IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS, VOL. 56, NO. 3, MARCH 2026

1973

Uncertainty Measures in Evidence

Theory: A

Tommaso Pellegrini

Abstract— We consider the problem of quantification of uncer-
tainty in the framework of evidence theory. A large number of
uncertainty measures have been proposed in the last 40 years
to perform this task, and contributions, albeit numerous, are
scattered in the literature, and it is difficult to have an idea
of how many measures exist, let alone to know their formal
definitions and their evolution in time. In this article, we provide
a self-contained exposition of 65 uncertainty measures—out of
which 43 were proposed in the last decade—and then we consider
their development from the temporal point of view, as well as
the lineage of each one from previous ones. These two analyses
help us see that 2016 was an annus mirabilis, since the three
measures proposed in that year would later on become extremely
influential. Moreover, our analysis offers at least three insights
that may hopefully open the floor for future research. First,
the recent proliferation of uncertainty measures has not always
been accompanied by sufficiently deep analyses on their formal
properties. Second, the widely accepted behavioral requirement
that the total uncertainty must be the sum of the contributions
of non-specificity and conflict appears questionable in light of
its necessary conditions. Third, and last, the choice of the most
suitable measure cannot be detached from the interpretation that
is given to the belief function.

Index Terms—Belief entropy, Dempster—Shafer theory, evi-
dence theory, uncertainty measures.

I. INTRODUCTION

CCORDING to one of the most widely accepted
classifications, uncertainty can be either epistemic or
aleatoric [1]. Aleatoric uncertainty arises from the random
nature of the underlying event, e.g., rolling a die, whereas
epistemic uncertainty derives from lack of knowledge of
the event, e.g., determining whether a painting is original
or counterfeit. Although probability remains the undisputed
theory to represent aleatoric uncertainty, a number of other
theories were presented to describe epistemic uncertainty [2].
One of the most widely accepted and adopted theories is the
Dempster—Shafer theory of evidence, which does not compete
against (subjective) probability but instead generalizes it. This
theory was first outlined by Dempster [3] and later on revisited
by Shafer [4], and it has, since then, become an independent
field of research. Its importance is also due to the fact that it

Received 19 September 2025; accepted 20 December 2025. Date of pub-
lication 31 December 2025; date of current version 18 February 2026. This
article was recommended by Associate Editor X. Su. (Corresponding author:
Matteo Brunelli.)

The authors are with the Department of Industrial Engineering, University
of Trento, 38123 Trento, Italy (e-mail: matteo.brunelli @unitn.it).

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TSMC.2025.3648198.

Digital Object Identifier 10.1109/TSMC.2025.3648198

Genealogy

and Matteo Brunelli

offers a common framework to accommodate both probability
theory and possibility theory, where the latter one can be seen
as an interpretation for fuzzy sets [5].

A basic difference between probability theory and evidence
theory is that in probability theory, subjective beliefs are
assigned to elementary events, whereas in evidence theory,
subjective beliefs can be assigned to any subset of the event
space. This greater freedom in the assignment phase yields
two measures, belief and plausibility, which coincide (and
become a probability measure) only in the special case when
the chosen subsets are all singletons.

Similar to what happened in probability theory, where some
measures of entropy were introduced to quantify the infor-
mation contents related to probability distributions, the need
to quantify the uncertainty of uncertain events modeled with
evidence theory has triggered the proliferation of uncertainty
measures. The role of uncertainty measures extends beyond
their basic function of quantifying uncertainty. They have been
actively employed in practical applications such as information
fusion from multiple sources (e.g., sensors) [6], and in group
decision making to weigh the preferences of experts [7]. Given
their practical importance, it is essential to understand both
their definitions and the underlying principles. However, while
numerous new uncertainty measures have been proposed in the
literature, comparatively less effort has been devoted to their
systematic analysis and classification. Recent studies have
begun to address this gap by adopting comparative approaches.
For instance, Dezert and Tchamova [8] reviewed the defi-
nitions of 45 uncertainty measures and highlighted several
limitations, while Urbani et al. [9] analyzed 31 measures
from a numerical perspective to identify potential similarities.
Similarly, Barhoumi et al. [6] focused on the application
of uncertainty measures in information fusion and reviewed
25 relevant measures. JirouSek and Kratochvil [10] used
numerical simulations to study 25 uncertainty measures and
identify those that do not satisfy some of their requirements.
Mao et al. [11] followed a pragmatic approach and created a
neural network classifier based on evidence theory and ranked
seven uncertainty measures according to their performance
within that system using some real-world datasets.

Although existing comparative studies are valuable, they
remain incomplete in terms of coverage and do not explore
the temporal evolution of uncertainty measures, which could
provide further insights. In this work, we compile and review
the definitions of 65 uncertainty measures—43 of which were
introduced in the last decade, and 10 within the past three
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years—tracing their chronological development. This histori-
cal perspective allows us to examine how these measures have
influenced one another since the introduction of the earliest
ones over 40 years ago. Through this analysis, we aim to take
stock of the current state of the field and identify potential
directions for future research and development.

The article is organized as follows. Section II presents
the necessary notions of evidence theory. Next, Section III
presents a self-contained introduction to 65 uncertainty mea-
sures. Section IV presents the analysis of these 65 uncertainty
measures by means of a timeline and a Hasse diagram.
Section V concludes the article with a general discussion,
identifies some research gaps, and suggests ideas for future
research.

II. PRELIMINARIES

In evidence theory, the frame of discernment is a non-empty
finite set of n elementary events and is denoted as X =
{x1,...,x0}. A mass assignment—sometimes called basic
belief assignment or basic probability assignment—is a
function m: 2X — [0,1] such that m(¥) = 0 and
> 4scx m(A) = 1. The value m(A) represents an estimate of
the degree of belief that the true event is in A. We denote
with F = {A|A C X, m(A) > 0} the set of focal elements.
Furthermore, UF = (J o7 A and NF = (4.7 A.

Two measures, in the measure theoretic sense, are associated
with a mass assignment. The first, belief is a superadditive
measure defined as

Bel(A) = Z m(B) VACX
BCA

and represents the sum of the evidence directly supporting
the event A. The second, plausibility, is subadditive, and is
defined as

Pl(A)= >  m(B) VACX
B|ANB#£Y

and is the sum of the evidence that cannot disprove event A.
Together, they form a dual pair of measures, i.e., PI(A) =
1 — Bel(A), where A is the complement of A with respect
to X. Interestingly, for any pair Bel and Pl, there is always a

probability measure Pr such that
Bel(A) < Pr(A) <Pl(A) VACX (1)

We call Py, the credal set of all the probability distributions
compatible with m according to (1). Note that, hereafter,
we may abuse notation and omit curly brackets for singletons,
e.g., P1(x;) = PI({x;}). Another significant quantity connected
to m is the commonality function Q defined as

Q(A)= > m(B) VACX.

