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Abstract

The gravitational n-body problem, considered one of the most classical and enduring challenges in
celestial mechanics, seeks to describe the motion of n masses interacting through Newtonian gravity.
Despite its deceptively simple formulation, the problem exhibits a profound interplay between order
and chaos, giving rise to an extraordinary variety of dynamical behaviours. This Thesis develops
an integrated framework that combines variational analysis, advanced numerical optimisation, and
rigorous computer-assisted proofs (CAPs) to detect, classify, and validate periodic solutions of the
n-body problem.
The work begins by reformulating the search for periodic trajectories as a variational problem,
where periodic orbits correspond to critical points of an action functional defined over the space
of periodic loops. A discretised Fourier representation is then introduced, reducing the infinite-
dimensional variational problem to a finite-dimensional optimisation task. Within this setting,
novel hybrid algorithms are implemented, most notably the Multi-Population Adaptive Inflation-
ary Differential Evolution Algorithm and the Lattice domain-partitioning scheme, which jointly
enable efficient exploration and refinement of the action landscape under prescribed symmetry con-
straints.
Once candidate periodic orbits are identified, their structure is analysed through a combination of
the discrete Morse index, intra- and trans-level distance metrics, and topological invariants such
as the winding numbers. These diagnostics reveal the local and global organisation of the action
landscape, distinguishing between minimum points, saddle-type solutions, and families of related
orbits. The Thesis further extends classical variational methods by implementing a constructive
Mountain Pass algorithm, based on the Ambrosetti–Rabinowitz and Barutello–Terracini frame-
works, to uncover non-minimising critical points corresponding to new periodic trajectories.
The final part of the work establishes a rigorous computer-assisted validation framework. Using
interval arithmetic, validated Fourier-series operations, and fixed-point theorems, numerically com-
puted orbits are enclosed within certified bounds, thereby providing formal proofs of existence for
true periodic solutions of Newton’s equations. This CAPs methodology transforms high-precision
computations into mathematically guaranteed results, uniting analytical rigour with computational
discovery.
Overall, the Thesis advances the state of the art by integrating variational theory, numerical opti-
misation, and validated computation into a single, coherent methodology. The resulting framework
not only expands the catalogue of known periodic orbits in the gravitational n-body problem but
also establishes a reproducible and extensible foundation for rigorous exploration of nonlinear dy-
namics in celestial mechanics and beyond.

Keywords. n-body problem, numerical optimisation, computer-assisted proofs, celestial mechan-
ics, variational method
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Chapter 1

Introduction

This Chapter serves a dual purpose. Sections 1.1 and 1.2 provide a self-contained introduction
to the classical gravitational n-body problem and a review of the existing analytical, numerical,
variational, and computer-assisted methods that form the current state of the art. These sections
are primarily expository and are intended to place the present work within its broader historical
and scientific context.
The original contributions of this Thesis begin in Section 1.3, where the main theoretical, algo-
rithmic, and computational advances developed by the author are summarised. In particular, this
Chapter delineates the novel variational–computational framework proposed in this work, clarifies
how it extends and unifies existing approaches, and outlines the specific results obtained by the
author that are developed in detail in the subsequent Chapters.

1.1 The n-body problem

Among the classical problems of celestial mechanics, the gravitational n-body problem stands as one
of the most emblematic and challenging. Its enduring fascination stems from the coexistence of two
features: on the one hand, a formulation of striking simplicity, dictated directly by Newton’s laws;
on the other, an extraordinary richness of dynamical behaviour, ranging from predictable regular
motion to highly chaotic trajectories. In its most general form, the problem asks us to describe
the evolution of n massive point particles, interacting only through their mutual gravitational
attraction, as they move in Euclidean space.
Formally, if x1, . . . , xn ∈ R3 denote the positions of the bodies and m1, . . . ,mn > 0 their masses, the
equations of motion are given by

mkẍk(t) = −∑
j≠k

mkmj
xk(t) − xj(t)

∥xk(t) − xj(t)∥3
k ∈ {1, . . . , n}, (1.1)

where ∥ ⋅ ∥ is the Euclidean norm. A solution of the n-body problem is thus the set of trajectories
xk(t)

n
k=1 satisfying this coupled system of second-order differential equations.

At first glance, the singular nature of the problem appears daunting: the force law diverges whenever
two or more bodies collide, so the equations are undefined at such events. These singularities,
coupled with the nonlinear interaction of all the particles, endow the problem with extraordinary
complexity.
The simplest nontrivial case, n = 2, admits a complete description. After reducing to relative two-
body motion, each trajectory traces a conic section, ellipse, parabola, or hyperbola, classified by
the sign of the mechanical energy. This integrable system forms the cornerstone of classical celestial
mechanics and underlies Kepler’s laws of planetary motion. Yet the moment we turn to n = 3, the
picture changes dramatically: the system ceases to be integrable in general, and small perturbations
in initial conditions can produce large deviations in trajectories, an early manifestation of what we
now call sensitive dependence on initial data.
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This transition from simplicity to unpredictability was famously highlighted by Henri Poincaré [1]
in his pioneering studies of the three-body problem.

D’ailleurs, ce qui nous rend ces solutions périodiques si précieuses, c’est qu’elles sont,
pour ainsi dire, la seule brèche par où nous puissions essayer de pénétrer dans une place
jusqu’ici réputée inabordable...

Poincaré revealed that, although the governing equations are deterministic, their solutions can be-
have in ways that are effectively unpredictable. Crucially, he emphasised the importance of periodic
solutions: far from being mathematical curiosities, they provide a framework for understanding the
global structure of dynamical systems.

...voici un fait que je n’ai pu démontrer rigoureusement, mais qui me paraît pourtant
très vraisemblable. Étant données des équations de la forme définie dans le n° 131 et une
solution particulière quelconque de ces équations, on peut toujours trouver une solution
périodique (dont la période peut, il est vrai, être très longue), telle que la différence entre
les deux solutions soit aussi petite qu’on le veut, pendant un temps aussi long qu’on le
veut.

In Poincaré’s words, periodic orbits are “the only breach through which we might try to penetrate
a fortress so far deemed unassailable.” He even conjectured that arbitrary solutions could be ap-
proximated by periodic ones, a view that continues to shape modern research.
The search for periodic trajectories is central not only from a dynamical standpoint but also across
other disciplines. In semiclassical physics, for instance, families of periodic orbits underpin trace
formulae that relate the spectra of quantum systems to their classical counterparts, forging deep
and unexpected links between celestial mechanics and quantum theory [2].
Another fundamental aspect of the n-body problem is its deep and enduring connection with chaos.
Even in the three-body case, the coexistence of regular and chaotic regimes produces an intricate
phase-space structure, where stable periodic motions are often surrounded by regions of irregular
wandering. In Devaney’s formulation [3], a dynamical system is said to be chaotic if it satisfies
three defining properties:

(i) sensitivity to initial conditions (nearby trajectories diverge exponentially),

(ii) topological transitivity (the trajectory of one open set eventually overlaps any other), and

(iii) density of periodic orbits in phase space.

These conditions capture the paradoxical nature of chaos: a system governed by deterministic
laws, yet effectively unpredictable in practice. While popular accounts often emphasise sensitivity
to initial conditions, the so-called “butterfly effect”, the full mathematical structure of chaos is
richer, relying on the interplay between topological transitivity and the abundance of periodic
orbits.
For the gravitational three-body problem, a complete and rigorous proof of chaos in the strict
Devaney sense remains elusive. Nonetheless, analytical studies and extensive numerical simulations
overwhelmingly indicate that chaotic behaviour is typical rather than exceptional: for most initial
conditions, trajectories exhibit exponential sensitivity and irregular motion instead of integrable
regularity (see, e.g., [4–11]). The three-body problem thus exemplifies how deterministic Newtonian
laws can generate complex, seemingly unpredictable dynamics, precisely the phenomenon Poincaré
foresaw and that continues to drive modern research.
Despite centuries of progress, the general n-body problem still resists complete resolution. Colli-
sional singularities, the absence of global integrability, and the immense dimensionality of phase
space all conspire to preclude explicit solutions. Yet these challenges have spurred the development
of increasingly sophisticated analytical and computational tools: regularisation methods to handle
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singularities, variational approaches to uncover new orbit families, and, more recently, computer-
assisted proofs that bridge numerical computation and mathematical rigour.
Computer-assisted proofs represent a major paradigm shift in the study of dynamical systems.
By combining interval arithmetic, rigorous error control, and topological methods, they convert
high-precision numerical data into mathematically certified statements. Such techniques have been
successfully applied to verify the existence and stability of periodic orbits, establish symbolic dy-
namics, and rigorously confirm chaotic scattering in restricted three-body models. Notably, the
pioneering works of Simó, Zgliczyński, and collaborators have demonstrated how validated numer-
ics can turn computational explorations into formal proofs (see e.g. [12–15]). Modern frameworks,
such as the CAPD library [16] and interval Newton methods, now enable the systematic verification
of dynamical structures with fully controlled numerical uncertainty. In this way, computation has
evolved from an exploratory tool into an integral part of rigorous mathematical analysis.
Even so, many fundamental questions remain unresolved. Among these are whether the set of
central configurations is finite, whether stable periodic orbits exist beyond the integrable cases,
whether every topological braid type can be realised by an n-body trajectory, and whether scattering
solutions can densely fill configuration space. As Montgomery discusses in [17], these questions
reveal the deep interplay of geometry, topology, and dynamics that characterises current research.
They also highlight the diversity of mathematical approaches, from algebraic geometry and KAM
theory to variational and topological methods, that continue to illuminate this classical yet ever-
evolving field.
In this light, the gravitational n-body problem is far more than a technical challenge of celestial
mechanics. It stands as a paradigmatic model of nonlinear dynamics, embodying the subtle balance
between order and chaos, determinism and unpredictability. Today, it serves as both a testing
ground for new mathematical theories and a bridge between analysis, computation, and geometry,
continuing to inspire theoretical insight and computational innovation alike.

