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An analogue Fréchet-Shohat moments convergence theorem
for indeterminate moment problems
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Abstract

The Fréchet-Shohat Theorem (FST) (1931) is a well-established result concerning
determinate moment problems. We endeavor to address an analogous problem within
the realm of indeterminate Hamburger and Stieltjes moment problems, focusing
exclusively on absolutely continuous random variables. We demonstrate that, under
an additional condition stipulating the convergence of the entropy of a sequence of
distribution functions to the entropy of the unique maximum entropy distribution, a
stronger mode of convergence is achieved, which subsequently implies convergence
in distribution. This result is attainable due to the inherent property of indeterminate
moment problems possessing a unique density gnmaz, distinguishable from other
solutions by its maximal entropy. In conclusion, the moment convergence implies
weak convergence under determinacy and under indeterminacy, if there is entropy
convergence to the gnma. then there is also weak convergence.
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1 Introduction and motivation

The Fréchet-Shohat Theorem (FST) (Fréchet and Shohat, 1931, Section 6), also
known as the second limit theorem, is a fundamental result in the literature. Expressed
in terms of distribution functions (d.fs.), this theorem addresses the following question:
given a sequence of d.fs. {G,}nen, under what conditions does there exist a d.f., G,
such that lim,, .., G,, = G in distribution? Convergence in distribution signifies that
Gn(z) = G(z) at every continuity point z of G. This theorem needs the satisfaction of
three conditions:

(a) For all n and k, the k-th absolute moment of G,, is finite, i.e., f\a;|’C dG,, < oo.
Consequently, all moments my, ,, = f x* dG,, are finite.

(b) As n — oo, the moments my, ,, converge to finite values m, implying the existence
of a d.f. G with the moment sequence {my}.
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(c) The d.f. G associated with the moment sequence {m;} must be unique.

When conditions (a), (b), and (c) are met, the sequence G,, converges to G in distribution
as n — oo. This theorem applies to sequences of d.fs. whose support is a bounded or
unbounded subset of R or R, regardless of whether the G,, are discrete, continuous, or
singular.

We now pose the question: if condition (c) of the FST is relaxed, and we assume the
existence of infinitely many distribution functions sharing the moment sequence {my}
(i.e., the moment problem is indeterminate), can the convergence in distribution of a
sequence {G,} to a distribution G still be established? While it is generally acknowledged
that convergence in distribution does not hold in the indeterminate case (as demonstrated
by sequences oscillating between distinct solutions), we investigate what additional
conditions imposed on the sequence of distribution functions {G,,} would guarantee its
convergence in distribution to G.

This paper provides a precise answer, leveraging the Maximum Entropy (MaxEnt)
principle and recent findings by the authors on entropy convergence. Specifically, within
an indeterminate moment problem, among the infinite densities consistent with the
given moments, there exists a unique distribution, denoted Gj,,4., that possesses the
maximum entropy. The authors have previously demonstrated that MaxEnt approximants
converge in entropy to this distribution, thus uniquely characterizing Gp.q. by the
moment sequence {my}. Consequently, as will be shown in Theorem 3.1, it is possible to
construct sequences {G,,} that satisfy the moment constraints and converge in entropy
to Ghmaz- Furthermore, Section 2.2 will establish that convergence in entropy implies
convergence in distribution, thereby achieving our objective. Given that G, . is the sole
distribution characterized by the provided moment sequence, it is the only distribution
to which such sequences {G,} can converge, unlike other solutions that necessitate
information beyond {m}. In this respect, the approach mirrors that of the FST, where a
single distribution is characterized by its moments.

The remainder of this paper is structured as follows: Section 2 reviews pertinent
results on the MaxEnt method, established theorems on convergence in entropy, and
stronger modes of convergence. Section 3 presents the main result concerning the
implication of moment convergence for the convergence in distribution of G,, to G,
drawing an analogy to the FST for determinate moment problems. Section 4 discusses
an additional crucial assumption required to ensure the convergence of the distribution
when the moment problem is indeterminate.

