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Abstract

This thesis investigates physics beyond the standard cosmological model (ACDM) through three
interconnected topics: third-order corrections to primordial perturbations from inflation, signals
of Cosmic Birefringence in the Cosmic Microwave Background (CMB) polarization, and photon—
axion interactions in galactic magnetic fields. Using a combination of cosmological observations
and theoretical modeling, these studies aim to improve our understanding of early-universe pro-
cesses and possible new physics breaking fundamental symmetries.

Cosmic inflation amplifies quantum fluctuations that seeded the observed anisotropies in the
CMB and large-scale structure. Comparing theoretical predictions with observational data re-
quires precision matching the improvements in measurement sensitivity. An analytical solution
at third order in slow-roll parameters has been derived for scalar and tensor primordial per-
turbations by solving the Mukhanov—Sasaki equation, using an approach distinct from previous
literature. Comparisons with numerical solutions identify the scales and observational regimes
where third-order corrections become relevant, including large-scale structure surveys, CMB
spectral distortions, 21 cm experiments, and primordial black hole limits. Constraints on slow-
roll parameters have been obtained, and forecasts for upcoming experiments such as LiteBIRD
and the Simons Observatory assess the potential observational impact of higher-order corrections.

Physics beyond the Standard Model can violate parity symmetry, inducing a rotation of the
CMB polarization plane by an angle 3, an effect known as Cosmic Birefringence. Planck data
indicate a 50 detection of an EB signal, whose origin remains uncertain: it could arise from
pseudoscalar particles (axions or axion-like particles, ALPs) coupled to the electromagnetic field
via the Chern—Simons interaction, or result from systematic calibration uncertainties in the po-
larimeters. A comprehensive analysis of Planck PR3 data has been performed, including pipeline
validation and consistency checks across different component-separation methods (Commander,
NILC, SEVEM, and SMICA), confirming the signal of 8 ~ 0.30 & 0.05 degrees (68% CL), consistent
with previous literature but excluding possible systematic errors. The key focus is the investi-
gation of the scale dependence of §(¢) through harmonic-space estimators applied to different
multipole subsets, independently of the signal’s physical origin. Two complementary methods—a
parametric power-law fit and a non-parametric Bayesian reconstruction—have been used to test
whether Planck data are consistent with scale independence. Such tests constrain the birefrin-
gence spectrum and narrow the viable axion/ALP mass range to ultra-light regimes. Forecasts
suggest that LiteBIRD, Simons Observatory, and CMB-S4 will significantly improve constraints
on both the birefringence amplitude and its scale dependence.

CMB photons passing through galactic halos can convert into axions via the Chern—Simons
interaction, producing spectral distortions in the CMB. These distortions may be detectable by
future CMB experiments such as the Simons Observatory when combined with galaxy surveys
from the Vera Rubin Observatory Legacy Survey of Space and Time (LSST), Dark Energy Spec-
troscopic Instrument (DESI), and Euclid. The photon—axion conversion probability, modeled
by a two-level Schrédinger equation, is often estimated using the Landau—Zener approxima-
tion, which assumes linear halo profiles. However, the validity of this approximation under
realistic conditions—characterized by non-linear profiles, multiple resonances, and stochastic
noise—remains uncertain. Here, the Schrédinger equation has been solved numerically using
the Wentzel-Kramers—Brillouin (WKB) approximation, enabling a systematic exploration of the
applicability of the Landau—Zener approximation and determining the scenarios where a full
numerical approach is essential for accurate cosmological predictions.
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Chapter 1

Introduction to Cosmology

Modern Cosmology, understood as a science in its own right, is a relatively young field that began
in 1917 when Einstein applied the laws of General Relativity to create the first mathematical
model of the Universe [7].

The foundation of all standard cosmological theories is the cosmological principle: when
viewed on large scales, called cosmological scales (beyond 100 Mpc!), the Universe appears
both homogeneous and isotropic, meaning that the density can be considered spatially constant
and without any preferred direction at any given time [8].

The fundamental challenge of cosmology is determining the correct matter-energy density,
which governs why and how the Universe evolves based on its content. Following the cosmological
principle, matter is generally described through the energy-momentum tensor 7),, of a perfect
fluid:

Ty = (& + plupty — gup. (1.1)

Here, € is the energy density in the rest frame, p is the fluid’s pressure in the rest frame,
u,, represents the fluid’s four-velocity, and g,, is the metric tensor defining the metric ds? =
guvdztdzr” that describes spacetime structure.

The field equations of General Relativity are 9]

1 rG

R,ul/ - 7g,uuR = ?T/,w- (12)

2
Here, R, is the Ricci tensor, R is the Ricci curvature scalar, G' is the universal gravitational
constant, and c is the speed of light.
Sometimes the field equations are written in a compact form defining the left hand side as
the Einstein tensor G, and the constant 87G/c* as x:

G = XTyw. (1.3)

Taking the covariant derivative of both sides with respect to z*, denoted by (-)* = V# and
using the contracted Bianchi identity
G*, =0, (1.4)

T = . (1.5)

Throughout this work, the Einstein summation convention is adopted: repeated indices imply
summation over all four spacetime coordinates. The latter is not an independent equation but
rather a consistency requirement: the Einstein tensor has vanishing covariant derivative by

'Recall that 1pc ~ 3.261y.
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construction (Bianchi identity), which forces the stress-energy tensor to be covariantly conserved
(Liouville equation).

Einstein himself developed the first mathematical model of the Universe using General Rel-
ativity. He strongly believed in a static, stationary Universe, and since the field equations are
inherently dynamical? and would inevitably cause the Universe to contract under gravitational
attraction, Einstein introduced a quantity A, the cosmological constant, to stabilize his equa-
tions and obtain a consistent static model. While this model is completely incorrect—empirical
evidence shows the Universe is expanding—and mathematically unstable, understanding how
Einstein introduced the constant A remains historically important. More significantly, if A sat-
isfies certain conditions, it can drive the expansion of the Universe rather than stabilize it. The
introduction of the cosmological constant was mathematically justified: indeed, adding a term
proportional to the metric tensor, Ag,,, preserves the Liouville equation since by definition of
covariant derivative g, = 0.

According to Einstein, A represents a perfect fluid with a non-standard equation of state (as
will be shown later) permeating the entire Universe that controls expansion or contraction. The
effect of A becomes significant only on cosmological scales, where it counterbalances gravitational
contraction to keep the Universe static.

Later, when compelling evidence emerged that the Universe is undergoing a dynamic of
expansion, Einstein famously called A "the greatest mistake of my life.”

Although the static view of the Universe has been completely abandoned in light of over-
whelming evidence that our Universe is not only expanding but accelerating in its expansion,
the cosmological constant A has experienced a renaissance in recent decades. The A term now
describes a component that mathematically produces accelerated expansion consistent with ob-
servational evidence. The field equations including the A term are often called Einstein’s
equations in complete form. Since A was introduced ad hoc, it can be placed on either
side of the equation; its physical interpretation can vary depending on its placement in different
cosmological theories, though the interpretation already presented is adopted here.

The complete field equations become

{R,uu - %guuR - Ag,uzz = BZTGT;W (16)

T, " =0,

where, in contemporary physical cosmology, A represents the mathematical term for the compo-
nent driving the Universe’s accelerated expansion—namely, a model of dark energy.

In General Relativity, the equation of motion of a point follows the geodesic equation,
which corresponds to F = ma in classical non-relativistic mechanics:

dZaz? e dat da”
ds? M ds ds

=0, (1.7)

where Ff)u are the affine connections, known as Christoffel symbols of the second kind, repre-
senting the geometric forces on the manifold and defined as

1 Oy | Ogun  Oguw
1—\04 — a\ H _ M . 1,
w =59 <8:U" TP T o (18)

1.1 Hubble’s Law

In the 1920s, the conception of the Universe changed radically with Edwin Hubble’s discoveries.
Until then, it was believed that the entire Universe was confined around our galaxy and was
static. Other galaxies that were observed, generally called nebulae—a name still used today

2The field equations are dynamic because they contain second derivatives of the metric (appearing in the Ricci
tensor), with the metric components acting as gravitational potentials.
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for historical reasons—were considered systems internal to the Milky Way, partly because they
appear as simple "little clouds" through telescopes. Hubble discovered that these clusters are
actually external to the Milky Way and are comparable in size to it, if not larger. This ex-
panded our conception of the Universe, revealing the existence of billions upon billions of other
galaxies beyond our own. This demonstration came from observations of Cepheids, stars with
time-variable luminosity that follows very regular patterns, allowing the definition of periods of
different brightness. By knowing a Cepheid’s luminosity period, its absolute luminosity can
be determined, and from this, by measuring the luminous flux, a formula that gives the star’s

distance can be derived [10]:
| L _ o

where @ is the flux measured in W - m~2, £ is the absolute luminosity measured in W, 47 is
the total solid angle in steradians, T is the period measured in days, and a = 1 for classical
Cepheids.

Hubble measured that the distance to nebula M33 (the Triangulum Galaxy), which contains
Cepheids, was much greater than the estimated size of the Milky Way, thus proving that M33
was indeed another galaxy.

Subsequently, Hubble arrived at another startling result: performing spectroscopic measure-
ments on luminous stars in external galaxies, he noticed an absorption of HI lines proportional
to distance. The more distant a galaxy, the greater the redshift of its spectrum. Interpreting
this as a Doppler effect, Hubble showed that galaxies are receding from us (after removing all
other motions from the calculation). The law was constructed by comparing spectroscopic mea-
surements (v) with photometric measurements (d). From the electromagnetic Doppler effect, it
is known that for a source receding from the observer (v > 0), a parameter z, the redshift, can

be defined: A A
v v
_v_2r_Av 1.10
== P (1.10)

which can be measured through the displacement of spectral lines in the object’s spectrum,
particularly absorption lines. The law that Hubble found, the famous Hubble’s law, is [10]

H
v=Hyd < 2z=-"2d, (1.11)
c
where Hj is a particular constant called the Hubble constant, whose physical meaning will be
clarified below. It is trivial to see that the Hubble constant has units of inverse time:

[Ho] = time ™, (1.12)
and another constant, this time temporal, called the Hubble time can thus be defined:
to = Hy'. (1.13)

A natural question arises: why is this effect necessarily attributed to the expansion of the
Universe rather than to the objects’ proper motions? Hubble noticed an extremely peculiar
fact: even when all proper motions of bodies are subtracted (approach motions due to gravity,
galactic rotation motions, etc.), which generate Doppler redshift, there is always a non-zero
redshift implying recession, and this is present for any object observed. Since peculiar motions
such as galactic rotation have been eliminated from the calculation, it follows that there is a
recession motion that can only be justified in two ways:

1. Earth is located at a special observation point in the Universe from which all galaxies
recede from us;
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very
distant
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Figure 1.1: Cosmological redshift as a function of distance: the farther a galaxy is, the greater its
recession from us and therefore the higher the redshift measured compared to what is expected
in the laboratory.

2. The Universe is a four-dimensional manifold in expansion, and galaxies are at rest on this
manifold that gradually expands; the recession effect is therefore caused by the expansion
of the space in which they lie; light emitted by a galaxy, if the Universe is expanding, will
travel through regions of space that are expanding and will undergo redshift, as shown in
fig. 1.1.

It is clear that the first hypothesis is so restrictive, unnatural, and highly fine-tuned as to be
completely disregarded, making the second interpretation the correct one. It should be specified
that this type of redshift is not caused by any gravitational field variation (gravitational redshift
phenomenon); in this case, it is the expansion of space that causes redshift, and this is a cosmo-
logical redshift. This therefore led to a renewed and drastic revision of the human conception
of the Universe, obviously causing the collapse of all paradigms according to which the Universe
was something that had always existed and was a stationary system. These paradigms already
failed to provide exhaustive explanations for what is observed, foremost being the so-called Ol-
bers’ paradox, which poses the following question, considering the cosmological principle valid:
how is it possible that the night sky is dark if the Universe is static, stationary, and has always
existed? Indeed, if the Universe had always existed and were finite—the belief held before Hub-
ble’s discoveries—then light from outside Earth would have had time to isotropize all of space,
such that at night a celestial vault uniformly and isotropically illuminated should be seen. Ol-
bers’ paradox is obviously resolved once this new conception of our Universe is adopted: that it
is much larger than expected since the Milky Way is just one of billions and billions of galaxies
within it, and because the Universe is continuously expanding. Simply put, there are regions of
space where light departing from these regions has not even had time to reach Earth; space is so
large and continuously expanding that luminous isotropization has not been possible. Obviously,
this new vision led to the rejection of physically consistent theories of the Universe that assumed
it to be stationary.

A standard cosmological theory must therefore predict:

1. A Universe ruled on large scales by the cosmological principle;
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2. A Universe that is not static but expanding, i.e., a dynamic expanding system;
3. A Universe that originated at some time (Big Bang theory of G. Lemaitre).

The metric underlying all cosmological theories is the Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric [11, 12, 13], constructed to satisfy point 1 (the Cosmological Principle) by design.
When this metric is substituted into Einstein’s field equations, the resulting solutions describe
an evolving Universe with a definite beginning, naturally incorporating points 2 and 3.

1.2 Construction of the FLRW Metric

Having presented Hubble’s law, it is essential to understand how the cosmological principle and
expansion are connected and how these affect the construction of a metric on which to build a
cosmological model consistent with observations.

From the cosmological principle, it is deduced that, given the conditions of homogeneity
and isotropy on large scales, the Universe manifold must expand through a homothety, a
transformation that by definition preserves geometric shape. Furthermore, at a given instant,
changing reference frame on this manifold must not affect the metric since, on large scales,
every observer sees the Universe in the same way. Thus, at a given instant, the metric must be
preserved under changes of reference frame, and therefore the acceptable transformations must
inevitably be isometries.

Mathematically, a spacetime® is said to be spatially homogeneous and isotropic if it can be
foliated into a one-parameter family of three-dimensional spacelike hypersurfaces such that, for
each fixed ¢, given two reference systems x and Z belonging to the hypersurface, there exists
an isometry in space that takes x to . This means that the Universe manifold is viewed as a
four-dimensional manifold M* decomposed into an infinite series of three-dimensional manifolds
that evolve according to a parameter ¢ defined as time. The evolution from manifold to manifold
as the parameter ¢ varies therefore represents the expansion of the Universe over time. Since the
Universe expands through homotheties, the global curvature of the manifold M?3 is conserved
and always the same. From what has been said, denoting the direct product with x:

Mt = M? xR. (1.14)
M
_ffg\/txi K‘J
W N\ \
\W ) \‘ | |
o f‘ j--' fl i____ jl‘k Jf:{.sz
Z-Ci/ f e ' /

f
//—f*— / — /f
//—/—\\\/

Figure 1.2: Foliation of spacetime. The spatial submanifold M? evolves according to a homoth-
ety, maintaining constant global curvature. Time is viewed as a parameter that at each "instant"
(value) returns a specific 3-manifold M?3.

31t should be noted that what is about to be stated is a mathematical theorem valid for any space of any
dimension; as always, the discussion refers for convenience to four-dimensional spacetime.
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( An isometry is a transformation that preserves the form of the metric and therefore \
also distances. Given two reference systems x“ and * with respectively g, (z) and
G (%), the transformation between the two reference systems is an isometry if and
only if the equality holds:

g;w(j:a) = gp,u(-fa)- (115)

The equation that governs and intrinsically defines isometries is called the Killing
equation:

gu;u + gu;u — 07 (1.16)

where & is the connection vector between two very close reference systems:
% =% 4 e€%(x), (1.17)

with € << 1.

Therefore, in conclusion, the form of the connection vector &, also called the Killing
vector, together with the Killing equation, determines the isometries of the metric by
imposing additional constraints on the form of g,,,. More precisely, when any isometry is
assumed for the metric, the corresponding Killing vector and its equation must be con-
sidered, which impose additional conditions on how the metric should be constructed—
namely, the isometry conditions.

In appendix A.1, all calculations leading to eq. (1.16) starting from imposing an
k isometry (1.15) between two reference systems connected through (1.17) are presented. )

The manifold M? therefore undergoes expansion, a homothety, as the parameter varies. At
a fixed instant, due to the cosmological principle and because the Universe is observed as a
whole, the metric is preserved at every point of the manifold: the transformation from one point
to another of the manifold M? is an isometry. Mathematically, all this is called foliation of
spacetime. A representation of the foliation is shown in fig. 1.2.

It is therefore necessary to find the metric, or rather the class of metrics, that is consistent
with observations—one that agrees with Hubble’s law on expansion and respects the isometries
connected to the cosmological principle.

The reference system usually adopted is the system of comoving coordinates where the
matter of the Universe (and therefore each observer) is stationary with respect to these coordi-
nates, even though there is expansion. As the Universe expands, it causes two observers to move
apart, but the comoving coordinate system moves with the expansion, so in these coordinates
stationarity is maintained?. Figure 1.3 shows how the geographical coordinates of meridians and
parallels, being the same if the sphere expands, are coomoving cordinates. Imposing the comov-
ing coordinate system simplifies calculations: two observers in these coordinates are spatially at
rest and move only along time. This ensures that all observers on the manifold are equivalent,
and therefore no privileged observation points of the Universe exist; isotropy is respected. It
should be noted that comoving coordinates are nothing other than the usual Lagrangian fluid
dynamics coordinates. Since the relative position in the comoving coordinate system between
two galaxies (two observers) does not change, and at the same time the expansion of the Uni-
verse will cause the distance between them to increase anyway, the comoving coordinate system
ensures that expansion appears not as a change in relative position between the two observers,
but as a change in the spatial part of the metric.

4An example is the Earth with a coordinate system of meridians and parallels: supposing the Earth expands by
homothety (the radius gradually increases), the distance between two points changes, but the meridian+parallel
coordinate system expands with the Earth, so two points, even though they will be at a greater distance after
expansion, will always remain at the same coordinates as before. In practice, an observer at Greenwich and an
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Figure 1.3: Example of comoving coordinates on a sphere; expansion does not change the coor-
dinates of points.

From these considerations, the form of the metric can be constructed, which in Cartesian
coordinates is:

ds? = g datde” = *dt? — A(r,t)[d2? + dy? + dz?). (1.18)

Isotropy ensures the complete diagonality of the metric, while homogeneity ensures the equal-
ity g11 = g22 = g33. The factor A(r,t) depends on time because, as already discussed, it must
contain information regarding the expansion of the Universe, and this must be attributed solely
to a variation of the spatial part through a multiplicative factor. Homogeneity and isotropy
automatically impose, since gor = 0V k, the synchronization of clocks in coordinate time. Fur-
thermore, since spacetime is the same for every observer, ggo will be equal at every point and
for every observer. This allows one to state that physical time flows equally in all reference
frames, i.e., all observers are synchronized with each other, measuring the flow of time in the
same way. Moreover, since ggp is constant, it can be set equal to 1 for simplicity, as was done.
These properties indeed allow the identification of a cosmological time scale that is the same
for every observer in the Universe, and it is understood that the coordinate system adopted is
a synchronous reference frame. The foliation of spacetime also allows the factorization of A(r,t)
into a part depending only on time, called the scale factor a(t), and one depending only on
space, called the form factor F(r):

A(r,t) = a®(t) F(r); (1.19)

the evolution of the scale factor a(t) contains information about the temporal evolution of the
Universe, i.e., about expansion; the factor F'(r) determines the topology at fixed time—a topology
that cannot change due to homothetic expansion.

It is thus derived that the form of the FLRW metric is given by:

ds? = 2dt? — a®(t)F(r)[dz? + dy? + d2?], (1.20)
or equivalently in spherical coordinates:
ds? = Adt? — a®(t)F(r)[dr? + r?dQ?] = 2dt? — a®(t)F(r)[dr? + r2d¥? + r? sin? 9dp?]. (1.21)

Since every transformation at fixed time must be an isometry, the Killing equation of isome-
tries (1.16) will return the factor F'(r): the isometries, by imposing strong restrictions on the
metric, provide the geometry at fixed times. The expansion dictated by a(t) is due to dynamics,
and therefore the equations that determine the temporal evolution of the scale factor will be
Einstein’s field equations.

observer in Rome will respectively always be at the first meridian (0° E) and the second meridian (15° E).
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Starting from the Killing eq. (1.16), as shown in appendix A.2, it is possible to obtain:

1
r)=-———5 with k=-1,0,1. (1.22)

1+ 57"

The Friedmann-Lemaitre-Robertson-Walker FLRW metric 11, 12, 13| is thus ob-
tained:

2
t
ds? = 2dt* — L)Q[dr2 + r2d¥? 4 7% sin? 9dp?]. (1.23)
(4 4)
With a coordinate change of the form:
_ r _
t=t, r=———, 9=9 and ¢@=y, 1.24
552 = (1.24)
which further rescales r, calculating
B 1 %7“2
dr = 5dr
(14509
and showing that
dr? dr?

1 — ki? (1+ §r2)2’

the FLRW metric can be rewritten in a much more convenient form, called the standard form
of the FLRW metric:

d 2
ds? = d” — a*(t) |5 _Tkr2 +r2d0?| (1.25)

It should be noted that the metric found, in agreement with Killing, does not represent a
single metric, but rather a class of metrics as a(t) and k vary.

It can be shown that k represents the topology of the Universe spatially, i.e., the spatial
global curvature:

e If k = 1 = spatially spherical Universe (M?3 is a sphere);
e If k = 0 = spatially flat Universe (M3 is flat);
e If k = —1 = spatially hyperbolic Universe (M?3 is hyperbolic);

note the use of the term spatially: this means that it is the spatial part of the manifold that is
topologically flat, spherical, or hyperbolic, precisely as specified in parentheses, and not the entire
four-dimensional spacetime manifold. In fig. 1.4 the three kinds of curvature of the Universe are
shown.

It is therefore established that a(t) gives the dynamics (connected with geometry) of the
Universe, and will be given by solving the gravitational field equations imposing this metric; k
instead is connected with the amount of matter because it is connected with curvature.

1.3 The Cosmological Equations

The dynamics of the Universe is governed by Einstein’s equation eq. (1.6) and parametrized
through the scale factor a(t). From its evolution in time, it will be seen that a different evolution
of a(t) represents a different temporal evolution of the Universe. Moreover, the scales are so
large that the Universe is considered to have constant density at every point due to homogeneity
and isotropy. The method for solving the field equations is almost identical to that developed
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Closed

Open

_ Flat

Figure 1.4: The different shapes of the Universe according to k.

by Schwarzschild [14]: knowing the form of the metric, one works on the L.h.s. of Einstein’s
equations by calculating the Ricci tensor and Ricci scalar, and the r.h.s. by calculating the form
of T},,. The components of R, are obtained by computing the Christoffel symbols, and these
can be found by writing the point Lagrangian, computing the Euler-Lagrange equations and
comparing them with the geodesic equations since they must necessarily be equal (Maupertuis’
principle).

Since the equations and everything else are valid even for very small r and should not depend
on it (as the expansional dynamics is not characterized by where the observer is located), for
simplicity the observer is placed in a neighborhood of r = 0, i.e., for » — 0. In this limit we have

1 k
For r -0 =— ———s~ (1 - 7“2> +0(rh), (1.26)
(1+ &r2) 2

which implies that very close to the origin the metric is well approximated by
k
For r—0 = ds*=c%dt?—d*(t) (1 - 2r2> [dz? 4 dy? + d2?]. (1.27)

Starting from the g,,, components and working with the definition eq. (1.8), it is possible to
derive all the Christoffel symbols. Subsequently, using the definition of the Ricci tensor written
in terms of these and their derivatives, R,, can be found and then, by contraction, R. In this
way the left-hand side of the field equations is determined.

The calculation of the Christoffel symbols and the components of the Ricci tensor, and the
Ricci scalar are presented in appendix B. The results are:

3a
Ry =——=-— 1.28
00 2a’ ( )

(1.29)
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and consequently the Ricci scalar

(1.30)

Having now found the left-hand side of Einstein’s equations, the energy-momentum tensor
that describes the matter fluid must be found. The fluid is considered perfect and therefore the
energy-momentum tensor will be in the form eq. (1.1). Since the reference system is comoving
with the expansion of the Universe and it by definition moves with the expansion, then in this
reference system the matter fluid (representing galaxies, observers and everything) is stationary.
Since the fluid is comoving with the expansion and therefore stationary, i.e., at rest with respect
to the spatial coordinates, the components of the 3-velocity are zero, while in time obviously u°

is generally non-zero:

0

0

“ 7 (1.31)
uw=0 V k=123

It is known that uau® = 1 (normalization condition for the four-velocity of massive particles)
and from it gaguauﬁ = 1 which transforms, since u* = 0, into goou®u® and therefore implies

1
0
u = . 1.32
v/ 900 ( )
In the FLRW metric the chronology is imposed such that dr = dt and therefore such that
goo = 1, so that the result obtained is u° = 1 and thus in complete form

u® =(1,0,0,0) = uq. (1.33)

It is then trivial to calculate the various components of the energy-momentum tensor in this
case: from the form of the metric and the components of the four-velocity, it is immediately clear
that the energy-momentum tensor has a diagonal matrix representation.

Immediately we have

T% = (e +p)ulul —pg® =c+p—p=-¢; (1.34)
then )
14 kp2
TH:T22:T33:(5+p)u1u1—p911:—pgnzp( azé )
having remembered that g'' = 1/g1;. From here
T =T% =T% = guT" = —p, (1.35)
and therefore
Taﬁ = diag<€7 -D, =D, _p) (136)
The trace is clearly
T=c¢e¢—3p. (1.37)

We are now ready to develop the field eq. (1.6). Knowing 7', the calculation is very simple if
the mixed form of the equations is used:

(6% (6% (6% 1a

It should be recalled that the only two equations that matter are for ROO and RY;.
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e The first equation, for RY, is

1
RY% — A=y (TOO — 2T> : (1.39)
Substituting all the expressions found previously:

3a 811G e 3p
__A_<5-2+2>

c2a ct
\
i 4G Ac?
e The second equation, for Rll, is instead
1
R —A=x (Tll - 2T> : (1.41)

Substituting all the expressions found:

1 d+2d2+2kc2 Ao 1.3
2 la a? a? X\ TPT TP )

and also substituting the equation found in the previous point, with some algebraic steps
we have

SN\ 2 2 2
(a) N ke Aic 871G (1.42)

- — — = ——¢.
a a? 3 3c2

Finally, it is recalled that Einstein’s system of equations has as a gauge constraint that
the covariant derivative of the energy-momentum tensor must vanish, eq. (1.6). Thanks to the
contracted Bianchi’s identity eq. (1.4) the gauge constraint can be written as

7,°5 =0, (1.43)

given also that both the energy-momentum tensor and the metric in this case are symmetric and
therefore

7% =T, =T%,. (1.44)

In this case it is possible to use a formula for the covariant derivative that is very convenient
for calculations:
7B _ 1 0
a p V—g 0z°
Given the cosmological principle that imposes uniformity, it is clear that ¢ and p can only
depend on time and therefore the only non-trivial component of T ”87 P is T, 0;0:

1
(V=9T%) = 59puaT*" (1.45)

0

1
550 (V=9T0) = 500", (1.46)

0

1
T,% = —
0 ;0 /7_9

where the sum over o has also been reduced to only the term T since all the others are zero.
The only gauge equation is then
Ty% =0 (1.47)

which corresponds to energy conservation since the 00 component of the tensor is the energy
component.
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The first and second terms of this equation are developed in order: the first term, substituting
all the values found previously, is

k,.2\3
——0 _(1+ZT) 10
(V=9T") = a3 cot

1 9
ey

a3
1+ Zr2)3€] |
the second term instead is
90T = go00T™ + g11.0T™ + g22.0T* + g33.0T,
and, since goo,0 = 0 because goo = 1, g11 = g22 = ¢33 and T =722 = 733 it reduces to

a2

(157"

30
90T = 3g110TH = =~

(1+ 5r2)?
c Ot '

a2

Placing ourselves also in the neighborhood of the origin, i.e., for r — 0, the equation becomes

d(a?)

19,4, 3 1
I+ 5P a 5

=0, (1.48)

and, differentiating and performing trivial algebraic steps, the energy conservation equation is
found:

43 (Z) (p+e)=0. (1.49)

This equation is the energy conservation equation that derives from the gauge condition (1.6)
and is therefore one of the cosmological equations. It is necessary to point out that this equation
is not independent with respect to the others, being the conservation equation a consistency
requirement arising from the field equations, as demonstrated in eq. (1.5).

Ultimately, Einstein’s complete field equation system (1.6) reduces to the following system
when considering the FLRW metric:

o\ 2 2 2
a ke _ 8nG Ac
(8) + % =Fze+ 5%

i — _dnG (o 4 3p) 4 A2 (1.50)

a

E+3(4)p+el=0

This system, often called the Friedmann equation system, characterizes the standard
cosmological model and its equations are called cosmological equations. The system pro-
vides precisely the expansional dynamics of the Universe as it returns a, its acceleration a and
its velocity a.

In order to solve the cosmological equations system, a last equation connecting the pressure
and the energy-density, a equation of state (EoS), must be added by hand:

D = We (1.51)

Its inclusion is necessary to make the system solvable: without it, there would be two indepen-
dent equations for three unknown parameters (a, €, p), and the system would be underdetermined.
In other words, to obtain a solution one must provide physical knowledge, in this case the relation
between pressure and energy density. Generally, the EoS is an expression which relates p with
¢ and its derivative with respect to the time £, i.e., p = p(e,€). The simplest choice is a linear
dependence between p and €. The constant w is known as the equation-of-state parameter
(or adiabatic index). For standard matter, w lies in the Zeldovich interval [0, 1] [15], which
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arises from the causality requirement that the speed of sound in a medium ¢y cannot exceed the
speed of light. The relation between w and the sound speed is given by

dp
2 2
== 1.52
CS C dg? ( )
which implies
Cs\ 2
w = (;) . (1.53)

Since causality requires ¢; < ¢, we obtain w < 1. For non-standard forms of matter such as dark
energy, w can extend to negative values, with the physically motivated range being

w< 1. (1.54)

As lower bound it is possible to set w = —1 corresponding to a cosmological constant. Lower
values, w < —1, would describe phantom energy, leading to a catastrophic "Big Rip" scenario
where the universe’s accelerated expansion eventually tears apart all matter and spacetime [16].

Representative values for different matter types are:

e dust (non-relativistic matter): w = 0,

e radiation: w = %,

e stiff matter: w =1,

e cosmological constant (dark energy): w = —1.

Historically the system assumes A = 0 but today, as already discussed at the beginning of
the chapter, A # 0 is considered because a Universe in accelerated expansion is observed and
therefore there is something that accelerates it [17]. A represents the correction due to this
energy whose nature is not yet known, generally called dark energy. It should be noted that if
p > 0 also € > 0 and this implies that ¢ < 0 if A = 0, while the opposite is found and therefore
the insertion of the cosmological constant is necessary.

The vast majority of cosmological models, although very advanced, can be traced back, once
the equations are rewritten in the appropriate form, to the standard cosmological model. The
standard cosmological model can vary fundamentally by changing the fluid and equation of state,
but otherwise the model equations are in agreement with observations.

1.4 Friedmann Models

From the system of cosmological equations eq. (1.50), the last equation can first be taken and
substituted into the third, obtaining

é+3 (Z) [1+w)e =0, (1.55)
which, dividing both members by &, becomes
i3 (“) [1+w] = 0. (1.56)
€ a
This equation is clearly a separable variables equation:
de da

3 a
— = -3(1 — In— = —3(1 In —
edt ( +w)adt = n€0 ( +w) nao
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and therefore

—3(1+w) 3(1+w)
i - i . €0y
€0 <a0> ST T (1.57)

which can be written much more conveniently as

1

€ q3(1+w)’

(1.58)
this equation indicates that a(t), and thus the evolution of the Universe, is determined by w
and e, i.e., precisely by the type of fluid being considered. From this, it is understood that
the evolution of the Universe can be studied through different epochs, where in each of them
a different type of matter/fluid is dominant over the others and governs the evolution. Since
€ = pc?, one can write

— = 1.59
€0 £0 ( )
leading to a rewrite of the equation:
1
pr~ 3(Fw)’ (1.60)

which further indicates that the scale factor evolves like energy and mass.
Now the second equation of the system is taken and rewritten in terms of p:

<a>2 _ %p, (1.61)

a

and into it the form of p written in terms of pg and ag can be substituted:

a)* _ 87Gpo (@)3(“‘”’. (1.62)
a) 3 a ’ '
for convenience, everything is grouped into a constant:
N 2
a\® ¢ . _ 81Gpo 3(1+w)
<a> = i) with ¢y = 5 . (1.63)

From the equation just written it is derived that
N2 Co

the square root is taken, also defining ¢y = /cg, and obviously the positive solution is taken
because an expansion of the Universe is desired, not a contraction:

0= gt (1.65)
a2
solving the equation
. Sw+1 - 3w+1 -~
aa 2 =¢y = a 2 da= ¢ydt,

and integrating immediately
a%(“”rl) = ot + b,

where in b all the integration constants are grouped and ¢y has been redefined; for ¢y, as will
be seen shortly, only the unit of measurement will matter and therefore this definition, since w
is dimensionless, will not affect the calculations. Assuming the Big Bang theory to be valid, at
t = 0 the scale factor was a(t) = 0, which implies that b = 0, so that then

a2@th) = Gt (1.66)
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Taking up ¢y again for a moment, its part 8773G £ has units

N‘kag_ N m - kg

kg? E_m-kg_m-s?kg:si27

so the units of ¢y are

3(14w)
2

leo] = g [a20 ] L (4,

time2 " ° = [CO} - time

B

from these considerations another very important one can be drawn: the factor ¢y can be seen
as

ag(w—i-l)
G= 20— (1.67)
to
and this therefore allows rewriting
3 (w+1) 2
2 w
ghwtn _ 9, A <t>3( o (1.68)
to ao to
which further implies
P . ~ agp
a(t) = apt3@+D  with ag = 57— (1.69)
tg/?)(w-i-l)

to, as will be seen, is interpreted as the present time, or rather it is the cosmological time
elapsed since physical measurements in the Universe could begin.
The function )

H(t) = g (1.70)
is defined, which is therefore the growth rate that varies with time. Calling this parameter H
is not accidental since physically it represents the expansion and is therefore connected with
Hubble’s constant Hy. H is called the Hubble function. It will be shown later that Hy is
nothing other than the Hubble function calculated at the present time. The second equation of
the system is therefore rewritten, in the simple case where k =0 and A = 0, as

H? = %s. (1.71)
From the solutions found, since
2 2 _ 143w
ax 30t = ax wil) t 30w, (1.72)
then with a simple ratio it is found that
H= 3(1iw)t (1.73)

H therefore has units s~! and the only physical observable that has the same units is Hubble’s
constant; it is therefore established that

2

Hy=—-——""—
° 7T 31+ w)ty’

(1.74)
where tg, from Hubble’s law, is precisely the time since the galaxies were all at the same position
and began to recede: that is, what is called the age of the observable Universe. Thanks to
the fact that Hy is a measurable observable and

2

to= o
O 7T 31+ w)Hy

(1.75)
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with current available data, it is measured that
to ~ 13.8 Gyr; (1.76)

this time is called the age of the observable Universe; obviously the reported value is mea-
sured with appropriate corrections to the standard cosmological model.

Returning to the discussion, taking up the second equation of the system written as a function
of p, the behavior of matter density as a function of time can also be derived:

.\ 2
a 81G 3
- =— = ——H* 1.
<a> 3P = r=gaHY (1.77)

and, substituting H(t), it is found that

3 4 B 1 1
871G |9(1 +w)2 | 6nG(1 +w)? 2’

p (1.78)

showing how density decreases with time, whatever the type of perfect matter being considered.
In summary, in the simple case where k = 0 and A = 0 (Friedmann models) the cosmo-
logical equations become
2 (%) Sy
ag to

ag ) 3(1+w)
2=(%)

_ 2
H = 3(14w)t

(1.79)

_ 1
P = 6rG1+w)2i2
Given the various values of w, the various epochs of evolution are distinguished, where a given

epoch is characterized by a specific matter fluid predominant over the others. The simplest cases,
as already mentioned, are:

e Matter-dominated epoch: Universe dominated by incoherent dust without interaction
and with zero pressure, i.e., baryonic matter that is now observed. Since p = 0 then

obviously
w = 0. (1.80)
Substituting into the results found gives:
a ~ t2/3
-3
~a
e (1.81)
H ~ %
_ 1
P = &rGt2

Note however that a ~ t2/3 implies, since % < 1, that @ < 0, in sharp contrast with what is
observed. Therefore, such an epoch is not current. There is thus a need to introduce A in
order to obtain an epoch where dark energy is predominant and accelerates the expansion
of the Universe, d > 0.

e Radiation-dominated epoch: case where the Universe is dominated by a relativistic
fluid (photons and neutrinos). From the laws of thermodynamics, particularly Stefan-
Boltzmann’s law for black body radiation, it can be found that

w=-=. (1.82)
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In this condition therefore
o~ /2

~ a_4
’;{ 1 (1.83)
~ %

_ 1
P = 392G

o Stiff matter-dominated Universe: the Universe is dominated by a rigid relativistic
fluid; this occurred in primordial epochs, for example when matter was all in the form of
quarks. In this case it is found that

w=1. (1.84)
In this condition therefore
o~ t1/3
-6

~a
et (1.85)
H ~ §

1
P = saxGez

1.5 Cosmological Redshift

Since the Universe is a dynamic system in expansion, and light has finite velocity, it is very
difficult to introduce a chronology for its evolution, just as at large distances, i.e., cosmological
ones, the very concept of distance becomes very ambiguous. It therefore becomes necessary
from a practical point of view to search for a parameter that is convenient for uniquely defining
cosmological epochs. The redshift parameter, which is defined empirically from Hubble’s law,
or mathematically from the FLRW metric, is precisely that parameter that can be used for this
purpose. Indeed, taking into account that objects at the same redshift are at the same distance
and at the same cosmological epoch, the problem of measurements is solved precisely thanks
to this parameter. Furthermore, its introduction also allows the introduction of a chronology.
Figure 1.5 shows how the expansion generates a redshift.

Figure 1.5: Cosmological redshift viewed through comoving coordinates and expansion.

Let us then consider the FLRW metric in its general form of eq. (1.25) and consider that the
celestial body emits a ray of light. The spacetime path of light is ds?> = 0 and from homogeneity
and isotropy, since the light ray is observed from Earth without any angular displacement, it can
be written that

ds? = A2dt? — a®(t)F(r)dr? = 0. (1.86)
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Introducing the cosmological redshift parameter z as the relative difference between the
wavelength at emission and reception, or also as the same difference in frequency,

)\0 - )\1 vV — 1
= p— 1.
N — (1.87)

z

if eq. (1.86) is solved, it is possible to connect this redshift parameter to the evolution of the
Universe, in particular z 4+ 1 will represent the ratio of the scale factor at the two different times
of emission and reception:

a(to) _ afto)
a(t) a(t)

241= — 1. (1.88)

Therefore, looking at objects at a certain redshift, one is looking at different cosmic epochs
when the Universe was smaller. Using redshift, there are no problems with time measurements
since this is a quantity that can be measured experimentally and directly, unlike time which
cannot be measured directly. So, as anticipated, cosmological redshift is an excellent parameter
that can be substituted for time in observations. If, for example, an object is observed at z = 2,
it means that at ¢; the volume of the Universe was 3 times smaller than the current one.