1.2 State of the art

The modern study of the gravitational n-body problem can be approached through three com-
plementary yet deeply interconnected perspectives: (i) direct numerical integration of Newton’s
equations (1.1), (ii) analytical perturbation theory within the Hamiltonian framework, and (iii)
variational methods, which reformulate the search for periodic orbits as the identification of critical
points of an action functional.
The first approach focuses on the direct propagation of the n-body equations of motion, with
the goal of computing trajectories and exploring the dynamical behaviour of systems over ex-
tended timescales. From a computational standpoint, such integration demands numerical schemes
that maintain accuracy while preserving key invariants of motion. Traditional high-order integra-
tors, though highly accurate over short intervals, tend to accumulate secular energy errors that
distort long-term dynamics. To overcome this limitation, symplectic and variational integrators
have become indispensable. These structure-preserving algorithms respect the underlying geo-
metric properties of Hamiltonian flows, most notably the symplectic two-form and phase-space
volume, yielding excellent long-term energy behaviour and qualitative fidelity to the true dynamics
(see, e.g., [18–20]). Classic examples include the Störmer–Verlet scheme and the Wisdom–Holman
method, which exploit the separability of the Hamiltonian into integrable and perturbative parts
to achieve efficient and accurate integration of planetary systems [21,22].
Regularisation techniques, such as the Levi–Civita [23] and Kustaanheimo–Stiefel transforma-
tions [24], are also essential in handling close encounters and binary collisions, transforming singular
configurations into smooth dynamical variables. Combined with adaptive time-stepping and par-
allel implementations, these advances have made it possible to simulate complex systems, ranging
from resonant multi-planet interactions to dense stellar clusters, with unprecedented precision and
temporal depth (see, e.g. [25, 26]).
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The second approach, rooted in the classical tradition of celestial mechanics, aims to understand
the dynamics analytically through perturbative and asymptotic methods. Following the works of
Laplace, Lagrange, and Hill, the motion of each body is decomposed into Keplerian elements
(semi-major axis, eccentricity, inclination, and related angular parameters) that, in the absence
of perturbations, remain constant. Mutual gravitational interactions induce slow variations, both
oscillatory (short-period) and secular (long-period), in these elements. The development of system-
atic averaging techniques, beginning with Lagrange’s planetary equations and Laplace’s expansions
of the disturbing function, made it possible to construct perturbation series that describe the slow
evolution of orbital configurations over astronomical timescales (see, e.g., [9, 27–29]).
Within the Hamiltonian formalism, such perturbative analyses are expressed through canoni-
cal transformations that bring the Hamiltonian into progressively simpler or “normal” forms.
The unperturbed system, composed of independent Keplerian motions, is integrable, while mu-
tual interactions introduce a nearly integrable perturbation. In this setting, the celebrated Kol-
mogorov–Arnold–Moser (KAM) theorem ensures the persistence of quasi-periodic invariant tori
under small perturbations, guaranteeing the stability of a large measure of initial conditions. Com-
plementarily, Nekhoroshev theory provides exponential bounds on the stability time of actions in
analytic nearly integrable systems, even where KAM tori are destroyed [30,31]. Conversely, in res-
onant domains, Arnold diffusion can occur, leading to slow chaotic transport through phase space.
Together, these results form the modern mathematical framework for understanding stability and
chaos in Hamiltonian celestial systems.
Analytical perturbation theory and high-fidelity numerical propagation thus form the twin pillars of
modern dynamical astronomy: the former elucidating qualitative mechanisms such as resonances,
stability, and chaos, and the latter providing the quantitative tools to explore them in practice.

Parallel to these developments, variational approaches have emerged, particularly since the 1990s, as
one of the most powerful tools for studying singular dynamical systems, including the gravitational
n-body problem. Building upon classical ideas from the calculus of variations, these methods
exploit the principle that periodic solutions of Newton’s equations correspond to critical points
of an appropriate action functional. This perspective not only provides a unifying conceptual
framework linking dynamics and geometry but also offers constructive numerical techniques for
identifying periodic, quasi-periodic, and choreographic solutions of the n-body problem. In this
context, a central object of study is the Lagrangian action functional

A = ∫

T

0

⎡
⎢
⎢
⎢
⎢
⎣

1
2

n

∑
i=1
mi∥ẋi(t)∥

2
+∑

i<j

mimj

∥xi(t) − xj(t)∥

⎤
⎥
⎥
⎥
⎥
⎦

dt (1.2)

defined over the space of T -periodic loops. Searching for collision-free periodic orbits thus reduces
to identifying critical points of A in a suitable function space (see, e.g., the monograph [32]). Among
these, minimisers are of particular interest, provided coercivity can be ensured and compactness
issues controlled.
A typical roadmap for variational techniques involves three main steps:

1. defining a differentiable functional on a candidate space of loops, typically a Sobolev space
such as H1, that reflects the dynamical or geometric structure of the equations;

2. establishing a variational principle (e.g. Maupertuis’ or the least action principle) which
guarantees that nontrivial critical points correspond to genuine, collision-free solutions of
Newton’s equations (1.1);

3. employing direct methods or minimax arguments to prove the existence of such critical points,
often relying on coercivity or compactness of sublevel sets.

The main difficulty in applying this scheme to the n-body problem lies in the absence of compactness
and coercivity: the action functional A can remain bounded even for sequences of loops that “drift
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apart” in space with diverging H1-norm. To overcome this obstacle, researchers have considered
reductions of the problem that impose symmetry or other structural constraints. In the case of the
symmetric n-body problem, group actions play a key role: by restricting attention to paths invariant
under a finite group G, it becomes possible to recover coercivity and ensure the minimisation process
is well-posed (see, for example, [33–42]).
A landmark result in this direction is due to [35], where the authors demonstrated that minimisers
of A restricted to G-equivariant loop spaces are necessarily collision-free, thereby yielding genuine
symmetric solutions. This theoretical breakthrough has been reinforced by computational tools.
Algorithms for constrained optimisation, such as those implemented in SymOrb [43], allow one
to construct G-equivariant candidate spaces explicitly and to search numerically for minimising
orbits. Such numerical evidence not only guides the identification of new families of solutions but
also helps classify them by symmetry and variational properties (see also [44–48]).
More recently, a further development has enriched the state of the art: the rise of computer-assisted
proofs (CAPs) in celestial mechanics and dynamical systems. While variational and numerical
methods offer strong analytical and computational evidence for the existence of periodic orbits,
CAPs transform this evidence into fully rigorous mathematical proofs. Using techniques such as
interval arithmetic, validated integration, and rigorous continuation methods, one can enclose nu-
merical approximations in mathematically guaranteed error bounds. In the context of the n-body
problem, CAPs have been successfully applied to confirm the existence of new periodic orbits, to
verify bifurcations, and to rigorously control chaotic dynamics (see [13,49–57]).

In this Thesis, we build upon these developments by uniting variational principles, modern opti-
misation algorithms, and rigorous computer-assisted methods into a coherent framework for the
detection, classification, and validation of periodic solutions in the gravitational n-body problem.
Our analysis relies primarily on the variational formulation, which provides both the conceptual
foundation and the computational strategy for constructing candidate orbits through critical points
of the action functional (1.2). The differential formulation of Newton’s equations (1.1) is employed
chiefly within the computer-assisted component of the work, where validated numerical integration
and rigorous error control are used to confirm the accuracy and stability of the obtained solutions.
Through this combined methodology, the Thesis aims not only to expand the catalogue of known
periodic orbits but also to deepen our understanding of their geometric organisation and dynamical
behaviour within the broader phase-space landscape.

1.3 Main results
The research presented in this Thesis has produced a set of original contributions at the intersection
of variational analysis, numerical optimisation, and computer-assisted proofs applied to the classical
n-body problem. These results not only extend the theoretical understanding of periodic solutions
but also provide concrete computational tools that can be used in practice. The main achievements
are as follows:

1. Detection of critical points. The first major contribution of this work concerns the sys-
tematic detection of critical points of the action functional associated with the gravitational
n-body problem. Within the variational framework, we establish a general methodology
for locating both minimising and non-minimising stationary configurations, corresponding
respectively to stable and saddle-type periodic orbits. The procedure begins with the dis-
cretisation of the action functional through a truncated Fourier representation of the periodic
trajectories. This reduction transforms the infinite-dimensional variational problem into a
finite-dimensional optimisation problem, where each coordinate represents a Fourier coef-
ficient encoding the temporal evolution of a body. Symmetry and boundary constraints
imposed by the Bolza problem are enforced by projecting each candidate solution onto the
corresponding invariant configuration space, ensuring the consistency of the search within
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the prescribed symmetry class. The resulting discrete action functional is then analysed us-
ing a combination of global and local optimisation techniques. By evaluating the gradient
and Hessian structures numerically, we are able to identify stationary configurations where
the first variation of the action vanishes. The numerical framework thus enables the detec-
tion of multiple classes of critical points, both local minimum points and higher-index saddle
points, which often mark the onset of bifurcations and transitions between distinct dynamical
regimes. This detection strategy forms the backbone of the computational approach devel-
oped throughout the Thesis, providing a unified means of exploring the landscape of periodic
solutions in the n-body problem.

2. Algorithmic innovations. A second key contribution of this work lies in the develop-
ment of a hybrid optimisation framework that integrates deterministic and stochastic search
techniques to efficiently locate critical points of the action functional. Classical gradient-
based methods, such as trust-region algorithms, exhibit strong local convergence but are
prone to stagnation in the presence of multiple minima or saddle structures. To overcome
these limitations, we introduce a multi-stage strategy that couples local refinement with
global exploration, thereby enhancing robustness and coverage of the solution space. At
the core of this strategy is the Multi-Population Adaptive Inflationary Differential Evolu-
tion Algorithm (MP-AIDEA), a metaheuristic method designed to balance exploration and
exploitation across dynamically interacting subpopulations. The algorithm adaptively regu-
lates population diversity and mutation amplitude based on convergence diagnostics, allowing
it to escape shallow local minima and sample widely separated attraction basins. This global
search phase is complemented by a local optimisation step based on trust-region refinement,
which ensures high-precision convergence once a promising region has been identified. In
addition to MP-AIDEA, a complementary algorithm termed Lattice is introduced to improve
domain exploration through systematic partitioning. The Lattice approach decomposes the
parameter space into a hierarchical grid of subdomains, each treated as an independent opti-
misation problem, enabling fine-grained exploration of the action landscape and facilitating
the discovery of multiple, symmetry-distinct periodic orbits. Together, these algorithmic
components constitute a novel and flexible computational framework that bridges numerical
optimisation, variational discretisation, and symmetry reduction. This hybrid methodology
not only enhances the efficiency and reliability of critical-point detection but also provides
a scalable foundation for future extensions involving high-dimensional or strongly nonlinear
systems within celestial mechanics.

3. Qualitative and dynamical characterisation. The third main contribution of this Thesis
concerns the investigation of the local and global structure of the periodic trajectories. Once
the candidate solutions are established as critical points of the action functional, attention
is directed toward assessing their qualitative nature, distinguishing between local minimum
points, saddle points, and more complex stationary configurations, and analysing how these
structures are organised in the action landscape. We introduce two complementary tools for
this purpose: the discrete Morse index and the intra- and trans-level distance analysis. The
first provides a rigorous measure of the functional stability of each critical point, while the
second offers a global view of the geometrical and energetic organisation of the minimum
points within the configuration space. The discrete Morse index, adapted from the classical
notion of the Morse index in infinite-dimensional Hilbert spaces, quantifies the number of
independent directions in which the action decreases locally around a critical configuration.
Operationally, it is computed as the number of negative eigenvalues of the discretised Hessian
matrix of the action functional. Two numerical formulations are implemented, both on the
fundamental symmetry domain and on the full orbit, using either the Fourier discretisation
of the trajectories or the discrete-time formulation of the action. Each is complemented by a
rigorous algorithmic procedure that ensures full consistency between the analytical definition
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and its numerical realisation. Complementing this local analysis, we develop a global struc-
tural characterisation of the action landscape through the computation of the intra-level and
trans-level distances introduced in [58]. Local minima are grouped into “levels” according
to the proximity of their action values, and pairwise distances among and across levels are
computed to quantify both the diversity within a level and the accessibility between adja-
cent levels. A small trans-level distance combined with a large intra-level spread indicates a
funnel-like structure, reflecting a smooth transition toward lower-action configurations. This
statistical characterisation of the minima offers valuable insight into the organisation of the
energy landscape, the connectivity among attraction basins, and the potential for global
optimisation strategies. Finally, for selected planar periodic orbits, we introduce a topolog-
ical invariant, the winding number, to characterise their geometric morphology. Computed
via the real-coordinate formulation of the contour integral, the winding number provides an
integer measure of the number of revolutions each trajectory performs around a reference
point (typically the centre of mass). Its numerical evaluation, based on the Fourier repre-
sentation of the orbits, serves both as a validation tool and as a geometric descriptor of the
family of solutions. Together, these analyses furnish a comprehensive understanding of the
qualitative stability and geometric organisation of the periodic orbits found through the vari-
ational–computational framework. The discrete Morse index reveals the local structure of
the action functional near critical points, while the intra- and trans-level metrics and wind-
ing numbers illuminate the global topology and connectivity of the solution space, linking
stability theory, landscape geometry, and topological classification into a unified diagnostic
framework.

