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1. Introduction 

Since Bekenstein and Hawking’s discovery of black hole entropy [ 1 , 2 ], the connection be-
t w een en trop y and geometry has pro vided fundamen tal insigh ts in to the nature of quan tum
gra vit y [ 3 ]. Moreo v er, considerations motivated b y quan tum gra vit y fostered the study of
information-theoretic quantities and new entropic measures, providing sometimes surprising
results in quantum field theory (QFT). One example is the introduction of en tanglemen t
en trop y, as a measure of en tanglemen t bet w een quan tum degrees of freedom in spatially sep-
arated regions, motivated by the search for a microscopic explanation of black hole entropy
[ 4–6 ]. From its introduction in the context of black hole thermodynamics, en tanglemen t en-
tropy has found numerous applications in QFT, in particular in conformal field theory in low
dimensions; see e.g. Refs. [ 7–14 ]. Ho w ev er, the en tanglemen t en trop y in QFT suffers from uni-
v ersal UV div ergences; ph ysically, these arise from the en tanglemen t of modes with arbitrary
high energies. Mathematically, they arise because the typical operator algebras describing
observables in QFT are von Neumann factors of type III that do not admit a trace, such that
a reduced density matrix does not exist [ 15–18 ]. 
© The Author(s) 2024. Published by Oxford University Press on behalf of the Physical Society of Japan. This is an Open Access 
article distributed under the terms of the Creative Commons Attribution License ( https://creativecommons.org/licenses/by/4.0/ ), 
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A more suitable notion of en trop y for the algebras of QFT is the r elative entr opy , also
known as K ullb ack–L eibler diver genc e in information theory. The relativ e en trop y measures
the distinguishabilit y bet w een t w o states. It is defined for an y v on Neumann algebra, and so
in particular it is a well defined notion for the type III factors of QFT; in the case of quantum
mechanics it reduces to the entanglement entropy with a vacuum-subtracted contribution. 
Using the T omita–T akesaki theory of modular automorphisms [ 19 , 20 ], the relativ e en trop y
can be obtained from the A r aki–Uhlmann formula [ 21–23 ], employing the r elative mo dular
Hamiltonian . 

In the most general setting, T omita–T akesaki modular theory considers a von Neumann
algebra A acting on a Hilbert space H , and a cyclic and separating vector 

∣∣Ω〉
∈ H . The

T omita–T akesaki the or em states that there exists a self-adjoint operator called a modular
Hamiltonian H, which defines an automorphism of the algebra via the modular flow στ :
A → e i Hτ A e −i Hτ . T omita–T ak esaki theory th us pro vides a natural notion of time ev olution
along the modular parameter τ , for which the state | Ω〉 is thermal (a Kubo–Martin–Sc h winger
or KMS state). Generalizing to t w o cyclic and separating vectors Ω and Φ, the modular theory
also defines a relative modular Hamiltonian H Ω| Φ. The Araki–Uhlmann formula then defines
the relative entropy as [ 22 , 23 ] 

S(Ω‖ Φ) = −〈 Ω| H Ω| Φ| Ω〉 . (1) 

Recen tly, relativ e en trop y has found applications in the con text of semiclassical gra vit y, gen-
eralizing the results obtained using en tanglemen t en trop y and establishing them rigorously
in QFT. For coherent states, obtained as a unitary excitation of the vacuum, the relative
en trop y can be computed from the modular Hamiltonian of the vacuum alone, greatly sim-
plifying the computations and allowing for a more direct evaluation of the en trop y [ 24–27 ].
This has been used to rigorously formulate and prove the Bekenstein bound [ 28–31 ] and the
quan tum n ull energy inequalit y (QNEC) [ 32 , 33 ], to deriv e the Bek enstein–Ha wking form ula
for Sc h w arzsc hild [ 26 ], pro v e singularit y theorems [ 34 ], and to define an en trop y [ 35 ] and tem-
perature [ 36 ] for dynamical black holes. Finally, the relative entropy between coherent states
has recently been studied in de Sitter (dS) space-time by three of the authors [ 37 ]. 