2 Some auxiliary results

2.1 MaxEnt setup

Let X be a random variable with support Sx = R or R*, distribution function G,
and moment sequence {m;}. Considering the first M moments {m;}}, of G, the
maximization of the Shannon (differential) entropy H|g] = — [ sy 9(@) log g(z) dz yields
the MaxEnt approximation f); of the density g (Kesavan and Kapur, 1992, p. 59), given
by

M
fu(x) = exp <— Z Ak$k> , (2.1)
k=0
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subject to the (M + 1) moment constraints
/ ¥ far(x)de =my, k=0,...,M, with my=1. (2.2)
Sx

The differential entropy (henceforth, entropy) of f,, is then

M
Hlfu) == [ o) log fus(e)do = 3 A 2.3)
X k=0

For the Hamburger moment problem, the degree M of the polynomial in the exponential
of the MaxEnt density f); must be even to ensure its integrability over the real line.
However, the MaxEnt formalism allows for a unified treatment of both Hamburger
and Stieltjes moment problems. Consequently, to promote notational parsimony and
generality, we will subsequently avoid explicit indexing of sequences related to densities,
distributions, moments, or entropies, given that the Stieltjes case does not necessitate
the even order restriction on M.

In essence, fj; represents the density with the maximum possible entropy among all
densities sharing the first M moments {mk}ﬁil. A crucial and well-established property
is that as the number of moments M increases, the uncertainty does not increase, and
the sequence {H|[fy]} is monotonically non-increasing. For both the Hamburger and
Stieltjes cases, we adopt the following essential condition:

All integer moments my, = fsx x¥ g(z)dx, for k = 0,1,2,..., of the absolutely continuous
random variable X with density ¢ and support Sy, exist.

Note the density ¢ may have —oo or finite entropy Hg|. In the latter case it follows
that the sequence {H|[fx]} constitutes a Cauchy sequence, being monotonically non-
increasing with H[fy] > H|[g] for each M. Notably, if the density ¢ is bounded, its
entropy H|g] is guaranteed to be finite. Indeed, if 0 < g(x) < L < oo for all z, then

—H]g| :/ g(x)logg(x)dr < / g(x)logLdx =logL = Hlg] > —log L > —oc.

Sx SX

Conversely, an unbounded density g does not necessarily imply infinite entropy (for
1

instance, in Stieltjes case take g(r) = —s=—re 7, 2 >0, r > 1).

T 2r
We now introduce the following classes of densities:

C]W:{gMZOZ/ xkgM(x)datzmk,k:1,2,...,M},
Sx
with the natural extension to
Coo{gZO:/ zFg(z) de = my, k1,2,...}.
Sx

It is important to note that C,; is a convex set for every M, and consequently, C,, =
(s Cur is also a convex set. In the M-indeterminate Hamburger and Stieltjes cases, Coo
contains infinitely many densities that serve as solutions to the moment problem.
Furthermore, the Shannon entropy induces an ordering principle on the elements
g € C. Since entropy is a concave functional (Kapur (1989), p. 223), there exists
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a unique density with the largest entropy, which we denote as gjmaqz, Whose entropy
satisfies

H\|ghmaz] = Hg|.
[ghmaz] = max Hig]

Considering the sequence of MaxEnt densities { f3;} defined in (2.1), Novi Inverardi
et al. (2024a) and (2024b) have demonstrated that {f);} converges in entropy to
9hmaz, Which is uniquely characterized by {my}, analogous to the determinate case.
From this convergence in entropy, and through stronger modes of convergence derived
from information theory, these authors ultimately proved convergence in distribution.
Consequently, gnmaz iS entropy-distinguishable from other members of C.,. Moreover,
given that gnmq. is the sole density that can be reconstructed using only the moment
sequence {my}, it is representative of the entire class C.