4. Constructive variational methods. The fourth methodological contribution of this work
concerns the constructive identification of non-minimising critical points of the action func-
tional through the implementation of variational algorithms inspired by the Mountain Pass
Theorem. Building upon the classical Ambrosetti–Rabinowitz framework and the algorith-
mic construction proposed by Barutello and Terracini [59], we develop an improved and fully
operational scheme capable of locating saddle-type periodic orbits that escape detection by
standard minimisation techniques. The algorithm is grounded in the concept of the steepest
descent flow associated with the action functional, and in the topological structure of its
disconnected sublevels. By iteratively applying a bisection process along paths connecting
distinct basins of attraction, the method converges towards a point on the boundary separat-
ing these basins, corresponding to a non-minimal critical point. The improvement introduced
in this Thesis extends the original Barutello–Terracini scheme by integrating adaptive gra-
dient–descent control, flow-based evolution, and an automated discovery mechanism that
records all previously unknown critical points encountered during the iterative search. This
enhancement not only increases numerical robustness but also systematically enriches the
catalogue of stationary configurations detected. To guarantee theoretical soundness, the ac-
tion functional is regularised through a smooth modification which ensures differentiability
and satisfies the Palais–Smale condition at all levels. This regularisation permits the rigorous
application of the Mountain Pass Theorem to the symmetric n-body problem, establishing
the existence of non-minimising periodic solutions distinct from the minimisers found. The
resulting Mountain Pass Algorithm thus provides a constructive bridge between abstract
variational theory and computational realisation. It delivers an effective mechanism for dis-
covering saddle-type critical orbits within the regularised action landscape, expanding the
scope of variational methods beyond minimisation and opening the way to a systematic,
algorithmic exploration of higher-index periodic trajectories in the n-body problem.

5. Rigorous validation via CAPs. The final contribution of this Thesis concerns the develop-
ment of a comprehensive framework for computer-assisted proofs (CAPs) aimed at the rigor-
ous validation of periodic orbits obtained through the variational and optimisation procedures
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of the preceding chapters. The goal is to convert high-precision numerical approximations
into mathematically certified solutions of the n-body equations, complete with explicit error
bounds and reproducible computational evidence. The approach is based on the principles of
validated numerics, combining interval arithmetic, functional analysis, and fixed-point meth-
ods. All computations are carried out in spaces of scalar and vector-valued Fourier series,
equipped with analytically controlled norms. Interval arithmetic with directed rounding is
employed to ensure that every operation produces an enclosure guaranteed to contain the
true value, thereby eliminating rounding or truncation uncertainties. This rigorous numerical
layer forms the backbone of the validation process. A central component of the framework
is the representation and manipulation of analytic functions and operators within these se-
ries spaces. The implementation provides certified arithmetic for Fourier series, including
addition, multiplication, division, and composition, together with algorithms for antideriva-
tives, norms, and the estimation of truncation errors. The method also extends naturally
to vector-valued series, enabling the treatment of multi-body configurations with symmetry
constraints. At the operator level, we introduce validated routines for differentiation and the
computation of bounds on linear and compact operators, which are essential for applying
fixed-point theorems in a rigorous setting. Given a numerically computed periodic orbit, the
CAPs procedure constructs an approximate inverse of the differential operator governing the
system and verifies, by interval bounds, that a true solution lies within a small neighbourhood
of the numerical one. When this condition is met, the existence and uniqueness of an exact
periodic solution are established within explicitly known error margins. This validation does
not merely confirm numerical accuracy but provides a formal mathematical proof of existence
in the functional sense. In this way, computer-assisted proofs complete the methodological
cycle of the Thesis. Starting from variational formulations and algorithmic detection of criti-
cal points, and proceeding through dynamical characterisation and Mountain-Pass analyses,
the CAPs framework provides the final rigorous step: transforming computational discover-
ies into certified mathematical results. The implementation establishes a reproducible and
extensible foundation for the validated study of periodic solutions and dynamical structures
in the gravitational n-body problem.

1.3.1 Conclusion and perspective

This work presents a comprehensive framework that unites variational methods, algorithmic opti-
misation, and rigorous computer-assisted proofs to detect, classify, and validate periodic solutions
in the gravitational n-body problem. Beyond the methodological results, the research opens several
promising avenues for further development, both on the theoretical and applied fronts.
Extension of CAPs to complex critical points. The first natural step forward is to extend the cur-
rent computer-assisted proof framework to handle higher-index critical points and more intricate
dynamical structures. Thus far, the validation pipeline has been successfully applied to minimum
points and simple saddle points of the action functional. Generalising these techniques to mountain-
pass and multi-saddle configurations would enable a rigorous exploration of the global topology of
the variational landscape. This will likely require refined functional settings, adaptive norm con-
trol, and hybrid interval–spectral methods to manage the higher-dimensional geometry of unstable
manifolds. Such developments would further strengthen the bridge between analytical theory and
numerical computation, enabling the certified detection of new, genuinely complex families of pe-
riodic orbits.
Astrophysical exploration. A second major direction concerns the astrophysical interpretation of
periodic orbits and their role in shaping dynamical systems on planetary and stellar scales. Periodic
configurations offer valuable insight into resonant structures, long-term stability, and the processes
of orbital migration and energy dissipation. In planetary systems, the Laplace resonance among
Jupiter’s Galilean moons provides a classical example of a stable, periodic four-body configuration.
Similar architectures have been identified in exoplanetary systems such as K2-138, where chains
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of near-resonant planets display synchronised motion patterns likely produced by tidal dissipation
and convergent migration. Extending the present methods to these contexts could elucidate how
periodic orbits arise, persist, or disappear under realistic astrophysical perturbations.
In the stellar-dynamical regime, dense environments such as globular or nuclear clusters provide
a natural laboratory for the formation and disruption of few-body systems. Here, the interplay
between gravitational encounters, relativistic corrections, and chaotic scattering determines the
evolution of binaries and higher-order bound configurations. The proposed approach, combining
variational discovery with computer-assisted validation, offers a pathway to identify stable or re-
current periodic structures within these highly nonlinear systems, potentially revealing dynamical
channels relevant to the formation of compact-object binaries and black-hole mergers.
Astrodynamical applications. Finally, the same mathematical machinery holds great potential for
applied celestial mechanics. Variational optimisation and CAP-based validation can be adapted
to mission design, trajectory optimisation, and the study of multi-satellite formations. Periodic
orbits and their stable manifolds serve as natural highways in phase space, allowing for low-energy
transfers and station-keeping strategies. A rigorously certified framework would ensure not only
numerical accuracy but also formal guarantees of dynamical feasibility, an essential step toward
trustworthy, high-precision astrodynamical computations.

In conclusion, the convergence of rigorous mathematics, algorithmic innovation, and astrophysical
modelling offers a powerful paradigm for advancing both the theoretical understanding and the
practical utilisation of the n-body problem. By extending computer-assisted proofs to richer dy-
namical regimes and applying them to realistic astrophysical and astrodynamical contexts, future
research can transform periodic-orbit theory from a classical topic of celestial mechanics into a
predictive, quantitative tool for modern gravitational science.

1.4 Structure of the Thesis

The Thesis is organised into eight chapters, following a logical progression from the theoretical
formulation of the problem to the implementation of numerical and rigorous validation techniques,
and finally to the presentation of concrete results and examples. Each chapter contributes a specific
methodological or conceptual element to the overall framework.

Chapter 1 – Introduction. This opening Chapter introduces the n-body problem, its math-
ematical and physical background, and its significance within celestial mechanics and dynamical
systems theory. It reviews the historical development and state of the art, highlighting the open
challenges that motivate this work. The main results of the Thesis are then summarised, and future
perspectives are outlined. The chapter concludes with an overview of the Thesis structure.

Chapter 2 – Mathematical framework. This Chapter establishes the theoretical and notational
foundations of the study. It defines the configuration space of the n-body system and introduces
the necessary elements of group theory, including dihedral, cyclic, and symmetric groups, and their
actions on the configuration space. The chapter also discusses how symmetry constraints can be
encoded through group actions and presents the concept of G-equivariant minimisers of the action
functional, setting the stage for the subsequent variational analysis.

Chapter 3 – Finding critical points. The third Chapter focuses on the numerical detection of
stationary points of the action functional. Various optimisation strategies are presented and com-
pared, ranging from classical trust-region methods to constrained optimisation and metaheuristic
algorithms. The MP-AIDEA algorithm is introduced as a hybrid framework combining these ap-
proaches to efficiently explore the variational landscape and locate periodic orbits consistent with
given symmetry constraints. The chapter concludes with the first set of computed solutions for the
symmetric n-body problem.
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Chapter 4 – Analysing critical points. Once candidate orbits are identified, their qualitative
nature and stability are analysed in this Chapter. The discrete Morse index is introduced as a
numerical tool to distinguish minimum points from saddle-type solutions. Additional geometric
measures, such as intra- and trans-level distances, provide insight into the organisation of the
action landscape and the connectivity among local minimum points. Finally, the winding number
is computed to classify planar periodic trajectories according to their topological properties.
Chapter 5 – Mountain Pass solutions. This Chapter extends the variational approach beyond
minimising solutions by implementing a constructive version of the Mountain Pass Theorem. An im-
proved algorithm based on the Barutello–Terracini framework is developed to identify non-minimal
critical points of the action functional, corresponding to saddle-type periodic orbits. The method
is then applied to the symmetric n-body problem through a regularised formulation satisfying the
Palais–Smale condition, ensuring both theoretical soundness and computational applicability.
Chapter 6 – Examples. This Chapter illustrates the full methodology developed in the preceding
chapters through explicit case studies involving specific symmetry groups, such as G = Z2 and
G = D6. For each symmetry, both minimising and mountain-pass periodic solutions are computed
using the variational and optimisation framework. The examples are intended to demonstrate
the applicability and effectiveness of the proposed approach prior to the introduction of rigorous
computer-assisted validation.
Chapter 7 – Computer-assisted proofs. The seventh Chapter presents the rigorous validation
framework based on computer-assisted proofs. It introduces the principles of interval arithmetic
and describes the representation of analytic functions and operators in spaces of scalar and vector-
valued Fourier series. The Chapter then details the implementation of validated operations, op-
erator bounds, and fixed-point methods that provide formal mathematical proofs of existence for
numerically obtained periodic orbits. This framework bridges the gap between numerical compu-
tation and analytical rigour.
Chapter 8 – Results and conclusions. This final Chapter presents the main numerical and
computer-assisted results obtained with the proposed framework. It reports the discovery of several
families of symmetric periodic orbits in the n-body problem, computed under various symmetry
constraints. Each orbit is analysed in terms of its action value, stability properties, and discrete
Morse index. The Chapter also provides the corresponding rigorous validations performed through
the computer-assisted proof framework, confirming the existence of these orbits within explicitly
certified error bounds. These results collectively demonstrate the accuracy, robustness, and relia-
bility of the integrated variational–numerical–rigorous approach developed throughout the Thesis,
and are complemented by a set of general conclusions that synthesise the contributions of this work
and outline perspectives for future research.