De Sitter space-time also plays an important role as a test bed for quantum gravity ap-
proaches, and in particular for the gener alize d entr opy c onje ctur e . The generalized en trop y
S gen is defined as the sum of matter en trop y S M 

and the rescaled area A dS /(4 G N 

) of the
de Sitter horizon, and it has been conjectured that S gen can only decrease when adding any
type of matter [ 38–43 ]. While the horizon entropy has been studied extensively in a holo-
graphic context [ 44–53 ], the conjecture itself does not mak e an y reference to holograph y. It
can thus be understood (and possibly pro v en) in a purely QFT con text, taking in to accoun t
the back reaction of the matter on the geometry. Here, we tackle this problem in the context
of modular theory. 

Concretely, we consider the relative entropy between coherent states for a massless real
scalar field in dS diamonds. This is made possible by the results of Ref. [ 54 ], where the
modular Hamiltonian for these regions was derived. We show that the relative entropy is
con v ex if w e shrink the diamond in the n ull direction, th us pro ving furthermore the QNEC
[ 55 ] for finite regions in de Sitter space. 

We then associate the relative entropy with the geometric area of the cosmological horizon.
In this w a y, w e deriv e a conservation la w for the generalized en trop y, using the bac k reaction
2/11 
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Fig. 1. Geometry of the patches of de Sitter space relevant to our universe. On the left, the expanding 
P oincaré patc h in conformally flat coordinates ( η, x ) with r = | x | ; on the right, the static patch in 

static coordinates ( T, X ) with R = | X | . The cosmological horizon is situated at R = H 

−1 . 
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of the en trop y of matter fields on the classical geometry. Our result holds for the relative
en trop y bet w een the vacuum and a coherent perturbation in von Neumann algebras of type
I I I, coupled with classical gra vit y through Einstein’s equations. The computation can be
connected with recent results based on von Neumann algebras of type II, obtained by adding
to the algebra of observables for the scalar field linear, classical gravitational perturbations,
coupled via the Ra yc haudh uri equation [ 43 ]. Ho w ev er, our construction relies on the relative
en trop y, whic h is alw a ys w ell defined, while the methods based on von Neumann entropies
require div ergen t quan tities at in termediate steps [ 56 , 57 ]. 

Finally, we define a local notion of temperature for observers at rest inside a dS diamond.
In the limit where the diamonds become large and coincide with the full static patc h, w e
reco v er the w ell kno wn temperature of the cosmological horizon [ 58 , 59 ], while for finite-size
diamonds we find exponentially suppressed corrections. 

2. Relativ e en trop y 

The relevant part of dS is the expanding Poincaré patch with metric g μν = e 2 ω ημν with the
conformal factor ω = −ln ( −H η), where η ∈ ( −∞ , 0) is the conformal time. Ho w ev er, not all
of this is accessible to a single observer. The corresponding region (for an observer at rest at
r = 0) is the static patch with metric 

ds 2 = −(1 −H 

2 R 

2 ) dT 

2 + (1 −H 

2 R 

2 ) −1 dR 

2 + R 

2 d Ω2 (2) 
in spherical coordinates; both regions are shown in Fig. 1 . 

The dS diamonds that we consider, centered at ( χ, 0 ) and of size � , are the regions 

The modular Hamiltonian for conformal scalar fields Φ of dimension Δ in the conformal
vacuum | Ω〉 is given via a surface integral of the quantum stress tensor ˆ T μν on a Cauchy
3/11 
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surface Σ [ 54 ], which we take to be the surface Σ = { η = χ}. It is useful to perform a
conformal rescaling, writing Φ( f ) = φ( f ω ) with the conformally rescaled test function f ω ( x )
≡ e (4 − Δ) ω( x ) f ( x ) and the flat-space massless scalar field φ. The modular Hamiltonian then
reads [ 54 ] 