Furthermore, it is customary to normalize to one the value of a(tp) so that

a1l e alt) = —— (1.89)

tog) =1 =
a(o) z+1

a(t)

The FLRW metric (1.25) and the related cosmological equations (1.50) allow one to obtain,
consistently with what is observed, Hubble’s law in parametric form with respect to time. The
redshift parameter then allows the definition of the ratio a(tg)/a(t1) in connection with Hy that
emerges from Hubble’s law, creating the already mentioned correlation between Hy and the
definition of H(t) (1.70).

1.5.1 The Hubble Tension

The Hubble constant Hy is the value of a time-dependent parameter H(t). One of the main prob-
lems of modern cosmology concerns precisely the determination of Hy. Different measurements
of the Hubble constant exist, obtained through fundamentally different approaches.

On one hand, experiments such as Planck, ACT (Atacama Cosmology Telescope), and SPT
(South Pole Telescope) [18, 19, 20, 21] measure Hy through dynamical calculations within the
framework of the ACDM cosmological model, using data from observations of the last scattering
surface (the CMB). On the other hand, Riess and collaborators employ the cosmic distance
ladder [17]: this method uses Cepheid variables to calibrate nearby distances using eq. (1.9),
Type la supernovae as secondary standard candles, and other techniques to build a chain of
distance measurements extending to cosmological scales.

Both approaches yield highly precise measurements, representing some of the most accurate
determinations in the history of science. However, they are statistically inconsistent with each
other: the discrepancy between the two methods reaches approximately 5o significance. This
problem is known as the Hubble tension and represents one of the major challenges in modern
cosmology, potentially indicating either systematic errors in one or both methods, or new physics
beyond the standard ACDM model.

An updated and extensive review on this subject can be found in [2], to which the author of
this thesis contributed as part of the collaboration, specifically writing the section on inflation.
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1.6 The ACDM model

Considering the different species that compose the Universe, one has

€= z": Ei) (1.90)
i=1
where, in the current observational situation of the Universe, the main observed species are
€ = €rad + b + €A + €DM- (1.91)
® c.,q represents radiation, i.e., matter in relativistic form such as photons and neutrinos.

e ¢y, represents the standard baryonic matter component that is in a dust state (w = 0).

e ¢, represents the dark energy component that causes the accelerated expansion of the
universe, as discussed in the previous sections.

e Finally, epy represents another matter component in a dust state that is not directly
observed but without which galaxies and all other structures observed in the universe
could not form. Also in this case, as in that of dark energy, the nature of this matter is
not yet understood, which is therefore called dark matter.

Now consider the second equation of the standard cosmological model, in the general case.
This equation is written at the time of observation, i.e., in the present epoch with to and Hy:

-\ 2 2 2
a &G ke Ac
HE= (= = e 1.92

0 <a>tt0 32 ° a?(to) + 3 (1.92)

both members are divided by Hf and e = Y. &; = pc® = 3, p;ic? is written:

rG kc? Ac?

1= — .
sE2” T ZHZ T 3HZ

(1.93)

It is now noticed that the reciprocal of the first term represents a density, indeed the unit of
HZ is s72 and the constant G has units m?/(s? - kg), and therefore one has kg/m?. This density
is called the critical density p.:

3H?
=0 1.94
Having introduced the critical density, the equation therefore becomes
kc? Ac?
1=F ¢ ¢ (1.95)

Lt
pe  2HZ ' 3H?

The parameter p/p. is usually indicated with  and is called the density parameter. Since
the total density p is a sum over all species, p = >, p;, then also for 2 itself one has

Q:ZQZ- = Qp + Qraa + Qpu. (1.96)

(2

The second term of eq. (1.95) can also be seen as a density parameter, in this case a geometric
density parameter:
kc?

———— =1 1.97
a2y = (197
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just as the third term of the previous equation can be seen as

A pa
S = = (1.98)

The relation therefore becomes
Q4+ +Qp =Qp + Qrag + Qv + Q. + Q4 =1, (1.99)

so it is possible to see in a completely direct way that the density of matter and energy of the
Universe determines its shape, i.e., the geometry:

fk=0 & U=0 = Q+W=1 p=np; (1.100)
k=1 & Q<0 = Q+Qr>1 p>pg (1.101)
fhk=-1 & U>0 = Q+0r<1 p<pg (1.102)

this is the reason why p. is called critical density: if p = p. the Universe is flat, not glob-
ally curved, but as soon as the density decreases or increases the Universe curves positively or
negatively, globally assuming hyperbolic or spherical geometry.

Obviously the equation represents a natural constraint on the fluids of the Universe, valid at
any epoch ¢ or, analogously, at any redshift z; more precisely indeed

Qt) + Q) + Qa(t) =1 Vt, (1.103)

Qz) +Q(z) + Q% (z) =1 Vz. (1.104)

Currently the following quantities are measured from Planck 2018 [22]:

Qp, = 0.0493 + 0.0010
Q. = 0.265 + 0.007
Qm = 0.315 + 0.007

Qrag ~ 9 x 1075
Qp = 0.685 £ 0.007
Q ~ 0,

Qy, represents the ordinary barionic matter, €2, is the dark matter contribution, and Q,, =
Qb + QC.

These values are primarily derived from a combination of CMB observations (particularly
from the Planck satellite [22]), large-scale structure surveys such as baryon acoustic oscillations
(BAO) measurements [23, 24, 25|, and Type Ia supernovae data [17]. The baryon density
is tightly constrained by CMB acoustic peaks and Big Bang nucleosynthesis, while (2pyr is de-
termined from gravitational effects on large-scale structure and galaxy rotation curves. The
cosmological constant 24 is inferred from the observed accelerated expansion and the overall
flatness constraint Q2 ~ 0.

It is therefore found that the universe is observed to be globally flat, k = 0, and that
standard relativistic and non-relativistic matter represents at most only about 5% of the content
of our universe, while instead ~ 95% of the Universe’s content is divided between a type of
non-relativistic (cold) matter that is not observed directly and is not present in the standard
model of elementary particles but is necessary to obtain the formation of the structures currently
observed (galaxies and galaxy clusters), and another type of energy that causes the accelerated
expansion of the universe.

Since the standard cosmological model is dominated by dark energy and dark matter, it is
called ACDM, where A represents the cosmological constant, while the acronym CDM stands for
Cold Dark Matter.

Even though from an observational point of view the nature of dark energy and matter still
cannot be understood, the standard cosmological model is among the most elegant and consistent
models obtained in the history of science.

(1.105)
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1.7 The Cosmic Microwave Background Radiation

The observable Universe is defined by the cosmological horizon, determined by the integral
relation derived from eq. (1.86):

[ v

L a(t)

This defines the physical observable redshift z, which in principle allows observation of the
entire causal Universe. However, the observed Universe—what can actually be detected and
observed—is limited by the availability of observable messengers and their properties.

The primary messenger for cosmological observations is electromagnetic radiation (light).
However, there exists a fundamental barrier: the last scattering surface, which marks the
most distant light-emitting event observable. This surface formed during the recombination
epoch at redshift z,. ~ 1100, when the Universe’s temperature dropped to approximately
3000 K. At this point, electrons combined with protons to form neutral hydrogen atoms, ren-
dering the Universe transparent to photons for the first time. Prior to recombination, photons
were continuously scattered by the ionized plasma, preventing free propagation. Therefore, elec-
tromagnetic observations cannot probe epochs before the last scattering surface. The time of
recombination t.. from the Big Bang is

tree ~ 380,000 years. (1.106)

In principle, other messengers could probe earlier epochs. Neutrinos decoupled from the pri-
mordial plasma at higher temperatures than photons, creating a cosmic neutrino background
that would contain information from earlier times. Similarly, primordial gravitational waves
generated during the inflationary epoch (discussed later) could provide a window into the very
early Universe. However, current technology does not allow detection of these messengers: mea-
surements of the cosmic neutrino background and the stochastic background of primordial gravi-
tational waves remain beyond present observational capabilities. Thus, the last scattering surface
represents the practical limit of direct observations of the early Universe.

The radiation emitted at the last scattering surface was composed of very energetic photons
(gamma rays and X-rays), but due to cosmological redshift, it reaches Earth at a frequency
around v ~ 160 GHz and at a temperature T ~ 2.725 K, thus presenting itself in the microwave
spectrum. Being a radiation that permeates space in every direction due to homogeneity and
isotropy, this is said to be Cosmic Microwave Background Radiation, CMBR or more
commonly CMB.

Although the CMB appears highly isotropic across the entire sky, it presents tiny temperature
fluctuations of the order of AT/T ~ 107>, known as CMB anisotropies. These temperature
variations, equal to about 10 pK compared to the average temperature of 2.725 K, represent pri-
marily the primordial density fluctuations in the universe that formed at the Big Bang. Other
secondary effects such as the Integrated Sachs-Wolfe (ISW) and the Sunyaev—Zel’dovich (SZ) ef-
fects, or the gravitational lensing, contribute to these anisotropies [26, 27, 28|. The anisotropies
are of fundamental importance since they constitute the seeds from which all the cosmic struc-
tures observed today formed: galaxies, galaxy clusters and the large-scale structure of the uni-
verse. Indeed, the anisotropies in density of the galaxies (Large Scale Structure) are identical to
those in temperature:

Aprss  ATcus
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Without these small initial inhomogeneities, the universe would have remained perfectly uni-
form and the complex structures that characterize the modern cosmos could never have formed.
The detailed analysis of the anisotropy pattern also provides valuable information on funda-
mental cosmological parameters, allowing the determination with high precision of the geometry

~1075. (1.107)




22 Chapter 1. Introduction to Cosmology

of the universe, its composition in ordinary matter, dark matter and dark energy. Being the
anisotropies traces of fluctuations formed in the first instants after the Big Bang, they also allow
testing theoretical models of the primordial universe, as well as models of quantum gravity and
string theory.

The existence of the CMB was predicted theoretically in 1948 by Alpher and Herman [29],
while in 1964 Doroshkevich and Novikov calculated for the first time that this primordial radiation
should be mainly in the microwave spectrum [30, 31]. The first discovery from an experimental
point of view was made in 1965 completely accidentally by Penzias and Wilson while working
on radio wave detection from Echo satellites at Bell Telephone Laboratories [32]. This discovery
earned them the Nobel Prize in 1978.

In subsequent years there were numerous experiments confirming the black body spectrum of
the CMB. The first experiment specifically dedicated to the observation and study of the CMB
was the Cosmic Background Explorer (COBE), operating in the years 1989-1993 [33]. This
experiment led to the definitive confirmation of a perfect black body spectrum and, in 1992, to
the discovery of the first CMB anisotropies on large scales, a result that earned the 2006 Nobel
Prize to Smoot and Mather [34].

Subsequently, in the first decade of the 2000s, the Wilkinson Microwave Anisotropy
Probe (WMAP) satellite measured for the first time precisely the CMB anisotropies with
an angular resolution of ~ 0.2° [35]. Thanks to these measurements, precise determinations
of cosmological parameters were made for the first time, confirming the ACDM model as the
standard cosmological paradigm.

In the second decade of the 2000s, the Planck satellite succeeded in making very high preci-
sion measurements of the anisotropies, with angular resolutions up to ~ 7arcmin and sensitivity
up to puK in temperature [18, 36, 37|. For the first time, Planck also precisely measured the
polarization of the CMB signal, in particular the F-modes. The Planck experiment succeeded in
determining cosmological parameters with unprecedented precision, to the point that still today,
after a decade and numerous other precision experiments, its data and maps are still actively
used in scientific research. As mentioned in previous sections, it was precisely with the precise
measurements of Planck that the Hubble tension clearly emerged.

In fig. 1.6 the temperature anisotropies of CMB as seen by COBE, WMAP, and Planck are
shown.
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Figure 1.6: Temperature anisotropies of the CMB seen by COBE, WMAP and Planck at different
resolutions. Image from [38].
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Currently the CMB still plays a key role in theoretical and observational cosmology, contin-
uing to represent one of the most important elements for the study of the universe. For this
reason, despite the very precise measurements of Planck, there are today many experiments in
progress and in preparation, both ground-based (ACT, SPT, BICEP /Keck Array) [20, 19, 39, 40|
and space-based (LiteBIRD, scheduled for launch in 2032, and Simons Observatory) [41, 42, 43].
Currently the main purpose of these experiments is focused on observing the polarization of
radiation, in particular the B-modes, since the E-modes have already been observed by Planck
and at very small scales by ACT. The detection of primordial B-modes would represent direct
proof of cosmic inflation and the energy scales at which it occurred, as well as the primordial
gravitational waves signal.

1.8 Inflation Theory

The standard cosmological model, as presented so far, exhibits inconsistencies with observations,
in addition to problems related to the actual nature of dark matter and dark energy. All these
inconsistencies were resolved in the 1980s with the introduction of inflationary theory by Alan
Guth and Alexei Starobinsky [44, 45]. In brief, inflationary theory proposes that, in the moments
immediately following the Big Bang, the Universe underwent rapid exponential expansion, called
inflation. Let us first give a brief overview of these problems and then present the basic concepts
of inflation theory.

e The horizon problem (or homogeneity and isotropy problem):

In relativity, given the finite speed of light, only events within the light cone can be causally
connected since these are correlated by a cause-and-effect relationship.

Now consider the last scattering surface where the cosmic microwave background radiation
was emitted. The CMB extends across the entire sky, such that no causal connection is
possible between all its points: some regions are so distant that, from the Big Bang until the
formation of the CMB, not even light could have traveled such distances. In physical terms,
the CMB is so extended that the light cones of all its points could never have overlapped
in the past if a standard scenario of universe expansion is assumed. For this reason, before
observing it, one would expect a surface that was homogeneous and presented identical
physical parameters only within certain angular scales, corresponding to regions that could
have been somehow causally connected in the past. The mapping of the CMB, together
with the measurements that could be made on it, shows instead the exact opposite: the
surface appears homogeneous over 47 steradians, presenting the same identical physical
parameters at every point, such as the average temperature. Furthermore, even the CMB
anisotropies themselves are identical at any scale and in any direction they are measured.
This would be possible if and only if every region of the surface in the past had been
causally connected with all the others. Such a scenario could not have occurred with
a standard evolution from the Big Bang to the CMB predicted by the equations of the
standard cosmological model (1.50), as shown in fig. 1.7.

If instead it is hypothesized that the Universe underwent inflationary expansion, the prob-
lem is resolved, as also shown in fig. 1.8: the Universe, before undergoing inflation, was
small enough that all points were causally correlated. Then, undergoing inflationary ex-
pansion, each light cone expanded exponentially with spacetime (indeed the light cone
expands as a function of a(t)); thus effectively in the past all regions of the last scattering
surface were causally correlated.

e Flatness problem:

As seen previously, observations predict that the Universe should be spatially flat, i.e., have
k = 0. At the same time it has been seen, eq. (1.94), that for £ = 0 the matter density
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Figure 1.7: The problem of non-correlation of all CMB regions explained with gaseous regions

at A and B. Credits: Addinson Wesley.
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Figure 1.8: How inflation theory manages to solve the problem of overlapping all light cones.
Credits: Addinson Wesley.

is critical, i.e., p = p.. It is therefore noted that p = p. is a highly unstable equilibrium
point: an infinitesimal density fluctuation would be enough to change the geometry of the
Universe by curving it. Why then is this value observed which, as can be understood, is
highly improbable?

e Magnetic monopole problem:

In the first moments of the Universe’s birth, all fundamental forces are theorized to be
grouped under a single force, after which spontaneous symmetry breaking occurred
that led the forces to differentiate. This theory, however, predicts the existence of magnetic
monopoles, objects which as is well known have never been observed. To be honest, this is
primarily a problem of the standard model, but it is thought that the answer might reside
in an explanation of cosmological nature.

Beyond these standard cosmological problems resolved by inflation, there exists a more fun-
damental issue related to the limits of the FLRW model itself: the initial singularity problem.
The Universe emerged, according to the standard cosmological model, from an initial point since
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a(t) — 0 for t — 0; but at that point, since p ~ a™", we have p — oco. Physically this has no
meaning, and General Relativity is not capable of describing the physics of such singularities.

The branch of physics that attempts to address this problem is quantum gravity and,
associated with it, quantum cosmology. While not a standard prediction of inflationary
theory, inflation offers a framework to approach this problem [45, 46]: the initial singularity
could potentially be resolved by assuming that the Universe emerged through quantum tunneling
through a potential barrier, with the fluctuations that led to the creation of the Universe being
false vacuum fluctuations typical of quantum field theory. Alternative approaches include pre-
Big Bang models and other extensions of standard cosmology that attempt to avoid or explain
the initial singularity.

1.8.1 Mathematical Description of Inflation

In the very early universe, assuming A = 0 appears to be a very good approximation, since the
energy densities were much higher than those associated with the A responsible for the currently
observed accelerated expansion of the Universe.

In the standard cosmological model, regardless of the type of matter considered, to achieve
accelerated expansion ¢ > 0 in the case where A = 0, it is required that

Er3p<0 = p<—§, (1.108)

which follows immediately from the first equation of the cosmological system (1.50). Assuming
k = 0 and A = 0, the second cosmological equation becomes, assuming the presence of an

inflationary component:
a 81G 8tG
4 = \/3625inf = \/3Pinf- (1.109)

If pine is assumed to be a constant energy density over time, integration immediately yields
a de Sitter solution, characterized by exponential expansion:

8w .
a(t) = ageV 3 Pt = ggellt. (1.110)

A natural way to model the inflationary component is to introduce a scalar field ¢ = ¢(a*)
with self-interaction potential V' = V(¢). The Lagrangian density is

g:% 604D — V(6), (1111)

and from the variational principle

5.9 = 6/3\/—gdﬂ, (1.112)

the associated energy and pressure are obtained:
1. .
pt) = 56" +V(),  p(t) = 56" = V(e). (1.113)

At some initial time tj,, one can have ¢(ti,) = constant (for example ¢ = 0) with ¢(t,) = 0
and V(¢,T) > 0. In this case

pltin) =V(¢),  pltm) =-V(9), (1.114)

which implies
p=-p, (1.115)

a condition that guarantees accelerated expansion in accordance with eq. (1.108).
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Considering the first Friedmann equation and substituting p and p, one obtains:
Yo (<;'52 - 2V) , (1.116)
a

where k is a positive constant.

In some historical models (“old inflation”), it was assumed that for 7' > T, the potential was
symmetric and temperature-dependent, and that upon cooling below T, spontaneous symmetry
breaking would occur, causing the field to remain temporarily trapped near ¢ = 0. In this
configuration, the energy is dominated by V' (¢,T') and the expansion is quasi-de Sitter:

~+kV = a(t) x (1.117)

ISERSH

In slow-roll inflation models, which are more widely used today, there is no need to invoke
a true thermal phase transition. In these models, the potential V(¢) is sufficiently flat to allow
the field to evolve slowly, with V >> ¢?/2. Inflation ends when the slow-roll parameter
i
€= ——5 >~ — =1,
H? 2V
that is, when the kinetic energy becomes comparable to the potential energy. At this point, ¢
begins to oscillate around the minimum of V| transferring its energy to Standard Model fields
in the reheating process, as shown in fig. 1.9.

(1.118)
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Figure 1.9: Slow-roll inflation model.

For inflation to resolve the cosmological problems described, it is necessary that this phase
lasts long enough to produce exponential expansion of at least 50—60 e-folds, where one e-fold
corresponds to an increase in the scale factor a(t) by a factor of e. More precisely, the number
N of e-folds is defined as

tend
N = Hdt. (1.119)

tstart
The slow-roll phase is introduced to achieve this duration. This duration ensures that the
primordial Universe is sufficiently dilated to make current cosmological observables coherent,
such as the isotropy of the CMB and the near-flatness of the Universe’s geometry.

This single scalar field model represents the simplest form of inflation; many others exist,
based either on different potentials or on more complex mechanisms (for example, quantum
tunneling or multifield inflation).

The scalar field that drives inflation is called the inflaton. Depending on the model, it can
be identified with different fields, such as:
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1. Dilaton: A field arising from string theories;
2. Higgs boson: In scenarios where the Higgs field acts as the inflaton;
3. Scalaron: An inflaton emerging from modified gravity theories of the f(R) type.

The theory of inflation, despite various possible implementations, represents today the most
solid and coherent mechanism for explaining cosmological observations, and has become part of
the standard ACDM model.

1.8.2 Primordial Power Spectra

Analogous to the CMB power spectra, which represent the fundamental mathematical tools for
studying CMB physics, the primordial power spectra (PPS) constitute the most relevant
quantities associated with cosmic inflation. Inflationary expansion generates quantum fluctua-
tions that are stretched to cosmological scales, producing both scalar and tensor perturbations
of the metric. The scalar perturbations, characterized by the scalar PPS, source density fluc-
tuations that leave observable imprints in CMB temperature anisotropies and in the matter
distribution of the large-scale structure. The tensor perturbations, described by the tensor PPS,
represent primordial gravitational waves and contribute primarily to CMB polarization through
the generation of B-modes.

The primordial power spectra are typically characterized by the scalar spectral index ns and
the tensor-to-scalar ratio r, which serve as parameters for comparing theoretical predictions with
CMB observational data. Phenomenologically, the PPS can be parametrized as scale-dependent
power-laws with characteristic amplitudes, conventionally written as

k nsfl k ne
where A; and A; represent the scalar and tensor amplitudes respectively, ns and n; denote the
scalar and tensor spectral indices, and the tensor-to-scalar ratio is defined as

_ A

r i

(1.121)

The reference scale k., typically set to 0.05 Mpc ™!, represents the pivot scale at which observa-

tions are normalized. This parametrization is motivated by the requirement that inflation gener-
ates primordial scale-invariant or nearly scale-invariant power spectra. The Planck collaboration
confirmed the nearly scale-invariant nature of the scalar PPS, measuring ns = 0.9649 +0.0042 at
68% confidence level, while constraining the tensor-to-scalar ratio to r < 0.036 at 95% confidence
level [18, 47]. This approximate scale-invariance enables further parametrization through higher-
order terms that describe the scale-dependent evolution of spectral indices and their runnings,
i.e., the derivatives with respect to the logarithm of the scale.

Beyond this phenomenological description, a rigorous theoretical framework for computing
the PPS analytically can be developed within the slow-roll inflationary paradigm. In the slow-roll
scenario, the primordial power spectra can be expressed in terms of the Hubble parameter and
the hierarchy of its time derivatives, known as the Hubble flow functions (HFFs):

din H dIn €]
- dN ) €Z+1(N)_ dN

where dN = dlna is the number of e-folds. This formulation provides a model-independent
parametrization of inflationary dynamics that connects directly to observable quantities. The
analytical calculation of the PPS using the HFF formalism, including higher-order corrections
in the slow-roll expansion, is developed in detail in chapter 3, where third-order corrections to
inflationary predictions are systematically derived and compared with observational constraints.

el(N) = Vi>1, (1.122)
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Chapter 2

CMB Physics and Cosmic Birefringence

In the previous chapter, the Cosmic Microwave Background radiation and its anisotropies were
introduced, which are fundamental for testing cosmological models.

In this chapter, the physics of the Cosmic Microwave Background radiation is developed and
the cosmic birefringence effect, which affects the polarization plane of the CMB, is introduced.

2.1 CMB Anisotropies and Power Spectra

The CMB radiation is among the most nearly perfect black-body sources observable in nature.
At a specific epoch, the primordial cosmological plasma began emitting all available radiation,
which subsequently propagated freely through space. For this reason, the fundamental physics
describing the CMB is governed by black-body radiation laws.

( A black body is an idealized object that absorbs all incident electromagnetic radia- \
tion regardless of frequency or angle of incidence. To maintain thermal equilibrium,
the black body re-emits this absorbed radiation; this emission is called black-body
radiation. The spectrum emitted by a black body follows Planck’s law:
3
BT = 2 ——.
ekBT — 1

(2.1)

where B, (T) is the spectral radiance (power per unit area per unit solid angle per
unit frequency), h is Planck’s constant, and kp is Boltzmann’s constant. The shape of
B, as a function of v depends only on the temperature of the body, not on the material
composition. Similarly, the peak intensity frequency depends only on temperature
(Wien displacement law).

The total radiation energy density emitted by a black body is proportional to the
fourth power of temperature:

EM _ 87T5k4B
Ptot = 1503h3

T = oT?, (2.2)

where o is the Stefan-Boltzmann constant, and this relation is known as the Stefan-
\ Boltzmann law. )

An important cosmological consequence of this law is that, since radiation energy density
scales as p, o< a~*, the temperature of radiation necessarily evolves as T o a~'. A second
consequence is that the shape of the black-body spectrum remains unchanged during cosmic

expansion—only the temperature and frequencies shift due to redshift. This preservation is

29
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crucial because it ensures that the CMB black-body spectrum remains unaltered throughout its
~ 13.8 Gyr history. When the COBE collaboration first observed the CMB spectrum, it was
confirmed to be an almost perfect black-body radiation. COBE also detected CMB anisotropies,
which were previously unknown [33, 34].

In CMB physics, the spectral radiance B, is typically called intensity and denoted as I. The
COBE satellite revealed that this intensity is not spatially constant (purely homogeneous) but
depends on the observation direction: I = I(n), where 7 represents the observation direction.
Therefore, I exhibits intrinsic fluctuations across the sky rather than being constant on the
celestial sphere.

Since these fluctuations d1 are small, an expansion to linear order in temperature can be
performed:

1
ol = S—T 0T (n) + higher order terms, (2.3)

To

where Tp is the mean (background) CMB temperature

1
o= — [ dQT(n). 2.4
1= 4 [ 40T (24)
As discussed previously, Ty = 2.7255 K while the temperature fluctuations 67" are of order uK.
From eq. (2.1) one obtains

hv
drI 27h hvt EpTo 1
S =T = KT (2.5)
dT Ty C k‘B (6m _ 1)2 TO
and therefore one can write:
I(n) = K(v,Tp)0T (n) + higher order terms (2.6)

It is thus understood that fluctuations in electromagnetic intensity are directly related to
temperature anisotropies:

5I(R) o 8T (7). (2.7)

From an observational perspective, inverting this relation yields what are known as CMB anisotropy

maps:
51 (n)
0T (n) = ——~. (2.8)
K(Vv TO)
Anisotropies are not merely observational phenomena; they can also be predicted theoreti-
cally when perturbation theory effects are incorporated into the description of matter-radiation

decoupling in an expanding universe. The temperature fluctuations can be decomposed as:
0T (n) = 0Tsw + 0Tisw, (2.9)
where

e 0Tgw depends on physics at the last scattering surface (LSS), called the ordinary Sachs-
Wolfe effect [26]. This arises from gravitational redshift and blueshift of photons climbing
out of or falling into gravitational potential wells present at the time of recombination. It
dominates the CMB power spectrum on large angular scales.

e )1isw depends on the evolution of gravitational potentials, called the integrated Sachs-
Wolfe effect [26]. This occurs when gravitational potentials evolve along the photon path
from the last scattering surface to the observer, particularly during the transition to dark
energy domination. It contributes to the large-scale power and provides a probe of cosmic
acceleration.
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These contributions are given by:

1 Thow
8T (n) = 557 + W +n- ve} L + / dn [¥' + @], (2.10)
n

LSS

where the terms represent:
° %67: fluctuations in radiation energy density,
e U: the Bardeen gravitational potential,
e 7 - ve: Doppler effect due to electron motion during photon scattering,

e The integrated Sachs-Wolfe term: evolution of gravitational perturbation potentials ¥ and
® in conformal time 7.

The conformal time 7 is defined to be

dn =

=g (2.11)
The detailed physics of these effects is not delved into here, but they are mentioned to
illustrate the physical origin of temperature anisotropies: they arise from gravitational effects,
gravitational perturbations, Doppler shifts from ~e™ scattering, and intrinsic radiation density
fluctuations.
The quantity d7'(n) can also be expressed by treating it as a stochastic variable dependent
on observation direction:

§T(#) = T(R) — Ty, (2.12)

where T'(n) is the CMB temperature measured along the line of sight n and 7} is the
background temperature.
Since T'(n) is a scalar function defined on the sphere, it can be expanded using spherical

harmonics as a basis:
+oo 4
=3 > amYun(h), (2.13)
{=0 m=—¢

where the information contained in 7" is encoded in the ay,, coefficients.
Multiplying both sides by Y/, () and integrating over the sphere:

/4 dQT( Ye/ Z Z aﬂm/ dQnm n’ () (2'14)

{=0 m=—¢

Spp18

mrn

Using the orthogonality relation of spherical harmonics, the sums collapse and one obtains:

G = / A0 T(R)YE, (7). (2.15)
47

For ¢ = 0, one has m = 0, corresponding to the monopole term:

a0 = /4 AR T () Yoo (h)
. 1
- /M A0T(R) (2.16)

TO \/* S
VA 0
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Therefore:
0o 4
T(R) = apYoo+ Y Y amYem(R)
(=1 m=—¢
0o 4
(=1 m=—¢
o
=To+ > Z apm Yem (R),
(=1 m=—¢
and thus:

0 l
5T(ﬁ) - T(ﬁ) —Tp = Z Z afmyfm(ﬁ)- (2'18)
{=1 m=—/

The ¢/ = 1 term is the dipole and is typically excluded from analysis because it is not
cosmologically fundamental—it arises from the motion of the observer relative to the CMB rest
frame. In our case, this is the motion of the Milky Way galaxy relative to the CMB frame.
Therefore, observational studies focus on:

Z Z aomYem (1 (2.19)

map space (=2 m=-¢

harmonic space

Theoretical predictions are typically formulated in harmonic space. The ay,, coefficients are
predicted to be Gaussian random variables with

<afm> *: 0 (220)
(aemap,,) = Cebppr Sy
where:

e () is the angular power spectrum; these quantities (parameterized by ¢) characterize
the ay,, coefficients and are typically functions of cosmological parameters:

Ce = Co({$2}), (2.21)
meaning they vary with changes in cosmological parameters.

e The Kronecker deltas dpp/d,,,, enforce the Gaussian assumption: the ay,, are uncorrelated
Gaussian variables, so different £ and m modes are statistically independent. The C, values
thus measure the variance of the ay,, coefficients.

If the ag, are Gaussian variables, any linear combination of them is also Gaussian, meaning
0T is Gaussian. In general, characterizing a stochastic variable requires computing all possible
correlation functions:

Cy = (0T (n1)0T™ (n2)) (2-point correlation function) (2.22)
Cy = (0T (n1)0T™ (n2)d0T (ng)) (3-point correlation function) (2.23)

However, for Gaussian 0T, all odd correlation functions vanish:

02n+1 =0 VneN, (2.24)
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while even correlation functions are determined by the 2-point function:
Cy,, = Fn(CQ) Vn € N. (2.25)

In other words, all information is contained in the 2-point correlation function for Gaussian
variables. Working under the Gaussian assumption, the 2-point correlation function is computed:

Cy = Cy(ny,ne) = (0T (71)0T* (N2))
= Z Z aémae’ 1) Yo (1) Y, (R2)

tm O o Codpd (2.26)
= CoYpm (7)Y, (R22) Z@an ()Y, (22).
Im
Using the addition theorem for spherical harmonics:
4
L Nk 204+1_, 20+1
> Yo (i)Y, (2) = Py~ fiz) = = — Pr(cost), (2.27)
m=—/
the 2-point correlation function is found:
L 20+1_ .
Cy =C(ny1,n2) = ZC@ 1 Py(nq - nig). (2.28)
7 m

This yields two key results:

1. The 2-point correlation function depends only on the angle cos @ = n; - s between obser-
vation directions, not on n; and 719 individually. This demonstrates that the correlation
function is rotationally invariant.

2. The set {Cy} contains all statistical information about 6T.

These results explain why Cy is considered the fundamental quantity in CMB physics and
analysis. This is also why the 2-point correlation function and power spectrum are sometimes
used interchangeably.

Since Cy represents the fundamental observable in CMB analysis, developing robust estima-
tors for these quantities at each multipole £ is essential. In appendix C, the construction of
the estimators Cy is presented, starting from the ideal case and progressively including realistic
effects such as incomplete sky coverage, instrumental noise, and finite angular resolution.

2.2 CMB Polarization

The linear polarization of the observed CMB radiation arises from Thomson scattering during
the epoch of recombination. While the decoupling of photons from matter is not instantaneous,
photons undergo their final scatterings with free electrons in an anisotropic radiation field. This
anisotropy, caused by temperature fluctuations and velocity fields, imparts a net linear polariza-
tion to the CMB. In contrast to a perfectly homogeneous and isotropic blackbody distribution
(which produces unpolarized radiation), the presence of temperature fluctuations and quadrupole
anisotropies generates preferential polarization directions [48].

Polarization measurements provide extensive information about the primordial universe and
its evolution, particularly regarding the physics of recombination and potential signatures of
primordial gravitational waves.

The Stokes parameters () and U, commonly used in optics to characterize linear polariza-
tion, can describe CMB polarization as well.
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For an electric field E, the parameter () is defined as:
Q = (E7) — (E}), (2.29)
and the parameter U corresponds to a 45° rotation:
U = (E%) - (E2), (2.30)

where the 'y plane is rotated 45° with respect to the zy plane.
The intensity I, cfr. eq. (2.3), is sometimes considered as a Stokes parameter as well:

I =(E2) + (E}). (2.31)

Unpolarized radiation (natural light) is characterized by @ = U = 0.

CMB polarization could also exhibit circular polarization, which is not produced by Thomson
scattering under standard conditions. The description of this component, requiring a third Stokes
parameter V', is omitted here, as it is important in some other theoretical models but not central
to this discussion.

Since polarization arises from products of electric field components, it transforms as a rank-2
tensor. The polarization tensor P can be defined as:

P=Qo3+Uoy = (3 _UQ> : (2.32)

where o1 and o3 are two out of the three Pauli matrices

01:<(1) (1)) 02:@ _02> USZG 01). (2.33)

This expression reveals the spin-2 nature of P. The matrices M can be defined as:

1 . 1 /1 44
M:I:ZE(JZ'»:‘:ZO-I):i (:l:Z _1> (234)

allowing P to be expressed in terms of the rotationally invariant quantities @) £ ¢U, as will be
shown later:

P =(Q+ilU)M, +(Q—iU)M . (2.35)

The polarization tensor P can also be characterized by:

Amplitude: Q2?4+ U? (2.36)

U
Polarization direction: 2¢ = arctan <Q> (2.37)

These quantities are rotationally invariant: the polarization direction and amplitude remain
unchanged under coordinate rotations of () and U.

In order to construct a deeper mathematical description of what has just been discussed,
the discussion can be started by considering that when describing polarized light from the sky,
Stokes parameters are defined with respect to a fixed coordinate system. However, defining a
rotationally invariant orthogonal basis on a sphere is impossible. While the coordinate system is
well-defined over small patches, it becomes ambiguous when considering the full sky. Therefore,
it becomes essential for cosmological predictions to employ two rotationally invariant quantities
derived from U and @Q: the electric-type and magnetic-type components £ and B.
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Figure 2.1: Different rotation properties of scalar and tensor functions. For scalars (represented
as spheres), rotation affects only the argument. Components of higher-rank tensors (represented
as squares) must account for both argument rotation and shape transformation.

Figure 2.2: Reference frames describing light propagation during Thomson scattering. The
incident unpolarized light propagates along the &/, = 7/ direction. The outgoing polarized light
propagates along é, = n, at an angle 6 relative to the incident direction. Figure from [48]

For computational convenience, the polarization can be redefined with a rank-2 tensor I;;
(where I;; = 2P;;, so I = 2P). The Stokes parameters relate to this tensor as:

Q= Iii—1I22 20 2U
{U—Il—24 = I =2P; =5 50) (2.38)
-2

As illustrated in fig. 2.1, scalar quantities such as temperature remain invariant under rota-
tions of angle ¢ around 7, while higher-rank tensors transform accordingly. Under rotation by
angle ¢, vectors transform as:

S _p A . o cos¢p sing
é; = R;;¢/ with Ry (—singb cose) (2.39)

so that the basis vectors transform as:

%:1 = élAcos.<;5 + éQAsin ) (2.40)
€y = —é18in¢ + éxcos ¢
Under rotation by angle ¢, the Stokes parameters transform as:
Q' = Qcos(2¢) + Usin(2¢) (2.41)
U' = —Qsin(2¢) + U cos(2¢) '
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(Starting from the definitions in eq. (2.55), it is possible to derive that quadrupole\
anisotropies generate polarization. Consider Thomson scattering with incoming un-
polarized light characterized by Stokes parameters (I’,Q’, U’) and outgoing light with
Stokes parameters (I,Q,U), as illustrated in fig. 2.2.

The Thomson scattering differential cross-section is given by

do  3or

— 2.42
=L e (242)

where €’ is the polarization direction of the incident light, € is the polarization direction
of the scattered light, and or is the total Thomson cross section. For this process, it is
convenient to work with

I,=—= and I r-eQ

5 y=—a (2.43)

Imposing that the incoming light from a single direction is unpolarized, I}, = I?’J =
I'/2, one can determine I, and I, along a single outgoing direction by noting that
do /dQ provides the weights of the contributions to that direction:

SUT N . 30‘T
L= 5 [LE &) + L, &)’ = T (2.44)
30T 2 v 221 _ SoT 9
I, = 87 [Ig/c( €y) —i—I;(s;/-ey) ] = 167]’008 0, (2.45)
and consequently
_ 3or
I=I,+1,=———I(1 2.4
+ 6m (1 + cos?h), (2.46)
3o ,
=l —Iy=——1Is 2.4
@ Y 16w n*. (2.47)

To obtain the total scattered intensity I, one must sum over all possible contribu-
tions by integrating over all incident directions:

3o

[=1—[d2 I'(6,¢)(1 4 cos?6), (2.48)

Q= % / dQI'(8, ¢) sin? § cos(2¢), (2.49)
. 3UT / ) .

U= 16 dQ I'(0, ¢) sin” fsin(2¢), (2.50)

where @ and U have been obtained through eq. (2.41). By expanding I’(6, ¢) in spher-
ical harmonics (cf. eq. (2.13)), the integration yields

= 3UT[ VTag + = \/;ago] (2.51)

3or |27
_ =7 2.52
_ 3or |27
U=-— 2= V15 Slage], (2.53)

\demonstrating that @ and U are determined by the quadrupole term ass. )
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This transformation can be derived by expressing the electric field components more rigor-
ously. With amplitudes a; and phases 6;:

E; = ag(t) cosjwot — 0,(t)], Ey = ay(t) cos[wot — 0y(t)], (2.54)

the Stokes parameters become:

I ={(a2) + {(a}), (2.55)
Q = (a3) — {a), (2.56)
U = (2azay cos(, — 6y)). (2.57)

Transforming E under rotation eq. (2.40) yields E; and Ej, from which a;, ay, and subse-

quently Q' and U’ can be derived.
From the rotation properties described in eq. (2.41), two rotationally invariant parameters
(up to a phase) can be constructed: @ £ iU. Indeed:

Q' +iU’ = Qcos(2¢) + U sin(2¢) + i(—Q sin(2¢) + U cos(2¢)) (2.58)
= Q(cos(2¢) Fisin(2¢)) + iU (cos(2¢) £ isin(2¢)) (2.59)

yielding:
Q +ilU' = (Q +iU)eT™?, (2.60)

demonstrating that @ 4+ ¢U are spin-2 quantities, i.e. they transform with a phase factor of
2¢ under a rotation of the reference frame by an angle ¢. These are functions of the observation
direction 7 = (sin 0 cos ¢, sin §sin ¢, cos 0): (Q £iU) = (Q £1iU)(n).

