)
in spherical coordinates; both regions are shown in Fig. 1.
The dS diamonds that we consider, centered at (x, 0) and of size ¢, are the regions

C={nz):r=lz[€(0,0),nex—L+rx+Ll-1)} (3)

The modular Hamiltonian for conformal scalar fields ® of dimension A in the conformal
vacuum |{2) is given via a surface integral of the quantum stress tensor Tm, on a Cauchy
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surface ¥ [54], which we take to be the surface ¥ = {n = x}. It is useful to perform a
conformal rescaling, writing ®(f) = ¢(f,) with the conformally rescaled test function f,(z)
= 4~ 2@ f(7) and the flat-space massless scalar field ¢. The modular Hamiltonian then
reads [54]

oo = [ Tulolgins s, @)
where the flat-space stress tensor T;w [¢] is contracted with the conformal Killing vector
= %[(EQ — 72)55 +2(r — )zt — :23265} . (5)

From the modular Hamiltonian we can provide an explicit formula for the relative entropy
between coherent states in dS diamonds. For coherent states ¢®*(/)|Q2), the Araki-Uhlmann
formula (1) reduces to [24,25,60]

S()e'*NQ) = —(0]e D Hy e N|Q). (6)
Since H, ¢ is quadratic in the fields, the above conformal rescaling and the Baker-Campbell-
Haussdorf formula [61] give

§(e*00) = L01[6(£2), [6(7), Hrd] |12)

] e AL AL iy, -

where (Af,)(z) = [ A(z,y) fo(y) d*y with the commutator function A(z, y) = —i[é(x), ¢(y)]-

Since a coherent excitation of the vacuum can also be interpreted as a classical wave, it is not
surprising that we can reformulate the relative entropy as an integral over the corresponding
classical stress tensor. N amely, we have

I ot (A LI@ALI) e 'y =T 5L ©)
with the classical (improved) stress tensor [54]
T (f) = gaufauf f8 owf— Uuu b fO°f (9)
and thus
s(Qfe*Na) = / T (A f)E 0 &S (10)
)

With the Cauchy hypersurface ¥ = {n = x}, using the fact that A satisfies the Klein-Gordon
equation, using the result (9) and integrating spatial derivatives by parts, we find that the
relative entropy is given by the relatively simple expression

S 00) = 5 [ (8~ 2%) 0u(ALI0 (A1) + AALIALY) + 2L d'a

(11)

This expression of the relative entropy is manifestly positive, as required from general con-
siderations [62].

3. Half-sided modular inclusions and QNEC

Apart from positivity, the relative entropy given by the Araki-Uhlmann formula (6) satisfies
many other important properties such as monotonicity under completely positive maps and
joint convexity in both arguments [62]. It also provides a basis to rigorously formulate and
prove entropy inequalities in QFT. In particular, it is known that the relative entropy between
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Fig. 2. The diamonds relevant to the half-sided modular inclusion. Note that their future boundary
coincides, and that we take a test function f whose support is inside the smaller diamond.

coherent states is convex under half-sided modular inclusions, which is a sufficient condition
to prove the QNEC on any half-invariant wedge on a globally hyperbolic space-time [33].

Here, we prove that the relative entropy is also convex under inclusions for dS diamonds,
by explicit computation. In this context, half-sided modular inclusions are realized geometri-
cally by shrinking diamonds towards the future, keeping the future tip fixed. For illustration,
consider a diamond of size ¢y with its center at (xo, 0), and a diamond of size ¢ < ¢y with its
center at (yo + ¢o — ¢, 0); see Fig. 2. The modular flow for the modular Hamiltonian of the
bigger diamond then satisfies

et gy, e Tt C Agy,, T >0, (12)

where 2,1, is the subalgebra of fields with support inside the smaller diamond. This is exactly
the condition for a half-sided modular inclusion [16,33].