Altogether, the structure of the Thesis reflects a coherent narrative: from the theoretical formu-
lation of symmetric variational problems, through numerical exploration and stability analysis, to
the rigorous validation of periodic orbits. Each component, variational, algorithmic, and analytical,
contributes to building a complete, reliable, and extensible methodology for the study of periodic
solutions in the gravitational n-body problem.
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Chapter 2

Mathematical framework

This Chapter establishes the mathematical setting and notation used throughout the Thesis. Its
purpose is primarily expository: it collects standard definitions and known results from the New-
tonian n-body problem, finite group actions, and symmetric variational principles in order to make
the subsequent chapters self-contained and to fix a common language and set of conventions. We
begin by recalling classical definitions related to the Newtonian n-body problem and then introduce
basic notions from group theory that will be instrumental in the construction of symmetric solu-
tions. Further background and historical motivation can be found in Section 1.1 and Section 1.2.
Our main references for the present material are [35] and [60]. In particular, the definitions of
the loop space, the group action on Λ, and the reduction to a fundamental domain will be used
repeatedly when formulating and implementing the optimisation and validation procedures in later
chapters.

2.1 Configuration space and notation

We consider the motion of n point masses interacting through Newtonian gravitation in a d-
dimensional Euclidean space Rd. Let m1, . . . ,mn > 0 be the masses (with n ≥ 2) and define the
configuration space with vanishing centre of mass as

χ ∶= {x = (x1, . . . , xn) ∈ (Rd
)

n
∶

n

∑
i=1
mixi = 0} .

Collisions correspond to singular configurations where two or more bodies coincide. Denoting

∆ij ∶= {x ∈ χ ∶ xi = xj}, ∆ ∶= ⋃
i,j

∆ij ,

the set of collision-free configurations is given by χ̂ ∶= χ∖∆. Given Txχ the tangent space to χ, the
Newtonian potential and kinetic energy functions are respectively defined by

U(x) ∶= ∑
i<j

mimj

∥xi − xj∥
, K(ẋ) ∶=

1
2

n

∑
i=1
mi∥ẋi∥

2, x ∈ χ, ẋ ∈ Txχ,

so that the associated Lagrangian is

L(x, ẋ) ∶=K(ẋ) +U(x), x ∈ χ, ẋ ∈ Txχ.

The equations of motion then read

miẍi =
∂U

∂xi
, i = 1, . . . , n, (2.1)

13



which describe the evolution of n interacting bodies in Rd.
As outlined in the Chapter 1, a central objective of this work is to identify periodic, collision-
free solutions of Equation (2.1). In the variational framework, such solutions are characterised as
critical points of an action functional defined on a suitable space of T -periodic loops. The general
methodology, already discussed in Section 1.2, may be briefly summarised as follows:

• define an appropriate function space of loops (typically with H1 regularity) satisfying sym-
metry or boundary constraints;

• introduce a differentiable functional, arising from the weak formulation of Equation (2.1),
whose critical points correspond to periodic trajectories;

• apply variational principles (such as Maupertuis’ or the least-action principle) to guarantee
that non-trivial critical points yield genuine solutions;

• exploit compactness and coercivity properties to prove the existence of minimisers or saddle-
type critical points.

As is well known, the lack of coercivity in the general n-body problem presents the main technical
difficulty. Following the approach discussed in Chapter 1, we overcome this by restricting the
search to spaces of loops possessing prescribed symmetries in space, time, and particle indices,
which restore compactness and make the variational analysis tractable.
Let us concentrate on some basic notations first. For T > 0, set the time circle T ≃ R/TZ so that
we can define the space of H1-periodic loops in χ and non collision ones as

Λ ∶=H1
(T;χ) = {x ∈H1

(T;χ) ∶ x(0) = x(T )}
Λ̂ ∶=H1

(T; χ̂) = {x ∈H1
(T; χ̂) ∶ x(0) = x(T )}.

We can write the Lagrange action functional A ∶ ΛÐ→ R ∪ {+∞} as

A(x) ∶= ∫
T

0
L(x(t), ẋ(t))dt, for x ∈ Λ. (2.2)

As one has that A ∈ C1(Λ̂), one can deduce that if x ∈ Λ̂ is a critical point of A, then x is a
T -periodic solution of (2.2). For x = x(t) ∈ Λ, the collision times of x can be defined as the set
x−1∆ ⊂ T.

2.2 Basic definitions in group theory
Let us recall some known definitions from finite group theory.

Definition 2.1 (Group). A group (G, ⋅) is a set G and a binary operation "⋅" on the elements of G
which satisfy the following properties:

• the operation is associative, i.e. for any g1, g2, g3 ∈ G one has

(g1 ⋅ g2) ⋅ g3 = g1 ⋅ (g2 ⋅ g3);

• there is an element 1G called the unit of G such that for any g ∈ G one has

1G ⋅ g = g = g ⋅ 1G;

• for any element g ∈ G there exists its inverse element g−1 such that

g ⋅ g−1
= g−1

⋅ g = 1G.
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From now on, G denotes a finite group with its binary operation, assuming that, for g1, g2 ∈ G, g1g2
denotes the group operation g1 ⋅ g2. Moreover, 1G will be replaced simply by 1 when its meaning is
clear from the context.

Definition 2.2 (Order). The order of a group G, denoted as usual with ∣G∣, represents the number
of elements of G.
The order of an element g ∈ G is the smallest n ∈ N such that gn = 1.

Definition 2.3 (Subgroups, cyclic groups). A subgroup H of a group G is a subset H of G which
is itself a group under the binary operation defined in G.
If S is a subset of G, the subgroup generated by S, usually denoted by ⟨S⟩, is the smallest subgroup
of G which contains S. If ⟨S⟩ = G, we say that S is a set of generators of G.
If there exists g ∈ G such that ⟨g⟩ = G we say that G is a cyclic group.

Definition 2.4 (Cosets, index). If G is a finite group, then

• if H is a subgroup of G and g ∈ G, then we define the left cosets of H in G as the sets

gH = {gh ∶ h ∈H}, for g ∈ G.

and an analogous definition follows for the right cosets Hg for g ∈ G;

• the index of a subgroup H in G is denoted by ∣G ∶ H ∣ and represents the number of left (or,
equivalently, right) cosets of H in G. We also recall the following useful formula

∣G ∶H ∣ =
∣G∣

∣H ∣
.

In the following definition we recall the properties of normal subgroups, which are very useful since
they allow to consider quotients of G.

Definition 2.5 (Normal subgroups, quotients). We say that a subgroup N of G is a normal
subgroup, and we will write N ◁G, if gng−1 ∈ N , for any g ∈ G, n ∈ N or, equivalently, if gN = Ng
for any g ∈ G.
If N ◁G, the quotient group G/N is the group of all cosets of N in G, i.e.,

G/N ∶= {gN ∶ g ∈ G}.

In this case, we have ∣G ∶ N ∣ = ∣G/N ∣.

In general, not every subgroup H is normal, therefore one looks for those groups which normalise
H and define a quotient.

Definition 2.6 (Normalisers, Weyl groups). If H is a subgroup of G, we define the normaliser of
H in G as the smallest subgroup of G in which H is normal, and we denote it by NGH. It follows
that

NGH ∶= {g ∈ G ∶ gHg−1
=H}

and clearly H ◁NGH.
If H is a subgroup of G, we define the Weyl group of H in G as the quotient group

WGH ∶= NGH/H = {wH ∶ w ∈ NGH}.

2.3 Dihedral groups, symmetric group, subgroups of O(2)
Some particular finite groups can be very useful in describing the geometrical symmetries of our
dynamical system. In the following pages, the concept of group action is introduced, which is a
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very smart way of describing the symmetry of an object and allows to store in a group all the
necessary attributes to describe these symmetries. As a matter of fact, there are some particular
classes of groups whose action on time and space reduce by symmetry the n-body problem.

Definition 2.7 (Dihedral groups). A dihedral group is the group of symmetries of a regular polygon,
i.e., the group of reflections and rotations which fixes the polygon. If we consider a polygon with n
edges, also named n-gon, we define D2n as its dihedral group. The elements of D2n are rotational
symmetries, reflectional symmetries and their compositions. Note that rotations which fix a polygon
with n edges are those of 2π

n and their multiples. The order of the dihedral group D2n is exactly
2n, since it contains n rotational symmetries and n reflectional symmetries.

Remark. Note that the dihedral group D2n can be generated by a unique rotation r and a unique
reflection s, so that it is usually defined through the following presentation

⟨s, r ∶ s2
= rn

= (sr)2 = 1⟩.

Definition 2.8 (Symmetric groups). If X is a set, we say that a permutation of X is any bijection
from X to itself. The family of all permutations of X is a group under composition and we denote
it by Σn.
If n ∈ N and X = {1,2, . . . , n}, we say the permutation group Σn is the symmetric group of degree
n and its order is exactly n!.

Definition 2.9 (Cycles). Given n1, . . . , nk ∈ {1,2, . . . , n} the permutation that maps n1 to n2, n2
to n3, . . ., nk−1 to nk and finally nk to n1 and leaves the other elements unchanged is called a k-cycle
or a cyclic permutation of order k. The usual notation for this permutation is simply (n1, . . . , nk).

We are very interested in obtaining information about the two-dimensional orthogonal group O(2).
To briefly recap, O(2) is the group of 2 × 2 real orthogonal matrices. It is well known that an
orthogonal matrix has a determinant of either 1 or −1, and the elements of O(2) with a determinant
of 1 form a subgroup known as the special orthogonal group SO(2). The elements of O(2) are 2×2
matrices that represent either a rotation of R2 about the origin or a reflection with respect to a
line passing through the origin. Consider Rθ ∈ O(2) and assume that it represents a rotation by an
angle θ about the origin. We can represent Rθ in the following way:

Rθ = (
cos(θ) − sin(θ)
sin(θ) cos(θ) )

which is clearly in SO(2) since its determinant is equal to 1. In the same way, an element Sθ ∈

O(2) ∖SO(2) which is a reflection with respect to a line which forms an angle of θ with the x-axis
can be represented in this form

Sθ = (
cos(2θ) sin(2θ)
sin(2θ) − cos(2θ))

and its determinant is equal to −1. Since all the elements of O(2) can be represented as products
between these two kinds of matrices, the classification of the finite subgroups of O(2) is quite
precise.

Proposition 2.10 (Finite subgroups of O(2)). Any finite subgroup H of O(2) is either cyclic or
dihedral. In particular:

• if H ⊆ SO(2), then H is cyclic and only contains rotations;

• if H = {1, S}, with S ∈ O(2) ∖ SO(2) a reflection, then H is cyclic of order 2;

• if H contains both elements of SO(2) and O(2) ∖ SO(2), then it is dihedral.
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2.4 Group actions
Representation theory offers a different point of view from which groups can be thought of as
structures that act on mathematical objects, such as sets or spaces. We recall that our first aim
is to endow the space of H1-periodic loops Λ with a prescribed symmetry constraint, in order to
compactify the configuration space χ. A powerful way to describe such a symmetry is through the
action of a finite group G on Λ. The rigorous definition of group action is given in the following:
Definition 2.11 (Group action, Definition 1.1 [43]). We say that a finite group G acts (on the
left) on a set X if there exists a map ϕ ∶ G ×X →X such that

• ϕ(1G, x) = x for any x ∈X;

• ϕ(g, ϕ(h,x)) = ϕ(gh, x) for any g, h ∈ G and x ∈X,
i.e., the map is compatible with the group operation. Since in this case there is no ambiguity
between the notations involved, we will write gx instead of ϕ(g, x).
Therefore, a group action is essentially a way in which G interacts with the set X. Given x ∈X, it
could be useful to regroup those elements of G which fix x; on the other hand, we might need to
gather those elements of X which are invariant under the action of the whole G or of a subgroup
H of G. For instance, if X = R2 and g ∈ G is a reflection with respect to the line y = x, we see that
all the points (x,x) are fixed by g.
Definition 2.12 (Isotropy groups and projectors, Definition 1.2 [43]). For an element x ∈ X, we
define the isotropy group of x in G as the group

Gx ∶= {g ∈ G ∶ gx = x},

which is a subgroup of G. Moreover, if H is a subgroup of G, we define the set of points fixed by
H as the set

XH
∶= {x ∈X ∶H ⊆ Gx}.