B|ACB

Indeed, m, Bel, Pl, and Q are all related to each other and
knowing one is sufficient to deduce the others.

In some cases, it is necessary to map evidential informa-
tion into a representative probability distribution. Functions
mapping evidential information into probability distributions
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are commonly called probabilistic transformations. The most
prominent one is the pignistic transformation [12]

m(A)

Bet(x;) = "

ACX
Xi€A

Vx; € X. )

Another approach was pushed forward by Cobb and Shenoy
[13] when they proposed the plausibility transformation

Pl(x;)
> PIG)

to estimate a representative probability distribution.

Ply(x;) = Vx; € X 3)

III. UNCERTAINTY MEASURES IN EVIDENCE THEORY

In classical set theory, given a set X, a fundamental measure
of its uncertainty is Hartley’s measure

Ho = log, | X| “)

that connects the uncertainty to the cardinality of the reference
set. Shannon’s entropy can be seen as a generalization of
Hartley’s measure for the case where elements of the set A
have different probabilities. Given a set X and a probability
distribution p on the same set, Shannon entropy was defined as

n
Hy = = p(xi) logy p(xi). )
i=1

In evidence theory, an uncertainty measure is an index
U whose value is a numerical quantification of the intrinsic
uncertainty of the available evidence, regardless of whether
it is expressed as a mass function m, a belief measure Bel,
a plausibility measure Pl, or a commonality function Q.

The numerical quantification of uncertainty coming from
the application of U has been used for many purposes. For
example, uncertainty of different mass functions has been used
to weigh them to favor more conclusive (less uncertain) ones
when they need to be aggregated.

Four key factors have created a favorable environment
for the development of uncertainty measures within evidence
theory.

1) Evidence theory provides a more general framework
than probability theory, allowing many concepts from
probability theory to be extended in various ways. As a
result, uncertainty measures in evidence theory offer
greater flexibility in their composition compared to those
in probability theory.

2) In evidence theory, uncertainty arises from two main
sources: non-specificity and conflict. Non-specificity
stems from assigning evidence to larger subsets A C X,
which reflects a higher degree of uncertainty. The two
extremes are: assigning all evidence to a single ele-
ment, m({x;}) = 1, representing complete certainty, and
assigning all evidence to the entire frame of discern-
ment, m(X) = 1, which corresponds to total ignorance.
Conflict, on the other hand, relates to how belief is dis-
tributed across focal elements. For instance, distributing
belief uniformly over singletons, such as m({x;}) = 1/n,
indicates greater uncertainty than assigning all belief
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to a single singleton. It is now widely accepted that
any effective measure of uncertainty in evidence theory
should account for both non-specificity and conflict.

3) Several plausible properties have been proposed to char-
acterize well-behaved uncertainty measures. However,
unlike Shannon entropy in probability theory—which is
uniquely defined by a clear set of axioms—these proper-
ties in evidence theory tend to be less restrictive and have
often been overlooked or challenged by segments of the
research community. As a result, uncertainty measures
have frequently been accepted even when they fail to
satisfy some, or even many, of these proposed properties.

4) In many instances, it is relatively easy to construct a
numerical example where a particular uncertainty mea-
sure exhibits counterintuitive behavior. Consequently,
as we will see, numerous uncertainty measures have
been proposed as refinements of earlier ones, aiming
to correct their shortcomings in specific cases.

The conjoint effect of these four factors was determinant for
the proliferation of new proposals of uncertainty measures.
In this section, we shall briefly recall the 65 uncertainty
measures that will be considered in our analysis. It is important
to reckon that each measure of uncertainty represents a distinct
definition of the concept of uncertainty: all measures agree
on the definition of certainty, but each provides a different
perspective and definition of uncertainty, which is a matter of
degrees and is measured by the uncertainty measure.

Hohle’s confusion measure: Hohle [14] introduced the first
uncertainty measure tailored for belief functions. His measure,
often referred to as confusion, was defined as

Un = — D m(A)log, Bel(A)
AeF

(Ul

and it is a clear extension of Shannon’s entropy.

Smets’ commonality measure: Smets [15] introduced an
alternative approach to measuring uncertainty in belief func-
tions. His measure, known as the commonality-based entropy,
modifies Hohle’s confusion measure (Ul) by leveraging the
commonality function instead of the belief function. Smets’
commonality measure is defined as

Us(m) = — > c(A)log, Q(A)
AeF

(U2)

where the function c(A) is a weight assigned to each subset
A, which Smets [15] originally set as c(A) = 1 as “the most
natural choice.”

Yager’s dissonance measure: Similar to Hohle, Yager [16]
introduced an uncertainty measure that extends Shannon
entropy as

Uyd = — Z m(A)log, PI(A).
AeF

(U3)

Like Hohle’s confusion measure (U1), it quantifies conflict but
relies on plausibility instead of belief.

Yager’s non-specificity measure: Alongside his work on
dissonance, Yager [16] introduced a measure to quantify the
specificity of belief functions, assessing how mass assignments

1975

contribute to precise or imprecise information. Yager’s speci-
ficity measure is defined as

m(A)

S(m) = Al

AeF

Later, George and Pal [17] reformulated this concept, defining
non-specificity as its complement

Uyns = N(m) = 1 — S(m). (U4)

Nguyen’s uncertainty measure: Nguyen [18] introduced an
alternative approach to quantifying uncertainty and is probably
the most straightforward extension of Shannon entropy to
belief functions, and was defined as

Uy =— D m(A)log, m(A).
AeF

(U5)

Dubois and Prade’s uncertainty measure: Dubois and
Prade [19] refined a possibilistic measure introduced by
Higashi and Klir [20] and formalized the uncertainty measure

Uppu = D m(A) log, (A]).
AeF

(U6)

Dubois and Prade [19] stated that Upp, “can be viewed
as a Hartley measure of information weighted by the basic
probability assignment m(A).” Hence, it is closely related to
Hartley entropy (4).

Dubois and Prade’s index of fuzziness: Dubois and
Prade [21] introduced the index of fuzziness

Uppr = —1n(Z m(A) Q(A)) U7)

AeF

as an uncertainty measure designed to quantify conflict.

Dubois and Prade’s entropy-like index: In the same study
where Dubois and Prade [21] introduced the index of
fuzziness,! they formalized another measure, the entropy-like
index

Uppe = — > m(A)In Q(A).
AeF

(U8)

This measure is based on commonality-based entropy mea-
sure of Smets (U2), replacing the function c(A) with the
BPA m(A).