H χ,� = 

∫ 

Σ
ˆ T μν [φ] ξμn 

ν d 

3 Σ , (4) 

where the flat-space stress tensor ˆ T μν [φ] is contracted with the conformal Killing vector 

ξμ = 

π

� 

[ (
� 2 − τ 2 

)
δμ0 + 2( τ − η) x 

μ − x 

2 δμ0 

] 
. (5) 

From the modular Hamiltonian we can provide an explicit formula for the relative entropy
bet w een coheren t states in dS diamonds. For coherent states e i Φ( f) | Ω〉 , the Araki–Uhlmann
formula ( 1 ) reduces to [ 24 , 25 , 60 ] 

S 

(
Ω‖ e i Φ( f) Ω

)
= −〈 Ω| e i Φ( f) H χ,� e 

−i Φ( f) | Ω〉 . (6) 
Since H χ,� is quadratic in the fields, the abo v e conformal rescaling and the Baker–Campbell–
Haussdorf formula [ 61 ] give 

S 

(
Ω‖ e i Φ( f) Ω

)
= 

1 

2 

〈 Ω| 
[
φ( f ω ) , 

[
φ( f ω ) , H χ,� 

] ]
| Ω〉 

= −1 

2 

∫ ∫ 

δ2 H χ,� 

δφ( x ) δφ( y) (Δf ω )( x )(Δf ω )( y) d 

4 x d 

4 y , (7) 

where (Δf ω )( x ) ≡
∫ 

Δ( x, y ) f ω ( y ) d 

4 y with the commutator function Δ( x , y ) = −i [ φ( x ), φ( y )].
Since a coherent excitation of the vacuum can also be interpreted as a classical wave, it is not

surprising that we can reformulate the relative entropy as an integral over the corresponding
classical stress tensor. Namely, we have ∫ ∫ 

δ2 ˆ T μν

δφ( x ) δφ( y) (Δf ω )( x )(Δf ω )( y) d 

4 x d 

4 y = 2 T μν(Δf ω ) (8) 

with the classical (impro v ed) stress tensor [ 54 ] 

T μν( f ) = 

2 

3 

∂ μf ∂ νf −
1 

3 

f ∂ μ∂ νf −
1 

6 

ημν∂ ρf ∂ 

ρf , (9) 

and thus 
S 

(
Ω‖ e i Φ( f) Ω

)
= 

∫ 

Σ
T μν(Δf ω ) ξμn 

ν d 

3 Σ . (10) 

With the Cauc h y h ypersurface Σ = { η = χ}, using the fact that Δ satisfies the Klein–Gordon
equation, using the result ( 9 ) and integrating spatial derivatives by parts, we find that the
relativ e en trop y is giv en b y the relativ ely simple expression 

S 

(
Ω‖ e i Φ( f) Ω

)
= 

π

2 � 

∫ 

η= χ

[ (
� 2 − x 

2 
)
( ∂ η(Δf ω ) ∂ η(Δf ω ) + ∂ i (Δf ω ) ∂ 

i (Δf ω )) + 2(Δf ω ) 2 
] 
d 

3 x . 

(11) 
This expression of the relative entropy is manifestly positive, as required from general con-
siderations [ 62 ]. 

3. Half-sided modular inclusions and QNEC 

Apart from positivity, the relative entropy given by the Araki–Uhlmann formula ( 6 ) satisfies
many other important properties such as monotonicity under completely positive maps and 

join t con v exit y in both argumen ts [ 62 ]. It also provides a basis to rigorously formulate and
pro v e en trop y inequalities in QFT. In particular, it is known that the relative entropy between
4/11 



PTEP 2024 , 021A01 D’Angelo et al. 