Note that XH ∶= {x ∈X ∶ hx = x,∀h ∈H}.
Moreover, we define the projector onto XH as the projection map

πH ∶X →X

x↦ πHx ∶=
1
∣H ∣
∑

h∈H

ϕ(h,x).

Definition 2.13 (Transitive group action). We say that the action of G on a set X is transitive if
for any x, y ∈X there exists g ∈ G such that gx = y.
Remark 2.14. It is easy to check that, if G acts on X and H is a subgroup of G, then the Weyl
group WGH acts on XH . Indeed, recalling that

WGH = NGH ∖H = {wH ∶ w ∈ NGH},

it is enough to define the map ψ ∶WGH ×XH Ð→XH such that

ψ(W,x) = wx, whenever W = wH ∈WGH,

which easily fulfils the properties of Definition 2.11. Note that, if H is normal in G, then the above
property guarantees the existence of a natural action of the quotient group G/H over XH .
Definition 2.15 (G-equivariant map). Given two G-equivariant spaces X,Y , we say that a map
f ∶X → Y is a G-equivariant map if

f(gx) = gf(x) for any g ∈ G,x ∈X.
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Remark. If we are given a G-equivariant map f ∶ X → Y and H is a subgroup of G, then we
immediately obtain a G-equivariant map on the fixed points

fH
∶XH

Ð→ Y H ,

which is nothing but the restriction of f to XH .

2.5 Symmetry constraints

In this Section, we show how imposing a symmetry constraint on a space of loops within the
configuration space can be achieved by introducing a group action on that space. As a preliminary
remark, it is evident that since the space of loops is infinite-dimensional, we must seek finite-
dimensional objects on which a group can effectively act.

2.5.1 Symmetries as group actions

Building on the concepts presented in Definition 2.11, from a geometrical perspective, groups can
be viewed as sets of symmetries of an object or space that are closed under composition and the
inverse operation.
From a different perspective, we can consider a space X and seek groups G that act on X in a
suitable manner. To this end, it is useful to introduce another way to describe a group action. For
a fixed g ∈ G, we define the map

a(g) ∶X Ð→X, a(g)x = gx,

where, with an abuse of notation, gx represents the action of g on x as in Definition 2.11. For any
g ∈ G, the group action implies that the map a(g) is a bijection with inverse a(g−1); consequently,
the set {a(g) ∶ g ∈ G} forms a group under composition and is a subgroup of ΣX , the family of all
permutations of elements of X (see Definition 2.8). As a result, the action of G on X induces a
group homomorphism between G and ΣX ,

a ∶ GÐ→ ΣX .

This homomorphism a is an example of a representation of G, derived from its action on X. In gen-
eral, a representation of G should be seen as a description of G as a subgroup of the automorphisms
group of a mathematical object.

2.5.2 Action of a finite group on Λ

Our main goal is to study how a finite group G can act on the loop space Λ = H1(T;χ). We have
that T = R/TZ and that for any x = x(t) ∈ Λ one can write

x(t) = (x1(t), . . . , xn(t)) ∈ χ, for any t ∈ T.

It follows that the configuration space χ can be seen as a subset of (Rd)n, as every component
xi(t) ∈ Rd. Moreover, it is natural to have that the group G acts in the same way on each
component. Let us see three finite dimensional objects underlying in Λ:

• the space Rd on which every component xi(t) of x(t) lies;

• the time circle T ⊂ R2 which represents the period of a trajectory;

• the index set {1, . . . , n} on which the n-bodies are labelled.
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One can write the action of G on Λ using three different representations of G as a group action
respectively on Rd, R2 and {1, . . . , n}. In detail, G is represented as a subgroup of O(d), of O(2)
and of the symmetric group Σn through the following homomorphisms

ρ ∶ G→ O(d), τ ∶ G→ O(2), σ ∶ G→ Σn.

Firstly, let us analyse the representations ρ and σ through which we can define the action of G on
the configuration space χ

ϕ ∶ G × χ→ χ, ϕ(g, x) = gx,

where
gx = g(x1, . . . , xn) = (ρ(g)xσ(g−1)1, . . . , ρ(g)xσ(g−1)n),

or shortly
(gx)i = gxg−1i.

Since ρ(g) ∈ O(d) and the permutation σ(g−1) do not alter the inner product of (Rd)n, it follows
that this action preserves the inner product of (Rd)n, therefore it is orthogonal. As a matter of
fact, let x, y ∈ χ and g ∈ G, one has

⟨gx, gy⟩ =
n

∑
j=1
⟨ρ(g)xσ(g−1)j , ρ(g)yσ(g−1)j⟩ =

n

∑
j=1
⟨xσ(g−1)j , yσ(g−1)j⟩,

where the same symbol for the inner product in different dimensions has been used.
As it will be important in the following pages, we require that the homomorphism σ ∶ G → Σn

satisfies the following property

∀g ∈ G ∶ {σ(g−1
)i = j ⇒mi =mj}, (2.3)

which means that σ(g−1) can swap only bodies with equal masses. With this property, and recalling
Definition 2.13, if the action of G on {1, . . . , n} is transitive, it follows that one has n equal masses.
Now let us consider an element of Λ, which is an H1-periodic loop x ∶ T →X, meaning it consistently
resides in the configuration space X. In Section 2.1, we observed that the periodicity condition
is introduced by defining such loops on the time circle T, a one-dimensional object embedded
in R2. The action of G on T must then be defined through the two-dimensional representation
τ ∶ G→ O(2) as follows:

gt = τ(g−1
) t, for t ∈ T, g ∈ G,

clearly using an abuse of notation by identifying the time instant t with an element of S1 ⊂ R2.

Remark 2.16. As one has that τ ∶ G → O(2) is a homomorphism, thanks to the first isomorphims
theorem, it follows that

• kerτ ◁G;

• the image τ(G) is a finite subgroup of O(2);

• G/kerτ ≃ τ(G), therefore it is a finite group as well.

Using the previous Remark and Proposition 2.10, one can conclude that the image τ(G) is either
a cyclic or dihedral subgroup of O(2). Moreover, as τ represents an action of G in the time circle
T and τ(g) is either a rotation of a reflection, we use the following notation:

• if τ(g) is a counter-clockwise rotation of θ, we let τ(g) act on T as follows:

τ(g)t = θ + t;
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• if τ(g) is a reflection with respect to a line through the origin which forms an angle of θ/2
with the x-axis, we let τ(g) act on T as follows:

τ(g)t = θ − t.

Now we can write a way to represent the action of G on the loop space Λ using the homomorphisms
ρ, σ and τ , which is the following

(gx)(t) = (ρ(g)xσ(g−1)1(τ(g
−1
)t), . . . , ρ(g)xσ(g−1)n(τ(g

−1
)t)) ,

or shortly
(gx)i(t) = (gxg−1i(g

−1t))i,

for any g ∈ G, t ∈ T and x ∈ Λ. One can also define the set of loops in Λ fixed by G, or the
G-equivariant loops, as the set

ΛG
∶= {x ∈ Λ ∶ (gx)(t) = x(t), ∀t ∈ T, g ∈ G}

and its collision-less subset

Λ̂G
∶= {x ∈ Λ̂ ∶ (gx)(t) = x(t), ∀t ∈ T, g ∈ G}.

The following result ensures that ΛG is a loop space suitable for applying a variational approach
to identify periodic solutions as critical points of the action functional.

Proposition 2.17 (Proposition 2.5, [60]). Let G be a finite group, with orthogonal representations
ρ ∶ G→ O(d), τ ∶ G→ O(2), σ ∶ G→ Σn satisfying (2.3). Then the following assertions hold true:

(i) ΛG is a closed linear subspace of Λ;

(ii) the Lagrange action functional A is G-equivariant, i.e.,

A(gx) = A(x), ∀g ∈ G, x ∈ Λ;

(iii) the colliding set Λ is G-equivariant, i.e.,

x ∈ ΛÔ⇒ gx ∈ Λ, ∀g ∈ G.

From the previous properties, one can deduce a version of the Palais principle of symmetric criti-
cality (for more details, see [61]):

Lemma 2.18 (Lemma 2.6, [60]). Let A∣ΛG be the restriction of the Lagrange action functional A
to the G-equivariant loop space ΛG.
Then, a collision-less critical point x̄ ∈ Λ̂G of A∣ΛG is also a (collision-less) critical point of A over
the whole Λ.

Proposition 2.19 (Proposition 2.7, [60]). Assume that A∣ΛG is not identical +∞. Then

A∣ΛG is coercive ⇐⇒ χG
= {0}.

As a consequence, if χG = {0}, there exists at least a minimiser of A in ΛG.

2.5.3 Non reducible group action

In the previous Section, we showed how to equip Λ with the group action of a finite group G. It
is also advantageous to refine the selection of a finite group G based on its action on the periodic
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loops in Λ and to exclude representations of G that result in reducible group actions. This process,
outlined in the current section, provides a definition of an admissible group action on Λ.

Definition 2.20 (Non-reducible actions, Definition 2.6 [43]). Let G be a finite group, with orthog-
onal representations ρ ∶ G → O(d), τ ∶ G → O(2), σ ∶ G → Σn satisfying (2.3). We say that the
action of G on Λ is non-reducible if the following assumptions hold true:

(i) ker τ ⋂kerρ⋂kerσ = 1;

(ii) there is no proper linear subspace V of Rd such that

xi(t) ∈ V ⊊ Rd, ∀i ∈ {1, . . . , n},∀x ∈ ΛG,∀t ∈ T;

(iii) there is no integer k ≠ ±1 such that

∀x ∈ ΛG
∃y ∈ Λ such that x(t) = y(kt), ∀t ∈ T.

There are some situations in which the action of a group G is reducible.

Proposition 2.21 (Proposition 2.10, [60]). The action of a finite group G on Λ is reducible if one
of the following holds:

(i) ker τ ⋂kerσ ≠ 1;

(ii) ∣kerρ⋂kerσ∣ > 2.

Remark 2.22. If kerρ⋂kerσ = 2, the action of G is not necessarily reducible. As a matter of fact,
when considering the element g ∈ (kerρ⋂kerσ) ∖ {1}, it may act as a rotation or as a reflection,
which would not imply condition (iii) in Definition 2.20.
As our aim is to search for classical solutions of the n-body problem, those finite group G whose
action makes Λ̂G an empty set must be excluded.

Definition 2.23 (Action bound to collision, Definition 2.10 [43]). We say that the action of G on
Λ is bound to collisions if

∀x ∈ ΛG it holds x−1∆ ≠ ∅,

or, equivalently, if
Λ̂G
= ∅.

In the following result, a necessary condition for Λ̂G not to be empty is shown.

Proposition 2.24 (Proposition 2.13, [60]). If ker τ ⋂kerρ ≠ 1, then the action of G is bound to
collisions.

In conclusion, as we want to exclude those finite groups that induce a reducible or bound to
collisions action, one can provide a definition of admissible group action on Λ, imposing the following
hypotheses on G.

Definition 2.25 (Admissible action, Definition 2.12 [43]). We say that the action of a finite group
G on Λ is admissible if:

• ker τ ⋂kerσ = 1. This shows in particular that G is a subgroup of O(2)×Σn through canonical
isomorphism considering the product homomorphism (τ, σ);

• ∣kerρ⋂kerσ∣ < 2 and the non-trivial element in kerρ⋂kerσ acts as a reflection in time;

• ker τ ⋂kerρ = 1. This shows in particular that G is a subgroup of O(2) ×O(d).