Dubois and Prade’s imprecision measure: Similar to Yager’s
non-specificity measure (U4), Dubois and Prade [22] intro-
duced the uncertainty measure

> m(A)|A|

AeF

Uppi = U9)

to quantify non-specificity.

Lamata and Moral’s lower entropy measure: The uncer-
tainty measures presented so far were devised to capture
only some aspects of uncertainty: (U1)—(U3), (US), (U7),
and (U8) are measures of conflict and (U4), (U6), and (U9)

TAs correctly pointed out by Dubois and Prade [21], what are commonly
referred to as uncertainty measures in this manuscript and in the literature
should, from a formal standpoint, be called uncertainty indices, as they do
not satisfy the formal requirements of measure theory.
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are measures of non-specificity. A big leap happened when
Lamata and Moral [23] introduced the first total uncertainty
measure, namely the lower entropy measure, which they
defined as a ‘“global measure of uncertainty” in [23]. This
measure integrates both conflict and non-specificity, providing
a comprehensive quantification of uncertainty. Lamata and
Moral [23] defined their lower entropy measure as

PI(A
Um = — Z m(A)log, (L) .

(U10)
AeF |A|

Uyd + Uppu

As can be observed, this measure is the sum of Yager’s
dissonance measure (U3) and Dubois and Prade’s imprecision
measure (U6), and thus derives directly from them.

Lamata and Moral’s upper entropy measure: Together with
the lower entropy measure [23] introduced another “global
measure of uncertainty”. Therefore, also this measure accounts
for both conflict and non-specificity. Lamata and Moral [23]
defined their upper entropy measure as

Uimu = — > m(A)sup {log, Pi(x;) | x; € A}
AeF

+log2(2m<A>|A|).

AeF

U1

The influence of three key measures can be observed in this
formulation, two of which stem from studies conducted by
Dubois and Prade that are: Dubois and Prade’s imprecision
measure (U9) and Dubois and Prade’s index of fuzziness
(U7). In the first part, the influence of Yager’s dissonance
measure (U3) can be seen.

Klir and Ramer’s discord measure: Klir and Ramer [24]
introduced the discord measure

ANB
UKRz—Zm(A)logz(Zm(B)| |;| |) (U12)

AeF BeF

an uncertainty measure designed to quantify conflict in evi-
dence theory. This measure builds directly upon Shannon
entropy.

Klir and Ramer’s total uncertainty measure: Alongside their
study on the discord measure, Klir and Ramer [24] also
introduced the total uncertainty measure

Uppu

Ukre = D m(A)log,(|A])
AeF

- > m) logz(z m(B)'Alng') wr3)

AeF BeF

Ukr

as a combination of Dubois and Prade’s uncertainty mea-
sure (U6) and Klir and Ramer’s discord measure (U12), and
thus directly derives from them.

Inuiguchi et al’s uncertainty measure: Inuiguchi et al.
[25] proposed the following direct generalization of Shannon
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entropy

Unk = max [— > p(xi)log p(x»} (U14)
i=1

PEPn
where P, is the credal set associated with m. This measure
was later on popularized by Harmanec and Klir [26].
Klir and Parviz’s uncertainty measure.: Klir and Parviz [27]
introduced the uncertainty measure

ANB
Ugp = — z m(A) logz(z m(B)| |2| l). (U15)

AeF BeF

This measure was introduced to reconsider Klir and Ramer’s
discord measure (U12), maintaining its entropy-based frame-
work while modifying its normalization to account for the
degree of specificity in mass assignments.

Pal et al.’s uncertainty measure: Pal et al. [28] introduced an
uncertainty measure that integrates conflict and non-specificity.
This measure

A
Upsn = — > m(A)log, (M)

(U16)
AeF |A|

Uppu + Uy

builds upon previous work by explicitly combining Dubois
and Prade’s uncertainty measure (U6), which quantifies non-
specificity, and Nguyen’s uncertainty measure (US), which
accounts for conflict.

Maeda and Hichihashi’s uncertainty measure: Maeda and
Ichihashi [29] introduced an uncertainty measure formu-
lated as a “global uncertainty measure.” In their study, they
considered

Unk

PEPm

Umi = max [—Zp(xi)k)gz p(m)}

i=1

+ > m(A)logy(|A])
AeF

(U17)

Uppu

that is the sum of two existing measures: Inuiguchi’s mea-
sure (1991), which, as previously outlined, corresponds to
Inuiguchi et al’s uncertainty measure (U14), and Dubois and
Prade’s uncertainty measure (U6).

George and Pal’s uncertainty measure: A new conflict
measure was introduced by George and Pal [17]. Unlike
previous uncertainty measures, which were either derived from
Shannon entropy or Hartley entropy, their measure

|A N B|
Usp = > > m(A)ym(B) (1 — A0 B|)

AeF BeF

(U18)

represents a distinct approach to quantifying conflict.

Maluf’s uncertainty measure: Maluf [30] introduced an
uncertainty measure based on the concept of dissonance.
Maluf’s uncertainty measure was defined as

Uy =— Z PI(A) log, Bel(A)
ACX

(U19)
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Maluf [30] described his measure as a “symmetrical function
to the dissonance measure,” specifically referring to Yager’s
dissonance measure (U3).

Klir’s Shannon-like measure: Klir [31] proposed another
uncertainty measure aimed at extending Shannon entropy to
the Dempster—Shafer framework. This measure was defined as

Uksl = —% Z (Bel(xi) log, Bel(x;) + PI(x;) log, Pl(x,-))

xieX

(U20)

where the term c is defined as ¢ = in ex (Bel(x;) + Pl(x;)).

Yager’s Shapley entropy measure: Yager [32] introduced the
Shapley entropy measure, an uncertainty measure that incor-
porates concepts from cooperative game theory, particularly
Shapley values, to quantify the contribution of each element
in the frame of discernment

m(A) m(A)
== > — > — 21
U¥ IA] A] (L2
xi€X AeF AeF
xX;€A Xi€A

The measure derives from Shannon entropy and Yager’s non-
specificity measure (U4).

Jousselme et al’s uncertainty measure: Jousselme et al.
[33] presented a study on an uncertainty measure that was
originally introduced by Dezert et al. [34]. However, this
measure, i.e.,

Uy=-— z Bet(x;) log, Bet(x;)

xieX

(U22)

is commonly referred to in the literature as Jousselme et al.’s
uncertainty measure. This measure differs from Yager’s
Shapley entropy measure (U21) only in the choice of the
logarithm’s base, making it a closely related extension of
Yager’s approach.