For full-sky analysis, expansion in spherical harmonics is employed, analogous to the tem-
perature decomposition discussed previously. While the temperature field is scalar and expands
using ordinary spherical harmonics, polarization quantities require expansion of () £ ¢U using
spin-2 spherical harmonics 19Yy,, due to their spin-2 nature:

9] l
(QENR) =D Y axzim+2Yem(R), (2.61)
{=0 m=—/(
with inverse relations:
a2t = / A 12, ()(Q +iU) (), (2.62)
t-2m = [ A92¥,(0)(Q - U)(0) (2.63)
Linear combinations of these quantities define the E- and B-mode harmonic coefficients:
EZm = ap/m = _%1(@2,€m + a—Z,Em) (264)
Bom = aem = —5;(a2,0m — a_2,0m)

Under parity transformation 7 — —n, E-mode coefficients remain unchanged while B-mode
coefficients change sign. Indeed, using the parity property of spin-weighted harmonics

Yo (=0) = (=1)° Yo (), (2.65)
under parity transformations the harmonic coefficients transform as
G = [ ARQEV)) Vi) = [ Q£ 0)(7) V()

— (1" [ d0(QE W) ) ~Yi () = (~1) s (2.66)
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Therefore, using the definitions in eq. (2.64), one obtains
Eém = _%(aé,ém + aL2,Zm) - %( ) (a—Q,ﬁm + a27ém) = (_1)€E€m7 (267)

This demonstrates that ' and B modes are eigenstates of parity transformation:

P ¢ .
E = (-1)F t
AP a o { (-1) (even parity) (2.69)

s (=1)*1'B  (odd parity)

E modes behave like vectors (electric field), while B modes behave like pseudovectors (mag-
netic field). Hence the terminology: electric-type modes and magnetic-type modes.
F and B modes allow the representation:

(Q=+iU) = Z Z B £ iBom) +2Yim (R Z Z (@B tm % 105 0m) +2Yom (7). (2.70)

=0 m=—¢ {=0 m=—¢

The polarization tensor P can be expressed following eq. (2.35). Defining:
1
YZ;EnME D) (2Y€mM+ +-2 ngM,) ) (2.71)
1
YimMp = o (2YimM . — 2 YimM_) , (2.72)

the polarization tensor becomes:

00 V4
=Y > [BunYiMp + BonYimMp] . (2.73)
=0 m=—4

The polarization has thus been decomposed into modes with patterns analogous to electro-
magnetic fields. E-mode polarization exhibits vectors that are radial around cold spots and
tangential around hot spots, while B-mode polarization displays curl-like patterns with vectors
exhibiting vorticity around any given point, regardless of temperature, as shown in fig. 2.3.

The E-mode and B-mode scalar fields are defined as:

=0 m=—¢
=3 3 BunYinti 279
=0 m=—¢

These scalar fields are the primary quantities used in CMB polarization analysis.

The E and B decomposition is fundamental for several reasons and it is crucial in cosmology
because it relates perturbations to polarization observables. While Q and U are the direct
observables, the £ and B geometric decomposition of P is more convenient in data analysis
and physical descriptions: it separates polarization tensor components excited by scalar-type
perturbations (E modes) from those excited by tensor-type perturbations (B modes), providing
a direct link to the underlying physics of structure formation and primordial gravitational waves.

2.3 CMB Power Spectra

In section 2.1, the power spectrum C; was introduced as the two-point correlation function
between temperature anisotropies. By describing the CMB signal with polarization modes E
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Figure 2.3: Polarization vectors around regions with different E and B mode signatures. E modes
are parity-even (unchanged under mirror reflection), while B modes are parity-odd (sign-reversed
under reflection).

and B, additional power spectra are introduced. Together with the temperature power spectrum
Cy (henceforth denoted C77T), which correlates temperature-temperature (T'T) signals, other
pure power spectra exist: CfE and C’fB , correlating F-mode with E-mode and B-mode with
B-mode signals, respectively. Moreover, cross-correlation spectra can be studied, such as CfB ,
C’KTB, and C’KTE .

The general formula for the power spectrum at a given multipole ¢ correlating quantities X

and Y is ,

1 *
CZXY =5/, 11 Z (ax em aY,€m>7 (2.76)

where statistical isotropy implies that the expectation value (ax ¢m a3 /) is diagonal in (¢, m)
and independent of m. Indeed, assuming all coefficients follow Gaussian statistics:

XY

(ax,ma¥,pm) = C7 " Oot O (2.77)

where Gaussian statistics implies no correlation between different ¢ and ¢’ or different m and m/'.
The averaging is performed over the entire sky.! The averaging over m at fixed ¢ stems from the
underlying assumption of isotropy. As stated by [49]: “assuming that the Universe is statistically
1sotropic with no preferred direction, one averages the squared coefficients over m to obtain the
power spectra.”

CéX Y is actually an ensemble-averaged power spectrum, where the ensemble average is per-
formed over a set of possible realizations of the CMB sky. Indeed, these formulas derive from the
desire to characterize the statistics of how these quantities are distributed across the sky. The
observed power spectrum of a single realization is instead an estimator of the true one,

l
~ 1 N
XY = T Zﬁax,gm - (2.78)
——

!These formulas follow from the orthogonality relation of spherical harmonics (forming a complete basis on
the sphere):

/ ngY;m/dQ = 47l'5”15mm/.
Q
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In appendix C, a more detailed analysis of the estimator Cy is presented.
The six CMB power spectra are:

l
1 *
Ci' = 20 +1 > (arm0 ) (2.79)
m=—/
1 < L&
EE _ N B i}
Cz - 20+ 1 Z <CLE,£mCLE,€m> - m Z <Eng€m>, (2.80)
m=—{ m=—/{
1 ¢ 1 L
BB _ N B i
CPP =5 2 (s imtban) = 57— D (BemBi), (2.81)
m=—¢ m=—/{
1< ;L
EB _ . B i}
Cr” = w1 Z (aB,m pm) = Y] Z (EemBim), (2.82)
m=—/ I
1 l
it = 2041 D (aremdi m), (2.83)
m=—~
1 ¢
= D (aremah m)- (2.84)
—

On average, no cross-correlation exists between certain mode combinations:
CIB=0 and CFPP =0, (2.85)

provided parity is conserved in the processes that generate the CMB. This result can be un-
derstood by considering parity transformations: under parity, T — T and B — —B, so the
correlation T'B — —T' B. Averaging over the entire celestial sphere causes these anti-symmetric
contributions to cancel.

If physics beyond the Standard Model violates parity symmetry, then non-zero values should
be observed:

CIB 40 and CFB 0. (2.86)

These parity-violating correlations serve as sensitive probes of new physics, including axion-
like particles, modified gravity theories, and other extensions to the Standard Model. The search
for such signatures represents an active frontier in CMB cosmology, with current and future
experiments designed to detect these subtle but potentially revolutionary signals.

2.4 Cosmic Birefringence

As demonstrated, CMB polarization is sensitive to physics beyond the Standard Model that
violates parity symmetry under spatial coordinate inversion. If dark energy or dark matter
(individually or collectively) exhibit parity-violating properties, polarized CMB light can provide
insights into their nature and help address fundamental questions about these components. When
parity symmetry is broken by new physics beyond the Standard Model, T'B and EB correlations
arise, generating non-zero C’;;FB and CgEB power spectra.

Among the various mechanisms that can generate parity violation and/or TB and EB cor-
relations, one is particularly compelling because it involves the axion field a—currently one of
the most promising dark matter or dark energy (depending on the mass) candidates.

If parity violation occurs through a coupling between an axion-like scalar field a and the
electromagnetic field F*, the Universe filled with a acts as a birefringent medium, affecting
CMB polarization.
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(The axion field a was introduced to solve the strong CP problem—the puzzle of Why\
CP symmetry is not significantly violated by strong interactions despite theoretical
expectations.

The QCD Lagrangian contains a CP-violating topological term:

Lop = ﬁg‘f;c;g”éw, (2.87)

where 9 = ¥ + arg(det(M,)) combines the QCD @-parameter with phases from the
quark mass matrix M,. This term arises from the non-trivial vacuum structure of
non-Abelian gauge theories.

The topological term induces a neutron electric dipole moment d,, ~ 107169 e cm.
Experimental measurements constrain d,, " < 1.8 x 10726 e cm, requiring 9 < 10719,
This represents the strong CP problem: two unrelated physical quantities must cancel
with extraordinary precision to yield ¥ ~ 0.

The Peccei-Quinn mechanism resolves this fine-tuning by introducing the axion field
@ a Qs =

LPQ = ﬁgGa Gauuu (288)
where f, is the axion decay constant. This allows ¥ to dynamically relax to zero,
naturally solving the CP problem.

The axion couples to electromagnetic fields through a similar Chern-Simons in-
teraction:

Los= —9“47” aF,, FH, (2.89)
where gqy~ o 1/ f, is the axion-photon coupling and by definition:

~ 1
F, =0,A, —0,A, and F,, = 55,”@517&%3, (2.90)

where

Ay =(¢,A) (2.91)

is the quadripotential which collects the scalar electric potential ¢ and the vector po-
tential A.

In the convention adopted throughout this work, F,, is written with respect to the
electric and magnetic fields components as

0 -E,/c —E,/Jc —E,/c

| Ez/c 0 —B, By
Fw=|{gj B, 0  -B, (2:92)
E.Je -B, B, 0

More generally, axion-like particles (ALPs) describe light pseudoscalar fields
\with similar physics but not necessarily tied to solving the strong CP problem. )

A parity-violating coupling between an axion-like field? @ and the electromagnetic field was
first proposed by [50] in 1989.
The invariant product F'F' can be expressed as:

F,,F" = —4E B, (2.93)

2The axion field is denoted by @ in this chapter and throughout the work. However, to prevent notational
conflicts with the cosmological scale factor (also denoted by a in earlier chapters), the symbol x will be adopted
for the axion field in contexts where both quantities are simultaneously discussed.
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which changes sign under parity transformation. Assuming a is a pseudoscalar, the Lagrangian

remains invariant while parity violation occurs through the field dynamics.
Analysis of the electromagnetic field equations with axion coupling reveals a helicity-dependent
dispersion relation, yielding different phase velocities for the two circular polarization states [49]:
W4+ gavwa/

— ~14
k 2 7

(2.94)

where o' = da/dn is the time derivative of the axion field with respect to conformal time.

This difference in phase velocities leads to rotation of the polarization plane. Even when
the second term is extremely small, the cumulative effect may become significant during photon
propagation from the last scattering surface to observation. The two helicity states evolve as
By oc et dnws causing the Stokes parameters to rotate by an angle 5:

1 1o Jary~y
B(ng) = —= dn (wy —w-) = =—|a(n —a(no)l, 2.95
(0) /77 (+ ) 9 [(LSS) (0)] ( )

2 LSS

where nrss is the conformal time at the last scattering surface and 7 is the present conformal
time.
The observed Stokes parameters are then related to the primordial values through:

Qobs + iUObS — (Qprim + Z'U*prim)ei%/o’7 (296)

where the superscript "prim" denotes primordial values at the last scattering surface (it will be
dropped off in the next), and "obs" indicates the values observed today.

This rotation mechanism, known as cosmic birefringence, provides a direct probe of axion-
like dark matter or dark energy and other parity-violating physics. The effect can manifest
as either isotropic rotation (uniform across the sky) and/or anisotropic rotation (direction-
dependent), each carrying different information about the underlying axion field dynamics and
cosmological evolution. In particular, an anisotropic birefringence field 3(n) may exist even if its
sky-averaged (isotropic) component vanishes, i.e. (8(7)) = 0. In this case, the ensemble-averaged
parity-violating correlations vanish, (CFB) = (C7P) = 0, although local anisotropies in 3(n) still
induce measurable mode couplings between E and B modes. Such a scenario represents a pure
anisotropic birefringence case, where parity violation is present but averages out globally.

2.4.1 How Isotropic Cosmic Birefringence Changes the Power Spectra

Taking the decomposition of the linear polarization Q(n) & iU (n) in terms of E and B modes,
the expansion can be written as:

o 1
Q(ﬁ) + ZU(ﬁ) = Z Z (Eﬂm + Z'Bém) iQWm('fL)' (2'97)
=0 m=—/¢

If the Universe is filled with an axion-like scalar field a that generates cosmic birefringence,
a rotation of the polarization plane by angle 8 occurs. In presence of Isotropic Cosmic Bire-
fringence (ICB) $ is constant. The linear polarization rotates by angle 3, so the observed
quantities become the primordial quantities rotated according to the spin-2 nature of the Stokes
parameters:

Qobs + iUObS — (Qprim + Z'varim)ei%,ﬁ7 (298)
where the left-hand side represents observed quantities and the right-hand side represents pri-
mordial quantities at the last scattering surface.

From egs. (2.97) and (2.98):
ESPS 4+ iBS™ = (B4, & i By, )e™2P. (2.99)

Im Im
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Expanding the exponential:

ES™ + iB9PS = (Eyy, + 1By [cos(£20) + isin(£23)] (2.100)
= (Epm £ 1By )[cos(28) £ isin(23)]. (2.101)

Performing the multiplication:

ES™ +iB9Y = . cos(28) & i Egy sin(28) + By, cos(28) — B sin(23) (2.102)
= Eyp, c08(28) — By sin(28) i (Egy, sin(28) + By, cos(20)) (2.103)

yielding:

(2.104)

Eg}f = Eyy, cos(23) — By, sin(203)
Bghs = Egy sin(288) + Bey, cos(26)

From eq. (2.104), the observed power spectra can be computed as functions of the primordial
power spectra (those at the last scattering surface). These differ from the primordial spectra due
to birefringence effects.

° CfE’ObS: From the definition:

l

EE,ob 1 bs frobss
Cy o = TS > (BRRER). (2.105)

m=—

Substituting eq. (2.104):

L

obs 1 . * % .
OKEE, bs _ T Z ((Epm cos(28) — By, sin(2p))(Ej,, cos(28) — By, sin(253)))

m=—~{

l
- 2g1_|_1 Z (Epm B3 ) cos?(28) — (Epn B;, ) cos(23) sin(20)

m=—/

— (B E},) sin(28) cos(26) + (B Bj,,) sin?(23)

sin(20) cos(20)
2041

L

> (BumBi,, + EfyyBim).
m=—~

= OFF cos?(2B) + CPP sin?(28) —

Using the identity:

<E€mB;m> + <E;mem>
2

=R(EmBin)l < (EmBin) + (EpnBem) = 2R[(Eon By

(2.106)
and the definition of CfB:
PP = CEE cos?(2) + CPP sin?(28) — CFB sin(45) (2.107)
° C’£B B.obs. from the definition:
1 y4
BB,obs __ obs pobsk
G =21 > (BowB). (2.108)

m=—
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Substituting eq. (2.104):

4
1
BB,ob . . X
CZ o — m mz: <(E€m Sln<25) + Bfm COS(2/8))(E£m Sln(26) + BEm COS(26))>
1 4
= T Z_ (EemE},,) sin2(25) + (EymBy,,) sin(23) cos(23)
+ (B Ej},,)) cos(2) sin(28) + (B Bj,,,) cos?(23)
. y4
) sin(2/) cos(25) « X
= EEE sm2(2ﬁ) + CZBB COSQ(26) + T mZ_£<EgmBgm + Eme€m>7
yielding:
CyP% = CFF sin®(2B) + CPP cos(28) + CFP sin(48) (2.109)
° C’fB’ObS: From the definition:
£ ¢ obs Robs* obs* pobs
] 1 1 (EpmBpy™) + (Ep>* Bp)
CEB,obb _ Eobs obsx\ _ Im —fm Im Im ) 2.110
¢ 2£+1m;<€m ") 2£+1m; 2 (2.110)

Substituting eq. (2.104) and expanding:

l
1 1
cphebs = N (B Ey) sin(48) + (Ep B}y, cos(45)

C2A+12 ~
+ (EpnBum) cos(48) — (Bem By, ) sin(453)
= Sin(;ﬂ)cfff + cos(4B)CFP - Sin(;‘ﬁ)ch,
yielding;:
CfPobs — %sin(élﬁ) (CEE — CPP) + cos(4p)CEP (2.111)
o CTT,obs:

l

The rotation angle 5 does not affect the temperature 7', which is a scalar invariant under
rotation:

TE57T = T, % 1., (2.112)

where T'= 3020 S TomYom.

The observed coefficients TZ};S are identical to the primordial ones:

T = Tem, (2.113)
therefore:
12 4
crTobs _ _1 gy = ! TomTp,) = CIT 2.114
l _mz<ﬁm Zm>_2€_’_12<5mém>_€ ( )
m=—/ m=—/

c)hebs = oIt (2.115)
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° CZTE’ObS: From the definition:

L ¢ b: bs* obs* robs
1 1 <T0 SES > + <T FE >
CTE,obS _ TObSEObS* — fm —em fm —bm [ 2.116
Substituting eq. (2.104):
1 1<
T E,ob * * 1
CTEebs _ 5713 mE__ (Tom Eyp,y,) cos(28) — (Tem By, sin(28)

+ (T Eem) c0s(28) — (1, Bem) sin(2)
4 * *
_ 261 - Z <TZmEEm> —;— <TZmE€m> COS(26)
1 & (TmB: T}, Bim) .
_2£+1 Z <£ /m >2< 14 > 111(26)

CZE,obs = CTE cos(28) — OFB sin(28) (2.117)

. CZTB’ObS: From the definition:

L L

TB.obs 1 b b 1 <T€obngbs*> 4 <Té)bs*B?bs>
) — TO SBO Sk\ m m m m . 2.11
Ce 2£+1m§£< tm )= 2€+1m§£ 2 (2.118)
By analogous calculation:
1 1 o

CZB,obs = 5715 Z (Tem Epy,) sin(28)+(Tym By,,,) cos(28)+(T,, Eem) sin(28)+(T;,,, Bem) cos(25)

o (2.119)

C o = OFEsin(28) + CFP cos(2) (2.120)

In summary, due to birefringence which rotates the Stokes parameters and linear polarization,
the observed power spectra differ from the primordial ones according to:
Oy = CFF cos?(28) + CPP sin®(28) — CFP sin(4B), (2.121)
Oy = CPP sin®(28) + CPP cos®(28) + CFP sin(4B), (2.122)
CpPes = %Sin(4ﬂ) (CFF — CPP) + cos(4B) CFP, (2.123)
CgTT,obs _ ET, (2.124)
Cy 7 = CF ¥ cos(26) — Cf P sin(26), (2125)
;P = Cf P sin(28) + CF' cos(28). (2.126)
If there is no birefringence effect, § = 0 and the observed power spectra are identical to those

generated at the last scattering surface. Note that in the computation above, primordial FB
and T'B power spectra have been included to maintain generality, allowing for other effects that
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might generate such correlations. In the case of the ACDM model, these power spectra are null
(CEB = C'B = 0) and the system reduces to:

CfE,obs = CFF cos?(28) + CPP sin?(28), (2.127)
CEBobs — OFF sin?(28) + CPP cos®(28), (2.128)
C;“B,obs _ %sin(llﬁ) (C’fE _ CfB) : (2.129)
CITebs — oIT, (2.130)
CZ’E,obs = OTE cos(26), (2.131)
CTBoY — 0T F sin(25). (2.132)



Chapter 3

Third order corrections to Slow-Roll
Inflationary Predictions

As introduced in section 1.8, cosmic inflation represents the most successful mechanism for
explaining a wide range of cosmological observations, particularly the anisotropies of the Cosmic
Microwave Background (CMB). The theory provides a compelling framework for understanding
the initial conditions of the Universe, where spacetime inhomogeneities amplified during the
inflationary expansion serve as the seeds necessary for the formation of the large-scale structure
(LSS) observed today. During this epoch, quantum fluctuations of the inflaton field—a scalar field
that drives inflation—are stretched to macroscopic scales through exponential expansion. These
fluctuations constitute the origin of density perturbations and gravitational waves, eventually
manifesting as the temperature and polarization anisotropies observed in the CMB and the
inhomogeneous distribution of galaxies throughout the Universe.

Since the introduction of inflationary theory, a vast class of models has been developed to
explain the underlying mechanism, as collected and reviewed in the Encyclopaedia Inflationaris
[51]. These models stem from the extensive variety of possible inflaton potentials V(¢), which
can be motivated by diverse theoretical frameworks spanning quantum gravity, string theory,
and supergravity. Consequently, it becomes essential to distinguish and constrain inflationary
models through precise cosmological observations. Furthermore, developing accurate theoretical
predictions is crucial for establishing robust parametrizations of inflationary observables and
conducting meaningful comparisons with observational data.

As discussed in section 1.8.2, the primordial power spectra (PPS) of scalar and tensor per-
turbations represent the fundamental theoretical quantities connecting inflationary dynamics to
observable CMB anisotropies and LSS. While the phenomenological parametrization introduced
in eq. (1.120) provides a useful framework for comparing observations with theoretical predictions,
the nearly scale-invariant nature of the PPS—confirmed by Planck observations—enables a more
rigorous analytical treatment through higher-order corrections in the slow-roll expansion. These
corrections systematically account for the scale-dependent evolution of spectral indices and their
runnings, thereby refining theoretical predictions beyond the simple power-law approximation.

Observational consistency requires contemporary inflationary scenarios to satisfy the slow-
roll conditions, which ensure that the inflaton field remains dominated by potential energy while
evolving gradually down its potential, with negligible kinetic energy and acceleration. This slow-
roll regime ensures that the inflationary epoch persists for a sufficient duration and generates ob-
servables consistent with current measurements. Fortunately, within this framework, it becomes
possible to develop a robust and model-independent theoretical description of inflaton dynamics
through the Hubble Flow Functions (HFFs) introduced in eq. (1.122), thereby establishing a
rigorous mathematical foundation for the PPS beyond the phenomenological parametrization.

The dynamics of both scalar and tensor perturbations §¢ in the inflaton field ¢ are governed
by the Mukhanov-Sasaki equation [52, 53]. Under the slow-roll approximation, this equation

47
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can be solved perturbatively using the HFFs that characterize the inflationary dynamics. Once
solutions are obtained to a given order in the slow-roll expansion, the corresponding perturbative
form of the PPS can be extracted to that same order of approximation, providing increasingly
precise theoretical predictions for comparison with observations.

The perturbative solutions to the primordial power spectra are systematically classified ac-
cording to their order in the slow-roll expansion:

e Leading Order (LO): The zeroth-order solution, corresponding to the pure power-law
parametrization.

e Next-to-Leading Order (NLO): First-order corrections in slow-roll parameters.

e Next-to-Next-to-Leading Order (NNLO or N2LO): Second-order corrections [54,
55, 56].

e Next-to-Next-to-Next-to-Leading Order (N3LO): Third-order corrections [57, 58|.

This analytical approach enables precise connections between expansion parameters and the
physical parameters of single-field slow-roll inflationary models, facilitating robust parameter in-
ference and model testing. The accuracy of these analytical predictions has become increasingly
crucial in light of forthcoming cosmological surveys such as LiteBIRD [59] and Simons Obser-
vatory [42] for CMB observations, and Euclid [60, 61, 62, 63] for LSS measurements, which all
promise significant improvements in the precision of cosmological measurements across multiple
observational channels. As observational precision continues to advance, theoretical predictions
must achieve correspondingly higher levels of accuracy to fully exploit the constraining power of
next-generation experiments.

The work presented in [1] encompasses one of the research projects pursued in this thesis,
where scalar and tensor perturbations are calculated up to third-order corrections in the slow-roll
expansion. While initial computations of these results were presented by [57], this work obtains
them through a different analytical approach to the integral evaluations. Furthermore, the final
results are systematically compared with those obtained in [57] and validated against numerical
solutions of the Mukhanov-Sasaki and tensor perturbation equations to assess the effectiveness
and importance of third-order PPS solutions.

The numerical code PyPPSinflation, developed specifically for this research, computes nu-
merical PPS from the Mukhanov-Sasaki equation solutions and compares them with analytical
approximations at first, second, and third order. This code has been made publicly available!.
Given the sensitivity of current CMB surveys, including Planck [64], ACT [65], SPT [19], and
BICEP /Keck [39], constraints on slow-roll parameters are derived in [1] by comparing different
truncation orders of the PPS expansion. The analysis investigates implications for spectral in-
dices, their runnings, and higher-order running parameters. Additionally, forecasts for future
cosmic-variance limited CMB space missions are presented.

The subsequent sections of this chapter are based on the work [1].

3.1 Mukhanov-Sasaki Equation and the Green Function Method

The first work that proposed the N2LO solution was by Stewart and Gong [54], who constructed
a general analytical approach using the Green function method applied to the Mukhanov-Sasaki
equation. This pioneering work established the theoretical foundation for systematic perturbative
calculations of primordial power spectra beyond the leading-order approximation.

For more than two decades, the Stewart-Gong framework remained the state-of-the-art
approach for higher-order slow-roll calculations. It was not until the work of Auclair and

"https://github.com/SirlettiSS/PyPPSinflation
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Ringeval [57], published more than 20 years after the original Stewart-Gong analysis, that the
N3LO solution was proposed for the first time, extending the perturbative expansion to third
order in slow-roll parameters and opening new possibilities for precision cosmology.

The Mukhanov-Sasaki equation governs the evolution of gauge-invariant scalar perturbations
during inflation and serves as the fundamental starting point for all analytical calculations of
primordial power spectra. For a scalar field ¢ with potential V(¢), the equation describes the
dynamics of the comoving curvature perturbation ¢ in Fourier space.

To derive this equation, it is necessary to start from the most general form of scalar linear
perturbations on the homogeneous and isotropic background metric, which can be written in the
Bardeen’s gauge as [66]

ds* = a®(n) { (1 + 24)dn* — 20;Bdz’dn — [(1 + 2R)d;; + 20;0; Hr]dz'da’ } , (3.1)

where the homogeneous and isotropic background is perturbed by four scalar functions: A rep-
resents the lapse function perturbation, B describes the shift vector potential, while R and Hrp
characterize the trace and traceless components of the spatial metric perturbations, respectively.
These quantities are gauge-dependent.

The gauge-invariant comoving curvature perturbation ¢ is then constructed as

H
(=R - —0¢, (3.2)
¢
which relates the spatial curvature perturbation R to the inflaton field perturbation d¢ in a
gauge-invariant combination.
The power spectrum of the curvature perturbation, given by the 2-point correlation function

(C(x,m)¢(y,n)), is N2 S E? 74 72
P = (50) (5) |y = 12 ~ 5o &

This represents only the leading order of the scalar PPS, denoted as P¢o. Higher-order
corrections can be systematically included through a perturbative approach.

To determine P¢(k) analytically, a systematic approach to scalar-field perturbations is re-
quired. The starting point is the action for the scalar field ¢ minimally coupled with gravity and
including a self-interaction potential V' (¢), which describes the effective action during inflation:

7= / A2/ =g [—;R + %(OMQS)Q - V(gb)] | (3.4)

Two key quantities can be defined:

- % (3.5)

and
po=a <5¢ — ¢Z) = —2(C, (3.6)

where ¢ represents the perturbations of the scalar field in comoving coordinates, i.e., ¢ = (0¢)e.
From the definition of the perturbations ¢, the effective action related to the perturbations is

written as
1| [0 2 1d2%z
_ [ 43 I 1 _ 2 1 2
y—/d J:dnﬁ—/d acdn2 [(an> (V) +(zdn2)(p]’ (3.7)

where 7 is the conformal time eq. (2.11).
The Lagrangian density £ corresponds to a Klein-Gordon Lagrangian for a massless field
with effective potential
_11d%z

Vip) = 5;(7’290 . (3.8)
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The corresponding equation of motion for the perturbation ¢ is therefore the Klein-Gordon

equation:
ov
O — =0. 3.9
°t 5, (3.9)
Since 5 )
Vo 1d°z
e iied 3.10
and switching to Fourier modes where
0? 9
the equation of motion for the perturbations ¢ of the scalar field ¢ in Fourier space becomes:
d?pp 1d%z
k- —— =0. 3.12
dn? +< zd?72>(pk (3.12)

This equation, describing the dynamics of scalar field perturbations, is known as the Mukhanov-
Sasaki equation.
The boundary conditions are:

L=k for —kn — +o0
o — V2 ' 7 : (3.13)
Agz for —kn—20

The first condition is the Bunch-Davies initial condition: at n — —oo (early times), space-
time is approximately flat and the solution reduces to a free plane wave. At super-horizon scales
(large scales), n — 0, the solution ¢ becomes proportional to z by a factor Ay, ensuring that
perturbations freeze upon crossing the horizon.

The analytical primordial power spectrum, considering both scalar and tensor modes, is given
by 3 3

2

- 2% lim )%( - 2]%2|Ak|2. (3.14)

Analytically, the goal is to determine Ay by solving the Mukhanov-Sasaki equation with the
boundary conditions from eq. (3.13). A general form for the solution can be found, and by
introducing the slow-roll expansion, this general form can be treated perturbatively to obtain
solutions at different orders.

To seek the general form of the solution, it is convenient to set

y = V2kepy, (3.15)

P(k)

and

dt da

where the last equalities follow from the definition (2.11).
Expressing the quantities in terms of y and x, the Mukhanov-Sasaki equation from eq. (3.12)

becomes 2 2
Y 1d°z
— 1—--— =0. 3.17
a2 T ( z d:c2> Y (8:17)

The boundary conditions from eq. (3.13) are correspondingly transformed as

{e_“ for x — +o0 . (3.18)

V2kArz for x — 0
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(Green’s Function Method \

Let L, be a generic n-dimensional differential operator. For coordinates = =
(x1,T2,...,2,), a general differential equation can be written as

Lyu(z) = f(z). (3.19)

For example, with n = 3, one can define L, = V-, u(x) = B(x), and f(z) = 0 to obtain
Maxwell’s equation V - B = 0.
The Green’s function G(z,z’) is generally defined as the distribution satisfying

L,G(z,2') = 6(z — 2'). (3.20)

From the fundamental properties of the Dirac delta function, it follows immediately
that f(z) in the differential equation under study can be written in terms of G(z,z'):

f(@) = / F(@)5(@ — a')da’ = / F(@) Lo Gz, ') (3.21)
= Lx/f(az/)G(x,x/)dx/. (3.22)
Since f(z) = Lgyu(z), the particular solution is
u(z) = /f(:v')G(m,f)dx', (3.23)
and the general solution becomes
u(x) = q(z) + /f(x/)G(x,x')d:c', (3.24)
where y(x) is the solution of the associated homogeneous equation

Lyy(z) = 0. (3.25)

The Green’s function can be constructed using two linearly independent solutions
y1(x) and yo(x) of the homogeneous equation. The general formula is

G(z,u) = y1(w)y2(z) — y1(x)y2(u)

) , (3.26)

where W (u) is the Wronskian of the two solutions, defined as

\ W (u) =y (u)ya(u) — y1 (u)y2(w). (3.27) )

The solution proceeds by setting the following ansatz in the scalar case:
_ 1
z=—f%(lnx). (3.28)
x

We will avoid the superscript (s) for the rest of this section, referring always to the scalar
case.
Therefore:

dz _ f(na)/e - fne) _ f'—f (3.29)

dx 2 2
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Pz (f"x— f/2)2® = 2a(f — f)

Ep i i (3.30)
fr=f 2= f) -3 +2f
=3 - 3 = 3 ) (3.31)
where primes denote derivatives with respect to Inx. Defining
=3f'(Inz) + f"(Inx)
1 = 3.32
it is possible to obtain
1d?z 2 1
With the ansatz from eq. (3.28), equation from eq. (3.17) can be written as
d?y 2 1
2 + (1 - x2> y = ﬁg(ln x)y. (3.34)
First, the homogeneous solution yy of the homogeneous equation
d?yq 2
— 1-—= = 3.35
dz2 + < 332) Yo 0, ( )

is found to be
yo(r) = (1 + x) e, (3.36)

The general solution must be found using the Green’s function method, where the Green’s
function of the operator

2
L, = % <1 - ;) (3.37)
can be verified to be )
Gla,u) = = [ys (o) — v (@)yo(w)], (3.38)

2
where

ye(r) = (1 — Z) e ', (3.39)

xT

The complete solution of the Mukhanov-Sasaki equation from eq. (3.34) is therefore

+00 nu
o) =) + [ du G2y ), (3.40)
or explicitly:
i [t nu
o) =)+ 3 [ du L0 () ~ @) (3.41)

This represents the general form of the solution, which must now be expanded perturbatively
in the slow-roll parameters.

To apply the slow-roll approximation, the following slow-roll parameters are defined at
k« = a.H,, the horizon crossing:

_ 9 _ 1 dle
- Hg'b’ nt+l = Hn¢ dn+1

SN\ 2
19
€1 = 5 <H> . (3.43)

51 Vn>1, (3.42)
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Note that the quantities d,, can be related with the HFFs ¢, from eq. (1.122). Indeed, it
is sufficient to exploit the definition dN = Hdt to write the derivatives of H with respect to
time as functions of the derivatives of the scalar field ¢ and connect the HFFs with the slow-roll
parameters. For instance, by repeated derivation it is possible to find

51 = —e + %2 (3.44)
e 1 5
do = 26% + ZZ + 56263 — 56163. (3.45)

From the slow-roll parameters (or HFFs), it is possible to start from f(lnz) = xz from
eq. (3.28) and, by perturbative expansion, determine g(Inx) up to a certain order, which appears
in the solution. This means that the steps to follow are:

e Write f and its derivatives as series of terms expressed with ¢; and d;;
o Write g as series of terms expressed with ¢; and d;.

The function f can be expanded as

+oo f
f(lnz) = Z n—r!b(ln:v)” =zz. (3.46)
n=0
From eq. (3.16) it is possible to express x in terms of €; and d1, in order to write f with these
terms.
By repeated integration by parts of = and using the definitions from egs. (3.42) and (3.43),
it is possible to find at first order

k
x E(l + €1 4 3¢2 + 3€161). (3.47)
Being
d*f d™(x2)
- _ )| 4
4 (dlnz)™lk=all — (dInz)" lk=aH (348)

from 7?7 it is possible to find

ko 2
B d(zz) B kgf) 9
1= T e = (=26 — b1 — 66 46151))k:aH, (3.50)
d?(zz) ko
f2= (dlnx)2"faH - ﬁ(&% 96101 + 52)‘1@7111&1' (8:51)
=1 -
As for f(Inx), it is possible to expand g(Inx) in series obtaining
+oo
g(lnz) = 9’;;1 (Inz)". (3.52)
n=0 ’

The subscript comes from the definition of g(Inx): by expanding in series, the Oth term will
be
—3f'(Inzg) + f"(Inxg)

f(ln .’L’o) ’

g(lnzg) = (3.53)
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the series for f’ starts from n =1

+00
In e
f'(Inz) = Zl “n(inz) L (3.54)
and then
g(Inzg) = g1, (3.55)

containing the term for n = 1.
The computation of g; and g2 considering eq. (3.46): at first order f' ~ f; and f” ~ fo, then

g1~ 3hth (3.56)

Jo

For the second coefficient:

dg (3" + )= (B + S

= = 3.97
2= Ana Iz ’ (3:57)
cancelling higher-order terms such as those ~ f"” f and ~ f” f’,

fo | LT
g2~ —3—= + 3. 3.58
fo 3 (3:58)

From g(lnx) it is possible to solve y(z) perturbatively by expanding:
y(@) = yo(@) + Y yn(®). (3.59)
n=1

By expanding both the sides of the integral equation eq. (3.41):

+00 ; Too 1 +00 ;
1‘) + n l’) = T)+ = du — n(lnu)”_1]

x [yo(U) +> yn(U)] [y (w)yo() — g (x)yo ()]
i (3.60)

It is important to recall that yo(x) is known a priori, being the solution of the homogeneous
equation.
Stopping e.g. at n = 1:

i [T du
@) =5 [5G o+ g2l () + (o)

x [yo (w)yo(z) — yo (z)yo(w)] - (3.61)
The different contributions are:
e g1yo gives the first-order term;
e g1y gives a second-order term contributing to y2 as yo1;
® goyo gives a second-order term contributing to yo as yo9;

® o1, g1y2, and goyy give all third-order terms contributing to ys.
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The first-order term is:

ey
@) =5 [ Emn( b () - vl (362)

while the second-order term is

y2(z) = y21(z) + y22(2), (3.63)
with
i [T du
@) =5 [ G (@) - sl (3.64)
i [T du
vale) =5 [ gl i (wn(z) - i@ (w)]. (3.65)

Once y(z) is determined up to a certain order, the limit for x — 0 is evaluated in order to
recover v 2kAyz in eq. (3.18) and therefore the PPS from eq. (3.14).

The same identical procedure is applied in the case of the tensor PPS. Here the definition of
f(Inz) changes with respect to eq. (3.28):

a= % FO(nz). (3.66)

3.2 Third-Order Expansion of the Primordial Power Spectra
In this section, the computation of the third-order expansion developed in [1] is presented.