Concerning notation, in the ensuing discussion, encompassing both Hamburger and
Stieltjes moment problems, we will distinguish between two categories of densities
within the sets Cj; and Co,: those possessing the maximum entropy and the others. Given
a moment sequence {my}, we establish the following definitions:

1. within Cps: fas € Cas denotes the MaxEnt density constrained by {my, }2,, with dis-
tribution function Fj; (continuous for every x € Sx) and entropy H|[fys]. Conversely,
gm € Cpr denotes the remaining probability density functions, with distribution
function G and entropy Hgn| < H|[fum]-

2. within Coo: ghmaz € Coo denotes the MaxEnt density constrained by {my}, with
distribution function Gjq. (continuous for each = € Sx) and entropy H[gnmaz)-
Furthermore, g € C, denotes the remaining densities, with distribution function G
and entropy H|g| < H[Jhmaz)-

The subsequent discussion will rely fundamentally on the following two theorems, estab-
lished for M-indeterminate Hamburger and Stieltjes moment problems by Novi Inverardi
et al. (2024a, Thm. 3.1) and Novi Inverardi et al. (2024b, Thm. 7).

Theorem A. In the indeterminate Hamburger or Stieltjes moment problem, the sequence
{fum} of the MaxEnt approximations converges in entropy to gnmaz, i.€.,

lim H[fm] = Hlghmasl, (2.4)
M—oc0
where H[gnmaz] can be finite or —oo.

Integrating Theorem A with Theorem 1 and Theorem 2 from Stoyanov et al (2024),
we arrive at the following result:

Theorem B. In the indeterminate Hamburger or Stieltjes moment problem, the infinitely
many densities in Cy; and C,, have entropies that span the two different intervals

(f o0, H[fM]] and (7 o0, inf H[fy] = H[ghmam]]

2.2 A Hierarchy of Different Convergence Modes

Considering the class of absolutely continuous probability distributions with finite
entropy, we can establish the following two preliminary results concerning MaxEnt
densities fy; and gpmaq: With corresponding distribution functions Fj; and Gpimas- Here,
we focus on the Hamburger moment problem; the Stieltjes case follows analogously,
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with the exception that the requirement of " fj; having M even moments" is not imposed
due to the non-negativity of the support.
Two distinct cases concerning H [grmas) are separately discussed.

1. H[ghma=) finite.

Given that the sequence {H|[fa] > H|[ghmaz)} is monotonically non-increasing and
bounded below by the finite value H[gnmaqz], it constitutes a Cauchy sequence. Let
K > M, and denote by fx and fj; the maximum entropy solutions to the truncated
moment problem constrained by the first K and M moments, respectively. Then:

a) From Theorem A, the monotonically non-increasing sequence {H|[fys]} con-
verges to H[gnma] and is therefore a Cauchy sequence.

b) Consider the relative entropy (Kullback-Leibler divergence) between fx and
far, which share the same first // moments, defined as

D(fx|lfum) :/s fr(z)log J{ZE?) dz.

Utilizing (2.1), the definition of H[fx], (2.2), and (2.3) in sequence, we obtain
D(fxlfm) = Hfu] — H[fk], (2.5)

where f) is the MaxEnt density given the first M moments {m; }3,

Then invoking the established relationship between the £!-distance of the prob-
ability density functions fx and fj;, denoted by ||fx — fu|1, and the relative
entropy (Kullback-Leibler divergence) D(fk | far), we have the following inequality
(as presented in Toussaint (1975), equation (5)):

%HfM — fxl} < D(fxllfm) = Hlfu] — H[fk]- (2.6)

Given Theorem A and the assumption that the density gnmq. has finite entropy, the
sequence {fy/} is a Cauchy sequence in £! due to (2.6). Consequently, taking into
account (2.6), we have

sup | Fas () — Fie(@)| < || far — frelli < V2(H[far] — H[fk)), (2.7)

which implies that {F),} is also a Cauchy sequence with respect to the uniform
norm. Replacing fx with gnmas and Fx with Gppaee in (2.7), and recalling Theorem
A, we obtain

Jim sup [Far(2) = Ghrmaa (2)] = 0, (2.8)

M—co 4
demonstrating that {F),} converges uniformly to G},... Hence, {F),} also con-
verges pointwise to Gpmaq:

lim Fu(x) = Ghmaz () (2.9)

M—o0

for every z € Sx.