Yang et al’s non-specificity measure: Yang et al. [35]
proposed the following non-specificity measure

Uysp = D, (Pl(x;) — Bel(x;))

xieX

(U23)

which can be seen as the first attempt to use belief intervals
to quantify uncertainty. Moreover, they showed that it can be
rewritten as

[A]
Uynp = E m(A)Y'
A= |X]

[A]>2

Yang and Han'’s distance-based uncertainty measure: A new
concept of uncertainty measure was introduced in 2016 by
Yang and Han [36], who proposed the distance-based total
uncertainty measure

Umn=1- %«/5 > d" ([Bel(x)). Plx)1, [0, 1])  (U24)

xieX

where d’ is defined as a distance between the two intervals.

1977

Deng entropy: Deng [37] introduced a new total uncertainty
measure known as Deng entropy

m(A)
Up =— Z m(A)log, (m) . (U25)
AeF
This measure builds upon Pal et al’s uncertainty

measure (U16).
Wang and Song’s uncertainty measure: Wang and Song [38]
introduced the uncertainty measure

Uws = z |:_ Bel(xi)z—i— PI(x;) log, (Bel(x,-)z—l- Pl(x,-))

n Pl(x;) —ZBel(xi):|

xieX

(U26)

that builds upon Yang et al.’s non-specificity measure (U23)
and Klir’s Shannon-like entropy (U20).

Zhou et al.’s belief entropy: Zhou et al. [39] introduced the
measure

A 14]-1
Uzry = — Z m(A)log, (2|’Z|(_)1 e IX] )
AeF

(U27)

by modifying Deng entropy (U25) to incorporate an exponen-
tial factor.

Tang et al’s weighted belief entropy: Another total uncer-
tainty measure was introduced by Tang et al. [40]. This
measure

A A
Ur == 3 mton (517
AeF

(U28)

also builds upon Yang et al’s non-specificity measure (U23)
and Deng entropy (U25).

Deng improved distance-based uncertainty measure:
Deng et al. [41] considered (U24) and proposed the belief
interval-based measure

Upxp = Z (I —de([Bel(x;), Pl(x;)], [0, 1)) (U29)

i=1

where dg is the Euclidean distance between two intervals.
Pan and Deng’s new belief entropy: Pan and Deng [42]
introduced the total uncertainty measure

Upp = — Z Bel(A) + PI(A) 02 (Bel(A) + Pl(A)) .

[Al —
= 2 20214 = 1)

(U30)

that builds upon Deng entropy (U25) and Wang and Song’s
uncertainty measure (U26).

JirouSek and Shenoy’s uncertainty measure: Jirousek and
Shenoy [43] introduced a new total uncertainty measure as
the sum of two distinct terms:

Uss = D Plr(x;) log, (

xieX

) + 3 m(A) logy (1A

Ply (x;) =

H; (P17) Uppu

(U31)
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The first term takes inspiration from Jousselme et al.’s
uncertainty measure (U22) but, in this case, employs the plau-
sibility transformation to account for conflict. The second term
corresponds to Dubois and Prade’s uncertainty measure (U6),
which quantifies non-specificity.

JirouSek and Shenoy’s decomposable entropy measure:
JirouSek and Shenoy [44], [45] introduced another uncertainty
measure

Ussq = D (=D!*10(4) log, Q(A)

ACX

(U32)

based on the commonality function, making it conceptually
aligned with Smets’ commonality-based entropy measure (U2).

Mambé uncertainty measure: Mambé et al. [46] introduced
the total uncertainty measure

m(A) A
Uwmp = — Z m(A)log, (m e 21 )
AeF

(U33)

by modifying Zhou et al.’s belief entropy (U27).

Cui et al’s uncertainty measure: Cui et al. [47] took inspi-
ration from Zhou et al.’s belief entropy (U27) and formalized
the uncertainty measure

m(A) |AN B
Uc=- Z m(A)log, JIAT 7 SXP Z X

AeF BeF
B#£A

(U34)

Li et al’s uncertainty measure: Li et al. [48] introduced the
uncertainty measure

m(A) \°
ULep = Z (—zlAl — 1)

AeF

(U35)

as a generalized expression for information quality within
the Dempster—Shafer framework. Their approach is directly
connected to Deng entropy (U25).

Pan et al’s uncertainty measure: Pan et al. [49] introduced
a TU measure, conceptually linked to Jirousek and Shenoy’s
uncertainty measure (U31) and, like the latter, it is composed
of two distinct terms:

1
Up = A)l -
P g(m( ) ng(Zx,-eAPIT(xi))

+ > m(A)logy(A]) .
AeF

(U36)

Uppu

Chen et al.’s improved belief entropy: Chen et al. [50] intro-
duced a new measure that builds upon Deng entropy (U25).
Their measure is defined as

Ucps = — D m(A)log, (
AeF

m(A)  |A]
—2|A|—1—|U}"|)' (U37)

Gao et al’s Tsallis entropy: Gao et al. [51] proposed the
following extension of Tsallis entropy that considers the same
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denominator of Deng entropy

(2\A| — ]) m (A) (1 - (zr\'i\(lfl)
|A] =1

) . (U38)

U=

ACX

Zhao et al’s improved belief entropy: Zhao et al. [52]
presented the uncertainty measure

U=—3 Bel(x;) + Pl(x;) log, (Bel(xi) + Pl(x;)

2 2

x;eX
» e—(Pl(x,')—Bel(xi)))

A
3 z m(A) log, (;Zl( )16—(P1(A)—Bel(A))) (U39)
AeF N
[A]>2

refines uncertainty quantification by leveraging Deng entropy
and incorporating the belief interval. The first compo-
nent of the measure is similar to Pan and Deng’s new
belief entropy (U30) and the second component to Deng
entropy (U25). The argument of the exponent is linked to
Yang et al.’s non-specificity measure (U23).

Buono and Longobardi’s Deng Extropy: Buono and Lon-
gobardi [53] considered the concept of eXtropy and merged
it with Deng eXtropy obtaining the following measure of
uncertainty

U= D, (1—m<A>>log2( (U40)

ACX
m(A)>0

l—m(A))

21Al _

Yan and Deng’s uncertainty measure: Yan and Deng [54]
introduced the uncertainty measure

Uyp = — > m(A)log, (M) S

(U41)
AeF 224 =1

conceptually linked to Zhou et al.’s belief entropy (U27) and
Pan and Deng’s new belief entropy (U30).

Qin et al’s uncertainty measure: Qin et al. [55] introduced
the uncertainty measure

1A] 1
Ug = 2 rm(Aloga(1AD + 3 m(A) log, (M)

AeF AeF
(U42)

The first term uses Dubois and Prade’s uncertainty measure,
whereas the second term employs Nguyen’s uncertainty mea-
sure. The scaling factor is, instead, borrowed from Yang et al.’s
non-specificity measure (U23).