Following the same procedure explained in the previous section, it is possible to compute the
gn coefficients for both scalar and tensor perturbations up to third order as

~ gt P2
=3 (3.67a)
2
gpgdl gl N2 )5 (3.67b)

" f 8 fo
L oft  9fifa 3fs
A e AR (3.67¢)

At the same time, x can be expressed in terms of the slow-roll parameters up to third order
as

dt k
T = —k/ — N [1+e + €2 + €+ €160 + 3e3ey + €165 + €1€e3e3 + (9(64)] . (3.68)

Taylor expanding around x = 1 using eq. (3.68) at third order leads to different coefficients
compared to the expansion performed in [54] around horizon crossing aH = k, as explained in
[67]. Keeping terms up to third order in the slow-roll parameters and expressing everything with
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respect to the HFFs, the scalar coefficients are:

5 _ ad
fé):ﬁ : (3.69a)
r=1
H
ffs>:jj 1_“7(1+ 2)} (3.69D)
2
() 99 | _ gafl $2) (M) (2o gl 0o 00,0 369
L=y 3k +3) <k TR T Tz A - (3.69c)
© 299 [ _ 7ol a1y . 3¢
f3 =H 1 7 k‘ <k> <12 6€1 4+ 9eo — 3€169 + 7 + 3eges
H\? 11 362
— (Cbk> (6 —Ter + % + 26% + % + 3ege3 — Ber€g
Se1e2 3erege 3e2e €3 €€ egese
2 1€ 1€2€3 2€3 ] €2¢3 2€3€4
+ejer 1 5 + 1 +8+ 5 + 5 >]x:1 (3.69d)

and using eq. (3.67), the coefficients for the primordial scalar perturbations are:

3 13 1,5 35 5 15 1
( ) ~ 3e1 + *62 + 461 + 5 —e€1€9 + 462 + 561 + 6162 + 6162 + 26263 + bejeges,  (3.70a)
13 3 1 1 1
gés) ~ —3€1€9 — 116162 — —6163 — —€9€3 — B€1€9€3 — *6%63 — *626:23 — —€9€3€4 , (3.70b)
2 2 2 2 2
3 3 3 3
gés) ~ €63+ Sejegez + *62612)) + —e9e3€4 . (3.70¢)

2 2 4 4

The same computations can be performed for tensor perturbations. The f and g coefficients
up to third order correspond to:

fo ~al, ,, (3.71a)
H
9~ (1 - ak> : (3.71b)
=1
H H\?
=1
H H\? H\?
fz'st) ~a [1 - 7% + <ak> (12 — 6€1) — (Clk) (6 — Ter + 2¢1 — €r€2) (3.71d)
z=1
and
(t) © 3 2 3 2 2
917 =~ 3€1 + 4e7 + dereg + Sy + 1dejen + 4ere; + dejeges, (3.72a)
ggt) ~ —3e1€9 — 116%62 — 4616% — 4eqeges (3.72b)
3 3
ggt) ~ 5616% + S€Le€s (3.72¢)

3.2.1 The Primordial Power Spectra Including Third-Order Corrections

Once the g, coefficients have been established for both scalar and tensor perturbations through
third order in slow-roll parameters, the subsequent task requires computing the recursive solu-
tions from eq. (3.41) incorporating third-order corrections, expressed as:

y(x) = yo(r) + y1(z) + y2(z) + ys3(x) . (3.73)
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The expressions for yg, y1, y2, and y3 exhibit universality, as the slow-roll parameter dependencies
that differentiates scalar from tensor perturbations resides entirely within the g, functions.
Since the right-hand side of eq. (3.34) incorporates terms of at least first order in the slow-roll
expansion, the zeroth-order solution reduces to the homogeneous solution yo(z), from eq. (3.36).
The first-order correction to eq. (3.36) is obtained by substituting ¢ = g1 and y = yg into the
right-hand side of eq. (3.41), resulting in:

* du

n@) =9 [ () () - i ()n(o)

_ 92 e /
=3 [xe +iyy(z)

T

Cdu o
— 621“} : (3.74)
U

At second order, the correction incorporates two separate contributions:

y2(z) = y21(z) + y22() (3.75)
arising from the substitution g = g1 + g2 Inx and y = yo + y1 into eq. (3.41), which produces:

ig1 [°° du

ya(e) = = 2 1) [y (wyo(z) — yo(x)yo(w)]
;2 . e’} 00 00
T R S e dﬁ2iu . / d“zm/ ﬁ%t
~ [3x6 <3x 3)6 /I LIS Rl
(3.76a)
) * du N «
y22(z) = % 2 Yo(w) nufys(wyo(z) — yo(2)yo(uw)]
; ) . ; © du o © du o
= % [;ﬂe” + - Inx e + ?yé(x)/z Zu e Zyg(x)/x Uu e lnu] . (3.76Db)
The third-order correction encompasses three distinct components:
ys(x) = y31(@) + ys2(2) + yss(@) - (3.77)

These contributions emerge from the substitution ¢ = g1 + g2 Inz + g3 In®z and y = yo + 1 + v2
into eq. (3.41):

(o) =2 [ S ) (o) — v ool (3.750)
yor(r) =22 [ ) o) — oo (3.78)
o) = 22 [ o) w (o) — w o) (3,750

x

The computational complexity arising from the multitude of terms necessitates individual
treatment of these three contributions. The first third-order component can be decomposed by
incorporating expressions from egs. (3.76a) and (3.76b):

3 00 U : 00 o] 00
_9 du {2 (5 1@ —iu/ dt o . / dt —2it/ ds s
yor (v) = 18/36 u? [3u <3u g)e ) et | oSe [ e

[yo (w)yo(z) — yo(z)yo(w)]

gige [°°du [8e™ 2e™Inu Ti | dt g Cdt 9y
6 /| u?[i’)u +— —i-gyo(u) ’ 5 e +iyg(u) ’ e Int

[yo (w)yo(z) — yo()yo(u)]
= Y311 + Y312 - (3.79a)
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Following integration, these components yield:

3 % . o) . [e'e) o)
gy |4ie 2 100\ _,, / du o 2 20\ i / du o, / dt gy
= — — _ _ —( =1 —_
ysi 27[93: <9+9x R A B (R L AR

- <1 — Z> e /00 du g2 /OO de e 2 /OO ds ezis] (3.80a)
T s U w U : s

_19192 28  2lnz) 26 16 —i:v/oo du o,
Y312 = [ <9x+ 3z )€ 9 92)° ), W€
4 3_1 e—im/oodueﬂulnu_}_’? l—i eix/oodue—%u/oodteﬂt
3z 3 T u 3 \z z U w t
1 L [0 d W [ dt o,
+ ( —i> em/ ueQW/ — 2t lnt] . (3.80b)
z s U w U

A beneficial integral identity for simplifying the final expression is:

/oo due2iu/oodt€21tlnt:/oodue2iu/00dt62itlnt_/oo duem’ulnu/oodtem’t‘
z U w U z U sz t . U . b

(3.81)

and

The second third-order contribution, employing eq. (3.74), assumes the form:

g1g2 [°° du [2e™
ys2(7) = ==

6 2 |y T /OO % e%] Inw [y5 (w)yo(z) — y5(x)yo(w)] . (3.82)

T

After evaluation, this produces:
19192 28 2z 4 260 2 2Inz) _, /OO du o,
y32($) 9 [ <9x + 3z € 9 + 9z T € " U €
1 <1 +z’> e—iz/oo ijQiulnu+z <1 7 ) eim/oo due—zm/mdtem
3 \z : U 3\z : U w b

1 e [ d - o dt o

+ ( - z) e / T e2iuyy, / - 62”} : (3.83)
L x U u

The third component of the third-order correction, utilizing eq. (3.36), is expressed as:

ma(o) =20 [T (14 D) e ) i) . (89

Following integration, this results in:

g3 [(52  16lnz 2%z ,, 50 (1 _m/“ du o,
y33($)_6 |:<91’+ 3z + T ° +9 :U+Z c . u

14 /1 [ du o 1 o du .,
+— ( + z> e”/ 2y g 4 < + z) e”"/ T 2in 2 u] . (3.85)
3 \z z U T z U

The comprehensive integral manipulations and integration-by-parts procedures employed to
obtain these results are documented in appendix D.

To extract the primordial power spectra, the asymptotic behavior of y(z) in the super-Hubble
regime (r — 0) must be determined. Within this limit, the asymptotic forms for yo(x), y1(x),
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yo1(x), y22(x), y31(x), ys2(x), and yz3(x) are:

1

yo(x) =iz~ (3.86a)
ig1 [ ir\ _, Inz
= — - — 3.86b
yl(x)—>3 _<a+2>x az} ( )
( )ﬁzg% (. i7r+7r2+ 9 2 4219 1+i7r lnx+ln2x (3.86¢)
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where a = 2 — In2 — « with v ~ 0.5772 representing the Euler-Mascheroni constant and ¢(3) ~
1.2020 known as the Apéry constant, which is the Reimann’s zeta function computed in 3.
The term Z encodes differences arising from the approximation scheme employed to calculate
the triple integral in eq. (3.79), as detailed in appendix E. The approach for determining the
super-Hubble asymptotic solutions of the required integrals is detailed in appendix E.

The Primordial Power Spectrum of Scalar Perturbations

For scalar curvature perturbations, the dimensionless PPS of the comoving curvature perturba-
tion (j is specified as

k2 ’
P{(k) = — lim

471’2 z—0

o

- (3.87)

The primary objective is to evaluate the PPS at horizon crossing. Although the g, coefficients
have been expanded around x = 1, a corresponding expansion must be performed for the squared
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modulus of 1/(xz) appearing in eq. (3.87) when expressing explicitly 4, yielding:

1

2 H2 2
~ ( ) [1 2€1 — 2e1€9 + €] — 2e1€5 — 2€1€2€3
Tz

)

+ (261 + €2 + €1€9 — 26% — 26%62 + 616% + 2616263) Inx

2 2
+ (26% + €169 + %2 - % + 36%62 + 61% — 616263) In?z
+ (436:{’ + 61365 + Eg — 2612263 — E%;B 6266‘% 6266364> In3 :E:| . (3.88)

The temporal evolution of both the HFF and Hubble parameter around a reference conformal
time 7y requires the following expansions:

-
€(T) >~ € {1 — €ir1x(1 + €14 + 6%* + €1.4€24) In ()
€i+1x

M

2 T
(€it1x + €itos + €14€24 + 26146414 + 2€14€,424) In (7_)
*

T

€i+1x
- ZE (612-1—1* + 612+2* + 3€i415€ig2x + €i+2*6i+3*) In® <T>] ) (3.89)

.
H(t) ~H, |14 (e1« + e e, + 6%*62*) In ()

Tx

2
€ 1 3 T
+ (;* + 6?* - *261*62* - 26%*62*) 1112 (*>

3 1 1 1
+ (Eé* — 56%*62* + 661*65* + 661*62*63*) 1113 (77_;> . (390)

For scalar PPS calculations, the squared Hubble parameter expansion becomes essential:

-
H*(t)~ H?|1+ (214 + 2e2, 4 265, + 26%*62*) In <T>
2 3 2 2 (T
+ (261* + 4e€7, — €14€24 — 361*62*) In <T>
*
e} 1 1 T
+ < 31* - 26%*62* + 561*65* + 361*62*63*> 1n3 (7_> ] . (391)

Through the combination of eq. (3.87) with egs. (3.70), (3.73), (3.88), (3.89) and (3.91), the
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dimensionless PPS for scalar fluctuations expanded around the pivot scale k, becomes:
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where all divergent terms in eq. (3.86) proportional to Inz cancel exactly. This scalar PPS

expression utilizes a fixed pivot scale k,, with k.7 = —1 yielding:
T k
—_ = 3.93
- . (3.93)

From eq. (3.92), one can derive the third-order slow-roll expansion for the scalar spectral
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index ng and its runnings «s and Fs. The scalar spectral index is defined as:

dInP,
na(k) =14 — 1: (3.94)
= [1 — 2614 — €94 — 26%* — (3 — 2a)€14€24 + €24 €34 — 26?*
1 2
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1 1
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1 1 k
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The running of the scalar spectral index [68] is given by the derivative with respect to In k:

dng

k)= 3.96

(k) = T g (3.96)

= [—261*62* — €94€35 — 66%*62* + (-3 + 204)61*6%* —2(2 — a)€erx€o4€34 + a62*6§*
k
taesiesiess] + (—2€1.65, — 2€1.€2.€30 — €265, — €2.€3:€44) In (k) : (3.97)
The running of the running of the scalar spectral index takes the form:
daoyg
k)= 3.98
= — 261*65* — 2614694635 — eg*eg* — €94 €35 Edx - (3.99)

The Primordial Power Spectrum of Tensor Perturbations

For tensor perturbations, the dimensionless PPS characterizing the two polarization modes of
gravitational waves generated during inflation is defined as:

: (3.100)

This quantity can be computed using the identical procedure outlined previously, by substituting
eq. (3.72) into the asymptotic solutions given in eq. (3.86). For primordial tensor fluctuations,
the necessary expansion takes the form:

1

2 H 2
| ~ () [1 — 251 — 26162 —+ e% — 2616% - 2616263
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k
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The expressions for the dimensionless PPS, tensor spectral index, running of the tensor spectral
index, and running of the running of the tensor spectral index, expanded around a pivot scale

ky, are presented below:
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These expressions for the dimensionless PPS of scalar and tensor perturbations, computed
to third order in the slow-roll expansion through the integrals and their super-Hubble limits
documented in appendices D and E respectively, demonstrate agreement with results previously
reported in [57], exhibiting only minor discrepancies in the numerical coefficients of the constant

terms in egs. (3.92) and (3.102).

These different coefficients only appear in the constant part of the PPS without affecting the
results obtained for the spectral indices and their slopes. The differences in PPS are numerically

negligible.

Alternative formulations for the PPS are documented in appendix F.
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3.3 Numerical Solution of the Primordial Power Spectra

To assess the effects of third-order corrections relative to second-order approximations, the work
presented in [1| develops a comprehensive numerical approach that solves the coupled system
of background and perturbation equations. This system encompasses the Friedmann equation
for a spatially flat universe dominated by a scalar field ¢, the Klein-Gordon equation governing
the background dynamics of a scalar field with standard kinetic term and minimal coupling
to gravity, and the Mukhanov-Sasaki equation eq. (3.12) that describes the evolution of scalar
and tensor primordial perturbations. The numerical implementation strategy adopted to ensure
computational stability is detailed in this section.

3.3.1 Models

The numerical code PyPPSinflation, developed specifically for this research, numerically solves
both the background dynamics and the Mukhanov-Sasaki equation to obtain the numerical
primordial power spectra. Additionally, the code implements analytical solutions up to first,
second, and third order. The implementation is designed to work with any single-field slow-roll
model. This code has been made publicly available?. In [1], two specific models are analyzed:

-1
VTfrnodel(Qb) = Vbta,nh2 (\/%) s VKKLT((ZS) = Vb (1 + |7:bl> . (3106)

The first corresponds to the T-model of a-attractor inflation [69, 70, 71, 72, 73, 74], while the
second represents the inverse linear case of KKLT inflation |75] associated with D6-D6 potential
in type IIA string theory |76, 77]. The two potentials are shown in fig. 3.1.

Figure 3.1: Left panel: V_p04e1(¢). Right panel: Vikkrr(¢).

For T-model inflation, the field values at k., and at the end of inflation are respectively:

ST(N, @) = 1/ Lsech™! sa , (3.107)
2 ay/22 + 9+ 4N

Pena (@) = \/? sinh ™! <¢233> , (3.108)

“https://github.com/SirlettiSS/PyPPSinflation
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while for KKLT inflation:

SKKUT (N o) — ;{ !12Nm +(v2-m) m\/ﬂm

+ | 2m? [(2\/5—3m)m+121v <6N+ (V2-m) m<2\/§+m)>”1/3
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+, |2m2 [(2\/5—3m>m+121v <6N+ (x/i—m) m<2\/§+m)>”_l/3}, (3.109)
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3.3.2 Background dynamics

The fundamental background equations consist of the Friedmann and Klein-Gordon equations
for ¢, expressed as:

1 ¢2 . .

The temporal evolution of the background equations in eq. (3.111) is performed using the
number of e-folds as the time parameter:

(3.112)

N [ arHgy =] D]
om0 =[5

a(t;)

Additionally, the background system is reformulated by adopting the field redefinition ¢ = ¢.
This transformation enables the reduction of the background equations to a system of first-order
differential equations. Under these conditions, the background system becomes:

=¥ =M, 3
ON = 7 =Y Mp v

= -3¢y — VuM, 3
YN Y — Vi Mp) o)

, (3.113)

where the subscript N denotes differentiation with respect to N. In fig. 3.2 the evolution of ¢(N)
and 1 (N) for the T-model with o = 1 is shown.

3.3.3 Perturbations

The Mukhanov-Sasaki equation eq. (3.12) can be expressed in general form for both scalar and
tensor perturbations as:

01 (r) + [k = U9 ()] 9 ) = 0. (3114)

When transformed to the e-folds parametrization, equations eq. (3.114) take the form:

Py = Tl (N) = 1)) +

s [U“»t)(N) — k2| oY (3.115)
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Figure 3.2: Background dynamics of ¢(N) and its derivative with respect to the time ¢ = b
using the T-model of a-attractor inflation with o = 1.

where the effective potentials are given by:

3e €1€ 62 €2€
2772 2 1€2 2 2€3
( 4T 2 4 2 )’ (3.116)

=a’H*(2—¢) . (3.117)

The perturbation equations are solved separately for the real and imaginary components of

the mode functions, expressed as go,(:’t) = Re [ga,(:’t)} 4+ ¢Im [gol(:’t)].

Regarding initial conditions, the background scalar field value ¢; is chosen to ensure that
55 e-folds occur between the time when the mode k, = 0.05Mpc™! crosses the Hubble radius
and the end of inflation. The initial value of ¢ is determined using slow-roll initial conditions
corresponding to ¢n|; ~ — M3, Vy/V|;.

For the perturbation equations, Bunch-Davies initial conditions are imposed for each mode
when k = 102aH. The factor 10? is selected to ensure that all evolved modes are well within
the Hubble horizon at the beginning of their evolution, allowing the safe implementation of the
Bunch-Davies vacuum. Modes are subsequently evolved until they become super-Hubble when
k = 103 aH. The factor 10~3 ensures that all evolved modes exit the horizon before their
evolution terminates. These values define the integration interval for the number of e-folds. The
Bunch-Davies initial conditions eq. (3.13) for the real and imaginary components of the mode
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function are:

Re [cp,gs’“} - \/127; Re [w,(j;ﬂ —0, (3.118)
and
Im [(pf’t)} =0, Im [(pf}ﬂ = —£ g (3.119)

Since curvature and tensor perturbations become frozen on super-Hubble scales, it is sufficient
to calculate the power spectrum for modes in the super-Hubble regime (post-horizon crossing)
rather than computing it at the end of inflation. This is shown in fig. 3.3 where from the scalar
solution gol(:) the curvature perturbation ¢ and its derivative (v with respect to N are recovered.

For the numerical implementation, the background equations are solved for a given potential,
and the resulting scalar field background solution is incorporated into the Hubble flow functions

entering the perturbation equations:

o

el(N) = A (3.120)
2ME,
dln |e 2

e2(N) = d]\’[ﬂ = (ZZN , (3.121)
dl

ea(V) = nle|  ¢nNN NN (3.122)

AN oénn ON

For the analytical approach, the Hubble flow functions are calculated as functions of the
potential slow-roll parameters [78], following the detailed procedures outlined in |67, 79]. The
analysis begins with the leading-order expressions:
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(3.126)

These expressions are derived by approximating the Hubble parameter at leading order as H? ~
V/(3ME), which yields the leading-order formula for the derivative with respect to N [79]:

d

dN

2V¢d

=~ Mp1y 500
Lo V d¢

(3.127)

To enable comparison between analytical and numerical solutions, corrections up to third order
in terms of potential slow-roll parameters must be incorporated. The third-order equations have
been previously calculated in [67]; the results are presented here in terms of the leading-order
Hubble flow functions:

: (3.128)

1 1 5) 1
611\13LO = <€1 — 76162 - 76%62 + 6163 + 7616263
LO

3 9 36 9
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Figure 3.3: Upper panel: absolute value of the real and imaginary components of the curvature
perturbation (. Lower panel: absolute value of the real and imaginary components of the the
derivative with respect to IV of the curvature perturbation, (5. The curvature perturbation is a
conserved quantity at super-Hubble scales and its derivative goes to zero.
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1 1 1 1 1 5 1
63N3LO = (63 — 55253 — 56364 — 6616% — §€16263 + 66%63 + EQE% — §6163€4
5) 1 1 1
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€4N3LO _ <64 — g6263 - 66264 — 36465) e (3.131)

where all HHFs on the right-hand side are evaluated at leading order using eqs. (3.123) to (3.126),
and the analysis sets e5 = 0.

To express the HHFs in terms of the number of e-folds rather than scalar field values, the
classical inflationary trajectory ¢(N) must be solved analytically. This is accomplished at leading
order by solving;:

N L [PV 3.132
@~ [ 7 (3132)

and inverting this relationship. The value ¢¢nq represents the field value at the end of inflation,
determined by imposing €1 end = €1(¢end) = 1, corresponding to the point where the kinetic term
begins to dominate over the potential energy.

Once the trajectory ¢(INV) is obtained, the analytical HHFs at leading order can be expressed
with respect to the number of e-folds, yielding G%O(N ). Subsequently, the third-order expressions
can be derived using egs. (3.128) to (3.131). Finally, the scalar and tensor primordial power
spectra can be calculated using egs. (3.92) and (3.102).

The potential amplitude 1 is fixed to normalize the dimensionless scalar power spectrum to
Pe(ke) =2 x 107 at k, = 0.05 Mpc ™.

3.4 Accuracy of Slow-Roll Analytic Power Spectra Against the
Exact Numerical Solution

This section presents a comprehensive comparison between the analytical results derived in sec-
tion 3.2.1 at various orders in the slow-roll expansion and the numerical solutions for the pri-
mordial power spectra obtained for two distinct single-field slow-roll inflationary models.

The analysis examines the T-model of a-attractor inflation with @ = 1 (results shown
in figs. 3.4 and 3.5) and KKLT inflation with m = 1 (results presented in figs. 3.6 and 3.7). The
comparison evaluates numerical solutions against analytical results computed at first-, second-,
and third-order slow-roll expansions across the wavenumber range k € [10*47 102] Mpc~!. Ad-
ditionally, the analysis includes a comparison for the third-order case with ¢4 = 0. Similar
comparative studies between first- and second-order corrections can be found in the literature,
as documented in [56, 80].

The power spectra comparisons and their corresponding relative deviations of analytical
results from numerical solutions are displayed in figs. 3.4 and 3.6. Furthermore, figs. 3.5 and 3.7
present the relative deviations for the spectral indices ng and nt, their respective runnings oy
and a4, and the runnings of the running s and f;. For any observable quantity X, where
X = {P¢, Py, ng, ny, as, o, Ps, i}, the corresponding percentage deviation %X is quantified
as:

Xnumerical

X .
%X = <1 - amﬂytal) % 100. (3.133)

The results presented in figs. 3.4 and 3.6 reveal that relative deviations for the tensor power
spectrum are approximately one order of magnitude smaller than those for the scalar power
spectrum. Across the entire wavenumber range, the relative errors demonstrate the anticipated
perturbative hierarchy, whereby higher-order approximations yield progressively smaller errors.
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Figure 3.4: Comparison of scalar (left panels) and tensor (right panels) primordial power spectra
for T-model a-attractor inflation with o« = 1. The pivot scale crosses the Hubble horizon 55
e-folds before inflation ends. Upper panels display the dimensionless power spectra, while lower
panels show the relative deviations of analytical spectra from the numerical benchmark solution.

It is noteworthy that the third-order case with ¢4 = 0 behaves as an intermediate case between
the second- and full third-order approximations. For both inflationary models, the second- and
third-order power spectrum relative deviations are nearly indistinguishable around the pivot
scale k, and closely match the numerical results due to the normalization procedure employed.
Discrepancies between second and third order begin to emerge around k ~ 10 Mpc~! at the 0.1%
level, with the curves becoming visibly distinct at k& ~ 102 Mpc~! where maximum differences
reach 0.5% and 0.3% for T-model and KKLT inflation, respectively. For the tensor power spec-
trum, small differences between second and third order commence at k ~ 1 Mpc™! with relative
errors at the 0.01% level, increasing to 0.02% at k ~ 102 Mpc ™.

The analysis of spectral parameters presented in figs. 3.5 and 3.7 examines the relative devia-
tions for ng¢, oy, and Sy /¢ for T-model and KKLT inflation models. Generally, larger deviations
are observed for tensor quantities, though these are typically associated with greater observa-
tional uncertainties. For the spectral indices ng and ng, relative deviations are nearly identical
around the pivot scale, beginning to diverge from k ~ 10 Mpc~—!. Conversely, for wavenumbers
below the pivot scale, differences emerge from k ~ 10~2 Mpc~!. When incorporating second and
third-order corrections, the relative deviations for ng in both models remain consistently at or
below 0.1%, while for ny they stay at or below 10% in absolute terms. For the runnings of the
spectral indices ag and a4, increasing differences between second and third order are observed
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Figure 3.5: Relative deviations from the numerical solution for the scalar spectral index (upper
panels), its running (central panels), and the running of the running (lower panels) in T-model
a-attractor inflation with @ = 1. The comparison demonstrates the progressive improvement in
accuracy with increasing order of slow-roll approximation.

as one moves away from the pivot scale; these differences consistently remain around ~ 1% near
the pivot scale and increase to approximately ~ 10% at larger separations.

The third-order relative deviations for (s and [; consistently remain around ~ 10% for
both models across the scale range accessible to CMB measurements; errors become larger at
scales distant from the pivot. When considering the third-order case with ¢4 = 0, G5 exhibits
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Figure 3.6: Primordial power spectra comparison for KKLT inflation with m = 1, following the
same format as fig. 3.4. The analysis reveals similar convergence patterns to the T-model case.

substantially larger deviations compared to the numerical benchmark: these errors begin at
approximately 50% for k ~ 10~* Mpc~! and increase to 150% at k ~ 102 Mpc~!.

Additionally, the comparison was extended to larger values of the inflationary parameters,
specifically @« = 100 for T-model inflation and m = 100 for KKLT inflation. No significant
differences were observed compared to the cases presented here for « = 1 and m = 1.

These results demonstrate that higher-order corrections significantly enhance the accuracy of
the predicted power spectra, spectral indices, and their derivatives. Nevertheless, the transition
from second to third-order expansion yields noticeable improvements only at very small scales,
specifically for k& > 10 Mpc™?, as illustrated in figs. 3.4 to 3.7. At higher scales, the CMB angular
power spectra remain largely unchanged.

Given that scalar perturbations demand higher precision requirements compared to tensor
modes, the primary focus should be directed toward the scalar sector.

3.5 Data Analysis and Cosmological Constraints

Having derived the third-order PPS solution and validated it against the results of [57], this
third-order expansion is employed to constrain the HFFs using observational data. To assess
the significance of including third-order corrections, a comparative analysis is performed with
constraints obtained using first- and second-order truncations.
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Figure 3.7: Spectral parameter deviations for KKLT inflation with m = 1, presented in the same
format as fig. 3.5. The results demonstrate the enhanced precision achieved through third-order
corrections.

3.5.1 Methodology and datasets

This section presents the determination of uncertainties on the HFFs by considering the PPS
expansion truncated at first, second, and third order. The analysis employs CosmoMC [81]* in-

3https://github.com/cmbant/CosmoMC
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terfaced with a modified version of CAMB [82, 83].% Parameter estimates with their associated
uncertainties, along with the posterior contours, have been derived using GetDist [84].° The
Markov chain Monte Carlo (MCMC) sampling explores the standard cosmological parameters
of a flat ACDM concordance model: wy, we, Hy, 7, and In (1010145)7 supplemented by the HFFs
€;. Nuisance and foreground parameters associated with each likelihood are also varied. The
neutrino sector assumes two massless species with Nog = 2.046 and one massive neutrino with a
fixed minimum mass m, = 0.06eV.

The primary objective is to compare constraints derived from various cosmological datasets
based on primary CMB observations, specifically temperature and polarisation anisotropies.
Additionally, the impact of incorporating non-primary CMB datasets is examined. The following
data combinations are considered:

e P18 denotes Planck PR3 primary CMB data [85]. At low multipoles (¢ < 30), the analysis
uses the commander likelihood for temperature and SimAll for E-mode polarisation. At
high multipoles (¢ > 30), the P1ik likelihood is employed, incorporating CMB temperature
up to fmax = 2508, and E-mode polarisation along with temperature-polarisation cross-
correlation up to fmax = 1996.5

e ACT denotes ACT DR4 TT, EE, and TE power spectra [20, 65| spanning the multipole
range [350, 4000]. When combining ACT with Planck data, temperature measurements
are excluded at specific multipole thresholds to mitigate unaccounted correlations between
the two datasets. Two multipole cut strategies are implemented: the first removes Planck
temperature data for £ > 650, while the second excludes ACT temperature data for £ <
1800.

e SPT denotes SPT-3G 2018 TT, EE, and TE power spectra covering the angular multipole
range 750 < £ < 3000 [19]. When combining SPT with Planck data, no multipole cuts are
applied, since Planck observations cover a substantial sky fraction not observed by SPT.

e BK18 denotes the B-mode polarisation spectrum over 20 < ¢ < 330 from BICEP2, Keck
Array, and BICEP3 observations through 2018 [39].

e crt (external) denotes the combination of late-time cosmological probes and non-primary
CMB data. This includes baryon acoustic oscillations (BAO) and redshift space distortions
(RSD) measurements at low redshift 0.07 < z < 0.2 from the SDSS-I and -1T Main Galaxy
Sample (MGS), BOSS DR12 galaxy observations over 0.2 < z < 0.6, eBOSS luminous red
galaxies (LRG) and quasars covering 0.6 < z < 2.2, and Lyman-« forest data spanning
1.8 < z < 3.5. The Pantheon compilation of uncalibrated Type Ia Supernovae (SNe) over
the redshift range 0.01 < z < 2.3 [86] is also included.” Finally, CMB lensing measurements
from Planck PR3 are incorporated using the conservative multipole range 8 < ¢ < 400 [87].

When analyzing ACT or SPT data independently of Planck observations, the Planck low-£ E-
mode polarisation likelihood SimA11 is included to constrain the optical depth 7, thereby avoiding
reliance on a Gaussian Planck-based prior. The data combinations examined include P18+BK18,
ACT+BK18, SPT+BK18, P18+ACT+BK18, P18+SPT+BK18, with each combination also
tested with the external datasets. For precedents on combining Planck, ACT, and SPT data in
extensions of the ACDM model, see [88, 89, 90, 91].

The prior ranges for cosmological parameters are summarized in table 3.1. Uniform priors are
adopted for all HFF parameters ¢;. To maintain the validity of the slow-roll framework derived
in section 3.2.1 and implemented in this analysis, the HFFs must satisfy |¢;| < 1.

“https://github.com/cmbant/CAMB
Shttps://github.com/cmbant/getdist
Shttps://pla.esac.esa.int/pla/#cosmology
"https://github.com/dscolnic/Pantheon/
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Parameter | Uniform prior
Quh? [0.019, 0.025]
Qch? [0.095, 0.145]
10061 [1.03, 1.05]
T [0.01, 0.4]
In (1010 4y) [2.5, 3.7]

€1 [0, 0.1]

€2 [-0.5, 0.5]
€3 [-0.5, 0.5]
€4 [-0.5, 0.5]

Table 3.1: Prior ranges for cosmological parameters used in the Bayesian analysis.

3.5.2 Results

Constraints on the slow-roll parameters are first presented, derived from the analytic perturbative
expansion of the primordial spectra in terms of the HFFs ¢; during slow-roll inflation. Truncating
the expansion at first order yields

€1 < 0.0022 (95% CL, P18 + BK18), (3.134)
2 =0.0332+£0.0046  (68% CL, P18 + BK18), (3.135)
€1 < 0.0023 (95% CL, ACT + BK18), (3.136)
ez =—0.005+0.014  (68% CL, ACT -+ BK18), (3.137)
€1 < 0.0024 (95% CL, SPT + BK18), (3.138)
€2 =0.032+0.015  (68% CL, SPT + BK18). (3.139)

Extending the expansion to second order in the HFFs provides

€1 < 0.0023 (95% CL, P18 + BK18), (3.140)
ez = 0.0379 £ 0.0078  (68% CL, P18 + BK18), (3.141)
e3 = 0.13751) (68% CL, P18 + BK18), (3.142)
€1 < 0.0023 (95% CL, ACT + BK18), (3.143)
ez = —0.0071391  (68% CL, ACT + BK18), (3.144)
€3 unconstrained (95% CL, ACT + BK18), (3.145)
€1 < 0.0025 (95% CL, SPT + BK18), (3.146)
€2 =0.035+0017  (68% CL, SPT + BK18), (3.147)
€3 unconstrained (95% CL, SPT + BK18). (3.148)

At third order in the HFF expansion, the results closely mirror those obtained at second order,
with ¢4 remaining unconstrained, as detailed in table 3.2. Incorporating external datasets—specifically
BAO and RSD measurements, SNe, and CMB lensing—produces marginally tighter uncertainties
while maintaining consistent central values for e and €3, as shown in table 3.3.

The upper bound on €, along with the derived constraint on r (< 0.04 at 95% CL), remains
largely insensitive to the choice of dataset combination and truncation order, being predomi-
nantly determined by the BK18 data present in all cases. Conversely, eo and e3 exhibit sub-
stantial variations between Planck and ACT datasets. This discrepancy stems from the nearly
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P18 + BK18 ACT  BK18 SPT + BK18
FIRST ORDER
In (1010A4,) 3.046 £ 0.015 3.030 £0.019  3.038£0.016
€1 (at 95% CL) < 0.0022 < 0.0023 < 0.0024
€ 0.0332 +0.0046  —0.005+0.014  0.032 + 0.015
Ns.0.05 0.9647 +£0.0043  1.003+0.014  0.966 + 0.015
r0.05 (at 95% CL) < 0.035 < 0.037 < 0.039
N4, 0.05 —0.0020+39915  _0,0022%9:991>  _0.0024+9-917
SECOND ORDER
In (10" 4;) 3.050 £0.017 3.029+£0.019  3.040 £0.017
€1 (at 95% CL) < 0.0023 < 0.0023 < 0.0025
€ 0.0379+0.0078  —0.0077051%  0.035+0.017
es (at 95% CL) 0.13793¢ - -
Ns.0.05 0.9641 + 0.0046 1.00370015 0.967 +0.014
s, 0.05 —0.0059 £ 0.0067  0.0020705020  —0.00670512
ro.05 (at 95% CL) < 0.036 < 0.038 < 0.038
nt.0.05 —0.0022%%;988%8 —0.00222%;88}8 —0.0024i§;888}5
10°a 0.05 —8.1153 1.923 -7.8%5%
Table 3.2: Constraints on the primary inflationary parameters and their derived quanti-

ties (reported at 68% CL unless otherwise indicated) for the data combinations P18+BK18,

ACT+BK18, and SPT+BK18.

P18 + BK18 + ext

ACT + BK18 + ext

SPT + BK18 + ext

FIRST ORDER

In (1010 Ay) 3.05270 013 3.042 +0.014 3.043 £0.011
e1 (at 95% CL) < 0.0022 < 0.0023 < 0.0025
€ 0.0306 £ 0.0039 0.003 £ 0.010 0.034 £ 0.012
Ns,0.05 0.9673 £ 0.0036 0.995 £ 0.010 0.963 £+ 0.012
r0.05 (at 95% CL) < 0.036 < 0.036 < 0.039

N, 0.05

0.0015
—0.002179:901>

0.0015
—0.002270 0000

0.0016
—0.002419-0016

SECOND ORDER

In (10T04/) 3.055 +0.015 3.041 +£0.014 3.045 +0.012
€1 (at 95% CL) < 0.0023 < 0.0023 < 0.0024
€2 0.0342 £ 0.0071 0.002+5-012 0.03615-013
es (at 95% CL) 0.11793% -

N5, 0.05 0.9669 + 0.0038 0.99575010 0.965 4 0.012

Qs,0.05 —0.0048 £ 0.0065 0.001170 5032 —0.00510 512

r0.05 (at 95% CL) < 0.037 < 0.037 < 0.038

Nt 0.05 —0.002319-0018 —0.002215-0016 —0.002415-0016
10%ay 0,05 —7.6751 -0.3%29, —8.4158

Table 3.3: Same as table 3.2 but including external datasets: BAO and RSD measurements,
SNe, and CMB lensing.

30 tension in the inferred scalar spectral index ng between these two experiments. The Planck
result (combining temperature, E-mode polarisation, and lensing) yields ngy = 0.9649 + 0.0044
[22], consistent with predictions from the simplest single-field slow-roll inflationary scenarios.
In contrast, ACT data [65] favor ng = 1.008 + 0.015 (at 2.80 deviation), compatible with the
scale-invariant Harrison-Zel’dovich (HZ) primordial power spectrum [92, 93, 94].

This tension between Planck and ACT persists at the level of the scalar PPS parameters even
when allowing for a running spectral index ag [93, 94]—in the present analysis, when advancing to
the second-order expansion. Despite this ongoing disagreement, Planck data are consistent with
vanishing running, oz = —0.0045 £+ 0.0067 at 68% CL [22], in agreement with single-field slow-
roll inflation predictions [95]. ACT data, however, exhibit a 2.50 preference for positive running,
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as = 0.069 £+ 0.029 [65]. The inferred value of ng shows a discrepancy of 3.80 using primary
CMB data alone and 3.20 when combined with external datasets—tensions larger than those
obtained when retaining only second-order terms. At second order in the slow-roll expansion,
the inferred values of ag differ by 0.90 between Planck (s = —0.0059 £ 0.0067 at 68% CL) and
ACT (ag = 0.00201‘8:88?1) at 68% CL), both for primary CMB alone and in combination with
external datasets; see tables 3.2 and 3.3. SPT data are consistent with Planck findings, albeit
with larger uncertainties.

3.5.3 Combined Results

This section presents the constraints obtained for the combined datasets P18+ACT+BK18,
implemented with two distinct multipole cut strategies, and P18+SPT+BK18. Truncating the
expansion at first order provides

€1 < 0.0024 95% CL, P18 ({r1 < 650) + ACT + BK18, (3.149)
€2 =0.01834+0.0059  68% CL, P18 (¢r1 < 650) + ACT + BK18, (3.150)
€1 < 0.0022 95% CL, P18 + ACT ({1 > 1800) + BK18, (3.151)
€2 =0.0312+£0.0044  68% CL, P18 + ACT ({77 > 1800) + BK18, (3.152)
€1 < 0.0022 95% CL, P18 + SPT + BK18, (3.153)
€2 = 0.0327+£0.0044  68% CL, P18 + SPT + BK18. (3.154)

Extending to second order in the HFFs yields

e1 < 0.0023 95% CL, P18 (b1 < 650) + ACT + BK18, (3.155)
ez = 0.016670901>  68% CL, P18 (fpr < 650) + ACT + BK18, (3.156)
ez < —0.053 68% CL, P18 (b1 < 650) + ACT + BK18, (3.157)
e1 < 0.0023 95% CL, P18 + ACT (¢ > 1800) 4+ BK18, (3.158)
ey = 0.027419007  68% CL, P18 + ACT (¢ > 1800) 4+ BK18, (3.159)
ez = —0.0879% 68% CL, P18 + ACT (épr > 1800) + BK18, (3.160)
€1 < 0.0024 95% CL, P18 + SPT + BK18, (3.161)
€2 = 0.0354 +0.0066  68% CL, P18 + SPT + BK18, (3.162)
€3 = 0.13701 68% CL, P18 + SPT + BK18. (3.163)

Minimal differences emerge between second- and third-order expansions, with ¢4 remaining un-
constrained in both cases; see table 3.4 and table 3.5 for results incorporating external datasets.
Complete third-order results are reported exclusively for the combined datasets augmented with
external data in table 3.5.

The P18+ACT combination more closely resembles the Planck-only results regardless of
the temperature multipole cut strategy employed. When applying the cut to ACT data with
(45T > 1800, the inferred spectral index ns = 0.9694 + 0.0034 at 68% CL (0.30 difference)
aligns well with Planck findings. Conversely, restricting Planck temperature data to K%ig < 650
yields ng = 0.9796 £ 0.0049 at 68% CL (2.10 difference) when considering primary CMB alone;
these tensions become 0.60 and 2.30, respectively, upon including second-order corrections. The
constraints on the scalar running further demonstrate this pattern: the P18+ACT combination
with Z%%T > 1800 yields results closer to those from Planck alone, with ag = 0_0014418:88% when
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P18 (frr < 650) + ACT PI8 + ACT (frp > 1800)  PI8 + SPT
+ BK18 + BK18 + BK18
FIRST ORDER
In (1010 4y) 3.041 £ 0.016 3.048 £ 0.015 3.0457001%
e1 (at 95% CL) < 0.0024 < 0.0022 < 0.0022
€2 0.0183 £ 0.0059 0.0312 £ 0.0044 0.0327 £ 0.0044
Ns,0.05 0.9794 £ 0.0056 0.9667 £ 0.0040 0.9651 + 0.0041
< 0.035 < 0.035
—0.0021+9-9015

T0.05 (at 95% CL)

< 0.038
—0.002319-5017

0.0015
—0.0021 750000

Nt,0.05
SECOND ORDER
In (1070 4y) 3.040 £0.016 3.047 £0.016 3.046 £ 0.012
€1 (at 95% CL) < 0.0024 < 0.0022 < 0.0023
€ 0.016670-9529 0.029710 9052 0.0383 + 0.0071
es (at 95% CL) <0.27 —0.067033 0.157031
N5, 0.05 0.9796 + 0.0055 0.9674 + 0.0040 0.9640 + 0.0041
s, 0.05 0.002010:0035 0.001019-0092 —0.0064 + 0.0062
r0.05 (at 95% CL) < 0.038 < 0.035 < 0.036
Nt 0.05 —0.0023t§-_73318 —0.0021t§;§3}8 —0.0023t53;983}8
10°a, 0.05 -3.6777 —6.175% —8.4757

Table 3.4: Constraints on the primary inflationary parameters and their derived quantities (re-
ported at 68% CL unless otherwise indicated) for the combined datasets P18+ACT+BK18 with

two distinct multipole cuts, and P18+SPT-3G+BK18.