2. Hlghmaz] = —00.

From Toussaint (1975), eqn.(6), proceeding similarly to (2.5) - (2.7), replacing fx
with gnma. and taking into account Theorem A, we have

|FM(x)*Ghmam(l‘)| S ||foghmar||1 S \/Q(D(ghnlameJW \/2 f]VI [ghmam])v
(2.10)

so that {F),} converges pointwise to Gpmqz, in analogy with (2.9).
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3 Main result

We now present the central result of this paper, applicable to both the Hamburger
and Stieltjes indeterminate moment problems. This is accomplished through a refined
set of initial assumptions, concerning the sequence of distributions {Gr} — Ghimas- This
reinforcement is required by the presence of infinitely many densities within the set Co,
only one of which is uniquely identifiable through its entropy. Consequently, given solely
the assigned moments, the sequence {G,;} is constrained to converge to Gpma. as its
unique limit.

Theorem 3.1 (Novi Inverardi and Tagliani). Let {m;} be an indeterminate moment
sequence and let {gy;} be probability densities satisfying

/xkgM(a:)dsc:mk, k=0,1,..., M. (3.1)

If M — oo, Hlgar) = H[ghmaz), where H|[grmaz) can be finite or —oo , then the sequence
{G} converges uniformly (or, pointwise) in distribution to Gpmaz-

Note that the k-th moment of GGj; is m; when £ < M, so the moment convergence
condition is satisfied.

Proof.

1. H[ghmaz) finite

Note that the construction of densities g); € Cj; that generate the required se-
quence {G);} with a specific finite entropy value, thereby satisfying condition 2
of Theorem 3.1, is detailed in the proof of Theorem 1 in Stoyanov et al. (2024).
The crux of the proof lies in the construction of specific scenarios concerning a
sequence of distribution functions {G,} that satisfy to the two requisite conditions
stipulated by the theorem.

* Scenario 1: This scenario considers sequences {g,;} wherein each element
gn possesses entropy H gy satisfying the inequality H[ghmaz] < Hlgm] <
H|[fwm], aviable assumption based upon Theorem B. Theorem A establishes that
lim s o0 H[far] = H|ghmaz), from which it logically follows that lim; oo H[gas]
H|gnmaz]- The desired sequence {G,,}, fulfilling both conditions of the theo-
rem, is then obtained through a constructive methodology detailed in Stoy-
anov et al (2024), in the proof of Theorem 1. Alternatively, one may as-
sume the choice {gys = fa}, which implies {H[gr] = H|[fm]}. In this in-
stance, the required sequence {Gy = F)} is derived from the fact that
limps oo H[far] = H|ghmaz)- It is noteworthy that in both selections of {G s},
the second assumption of the theorem is inherently satisfied due to Theorem A
and thus does not require explicit consideration. Moreover, in both procedures,
the sequence {G),} is obtained constructively.

* Scenario 2: This scenario assumes a sequence {g,,} that satisfies the follow-
ing two conditions:

i) The entropy H|[gas] of gas lies within the interval ( — 00, H[ghmaz]].
11) hmM%oo H[g]W] = H[ghmax]‘
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In contrast to Scenario 1., the second condition must be explicitly imposed.
The feasibility of both conditions is guaranteed by Theorems A and B. Anal-
ogous to Scenario 1, the sequence {G),} is obtained through a constructive
procedure.

In conclusion, the validity of the above scenarios is conditional on the existence of
a single density gnma. € Coo characterised by a finite maximum entropy H [gnmaz)
and distinguishable, in terms of entropy, from all other densities g € C.