Fig. 2. The diamonds relevant to the half-sided modular inclusion. Note that their future boundary 

coincides, and that we take a test function f whose support is inside the smaller diamond. 
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coherent states is convex under half-sided modular inclusions, which is a sufficient condition
to pro v e the QNEC on an y half-in varian t wedge on a globally h yp erb olic space-time [ 33 ]. 

Here, w e pro v e that the relativ e en trop y is also con v ex under inclusions for dS diamonds ,
by explicit computation. In this context, half-sided modular inclusions are realized geometri-
cally by shrinking diamonds towards the future, keeping the future tip fixed. For illustration,
consider a diamond of size � 0 with its center at ( χ0 , 0 ), and a diamond of size � < � 0 with its
center at ( χ0 + � 0 − � , 0 ); see Fig. 2 . The modular flow for the modular Hamiltonian of the
bigger diamond then satisfies 

e iτH χ,� 0 A sub e 
−iτH χ,� 0 ⊂ A sub , τ ≥ 0 , (12) 

where A sub is the subalgebra of fields with support inside the smaller diamond. This is exactly
the condition for a half-sided modular inclusion [ 16 , 33 ]. 

To show that the entropy is convex under these inclusions, we take a Cauchy surface at
η = χ = χ0 + � 0 − � , and assume that Δf ω has compact support on this Cauc h y surface.
Then the relativ e en trop y is given by Eq. ( 11 ) with χ = χ0 + � 0 − � , and a short computation
results in 

∂ 

2 
� S 

(
Ω‖ e i Φ( f) Ω

)
= −2 

� 
∂ � S 

(
Ω‖ e i Φ( f) Ω

)
. (13) 

This expression is easily integrated, resulting in 

S 

(
Ω‖ e i Φ( f) Ω

)
= 

S 1 

� 
+ S 2 (14) 

with t w o expressions S i independen t of � . 1 

Since the relative entropy is positive for any � , it must be that both S 1 , S 2 > 0 . Thus it
follows that 

∂ 

2 
� S 

(
Ω‖ e i Φ( f) Ω

)
≥ 0 , (15) 

pro ving con v exit y for the relativ e en trop y of dS diamonds. Since the geometric transformation
is a shrinking of the dS diamond in the n ull direction, form ula ( 15 ) is sufficient to prove the
QNEC [ 33 ] for these regions. 
1 This form also follows from the explicit expression of the action of the modular operator H χ,� in 

static coordinates [ 54 ]. 

5/11 
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Fig. 3. De Sitter diamond of size 2 � whose future coincides with the cosmological horizon at v = 0. 
Since we are considering massless fields in even dimensions, the horizon is p erturb ed only for some 
null time u ∈ [ u 0 , u 1 ] ⊂ [ −2 � , 0]. 
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4. En trop y-area la w from the modular flo w and bac k reaction 

It has been known for a long time that it is possible to associate an en trop y with cosmological
horizons [ 59 ], similarly to the Bek enstein–Ha wking en trop y of blac k holes [ 2 ]. We no w sho w
that the back reaction of the matter perturbation on the classical geometry leads to a change
in the cosmological horizon area consistent with the generalized entropy conjecture for dS. 

Analogously to the computations for Sc h w arzsc hild [ 26 ] and dynamical black holes [ 35 ], we
emplo y the Ra yc haudh uri equation to relate the back reaction of the relativ e en trop y to the
variation of the horizon area. Consider the diamond (3) centered at χ = −� , and introduce
null coordinates u = η − r , v = η + r . The metric becomes 

ds 2 = 

4 

H 

2 ( u + v) 2 

[ 

− du dv + 

( v − u ) 2 

4 

d Ω2 
] 

, (16) 

and the future cosmological horizon is the surface v = 0, u ∈ [ −2 � , 0]; see Fig. 3 . The
horizon is described b y in trinsic coordinates u , θ, φ, and the normal vector n μ = ∂ μv = δv μ,
or n 

μ = −2 δμu . After a conformal rescaling, the induced cross-sectional metric of the horizon
is that of the unit t w o-sphere with integration measure d Ω = sin θ dθ dφ, and the conformal
Killing vector ( 5 ) inducing the modular flow reads 