To show that the entropy is convex under these inclusions, we take a Cauchy surface at
n=x=xo + ¢ — ¢, and assume that Af, has compact support on this Cauchy surface.
Then the relative entropy is given by Eq. (11) with x = xo + ¢p — ¢, and a short computation

results in
S (Qle™N02) = —%858(Q“6i©(f)9) . (13)
This expression is easily integrated, resulting in
S(Que"‘l’(”ﬂ) = % + S, (14)

with two expressions S; independent of £.!
Since the relative entropy is positive for any ¢, it must be that both &1, S > 0. Thus it
follows that

S (Q V) > 0, (15)
proving convexity for the relative entropy of dS diamonds. Since the geometric transformation

is a shrinking of the dS diamond in the null direction, formula (15) is sufficient to prove the
QNEC [33] for these regions.

IThis form also follows from the explicit expression of the action of the modular operator Hy e in
static coordinates [54].
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Fig. 3. De Sitter diamond of size 2¢ whose future coincides with the cosmological horizon at v = 0.
Since we are considering massless fields in even dimensions, the horizon is perturbed only for some
null time u € [ug, w1] C [—2¢, 0].

4. Entropy-area law from the modular flow and back reaction
It has been known for a long time that it is possible to associate an entropy with cosmological
horizons [59], similarly to the Bekenstein-Hawking entropy of black holes [2]. We now show
that the back reaction of the matter perturbation on the classical geometry leads to a change
in the cosmological horizon area consistent with the generalized entropy conjecture for dS.
Analogously to the computations for Schwarzschild [26] and dynamical black holes [35], we
employ the Raychaudhuri equation to relate the back reaction of the relative entropy to the
variation of the horizon area. Consider the diamond (3) centered at y = —¢, and introduce
null coordinates v = n — r, v = n + r. The metric becomes

4 _ 2
—dudo+ U= 02| (16)

ds? = ———
° H?%(u+ v)? 4

and the future cosmological horizon is the surface v = 0, u € [-2¢, 0]; see Fig. 3. The
horizon is described by intrinsic coordinates u, 6, ¢, and the normal vector n, = d,v = 0y,
or n* = —26K. After a conformal rescaling, the induced cross-sectional metric of the horizon
is that of the unit two-sphere with integration measure df)2 = sin 0 df d¢, and the conformal
Killing vector (5) inducing the modular flow reads

€1, = —% [u(u + 20)8, + v(v + 20)d,] . (17)

Since the formula for the relative entropy is independent of the choice of the Cauchy surface
¥ on which the surface integral is computed [54], we can consider the limit in which ¥ coincides
with the cosmological horizon. Equation (10) for the relative entropy, evaluated on the horizon,
then simplifies to

, 0
s(le90) = 2;/ /Tuu|v70u(u +20)dQdu. (18)
—2/ B

To determine the change of the horizon area to leading order in perturbations, we compute
the back reaction of the matter on the geometry analogously to the case of black holes [63].
The leading correction to the metric under the influence of the stress tensor 7, (Af,) (9)
is quadratic in f,,. Hence, the leading-order correction to the Raychaudhuri equation, in null
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coordinates, determines the back reaction on the background geometry,
@0 = —327GNTyu , (19)
du v=0
where 6O denotes the geodesic expansion of the cosmological horizon due to the coherent
perturbation. Both the shear and vorticity tensors, as well as the contribution quadratic in
O, do not contribute to the right-hand side of the Raychaudhuri equation when evaluated at
second order in perturbations [63].
Multiplying the Raychaudhuri equation with w(u + 2¢) and integrating over u and €,
Eq. (10) can be written as
i® O u(u+20) [déO
s(Qle*0a) = /_% T / G|, A (20)
Since on the background we have d©/ du = 0, to leading order in perturbations we can replace

5O by the complete geodesic expansion © + 60 = O. In the same way, d) is substituted by
the complete line element dQ = VY dOde. Then we use the definition of the expansion as
the logarithmic derivative of the cross-sectional area of the geodesic congruence [64], © =
d(In\/7)/ du, and integrate by parts. This results in

S(QHei<I><f>Q) _ zLéN«AH» ~ Au(0) ;GiH(_Qg) |

where the cross-sectional area of the perturbed cosmological horizon is given by

An(u) = / V() dodg, (22)

)= [ Awdu. (23)