Having established these preliminaries, we now proceed to the proof of Theorem
(3.1), employing the sequences {gas} constructed in the preceding two scenarios.
Consider the relative entropy D(gas||far) between fy; and gy, where both densities
share the first M moments {mk}{v\il, and f); represents the maximum entropy
density. Invoking equation (2.1), the definition of H[gys|, equation (2.2), and
equation (2.3) in succession, we obtain the relation D(gns||far) = H|[far) — Hlgwm]-
Subsequently, utilizing the well-established inequality relating relative entropy to
the £!-distance between f; and gjs (see Toussaint (1975), eq. (5)), we have:

S I v = gu IB< Dlgullfu) = Hifal = Hlgw,

from which the following inequalities are derived:

sup | Fr(z) = Gur(@) | I far = gar Il < V2D (guellfar) = V2(H[far] — Hlgwa])-

By substituting Gy with Gppmax @and gas with gpma. respectively, recalling Theorem
A, the assumption H[gy] = H[ghmaz), @8 M — oo, for each considered sequence
{9}, the completeness of the £! space, and finally taking the limit as M — oo, the
proof of Theorem 3.1 is thus concluded.

2. H[ghmaz] = —00

In this case there is only one scenario and the proof of Theorem 3.1 comes from
(2.10) taking into account Theorem A.

O

In light of the preceding observation concerning the FST, condition lim;_,~ H[gn] =
H{[ghmaz) of Theorem 3.1 is assumed to be merely sufficient for the theorem’s validity.
Indeed, the possibility of orderings of the components of C,,, beyond that dictated by
entropy, opens the possibility for suitable modes of convergence that, in turn, yield
convergence in distribution.

4 Discussion about condition lim, ., H[gr| = H[Jnma:| of Theorem
3.1

The FST, valid for the determinate case, relies exclusively on convergence in en-
tropy of Theorem 3.1 spent in its formalization. Conversely, the indeterminate case
is characterized by the existence of an infinite number of admissible distributions. A
subset of these distributions is typically constructed through the application of Stieltjes
classes technique (for definition and properties, refer to Stoyanov (2004)). This con-
struction starts assuming the existence of a distribution G possessing the prescribed
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moments {my}, followed by the determination of a perturbation function A that leaves
the moments of the combination g*(z) = g(z) + € - g(x) - h(z), € € [-1, 1], invariant in the
sense that [ 2*dG*(x) = my, for all k > 0. This procedure generates an infinite family of
distributions G*, the Stieltjes class indeed, belonging to C..

Within the framework of indeterminate moment problems, we would like to highlight
two specific contributions that merit attention and closer examination.

a) The foundational work of Nevanlinna (1922) introduced the use of specific matrices to
characterize the entire set of solutions. This framework, known as the Nevanlinna
parametrization (see Berg (1995), for a comprehensive review), establishes a bijec-
tive mapping between the class of all measures satisfying a prescribed sequence of
moments and the class of Pick functions (also referred to as Nevanlinna or Herglotz
functions), denoted by (. The practical application of this parametrization relies on
four specific entire functions A(z), B(z), C(z), and D(z), collectively known as the
Nevanlinna functions. These functions are uniquely determined by the underlying
indeterminate moment sequence. Detailed treatments of these functions can be
found in the seminal monographs by Akhiezer (1965) and Shohat and Tamarkin
(1943), where they are identified as fundamental tools for investigating the proper-
ties of indeterminate measures. Despite their theoretical importance, the number
of cases where the functions A, B, C, and D have been explicitly calculated remains
limited. The first explicit examples were derived in the 1990s through the contribu-
tions of Ismail, Masson, Berg, Valent, Chihara, and Christiansen, among others. A
contemporary overview of these cases and their associated references is provided
in Schmidgen (2017), Section 7.