+0.004% when cutting Planck data, both at 68% CL. The

cutting ACT data and a5 = 0.00217 5096
P18+4-SPT combination remains consistent with Planck results while providing tighter error bars.

Figure 3.8 displays the 68% CL and 95% CL confidence regions for the HFFs obtained from
the first-order analysis, both for individual experiments (Planck ACT, and SPT alone) and their
combinations. The results align with the general observation that CMB data favor potentials
with concave curvature, i.e., Vs < 0, within the observable window, with the ACT+BK18 case
representing a notable exception. Figure 3.9 presents the 68% CL and 95% CL confidence regions

0.004 , 0.004
I ACT + BK18 + ext I P18 + BK18 + ext
SPT + BK18 + ext l‘ B P18 (TT < 650) + ACT + BK18 + ext
I P18 + BK18 + ext ," P18 + ACT (TT > 1800) + BK18 + ext
0.003 1 0.0031 mm P18 + SPT + BKI8 + ext
5'0.002 & 0.002 |
0.001- 0.001- /
00005755 0.00 0.05 0.000 575 0.00 0.05
€2

€9

Figure 3.8: Marginalized joint confidence contours for the first two HFF parameters ¢; and
€9 under first-order slow-roll predictions. The grey dashed line delineates the parameter space

separating convex (left) from concave (right) single-field slow-roll potentials.

for the HFFs obtained from the second-order analysis, shown for individual experiments on the

left panel and for combined datasets on the right panel.
Finally, Figure 3.10 illustrates the 68% CL and 95% CL marginalized constraints on the scalar

inflationary parameters derived via eqs. (F.20) to (F.22): for the second-order HFF expansion,
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P18 (frr < 650) + ACT P18 + ACT (7 > 1800) P18 + SPT
+ BK18 + ext + BK18 + ext + BK18 + ext
FIRST ORDER
In (1010 4y) 3.048 £ 0.014 3.052 +£0.013 3.05275028
e1 (at 95% CL) < 0.0024 < 0.0023 < 0.0022

€2

0.0183 £ 0.0051

0.0292 £+ 0.0037

0.0311 £ 0.0036

Ns, 0.05
T0.05 (at 95% CL)

7t,0.05

0.9794 % 0.0049
< 0.038
—0.002319-5016

0.9687 % 0.0035
< 0.036
—0.0021+9-9016

0.9667 & 0.0033
< 0.036
—0.0022+9-9016

SECOND ORDER

In (1070 4y)
€1 (at 95% CL)

€
es (at 95% CL)

3.047 £0.014
<0.0023
0.016610 0025
<0.26

3.051 +0.014
< 0.0023
0.0274%838;6*;
—0.0870%40

3.048 + 0.011
< 0.0024
0.0354 + 0.0066
0.137931

Ns, 0.05
Qs 0.05

0.9796 % 0.0049
0.002110 5052

0.9694 % 0.0034
0.001419-5052

0.9661 £ 0.0035
—0.0055 £ 0.0062

r0.05 (at 95% CL) < 0.037 < 0.035 < 0.037
Nt 0.05 —0.0023t§-_§818 —0.0022t§;088}8 —0.0023t§;§3}8
10°a, 0.05 -3.6775 —5.7759 -8.0735
THIRD ORDER
In (1010 4y) 3.046 +0.014 3.052 +0.014 3.048 £0.011
€1 (at 95% CL) < 0.0024 < 0.0022 < 0.0023
€ 0.016610006% 0.0291700982 0.036310 0058
e3 (at 95% CL) < 0.34 0.0019:37 > —0.13

€4

0.9695 £ 0.0035

0.9673 £ 0.0038

Ns, 0.05 0.9804 =+ 0.0049
Qs,0.05 0.0019t868§§§8 —0.0002t§;§§§§ —0.0056t§;§§§;{
Bs,0.05 _0-0011t010007 _0'0010t0:0006 _0~0025t0:0012
r0.05 (at 95% CL) < 0.037 < 0.035 < 0.036
nt,0.05 —0.0023t28;788}8 —0.0022t§;588}g —0.0023t63;483}g
1ofat,0,o5 —3.61;163 —6.2i%'_i —8.9:2,,'_g
10°Bt.0.05 02752 —0.4732 —2.212:0

Table 3.5: Same as table 3.4 but including external datasets: BAO and RSD measurements,
SNe, and CMB lensing.

these include the scalar spectral index ng and its running oy, while the third-order expansion
additionally incorporates the running of the running fs. Although current constraints are con-
sistent with the small values of 1 — ng, ag, and By predicted by single-field slow-roll inflationary
models, substantially larger values remain permitted by present CMB measurements. The light
shaded regions correspond to |as| > |ns — 1|? and |Bs| > |ns — 1|?, indicating regimes where
single-field slow-roll predictions are qualitatively violated, as discussed in [96].

In summary, this analysis establishes a stringent upper bound on the first HFF, ¢; < 0.002
at 95% CL, primarily driven by BICEP /Keck data. This constraint demonstrates remarkable
stability across diverse combinations of observational datasets. Combining Planck data with late-
time cosmological probes yields €5 ~ 0.031 + 0.004 at 68% CL when retaining only first-order
corrections. Incorporating second- and third-order corrections broadens this to es >~ 0.034+0.007
at 68% CL. For the third HFF, the analysis indicates e3 ~ 0.1 £ 0.4 at 95% CL, with consistent
values across second- and third-order treatments. The fourth HFF €4 remains beyond the reach
of current data, as also demonstrated in [67].

Incorporating small-scale CMB measurements from ACT and SPT alongside Planck data
provides additional insight. The combination of Planck with ACT data (after removing tem-
perature data below £ = 1800 as recommended by the ACT collaboration to avoid inter-dataset
correlations) and with SPT yields results consistent with Planck-only constraints while offering
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slightly tighter bounds on ez and e3. However, ACT data alone, as well as the ACT+ Planck
combination with Planck temperature data removed above ¢ = 650, produce shifts in the central
values of €2 and e3, indicating a preference for higher scalar spectral indices and positive values
of the spectral running.

3.5.4 Future CMB Constraints

This subsection explores the anticipated constraining power of a conceptual future CMB space
mission. Under the assumption that CMB anisotropies follow a Gaussian distribution and exhibit
statistical isotropy, the analysis employs the following Gaussian likelihood £ [97, 98]

—2n L= (20 +1)fuy (Tr[égégl] +1n]C,C; Y - 4) , (3.164)
0

where C; denote the theoretical data covariance matrices

CiT+ NfT crF 0 0
. o CPP + NPP 0 0
C, = £ ¢ ¢ ~ , 3.165
0 0 CPP+NPP 0 (3.165)
0 0 0 Cy? + NP2
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Figure 3.9: Marginalized joint confidence contours for the first three HFF parameters €1, €3, and
€3 under second-order slow-roll predictions.
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Figure 3.10: Marginalized joint confidence contours for the scalar spectral index ng and its
running «g under second-order slow-roll predictions (upper panels), and for the scalar spectral
index ng, its running ag, and the running of the running G5 under third-order slow-roll predictions
(lower panels).

and C‘g are the fiducial data covariance matrices
T o
G, = cirocpr o 0
0 0o CPB o0
o 0 0

(3.166)

The noise power spectra for temperature and polarisation angular power spectra account for
isotropic noise deconvolved with the instrumental Gaussian beam as

02
XX _ =1 _f(f+1)-EWHM
NFX = 3k fEFDTE0ET (3.167)
. . . —1/2 . . —-1/2 -1/2
The forecast assumes an effective noise variance w/~ = 1.2 pKarcmin with wpp'™ = wpg'™ =

V2 wr}}/ 2 and an effective beam resolution of OrwaM = 5.5 arcmin over 70% of the sky, spanning
the multipole range 2 < ¢ < 3000. These instrumental specifications correspond to a CMB
experiment achieving cosmic-variance-limited sensitivity up to £ = 2800 in temperature, £ = 2000
in E-mode polarisation, and ¢ = 800 in gravitational lensing reconstruction over nearly the full
sky.

Beyond primary temperature and polarisation anisotropies, the analysis incorporates infor-
mation from CMB weak lensing through the lensing potential power spectrum C’f . For the
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CMB lensing noise power spectrum, the minimum-variance quadratic estimator for lensing re-
construction [99] is adopted over the range 30 < ¢ < 3000, combining the TT, EE, BB, TE, TB,
and EB estimators with iterative lensing reconstruction following [100, 101].

Additionally, internal delensing [102, 103, 104]| of the B-mode angular power spectrum is
implemented using the specifications above to suppress the non-primordial lensing-induced con-
tribution. The delensing procedure removes the lensing component from the B-mode power
spectrum while incorporating an additional error term into the instrumental noise IV, ?B.
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Figure 3.11: Marginalized joint confidence contours for the first three HFF parameters €, €s,
and e3 under second- and third-order slow-roll predictions (upper panels). Marginalized joint
confidence contours for the scalar spectral index ng and its running g under second- and third-
order slow-roll predictions (lower left panel), and for the scalar spectral index ng and the running
of the running Sy under third-order slow-roll predictions (lower right panel).

The forecast assumes a flat Universe with a cosmological constant, two massless neutrinos
with Neg = 2.046, and one massive neutrino with fixed minimum mass m, = 0.06eV. The
fiducial angular power spectra are generated using HFF values corresponding to the T-model of -
attractor inflation with o« = 1 evaluated at IV, = 55 e-folds and pivot scale k, = 0.05 Mpc_l. This
yields €; = 0.000235, €5 = 0.0352, €5 = 0.0175, and ¢4 = 0.0175. The simulated measurements
are analyzed using both the second-order PPS equations (with ¢4 = 0 and neglecting third-order
corrections) and the complete third-order expressions. The results are displayed in fig. 3.11. The
analysis of this futuristic CMB experiment reveals:

e The HFFs are accurately recovered without bias or significant degradation in uncertainties
when truncating at second order.

e The fourth HFF ¢4 remains beyond the reach of CMB experiments alone.
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e Uncertainties on the HFFs are substantially reduced, enabling high-significance statistical
detection of €3 (and, for this specific fiducial, €; as well). Specifically, the forecast yields
€1 = 0.000239 £ 0.000016, €3 = 0.0357 + 0.0018, and e3 = 0.023 + 0.066 at 68% CL,
consistent with previous forecast studies [105].

These results demonstrate that second-order equations provide sufficient accuracy for mod-
eling both current and future CMB observations, as illustrated in fig. 3.11. The parameter e,
remains unconstrained even with next-generation CMB measurements.

In conclusion to this chapter, it is important to stress that future small-scale CMB ob-
servations from ACT, SPT, and the Simons Observatory will be essential for further testing
higher-order terms in the slow-roll expansion and validating single-field slow-roll predictions.
Beyond CMB measurements, as demonstrated throughout this chapter, observations spanning
broader scales—including large-scale structure (LSS) measurements from FEuclid [106], CMB
spectral distortions [107], 21 cm experiments [108]|, and constraints on primordial black hole
abundance at smaller scales [109]—can provide valuable constraints on the primordial curvature
power spectrum. Collectively, these multi-scale observations are vital for confirming or refuting
the single-field slow-roll inflation paradigm, and third-order corrections to the PPS will play a
crucial role in this assessment.
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Chapter 4

Planck constraints on the scale
dependence of isotropic cosmic
birefringence

As discussed in section 2.4, cosmic birefringence (CB) is the rotation of the linear polarisation
plane of photons during their propagation through the vacuum. This phenomenon serves as
a powerful probe of parity-violating extensions of standard electromagnetism. While various
theoretical frameworks can produce this effect—including interpretations based on non-trivial
spatial topology that leave standard electromagnetism unchanged, as proposed by the COM-
PACT collaboration [110], or kinetic mixing between the standard electromagnetic sector and
a dark one [111]—the most prominent example is Chern-Simons (ChS) theory [50]. In this
framework, a pseudo-scalar field such as an axion or axion-like particle (ALP) a couples to the
electromagnetic field tensor via the Lagrangian':

Lo —g‘j%aFw,F’“’. (4.1)

Although the CB effect is a general phenomenon, the Cosmic Microwave Background (CMB)
provides an ideal laboratory for its detection. Thomson scattering at the last scattering surface
generates linear polarisation in the CMB at the few percent level, making it the most distant
known source of linear polarised photons in nature. Consequently, CMB polarisation observations
have become the standard tool for constraining cosmic birefringence [49].

Isotropic cosmic birefringence (ICB) induces a mixing between E- and B-mode polarisation,
thereby affecting the CMB angular power spectra (APS). As derived in section 2.4.1, when no
parity-violation signals are present at the last scattering surface and the birefringence angle
remains constant [112, 113, 114|, the observed power spectra are given by eq. (2.127) through
eq. (2.132), which we report here for the reader’s convenience:

CfE’ObS = CPE cos?(28) + CPP sin(28),
CfB’ObS = fE sin?(26) + CfB cos?(26),
CfPebs = %sin(élﬁ) (CEE — PP,

TT,obs _ ~TT
C! = 7T,

CETE’ObS = C’ZTE cos(20),

C o = CFE sin(28).

!Following the convention introduced in section 2.4, a denotes the axion field when no ambiguity with the
scale factor arises.
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These relations demonstrate that ICB affects only CMB polarisation, leaving the TT" APS
unaltered. It should be noted that these equations are valid when the axion field a remains
constant in time during the recombination epoch [115|. This condition is satisfied only if the
field mass is sufficiently small for a given coupling constant gq,~ [116]. For larger masses, the
field a exhibits time-evolution characterized by decay followed by damped oscillations, which
modifies these relations.

The Planck collaboration has consistently detected a non-zero EB APS signal across all four
component separation methods?. Within the framework of Chern-Simons theory, this signal can
be interpreted as arising from a combination of a cosmological birefringence angle § and an
instrumental polarisation miscalibration angle «, yielding 8+ a = 0.31 £ 0.05 (stat) 4= 0.28 (sys)
[deg] [124]. The systematic uncertainty, dominated by the instrumental polarisation angle «,
significantly exceeds the statistical error. This degeneracy arises because the instrumental po-
larisation angle alpha affects the CMB APS through the same mathematical framework as the
cosmological CB effect [125], making it difficult to disentangle genuine cosmic birefringence from
systematic miscalibration.

To break this degeneracy, a novel technique—mow known as the Minami-Komatsu method—
was proposed in [126, 127] and subsequently applied to Planck data in [128] and [129, 130]. These
analyses suggest a detection of 5 around 0.3 [deg| with a statistical significance approaching the
3o confidence level (CL). More recently, the ACT collaboration has independently estimated
BacT = 0.20 + 0.08 [deg| [20, 21, 131].

The validity of eq. (4.2) through eq. (4.7) depends critically on the mass of the ALP field a.
The degeneracy between the instrumental angle o and the birefringence angle § is exact only
when the ALP mass falls within the ultra-light range [116, 132]:

1073 eV <m <1078 eV (4.8)

Outside this mass range, the degeneracy is broken [133, 134, 135]. From an observational per-
spective, the degeneracy is maximised when [ is independent of the harmonic scale. Previous
analyses of Planck measurements [136] indicate that this scenario is currently favoured by the
data. Similar conclusions have been reached in [137|, where constraints on ALP parameters are
derived from the full shape of the Planck EB spectrum.

The work on Isotropic Cosmic Birefringence presented in 3] proposes a new test to assess
whether 8 exhibits any dependence on the harmonic scale or remains constant across all scales.
Using Planck Public Data Release 3 (PR3) [64], the birefringence angles are estimated at dif-
ferent harmonic scales and their consistency is tested across the entire harmonic range. Two
complementary approaches are employed: first, fitting the birefringence angle estimated at dif-
ferent multipoles, Gy, with a power-law model; second, performing a non-parametric Bayesian
reconstruction. Both methods yield results consistent with a non-vanishing constant birefrin-
gence angle. The power-law analysis shows no significant dependence on the harmonic scale (up
to 1.80 CL), while the Bayesian reconstruction demonstrates that a constant model is favoured
by the Bayesian evidence. Additionally, forecasts for future CMB observations are explored to
assess how they could improve this type of analysis.

It is important to emphasise that the goal of this work [3] is not to address the degeneracy
between ( and « directly, although the proposed test may help to distinguish between the two
effects.

The test has been performed using two different methodologies:

1. The estimated angles at different angular scales are fitted using a two-parameter power-law

2The analysis of Planck satellite data is performed using four different techniques to account for the fore-
ground emissions that contaminate the CMB signal [117]. These techniques are Commander [118, 119], NILC [120],
SEVEM [121], and SMICA [122, 123].
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model, (5p,n), defined as
Be = Bo <;> (4.9)
0

where fy is a suitable harmonic pivot scale. In this approach, the power n is the key
parameter, as it quantifies the consistency of a constant birefringence angle across the
entire harmonic range under consideration.

2. In the second approach, [y is fitted using a non-parametric Bayesian reconstruction for a
given number of moving knots [138, 139, 140]. In this case, the best-fit curve is statistically
evaluated against constant behaviour in /.

The analysis presented in the following sections is based on the work [3].

4.1 Planck data and simulations

4.1.1 Data and Simulations

The analysis presented in [3] relies on the Planck Public Release 3 (PR3) dataset and associated
simulations [64]. As mentioned in the previous section, the study utilizes CMB maps recon-
structed through the four Planck’s different component-separation (CS) techniques: Commander,
NILC, SEVEM, and SMICA.

To characterize the statistical properties of the observational data, the official Planck PR3
simulation set has been employed. For each component-separation method, this set comprises
1000 full focal plane (FFP) CMB Monte Carlo realizations based on the Planck ACDM best-fit
cosmology (hereafter referred to as the fiducial model) [117]. These simulations incorporate
an effective Gaussian beam with a full width at half maximum (FWHM) of 5 arcmin [141, 142].
Additionally, the set includes 300 noise realizations for the first half-mission (HM1) and 300 for
the second half-mission (HM2). Importantly, the Planck PR3 simulations account for residual
contributions from various systematic effects, including beam leakage, analog-to-digital converter
(ADC) non-linearities, thermal fluctuations, and other instrumental systematics [143, 144].

All data products employed in this analysis are publicly available through the ESA Planck
Legacy Archive? and have been processed at resolution parameter Ngqe = 2048. This parameter
is defined within the Hierarchical Equal Area isoLatitude Pixelization (HEALPix) scheme [145],%
where the total number of pixels on the sphere, Npiy, is related to the resolution parameter
through Npix = 12Ns2ide.

4.1.2 Angular power spectra

For each component-separation method, two independent data splits have been constructed by
combining the 300 HM1 and 300 HM2 noise realizations with the first 300 CMB simulations.
Cross-correlation between these splits is then employed to estimate the CMB angular power
spectra, a procedure known to yield auto-spectra with reduced sensitivity to noise characteristics
and residual systematic contamination [117].

The angular power spectra are computed using the NaMaster Python package [146], which
implements the pseudo-Cj estimator [147, 148]. This calculation incorporates the Planck PR3
common masks for both temperature and polarisation, as well as the masks identifying unob-
served pixels in HM1 and HM2, as illustrated in fig. 4.1. Neither apodization nor purification
techniques [149, 150, 151] have been applied to the masks.

3http://pla.esac.esa.int/pla
“https://sourceforge.net/projects/healpix/
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PR3 common + HM missed pixel intensity mask PR3 common + HM missed pixel polarization mask

Figure 4.1: Masks employed in [3]. Both the intensity (left panel) and polarization (right panel)
masks correspond to an effective sky fraction of fgo, ~ 75%.

In CMB data analysis, it is standard practice to work with the dimensionless power spectrum
Df Y defined as
(l+1)

2T

The analysis pipeline presented in [3] primarily exploits the EB spectrum and the combined
(EE — BB)/2 signal:

DXY = cXY. (4.10)

EE _ ~BB
ppp =t Ueps g pEr-see - MY (Ce - ) (4.11)
™ s

Figures 4.2 and 4.3 present DfB and D , respectively. Each figure comprises four
panels corresponding to the four CS methods, showing the binned APS with bandpowers of width
Al = 20 extending to a maximum multipole £, ~ 1550. Within each panel, the measured data
APS with error bars (derived from simulations) are shown in black, the ACDM fiducial spectrum
is indicated by a dotted gray line, and the simulation mean along with its one-o dispersion is
displayed in orange.

The lower portion of each panel demonstrates the consistency between simulations and the
expected fiducial APS, denoted by Dg(’ﬁd, where X = {EB, (EE — BB)/2}. This is achieved by
plotting the standardised APS, defined as:

(EE—-BB)/2
¢

ADY - (€))%, (4.12)

where ADS = (D)X — Df’ﬁd) denotes the mean deviation from the fiducial spectrum, and

(CX)Z_Z,I/ 2 represents the Cholesky decomposition of the inverse mean covariance matrix Cﬁ,.
The mean covariance is obtained as C;Y,/300, where C7\, denotes the full covariance of X.

Under the assumption of Gaussian statistics, these standardised quantities should follow
a normal distribution with zero mean and unit variance at each harmonic bandpower, and are
therefore expected to remain within +3¢ for most multipoles. The covariances Cig, are computed
using the analytical approach implemented in the NaMaster code, which accounts for signal and
noise fluctuations as well as mode coupling induced by sky masking [146].

The lower panels of figs. 4.2 and 4.3 reveal that the simulation ensemble mean remains within
3.50 of the fiducial model across all the four component-separation methods. This demonstrates
that residual effects included in the official Planck simulations do not produce any statistically
significant systematic bias. The only notable exception occurs for SMICA in DfB near £ ~ 300,
where a deviation of approximately 5o is observed. However, this fluctuation corresponds to
merely 30% of the statistical uncertainty of the APS at those angular scales, and is therefore
not expected to significantly affect the final results. Furthermore, the SMICA estimates remain
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Figure 4.2: Dimensionless EB power spectrum DEB = ¢(¢ + 1)CEB /27 [uK?| as a function of ¢
from Planck PR3 data with bandpower width A¢ = 20. The panels are organized by component-
separation method: upper left for Commander, upper right for NILC, lower left for SEVEM, and
lower right for SMICA. In each panel, the upper portion displays the measured APS with error
bars (black), the ACDM fiducial spectrum (dotted gray), and the simulation mean with its one-
o dispersion (orange). The lower portion shows the deviation of the simulation mean from the
fiducial spectrum in units of the standard deviation of the mean.

in excellent agreement with those obtained from the other CS methods, even around ¢ ~ 300
where the simulations from other methods show no significant departure from expected statistical
fluctuations.
. EB (EE—-BB)/2 - .
Overall, the APS estimates for both D/ and D, exhibit excellent consistency at
better than the 20 level across all component-separation methods. Additionally, a harmonic x?

analysis, where

-1
X> =) _DFClh D) (4.13)

o0

with X = {EB, (EE — BB)/2},
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Figure 4.3: DéEE_BB)/Q = (¢ + 1)[(CFF — CBB)/2]/2n [uK?] as a function of ¢ from Planck
PR3 data with bandpower width A¢ = 20. The panels are organized by component-separation
method: upper left for Commander, upper right for NILC, lower left for SEVEM, and lower right
for SMICA. In each panel, the upper portion displays the measured APS with error bars (black),
the ACDM fiducial spectrum (dotted gray), and the simulation mean with its one-o dispersion
(orange). The lower portions of the single sub-plots show the deviation of the simulation mean
from the fiducial spectrum in units of the standard deviation of the mean.

EE—BB)/2
Dé )/ across

reveals a moderate excess for DZEB, while showing very good agreement for
all methods. Specifically, the measured X(2iata for DfB ranges from 96 to 115 depending on the
CS method, compared to an expected value of 73 for the harmonic range [42, 1501]. These values
correspond to a probability to exceed (PTE) ranging from 0.2% for Commander, 0.3% for NILC,
0.1% for SEVEM, to 0.7% for SMICA, indicating tension with the null hypothesis of vanishing E'B
correlation.

Concluding this section, the analysis of data and simulations described in section 4.1 has
confirmed the presence of an excess EB signal across all four component separation methods,
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whose physical origin remains unclear. The estimated birefringence angle 8 over the full harmonic
range [42,1501] is consistent with values reported in the literature [128, 129], regardless of the
impact of the instrumental polarization angle «.

4.2 Testing the harmonic-scale dependence of the isotropic cos-
mic birefringence

4.2.1 Estimators

Starting from eqs. (4.2) and (4.7), it is possible to construct two harmonic-based estimators for
B, known as D-estimators [124, 152, 153]:

DTBebs(3) = TBobs o5(9f) — OTEobs giny(973) (4.14)
obs/ 5 obs 3 1 obs Ob8 ) o 3
DFP(B) = CFPo cos(aB) — 5 (CFP = 7P ) sin(4) (4.15)

where B denotes the estimate of the CB angle 8. It can be demonstrated that
DB =8) =0, (4.16)

for Y = TB or EB [153], indicating that § can be determined by identifying the zeros of the
D-estimators.

The analysis presented in [3] relies exclusively on D;°"(3). This estimator has been
shown to provide stronger constraints than D, *°*%(3) for Planck data, as demonstrated in [124].

However, it must be pointed out that this result holds only when the complete available harmonic
range is employed, whereas the estimator’s performance has not been investigated for particular
harmonic subranges. Therefore, it is possible that within specific multipole intervals, the two
estimators exhibit comparable statistical efficiency, or at least similar constraining power, making
the analysis with DTP as statistically efficient as the one on DFB. A possible follow-up to test
the consistency of the results is discussed in [3]. Furthermore, when working with the TE and
T B signals, one must account for the fact that beam deconvolution affects both temperature and
polarization channels and it does it in a different way, necessitating significantly greater care in
the computation of the spectra and interpretation of the results. For these reasons, the work

presented in [3] focuses exclusively on D" (3).

4.2.2 Estimates of the [,

The initial step of the analysis consists in reproducing established results from the literature.
The cosmic birefringence angle is estimated by minimizing the y?(/3) function defined as

A EB,obs/ 4 —1EBobs, 4
XC(B) = Dy P (B)(CPP )y Dy () (4.17)
bb
over the complete multipole range, where b,0' = 1,...,73 correspond to the harmonic interval

[42,1501] with uniform spacing A¢ = 20. Here, CEP denotes the analytical covariance matrix
for the E'B spectrum computed via NaMaster, as discussed in section 4.1.2. Following stan-
dard practice in previous studies [124]), the lowest multipoles are excluded to reduce potential
contamination from residual systematic effects, including those of astrophysical origin.

For each component-separation method, 8 is computed for every simulation and for the cor-
responding Planck CMB map. These values are used to construct fig. 4.4, where histograms
show the expected distribution derived from simulations (generated with ACDM) for each CS
method, while vertical bars mark the observed CB angle. Fach panel additionally displays a
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Gaussian distribution whose mean and standard deviation are extracted from the corresponding
histogram. This normal approximation is employed to assess the statistical significance of the
observed value, which is reported above the arrow connecting the histogram mean to the mea-
sured angle. The significance levels associated with the observations span from 5o for the SMICA
solution to 6.2¢ for NILC, with Commander and SEVEM yielding 5.40 and 5.30, respectively.

( The Hartlap factor \

The Hartlap factor was originally studied in [154]. It is a correction that allows one
to obtain an unbiased estimate of the inverse covariance matrix when the covariance is
estimated from a finite number of simulations or independent realizations.

Let s = (s1, .., $y) be a set of r random variables drawn from a multivariate Gaussian
distribution with mean g = (1, ..., ptrr) and population covariance ¥, i.e.,

1 1 _
P(s) = W—d\/ﬁ exp [—5(3 — ) (s —p)|. (4.18)

A standard estimator for the components of the covariance matrix is the maximum-
likelihood estimator
A 1
ML

S ™ — )P — ), (4.19)

k=1
where k denotes the k-th realization among the total number of realizations n. From
this estimator, an estimator for ¥~! can be obtained by matrix inversion:

Crt = (eMhL (4.20)

Unfortunately, due to the noise in CML the estimator in eq. (4.20) is consistent but
biased. In [154], building upon previous results explained in [155], the authors demon-
strate that an unbiased estimator of ¥~ is given by

A n—1r—2,_4

= ﬁC’* for r<n-2, (4.21)

i.e., the estimated inverse covariance matrix must be multiplied by the factor

H = n——r—27 (4.22)
n—1

\ commonly known as the Hartlap factor. )

The estimated means and standard deviations of 5 are summarized in table 4.1, together with
the residual CB angle Bres = (Bi)iesims computed from the simulations. It should be noted that
this residual represents only a fraction of the statistical uncertainty on 8 and therefore does not
account for the overall measured CB effect. Nevertheless, it can be interpreted as contributing
to the systematic uncertainty budget.

In fig. 4.5 it is possible to see that for all four component-separation methods an E B signal ap-
pears when analyzing the data. Equation (4.4), using the values from table 4.1 and section 4.2.2,
appears to fit these data well, as shown for four different values of the birefringence angle.

The CB angle p is subsequently determined over four aggregated harmonic bins, labeled by
B, by minimizing

Vs (Br) = 3 DEBO™(B)(CE ) DEP™ (Bg) (4.23)
b,b
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Method B |deg|] | Bres [deg]
PR3 Commander | 0.30 £ 0.05 0.02
PR3 NILC 0.324+0.05 0.01
PR3 SEVEM 0.31 +0.06 0.01
PR3 SMICA 0.27 4+ 0.05 0.02

Table 4.1: Estimated values of § over the harmonic range [42,1501] for the four component-
separation methods employed in this work. These values have been used in eq. (4.4) to compare
the resulting APS with Planck PR3 data, as shown in fig. 4.5. The third column of the table
reports the mean birefringence angle estimated from the simulations, denoted as Pres.
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Figure 4.4: Estimated g for all component-separation methods: upper left panel for Commander,
upper right for NILC, lower left for SEVEM, and lower right for SMICA. In each panel, the gray
histogram constructed from simulations represents the expected distribution for 3, while the
black vertical bar indicates the observed value. The green curve shows a Gaussian distribution
whose mean and standard deviation are derived from the corresponding histogram. This normal
approximation is used to calculate the significance of the observed value, which is also reported
above the arrow connecting the histogram mean to the estimated angle.

where the index B labels four consecutive aggregated bins b to span the multipole range [42, 1481].
Thus, B € [1,18] maps onto b € [1,72]. It important to point out that the final bin, b = 73, is
excluded to ensure the total number of bins is divisible by four. Additionally, it has been found
that estimating § over the aggregated bins corresponding to the multipole range ¢ € [2,41] yields
an uncertainty approximately 10 times larger than that obtained from the analysis conducted
on aggregated harmonic bins in ¢ € [42, 1481].

For each CS method and for each of the 300 corresponding simulations, the values Sp that
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Figure 4.5: CEB data from Planck PR3, for all four component-separation methods (cf. sec-
tion 4.1). The four 8 values are those obtained from the whole-range analysis performed in 3]
(cf. table 4.1 and section 4.2.2).

minimize eq. (4.23) are computed. The covariance matrix is then estimated from simulations as

C2 5 = (B — (B5)) Be — (B)) ), (4.24)

where (Sp) denotes the ensemble mean over simulations for each bin B. Employing the identical
procedure, Sp is estimated from Planck data.

The results are presented in fig. 4.6. For each panel, the compatibility of (55) with the null hy-

o . . . . Y2
pothesis is illustrated in the lower tiles through the standardised quantity (55) [H . (C% B) 1]

(solid orange lines), which should remain predominantly within +3¢ for each bin B. The inverse
covariance matrix is adjusted using the Hartlap factor H to account for the finite number of
effective degrees of freedom in the simulation-based covariance estimate [154|. As previously, the
power of 1/2 applied to a matrix denotes its Cholesky decomposition.

The same calculation is also performed using only the diagonal elements of C% pr» in this case
without applying the Hartlap correction (dashed lines). As evident from fig. 4.6, the off-diagonal
terms contribute negligibly to the total uncertainty.

This validation reveals only partial consistency of the Planck simulations for Commander,
NILC, and SMICA, as evidenced by excess power around ¢ =~ 300 for all three CS methods, and
additionally near ¢ ~ 500 and 700 for NILC and SMICA. To address this issue, a debiasing procedure
has been applied, subtracting the constant residual value Ses—reported in table 4.1—from each
Bp, separately for each CS method.
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The standardised quantities are then re-evaluated and the debiased results are presented in
the same lower tiles of fig. 4.6, using indigo lines to indicate the corrected curves. This procedure
restores full compatibility with the null hypothesis for Commander, while only partially mitigating
the residual excess for NILC and SMICA. SEVEM exhibits full compatibility regardless of whether
the debiasing procedure is applied. The impact of the residual excess on the analysis will be
discussed in the following section.
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Figure 4.6: Estimated Sp for all component-separation methods: upper left panel for Commander,
upper right for NILC, lower left for SEVEM, and lower right for SMICA. In each panel, the black
points with error bars represent S from data, where error bars are computed from the numerical
covariance CBB pOBp. The orange band shows the mean value () with its lo region from
the corresponding simulations. Gray dashed horizontal lines indicate the value of 5 computed
over the complete multipole range. In the lower tiles, the fluctuation of the simulation mean
relative to the null hypothesis is displayed before removing the constant value of £, at each
multipole (orange) and after its removal (indigo), considering either the full dense covariance
matrix corrected by the Hartlap factor (solid lines) or only its diagonal elements (dashed lines).

Nevertheless, it should be emphasized that all estimates obtained from the different CS
methods are in very good agreement, with relative fluctuations typically at the 1o level.
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Par. Data Commander NILC SEVEM SMICA
BB 0.28 +0.05 0.31 +0.05 0.30 4+ 0.06 0.26 + 0.05
Bo |deg] | Pres 0.019 £0.003 | 0.013 +0.003 | 0.013 +£0.003 | 0.017 + 0.003

BB — Pres | 0.26 £ 0.05 0.29 4+ 0.05 0.29 4+ 0.06 0.25 4+ 0.05
B 0.607031 0.291031 0.57103% 0.52+93¢

n Bres 0.0019-35 0.00194 0.0015-4 0.0015-38
BB — Bres | 0.627035 0.30 £ 0.31 0.59033 0.541038

Table 4.2: Best-fit values and 1o confidence intervals for the parameters (5y,n) obtained from
different component-separation methods and datasets: measured data Sp, systematic residual
Bres, and debiased data g — Bres.

4.2.3 Fitting g, with a power-law like functional

In this section, the birefringence angles Bp across different angular scales are modeled using a
two-parameter power-law functional form given by

B(B) = B <€B) ,

4.25
0 (4.25)

where [y represents the amplitude and n denotes the power index (or slope) that characterizes the
harmonic scale dependence at a reference pivot scale £p,. Since the power-law parametrization
in eq. (4.25) exhibits sensitivity to the pivot choice, By is fixed to the bin that minimizes the
correlation between 5y and n while simultaneously yielding the smallest systematic uncertainty
arising from fyes. This corresponds to the sixth bin with p,—¢ € [442,522], a choice that remains
consistent across all four CS methods (appendix G for details). The power index n serves as the
key parameter in this analysis, as it quantifies departures from scale-independent birefringence
behavior across multipoles.

The following analysis pipeline has been developed to test the power-law model described in
eq. (4.25):

1. A two-dimensional grid in the parameter space (3p,n) is constructed, centered at the origin
(0,0). The grid consists of 1000 x 1000 points spanning the ranges 5y € [—1,1] deg and
n € [-1.5,2.5].

2. The two-dimensional x? function is evaluated at each grid point (8, n) under the assump-
tion of the theoretical power law given in eq. (4.25).

3. The best-fit values (89, n) are determined by minimizing the two-dimensional x? function.

The x2(Bg, n) function is expressed as

18

¥ (Bo,m) = > [B(B) - 8] (¢7)

4.2
. (4.26)
B,B’

[B(B') - Bp]

where x?(8p,n) quantifies the goodness of fit for each point in the parameter space. This pro-
cedure is applied to three distinct datasets: the measured Sp values from each CS method, the
residual fBs to propagate systematic effects into the parameter constraints, and the debiased
dataset BB — Bres.

The marginal distributions for (5p, n) are displayed in fig. 4.7, while the constraints on 3y and
n are reported in table 4.2. The constraints derived from [, represent a systematic contribution
that affects By at approximately 40% of its statistical uncertainty. Notably, the systematic
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uncertainty on n is peaked at zero, indicating that residuals from the Planck analysis pipeline
do not impose a significant limitation on this analysis.

The estimates of n are found to be compatible with zero within the total error budget
at confidence levels of 1.80 for Commander, 1.0c0 for NILC, 1.7¢ for SEVEM, and 1.5¢ for SMICA.
However, when template corrections are constructed for NILC and SMICA to account for the excess
power identified at ¢ = 300, 500, and 700 (cf. fig. 4.6), the analysis yields Sy = 0.30 £ 0.05 [deg]
with n = 0.40 £ 0.33 for NILC, and By = 0.25 £ 0.05 [deg| with n = 0.68 £ 0.36 for SMICA. This
corresponds to shifts in the power index of An = —0.11 for NILC and An = —0.16 for SMICA,
representing 0.360 and 0.51c variations, respectively. These results suggest a non-negligible
interplay between foreground contamination and systematic residuals. When properly accounted
for, the updated power index estimates become mutually consistent among the different CS
methodologies within one standard deviation.

The template corrections are constructed using the ensemble mean of g computed from
simulations (without debiasing, corresponding to the orange curves in fig. 4.6), retaining only
those fluctuations exceeding 3.50. The parameters Sy and n are then re-estimated from the
dataset after template subtraction.

4.2.4 Fitting g, with a non-parametric Bayesian reconstruction

To model the data without introducing theoretical biases, a model-independent reconstruction
approach is adopted based on a flexible representation using moving nodes or knots. This
methodology provides a versatile framework enabling the data to determine the shape of the
reconstructed function without imposing a specific parametric form, in contrast to the power-
law approach employed in the previous section.

The reconstruction procedure operates by placing a set of nodes along the data domain.
Both the amplitudes and positions of these nodes are treated as free parameters to be inferred
through Bayesian analysis. Between nodes, the function is interpolated using linear splines. This
approach, commonly referred to as the FlexKnot model [156], enables the reconstruction to adapt
flexibly to the underlying data structure.

To ensure robustness and generality of the reconstruction, the two domain endpoints are
fixed at lpmin = 42 and fpax = 1481, while the intermediate nodes are permitted to vary
in a sorted configuration, maintaining the ordering ¢; < ¢;+1 for any node i to prevent non-
physical configurations. The number of nodes is increased incrementally, beginning with a single
node (N = 1)—corresponding to constant amplitude—and progressively adding additional nodes
(N = 2,3,4,...). This iterative strategy allows for assessment of the trade-off between model
complexity and goodness of fit.

Bayesian inference is performed using the nested sampling algorithm implemented in
PyPolyChord [138, 139]° with 800 live points. The isotropic birefringence angle estimates ob-
tained in section 4.2.2 are considered for all four CS methods. The log-likelihood function follows
the form given in eq. (4.26), incorporating the observed data and their uncertainties. The pri-
ors are chosen to reflect reasonable physical constraints: node amplitudes are sampled from a
uniform prior over [—20°,20°], while node positions are sampled uniformly within [(yin, fmax],
applying a forced identifiability prior transformation [139, 157].