Since the background area of the cosmological horizon is constant, in Eq. (21) only the

(21)
and we define the null average

perturbations contribute. Moreover, the fields are massless and conformally coupled and thus
propagate along null geodesics in the conformally flat de Sitter space-time [65]; see Fig. 3. Tt
follows that the area perturbations at future infinity (i.e. at v = v = 0) and at the rim of the
diamond (i.e. at u = —2¢, v = 0) vanish, Ag(0) = 0 = dAx(—2¢), and thus only the average
of the perturbation of the area remains:

s(Q)e*0q) = 4(1;N(<5AH>) . (24)

It follows that, to leading order in matter perturbations, the perturbation of generalized
entropy 0Sgen = —S (QHei‘I’(f)Q) + ﬁ((éAH» vanishes for dS diamonds. We note that the
minus sign in the generalized entropy, which has given rise to some subtle interpretations [41],
naturally arises in this context. Hence the generalized entropy conjecture, according to which
Sgen does not increase when perturbing dS, holds in our case, and we expect that it decreases
when we also take into account the back reaction of quantized metric perturbations.

5. Local temperature

Finally, the thermodynamic relation between entropy and energy provides a notion of local
temperature. Consider an observer with proper time ¢ and four-velocity v* = —¢"*0,t inside a
diamond, who crosses some Cauchy surface > normally such that vu|2 = n,, with the normal
vector n,. The relative entropy measured by this observer is given by Eq. (10), and the entropy
density s by the integrand in this formula. On the other hand, the observer measures the energy
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density e = v*1” T}, and the first law of thermodynamics results in a local temperature:
ds = pde. Comparing the two expressions for s and e, we find that § = 0t/0(—7) where 7 is
the parameter of the modular flow generated by the modular Hamiltonian (4), i.e. £#0, = 0,
with the conformal Killing vector £&# (5). This is, in fact, the temperature arising from the
thermal time hypothesis [66-68].

To obtain an explicit expression for the (inverse) temperature 3, we switch to static co-
ordinates. In those, the diamonds of Fig. 3 read with R = |X|. An observer at rest passing

/[1—HR
S = (T,X): HR<1,HT > —In| 2H/ 17 0E (25)

through the point (7, 0) at 7 = 0 follows the trajectory (T, X)(7) = (T-, 0) with [54]

o 1 -2 HT
Ty = Touin + 7 In [+ e (2" He - 1)]. (26)
Since
, !
Jim 77 = Toyin = i In(2HY?) (27)

is the static time of the lower tip of the diamond, and lim, _, _., 7, = oo that of the upper
tip, the observer traverses the whole diamond.
Computing f = 07T,/9(—7), we obtain

T H 2eHTH( — 1+e2m  H

The first term recovers the well known temperature associated with cosmological horizons [59],

B

HT
am 2 HU-1 2y e~ HT )] (28)

but the second one is a subleading correction, which in fact decays exponentially fast with
time. However, in the limit £ — oo where the diamond becomes large and coincides with the
full static patch, we have Ty, — —oo and recover 5 — 27/ H for all times.

6. Conclusion and outlook

We have determined the (Araki-Uhlmann) relative entropy for coherent excitations of the
vacuum inside dS diamonds. We have shown that the relative entropy is convex when shrinking
the diamond in a null direction, which proves the QNEC [55] for diamonds in dS. Considering
then the back reaction of the coherent excitation on the geometry via the Raychaudhuri
equation, we proved that the change in the area of the future horizon exactly compensates
the relative entropy, such that the generalized entropy remains constant. Finally, we showed
that an observer inside a diamond measures a local temperature that is different from the dS
temperature H/(27), but that the corrections decay exponentially fast.

The viewpoint assumed in this work provides a framework for more general back reac-
tion problems that can be explored in future works. In particular, it is important to study
relative entropy for quantum gravitational perturbations, and the induced perturbations of
the cosmological horizon. Including these corrections should decrease the horizon area, thus
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verifying the generalized entropy conjecture. To address the issue of gauge invariance, it will
be necessary to employ relational observables [69-72].
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