ξμ∂ μ = −π

� 

[
u ( u + 2 � ) ∂ u + v( v + 2 � ) ∂ v 

]
. (17) 

Since the formula for the relative entropy is independent of the choice of the Cauchy surface
Σ on which the surface integral is computed [ 54 ], we can consider the limit in which Σ coincides
with the cosmological horizon. Equation ( 10 ) for the relative entropy, evaluated on the horizon,
then simplifies to 

S 

(
Ω‖ e i Φ( f) Ω

)
= −2 π

� 

∫ 0 

−2 � 

∫ 

T uu 

∣∣
v=0 u ( u + 2 � ) d Ω du . (18) 

To determine the change of the horizon area to leading order in perturbations, we compute
the back reaction of the matter on the geometry analogously to the case of black holes [ 63 ].
The leading correction to the metric under the influence of the stress tensor T μν( Δf ω ) ( 9 )
is quadratic in f . Hence, the leading-order correction to the Ra yc haudh uri equation, in null
ω 

6/11 
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coordinates, determines the back reaction on the background geometry, 
dδΘ
du 

∣∣∣∣
v=0 

= −32 πG N 

T uu , (19) 

where δΘ denotes the geodesic expansion of the cosmological horizon due to the coherent
perturbation. Both the shear and v orticit y tensors, as w ell as the con tribution quadratic in
Θ, do not contribute to the right-hand side of the Ra yc haudh uri equation when evaluated at
second order in perturbations [ 63 ]. 

Multiplying the Ra yc haudh uri equation with u ( u + 2 � ) and integrating over u and Ω,
Eq. ( 10 ) can be written as 

S 

(
Ω‖ e i Φ( f) Ω

)
= 

∫ 0 

−2 � 

u ( u + 2 � ) 
16 G N 

� 

∫ 

dδΘ
du 

∣∣∣∣
v=0 

d Ω du . (20) 

Since on the background we have d Θ/ du = 0 , to leading order in perturbations we can replace
δΘ by the complete geodesic expansion Θ + δΘ = 

˜ Θ. In the same w a y, d Ω is substituted by
the complete line element d ̃

 Ω = 

√ 

γ dθ dφ. Then we use the definition of the expansion as
the logarithmic derivative of the cross-sectional area of the geodesic congruence [ 64 ], ˜ Θ ≡
d ( ln 

√ 

γ) / du , and integrate by parts. This results in 

S 

(
Ω‖ e i Φ( f) Ω

)
= 

1 

4 G N 

〈〈 A H 

〉〉 − A H 

(0) + A H 

( −2 � ) 
8 G N 

, (21) 

where the cross-sectional area of the p erturb ed cosmological horizon is given by 

A H 

( u ) ≡
∫ √ 

γ( u ) dθ dφ , (22) 

and we define the null average 

〈 〈 A 〉 〉 = 

1 

2 � 

∫ 0 

−2 � 
A ( u ) du . (23) 

Since the background area of the cosmological horizon is constant, in Eq. ( 21 ) only the
perturbations con tribute. Moreo v er, the fields are massless and conformally coupled and thus
propagate along null geodesics in the conformally flat de Sitter space-time [ 65 ]; see Fig. 3 . It
follows that the area perturbations at future infinity (i.e. at u = v = 0) and at the rim of the
diamond (i.e. at u = −2 � , v = 0) vanish, δA H 

(0) = 0 = δA H 

( −2 � ), and thus only the average
of the perturbation of the area remains: 

S 

(
Ω‖ e i Φ( f) Ω

)
= 

1 

4 G N 

〈 〈 δA H 

〉 〉 . (24) 

It follows that, to leading order in matter perturbations, the perturbation of generalized
en trop y δS gen = −S 

(
Ω‖ e i Φ( f) Ω

)
+ 

1 
4 G N 

〈〈 δA H 

〉〉 vanishes for dS diamonds. We note that the
minus sign in the generalized en trop y, whic h has given rise to some subtle interpretations [ 41 ],
naturally arises in this context. Hence the generalized entropy conjecture, according to which
S gen does not increase when perturbing dS, holds in our case, and we expect that it decreases
when we also take into account the back reaction of quantized metric perturbations. 