For each configuration of node number, the posterior distributions of the parameters are
obtained and the model evidence is computed. The Bayesian evidence provides a quantitative
criterion for comparing reconstructions with different numbers of nodes, enabling identification of
the optimal balance between model simplicity and explanatory power. The posterior distributions
of the reconstructed functions are visualized using the fgivenx package [158],% which provides a
clear representation of the reconstruction uncertainty.

"https://github.com/PolyChord/PolyChordLite
Shttps://github.com/handley-lab/fgivenx
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Figure 4.8 presents the reconstructed function obtained with the four CS methods assuming
N = 4. The shaded regions represent the credible intervals derived from the posterior samples.
The reconstructed S5y spectra for N = 4 are compared with the results obtained in the single-node
case (N = 1), displayed as grey shaded regions in fig. 4.8 and numerically reported in table 4.3.
While all four CS methods yield mutually consistent results that broadly support a constant CB
angle, minor deviations at the 68% confidence level emerge at large angular scales (¢ < 350)
for Commander, SEVEM, and SMICA, where the results become more compatible with a vanishing
angle.

Method B |deg]

PR3 Commander | 0.30 £ 0.05
PR3 NILC 0.32 + 0.05
PR3 SEVEM 0.31 + 0.06
PR3 SMICA 0.28 + 0.05

Table 4.3: Mean values of 5 with uncertainties at 68% confidence level obtained using PolyChord
for the single-node case (N = 1).

In appendix H, the complete set of results obtained from this pipeline is collected for various
node numbers, comparing them with the NV = 4 case presented here. Additionally, Bayes factors
calculated relative to the single-node baseline are provided.

To conclude this section, the investigation of the harmonic dependence of the excess E' B signal
identified in section 4.1 is summarized. This analysis employed two complementary approaches: a
parametric method fitting the data with a power-law template (eq. (4.25)) and a non-parametric
approach based on the FlexKnot model. The results indicate that the excess is consistent with
being independent of harmonic scale, at the < 20 level, for all component separation methods,
as demonstrated in table 4.2 and fig. 4.7. The non-parametric reconstruction using the FlexKnot
model reveals a strong preference for a constant birefringence angle 8 across the harmonic range,
as shown in fig. 4.8.

The principal finding of the work presented in [3] is therefore the Planck data’s preference
for a scale-invariant cosmic birefringence angle.

4.3 Forecasts for future CMB experiments

This section presents forecasts on the ability to recover Sy and n using upcoming CMB experi-
ments, focusing particularly on LiteBIRD (LB) [41, 159], Simons Observatory - Large Aperture
Telescope (SO-LAT) [43, 160], and CMB Stage 4 (CMB-54) [161, 162].

For each experiment, 500 simulated datasets were generated with identical underlying cos-
mological parameters, including a scale-invariant angle 5 = 0.3 deg, but with different noise
realizations corresponding to the experimental configurations summarized in the upper section
of table 4.4. The analysis pipeline described in section 4.2.3 was then applied to constrain 5y and
n. To ensure comparability with the Planck analysis results presented in this work, the same
pivot scale was maintained, though it should be noted that this choice does not necessarily rep-
resent the optimal configuration. The resulting forecasts for 5y and n are presented in table 4.5,
while the contour plots are shown in fig. 4.9. The uncertainty on Sy is found to be up to 5 times
smaller than that obtained with Planck data, while the error on n can be reduced by up to ~ 7
times compared to the larger uncertainty found with Planck data.

In conclusion, this section demonstrates that future CMB experiments will reduce the current
Planck uncertainties by up to a factor of 7. If the observed effect originate from new physics,
these improved measurements would provide stringent constraints on ultra-light axion fields,
with even greater potential for future observational probes.
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Parameter LiteBIRD | SO-LAT | CMB-54
beam [arcmin] 30 1.4 1

Q, U sensitivity [pK - arcmin] | 3.26 8.49 4.24

sky fraction 70% 40% 2%
Naide 1024 1024 2048
Lrnin 11 11 51

Crax 811 3011 3011

Table 4.4: Summary of the experimental specifications for the considered upcoming CMB surveys
(upper block), and the set-up for the analysis pipeline (lower block).

Par. LiteBIRD SO-LAT CMB-54
Bo [deg] | 0.30 £0.01 | 0.30+0.01 | 0.30 £+ 0.02
n 0.00 £0.07 | 0.00£0.05 | 0.00 £0.07

Table 4.5: Forecasted best-fit values and 1o errors for (5, n) from upcoming CMB experiments.
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Figure 4.7: Triangular contour plots illustrating the power-law constraints for all four component-
separation methods using the DFP estimator: upper left panel for Commander, upper right for
NILC, lower left for SEVEM, and lower right for SMICA. The stars (x) indicate the points (3,0)
where 3 values are taken from table 4.1.
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Figure 4.8: Reconstruction of the angular-dependent isotropic cosmic birefringence angle dis-
played using iso-probability credibility intervals in the (8, ¢) plane, with probability masses
converted to o values via an inverse error function transformation. Results are obtained from
the E'B-based estimator applied to the Commander (upper left), NILC (upper right), SEVEM (lower
left), and SMICA (lower right) maps, assuming four nodes (N = 4). The grey shaded regions
correspond to the 68% confidence level obtained from the single-node analysis (N = 1), with

numerical values reported in table 4.3.
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Figure 4.9: Triangular contour plots illustrating the forecast of power-law constraints for different
future CMB experiments: LiteBIRD (dark blue), Simons Observatory - Large Aperture Telescope
(brick red), and CMB Stage 4 (emerald green). The stars (%) indicate the constant values
(8 =0.3 deg , n =0) used to produce the simulations.



Chapter 5

Photon-to-axion conversion in
cosmological environments

Starting from the Chern-Simons Lagrangian introduced in eq. (2.89), a photon 7 can interact with
an external magnetic field and convert into an axion a. This process can be viewed as the axion
analog of the Mikheyev-Smirnov-Wolfenstein (MSW) effect in neutrino oscillations [163, 164].
In the MSW effect, neutrinos traveling through matter of varying density can undergo resonant
flavor conversion—for instance, from electron neutrinos to muon neutrinos—due to coherent
forward scattering off particles in the medium. Similarly, photons propagating through matter
can resonantly convert into axions when certain conditions are met. The system can be studied
as a two-level quantum system described by a Schrédinger-like equation, whose solution yields
the conversion probability.

This conversion probability strongly depends on the properties of the medium through which
the photon propagates. In particular, through scattering within the medium, the photon ac-
quires an effective mass proportional to the electron density distribution. When the effective
photon mass equals the axion mass, a resonance is induced between the quantum states |y) and
la), and the conversion probability—which can be assumed negligible away from resonance—is
significantly enhanced. For this reason, the large-scale structure and galaxy halos, characterized
by extended magnetic fields and free electron densities, provide a powerful environment in which
to search for photon-to-axion conversion. In this context, CMB photons serve as an ideal source
for this phenomenon.

As discussed in [165, 166, 167], CMB photon conversion into axions can induce secondary
anisotropies in the intensity and polarization of CMB maps and power spectra, manifesting as
CMB spectral distortions [168]. These spectral distortions are deviations of the CMB frequency
spectrum from a perfect blackbody, which can arise when energy is injected into or removed from
the CMB photon field after the epoch at which thermalization processes (such as Compton scat-
tering and photon production mechanisms) become inefficient. In the context of photon-to-axion
conversion, the distortion arises because photons that convert into axions are effectively removed
from the CMB spectrum, creating a spatially-dependent (or patchy) temperature deficit. This
leads to a patchy screening of the CMB temperature, which can be correlated with the positions
of galaxies themselves through a cross-correlation power spectrum between the anisotropic spec-
tral distortion in the CMB temperature signal and the projected galaxy overdensity [169, 170].
A schematic illustration of this phenomenon is shown in fig. 5.1.

The same phenomenology applies to the conversion of photons into another hypothetical
massive particle of the dark sector known as the dark photon [171]. In this latter case, as
discussed in the following sections, the interacting Lagrangian is described by a kinetic mixing
term between the standard electromagnetic sector and the dark one. Consequently, the presence
of an external magnetic field becomes unnecessary, meaning that conversion can occur regardless
of whether an external magnetic field is present. This leads to a simpler study of the patchy
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Figure 5.1: Photons emitted at the CMB surface of last scattering, passing through galactic halos
and interacting with the magnetic fields within these halos, can convert into axions, inducing
secondary anisotropies in the CMB signal due to energy loss. Image from [170].

screening effect, as complications arising from the description of large-scale galactic magnetic
fields are avoided.

CMB spectral distortions induced by this effect can be used to test the axion mass range and
set an upper bound on the photon-axion coupling constant g,y described by the Chern-Simons
Lagrangian in eq. (2.89).

As described in detail throughout this chapter, the two-level Schrédinger equation can be
solved under certain assumptions, yielding a conversion probability proportional to the coupling
constant and inversely proportional to the derivative of the halo density profile. This result is
known as the Landau-Zener approximation [172, 173].

The astrophysical case is defined by halo models that are symmetric or approximately sym-
metric around the center. In such cases, a resonance shell is present rather than a single resonance
point. When multiple resonance points occur along a given line of sight, interference patterns be-
tween the two quantum states |y) and |a) arise, and the final probability cannot simply be taken
as the sum of Landau-Zener probabilities at each point. Previous works on this matter have not
addressed this issue in detail, generally arguing that on average the interference patterns cancel
out [169, 170, 171]. While this may be generally true, the literature lacks any comprehensive
study addressing this problem.

The goal of the project described in this chapter is to refine the theoretical modeling of these
effects by comparing analytic halo-model predictions with results from state-of-the-art cosmolog-
ical hydrodynamical simulations. This is achieved by: (a) numerically solving the Schrodinger
equation along realistic, inhomogeneous lines of sight to validate the Landau-Zener approxima-
tion for photon-axion conversion; (b) comparing halo-model-based predictions with outputs from
full hydrodynamical simulations such as Auriga and Hlustris-TNG [174, 175]; (¢) studying signal
production in poorly understood regimes, such as voids, where analytic techniques fail.

To address these issues, a systematic numerical approach has been employed, and a stable
numerical code has been developed to test possible scenarios. The theoretical framework and
numerical methods described in the following sections of this chapter are based on work in
preparation [4].
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5.1 Photon-to-axion coupling in an external magnetic field

The analysis begins by considering a photon interacting with an external magnetic field, as
illustrated in fig. 5.2. The Lagrangian includes a Chern-Simons interaction term between the
photon v and the axion field a is

Figure 5.2: Photon converting into an axion in the presence of a background electromagnetic
field X. The case of interest corresponds to X being a magnetic field. Time flows from left to
right.

1 1 1 1 -
S = /dm4 [—28’%8#@ — imgcﬂ - ZFWFW - ZgawaF,wF“” + A, JH (5.1)
where F),,, and its dual are defined in eq. (2.90).
By deriving the Euler-Lagrange equations with respect to the axion field a and the electro-

magnetic field A4, the equations of motion for the system can be obtained:

O <5(a(fa)> B aaiﬂ’ (5.2)
% (og7) = o1 59

where the first equation leads to the modified Klein—Gordon equation and the second gives
the modified Maxwell equations. Both are altered due to the presence of the Chern—Simons
interaction term.

The Euler-Lagrange equation for a is considered first:

0L

1 ~
% = —-m,a— Zga'y'yFuquj, (54)

and, recalling that 0% = n*”9,, one computes:

8(85,5;) = —% - 20Ma = —0ta, (5.5)
thus,
Oy (%) = —0,0"a = —a. (5.6)
Hence, the full Euler-Lagrange equation becomes:
—Oa = —m2a — igaWFwﬁm’, (5.7)
or equivalently
(O —mg)a= igawF;wFW = Jarr B - B (5.8)

where in the last equality the explicit form of the electromagnetic field tensor is used, as expressed
in eq. (2.92).
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The Euler-Lagrange equation for A, is now examined:

07 0
= Al/ Y) = V7 :
oA 6A,,( JY)=J (5.9)
and recall that F),, and its dual are defined as in eq. (2.90), so that
0L 1 0 1 0 -
02 _ 10 gy L O (R, ). 5.10
8(auAV) 48(8/,I,AV)( 12 ) 43((%14;/) (g 7’70’ 12 ) ( )
From electrodynamics it is known that
0
————(F, F*) = +4F", 5.11
8(8#141/)( M ) + ( )
thus, applying this to the second term as well, one obtains
0L ~
——— = —F" — ggyyaFH. 5.12
0(0,A,) Sayy® (5.12)
Recalling that in standard relativistic algebra the Bianchi identity holds:
O FM =0, (5.13)
one finds:
0L uv Y % Il
0u m == (%(—F - ga’y»YCLF ) == —QMF - ga»y,yF aua, (514)
so the Euler-Lagrange equation becomes
O™ = —gorr F* 040 — J” (5.15)
This is essentially Maxwell’s equation (9, F'* = —J"), modified by the interaction term — gawﬁ o,a.

The equations of motion associated with the Lagrangian are then

(O—m2)a = igngwﬁ‘W = JgayyE-B (5.16)
0 FM = —gor F17 8,0 — J

5.1.1 Setting a working coordinate system

For the purposes of this analysis, it is convenient to rewrite the equations of motion in eq. (5.16)
in terms of the physical electric and magnetic fields relevant to the setup. To accomplish this, a
suitable coordinate system is first defined.

A coordinate system is adopted in which the photon propagates along the z-axis, so that
% = k, and the external background magnetic field points in an arbitrary direction. Given the
magnetic field B, it can be decomposed into two components: the projection along the direction
of propagation, B, = Bkl%, and the transverse projection in the zy-plane, By. The transverse
component Br defines a preferred direction in the zy-plane, which is labeled ||, and from this a
perpendicular direction, J:, is defined. X

It is convenient to work in the rotated basis (L, ||, k) = (e, e||, ex), which simplifies both the
discussion and the calculations.

Since the magnetic field is external®, it may have a component along the photon’s direction
of propagation. In contrast, the electric field associated with the photon lies entirely in the
transverse xy-plane. In this new basis, one writes

E:EJ_“FEH, (5'17)

!The photon wave also generates a magnetic field, but it is not of interest here, and thus is not included in the
analysis.
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and

Therefore, the scalar product becomes
E-B=E-Br=E|Br. (5.19)

The coordinate system is illustrated more clearly in fig. 5.3.

 /
A\

Figure 5.3: Coordinate system (L, ||, 2) described with respect to (, g, 2).

This result is physically important: only the transverse component of the external magnetic
field contributes to the photon-axion interaction, leading to axion production.

In the coordinate basis (eL,e”,ek), the electric and magnetic fields take the form E =
(E1,E),0) and B = (0, Br, By). As demonstrated by eq. (5.19), the By component does not
contribute to the scalar product E - B and therefore does not appear in the equations of mo-
tion. Consequently, the By component can be set to zero without loss of generality, yielding
B = (0, Br,0).

Considering the potential field A, = (¢, A), in the chosen coordinate system one has A, =
(¢, A1, A),0). Furthermore, working in the Lorenz gauge, d,4* = 0, allows expressing the
electric and (external) magnetic fields as

E=-V¢- 28

(5.20)
B=VxA.

OA =0 = {

5.1.2 Rewriting the equations in terms of vectors

The equations of motion in eq. (5.16) are now revisited using the coordinate system established
above. The equations are rewritten for the case where the external magnetic field B is transverse?
to the photon’s propagation direction. Additionally, the case with no external source of photons
is considered, so J* = 0 can be set in eq. (5.16).

2 Again, it is irrelevant whether B has a Bj; component or not, since only the transverse component relative to
the photon’s propagation direction contributes to the interaction.
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The goal is to express the equations in terms of E - B®* and/or in terms of A*. In fact, the
first equation in eq. (5.16) is already written in the desired form, so the focus is now on rewriting
the second one.

First, the left-hand side is expanded explicitly

OuFH = 0,("AY — 9" AM) = 9,0"A” — 0”9, A = 9,0" A = OAY, (5.21)

where in the final step the Lorenz gauge condition is used.
In the absence of external electromagnetic sources (¢ = 0 and J* = 0), the modified Maxwell

equation reduces to R
OA” = —gay, F"0pa, (5.22)

where the right-hand side represents an effective source term induced by the axion field.
Recalling that A* = (¢, A), as seen in (2.91), the latter equations are now computed com-
ponent by component.

e Time component (0-th):

0A4° = —g4, F*0,a.. (5.23)

It is now assumed that the scalar potential ¢ is constant and that the propagation of the
photon is described by waves in A only. For simplicity, one sets

A® = ¢ = const = 0, (5.24)
so that the Oth component equation vanishes identically.

e Spatial component (k-th):

0AF = — gy, F1™*0,a. (5.25)
The right-hand side expands as
—Gayy (FOkﬁoa + ijé?ja) .

From the definition of the dual field strength tensor

Fo = 50’;” Fro = _BF (5.26)
so the equation becomes
1
0AF = —Yaryy <—B’“80a + 26jkngp08ja> . (5.27)

Note that €3y, 7# 0 only when either p = 0 or o = 0, so the second term can be rewritten

explicitly as
1 . .
igjkpanUEjkOiaoAz = —¢gjroi ", (5.28)

where the antisymmetry of F*¥, the condition A? = 0, and the definition of the electric
field ' = —9Y A" are used.

Therefore, the equation for the spatial components becomes
OAk = —Jayy (—Bkaoa - Ejk()iEi(?ja) , (5.29)
which can be rewritten using index notation as a vector product

Ak = —Yaryy <—Bk80a + dja % El> . (5'30)
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Finally, the equations of motion in eq. (5.16) can be rewritten in vector form as

(5.31)

(O -m3)a=ga,E-B
OA = g4y (BOpa+ Va x E)

5.1.3 Rewriting the equations in the fixed coordinate system

The coordinate system previously defined is now adopted and real wave solutions are considered.

Specifically, it is assumed '
A(z,t) = (AL(2), Ay (2),0)e"", (5.32)

where the photon ~ is polarized perpendicularly to the direction of propagation. The axion
field is generated perpendicular to the photon’s plane and thus also depends only on the z = k
direction

a(z,t) = a(z)e™t. (5.33)

Assuming the system is in resonance, one imposes
Wy = We = W. (5.34)

Again, B = (0, By, 0) is taken, although in principle it may also have a component along
z=k.

e First equation:

(O —-m2)a = gornE - B. (5.35)
The left-hand side becomes
(O —m2)a(z,t) = (—0°0pa(z,t) + VZa(z,t) — m2a(z,t)), (5.36)
and since
V2a(z,t) = 0%a(z,t), (5.37)
and
0 62 iwt 2
—0"0pa(z,t) = —a(z)w(e ) = w?a(z,1), (5.38)
the full expression becomes
(O —m2)a(z,t) = (W? 4 0% —m?2)a(z,1). (5.39)
The right-hand side evaluates to
gaWE -B= —ga,wBTatAH(Z,t) = —Z'(,L)ga’WBTA”(Z)7 (5.40)
so the equation becomes
(W + 02 —m?)a(z,t) = —iwgary BrA)(2,1). (5.41)

e Second equation:

The second equation of motion is now split into two components, one along é; and the
other along €.

In both cases, the term Va x E is neglected, as it is subdominant (the axion field varies
slowly in space). Thus, one has:

OA L (2,t) = gayyB10oa = 0, (5.42)



110 Chapter 5. Photon-to-axion conversion in cosmological environments

since B = 0. Making the d’Alembertian explicit

(w? +0%)AL(2,t) = 0. (5.43)

For the parallel component, still neglecting the Va x E term, one obtains

(w? + 83)A||(z, t) = iwgayyBra(z,t). (5.44)
Thus, the system in eq. (5.16) in the chosen coordinate system becomes

(W2 + 02 —m2)a(z,t) = —iwgayy BrA|(2,1)
(W2 +02)A1(2,t) =0 : (5.45)
(w? 4 02)A|(2,t) = iwgay, Bra(z,t)

By applying the transformation A — A = ¢’z A, which corresponds to a phase shift in the
photon field, the system can be further rewritten as

(w? 4 02 — m2)a(z,t) = wgayy BrA|(z,t)
(W2 +0H)A,(2,t) =0 : (5.46)
(w? 4+ 02)A|(2,t) = Wgayy Bra(z,t)

This system can be compactly expressed by defining

0 0 0 Al (2,1)
M=10 0 WYary BT and  W(z,t)= | A4)(z1) |, (5.47)
0  WYayyBr —m2 a(z,t)
so that the system becomes
[w? + 02 + M] U(z,t) =0. (5.48)

Another useful approximation can also be made. The first two terms can be factorized as:

w? 4+ 9% = (w +1i0,) (w — i0.,), (5.49)
which suggests a possible simplification. In fact, the factor e~ appearing in the components of
U(z,t) now behaves as an overall phase (i.e., a constant with respect to the differential operator)
and can be factored out. The problem is then reduced to a dependence on z only:

AL(z)
U(z)=| Ay(2) | - (5.50)
a(z
For slowly varying amplitudes (as in this case), where 9.|A(z)| < k|A(2)|, the WKB ap-
proximation can be applied [176]. One writes®

A(z) = [A(z)le ™, (5.51)
implying . A
U = We 2, (5.52)
This allows the approximation:
OV~ —ik¥V + « = 10,V ~kV. (5.53)

3Note that the phase could also be defined with the opposite sign, i.e., et?*,
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As a result, one arrives at the approximation
w2+ 0? = (w+1i0.)(w —i0.) ~ (w+ k) (w — i0,). (5.54)

Since w = %, and assuming approximate vacuum conditions (n ~ 1), one takes w ~ k. This
gives

w? + 0% ~ 2w(w —id,). (5.55)

The equation of motion can then be rewritten in the form

0 0 0
w—id, + |0 0 o B | G =, (5.56)
0 Jayy BT _Tﬁ
2 2w
with
) Al () AL\ .
U(z)= | A (2) | = | [A4(2)] | ™% = Ve, (5.57)
a(z la(z)]

where it is emphasized that the phase introduced by the WKB approximation does not affect
physical probabilities but helps simplify the structure of the equation.
The following quantities are now defined:

Gary BT m?
By = BE T (5.5%)
so that the mass matrix becomes
0 0 0
w—19,+ [0 0 Agy U = 0. (5.59)

0 Auy A,

This equation is formally equivalent to a Schrédinger-like equation for a three-level system
described by V. Indeed, by distributing the operator:

wl — 0.0 + MU = W& — i0,(V)e ™ — i(—iT + MT = 0, (5.60)

and simplifying the phase factor, one obtains

d
— W = v . 5.61
T M ( )

5.2 Photon-to-axion oscillation

The goal is now to demonstrate that the evolution equations, written compactly in eq. (5.61),
lead to photon-to-axion (and wvice versa) oscillations, as represented in the Feynman diagram in
fig. 5.2. The equation for A | describes a simple propagation mode and does not couple to either
Br or a. Therefore, it can be set aside and the focus placed on the coupled system described by
the Klein-Gordon equation and the equation for Aj(z), which are the relevant components for
the mixing dynamics.
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5.2.1 Adding other interaction terms

Up to this point, quantum corrections to the Lagrangian have not been included, such as those
arising from the Euler—Heisenberg effective Lagrangian, which introduces next-to-leading-
order (NLO) corrections to Maxwell’s equations. The Cotton—-Mouton effect, a birefringence
effect that occurs in a liquid when it is subjected to a constant magnetic field perpendicular to
the light direction [177], has also been neglected [178].

Including these corrections introduces two additional terms, A = A, and A, modifying
the mass matrix M to

A 0 0

M={0 & Al =(2 D), (5.62)
0 M,
0 Ay, A,
where
A AV
M = (AJL 1) : (5.63)
The terms A and A, can be generalized as

Ay = AqeD + Acm + Aplasma  Where * = {Il, L} (5.64)

In principle, higher-order corrections could also be considered, which would render M fully
populated. However, such contributions are neglected here. The conclusions reached earlier
remain valid: the equation for A continues to describe the free propagation of the photon,
possibly modified by QED self-interactions, but it remains decoupled from axion dynamics and
can be safely ignored in what follows.

However, the equation for Aj is modified due to these additional interaction terms. In
particular: - Aqgp arises from vacuum polarization effects, - Acy accounts for birefringence
due to the Cotton—Mouton effect, - Apjasma describes the photon’s effective mass induced by
scattering with free electrons in a plasma.

Among these, only Apjagma is dominant and essential for describing the interaction between
photons and the intergalactic medium, especially in cosmological and astrophysical contexts.
Photons propagating through the large-scale structure (LSS) interact with electrons in galactic
halos, gaining an effective mass. Thus, one sets

AQED =0 and ACM =0. (5.65)

Had the plasma interaction been included from the start, an effective photon mass term would
have been added to the Lagrangian, appearing in the system in eq. (5.46) as a modification to
the second and third equations.

As for the remaining A terms (see also eq. (5.58)), one has*

m2

_ _ Y
Ajp=20,=—57 (5.66)

Here, m?, depends on the electron density encountered by the photon along its trajectory:

2, omNe(z)  4mane(z)
my(z) =e e (5.67)
leading to
1 Admane(z)
Ay - L 5.68
I 2w Me (5.68)

where n¢(z) is the number density of electrons, e is the elementary charge, and m, is the electron
mass.

4The notation Aj and A, are used interchangeably, following standard conventions in the literature.
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5.2.2 Diagonalizing the Schrodinger equation in the case of constant param-
eters

Attention is now restricted to the reduced two-level Schrédinger equation

w ()= D)) -mE) o
2

In realistic settings, Br = Br(z) and m2 = m2(z) ~ ne(z). However, the problem is

simplified by assuming both Bp and n. are constant. In this idealized case, the Hamiltonian
H = M, is symmetric and constant, making it straightforward to diagonalize and solve the
system for A (2) and a(z).

The Hamiltonian can be diagonalized as

D=P'MP=P'MP= (AJ f) : (5.70)

where P is a unitary matrix (det P = 1 and PT = P~!) representing a basis rotation

p_ ((30519 —Slnﬁ). (5.71)

sind  cosd
To find the eigenvalues A4, the characteristic equation is solved:
det (M = A1) =0 = (A =MN)(As— ) —AZ, =0, (5.72)

which yields
A= (Ag+ AP+ (AjA, — AZ) =0. (5.73)
Solving this quadratic equation gives
Aa + AH + \/(Aa - A||)2 + 4A’2Ya A(;L + A” + Aosc
AL = = , (5.74)
2 2
where the following quantity is defined:

Apee = \/(Aa — A))? +4A2,. (5.75)
The mixing angle ¢ satisfies
20, Ay — A,
sin(29) = AOZC , cos(29) = ”AT, (5.76)
which implies
2A,
tan(219) = m. (577)

5 This result is particularly relevant in vacuum, i.e., in the absence of plasma (A” =0) and
under a constant magnetic field:

2Gar B 2
sin(20) = Jary PTO  cos(209) = T , (5.78)
VMg + (2gar, Brw)? VMg + (29ayy Brw)?
J
QQCW,YBTOJ

tan(29) = 2

5This is the standard diagonalization procedure for a symmetric 2x 2 matrix. Indeed, for a matrix A = (a c) ,

2

the mixing angle satisfies tan(29) = 2%.
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5.2.3 Solving the Schrodinger equation in the case of constant quantities

Once the Hamiltonian H = M is diagonalized in the simple case of z-independent quantities, it
becomes possible to solve the Schrédinger equation explicitly. The solution to eq. (5.69) follows
from solving the corresponding diagonalized equation (with components denoted by tildes)

(1) =00 D), o

In general, the solution ¥(z) = <$1E g) of the non-diagonalized system is recovered from
2
the solution W(z) = <§1Ez§> of the diagonalized one via the transformation
21 %2

¥ = PU. (5.81)
Since the Schrodinger equation describes wave-like propagation, the time evolution (in this
context, along z) of the eigenstates is
W;(z) = Wi(z0)e, (5.82)
with A\ = Ay and Ag = A_. Substituting into eq. (5.81), the solution becomes
2

= ZP (2 Z P (z0)e N = PUPU(20)] e, (5.83)

j=1

() =r (07 A () o

By specifying initial and final states appropriately, the desired physical process can be de-
scribed. For example, taking

(U)o (4). e

models a scenario in which the initial state at zg contains only a photon, and the probability of
conversion into an axion at position z is computed.
Carrying out the matrix multiplications yields

In this case:

AH(Z) = cosvsiny (E_M+Z - e_i/\_z) a(zo) + (Sin2 ¥ e % L cos? 19e—i>\_z) A (20), (5.86)
CL(Z) = (0052 g e~ iA+z + sin? 19@_0\7,2) a(zo) + cos ¥ sin ¥ (e—i/\+z . 6_0‘*3) A”(zo), .
which in the case ¥ = (é) reduces to
Aj(z) = sin? 9 e M2 4 cos? ) e=iA-7, -
a(z) = cosvsind (e*“urz _ e—iA_z) ' _

The conversion probability can now be computed. Denoting |y) = |¥¢) and |a) = |¥), one
obtains

Pyosa(2) = [ {aly) [P = |a(2)? (5.88)
= 2 cos® ¥ sin? ¢ sin’ <)\_;>\+z> (5.89)
= sin?(209) sin (AQOSCZ> (5.90)
2
_ (Bya2)” o (Bosc (5.91)
(Lgs 2)2 2 ’
2
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where in the last step the expression for sin(29) in terms of A, and Ay is used.

This result assumes a constant transverse magnetic field By and a constant effective photon
mass m% (i.e., constant electron density n.) over a domain of size Lgom = z. The conversion

probability across this domain is therefore

BrLaom)? . o (A
P’Y%a(Ldom) = (g(LX’Y 2[1 dOY)HQ) Sln2 < ;SC Ldom) . (5'92)
0scC om

A particularly important case is that of resonance, where
Resonance: mg = m., (5.93)

which implies 9 = 7, and the probability simplifies to [173]

. . Gary BT
PE,= sin? (Ayq Ldom) = sin’ (CW;Ldom> , (5.94)
a particularly elegant result as it is independent of the frequency w. Substituting the relevant
parameters confirms the qualitative insight:

P> Py, (5.95)

Y—a

highlighting that when resonance occurs, the conversion probability is significantly
enhanced. This emphasizes the relevance of the resonant regime in both theoretical analyses
and observational searches for photon—axion conversion.

5.3 The real two-level photon-to-axion system

In the previous section, the probability of photon-to-axion conversion was derived for the case

of constant quantities—namely, constant m?Y ~ ne and Br.

In the realistic case, however, these quantities depend on the spatial coordinate z: Bp =
Br(z) and m2 = m2(z) ~ ne(z). Consequently, the Hamiltonian H = M is also z-dependent.”
The Schrédinger equation in eq. (5.69) is thus more accurately expressed as

i (43) = (00 1) (09) e (U5) . o

where ,
Ay(z) = —5 (e - 38,
A’ya(z) = ga%BT(Z)a (597)
Ay =—Ta

In this case, it is no longer possible to diagonalize the Hamiltonian globally, due to its
dependence on z (or analogously, on ). Therefore, the problem must be treated differently.

As shown in the next sections, it is still possible to reformulate the problem in terms of a
second-order differential equation. Under certain simplifying assumptions, this equation yields
an approximate but tractable solution for the conversion probability.

The appropriate framework for analyzing such a situation is provided by the Landau-Zener
approximation, developed independently by Landau and Zener in 1938. The probability for-
mula derived under this approximation is known as the Landau-Zener formula.

This section follows the discussion in [173], together with the original, pedagogically clear
treatment by Zener [172].

SAn identical treatment can be carried out for the full three-level system, but the focus continues on the
two-level case.
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5.3.1 General case and Landau-Zener approximation

A general two-level system described by a time-dependent Hamiltonian Hy(t) is considered,
characterized by instantaneous energy levels E;(t):

Ho(t) = (E 10(t> Ezo( t)> : (5.98)

Suppose the system is initially prepared in the state |Ea). At a given time ¢o, the energy
levels cross

Eq(to) = Ea(to). (5.99)

At this point, a transition 9 — 11 becomes possible.

Now consider adding a perturbation V(t) to the system, such that the full Hamiltonian
becomes H(t) = Hy(t) + V(t). This perturbation prevents an exact level crossing, transforming
it into an avoided crossing. The system, initially in ¥o with energy Es, ends up in a superposition

Y(t — 00) = arpr + Biba,

with transition probability P = |a|? and survival probability |3|?, subject to normalization:
laf? + 1B = 1.
The full time-dependent Hamiltonian is then

_ [(eal(t) ()
H(t)—<5112(t) 6122(t)>, (5.100)

and the evolution is governed by the Schrédinger equation

i% (:ﬁ;g;) = H(t) @;EED : (5.101)

This is formally equivalent to eq. (5.96). Following Zener [172], it is convenient to define
Uy(t) = e a0ty (1), Wy(t) = o712ty (1), (5.102)

This redefinition only introduces a global phase and does not affect transition probabilities.
The transformed system reads:
d (Uy(t) (1)
— = H(t 5.103
Yt (\Ifg(t) O wyr)) (5.103)

{i% (t) = e1g(t)ha(t)e~t S Aed)dt

which gives

o (t) = e1a(t)r (£)eti S At (5.104)

with Ae(t) = e2(t)—e1(¢). Differentiating again and substituting yields the second-order equation

it [ide - 22

] Uy + 2,101 = 0. (5.105)
€12

This equation is exact but difficult to solve. The Landau-Zener approximation introduces
two simplifications

1. Linear crossing: near tg, the energy difference is approximated as linear

t
AS(t) ~ Eo—.
lo
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2. Slow coupling variation: 19 varies slowly compared to Ae(t) and is treated as constant.

With these assumptions, eq. (5.105) reduces to Weber’s equation

A2, 1 w?
l1—-——— ¥ =0 5.106
dw? © < 2n 4n2> e ( )
with the definitions
. 2
Uy = ez J Bedty, gy = 5—Ot, v = d512 . no=1y. (5.107)
tO aAE‘

Assuming initial conditions
Yi1(—00) =0, |tha(—00)|* =1, (5.108)

the solution is expressed in terms of parabolic cylinder functions:

Uy (w) = /e 17D, <\Z/“%> . (5.109)

The Landau-Zener transition probability is then

Pyysyy = lm [Ty (w)? =1—e 2™, (5.110)

5.3.2 Solving the photon-to-axion system

This formalism is now applied to the photon-to-axion system in eq. (5.96), using the redefinition
Ay _ (A )
a(z) e B 2)

{ZAh (Z) = Ayg(Z) G/(Z) e_i fzzl (Aa—AH(z’))dZ”

This yields to

2 (Ba—Ay (2)d! (5.112)
ia'(z) = Anya(2) A||(Z) eﬂfzz-(A“ Ay (2))dz .

Defining Ae(z) = Ay — Aj(2), and using prime notation to denote z-derivatives, a second-

order ODE for Aj(z) is derived

!/

" . A’Y‘l ! 2
i (z) + |:Z(Aa —A)(2)) - Awa] ”(z) + A%, (2)4)(2) = 0. (5.113)

Alternatively, working with a(z), one finds

" ) — — A;a(z) a(z 2 (2)a(z) =
a"(z) + [Z(A|(z) Aq) Am(z)] (2) + A2, (2)a(z) = 0. (5.114)
With initial conditions
Aj(z) = 1,
a(zi) =0, (5.115)

a'(z) = —1Ayq ().

Equations egs. (5.113) and (5.114) are the master equations governing photon-to-axion
conversion. They are equivalent and can be used interchangeably. Importantly, they are derived
without any approximation.
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5.4 Approaches to the master equation

In this section, various approaches to solving the master equation in eq. (5.114) (or equivalently
eq. (5.113)) are discussed.

5.4.1 Constant magnetic field and electron density

In this case, both the transverse magnetic field and the electron number density are constant:
Br(z) = By and ne(z) = ne. This reduces the problem to the constant-coefficient case studied
analytically in section 5.2.3.

The master equation in eq. (5.114) becomes

a"(z) +i(A) — Ag)d/(2) + Aiya(z) =0, (5.116)

where all the A parameters are constant. The initial conditions are given in eq. (5.115).
The solution to this equation is given in eq. (5.87), and the corresponding probability is
provided in eq. (5.94).

5.4.2 Complete Landau-Zener approach

In the general case governed by the master equation in eq. (5.105), it was shown that, under
the Landau-Zener approximation, an analytic expression for the transition probability can be
derived, known as the Landau-Zener formula in eq. (5.110).

In this specific case, the two simplifying assumptions of the Landau-Zener approximation are

1. Simplification 1: The resonance at zy occurs over a short enough interval such that the

energy gap
AE(Z) = Aa — AH(Z) (5117)
can be approximated as linear
Ae(z) ~ Ag—. (5.118)
20

Since A(z) ~ m2(z) ~ ne(z), this implies a linear electron density

ne(2) ~ ne(20)—. (5.119)
20

2. Simplification 2: The photon-axion coupling term A,q(z) varies slowly compared to
Ag(z), so it can be approximated as constant

Al (2) ~0 <<= A, ~ const. (5.120)

That is,
Br = const. (5.121)

Under these assumptions, the master equation becomes
a"(z) +i(A)(z) — Ag)d/(2) + Agva(z) =0, (5.122)

where A2 is constant and A|(z) is linear. The initial conditions remain those in eq. (5.115).
A known issue is that the original Landau-Zener formula assumes asymptotic boundary con-

ditions. Nevertheless, if it is assumed that the initial and final conditions effectively approximate

asymptotic behavior, the Landau-Zener formula for the v — a transition can be adopted:

Pog=1-¢e? with y= . (5.123)
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In most realistic cases, 7 < 1 is expected, so the exponential can be Taylor-expanded to first

order:
P ~ 2my. (5.124)

This can be recast in a more convenient form widely used in cosmology and astroparticle
physics, [169, 171].
Recall that: )
dA” _ _i47ra dne(z) _ _idm'y(z) ) (5125)
dz 2w me, dz 2w dz

At resonance, A (zres) = Aq is imposed, and for simplicity zyes = 0 can be set. This leads to

2

mim,
Ac(zres) =0 = ne(2res) = 4; ae. (5.126)
Substituting into the formula for v and the probability
2 gg,’y’y B2 2 gg-y’y BQ
P, = T Pr _ T—i Pr
Y—a dm?2 - dlnm?2
1 1,2
2w dzﬂ/ %mv(zres) dz . -
2 -1
_ 27 g’ﬁ%B% dln m%
i % ne(zres) dz .
Yoy 122 2|71
_ 2r =By |dlnm;
1 dra  mgme | dz
2w Me 4o Zres
Y
wrg?.. B2 |dlnm? -
pres, o Ien T = (5.127)
e m2 dz
Zres

This is the most widely used expression for resonant photon-to-axion conversion in the cos-
mology and astroparticle physics literature. While this specific form appears in [169, 170] for
axion conversion, a similar structure arises in photon-to-massive dark photon oscillations [171].

5.5 Interference and phase terms for multiple level crossings

In [179], a novel method for treating the Landau-Zener approximation is introduced. This ap-
proach not only recovers the standard Landau-Zener transition probability but also accounts for
possible interference effects between the two states |y) and |a). The computation starts from the
standard perturbed two-level Hamiltonian

oo (38 5= (0 2)+(u8 ). o

where H; is treated as a perturbation. Since A,y < AH,Aa, and thus H; < Hy, perturbation
theory is applicable.
The analysis proceeds in the interaction picture, where the evolution equation becomes

A . d Aint
H;, =1— , 5.129
t (a) 7le (aint> ( )

(fii:; > =U'Gz) (f) : (5.130)

with the field redefinition
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and the interaction Hamiltonian defined by
Hie = UT () HiU(2), U(z) = e Iz 3 HGED (5.131)

This is equivalent to the phase redefinitions performed in the works of Zener and Carenza—Marsh
[173, 172], egs. (5.102) and (5.111).
The initial condition is set by

<Ai> — U(z) <Aint,i> _ (Aint,i> , (5.132)
aj Qint,; Qint,;
where U(z;) = 1 is assumed for simplicity.