Remark 2.26. It is important to notice that an admissible action is not necessarily non reducible,
nor not bound to collisions.
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2.5.4 Classification of the group action and fundamental domain

From now on, we assume that G generates an admissible action on Λ as described in Definition
2.25. Our goal is to classify finite groups based on the type of action they exert on Λ. Given
that τ(G) is a finite subgroup of O(2), Proposition 2.10 and Remark 2.16 suggest that the most
straightforward and meaningful classification considers the action G induced on T. Specifically,
G/ker τ is itself a finite subgroup of O(2), and it is useful to examine how G’s action on χ relates
to G/ker τ ’s action on χker τ .
Let us begin with the definition of Ḡ as Ḡ ∶= G/ker τ . Recall that G acts on the configuration space
χ through the homomorphisms ρ ∶ G→ O(d) and σ ∶ G→ Σn. As one has that ker τ ◁G and using
Remark 2.14, it follows that Ḡ acts on the fixed space χker τ . Moreover, as the quotient Ḡ is a
subgroup of O(2), it is an advantageous refinement of the whole group G; as a matter of fact, it is
easier to work with Ḡ-equivariant loops in χker τ as it is confirmed by the following proposition.

Proposition 2.27 (Proposition 2.16, [60]). The H1 loop spaces

ΛG
=H1

(T;χ)G, ΩḠ
∶=H1

(T;χker τ
)

Ḡ

coincide pointwise.

As one has that τ(G) ≃ Ḡ, then Ḡ is a finite subgroup of O(2); from Proposition 2.10, it follows
that Ḡ is either cyclic or dihedral. One can add another definition:

Definition 2.28 (Brake). If H is a subgroup of O(2) and H = {1, S}, with S a reflection matrix,
then we say that H is a brake subgroup of O(2).
Furthermore, if x(t) ∈ Λ and there exists g ∈ G which acts as a reflection on T and such that

x(τ(g)t) = x(t), for every t ∈ T,

we say that x(t) is a brake orbit.

Now, a complete classification of a group action on Λ can be given:

Definition 2.29 (Classification of the action, Definition 2.14 [43]). We classify the action of a
finite group G on Λ in this way:

• if the quotient Ḡ acts trivially on the orientation of T, then Ḡ is cyclic and we say that the
action of G on Λ is of cyclic type. In this case, Ḡ is a subgroup of SO(2) and only contains
rotations;

• if Ḡ is made by a single reflection on T, then we say that the action of G on Λ is of brake
type. In particular, Ḡ is a cyclic group of order 2;

• if none of the previous is satisfied, we say that the action of G on Λ is of dihedral type and Ḡ
is a dihedral subgroup of O(2).

Remark. From Definition 2.12, since G acts on T using τ , if t ∈ T, the isotropy group of t in G is

Gt = {g ∈ G ∶ τ(g)t = t}

and it is also a subgroup of G.

Definition 2.30 (T-isotropy subgroups, Definition 2.15 [43]). The isotropy subgroups of the action
of G on T through τ are called the T-isotropy subgroups of G.

According to the previous definition, the T-isotropy subgroups of G correspond to the isotropy
subgroups of the action of Ḡ on T. This insight is quite valuable because it allows us to classify
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the T-isotropy subgroups of G as subgroups of O(2) using Proposition 2.10.
Moreover, we recall briefly that a subgroup H of G is defined maximal if a proper subgroup K that
contains H strictly does not exist. Identifying the maximal T-isotropy subgroups of G is crucial,
as they help in identifying a subinterval I of T sufficient to characterise a complete G-equivariant
loop.
Remark 2.31. The number of distinct T-isotropy subgroups fully determines the action type of G.
First, note that ker τ is always a T-isotropy subgroup of G since G is finite. Considering the action
of Ḡ, we examine the isotropy subgroups of this action, which are finite subgroups of O(2). By
definition, no Ḡt can include rotations. Let l denote the number of distinct T-isotropy subgroups;
the previous observation leads to the following characterisation:

• l = 1, i.e., the maximal T-isotropy subgroup is ker τ ⇐⇒ the action is of cyclic type;

• l = 2, i.e., the T-isotropy subgroups are ker τ and a maximal one ⇐⇒ the action is of brake
type. In this case, the maximal T-isotropy subgroup coincides with G;

• l ≥ 3, i.e., the T-isotropy subgroups are either maximal or ker τ ⇐⇒ the action is dihedral
type. In this case, every maximal T-isotropy subgroup is cyclic of order 2. This follows from
considering the isotropy subgroups of the action of Ḡ and noticing that no rotations can
belong to any Ḡt. Note that the product of two reflections is a rotation.

Once the distinct T-isotropy subgroups ofG are identified, it becomes possible to define a subinterval
of T sufficient to describe the action of G on the entire T. This step is crucial for the minimisation
process, as it enables the transition from analysing periodic loops to minimising fixed-end paths
with initial and final conditions set at the endpoints of this subinterval.

Definition 2.32 (Fundamental domain, Definition 2.17 [43]). The fundamental domain I → T of
the action of G on T is defined as follows:

• if the action of G is cyclic, then I is the closed interval which connects the instant t = 0 with
its image τ(g−1)0, where g is the representative of a cyclic generator of Ḡ;

• if the action of G is brake or dihedral, then I is a closed interval whose extrema are two
distinct elements of T generating two distinct maximal T-isotropy subgroups, such that no
other instants related to maximal T-isotropy subgroups are included in I. Note that, if the
action is of brake type, the unique maximal T-isotropy subgroup is G itself.

It follows that there are ∣Ḡ∣ of such domains and we have that

T = ⋃
[g]∈Ḡ

τ(g−1
)I and ∣I∣ =

∣T∣
∣Ḡ∣

.

2.6 G-equivariant minimisers of the action functional
In this Section, we introduce the theoretical framework that allows the transition from optimising
the action functional on loops defined over the entire period to addressing a generalised Bolza
problem. Subsequently, we delve into the numerical methods that generate G-equivariant periodic
orbits for the symmetrical n-body problem.

Proposition 2.33 (Proposition 3.1, [60]). Consider a finite group G and the usual representations
ρ, τ and σ. Assume that Ḡ is not cyclic. Define I = [t0, t1] as the fundamental domain of the action
of G and let H0 and H1 be the two maximal T-isotropy subgroups associated respectively with the
instants t0 and t1. Then, the space ΩḠ = H1(T;χker τ)Ḡ is homeomorphic to the space of fixed-end
paths

Y = Y (H0,H1,ker τ) = {x ∈H1
(T;χker τ

) ∶ x(t0) ∈ χ
H0 , x(t1) ∈ χ

H1}.
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Although Proposition 2.33 is not true if the action is of cyclic type, one can prove an analogous
result. Since Ḡ is cyclic, we have Ḡ = ⟨g⟩. From Definition 2.32, it follows that I = [0, τ(g−1)0], and
that the unique maximal T-isotropy subgroup is ker τ . Hence, one cannot define the two manifolds
χHi as there is a different constraint. For the sake of simplicity, let t1 = τ(g−1)0 so we have that
I = [0, t1]. Now we define Y as

Y ∶= {x ∈H1
([0, t1];χker τ

) ∶ gx(0) = x(t1)},

where the action of g is clearly on the space and indexes, via ρ and σ. From this definition, it follows
that the space Y is homeomorphic to Ω⟨g⟩, and hence a statement analogous to Proposition 2.33
holds in the cyclic case.
Now, for any group action type, the restriction of the action functional to the fundamental domain
I on Y can be defined in this way

AI ∶ Y Ð→ R ∪ {+∞}

y z→ AI(y) ∶= ∫
I
L(y(t), ẏ(t))dt.

(2.4)

With a similar proof to Proposition 2.33, let y ∈ Y and y = π(x), where x is the concatenation of
symmetrised paths gy, and thanks to the equivariance of the action functional proved in Proposition
2.17, it easily follows that

A(x) = ∣Ḡ∣AI(y). (2.5)

Lemma 2.34 (Lemma 3.2, [60]). The functional AI is coercive on Y if and only if χG = {0}.

Definition 2.35 (Local minimiser). We say that y ∈ Y is a local minimiser of AI if, for any φ ∈ Y
and for any ε sufficiently small we have

AI(x) ≤ AI(x + εφ).

Definition 2.36. Let G be a finite group acting orthogonally on Rd through the representation ρ
and S ⊆ Rd be a circle centred at the origin. We say that S is rotating under a subgroup H of G if
the restriction h∣S of the action of every element h ∈ H is a rotation of an angle θh. In particular,
in this case S is invariant under the action of H.

Definition 2.37. Let G be a finite group acting on the index set {1, . . . , n} through the represen-
tation σ. Fix i ∈ {1, . . . , n} and let H be a subgroup of G, let Ki denote the isotropy subgroup of
the index i in H, i.e.,

Gi ∶= {h ∈K ∶ hi = i}.

A circle S ⊆ Rd centred at the origin is termed rotating for i under H if

• S is rotating under H;

• S ⊆ (Rd)Ki .

Definition 2.38 (Definition 10.1 [35]). We say that a group G acts on Λ with the rotating circle
property if, for every T-isotropy subgroup Gt and for at least n − 1 indexes i ∈ {1, . . . , n}, there
exists a circle S ⊆ Rd centred at the origin rotating for i under Gt.

Lemma 2.39 (Theorem 10.3, [35]). Assume that ker τ acts on Λ with the rotating circle property.
Then, any local minimiser y ∈ Y of AI is free of interior collisions, i.e., y(t) ∉ Λ, for any t ∈ (t0, t1).
Moreover, if also H0 and H1 act on Λ with the rotating circle property, y(t0), y(t1) ∉ Λ and the
minimiser is always collision-less.

Remark 2.40. Note that, in the previous lemma, we do not differentiate between the cyclic and
non-cyclic action cases. The reason is that when Ḡ is cyclic, then H0 =H1 = ker τ , and the absence
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of collisions throughout the entire period results from the fact that ker τ acts with the rotating
circle property. Furthermore, one can observe that if ker τ = 1, the rotating circle property holds
trivially, so any cyclic group G produces G-equivariant collision-free solutions as action minimisers.
Theorem 2.41 (Theorem 3.9, [60]). Assume that χG = {0} and that ker τ,H0 and H1 act on Λ
with the rotating circle property. Then, any local minimiser of AI is collision-less. In particular,
there exists a classical solution of the G-equivariant n-body problem.
The theoretical knowledge developed in [35] and [60], and outlined in the previous Sections, shows
some precise assumptions on G that ensure the existence of collision-less periodic solutions of the
G-equivariant n-body problem. Following [60], one can numerically find some examples of such
solutions as critical points of the action functional.
As Theorem 2.41 states, in order to find collision-less minimisers, the fundamental hypotheses are
related to the maximal T-isotropy subgroups H0 and H1, and ker τ . From now on, we assume that
G satisfies these requirements. Furthermore, one can deduce from Remark 2.31 that the action type
has a strong influence on the nature of these subgroups; therefore, when working on the numerical
implementation, one needs to adapt the optimisation routine accordingly to the action type. In
Sections 2.6.1 and 2.6.2, the projectors on these subgroups which ensure that, after any iteration,
the path satisfies the required boundary conditions are presented in the different action types. In
Section 2.6.3, we present two equivalent ways to numerically model the action functional depending
on the aim of research.

2.6.1 Numerical optimisation: dihedral or brake action

Assume that the action of G on Λ is either dihedral or brake type and meets the conditions of
Theorem 2.41. Initially, we give the definition of a finite-dimensional approximation of the space
Y described in Proposition 2.33. The space Y already includes two finite-dimensional components:
the initial manifold χH0 and the final manifold χH1 , making it trivially diffeomorphic to the space

H1
(I;χker τ

) × χH0 × χH1 .