Li and Pan’s new belief entropy: Li and Pan [56] introduced
a similar uncertainty measure

1
ULp = Z |X|m(A)log,(|A]) + Z m(A)log, ( )
AeF AeF A

(U43)

that uses Dubois and Prade’s uncertainty measure and
Nguyen’s uncertainty measure as well as a normalization factor
similar to Tang et al.’s weighted belief entropy.
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Wen et al.’s uncertainty measure: Wen et al. [57] introduced
the uncertainty measure

_ N m(xi) _ _m(A)_ Ao
e inex m(x;)e Z AeF \A\‘lufle
UW — A#{x;}

1

L, ix2

e — el
1X]

(U44)

that is, in their words, “completely different from the existing
measures”.

Chen et al’s weighted belief entropy: Chen et al. [58]
introduced a modification of Tang et al.’s weighted belief
entropy (U42) in the form

|Al__ m(A)

UerL = — > —m(A)logy =———

X ST (U45)
ACX

where m is the negation of m and it is defined for all
AeF as

1 —m(A)

|Fl—1"

m =

Li and Cai’s uncertainty measure: Li and Cai [59] intro-
duced an uncertainty measure that builds upon Li et al.’s
uncertainty measure (U35)

m(A) \? (def%)
-3 (o y )
AeF

(U46)

Chen and Luo’s uncertainty measures: Chen and Luo [60]
proposed the following extension of Renyi entropy that con-
siders the same denominator of Deng entropy

A A n—1
wiogs Tacx (34) (1+ (34)" - 15

1—n

UcL =
(U47)

Deng and Wang’s uncertainty measure:
Wang [61] introduced the uncertainty measure

= 35 (1 (o) + (1A ) )

x;ieX

Deng and

(U48)

that derives from Yang and Han’s distance-based uncertainty
measure (U24).

Zhang et al’s uncertainty measure: Zhang et al. [62] pro-
posed a measure designed to overcome the limitations of Yang
and Han’s uncertainty measure (U24)

4 1 1
Unr =2 5 ((1 Fdx)? Z)

xieX

(U49)

where the distance d is calculated as follows:

d(x;) = V[Bel(x;) — 012 + [Pl(x;) — 112,

1979

Zhang et al’s entropy: Zhang et al. [63] proposed the
entropy measure

2f(AD
Uze = 2 m(A)logy T (U50)
ACX
PI(X)>0

where f is an increasing function with f(1) = 0. This can be
seen as a modification of (U10).
Li et al.’s uncertainty measure: Li et al. [64] introduced their

measure
2
= —
UieL =2, (1 Fdx) )

xieX

(Us1)

to extend Zhang et al.’s uncertainty measure (U49).

Zhou and Deng’s fractal-based entropy: Zhou and
Deng [65] introduced a measure based on a probabil-
ity transformation inspired by fractal theory and by Deng
entropy (U25). Their fractal-based entropy was defined as

U= > mr(A)logymp(A)

ACX
mp(A)>0

(US2)

where m(A) is calculated as follows:

B
mpa)y=— 3 B

2B 1
B|ACB

Zhou et al’s generalized belief entropy: Zhou et al. [66]
introduced the uncertainty measure that extends the founda-
tional ideas present in Deng entropy (U25) and George and
Pal’s conflict measure (U18), (U53), as shown at the bottom
of the next page.

Xue and Deng’s decomposable Deng entropy: Xue and
Deng [67] introduced the uncertainty measure

A
Usp= 3 (~D10(4) log, (ﬁ)

ACX 24T =1
0(4)>0

(US4)

that builds upon both Deng entropy (U25) and Jirousek and
Shenoy’s decomposable entropy measure (U32).

Dezert Tchamova’s extended bet entropy: Dezert and
Tchamova [8] introduced the following uncertainty measure
by adding Jousselme et al.’s uncertainty measure (U22) to
Dubois and Prade’s uncertainty measure (U6)

UDT = — z Bet(xi) 10g2 Bet(x,') + Z m(A) 1ng(|A|) .

xieX AeF

Uj UDPu
(US5)
Dutta and Shome’s uncertainty measure: Dutta and

Shome [68] proposed
B m(A) A
Ups = — z m(A)log, (ﬁ U
AeF

exp (1 + %)

(U56)
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taking inspiration from Chen et al.’s
entropy (U37).
Chen and Deng’s new belief entropy: Chen and Deng [69]
introduced the uncertainty measure
) Us7)
1y

m(A)
Uep = — Z m(A) logz( |A| (|A|)(2k
AeF
by changing the denominator of the argument of log, in Deng
entropy (U25).
Cui and Deng’s plausibility entropy: Cui and Deng [70]
introduced the uncertainty measure

z Pl(x;) log, Pz (x7).

xieX

Ucpn = — (US8)

Such a measure shares similarities with the measures intro-
duced after Hohle’s confusion measure (U1).

Kavya et al’s uncertainty measure: Kavya et al. [71] intro-
duced the uncertainty measure

— PI(x;) log, Pl(x;)
Ukcp = Z ePl(xi)—Bel(x;)
x;eX

+ (Pl(x;) — Bel(x;))

(U59)

that is linked to Zhao et al.’s uncertainty measure (U39)
through the use of a similar exponential factor. The second
term employs Yang et al.’s non-specificity measure (U23).

Zhou and Deng’s belief entropy: Zhou and Deng [72]
introduced the uncertainty measure

Pl(x;) + Bel(x;)
Uz = — og
> xze;( (zx,-gx Pl(x;) + Bel(x;) -

Pl(x;)>0

PI(x;) + Bel(x;)
X
ijgx Pl(x;) + Bel(x;)
+ > (Pl(x;) — Bel(x;))

xieX
Pl(x;)>0

(U60)

Uynp

the first term builds upon Wang and Song’s uncertainty mea-
sure (U26), whereas the second term employs Yang et al.’s
non-specificity measure (U23).

Deng et al.’s plausibility extropy: Deng et al. [73] introduced
a new total uncertainty measure that is conceptually linked to
Cui and Deng’s plausibility entropy (U58)

improved belief
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ijeX Pl(x;) — Pl(x;)
X
> ex PIG))

Zhang et al’s belief interval Euclidean distance entropy:
Zhang et al. [74] introduced a measure that builds upon
Deng entropy (U25) and integrates a Euclidean distance-based
correction term, inspired by Deng improved distance-based
uncertainty measure (U29). Their uncertainty measure was
defined as

:| . (uel)

dy(A)

Uzcc == D m(A)logy srar— (U62)
AeF

where

> [Bel(B) — 0)* + (PI(B) — 1)*] — 1

Py 2(m(B) — 1) ’
dy(A) = { BeF

m(A) <1
1, m(A) = 1.