The time evolution in the interaction picture is then governed by

—i fzzz dz’ Him(z’)7

Uy = € (5.133)

(f:fé§;> = Uine <21((z2)) ) : (5.134)

Switching back to the Schrédinger picture

(’;1) =U(z) (f::) , (5.135)

A(Z> _ =i dz' Ho(2") —i [ dz’ Hine(2") A(Zz)
<a(z)> =e F e s a(z) ) (5.136)

Using the Baker-Campbell-Hausdorff formula and assuming first-order perturbation in Ag.,
the interaction Hamiltonian becomes

so the state evolves as

one arrives at:

0 ei@(z)
Hint(Z) = AQW(Z) <€—i<1>(z) 0 > s (5137)

where the phase is defined as

B(z) = / a2 (A — Ay ()] (5.138)
This leads to
A(2)\ _ 1 —icy\ (Alz) )
(CL(Z)) - (icei':b(z) ei@(z)) (CL(Zi) + O(Aa'y)v (5139)
where: .
cr = / A2’ Ay (2))eF P, (5.140)

From this, the transition probability is directly extracted from the modulus square of the
off-diagonal term

2

Py = +0(AZ). (5.141)

/ 42 A, ()i

Zi

This is an exact result, obtained without any approximations.
If there is only a single resonance point, then applying the Landau-Zener approximation
yields
Py_q >~ 2. (5.142)
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However, if multiple resonance points are present, the total probability is not simply the sum
of the individual Landau-Zener probabilities

Pya2? Y 2T (5.143)
n

This discrepancy arises due to interference between wave packets, which can either enhance
or suppress the transition probability (constructive or destructive interference).

The resonance points correspond to stationary points of the phase ®(z), satisfying ®'(z,) = 0,
i.e., where A (2,,) = A,.

To evaluate eq. (5.141), the stationary phase approximation is used, expanding

1
®(2) ~ @(2n) + 50" (20) (' = 20)%, (5.144)
Aoy (2') = Doy (zn). (5.145)
This gives:

. il ’ 2 2

Py g = ‘ / A2 A gy (2 ®E) T3 2 (@) (2 =) (5.146)
; T F! / 2 2

— ‘Aa'yeZq)(zn) /dZ/ 85‘1) (zn)(z —Zn) (5147)

The integral is a Fresnel-type Gaussian

sy = [T = /”Ta’lsgn(c). (5.148)
R C C

Thus, the probability becomes

2
2’7'(' . - "
P — A i®(2zn)+i7 sgn(®” (2n)) 5.149
e Tl 1)
Defining
A?L (2n)
== A, =2 5.150
IVTL |®//(Zn>” n 77’7717 ( )
one recovers
Py 4 =27y, (5.151)
in the single-resonance case.
In the case of two resonance points 21 and zo, one finds
9 2
Pyya = |3 /21 i sen(@(z)) (5.152)
n=1

=27(71 + 72) + 24/ (2771 (27y2) cos(P12), (5.153)

where: .
D9 = P(z1) — P(22) + 1 [sgn(®”(21)) — sgn(®”(22))] - (5.154)
Therefore, in general, the total transition probability is not additive.
In the general case of N resonance points

2

Pyyq = Z /27y et ®(En) i sgn(@” (2n)) Z27r7n +2 Z VAT c08(Ppm). (5.155)

n<m



122 Chapter 5. Photon-to-axion conversion in cosmological environments

5.6 Photon-to-dark photon conversion

Up to this point, the focus has been on photon-to-axion conversion. However, the same formalism
can be extended to describe the conversion of photons into massive dark photons. These are
hypothetical massive spin-1 particles that arise naturally in extensions of the Standard Model
featuring a hidden sector with an additional abelian U(1) gauge symmetry. The associated
gauge boson—the dark photon—can mix kinetically with the ordinary photon, providing a portal
between the dark sector and visible matter [180].

Dark photons are well-motivated candidates for physics beyond the Standard Model. Kinetic
mixing with ordinary photons offers a non-gravitational window into dark matter interactions,
such particles emerge ubiquitously in grand unified theories and string theory constructions,
and massive dark photons can themselves constitute dark matter through various production
mechanisms [180, 181].

In this context, the relevant Lagrangian is given by [171]

_ 1 ;w}///wmi?‘l p_ & Ipy
Z = —4FWF — 4FWF - A A — 2FWF , (5.156)
where A, denotes the dark photon field, and ¢ is the kinetic mixing parameter.

Unlike the axion case, where the interaction is mediated by an external magnetic field through
a Chern-Simons-like term, the coupling here is direct via the kinetic mixing term $F),, F'*.
Therefore, an external magnetic field is not required to trigger the transition.

By deriving the equations of motion, one finds that the dynamics of the photon—dark photon
system are governed by a Schrodinger-like equation structurally analogous to the axion case

H0)- (8 20

2 2
m m
A=Ap=—_2 " Ay=-_4
2w 2w
As a result, the equations governing dark photon dynamics can be obtained directly from

those of the axion case via the substitution

where

(5.158)

Aey — el (5.159)

For instance, within the Landau-Zener framework, the adiabaticity parameter v for photon-
to-axion conversion is

A2
Ve = dA“W ’ (5.160)
‘W
which becomes, in the dark photon case
272
A
o = s N (5.161)
dz

This correspondence allows the full machinery developed for photon—axion mixing—including
exact solutions, approximations, and numerical methods—to be applied directly to the case of
dark photon production.

5.7 Numerical approach

Solving the exact master equation analytically, without any approximation, is extremely diffi-
cult—if not impossible. However, a numerical approach can be developed. Obtaining numerical
results is crucial, as it allows the incorporation of any functional form of By(z) and n.(z), and
from the solution, the corresponding probability can be extracted.
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5.7.1 Numerical approach in the case of Landau-Zener approximation

In the Landau-Zener approximation, the key parameter is the factor . In this context, Carenza
and Marsh |173] used a reparametrization involving a phase of the state and expressed the master
equation in units of A,,. Starting from the master equation in eq. (5.122), the following quantity
can be defined o

u(z) = 2 J5 9 BImA) ), (5.162)

and, under the Landau-Zener approximation, one can write (cf. eq. (5.117))

A AZ
A=Ay =Ae=""z= 772, (5.163)

<0

This allows expressing a”(z), a/(z), and a(z) in terms of v”(z), u/(2), u(z), and 7, and rewriting
the master equation accordingly. Defining the dimensionless quantity

7= Agy2, (5.164)

after a straightforward (albeit algebraically intensive) derivation, one arrives at

1 72
"E+ (14— - 7) = 1
u'(Z) + ( + 5 (2n)2> u(z) =0, (5.165)
where
n =iy (5.166)
and the initial condition is
(%) = —i. (5.167)

In this formulation, the entire equation is expressed in terms of . This is the equation used
by Carenza and Marsh, and is referred to as the Carenza and Marsh equation.

It is also possible, specifically within the Landau-Zener approximation, to work with the
master equation expressed in terms of v without redefining the field @ — u. This can be done
as follows: starting from eq. (5.163) (valid only under the Landau-Zener approximation), this is
substituted into the master equation in eq. (5.122) to obtain

2

A
a’(z) + Z’;WZ] a(z) + Ag,ya =0. (5.168)

To relate this equation to the one by Carenza and Marsh, one switches to z = Ay 2

d*a(z) o A?w da(z) 2
Nz Ay, + S 20 ar E +Ag,a(z) =0, (5.169)
which simplifies to
d?a(z) i _da(z)
Z =0 5.170
& Ty a4 T =0 (5.170)
where the initial condition is
da(z) da(z) ,
Aa = Aa )
de |~ az | T T TEw
hence:
- da(z) )
"(z;) = = —i. 5.171
/@)= | = (5.171)
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5.7.2 Numerical approach in the general case

The equations above assume a linear form of n.(z) and do not account for possible changes in its
slope, even if v remains unchanged. For instance, n.(z) could increase linearly up to a certain
point and then decrease linearly with the same magnitude but opposite sign. Since v depends on
the absolute value of the slope of n.(z)—i.e., the absolute derivative of A\ with respect to z—y
remains constant in this case. However, both the Carenza and Marsh equation and the previous
formulation fail to capture this change in the behavior of n.(z).

Moreover, interest lies in solving the equation in a more general case where -y is not constant,
while the Landau-Zener approximation still holds at first order.

Starting from the master equation, the dimensionless variable is defined as

Z=NAgyz, (5.172)
and using dz = A,,dz, one obtains
d%a(?) N AY(2) — Agda(z)

=0 5.173
a2 AL dz YT (5.173)
with the initial condition
d
GTZ - d(5) = —i. (5.174)
By defining
d
F=2 (5.175)
z
the equation becomes
F12) + i218) — A“f(z) ta=0 (5.176)
Agy(2) '
and the initial conditions a(z;) = 0 and a/(z;) = —iA,, become
5) =0
Initial conditions : a(z~) ) (5.177)
f(z) = —i

Naturally, if the equation is solved numerically using a dimensionless quantity z4, and
1Mpc = 1.564 x 1022 eV~! is expressed, with z = Mpc x z4, this must be accounted for when
restoring physical units

z

Zphysical = Aay » Mpc. (5178)
Working with Z leads to the definition of v with respect to it:
Ay (2)
‘ dz

5.7.3 Halo model

The trajectory of a photon passing through a spherical halo can be represented by a single
parameter yin. Given the electron density as a function of the halo radius, i.e., n.(r), there
exists a certain resonance shell where the value of n(7es) is such that A = Ag. Such a scenario
is well described in [171] (cf. fig. 5.4).

As a first test, a well-known halo profile with fixed quantities is employed. The electron
number density profile is taken from a Battaglia profile [182], and the relevant parameters are
summarized in section 5.7.3.

The radial profile and its projection n.(x(t)) along the photon trajectory are shown in fig. 5.5.

In fig. 5.6 the obtained probability is shown. The case displayed exhibits an enhancement
of the probability after the second resonance point, as described by the two-point interference
formula in eq. (5.153).
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(t)

n r(t) Tmin

Figure 5.4: The photon trajectory, denoted as x(t), passes through a dark matter halo centered at
the comoving position y; and direction 7; on the observer’s sky and with a total radius defined by
rvir- The resonant conversion takes place when the photon intersects a spherical shell located at
radius ryes. Since the trajectory passes through the shell twice, each path involves two resonance
zones. Figure from [171].

Parameter Value
Axion mass, m, 3x 107 BeV
Photon-axion coupling, ga-~ 10719 GevV 1
Transverse magnetic field, |[B;| 1uG
Photon frequency, v 145 GHz
Halo mass, M 1035 Mg,
Virial radius, rvir 2Mpc
Redshift, 2 0

Impact parameter 1.435 Mpc

Table 5.1: Parameters used for the halo model test case using the Battaglia profile.

5.7.4 Global and cut integrations

In the Z parametrization, typical halo distances of the order of several Mpc are transformed
into extremely large values, and the solution oscillates hundreds of thousands of times between
the two points of resonance. This is clean if for instance one compares the scale of the right
plot of fig. 5.5 (in z) with that in fig. 5.6 (in Z). For this reason, the solution over the whole
interval becomes computationally expensive, even when using numerical acceleration tools such
as Numba’. At first glance, one might consider further reducing the interval by selecting a smaller
one that contains both resonance points. However, despite this reduction, the computational
cost remains excessive, making it impractical to analyze (many) multiple trajectories.

Most of the oscillations occur far from the two resonance points, whereas all the relevant
physical processes take place near them. Therefore, we can consider a cut integration, defining
two intervals Iy and Iy around the two resonance points, and integrating only over these two
regions, while propagating the solution from the endpoint of the first interval to the starting point

"https://numba.pydata.org
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Figure 5.5: Left panel: the radial halo profile converted to Aj(r) and A,. Right panel: the
same profile projected along the chosen photon trajectory. The two resonance points z; and 22,
together with the critical point z., are indicated.
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Figure 5.6: Probability as a function of Z = A,z in the case of Battaglia’s halo model shown
in fig. 5.5. The solution between the first and second resonance points, z; and zo respectively, is
compared to the value 27y. Since the profile is symmetric along the trajectory, the parameters
~ at the resonance points are identical, i.e., v = o = 7.

of the second. This propagation can be performed by introducing an oscillation wavelength Aogc

that depends on z,
27

A(z) = A~ Ay

(5.180)

and assuming the phase evolves as

- (5.181)
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so that sy ;
™
Peumulative(2) = /z;nax mdz = /Z (A (2) — Ag] dz. (5.182)

max
1

We aim to set the initial conditions (ICs) for the integration over I in such a way as to
match the global solution perfectly and correctly capture the interference between the two wave

packets |a) and |y). This can be done by starting from z"®* and defining the point 2" as a

location after N oscillations. That is, we define 25" from Yeumulative(2) such that

min
%2

Peumulative(Z80%) = / [AH(Z) — Aa] dz = 27 N. (5.183)

max
21

We adopt the following algorithm to achieve this:

1. Compute Yeumulative(z) Over a certain interval I starting from 2]"** and ending before the
second point of resonance.

2. Define N. From ¢cymulative, We can also compute its value over I, and then:

Poumulative(/) _ - (5.184)
27

This A is not an integer, N.@N. However, we can define N as the lowest integer near this
value.

3. Interpolate the inverse function (z, Ycumulative) t0 obtain z(@cumulative )-
4. Set Zénin = Z((pcumulative = 27TN)

5. Set the ICs at zglin as

(™) = al(z5")
da _ da (5.185)
dz max T dz »min

1 2

This approach seems to work in most cases, but in several others we observe an error at the
second resonance point, due to an incorrect setting of the ICs on I5. The error in the probability
of the cut solution with respect to the global integration remains below ~ 10%, but our goal is
to achieve high precision.

It is possible to identify that the issue lies in how the ICs on I» are set. By inspecting the
solutions |a) and %, one notices that—beyond the expected amplitude modulation A(z)—in
some cases (such as the one shown) a slope appears in the curves, as shown in fig. 5.8.

Because of this issue, the naive approach of setting |a) and its derivative at the starting point
of Iy equal to their values at the end of I, under the assumption that only a phase evolution

occurs in between, does not hold.

5.7.5 Cut and WKB implementation

Performing a cut remains an optimal choice, as it allows for reducing the computational time from
minutes or hours to just a few seconds®. However, a more precise mathematical implementation
is needed.

If the ODE is rewritten in an alternative form, valid far from the resonance points—i.e., in
the region to be skipped—the Wentzel-Kramers—Brillouin (WKB) approximation holds.

By redefining |a) with a phase, it becomes possible to eliminate the derivative term in the
ODE in eq. (5.114), obtaining a Schrodinger-like equation. This is particularly useful because,

8 All computations have been performed both on a personal laptop (Apple MacBook Air M1, 8-core CPU) and
on CINECA HPC facilities (Leonardo cluster).
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Figure 5.7: Comparison between the global numerical solution and the truncated one obtained
in the same identical case as fig. 5.6.

far from resonance, the solution can be expressed analytically using the WKB method. In this
way, the solution can be propagated from 2{"** to 23" and highly accurate initial conditions on
I can be imposed.

The following quantity is defined:

u(z) = eéé(z)a(z) & alz) = eféq}('z)u(z), (5.186)
where
z ZA(2) - A,
@(z):/’ [A)(z) — Ag] dz & @(5):/? '(A)Mdz. (5.187)

From the expression of a(z), both the first and second derivatives appearing in eq. (5.114)
can be computed and the equation rewritten in terms of u. Carrying out the full computation,
one arrives at the master equation in terms of u:

W)+ |1 (®/§Z)>2 _ %@”(z) u(z) = 0, (5.188)

which is exactly the desired WKB form, where
(o) =T = Ay A, (5.189)
' (2) = d;: = ddAZ, (5.190)

and ®'(z) and ®”(Z) are obtained by rescaling with Ay,. The form of the equation remains
identical in the Z parametrization.
In the WKB approximation, starting from the Schrédinger equation

d?¥(z) 2m
da? B2

(V(z) — E) ¥(z), (5.191)



5.7 Numerical approach 129

—— R|a > global
0.30 1st interval integration
2nd interval integration
0.25 4
0.20 4
0.15 A
0.10 4
0.05 1
0.00 A
—0.05 4
180 200 220 240 260
z
— Qla > global
0.05 1st interval integration
— 2nd interval integration
0.00 4
—0.05 A
—0.10 A
—0.15 A
—0.20 A

T T T T T
180 200 220 240 260

z

Figure 5.8: Global and cut plots of £ |a) and '|a). For this solution a slope is evident. The
slope presence let the initial condizions eq. (5.185) higly wrong inducing a big error between the
global and the cut solutions.

one obtains:

PU() P,

T = V@), (5.192)
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where p(z) = \/2m(E — V(z)), leading to the following solution:

\I]( ) C+€%fp(z)dx + C_ef%fp(x)dm C+6% S \/2m(E-V(z))dz + C_ef%f\/Qm(Efvw))dx
xTr) >~ = .

Ip(2)] F2m|E — V()[4
(5.193)
In this case, one has
P/ 2
0= \/1 + < é”) - %@"(z), (5.194)
1/4
P2 2 "2
1 = (1 + 4) + : (5.195)
SO s
|p| q)/Q (I)//Z
2o 14+ =— 1
: + )+ , (5.196)

and therefore, far from the resonance point where the WKB approximation holds, one can write:

C+eifﬂ(z) dz 4 C_efifﬂ(z) dz

uwks(z) = - ISR (5.197)
(0+%) 7]
Defining Z(z) = [ Q(z)dz, this can be rewritten in a more manageable form:
C ezE(z) + C_e—iE(z)
uwks(z) = = (5.198)

2(2)]

The goal is now to determine C'y, which can be achieved by integrating over I; and matching
uwkp at 2" with the numerical solution. Once Cy are known, uwkp can be propagated to
zéni“ to set the initial conditions. To determine C4, two equations are needed; the second comes
from the derivative uyyipg, which is derived from the expression above.

Recalling that

d 1 11 Q)
~—\ 7| =—3 5.199
az ( m(z)) 202 dz (5.199)
and that =
4 = =), (5.200)
one can write
uyip(2) = Ap(2)C1e=?) + A_(2)Ce =), (5.201)

where

CpjeE)l L )
=) =5 0mp2 T e

(5.202)

and DJ-] denotes the derivative with respect to z. Developing D[|Q(z)|], the full form of Ay
becomes:

1 R[Q2)R[Q ()] + I[Q2(2)]S[Y (2 1Q(z
IRELLCLUE S E RGO (5209
In this case
Q) = ' (2)0"(2) —i®"(2) (5.204)

4\/1 + (‘I"z(z))z - %@’/(z).
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A convenient choice is to set the lower limit of the integral defining = as zp = 21"**, so that

Z(21") = 0 and the exponentials reduce to unity at z***. Therefore, the system of equations

to solve for Cy is

X max _Ci4C-

Unumerlc(zl ) \/W . (5.205)
U merie (A7) = C A (2) + C_A_ ()

numeric

Once Cy are determined, uwgg(2) and ulykp(2) can be propagated up to 23" and the initial
conditions on I can be set as ICy, = [uwkp(z5""), ulykp (25™)]. In this way, the cut becomes
precise and the two integrations (global vs. cut) agree, as shown in fig. 5.9. Moreover, it is
observed that both R[u] and S[u] do not display any significant slope, as shown in fig. 5.10.
By starting from u(z) and transforming back to a(z), the eventual slope observed when working
directly with a is recovered, indicating that this slope is physical and arises from the phase factor

e~"®(2)/2 which depends on z.
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Figure 5.9: Comparison between global and cut solutions using |u) with initial conditions im-
plemented via the WKB method. The cut solution on the second interval perfectly recovers the
global one (cf. fig. 5.6).

The general case with IV resonance points is treated in the same way, by defining N distinct
intervals I; centered on each resonance point z;, along with N — 1 intermediate intervals between
I; and I;y;. In each intermediate interval, the WKB solution is applied and then the pairs
(Unum, Unyy) are found by integrating the ODE. The integration at each interval I; allows setting
the initial conditions on the I;1 interval: ICr,,; = (tnum (235, Upum (2155°)).

An example with N = 14 resonance points is shown in fig. 5.11. This has been obtained by

adding an oscillatory noise on top of the Battaglia profile.

5.8 Results with Illustris-TING simulations

To validate the theoretical framework developed in the previous sections, realistic electron density
profiles from state-of-the-art cosmological hydrodynamical simulations are employed. Specifi-
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Figure 5.10: Global and cut plots of R[|u)] and J[|u)].

cally, the Illustris-TNG suite [175], a series of large-volume magnetohydrodynamical simulations
modeling galaxy formation and evolution, provides a comprehensive set of halo profiles with
varying masses and morphologies. The TNG300-1 simulation, with a box size of (300 Mpc)? and
high mass resolution, is particularly well-suited for this analysis.

Two distinct datasets extracted from the TNG300-1 simulation are analyzed, corresponding
to different halo mass ranges:

e Dataset 1: Halo mass range M € |

101320 10*99] M, with characteristic virial radius
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Figure 5.11: Situation with N = 14 resonance points obtained by adding oscillatory noise on top
of the Battaglia profile. Also in this case, the WKB solution matches almost perfectly the global
integration.

Ropoe ~ 0.7876 Mpc, comprising 866 individual electron density profiles.

e Dataset 2: Halo mass range M € [10'300 1013-59) M, with characteristic virial radius

Ropoe ~ 0.5353 Mpc, comprising 2587 individual electron density profiles.

These datasets are constructed from volume-weighted halo profiles, excluding star-forming
regions, and are binned radially over the range [0.05,2.0] Rogo. with 40 radial bins and a dis-
placement parameter of 5. Figure 5.12 displays all individual n.(r) profiles for both datasets,
together with their respective mean profiles, which are used as representative density distribu-
tions for subsequent validation tests.

For each profile—including the mean profiles—the resonance condition A = A, yields not
a single resonance point but rather a resonance shell at radius s, due to the spherical sym-
metry of the halo. Photons propagating along different trajectories characterized by different
impact parameters ryi, encounter two resonance points symmetrically located with respect to
the halo center, provided Tyin < Tres, as shown in fig. 5.4. This geometric configuration leads to
interference effects between the two conversion amplitudes, which must be accounted for when
computing the total conversion probability.

To assess the validity of the Landau-Zener approximation (5.124) and the interference formula
for multiple resonances (5.155), numerical integrations of the master equation are performed over
3000 distinct trajectories for each of the two mean profiles. The trajectories are parametrized
by impact parameter rpy;,, uniformly sampled in the interval [rﬁﬂ,rﬁfﬁ‘], where rf&iﬁ = 0 and
ot = 0.9999 - rres. This sampling strategy ensures comprehensive coverage of the resonance
shell, including trajectories passing arbitrarily close to the critical radius e, where the two
resonance points approach each other. All other physical parameters are fixed according to
section 5.7.3.

Figure 5.13 presents the ratio PI;EG /(2my), where LR denotes "last resonance", as a function

of trajectory number. The conversion probability P%’Ea is computed after the photon has crossed
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Figure 5.12: Electron density profiles ne(r) as a function of normalized radius r/Rago. extracted
from the TNG300-1 simulation. Ensemble mean profiles highlighted in black. Left panel: Dataset
1. Right panel: Dataset 2.

both resonance points and is evaluated by averaging over oscillations in the final 10% of the
integration domain. Remarkably, even for trajectories extremely close to the critical configuration
Tmin = Tres—Where the two resonance points nearly coincide—the numerical results satisfy

PLR
28 2 4+ 208 Py, (5.206)

27y
in excellent agreement with the interference prediction in eq. (5.155). This behavior is expected
given the spherical symmetry of the halo, which ensures y; = 9 = +y, and the phase ®,,,,, depends
on the accumulated action between the two resonance points. Furthermore, the ensemble average
over all trajectories yields

PLR
<%> ~ {2+ 2c08 D) = 2, (5.207)

confirming that destructive and constructive interference cancel on average, as anticipated from
phase randomization.

A focused analysis of trajectories in the vicinity of res demonstrates that, except for a small
subset of trajectories, the interference formula remains accurate even in this challenging regime.
This validates the applicability of eq. (5.155) across the entire range of physically relevant impact
parameters.

Figure 5.14 displays the ratio PEEV, (2my), where FR denotes "first resonance", computed
after the photon crosses the first resonance point. It is evident that for trajectories approaching
Tres; the standard Landau-Zener approximation in eq. (5.124) systematically deviates from the
numerical solution. This deviation persists even when the more refined expression in eq. (5.123)
is employed. The breakdown of the Landau-Zener approximation in this regime is attributed
to violations of the underlying assumptions: the resonance width becomes comparable to the
scale over which the electron density varies, invalidating the local linearity assumption, and
the adiabaticity parameter v approaches unity, violating the condition v < 1 required for the
exponential suppression formula.

Nevertheless, the relative error remains below 1% for the vast majority of trajectories, and
only a small fraction near rys exhibit discrepancies up to 2%. Consequently, when averaged over
the ensemble of trajectories, the Landau-Zener approximation provides a good estimate for both
the first-resonance probability and the final exit probability from the halo in agreement with
previous studies in the literature [169, 171, 170], which assumed this result without rigorous
numerical verification. The present analysis thus provides the first detailed validation of this
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Figure 5.13: Normalized conversion probability P,Ifﬁa /(2m7y) evaluated after the second (last)
resonance point as a function of trajectory number for the mean profile of Dataset 1. Each point
corresponds to a distinct trajectory characterized by impact parameter ryi,. The numerical
solution exhibits rapid oscillations consistent with the interference term 2 4 2 cos ®,,,,, predicted
by eq. (5.155).

widely adopted approximation using realistic halo profiles from cosmological simulations.

Subsequently, a complementary analysis was performed by running multiple simulations using
individual halo profiles along a single fixed trajectory. Specifically, a central trajectory passing
through the halo center was selected, corresponding to an impact parameter ryy, = 0. For this
fixed trajectory, each of the N individual profiles from the dataset (e.g., 866 profiles for Dataset
1, or 2587 for Dataset 2) was integrated separately. In this framework, the individual profiles
are treated as noise realizations around the mean profile, reflecting the intrinsic scatter in halo
morphologies and thermal histories within the simulation.

Importantly, some individual profiles exhibit resonance shells located beyond the virial radius,
i.e., Tres > Tvir, such that no resonance occurs along the trajectory. In these cases, the conversion
probability is effectively zero, as the photon never encounters the resonance condition. These
non-resonant, profiles were included in the ensemble average to obtain a statistically meaningful
comparison with the mean profile.

The conversion probabilities were computed and averaged over all profile realizations for both
the first and last resonance points. These ensemble-averaged probabilities were then compared
with the corresponding values obtained from the single run using the mean profile along the same
trajectory (rmin = 0). The results reveal a striking asymmetry. For the first resonance point, the
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Figure 5.14: Normalized conversion probability P$57 / Pexp, where Py, =1 — e 2™ evaluated
after the first resonance point as a function of impact parameter rpi, for the mean profile of
Dataset 1. The horizontal axis spans trajectories from 7y, = 0 (central passage through the
halo) to rmin & Tres (grazing trajectories tangent to the resonance shell).

ensemble-averaged probability over the 866 individual profiles (Dataset 1) converges to the value
obtained from the mean profile, as expected from statistical averaging. However, the probability
evaluated after the last resonance point is found to be completely incompatible with the mean
profile prediction.

This discrepancy is a clear signature of the breakdown of the ensemble-averaging assumption
when interference effects between multiple resonances are present. The phase accumulated be-
tween the first and second resonance points depends sensitively on the detailed shape of the elec-
tron density profile along the trajectory. Even small variations in the profile morphology—arising
from halo-to-halo scatter, substructure, or numerical noise—can lead to large variations in the
interference phase ®,,,,, defined in eq. (5.155). Consequently, while the probability at the first
resonance is well-approximated by the Landau-Zener formula and exhibits stable ensemble be-
havior, the probability at the second resonance is dominated by stochastic interference terms
that do not average coherently.



Chapter 6

Conclusions

This thesis has explored three distinct yet interconnected aspects of physics beyond the standard
cosmological model, all sharing the Cosmic Microwave Background (CMB) as the central obser-
vational probe. The work presented addresses fundamental questions in early-universe physics,
parity-violating interactions, and photon-axion conversions, combining rigorous theoretical de-
velopments with confrontation against current and forecasted observational data. The structure
follows both a chronological perspective and the thermal history of the Universe—from infla-
tionary dynamics in the earliest moments, through CMB generation, to photon propagation and
conversion processes in the late-time Universe.

The first original contribution concerns the computation of scalar and tensor Primordial
Power Spectra (PPS) at third order in the slow-roll approximation. Higher-order corrections
have been demonstrated to significantly enhance the accuracy of predicted power spectra, spec-
tral indices, and their derivatives. By comparing different orders of approximation, it has been
shown that the improvement from second to third order becomes appreciable at very small scales,
k = 10 Mpc~!, while leaving CMB angular power spectra nearly unaffected. For current and up-
coming CMB experiments, the third-order solution provides no significant improvement over the
second-order treatment, confirming that this order is sufficiently accurate for CMB observational
analyses. However, thanks to third-order solutions and by combining late-time cosmological
datasets with CMB measurements, stringent upper limits have been placed on the first three
Hubble Flow Functions, although the fourth remains unconstrained by present data. While the
third-order solution offers minimal benefit for CMB science, it becomes crucial at small scales
for other cosmological observables. Future surveys covering broader scale ranges—such as large-
scale structure (LSS) measurements from Euclid, CMB spectral distortions experiments, 21 cm
observations, and primordial black hole abundance studies—will be essential to test higher-order
terms in the slow-roll expansion and probe the validity of single-field slow-roll predictions.

The second project presented in this thesis addresses the Cosmic Birefringence effect possibly
induced by parity-violating coupling between CMB photons and axions. In this work, confirming
previous results, the analysis of Planck PR3 data has revealed a non-zero E'B cross-correlation
signal, inconsistent with zero at more than 50 confidence level when compared with the standard
ACDM prediction. Regardless of whether this signal originates from new physics beyond the
Standard Model or from systematic effects due to polarimeter miscalibrations, a comprehensive
investigation of its scale dependence has been performed. The isotropic cosmic birefringence
(ICB) signal has been analyzed not only over the full harmonic range but also across distinct
subsets of multipoles. To understand the fundamental nature of this signal, its potential scale
dependence has been investigated using two complementary approaches: a parametric power-
law model and a non-parametric Bayesian reconstruction. The results demonstrate that the
birefringence angle (8 is scale-independent at the < 20 level across all four Planck component
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separation methods.

Forecasts for future CMB polarization experiments—including LiteBIRD, Simons Observa-
tory, and the now-cancelled CMB-S4—have been computed in this work, demonstrating that
uncertainties on scale dependence can be reduced by up to a factor of seven, enabling decisive
tests of both systematic and fundamental interpretations of the observed signal. These upcoming
missions will play a crucial role in resolving the degeneracy between fundamental parity violation
and instrumental systematics.

The final chapter provides an extensive treatment of photon-to-axion conversion phenom-
ena in cosmological contexts, developing the complete quantum mechanical framework required
for accurate predictions. Previous approaches in the literature have been shown to contain
approximations that, while acceptable in certain limiting cases, fail to correctly address the
general problem. A rigorous solution method for the relevant second-order ordinary differential
equations—the Schréodinger equation in astrophysical and cosmological environments—has been
presented, including mathematical techniques to drastically reduce computational cost with-
out sacrificing precision. The developed approach is general and applicable to a broad class of
problems in astrophysics involving similar differential equations. Application to realistic physi-
cal scenarios demonstrates that the Landau-Zener approximation provides acceptable accuracy
when applied to smooth, spherically-averaged halo profiles obtained from hydrodynamical sim-
ulations. The refined theoretical framework developed in this work enables the derivation of
stringent constraints on the axion-photon coupling constant and axion mass through accurate
modeling of photon-to-axion conversion probabilities in realistic cosmological environments. Fu-
ture CMB spectral distortion experiments will leverage these improved predictions to constrain
axion parameter space via cross-correlation analyses between CMB temperature anisotropies and
large-scale structure tracers.

Overall, the results presented in this thesis demonstrate the power of precision cosmology to
address fundamental questions in theoretical physics. In the coming decades, improved datasets
from multiple observational channels will dramatically narrow the parameter space of slow-roll
inflation models, potentially excluding entire classes of scenarios. Within this context, third-
order corrections will become increasingly important as observations extend to smaller scales
where ACDM predictions must be tested with unprecedented accuracy.

The Fuclid mission, which began science operations in 2023 and released its first images
in early 2025, is already delivering large-scale structure measurements that will complement
CMB constraints on cosmic inflation and dark energy. Upcoming CMB polarization missions
—particularly LiteBIRD (planned launch in early 2033) and Simons Observatory—are specifically
designed to achieve the sensitivity required to definitively characterize the E B signal and resolve
its physical origin. These experiments will provide critical insights into the nature and role of
axions, one of the most compelling candidates for physics beyond the Standard Model and a
potential component of dark matter or dark energy.

Future CMB experiments will also open new observational windows through improved sensi-
tivity to secondary anisotropies and small-scale power spectrum measurements, providing com-
plementary probes of early-universe physics and enabling tests of exotic processes such as photon-
to-axion and photon-to-dark-photon conversions. Realizing the full scientific potential of these
observations requires continued development of accurate and efficient theoretical predictions, as
demonstrated throughout this work. The interplay between theoretical refinement and observa-
tional advancement will remain central to cosmology’s role as one of the most productive arenas
for testing fundamental physics in the decades ahead.



Appendix A

Isometries

This appendix provides the detailed mathematical derivations supporting the construction of the
FLRW metric presented in section 1.2. The first section derives the fundamental Killing equation
from isometry conditions, while the second section applies this equation to determine the form
factor F'(r) that constrains the spatial curvature structure of cosmological spacetimes.

A.1 The Killing Equation

Starting from the definition of isometry given in eq. (1.15), the general criterion for defining
isometries is constructed, recalling that the metric transforms as a rank-2 tensor under coordinate
transformation:

oxH dz¥ 05 9P

gaﬁ(i’) = @wg;w(x) — g,ul/( ) W@x”gaﬁ(~) (Al)

provided the transformation is admissible, i.e., the Jacobians and their inverses exist and are
non-singular. For an isometric transformation, the condition becomes:

0z 9P

G (%) = Ozt Oxv

This equation provides the isometries but is computationally challenging to solve directly. How-
ever, a manageable formula characterizing isometries can be derived by considering reference
systems that are infinitesimally close. Consider the transformation:

gaﬁ( a) (A2)

¢ = 2" +e€%(x), (A.3)

which is infinitesimal with ¢ < 1 and where £“ represents the connection vector.
The Jacobian becomes: 5 oo
Z
— =0%+ 5—§ ; (A4)
Oxt B Ot

from which the metric transformation can be rewritten as:

() = (&Y +€@§Z) (55 gf) G (#): (A5)

Expanding the products and neglecting second-order terms in ¢ yields:

0 0
G (0) = E365005(8) + € 37005(2) + £ 5805() + O(E)

OxM
¢
- 3 o¢P
) = us(3) +2 5o g lF) + £ g3 (2). (A
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The term g, (Z) can be expanded in Taylor series with & ~ x (since € — 0), again neglecting
second-order terms:

- 0w
Gy (&) = G (¥ + £€) = gy (w) + €% 525 (A7)
Substituting the series expansion gives:

O, 0€° o¢P

F 1S Gun + gt + | =0 (8.8

The term in square brackets represents the metric deformation induced by the trans-
formation. For the metric tensor to be invariant under coordinate transformations—the funda-
mental requirement defining isometric transformations—the metric deformation must vanish.

The condition for isometries is therefore:

g OE" o¢h

pe T gender T 598 =0, (A.9)

é'OL
which can be rewritten equivalently by changing the dummy index 8 to a:

89;”/ o8 %3 _
90 8:1:“ ——Jav + G e = 0. (A.10)

Since this equation is written in terms of the metric, it is convenient to reformulate it without
explicit metric dependence.
Expressing £* in covariant form:

&'O[

§ = ga€” and §u = ga,ufa; (A.ll)
the derivatives of , and £, become:
08, _ 09av .o 3 3 _ 08y o 09av .o
ai = Dan© T T g = G T gn®
&, o 9oy 3 /3 08, Ogay

or¥ Oz ¢ Jor g = Yo orv _ dxv  oxv &

Substituting into the isometry condition yields:

aag;w ¢, agau a f _ 89au o
¢ 8:6“ 5 oz  OzV &=0
which can be reordered and factorized as:
08y 85;1 a 89au 0gav _ aguu N
OxH 3:6” —¢ { 8:5“ ox> | 0. (4.12)

The term in square brackets resembles a Christoffel symbol of the first kind. Recalling the
definition of the Christoffel symbol of the second kind:

1 8gau 09av 8glw
FZV = §gpa < + - )

ox” Ozt oz

and multiplying both members by 2g,, gives:

aga,u O09av agw/
29palli = Gpag <8:cl’ oz Oz )’

where g,,9”* =1 (not equal to 4, as the sum over p and o extends to the entire right-hand side).

Thus:
<ago¢u i 09av . ag;w

— p
ozv | Dat aw) 290 ju- (A.13)
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and the main equation becomes:

o0&, 08,
oxH + oxv

26%gal%, = 0

4

0 | Ou _ 26,17, = 0. (A.14)

OxH + ox?