b) More recently, focusing specifically on density functions, Novi Inverardi and Tagliani
(20244a, 2024c) and Novi Inverardi et al. (2024b) proposed an ordering principle for
the elements of C., by exploiting the concavity of the Shannon entropy functional.
They established the existence of a unique density, gpmaq., Which possesses a
strictly higher entropy than any other distribution in C.,. Within the Nevanlinna
parametrization, identifying the specific Pick function ¢ that corresponds to gnmax
remains an open and compelling problem. Furthermore, the authors demonstrated
the convergence in entropy of MaxEnt approximants to this maximal density, that
is limps—oo H[fM] = H[ghmasz), thereby uniquely characterizing gpmaq. by the given
moment sequence {my}. It follows that, within the MaxEnt framework - particularly
for the purpose of distribution reconstruction - determinate and indeterminate
moment problems may be viewed as equivalent, as the reconstruction process in
both scenarios converges to a single, well-defined distribution. Consequently, in an
indeterminate setting where the available information is restricted to the moment
sequence, gnmas iS the only distribution that can be uniquely recovered. The
identification of any other element g € C,, would necessitate auxiliary information,
such as the specification of an appropriate perturbation function h within a Stieltjes
class construction, as discussed above.

With the following simple example we prove that the convergence of moments implies
convergence in distribution.

Example 1
Consider within Scenario 1 the sequence {g,, = f,,} in which the condition

lim H[gn] = H[ghmaac]

n—roo

ECP 31 (2026), paper 1. https://www.imstat.org/ecp
Page 8/12


https://doi.org/10.1214/26-ECP753
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

An analogue FST for indeterminate moment problem

of Theorem 3.1 is verified by Theorem A. The convergence in distribution comes from
Theorem 3.1 and consequently FST holds also in the M-indet case.

We present a further example that is instructive since it clearly highlights the role played
by condition limp; oo H[frr] = H[ghmas] of Theorem 3.1, concerning convergence in
entropy. More precisely, we now aim to illustrate, through a further example having
general validity, that the omission of convergence of entropy in above mentioned theorem
implies there is no convergence in distribution. Specifically, any sequence that alternates
between two or more distinct solutions to the moment problem, will necessarily fail to
converge.

Example 2
Let X be ar.v. on R" with standard LogN distribution, so X ~ LogN, g be its density
with d.f. G and G,,, n = 1,2, ... a sequence of d.fs., with density g, and H [grma.] finite.

a) The following example, due to Prof. Jordan Stoyanov, allows us to examine what
happens when the requirement of convergence in entropy - a key part of Theorem
3.1 - is removed. Assume

gn(x) = g(x)[1 + =(—1)"sin(2r logz)], = >0

For any n, the r.v. X,, ~ G, has finite moments my, ,, — my, the moments of X. It
is known that LogN, with entropy H[LogN] = % log(2me), is M-indet. Look at the
sequence {G,}. We find the following

G — G(2) + %A(az) and Gan 1 — G(z) — %A(x)

where A(z) = [; g(u)sin(2mlogu) du. Then the two sub-sequences converge to
different limits. Therefore, {G,} does not converge.

We now examine the aforementioned example from the perspective of entropy, being
the only criterion known to us. Indeed, being condition lim, .« H[gn] = H[Jrmax]
only sufficient, it makes no sense to evaluate the previous example in entropic
terms. But, having shown that {g,} does not converge, it is sufficient to conclude
that such a condition on {g,} must be imposed. Initially, we observe that the
moments employed constitute the Lognormal moment sequence. In this instance,
Novi Inverardi and Tagliani (2024c) - Theorem 2 have demonstrated that the density
g coincides with the density of the Lognormal distribution that is, LogN = gnmaz-
Both subsequences H|[gs2,] and H[g2,—1] have constant entropies for each n € NN,
as well such entropies are slight different, | H[gs,] — H[g2n—1] |~ 107%. Both
H{[go,) and H[g2,—1 have value ~ 1.3543, which is strictly less than the entropy
of ghmaz, H|ghmaz] = %log(27re) ~ 1.4189. Consequently, the sequence {g,} does
not converge in entropy to gpmq.. Indeed, formulating g,(x) as g,(z) = g(x) +
3(—1)"g(z) sin(2m log z), the sequence {g,} includes information coming from the
given moment sequence through the terms g(z) and an additional one, independent

on n, through the term 3(—1)"g(z) sin(27 log z).