Zhou et al’s information volume-based entropy: Zhou et al.
[75] considered the novel concept of information volume of
evidential information and proposed the uncertainty measure

Uzp = |IV(m) - (— > Plr(x;) log PlT(xi)) (U63)

i=1

where
. o )
IV(m) = plggo Z > m®(A)logy ——— AT
t=0 AeF
+ > m™(A)
AeF
[A]>1

and m™ is defined as suggested by Kang and Deng [76].
This measure contains the normalization factor of Deng
entropy (U25) and the same treatment of the plausibility
transformation proposed by Jirousek and Shenoy (U31).

Barhoumi et al’s Entropy Measure: Barhoumi et al. [6]
defined their uncertainty measure as

Ug = — Z RBetP,, (x;) log, RBetP,, (x;)

xieX

(U64)

where the exponentially weighted pignistic transformation
RBetP,, (x;) is given by

1X| ]
RBetP,, (x;) ) (1= X‘A' )
et Xi) = —_— .
Ubpe = — Z Z Pl(x;) — Pl(x;) | log, o acx Al
xieX xjeX xX;€A
1 |A; N A m(A ) m(Aj)
3 ( _;) [_m(Ai)logz L (A logy | IFI 22
|]:|_1A-A-€.7: [A; UAj] 2 2 —1
Uzpe = Nl (U33)

|Fl=1
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This measure was introduced to enhance the uncertainty mea-
sure (U22) proposed by Jousselme et al. [33].

Su al.’s Entropy Measure: Su et al. [77] introduced the total
uncertainty measure

> germ(B) - D(A, B)
AT

Usz =— > m(A)log,
AeF

(U65)

where D is a similarity measure between the two sets, e.g., the
Jaccard index. It resembles Deng’s entropy (U25), but the use
of a similarity between two sets was already used in (U18).

A. On Their Applications

It is hardly possible to provide an exhaustive presentation of
the applications of uncertainty measures. Deng [78] analyzed
his entropy measure (U25)—by far the most used in the
literature—and discussed a number of fields of application.
The four most relevant ones, at least in terms of publications,
were multisensor information fusion, fault diagnosis, failure
mode and effects analysis, and decision making. It may be
worth discussing some of their applications that go beyond
the mere quantification of information content and may show
how uncertainty measures can be operationalized.

A number of aggregation rules have been proposed in the
literature as alternatives to the Dempster rule of combina-
tion [79], and some of them allow for the use of weights
to account for the relative importance of the sources of
information. Many uncertainty measures, e.g., (U25), (U27),
(U28), (U41), (U42), (U48), (U51), (U56), have been used for
this purpose.

Uncertainty measures have also been used to quantify
the informativeness of preferential information provided
by experts in decision-making processes. For example,
Liang et al. [7] considered an extension of the Best-Worst
method, where uncertainty preferences were expressed by
means of mass assignments. In this context, in this context,
an uncertainty measure—in this case (U14)—was paired with
a measure of internal consistency of preferences to obtain
an aggregate measure of global reliability of preferences.
Revision of preferences was suggested when such a global
measure exceeded a given threshold.

As discussed by Klir [80], depending on the definition of
the problem, it may be the case that uncertainty shall be min-
imized or maximized, according to the appropriate “principle
of uncertainty.” An example is the sequential acquisition of
evidence, which may be relevant in the medical field where
alternative tests may be available, and for which uncertainty
maximization and uncertainty minimization strategies were
proposed [81] as leading principles for the selection of new
focal elements.

B. Formal Properties

The quest for meaningful and mathematically sound uncer-
tainty measures has generated a literature on the analysis
of their formal properties. There is no consensus on which
properties should be adopted, but it is safe to say that the
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following five are among the most widely accepted and studied
ones [82].2

Property 1 (Probabilistic Consistency): If all focal ele-
ments are singletons, then an uncertainty measure should col-
lapse into Shannon entropy, U(m) = zxex m(x)log, m(x);

Property 2 (Set Consistency): When a set A € X exists
such that m(A) = 1, then an uncertainty measure should
collapse into the Hartley measure U(m) = log, |A|;

Property 3 (Subadditivity): Let m be a BPA on X x Y and
my and my its marginal BPAs on X and Y, then U(m) <
U(mx) + U(my);

Property 4 (Additivity): Let m be a BPA on X x Y, and
myx and my its marginal BPAs on X and Y. If the marginals
are not interacting (m(A x B) = mx(A)my(B) with A C
X, B € Y and m(C) = 0 if C # A x B), then
U@m) = U@ny) + U(mny).

Property 5 (Monotonicity): An uncertainty measure U is
monotone if, for n > 2

Bel; < Bel, = U(my) > U(my) VBel;,Bel € B, (6)

where B, is the set of all belief measures on a set X
with | X| = n.

Other properties are compliance with the Dempster—Shafer
theory, range, monotonicity with respect to the cardinality of
the frame of discernment, and strict additivity [43]. In par-
ticular, compliance with Dempster—Shafer theory refers to the
compatibility of the measure with the Dempster rule of com-
bination, and range refers to the fact that the measure should
have the same range as Shannon entropy in probability theory.
Some other qualitative characteristics have been discussed in
the literature [83]: complexity as the existence of efficient algo-
rithms to compute the measure; separability as the possibility
to split the measure into the contributions of conflict and non-
specificity; sensitivity as the capacity of the measure to be
sensitive to changes in the mass assignment; extensibility as the
capacity of the measure to be extended to generalizations of
evidence theory. On the subject of computational complexity,
let us add that, if we exclude truly extreme cases, today
even the most complex uncertainty measure, (U14), can be
efficiently computed [84].

Table I reports an analysis of Properties 1-5 for some
uncertainty measures.

For a large number of uncertainty measures—e.g.,
(U34), (U35), and (U44)—the original contributions did not
discuss or check their formal properties, and currently it is hard
to know anything about them other than what transpires from
their formulation. For some other measures, properties were
allegedly validated using some examples, but this does not
constitute proof, and it is still unsure whether they satisfy those
properties. At present, the analysis of the formal properties
of uncertainty measures, especially with respect to the more
recent ones, appears largely incomplete.