5. Lo cal temp erature 

Finally, the thermodynamic relation bet w een en trop y and energy provides a notion of local
temperature. Consider an observer with proper time t and four-v elocit y v μ = −g μν∂ νt inside a
diamond, who crosses some Cauc h y surface Σ normally such that v μ

∣∣
Σ = n μ with the normal

v ector n μ. The relativ e en trop y measured b y this observ er is giv en b y Eq. ( 10 ), and the en trop y
density s by the integrand in this formula. On the other hand, the observer measures the energy
7/11 
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density e ≡ v μv νT μν , and the first law of thermodynamics results in a lo cal temp erature:
δs = βδe . Comparing the t w o expressions for s and e , we find that β = ∂ t / ∂ ( −τ) where τ is
the parameter of the modular flow generated by the modular Hamiltonian ( 4 ), i.e. ξμ∂ μ = ∂ τ

with the conformal Killing vector ξμ ( 5 ). This is, in fact, the temperature arising from the
thermal time hypothesis [ 66–68 ]. 

To obtain an explicit expression for the (in v erse) temperature β, we switch to static co-
ordinates. In those, the diamonds of Fig. 3 read with R = | X | . An observer at rest passing

through the point ( T , 0 ) at τ = 0 follows the trajectory ( T, X )( τ) = ( T τ , 0 ) with [ 54 ] 

T τ = T min + 

1 

H 

ln 

[ 
1 + e −2 πτ

(
2 e HT H� − 1 

)] 
. (26) 

Since 

lim 

τ→∞ 

T τ = T min ≡ − 1 

H 

ln (2 H� ) (27) 

is the static time of the lo w er tip of the diamond, and lim τ → −∞ 

T τ = ∞ that of the upper
tip, the observer traverses the whole diamond. 

Computing β = ∂ T τ/ ∂ ( −τ), we obtain 

β = 

2 π

H 

2 e HT H� − 1 

2 e HT H� − 1 + e 2 πτ
= 

2 π

H 

[ 
1 − e −H( T τ−T min ) 

] 
. (28) 

The first term reco v ers the w ell kno wn temp erature asso ciated with cosmological horizons [ 59 ],
but the second one is a subleading correction, which in fact decays exponentially fast with
time. Ho w ev er, in the limit � → ∞ where the diamond becomes large and coincides with the
full static patch, we have T min → −∞ and recover β → 2 π/ H for all times. 

6. Conclusion and outlook 

We ha v e determined the (Araki–Uhlmann) relativ e en trop y for coheren t excitations of the
vacuum inside dS diamonds. We ha v e sho wn that the relativ e en trop y is con v ex when shrinking
the diamond in a null direction, which proves the QNEC [ 55 ] for diamonds in dS. Considering
then the back reaction of the coherent excitation on the geometry via the Ra yc haudh uri
equation, w e pro v ed that the change in the area of the future horizon exactly compensates
the relative entropy, such that the generalized entropy remains constant. Finally, we showed
that an observer inside a diamond measures a local temperature that is different from the dS
temperature H /(2 π), but that the corrections decay exponentially fast. 

The viewpoint assumed in this work provides a framework for more general back reac-
tion problems that can be explored in future works. In particular, it is important to study
relativ e en trop y for quan tum gra vitational perturbations, and the induced perturbations of
the cosmological horizon. Including these corrections should decrease the horizon area, thus 
8/11 
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verifying the generalized entropy conjecture. To address the issue of gauge invariance, it will
be necessary to employ relational observables [ 69–72 ]. 
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