Drawing upon the implications of Theorem 3.1, we can assert that the afore-
mentioned results are a consequence of omitting the condition limy; o0 H[fr] =

H[ghmax]-
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b) We now proceed to prove the applicability of Theorem 3.1 under scenario 2, employ-
ing the conditions of convergence in entropy stipulated therein.

Consider a sequence {G,,} constructed to align with the specifications of scenario
2 in Theorem 3.1, while maintaining an invariant sequence of moments. This
is achieved through a subtle perturbation of the underlying probability density
functions as follows:

9n(Z) = Ghmaz(z) - [1 + %(—a)”sin(Zw log(z))], >0, |a|<1 4.1)

so that H[ghmaz] is finite. Examining the sequence {G,}, we observe that, in
analogy to the preceding item a), as n — oo, the difference A(z) approaches zero:

A(z) =a" /Ow Jhmag (u) sin(2m log(u)) du — 0.

Consequently, both subsequences {G2,} and {G,_1} converge to G.

It remains to establish the validity of entropy convergence condition. The elements
gn belong to a Stieltjes class centred at gnmaq., With a perturbation function h(x) =
1(—a)"sin(27log(z)), such that we can express ¢,(z) = gnmaz(2)[1 + h(z)]. The
function h(z) represents additional information that vanishes as n — oo, according

with condition ii) of Scenario 2.

Given that g,, and gpmq. Share the same sequence of moments, it follows that:
/ 2* grmaz (X)h(x) dz =0, k>0 (4.2)
R+
Consider now the Kullback-Leibler distance

Dgulmar) = [ an()log L0 da = [ e @)1 + o) logl1 + h(a)] o

Recalling the elementary inequality log(z) < z — 1 for positive real numbers, which
implies zlog(z) < x2 — z, and considering equation (4.2) with £ = 0, we find that
as n — oQ:

D(ganhmaw) < /]RJr ghm(m(ﬂf)[hZ(l‘) + h(x)] dx

1 1
= / Ghmaz () [h*(2)] d < faZ”/ Ghmaz () de = —a*" — 0
R+ 4 R+ 4
Thus, the sequence {g,, } converges to gnmaq. in relative entropy that is,
nh—)néo D(gn”ghmacr) =0. (4.3)

Considering that g, and fj; belong to Cy;, and that f,; is the MaxEnt density,
we have D(g,||fv) = H[fum]) — Hlgn]- By Theorem A (not provided here) and
equation (2.7), it is implied that {H|[fa]} and {fa} are both Cauchy sequences.
Consequently, fa; converges almost everywhere (a.e.) to gnmaz. Therefore, from
the convergence in relative entropy established above, as n — oo:

D(ganhmaw) = A}gan(ganM) = MhinooH[fM} - H[gn} = H[ghmaw} - H[gn} — 0.
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As a direct consequence of the assumed form of g,, in equation (4.1), we have:

hm H[gn] = H[ghmam]~

n—oo

And this demonstrates that under the condition lim ;oo H[frx] = H[ghmaz] of Theo-
rem 3.1, the sequence {G,} converges in entropy, and consequently in distribution
uniformly to G = Gpmae, in accordance with scenario 2.

In conclusion,

a) when relying solely on the information derivable from the moment sequence, the
issues pertaining to determinate and indeterminate cases prove equivalent. In
both scenarios, indeed, one arrives at the reconstruction of a single distribution.
This distribution coincides with g in the determinate case or gnmq., both uniquely
characterized by the given moment sequence {m;} and representing the non-
committal distribution, in accordance with Jaynes’ principle that requires "...we
should not assume more than what we know".

b) The infinite multitude of further distributions belonging to C, in the indeterminate
case can be obtained solely by integrating supplementary information beyond that
conveyed by the moments. Taking all of this into account, it is not unexpected that
an analogue to the FST may be formulated for indeterminate moment problems as
well.
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