To numerically optimise the problem, the most straightforward approach is to approximate each
function in H1(I;χker τ) using a truncated Fourier series, while the manifolds χHi are already
embedded in (Rd)n. Consequently, our optimisation process will occur in the space

YF ∶= ((Rd
)

n
)

F
× (Rd

)
n
× (Rd

)
n,

where F ∈ N stands for the length of the truncated Fourier series. The boundary conditions on Y
can be enforced using a pair of projectors as outlined in Definition 2.12. Recall that, as we have
that the action is either dihedral or brake, H0 and H1 are both cyclic of order 2, with h0 and h1 ∈ G
as their generators (see also Remark 2.31). The projectors are then defined as the linear maps

πi ∶ (Rd
)

n
Ð→ χHi

v z→ πiv ∶= (
1 + hi

2
) v.

On the other hand, the functions, which we aim to approximate pointwise, belong to the space χker τ ,
with the centre of mass fixed at the origin. Therefore, we need also to introduce the projector πker τ ∶

(Rd)n Ð→ χker τ , defined accordingly, along with a linear map πc that projects any configuration
onto χ.

2.6.2 Numerical optimisation: cyclic action

Assume that Ḡ = ⟨g⟩ is a cyclic group, and recall that in this situation, a different constraint is
required on the fundamental domain (see also Remark 2.40). The approximation space remains
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YF , as defined for the brake/dihedral case, but we clearly need to define a different projector to
ensure that, after each iteration, the path meets the required boundary conditions. The projector
in this case operates as follows:

πg ∶ (Rd
)

n
× (Rd

)
n
Ð→ Vg

(v,w) z→ πg(v,w) ∶= (
1
2
(v + g−1w),

1
2
(gv +w))) .

where Vg ∶= {(v,w) ∈ (Rd)n × (Rd)n ∶ gy = w}. Consequently, any arbitrary boundary condition
(v,w) is transformed into another that meets the symmetry constraint imposed by a cyclic action
on the boundary.

2.6.3 Numerical optimisation: action

Following [62], there are two possible approaches for discretising the action functional A defined in
(2.2).

Discretisation through points. The first approach explained in this paragraph involves dis-
cretising the integral operator using an appropriate quadrature technique and then approximating
the derivatives using finite differences. Specifically, we consider a uniform grid 0 = t0 < t1 < . . . <
tM+1 = π, where tk represents the k-th time instant within the interval I. We define the function
G(t) as follows:

G(t) = G(x1(t), x2(t), . . . , xn(t)) =
n

∑
i=1

mi

2
∥ẋi∥

2
+∑

i<j

mimj

∥xi − xj∥

Next, we apply the composite trapezoidal rule to approximate the integral over the M +1 intervals,
yielding:

AI = ∫
π

0
G(t)dt ∼

h

2
[G(t0) +G(tM+1) + 2

M

∑
k=0

G(tk)]

where h = π
M+1 , and yk

i ∼ xi(tk) ∈ Rd for i = 1, . . . , n and k = 0, . . . ,M +1. Using a forward difference
formula for the approximation of the derivative with respect to time, we obtain the following
approximation for the action functional:

AI ∼
M

∑
k=1

⎡
⎢
⎢
⎢
⎢
⎣

n

∑
i=1

mi

2
∥yk+1

i − yk
i ∥

2

h
+ h∑

i<j

mimj

∥yk
i − y

k
j ∥

⎤
⎥
⎥
⎥
⎥
⎦

+
n

∑
i=1

mi

4h
[∥y1

i − y
0
i ∥

2
+ ∥yM+2

i − yM+1
i ∥

2]

+
h

2∑i<j
mimj

∥y0
i − y

0
j ∥ + ∥y

M+1
i − yM+1

j ∥

∥y0
i − y

0
j ∥∥y

M+1
i − yM+1

j ∥
= A

(1)
h

(2.6)

where we introduce appropriate ghost points yM+2
i . For further details, see [43,62–66].

As a result, we need to optimise the objective function:

f1(y
k
i ) = A

(1)
h , i = 1, . . . , n, k = 0, . . . ,M + 1 (2.7)

The numerical solution is represented by a block real matrix (yk
i )i,k ∈ Rd, with i = 1, . . . , n and

k = 0, . . . ,M + 1, having dimensions d × n × (M + 2).

Discretisation through Fourier coefficients. Another approach is using Fourier coefficients;
for further details, see [40, 42, 67, 68]. In our specific case following [43], one approximates the
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solution as the sum of a linear part, in particular the segment between the initial configuration x0
and the final configuration x1, and a truncated Fourier series, in details

x(t) = x0 +
t

π
(x1 − x0) + ψ(t), (2.8)

where t ∈ [0, π] and ψ(0) = ψ(π) = 0. We approximate the function ψ(t) using a truncated Fourier
polynomial where F ∈ N stands for the length of Fourier polynomials ψ(t) = ∑F

k=1Ak sin(kt) ∈
R(d×n), for t ∈ [0, π]. In this expression, we only use sine functions to ensure that the approximate
solution remains periodic. Substituting the expression (2.8) into the action functional (2.2) results
in:

f2(x0, x1,Ak) = A
(2)
h , k = 1, . . . , F. (2.9)

This is a function in (F + 2) × d×n variables which can be minimised using an appropriate optimi-
sation technique. For further details, see [43].

In both models, we introduce a scalar function fi, for i = 1,2, given by either (2.7) or (2.9), in the
variables x, represented by yk

i or {x0, x1,Ak}, which correspond to the unknowns in our problem.
The functions f = fi, for i = 1,2, to be maximised or minimised, are typically referred to as the
objective function.
There can be various methods and approaches used to collect as many critical points as possible
of the action functional, defined in (2.6). For more details, see [62]. These critical points include
minimum, maximum and saddle points. Once obtained this large set, it is fundamental to be able
to distinguish them or to consider them equal when they give the same orbit. As a matter of fact,
an overview of a large scale of possible orbits of the n-body dynamical system would give us more
pieces of information on how this system develops. Moreover, using the orbits obtained numerically,
we might be able to discover new properties and previously hidden patterns.
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Chapter 3

Finding critical points

In this Chapter, we present the numerical optimisation routine and the selection of algorithms used
to solve our problem. The Chapter has a dual purpose. The first part (from Section 3.1 to Section
3.2.4) is primarily expository and provides a structured review of existing numerical optimisation
techniques relevant to the computation of critical points of the action functional. These Sections
survey classical local methods, constrained optimisation strategies, and metaheuristic approaches,
with the aim of motivating the choice of algorithms suitable for highly nonconvex and multimodal
problems. No claim of originality is made for these methods, which are drawn from the established
optimisation literature; the review presented here closely follows and summarises the discussion
developed in [62].
The original contribution of this Chapter lies in the practical adaptation, implementation, and inte-
gration of existing algorithms within a unified computational framework tailored to the equivariant
n-body problem. In particular, the Multi-Population Adaptive Inflationary Differential Evolution
Algorithm (MP-AIDEA [69]), originally proposed in the literature, is reimplemented in the Julia
programming language [70] and combined with the Lattice domain-decomposition strategy. This
coupling results in a novel hybrid optimisation framework that enables the systematic detection of
multiple critical points and supports efficient parallel execution. The effectiveness of this approach
is demonstrated in Section 3.3.

3.1 Numerical optimisation routine

Following [43], we outline the following steps for the numerical optimisation routine:

Step I Consider a random sequence of vectors

A0,A1, . . . ,AF+1 ∈ R(d×n),

where A0 and AF+1 represent the initial and final points of the ansatz. Since this is a
Bolza-conditioned problem, project these vectors onto χ and then onto the boundary
manifolds. For further details, see [43].

Step II Discretise the action functional defined in (2.2) using Fourier coefficients as outlined
in Equation (2.8). From this, construct an initial guess y(t) ∶= x(t) + s(t), where x(t)
denotes the straight line segment between x0 and x1:

x(t) = x0 +
t

π
(x1 − x0), for t ∈ [0, π],
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and s(t) is the truncated Fourier series:

s(t) ∶=
F

∑
k=1

Ak sin(kt), for t ∈ [0, π].

Step III Discretise the interval [0, π] with a grid (th), and project any configuration y(th) onto
the symmetric configuration space in order to satisfy the Bolza conditions of the prob-
lem.

Step IV Express the action functional on the interval [0, π], evaluated at y as in expression
(2.9). This is now a function of (F + 2) × d × n variables, which are the parameters to
optimise. The choice of optimisation algorithm is discussed in the following paragraph,
but one could, for instance, use a steepest descent method or a Newton method to move
from y to ynew. Once this is done, project ynew back into the symmetric configuration
space.

Step V The optimised path, now defined on the fundamental domain I through Fourier coeffi-
cients, can be extended to the entire period using the symmetries of the group and an
inverse Fourier transform (for more details, see [43]).

3.2 Choice of the algorithm

In this Section, we want to deeply discuss the choice of the algorithm in Step IV. It is well
known that there are no universal algorithms to solve a specific problem, but rather a collection of
algorithms, each of which is tailored to a particular optimisation problem.
Our aim is to present a brief survey of the possible optimisation methods. With the advent of
artificial intelligence, particularly in the realms of machine learning and deep learning, the opti-
misation techniques have gained renewed interest and importance while, historically, optimisation
techniques have been pivotal in areas ranging from operations research to economics. As a result,
it is important to highlight the research developments and improvements achieved in recent years.
In this Section, several well-known methods, such as Gradient Methods and Newton’s Methods, are
not included in the analysis. These two categories represent fundamental optimisation techniques
that have been extensively generalised and refined over time. In the upcoming Sections, we delve
into various optimisation techniques and their applications. Section 3.2.1 focuses on trust region
methods, laying the groundwork for more specialised topics; see for example [71–74]. In Section
3.2.2, we explore constrained optimisation, with particular attention given to penalisation meth-
ods, nonlinear optimisation, and the integral roles of merit functions and filters in the optimisation
process. Lastly, in Section 3.2.3, we pivot to metaheuristic methods, discussing techniques such as
tabu search, simulated annealing, and genetic algorithms. Each of these Sections aims to provide
comprehensive insights into these respective methods and their implications.
Anticipating the developments that follow, Section 3.2.4 presents practical criteria and a decision
workflow for selecting and combining optimisation methods, highlighting the role of hybrid strate-
gies when a single technique is insufficient. Section 3.2.5 then presents the Multi-Population Adap-
tive Inflationary Differential Evolution Algorithm (MP-AIDEA), detailing its multi-population de-
sign, adaptive controls, and restart/local-search mechanisms for navigating multimodal landscapes.
Section 3.2.6 introduces the Lattice domain-decomposition scheme, which recursively partitions the
search space, guided by the empirical distribution of discovered minimum points, to focus compu-
tation where it is most informative. Finally, Section 3.3 applies the combined MP-AIDEA&Lattice
framework to the symmetrical n-body problem, demonstrating how the hybrid approach uncovers
multiple periodic orbits while enabling parallel execution across subregions.
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Most of the methods described above primarily aim to identify minimum points. However, when the
objective is to locate saddle points or, more generally, critical points with a Morse index greater than
two, several alternative strategies can be employed. One common approach is to first use standard
minimisation techniques to find local minimum points, and then apply additional procedures to
explore Mountain-Pass-type critical points, that is, saddle points with a Morse index equal to one.
Another strategy involves minimising the norm of the gradient, which allows for the identification
of generic critical points, including saddle points. Beyond these techniques, specific algorithms
can be designed explicitly for the detection of saddle points. An example of such an approach is
presented in Chapter 5, where we describe a bisection algorithm for computing numerical Mountain
Pass solutions. Overall, metaheuristic methods remain among the most flexible and powerful tools
for exploring the broader landscape of critical points beyond local or global minimum points.