2Consider that, in spite of their importance, the desirability of even these
basic properties have been questioned. For example, Deng and Wang [61]
argued that “it makes no sense to discuss the probability consistency and the
set consistency” and that an uncertainty measures “does not require to satisfy
the additivity and subadditivity.”
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1985

2010

2000 2005
Fig. 1. Timeline of uncertainty measures in evidence theory. Extension of the plot by Urbani et al. [9].
TABLE 1 A. Updated Timeline
ANALYSIS OF FORMAL PROPERTIES OF SOME UNCERTAINTY MEASURES.
v/: SATISFIED; X: NOT SATISFIED; —: UNKNOWN OR INSUFFICIENT

EVIDENCE; [REFE.]: REFERENCE(S) TO THE EVIDENCE SUPPORTING
THE CLAIM OR TO A MANUSCRIPT REPORTING THIS RESULT

Measure  (eq.) Pl P2 P3 P4 P5 [Ref]
Ug Ul) v X v X X [49, 10]
Uyq (U2) v ooXx v X X [49, 10]
Ugs (U3) X X X X X [49, 10]
Un (us) v X v X X [49, 10]
Uppu (U6) X v v v v [49, 10]
Ura u10) v v v X X [49, 10]
Uk Rt u13) v v v X X [10]
Uk ul4) v v v v v [26, 10]
Ukp uls5) v v v X X [49, 10]
UpsH ul1e) v v v X X [49, 10]
Ung 17 v X v v v [82]
Ugp u18) X X X X X [10]
Unr u19) X — X X X [10]
(VN u22) v v v X X [10]
Uyubp (U23) X X X X v [35, 85]
Uy u24) X v X X X [83]
Up u2s) v X X X X [86]
Uws u2) v v X X X [83]
Uzrg w2y voooX X X X [85]
Upxp (U29) X v X X v [83]
Upp U30) v X X X — 6]
Uys U3l v X v X X [43, 10, 87]
Uc U3d) X X X X [85]
Up u36) v v v X —  [49]
Ucps 37 X X X X X [6]

Ug (U38) v X v X — 6]

Uz u39) v X X X v [87]

Uy p U41) X — X X X [10]
Ug u42) v v X X X [55, 10]
Urp u43) v — X X —  [56]
Uw u44) «x X X X — [6]
Upw w4 — - - —  / [61]
Urcr Us1) X — X X —  [64]
Ukcp U9 v X X X — [71]

IV. GENEALOGY

We are ready to present two key visual representations in the
form of a timeline and a Hasse diagram to provide a compre-
hensive overview of the evolution of, and the interconnections
between, different uncertainty measures.

First of all, we analyze the temporal evolution of uncer-
tainty measures by considering the timeline proposed by
Urbani et al. [9], where the year of publication of 29 uncer-
tainty measures was shown on a timeline. Fig. 1 presents
an extension of that timeline to the case of the 65 measures
presented in Section III.

Fig. 1 confirms the overview proposed by Urbani et al. [9],
who distinguished four phases. In the first phase (1982-
1987), measures were introduced heuristically without
much consideration for their formal properties. Later on
(1988-1995), more comprehensive formulations were sug-
gested to capture all facets of uncertainty. These measures
usually went under the name of tofal uncertainty measures.
In this phase, uncertainty measures became themselves objects
of study, together with their formal properties. In the next
20 years (1996-2015), studies on formal properties were still
presented, but, as shown in Fig. 1, there was a practical lack of
new proposals. Since 2016, we have been witnessing a deluge
of uncertainty measures in the literature. More precisely,
due to this “big boom,” 43 measures out of 65 (the 66%
of them) were proposed in the last 10 years. Dezert and
Tchamova [8] discussed various uncertainty measures and
recalled that “many of them have bloomed like mushrooms
since 2016.”

This, possibly still ongoing, phase is characterized by a
relatively low interest in formal properties of uncertainty mea-
sures, and the measures themselves are not even introduced
heuristically anymore, but often they are small variations of
existing measures, and whose alleged superiority was shown
on some ad hoc generated numerical examples. Last, from the
qualitative point of view, it is safe to say that, in most of the
cases, new proposals are much more complex than old ones,
and sometimes this greater complexity comes at the cost of a
reduced interpretability of the measure.

B. Hasse Diagram

From the presentation of the uncertainty measures, it is
clear that some of them had an influence on some others,
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and in some cases, some of them are declared extensions of
existing ones. We consider the dependencies highlighted in
Section IV-A, and we use a Hasse diagram to visualize them.
This diagram represents a finite partially ordered set, where
there is an arc — from measure U, to measure U, if and
only if U, is conceptually derived from, or possibly influenced
by U,. To enhance readability, the diagram is presented in
a reduced form, which means that only the most immediate
dependencies are explicitly shown. Hence, if a measure is
linked to multiple predecessors that share a common con-
nection, only the direct link to the most recent predecessor
is displayed. This simplification preserves the hierarchical
structure while avoiding redundant edges, retaining the ease
of interpretation of the diagram. In the big picture, we also
consider Hartley and Shannon entropies: their influence on
uncertainty measures is undeniable, even if they cannot be
used in evidence theory. Additionally, Shannon entropy can be
seen as a generalization of Hartley entropy, but we represent
them as independent since Shannon entropy was introduced
independently and by means of an axiomatic characterization.
The Hasse diagram is presented in Fig. 2.

At the root of the diagram, Shannon entropy (5) and Hartley
entropy (4) represent the core concepts of conflict and non-
specificity and emerge as the two fundamental measures from
which most of the subsequent developments originate. Other
uncertainty measures for the probabilistic framework, like
Tsallis and Renyi’s entropy, have seen some generalizations,
but their relevance cannot be compared to the one gained
by Shannon’s entropy. As the diagram progresses, branches
unfold that show how uncertainty measures have evolved by
combining, extending, or modifying these primary principles.

Notably, four measures stand out for their lack of prede-
cessors. George and Pal’s measure (U18) introduced a novel
approach to quantifying fotal conflict, while Yang et al.’s
non-specificity measure (U23) and Yang and Han’s distance-
based uncertainty measure (U24) represented the first attempts
to incorporate a distance-based framework into uncertainty
quantification. The only measure that remains structurally
isolated is Wen et al.’s measure (U44), which, due to its
unique mathematical formulation, does not share conceptual
connections with other measures.

Deng’s entropy has often been considered the most influ-
ential uncertainty measure. The Hasse diagram supports this
statement. In fact, out of the 82 arcs in the graph, 15 depart
from Deng’s entropy Up, to corroborate its centrality in the
literature. The uncertainty measure with the second largest
number of outgoing arcs, in this case 7, is Dubois and
Prade’s uncertainty measure Uppy, thus indirectly remarking,
by comparison, the visibility gained by Deng entropy. Inter-
estingly, the uncertainty measures Uyyp and Uyp, possibly
thanks to their originality and ease of interpretation due to
the concept of belief intervals, have also been influential
in the literature. Up, Uypp, and Uyy were the only three
new measures introduced in 2016, the year before the ‘big
boom’ of uncertainty measures. In retrospect, we can see their
influence, and it is safe to say that they have been determinant
for the rapid increase in the formulation of new proposals.
Since the introduction of Uyygp and Uyy, the formulations
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of 11 uncertainty measures have considered the length of the
interval [Bel(x;), P1(x;)] or its distance from the unit interval.
On top of this, we already discussed the influence of Deng
entropy, and we conclude that it is hardly possible to find
uncertainty measures introduced after 2016 that cannot be
seen as descendants of the above-mentioned three measures.
One side effect is that, aside from a few exceptions and
attempts to unify the two approaches, e.g., (U62), a dichotomy
has emerged between uncertainty measures based on belief
intervals and those following an entropy-like formulation
(commonly referred to as belief entropies).