This expression can be written more compactly using the definition of covariant derivative from
eq. (1.15):

gl/;u + gu;l/ =0. (A.15)

A.2 From Isometries to the FLRW Form Factor F(r)

To determine the form of the term F(r) in the FLRW metric, metric invariance under affine
transformations at fixed times is imposed, i.e., the isometry §,,(Z) = gu, (Z%) under the trans-
formation % — % = £4£%. Given temporal invariance—time is measured uniformly throughout
M?3—the condition becomes:

=i = Pd=¢g=0, (A.16)

as expected from the fact that in this foliation situation, the isometries act on M3 at fixed time.
With the metric form specified, the Killing equation written in terms of the metric—the
isometry condition eq. (A.10)—is most convenient for calculations:

Jas N + € grg + € ggar = 0. (A.17)

The form of F(r) is determined by writing the Killing equations for various components. The
case a = B = 0 yields a trivial equality 0 = 0 due to £ = 0, goo = 1, and gg) = 0. Following
the approach typically used for the Schwarzschild solution [8], the components o = 1,3 = 2 are
considered instead of o = 5 = 3.

e Case a=p(3=1:

The Killing equation becomes:

g+ f/\,19A1 + 5/\7191)\ =0. (A.18)

Recall that ! = r, 22 = ¥, and 22 = ¢. From the metric symmetry, the last two terms
combine and the equation simplifies to:

gua&t +26% 910 = 0. (A.19)

Since the metric is diagonal, g1 # 0 only for A = 1 = r, so the second term involves g11:

gt +2¢ 011 = 0. (A.20)
Given that g;; = —a?(t)F(r) depends only on t = "E—; and z! = r, and expanding the sum over
A with €% = 0, the formula reduces to:

g1118" + 28" 911 = 0. (A.21)

Substituting g1 = —a?(¢t)F(r) and

dF(r
gi11 = —a’(t) di ), (A.22)
yields the differential equation:
T dF(r) T __ dé_r dF(T) r o
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This represents a separable differential equation:

v _ 1

e = armn

which integrates to:

1
In¢" = —ilnF(r) + const,

le.:

¢"VF = const, (A.24)

where the constant is with respect to r but may depend on ¥ and ¢, while being independent of
t since the transformation is purely spatial:

EVE =00, 9). (A.25)

This equation will be used later; now consider the other Killing equations.
e Case a=[(=2:
The Killing equation becomes:

g \E + 5%%2 + 5A71992A =0, (A.26)

which, by symmetry and since gy # 0 only for A = 2, simplifies to:

g220E + 267 5920 = 0. (A.27)

Given that goo )y # 0 only for A =0 and A = 1, and with £° = 0:

9221€" +26” yg22 = 0. (A.28)
Substituting gao = —r2a?(t)F(r) and

g221 = —a2(t)%[r2F(r)], (A.29)

and simplifying the common factor —a?(t), yields:

d
26" yr?F(r) + a[r?F(r)]g’” =0. (A.30)
This equation introduces 51919 as another unknown, necessitating consideration of another
equation. The case o =1 and 8 = 2 is examined.
e Case v« =1and 8 =2:
The Killing equation becomes:

gra& + f/\,rgAz + f/\,ﬁgu =0. (A.31)

Since gi2 = 0 and g;; # 0 only if ¢ = j, the equation reduces to:

519,7'922 + & 9911 = 0. (A.32)

Substituting g1; and gge, which differ only by the factor 72, and simplifying the common term
a’(t)F(r), gives:

¢+ ¢y =0, (A.33)
ie.

¢ =Ly (A.34)

r2
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The equations eq. (A.25), eq. (A.30) and eq. (A.34) form the system:

fr\/ﬁ = C(ﬁv ¢)
267 yr2F(r) + L[r2F(r)e" =0 . (A.35)
519,7" = _r%gr,ﬁ

This system is solved using appropriate mathematical techniques. Differentiating both sides
of eq. (A.34) with respect to 9 yields:

1 T
519,7«19 = —725 99 (A.36)
Now dividing eq. (A.30) by 2r2F(r):

& dreapiy=o, (A.37)

’ d
ot oera

and differentiating both sides with respect to r allows substitution of the differentiated eq. (A.34):

d & d, 9 1,
ar ﬁ@(r F(r))| =—¢ Or = 7725 99 (A.38)

Returning to equation eq. (A.25), an ansatz arising from the invariance under rotations on the
manifold M? is made. Given the symmetry, reference systems on M?> can be chosen such that
r is fixed and ¢ is fixed, allowing only rotations along . This permits imposition of harmonic
dependence of £ only on :

Acost

EVF =Acos?d = £ = Nl (A.39)

differentiating twice with respect to ¢ gives:

—Acos?
£ 9o = % =-=¢". (A.40)

Substituting into equation eq. (A.38) yields:

d | & d,, 1
il — (r?F E— L A.41
dr [27“2F dr(r (T))] r2€ ( )
Developing the derivative in square brackets using the notation % =F"
d & o5 1
— F' 4+ 2rF)| = —=¢"
dr {27”2F(T e )} rzé ’
and substituting the harmonic form &":
d | Acos? , o Acosv
— | s (r°F + 2rF) | = —
dr [27“2F3/2 (rF 42 )] r2VF
U
d 1 9 1
— | ——=0"F" +2rF)| = — :
dr [21“2F3/2 (rPF 2 )] r2V/F

Developing the derivative on the left-hand side:

df 1 ) _dfl opgp| L[ 2 31 F
dr | 2r2F3/2 dr |2 2| r3F3/2  2r2F5/2]7
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gives:

1
r2F’

1 1
< 5 ) (r’F' +2rF) + (2rF' +1°F" 4+ 2F 4+ 2rF') = —

CB3F3/2 4 p2[5/2 22 [3/2

After performing all products and simplifications, the resulting equation is:

1 3(F")?
F'—-F — - =0. A.42
r 2 F ( )
This nonlinear differential equation has the solution:
F' = ArF3? with A = const, (A.43)

which remains a differential equation with separable variables:

F’ dF 2 r?
m:AT = m:ATdT = —ﬁ:AE—i-B
4
4
Fir)= ———s. (A.44)
Ar?
(B+4)

Since A and B are arbitrary integration constants, renormalization gives the appropriate
values to the constants, yielding definitively:

1
F(r)=—— with k=-1,0,1; (A.45)

(5

this renormalization is possible because the reference system can be chosen to rescale r; once
renormalized, only the sign or possible nullity of the constant matters, hence k takes the three
values 1,0, —1.



Appendix B

Christoffel Symbols and Ricci Tensor in
FLRW Metric

This appendix presents the detailed calculations of the Christoffel symbols and the components
of the Ricci tensor for the FLRW metric in the limit » — 0, leading to the expressions for Ry
and Rp; given in egs. (1.28) and (1.29).

B.1 Computation of the Christoffel Symbols

An alternative approach to using the Christoffel symbol definition eq. (1.8) is to start from
the Lagrangian for a massive particle, compute the Euler-Lagrange equations, and compare

them with the geodesic equation eq. (1.7). Denoting & = %, the Lagrangian L is defined and
normalized to unity for massive particles, as customary in General Relativity:
ds® 202 2 k oo .12 2212 - 32

Lzlzﬁz(az)—a(t) 1—57" [(Z7)° 4+ (°)° + (2°)7]; (B.1)

while the Euler-Lagrange equations in the parametrization s are:

d oL 0L

d5050 ~ a0 (B2)

This approach is chosen here because it provides a more systematic and straightforward method
compared to direct exploitation of eq. (1.8).

e Component o = 0:

The Euler-Lagrange equation for a = 0 is:

d 0L 0L
45050 9a0 " (B3)
From the Lagrangian:
oL
@ = 2.’1:07 (B4)

yielding the first term of the Euler-Lagrange equation:

4oL _opin) o0
ds9i%  9#0 s

= 20, (B.5)

The second term becomes:

@_laj__}- _62 112 £ 22 :3\2
i = 5 g = —g200 |1 52 | [+ (2 + (P,
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which in the limit » — 0 can be written as:

o = —Taaal(#' + (7 + (). (B.6)

The Euler-Lagrange equation is therefore:

£+ Zadl(#)? + ()2 + (9] =0, (B.7)

which, compared with the geodesic equation for a = 0, &% + Fg,jj:“a':” = 0, yields the following

non-zero Christoffel symbols:
1

I =T =T33 = Eadv (B.8)
written compactly as:
1.
rY = Eaa@j. (B.9)
e Component a = 1:
The Euler-Lagrange equation for o = 1 is:
d 0L 0L
——— — — =0. B.10
dsozl Ol ( )
From the Lagrangian:

yielding the first term of the Euler-Lagrange equation:
d oL d |, E o\ .1 2 k o) .1
R Y 1-2 1— =
ds 0l {ds [a ( 2" )]x T 2" )"
da? k d k k
=2 [dC; (1 - 2r2> i+’ <1 = 27«2) #' 4 a? (1 = 27“2) j}l} .

These calculations must account for % = %Bgs and the fact that, in Cartesian coordinates,

r? = (z1)? + (22)2 + (). With algebraic development, the expression becomes:

d 0L

k 4 k
Lo —2a <1 — 27‘2> e <1 — 27"2) 2041 + 2ka?at [mlx'l + 228 + 23 '3] . (B.12)
s 0L

c

The second term of the Euler-Lagrange equation, expressing 72 in Cartesian form, is:
—— =a?22r (&Y% + (#?)% + (%)?]. (B.13)
Combining the results and setting r — 0, while dividing by 2a?, yields:
it %gﬁ;%l — ki' [2'2! + 2%3% + 2°3%) + %k:xl[(:icl)Q + (%)% + (%)?] = 0. (B.14)

Comparison with the geodesic equation for o = 1, #' 4T llwa'c“:b” = 0, yields the following non-zero
Christoffel symbols:

la 1 1
Iy, =Tl ===, TL =—kal+ Zka! = —Zka! B.1
01 0= o 11 95+295 SR (B.15)
1 1 ka? 1 1 ka? 1 1 1y
iy =T5 = 9 g =T = 9 [y =T33 = 57‘333 : (B.16)

e Components o =2 and o = 3:
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Given the symmetry of the equations, the results for @« = 2 and a = 3 are completely
analogous to those obtained for a = 1. The Euler-Lagrange equations become:

24 1
72 4 224052 _ gy [z'd! + 2732 + 233°] + 5/mz[(a‘cl)2 + (22 + ()2 = 0, (B.17)
ca
24 1
78 4 224048 — kg [z'd! + 2732 + 2%3°] + 51{963[(9’61)2 + (22 + ()2 = 0, (B.18)
ca

with corresponding Christoffel symbols obtained by extending the previous results to o = 2 and
a=3.
The complete set of non-zero Christoffel symbols is:

aa

. , la
=Tt =24 B.20
0k = g iks ( )
. 1 .
A 1 .
D, = Sha', (B.22)
. . 1 .

B.2 Calculation of the Ricci Tensor Components

The Ricci tensor expression using the contracted Christoffel symbol formula is employed:

0 0? 0

Raﬁ = axU FZ,B — 8:1;/38;504 ln vV —g —+ Pgﬁ% ln vV —g— Pgﬂrga <B24)
From the metric form, with goo = 1 and ¢g11 = ¢o2 = ¢33 = —ﬁ, the determinant
5T
becomes: )
a® a’
g= det(gaﬁ) = T ko6 = V—g= ﬁ; (B25)
(1+37?) (1+4r2)
in the neighborhood of the origin (r — 0):
g = —a6 — —g = QS, <B26)
and thus:
For r—-0 = Iny—-g=3a (B.27)

Given the homogeneity and isotropy of the metric, which ensures that only two components
are linearly independent, Einstein’s system of equations reduces to only two equations. The
relevant components are Ryg and Rj1, with R1; = Res = R33 due to spatial symmetry.

e Calculation of Ry:

The expression is:

0 H?
Foo = o0x° To0 = 0z9920

Each term is calculated separately:

T a g T
].n vV —g + POO% ].n vV —g— PTOFOU' (B28)

1. Term I'gy:
I'fp=0 Vo. (B.29)
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2. From the previous point, the third term Fgo% In \/—g is also zero.
3. Term Wln\/ g:

0? 0? 1 02 10
ln\/—g:m(3lna) 282(3111@) 7287 <>

020020
U
92 3d 3 [a\’
g™V 0=y (o) (B.30)
4. Term I'7yI';,; developing the sums:

ro, 07, =T9 iy 4T3, T% = Thy T + Th,.Tk,
~—

0 0
therefore: )
. , 3 /a4
[7605, = Toulhy = 3[T0]” = 2 (a> : (B.31)
Thus Rgy becomes:
3a
e Calculation of Rq;:
0?
Each term is calculated separately:
1. Term %F(ﬁ; summing over o:
0 J o 0 0 0 10, . 1 1 1
@Fn or ol + o7 1F11 + oz 2F11 + or 3F11 = Cﬁa(aa) - §k+ §k+ 51%
5 0 1 1 1
Y o _ 12 L L
Spo Ll = 20 + 200 + Qk:. (B.34)

2. Term %ﬁ?ml In /—g; calculations must be performed without taking the limit initially, then
setting 7 — 0 at the end:

a’ 3 3, 9
J=g = s ~a <1—kr>, (B.35)
(1+ Er2) 4

where the second equality comes from Taylor expansion. The logarithm becomes:
In\/—g ~In [a?’ <1 - ikr2>] =3lna+1In (1 — ikr2> . (B.36)

Expressing r in Cartesian coordinates:

0?

B o) B2 (22 4 | 3, 0 | @t
O my=g—0+ 181111[1 R+ @2+ )| = =Sk [

Sk 3k:r —:L’lai (1—%]{:7‘2)
(1 - 3kr2)®

2

and in the limit r — 0:

0 3
For »—0 = m In v —qg = —514; (B37)
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3. Term FIla%T In /—g; restoring the contracted Christoffel symbol:
118 ~Iny/—g=T7,T; (B.38)
summing first over o and then over 7:
7,7 = (09 + T%)0]; = I‘00 Y + I} Flfl + 0509 + T,
0 0

The last term generally depends on z!, 22,23 and vanishes for » — 0. Thus only the

penultimate term remains:

3
7 17, =T4,TY = 304,19, = 7a2. (B.39)

4. Term I'7;I'7_; developing the sums:

o171 =TI + T1,T0 = Ty T0; + T9I6; + Tiolh + T3 T
\,./
0
- Second term: 'Y, is non-zero only for k = 1, leaving I';T'{;.
- Third term: I'{, is non-zero only for i = 1, leaving I'},T'Y;.
- Fourth term: generic elements are non-zero but contain factors of z7 that vanish for
r— 0.

Therefore: 5
T2 =TT + T}l =21 T, = 672&2' (B.40)

Thus R becomes:

1 1 1. 3 3 2
Ry = —a° + Zad+ Sk + k+—a2— 72
C

2 2!
)
2 . . 2 2
a® |a  2a 2kc
Rh==|-+—+—1. B.41
=" [ + a2 a2 ] ( )
The Ricci scalar can now be calculated:
R=R%+ R', + R + R, = R’ + 3R'|, (B.42)
where the second equality follows from spatial homogeneity and isotropy. The components are:
3a
R% = g™ Roo =1 Roo = 24 (B.43)
The inverse metric component g'! is needed for R;:
2
1 14 %2
n_ L (xeh) 47 S (B.44)
g11 a
and in the limit at the origin:
1
For r—0 = g'!'= - (B.45)
a
Thus: )
1 |a a 2kc?
RY=g¢"Ry=-5|-+2(- : B.46
1 =9 i 2 |2 + u + 22 ( )
The Ricci curvature scalar becomes
6 |a a\? ke
R=—= |- — — B.47
2lat (a) Tz (B4T7)
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Appendix C

Estimators of ()

The analysis begins by considering estimators in the ideal case, then examines how to adapt
them for realistic observations. The ideal case assumes observation of only the CMB signal with
no noise, no foregrounds, and full-sky coverage without obstructions.

For the ideal case, the estimator Cy that extracts Cy from observations is given by (for fixed

0):
1 4
A 2
= . .1
Co= 2 mzz_e ol (€
The ensemble average of this estimator is:
l l
A 1 Cy
(Co =577 ZZM 20+ 1 ZZ (C.2)
m=— Cy m=—
Since Zﬁlz_g 1 =20+ 1, the result becomes:
(Cy) = Cy, (C.3)

demonstrating that the estimator Cy is unbiased: its expectation value equals the true parameter
it estimates.
The consistency of the estimator is verified by examining its variance. By definition:

Var(Cy) = (G — (C))?) = (CF) — (Co)* = (C}) - CF. (C4)

To compute (C?):

¢ L
A 1 * *
(C?) = AR E E (o @y, Qormy Ay ) - (C.5)
m l

=—fm/=—

Wick’s theorem is applied to express the four-point correlation function as a sum over all
possible pairings:

(@em @ ! Q) = (A0m @ ) (W Gy )+ (W Ctm WWin @r) + {Gm ) (@G atme). - (C.6)

The first term gives Cg. For the remaining terms, the reality condition of §7(n) implies:

Aoy, = (*1>ma2<_m), (C?)

Therefore:
<aéma€m’> = (_1)m/<a€maz<(_m/)> = (_1)m/045m(—m’) (CS)
<azma2m’> - (_1>m+m’ <a€(7m)a€(fm/)> = (_1>mC€6(7m)m’- (CQ)
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Substituting these results:

5 1 ! .
() = Gy 2 [CF+ (0™ Clon + (<1 Clb]. (C.10)

’
,m

The sum over the first term gives (2¢ + 1)2C€2. For the second term, d,,(_,) = 1 only when

m’ = —m, which occurs for 2¢ + 1 pairs. Similarly, 8,,,, = 1 for 2 + 1 pairs when m = m’. The

alternating signs from (—1)™ factors cancel in the symmetric sum, yielding:

R 2C?
2 2 14
= . A1
(CF) = Ci+ 59 (C.11)
Therefore, the variance of the estimator is:
. . 2C?
Var(Cy) = (C?) — C? = 2e+€1' (C.12)

The variance is proportional to the signal itself. This irreducible variance, present even in
the ideal case (no noise, full-sky coverage, no foregrounds), is known as cosmic variance. It
arises from the fundamental statistical limitation that only one realization of the Universe can
be observed, limiting the ability to precisely determine the underlying power spectrum.

C.1 The ég Estimators in the Real Case

Despite cosmic variance, the estimators discussed above perform well under ideal conditions.
However, realistic observations introduce several complications:

1. Incomplete sky coverage: Sky fraction fq, < 1 due to Galactic and foreground masking.
2. Instrumental noise: Stochastic noise from detectors and systematics.

3. Finite angular resolution: Instruments observe with a finite beam that smooths the
signal.

These effects can be treated separately or collectively through a unified approach using
pseudo-C; estimators. In this framework, the ideal ay,, coefficients are replaced by ay,, coef-
ficients that incorporate information about noise, partial sky coverage, and finite instrumental
resolution.

The observed temperature fluctuations can be written as:

ST () = 6T 5 (R) + 6T (), (C.13)

where 5Tél;\)/[B(ﬁ) represents the CMB fluctuations convolved with the instrumental beam, and
0T, (7) represents the noise contribution.
The beam-convolved CMB signal is related to the true CMB signal through:

0T (7) = / QY 6Tomp () b, /), (C.14)
where b(n,7') is the beam function that encodes all instrumental properties. In the ideal case
of infinite resolution, b(n, ') — §(” — n’) where § is the Dirac delta function.

For many instruments, beams exhibit circular symmetry around the pointing direction, sat-
isfying the circularity condition:

b(h, 7') = b - 1), (C.15)
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meaning the beam function depends only on the angular separation between directions, not on
their individual orientations.
Under the circularity condition, the beam convolution becomes:

ST Qi) = [ 49+ ) STenam i), (C.16)
The spherical harmonic coefficients from partial sky observations are defined as:
G = [ QST Yy () (1)
Ar—M

where M represents the masked region (primarily the Galactic plane and point sources).
Substituting the expression for §7°P%(7):

Gm = / d“/ A (- 1) D g Yerar (W)Y () + Gy, (C.18)
4d7—M o'/

N

s Tepresents the noise contribution:

where a
aly :/ dQ 6T, () Yy, (7). (C.19)
4 —M
For circular beams, the convolution can be expressed using beam transfer functions by:
/dQ’ b(R - 7)Y (7)) = by Yer (), (C.20)

where b, characterizes the beam’s effect on multipole £.
This allows the expression to be rewritten as:

A = Z Qg bpr / . dQ Yy, (’fL)YZn(TAL) + aé\fn (021)
'm’ dm—

The integral defines the coupling kernel:

Komorme :/ dQ Yy (0)Ye, (1), (C.22)
Ar—M
which encodes the effect of incomplete sky coverage. For full-sky observations, Ky =
6€Z’5mm’~
Therefore:
Aoy, = Z aprmr o Kopprmr + dé\rfn. (C.Q?))
'm/!

This expression for ag,, contains all non-idealities:

e by: beam effects and finite resolution

o Ky mode coupling due to incomplete sky coverage
° dé\[n: instrumental and systematic noise

The Cy estimator is now defined as:

)4
1 S 2
= — . .24
Ce= 777 2 liml (C.24)
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However, this estimator is biased. Substituting the expression for ay,, and taking the ensemble
average yields:

2 1
<Cg> 2€ +1 mZ@;: bZ’C€’|K€m2/m | + <Cg >, (C25)
which can be written as: .
Co) =Y bpCoGur +(C), (C.26)
él

where the mode-coupling kernel Gy is defined as:

G = 2€+1 Z Z | K gt (C.27)

m=——fm/=—¢

Therefore, in general:

(Co) # Ci, (C.28)

demonstrating that the Cy estimator is biased.
To obtain an unbiased estimator, the pseudo-C; (PCL) estimator is defined:

1 2
P = Gyl [cg, - <0;,V>}, (C.29)
V4

where summation over repeated indices is implied. This construction directly solves the bias
problem. Taking the expectation value:

(CFY) = Gz [(Go) — (&) (©30)

b
and substituting eq. (C.26), using the property GZZ}G@//@/ = Qg

(CPCLy = ?bgcg cy, (C.31)
l

confirming that CA%)CL is an unbiased estimator.
The mode-coupling kernel Gy can also be expressed in terms of the sky mask properties:

Gglg// = Z Wgw
o

20" 1 1)(20" 41 o 2
(207 +1( +)<eee>7 o)

4 0O 0 O

where the matrix represents the Wigner 3j symbol, and Wy is the angular power spectrum

of the mask:
e///

1 2
Wzl” - W ;/// ‘wﬁl”m| ’ (C.33)

where w1, are the spherical harmonic coefficients of the mask function:

ﬁ) = Z wg///mWI//m(fL). (034)
K///m



Appendix D

Useful Integrals

This section contains the fundamental integrals necessary for manipulating the solutions that
appear in the third-order Green’s function solution eq. (3.73). The derivation of these integrals
relies on systematic application of integration by parts.

/ ety 2¢/ £ 2iu (D.1a)
e U x . U
> d ; 1 ] - < d ;
/ 172 62“‘ = <2$2 + ;) €2Zm - 2/ % 62“/' (le)
X x
/Ood“e%u: 1, _2 ezix_‘“/ood“ezw (D.1¢)
. ut 3z3  3z2 3z 3/, u

/OO dge—zm/oo geQit:_l+€72m /oo dl€Qiu
z U w T x T z U

o0 oo
—2i / du i / dt ot (D.2a)
xr u

u

/oo d,l;e_%u/oo dte%t:_<12_i>+<12_i>€_2ig;/oodue%u
: U w t =z 205w v
_ et

% du —2iu/oo dt 9 _ 1 i 2 1 i 2 —2ix/oo du o,
/x ut © u t e 923 622 3z + 3235 322 3z)° - u €
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o] d 2ix 21361 o0 o0 )
/ 7262211 my=o_ 4 & 17 —1—22'/ e* 492 / S 2y g (D.3a)
. U x x s U . U
/x Eewlnu: <4x2+2x>e”+(2x?+x>emlnx
> d - > d -
—3/ uez“‘—2/ S 2 g (D.3b)

© du o, 1 5 11\ 10 2
it 1 Y o i - e iz |
/m s 93 + 1822 9z)° + 33 + 322 3:)° M7

o2 °°d“ezw_4i/°°d“
x

5 | 3 X Inu (D.3c)

/oo % /oo ﬁefﬂt /oo %e%s _ 1 B e~ 21z /oo dﬁeQiU
T u? u t t s :C x z u
1 © q . ©dt ..
+ (m + 2z’> / ?“ e~ 2 / " it (D.4a)
T u
/°° Chﬁ/oodtezz‘t/oodse%s: 1 2
. utf, ot . S 2723 1822 9x

1 4\ [Cdu gy [Cdt
- = e wu — e~ D.4b
+ <3w3 9>/x U € /u t € ( )
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*d
u .
/ eQzu
T u

2

< du 2iu
73 e
T u

< q
T

U 2

/oo(ilte—Qit/ood‘S‘eQiS:&ir_<1_2,L'>/00du62iu
w U t S x T z U
; o]

o dt —Qit/oo ds o (1 51\ 9y 1 i, 5\ [Tdu g,
/u T ) 5 et w2 e / o °
) . OO .
— e — €

o 2/ dﬁ €2zu/ g e—2zt/ % 6215 (D5b)
T u U 13 t S

OOdt _Qit/oo dS %s 1 131 49 %x
/u ¢ ) S T\ o T s B €

L0 2 49 /00 du o
N ==t -+ == —e
923 622 3z 27 ) ), wu

1 i 2 2z /oo du gy, /Oo dt o,
+<3x3+3x2 31:)6 . u € u ¢ °

4 [ du 2iu /Oo % o2t /OO ds 215 (D.5¢)
u t

3 ), u S

ezm/oodtezitlnt:_l_lnﬂf+6 ”/Oodueziulnu
w x x x z U

*d oo [0 dE o
— 2i/ & 6_21“/ —e?nt (D.6a)
x u t

e%u/oodtemlnt__ 1 @ 2N\ _ (1 @ 23
uw N 27x3 1222 3z 923 622 3x

4i [ d W [0 dt o
+ 2 < 6_21“/ - ¥t Int (D.6¢)
u
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e 0 21 1 0o )
/ du / i e2it _ € i ( _ 22) / dﬁ e2iu (D?a)
. u? t T T s U
Cdu (Udt gy (10 1 /Oodu N
Y=gt e -5 t1 — e D.7b
/x u? / t <4x2+2x>6 +<2x2+ ) - u © (D-7b)
Cdu (Cdt oy (102 1 4 /Oodu ”
"=—Aestoz o)t a3 — e D.7
/:C ut / t <9x3 T 92 9:c) o (31’3 * 9) . U ‘ (D-Te)

© du ., 1 © du .
—22'/ S g2 (—22’)/ S e2iuny (D.8a)
: U x sz U
° du [®dt 1 5i 11\ o 1 i 2\
- — Int=-—{ — I 1 _ = )
/x u4/u p ¢ 9728 T 5ax2 27z ) € 923 T 022 9y)¢ M7

22t [ du 4, 1 4i /°° du 5,
= = = U 2iu) D.8b
Tl W t\emty) ) e (D-8b)
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> d ; dt o, 2 1 —2iw oo q ;
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Cdu g5, 9 2e%®  2e%TIng ¥ In’y
— e“In"u = + +
xT

u? x T x
+4z’/ U e2iu +4i/ T 2y,
. U . U
[ee)
du -
+ 2i/ T 2in g2y, (D.11a)
. U

© du g 1 T\ 1 30\ o
/:v ﬁewln u:(4m2+2x>em+ @—FE e lnzx

+ (12+Z) e2i“1n2x—7/00 d—ue%“
2z x z U
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Appendix E

Super-Hubble Limits for the Integrals

This appendix presents the evaluation of the integrals appearing in eqs. (3.74) and (3.84) and
their asymptotic expressions, computed in the super-Hubble regime, which are essential for
determining the PPS of scalar and tensor perturbations.

The analysis begins by recognizing that eq. (3.74) corresponds to the exponential integral

[e.e]
d .
Ei(—2ix) = / = g2 (E.1)
. U
defined for x > 0 with the series representation
+

Ei(z) = In(— ~ @ E.2
i(:) =7 +In(-2) + Y 2 (£2)

n=1 "

To evaluate the super-Hubble limit as  — 0, terms up to linear order are retained, yielding

lim e o4 9 2ip —Inx+ 0(2?), (E.3)

=0 J, u 2

where o = 2 — v — In2. Similarly, employing the properties of the exponential integral, the
following expressions are obtained:
00 2 . 2

im [ ety =2 —ir— 4 %z — 20+ o izlng — — 2
220 ) w 24 2

+0(z?), (E4)

lii)a% Zue%‘lnzu:—§+2i7r+€+12—4—4ix+4a—2iﬂa—%—2a2
r T
- 2 3 20(3 13
+ ZWQQ % B <?E)+4ixlnl'—2ixln2:l}— nr —{—O(l’Q), (E5)

detailed derivations of which can be found in [183, 184].
The double integral appearing in eq. (3.76a) possesses a known analytical solution, as docu-
mented in [183]. Retaining the dominant terms in x yields:

ood ) oodt ) 2 : 2

lim ue_2”‘/ —e2lt:2—i7r—|—7r——7Tx—2a+@+2ixa—l—a—

0 ). u Lt 8 2 2
+(2—Z;r—2ix—a>lnx+ nzx—i—(’)(xQ). (E.6)

For the double integral in eq. (3.81), the integrand is expanded in the limit ©« — 0 and sub-
sequently integrated over the interval from z to 1 to ensure convergence of the leading terms.
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This approach is valid because for large arguments the exponential function is suppressed by the
factor Inz/z. The result is:

> q ) o ¢ ) 1
lim & g2 lnu/ - e~ 2" ~ lim du [—21’ In?u+ 2ilnu
u

z—=0 /. u z—=0 J,.
1 In(2u)1 1
L in(16) Iy - MW v
2 i U
i1
—mw+7rlnu—2i71nu]
2 wu

= —2i — 7+ 2iz + mx — 2ia + 2iza — (2ix + 7x + 2iza) Inz

. 1 3
T L O R

This calculation enables the evaluation of the double integral entering eq. (3.79), whose asymp-
totic behavior is:

. Cdu gy, [TdE gy , , 5r?  imS , inlx
ili% ’ - ¢ /u e lnt—(—4+2z)+(1+z)7r—E+4—8—2Z$+2wx—ﬁ
2 2
+ (6 + 20)a —ima + 24a —4ixa—7rxa—3a2+%
9 o3 72 ita o
+ i x+7+ (—2+i7r+24+4z':1:+20z— - - 2> Inx
.9 In® x 9
—ixln :):—1—76 + O(x%). (E.8)
In eq. (3.82), the complex conjugate of eq. (E.7) is also required:
. * du —%u oo dt 2%t . . . . . .
lim —e Inwu — e =2 — 1 —2ix+ mr + 2ia — 2iza + (2ix — 7 + 2iza) Inz
z—=0 /. u ” t
+<1—T—2iaj—g> In?z + —2 x—I—O(mQ). (E.9)
x

Finally, to evaluate the triple integral entering eq. (3.79), the limit for v — 0 of the double
integral in the integrand, which corresponds to eq. (E.6), is taken and the leading contributions
of order O(z?), multiplied by e?™ /u, are integrated between z and co. This approximation is
justified because the integrand exhibits rapid decay to zero for u > 1, rendering contributions
from this region negligible. Expanding in the super-Hubble limit yields:

> d 0 dt . [ d , 4 2 5igs
lim uem“/ 6_2Zt/ —862’5:—7—1—@%—#——1—1—%—1—2@—1%04
u t

250 ). u t s 3 1" 48
2 2 3 2 - 2
e o dma a®  ((3) , T iTa  «
o a1 (A S Y ARG |
AT A T T Y A
+ (—1 + % + ;‘) In?z — % +O(x), (E.10)

where ¢ denotes the Riemann zeta function.

An alternative and more rigorous approach involves the following methodology. The integral
is decomposed into two parts: one extending from x to 1 and another from 1 to +o0o. The
contribution from the integral over [1,4+o00) is negligible because the integrand f(u) decreases
rapidly for u > 1. Specifically, the asymptotic behavior of f(u) is such that f(u) — 0 rapidly for
large u, making the contribution of the interval [1, +00) insignificant compared to that of [z, 1].
This observation has been verified numerically, confirming the negligible nature of the [1,+00)
contribution.
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Following this approach, the double integral in the integrand can be expanded while retaining
contributions of order O(z?) and restricting the integral to the interval [z, 1] where the expansion
remains valid. This yields:

© du o, [ dt .., [ ds o 25 5i 2i
lim “’eg"“/ e—%t/ 8 p2is _ 22 <—1 b4+ 2T L 5a— 2ia> ¢
u t

=0 [, U t s 4 2 4
it 3m%  imd L6 —_— 32 302 4+ iTa? n ao?
- — = — — — + 6o —ita —3a —
4 4 16 8 4 2
13 § ' §
+ (4—m+7;—2a+”;a+oé> Ei(2i)

(=40 — 7+ 2ia) sF3(1,1,152,2,2; 20) + 20 4 Fy(1,1,1,1; 2,2, 2, 2; 20)

w2 ita  o? T« In?
—24+in— —+20— ——— |1 14—+ = |In?z— E.11
—i—( +am 8—|—a 5 2>nx+( —|—4+2)nx 5 + O(x), ( )

where , Iy, represents the generalized hypergeometric function.

It is noteworthy that eq. (E.10) and eq. (E.11) differ exclusively in their constant terms.
Furthermore, the solution presented in [57] also exhibits a different constant term. Given these
considerations, the super-Hubble solution of eq. (E.10) is presented as:

4+, 7r2+5i7r3+2 , +7T2a 2+i7roz2+a3 =
=——-+in——+ —+20—ita+— —« — -
3 4 48 8 4 6
2 : 2
+(_2+m_g+2a_m;_g)m
Moo\, o In3 z
+ _1+Z+§ In“z — G + O(x) (E.12)

where Z = ((3)/3 from eq. (E.10), Z ~ 2.97353 — 0.0273557: from eq. (E.11), and Z = 7¢(3)/3
in [57]. Various choices of Z do not result in numerically significant differences in the final PPS
expressions.

In summary, all asymptotic solutions entering the PPS equations and published in [1] demon-

strate agreement with the results previously computed in [57], with the exception of one term in
eq. (E.10).
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Appendix F

Parameterisation of the Power Spectra

The power spectra of scalar and tensor perturbations can be obtained through analytical tech-
niques. A common procedure is to expand the spectra around a reference wavenumber, k., and
determine the coefficients by means of a slow-roll expansion or another suitable approximation
method. Since the analysis must extend across several orders of magnitude in k, it is most con-
venient to use In k as the expansion parameter. In this framework, two different expansions have
been proposed in the literature [56]. The first approach, developed up to third order in [57],
consists of directly expanding the power spectrum in In k, leading to

PX(]C) k CLXQ 2 ,IC axs 3 kJ
—_— = In| — In —=1] — F.1
Prolky)  XOTem )t w) T k) (1)

where X = [(, t] and

H? 2H?
Peolks) = ——5—, Piolks) = £, F.2
Therefore, the coefficients a¢; and ay; at third order are respectively
2
2, T 2
aco =1 —2(1 — a)er + (—3 — 20+ 20" + 2) €1 T Q€
T2 1
+ (—6+a+a2+17;> €1x€2% + = 3 ( 8+4a? +m )62*
1
2 (—120% + 7?) egu€54 — 21 (=16 + 24 — 4a® — 3an® + 62) (8¢}, + €5,)
1
E ( 720 + 3602 + 1372 + 8an? — 362) €1%€2%
1
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1
ﬂ (16 + 403 — an? — 24Z) (eg*eg* + €24€34€44)
1
ﬂ (48a — 120 — 5ar ) 6%*63*
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Note that Z enters only the third-order corrections of the LO parts, that are eq. (F.3) and

eq. (F.7).

Alternatively, the second kind of expansion consists of expanding the logarithm of the power

spectrum in In k as

7)X(k‘) k bxo 2 k bxs 3 k
In |~ | =byo+bxiln|(—)+—=-2ln?(— ) +—="I%( — ).
B [Pxo(k*) Xo+oxain k. + o k. 3 k.

(F.11)
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The coefficients b¢; and by; up to third-order corrections are respectively
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Using the latter parameterisation, it is possible to write directly both the scalar and tensor
spectral indices, runnings, and runnings of the running with respect to the coefficients bx; as

follows " ) )

*

k
as = beo + bezIn <k> , (F.21)
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Bs = bes (F.22)
k b k
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Appendix G

Choice of the pivot scale for Isotropic
Cosmic Birefringence analysis

The selection of the pivot scale £p, is assessed by examining three different choices for By across
the four component-separation Planck datasets. The optimal bin is identified as the one that
minimizes the correlation between 3y and n, remains consistent with the value of 8 estimated
over the complete harmonic range, and yields the smallest possible systematic uncertainty on n
arising from [Sies.

Numerical results for the four CS datasets and three choices of By—corresponding to the
third (¢ € [202,281]), sixth (¢ € [442,521]), and tenth (¢ € [762,841]) bins—are reported in
tables G.1 and G.2. The corresponding contour plots are displayed in fig. G.1.

The analysis reveals that a common choice of By = 6 minimizes both the correlation be-
tween the model parameters and the systematic uncertainty on n across all CS methods. This
position corresponds to the harmonic region most tightly constrained by the non-parametric
reconstruction, as shown in fig. 4.8.

. Data considered: 38p
Par. Pivot scale
Commander NILC SEVEM SMICA

: 0.07 0.07 0.07

3rd bin 0.19%506 | 0.26£0.07 | 0.20790¢ | 0.197006¢
Bo[deg] | 6th bin 0.28 4+ 0.05 | 0.31+0.05 | 0.30 & 0.06 | 0.26 + 0.05
10th bin 0.39 4 0.07 | 0.36 +0.07 | 0.41+0.08 | 0.36 +0.07

3rd bin 0.53703% | 0237035 | 0.517032 | 0.44703

n | 6th bin 0.607051 | 0.207535 | 0577038 | 0.5270:3¢

10th bin 0.651035 | 0347032 | 0.627031 | 0.5810:37

Table G.1: Best-fit parameter values with 1o confidence intervals for (5p,n) obtained at different
pivot scales: 3rd bin (¢, = 242), 6th bin (¢, = 482), and 10th bin (¢, = 802), for the four

component-separation methods applied to the measured data SBg.
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Table G.2: Best-fit parameter values with 1o confidence intervals for (fy,n) at different pivot

scales (3rd, 6th, and 10th bins), estimated from the systematic residual term [es for the four

component-separation methods. The sixth bin row, corresponding to the minimal recovered

Data considered: (s

Par. Pivot scale
Commander NILC SEVEM SMICA

3rd bin 0.019 + 0.005 | 0.014 + 0.005 | 0.014 4 0.005 | 0.017 4 0.005
Bo [deg] | 6th bin 0.019 4 0.003 | 0.013 4 0.003 | 0.013 4 0.003 | 0.017 4 0.003
10th bin 0.019 £ 0.004 | 0.014 +0.004 | 0.0147350° | 0.017 4 0.004

3rd bin —0.071053 ~0.1270:32 ~0.1270:32 —0.08103¢

n 6th bin 0.00193% 0.0017043 0.0070%) 0.0079:3%

10th bin 0.0579-3 0.09947 0.1079:53 0.06753

value for n, is highlighted in boldface.
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Figure G.1: Triangular contour plots illustrating the power-law analysis results for all four
component-separation methods using the DFP estimator with varying pivot bin choices (3rd,
6th, and 10th bins). Upper left panel: Commander; upper right panel: NILC; lower left panel:
SEVEM; lower right panel: SMICA.
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Appendix H

Non-parametric Bayesian
reconstruction for N # 4 nodes

Figure H.1 illustrates the evolution of the reconstructed function as the number of nodes varies
compared to the N = 4 case examined in section 4.2.4. The shaded regions represent credible
intervals derived from posterior samples. These results demonstrate how increasing the number
of nodes enhances the reconstruction’s capacity to capture fine-scale features in the data, while
also revealing diminishing returns as the node count becomes excessive, potentially leading to
overfitting. This behavior is further characterized by the deterioration of the Bayes factor with
increasing node numbers, as shown in fig. H.2. The reconstruction shows good agreement with
the best-fit results obtained using the power-law template presented in table 4.2 and fig. 4.6.
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Figure H.1: Reconstruction of the angular isotropic cosmic birefringence angle using iso-
probability credibility intervals in the (5, £) plane. The interval masses are converted to o-values
via inverse error function transformation, obtained from the F B-based estimator applied to (top
to bottom) the Commander, NILC, SEVEM and SMICA maps for N = 2 (left panels) and N = 6
(right panels).
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Figure H.2: Bayesian evidence as a function of the number of nodes N for the isotropic cosmic
birefringence angle reconstruction. The solid lines follow the standard color scheme: red for
Commander, orange for NILC, green for SEVEM, and blue for SMICA.
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