The extreme influence of some measures may also have
some drawbacks. It is well-known, for example, that Deng
entropy fails to satisfy some reasonable properties [86], and the
same problem has been propagated to a number of its exten-
sions [85]. Such critiques undermined the reliability of Up so
much that Dezert and Tchamova [8] explicitly questioned its
effectiveness by stating: “We really wonder about such strong
interest in this measure because Deng entropy is obviously
not effective.” The persistent prominence of criticized, yet
popular, uncertainty measures may be an example of status
quo bias [88].

V. DISCUSSION AND CONCLUSION

Let us begin with an apology for two potential limitations of
our analysis. First, in spite of our goal of presenting a complete
genealogy, it may be that some existing measures of uncer-
tainty were not considered in our study. This is not caused
by any will to exclude some of them, but more genuinely,
it may be caused by the extremely large number of uncertainty
measures and the fact that no comprehensive overview of them
has ever been attempted so far. Dezert and Tchamova [§]
used the term “jungle” to describe the set of all ineffective
uncertainty measures, so let alone be their totality. To the best
of our knowledge this represents the first attempt to provide an
exhaustive and self-contained summary of all the uncertainty
measures with a commentary on their evolution. Second,
some connections between measures, as shown in Fig. 2, are
necessarily a by-product of our understanding of the uncer-
tainty measures: some relations between uncertainty measures
are certain, in the sense that the authors of some measures
explicitly declared what the inspiring measures were, whereas
some connections are more faded and less explicit. In contrast
to the above-mentioned potential limitations, we believe that
the exclusion of few uncertainty measures and small variations
in the Hasse diagram should not undermine the validity of the
comments formulated in Section IV.

The following are some comments arising from the
genealogical study.

1) On a more general level, we believe that Figs. 1 and 2
show an overabundance of uncertainty measures, which
may be reasonably interpreted as the symptom of an
overexploited field of research. Nevertheless, the large
number of proposals for uncertainty measures has not
gone hand-in-hand with the study of their formal prop-
erties, and only few uncertainty measures were presented
together with a fully-fledged and rigorous study on their
formal properties.
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Fig. 2. Transitive reduction of Hasse diagram of the conceptual relations between uncertainty measures. An arrow from one measure to another denotes
a direct conceptual dependence of the latter on the former: solid arrows denote the existence of a direct bibliographical reference to the predecessor and
dashed lines denote conceptual dependencies without a specific bibliographical reference. Boldfaced nodes have no predecessors and nodes in gray indicate
uncertainty measures introduced after 2016.

Formal studies [85], [86] showed that Deng entropy, critical inspection of formal properties has not been able
as well as other measures, fail to satisfy some minimal to prune branches of the Hasse diagram, which, instead,
requirements, and yet this did not seem to raise much have proliferated. This can be seen as a signal that the

awareness. This could be taken as an indicator that the usual survival of the fittest process of the evolution of
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2)

3)

mathematical models, as well as of scientific theories
at large, may not have been working properly. More
research should be carried out to verify the formal
properties of the most recently introduced uncertainty
measures.

We believe and hope that this study brings more evi-
dence to reinforce the point of view already expressed,
among others, by Dezert and Tchamova [8], according to
which it is desirable that serious scrutiny be given to the
formal properties of uncertainty measures. Hopefully,
the self-contained exposition of this article could serve
as a starting point for an in-depth analysis of uncertainty
analysis. A natural consequence is that the inception
of new measures should not be done uncritically and
should not be motivated only by examples showing
that, in simple instances, a new measure outperforms
an existing one.

Some uncertainty measures—e.g., (U31) and (U42)—
were explicitly introduced as the sum of two distinct
parts: conflict and non-specificity. Many others are not
apparently the sum of the two terms, but they can be
reported in such a form. For illustrative purposes, let us
consider (U16), which can be rewritten as

Upgn = z m(A)log,

+ > m(A)log, |A].
AeF m(4) AeF

conflict non-specificity

Although the possibility of splitting uncertainty mea-
sures into two parts complies with the behavioral
requirement of separability, there may be some negative
implications. Such formulations correspond to an addi-
tive aggregation where two terms are considered within a
fully compensatory model, which, in turn, is equivalent
to a weighted average of the two contributions where
the two weights are equal. Some considerations are in
order. First, the ranges of the two terms are different,
and the implicit choice of equal weights appears arbi-
trary and questionable. Second, the very same choice
of an additive value model could be questioned in
light of the conditions that are necessary to apply it
[89, Section 5.4], [90, Section 3.6.2] and which have
never been discussed in the literature of uncertainty
measures. Questioning the applicability of the assump-
tions leading to the additive value model would imply
questioning a large number of uncertainty measures,
and may lead to further improvements based on
non-additive aggregation functions [91]. This could be
seen as a solution to the problem faced by Dezert and
Tchamova [8] when they discussed the possibility to
develop uncertainty measures “not based on the additive
decomposition” and declared that they hoped that “it will
appear in a close future.”

A precise analysis of formal properties remains essential
to understand the behavior of uncertainty measures,
especially for the most recent measures, which could
outperform the old ones, but whose formulations may
be hard to interpret. It should also be highlighted,
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however, that evidence theory can have multiple inter-
pretations. For example, as discussed by Halpern
and Fagin [92], beliefs can be interpreted as either
generalized probabilities or evidence, and the two inter-
pretations lead to different operations. For example, only
the latter interpretation leads to the Dempster rule of
combination, whereas the former does not. In this con-
text, properties like monotonicity have been questioned
due to their lack of compatibility with the Dempster
rule of combination [43, p. 56]. Thus, we may consider
that the desirable properties of uncertainty measures
are dependent on the interpretation of the belief mea-
sure. Hence, the suitability of uncertainty measures
could be interpretation-dependent. Nevertheless, it is
hardly ever the case that uncertainty measures are
introduced, discussing the interpretation to which they
refer. If we examine the alignment between uncertainty
measures and their interpretations, we can infer that all
the uncertainty measures proposed for use in alterna-
tive information fusion methods—those differing from
Dempster’s rule—were, in the minds of their propo-
nents, not originally designed for the Dempster—Shafer
interpretation of evidence theory. Future research could
explore the idea that the suitability of uncertainty mea-
sures is not an inherent property, but rather depends on
the interpretation of the belief measure.
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