3.2.1 Trust-region methods

A general minimisation algorithm, starting from an initial guess x0, generates a sequence of iterates
{xk}

∞
k=0. The process terminates either when no further improvement can be achieved or when the

solution is considered sufficiently accurate. To obtain the next iterate xk+1 from the current point
xk, the algorithm uses information about the objective function f evaluated at xk, and possibly
data from previous iterations such as x0, x1, . . . , xk−1. Based on this information, a new iterate xk+1
is computed so that the function value at xk+1 is lower than at xk.
There are two main frameworks for updating the iterates. In the line search approach, the algorithm
first selects a search direction, denoted by pk. Typical choices include pk = −∇f(xk) for gradient-
based methods or pk = −Hk(xk)

−1∇f(xk) for Newton-type methods, where Hk(xk) represents the
Hessian matrix of f at xk. A new point is then sought along this direction by moving from xk to a
position that reduces the value of f . The step length α > 0 is determined by approximately solving
the one-dimensional optimisation problem

min
α>0

f(xk + αpk).

Although solving this problem exactly would yield the optimal progress along pk, doing so is
usually computationally expensive and unnecessary. Instead, practical implementations evaluate
a few candidate step sizes and select one that sufficiently decreases the objective function. Once
the new point is identified, the algorithm updates the search direction and step size, repeating this
process until convergence.
In the trust-region framework, the available information about the objective function f is used to
construct a local approximation, denoted by mk, that reflects the behaviour of f near the current
iterate xk. Since this model may not accurately capture the function’s behaviour far from xk, the
search for an improved point is restricted to a neighbourhood around xk, referred to as the trust
region. The trial step p is then obtained by solving the following constrained optimisation problem:

min
p
mk(xk + p) subject to xk + p lying within the trust region.

If the computed step fails to yield a sufficient reduction in f , the trust region is considered too
large, and its radius is decreased before attempting another iteration. Typically, the trust region
is represented as a ball

∥p∥2 ≤∆,

where ∆ > 0 denotes its radius, though alternative geometries such as ellipsoids or rectangular
domains may also be employed. The model function mk is commonly derived from a Taylor
expansion of f around xk, given by

f(xk + p) = fk + g
T
k p +

1
2
pTHk(xk)p +O(∥p∥

3
),
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where fk = f(xk) and gk = ∇f(xk). By approximating the Hessian Hk(xk) with a symmetric matrix
Bk, we define the quadratic model

mk(p) = fk + g
T
k p +

1
2
pTBkp.

The difference between mk(p) and f(xk + p) is on the order of O(∥p∥2), which becomes negligible
for small steps. In trust-region Newton methods, setting Bk = Hk(xk) results in a model whose
approximation error is of order O(∥p∥3), thereby ensuring high accuracy in a neighbourhood of the
current point.
Trust-region methods are widely recognised for their robustness and flexibility, as they rely on only
mild assumptions regarding the matrix Bk, namely, symmetry and uniform boundedness. These
properties make them applicable to a broad class of optimisation problems.
In details, at each iteration, the step pk is obtained by solving the trust-region subproblem:

min
pk∈Rn

mk(pk) = fk + g
T
k pk +

1
2
pT

kBkpk s.t. ∥pk∥ ≤∆k, (3.1)

where ∆k > 0 denotes the radius of the trust region. The optimal step p⋆k that solves (3.1) satisfies
the following system:

(Bk + λkI)p
⋆
k = −gk,

for some scalar λk ≥ 0, where Bk + λkI is positive semidefinite, and the complementarity condition
λk(∆k − ∥p

⋆
k∥) = 0 is fulfilled.

Remark. If Bk is positive definite and the unconstrained minimiser satisfies ∥B−1
k gk∥ ≤ ∆k, then

the solution of (3.1) corresponds to the unconstrained minimiser

pB
k = −B

−1
k gk,

which is referred to as the full step.

Trust-region radius ∆k. A central aspect of trust-region methods is the determination of the
radius ∆k at each iteration. The choice of this radius is guided by how well the model function mk

approximates the true objective function f in previous steps. To assess this agreement, a ratio ρk

is introduced, defined as
ρk =

f(xk) − f(xk + pk)

mk(0) −mk(pk)
, (3.2)

where the numerator represents the actual reduction in the objective function, and the denominator
corresponds to the predicted reduction according to the model.
If ρk < 0, indicating that f(xk + pk) exceeds f(xk), the trial step is rejected. When ρk ≈ 1, the
model mk provides an accurate local approximation of f , and the trust-region radius is typically
enlarged for the next iteration. Conversely, if 0 < ρk ≪ 1, the current region size is maintained,
while values of ρk close to zero suggest poor agreement, prompting a reduction of the trust-region
radius in the subsequent step.
We denote ∆̂ as an overall bound on the step lengths.

Remark. One increases the radius only in the case in which ∥pk∥ reaches the boundary of the trust
region. When the step does not reach the boundary the current value of ∆k is considered not to
be interfering with the progress of the algorithm, therefore it is not altered.

The Cauchy point. Although, in theory, one seeks the exact minimiser of the subproblem (3.1),
it is sufficient for global convergence to compute an approximate solution pk that lies within the
trust region and yields a significant reduction in the model function. This notion of sufficient
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Algorithm 1 Trust region method
1: Input: maximum trust region radius ∆̂ > 0, initial radius ∆0 ∈ (0, ∆̂), threshold η ∈ [0, 1

4)
2: Initialise: x0, ∆0
3: Output: Approximation of the solution xk

4: for k = 0,1,2, . . . do
5: Compute pk by approximately solving the trust region subproblem (3.1)
6: Evaluate the ratio ρk using (3.2)
7: if ρk <

1
4 then

8: ∆k+1 ←
1
4∆k

9: else if ρk >
3
4 and ∥pk∥ =∆k then

10: ∆k+1 ←min(2∆k, ∆̂)
11: else
12: ∆k+1 ←∆k

13: end if
14: if ρk > η then
15: xk+1 ← xk + pk

16: else
17: xk+1 ← xk

18: end if
19: end for
20: return Current iterate xk as approximate solution.

reduction can be quantified through the so-called Cauchy point, denoted by pc
k. The Cauchy point

is defined through the following construction.
First, consider the vector ps

k that solves a simplified, linearised version of the trust-region subprob-
lem:

ps
k = arg min

pk∈Rn
fk + g

T
k pk s.t. ∥pk∥ ≤∆k. (3.3)

Next, determine a scalar τk > 0 that minimises mk(τp
s
k) while satisfying the trust-region constraint:

τk = arg min
τ≥0

mk(τp
s
k) s.t. ∥τps

k∥ ≤∆k. (3.4)

The Cauchy point is then obtained as
pc

k = τkp
s
k.

The Cauchy step pc
k can be computed inexpensively and plays a crucial role in determining whether

a candidate solution of the trust-region subproblem is acceptable. In particular, it can be shown
that global convergence of trust-region methods is guaranteed if the computed step pk provides a
decrease in the model mk that is at least a fixed positive fraction of the reduction achieved by the
Cauchy step.

Remark. The Cauchy point itself is not typically adopted as the iteration step, since doing so would
effectively correspond to applying the steepest descent method with a specific step length. It is
well known that the steepest descent approach exhibits slow convergence even when optimal step
sizes are used.

Consequently, trust-region algorithms generally compute the Cauchy point first and then attempt to
refine it. This refinement is achieved by designing the algorithm to select the full step pB

k = −B
−1
k gk

when Bk is positive definite and ∥pB
k ∥ ≤∆k. Two common strategies for approximating the solution

of (3.1) based on this principle are:

1. Dogleg method: used when the model Hessian Bk is positive definite;
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2. Two-dimensional subspace minimisation: applied when Bk is indefinite, requiring an estimate
of the most negative eigenvalue of Bk.

3.2.1.1 The Doglet method

As previously discussed, this method is applicable when the matrix Bk is positive definite.
It is instructive to examine how the trust-region radius ∆k influences the solution p⋆k(∆k) of the
subproblem (3.1). When Bk is positive definite, the unconstrained minimiser of the model mk is
given by

pB
k = −B

−1
k gk.

If this point satisfies the trust-region constraint, it is also the optimal solution, i.e.

p⋆k(∆k) = p
B
k , whenever ∆k ≥ ∥p

B
k ∥.

When ∆k is relatively small compared to ∥pB
k ∥, the constraint ∥pk∥ ≤∆k limits the influence of the

quadratic term in mk. In such cases, the optimal step can be well approximated by

p⋆k(∆k) ≈ −∆k
gk

∥gk∥
, for small ∆k.

For intermediate values of ∆k, the solution p⋆k(∆k) typically follows a curved trajectory between
these two extremes.
The Dogleg method provides an efficient approximation of this curved path by replacing it with a
piecewise linear trajectory composed of two segments. The first segment extends from the origin
in the direction of steepest descent until it reaches the minimiser of mk along that line, defined by

pU
k = −

gT
k gk

gT
k Bkgk

gk.

The second segment connects this point pU
k to the unconstrained minimiser pB

k . Together, these
two segments define a composite path p̃k(τ), parametrised by τ ∈ [0,2], as follows:

p̃k(τ) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

τpU
k , 0 ≤ τ ≤ 1,

pU
k + (τ − 1)(pB

k − pU
k ), 1 ≤ τ ≤ 2.

In summary, the Dogleg method determines the step pk that minimises the model mk along this
piecewise linear path, subject to the trust-region constraint. It can be shown that the minimiser
along this trajectory can be computed efficiently, making the Dogleg Method an attractive choice
when Bk is positive definite.

3.2.1.2 Two-dimensional subspace minimisation

When the matrix Bk is positive definite, the Dogleg method can be further refined. In this case,
the search for the step pk can be extended to the entire two-dimensional subspace generated by pU

k

and pB
k , that is, by the vectors gk and −B−1

k gk. Consequently, the original subproblem (3.1) can be
reformulated as

min
pk

mk(pk) = fk + g
T
k pk +

1
2
pT

kBkpk s.t. ∥pk∥ ≤∆k, pk ∈ span[gk,B
−1
k gk]. (3.5)

It can be verified that the Cauchy point pc
k is a feasible point for (3.5). Therefore, the reduction in

the model function mk achieved by the optimal solution of this problem is at least as large as that
provided by the Cauchy step, ensuring the global convergence properties of the algorithm.
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This approach can also be adapted for the case in which Bk is indefinite. Here, we outline the general
concept without delving into computational details. When Bk possesses negative eigenvalues, the
two-dimensional subspace in (3.5) is modified as follows:

span [gk, (Bk + αI)
−1gk], for some α ∈ (−λ1,−2λ1], (3.6)

where λ1 denotes the most negative eigenvalue of Bk. The parameter α is chosen such that Bk +αI
becomes positive definite. This range of values for α provides flexibility in selecting computational
strategies for constructing the modified subspace. When the condition ∥(Bk + αI)

−1gk∥ ≤ ∆k is
satisfied, the search within the subspace defined in (3.5) and (3.6) is replaced by defining the step
as

pk = −(Bk + αI)
−1gk + v,

where v is a vector satisfying vT (Bk + αI)
−1gk ≤ 0. This ensures that ∥pk∥ ≥ ∥(Bk + αI)

−1gk∥.
Finally, when Bk has zero eigenvalues but no negative ones, the step pk is simply taken as the
Cauchy point, i.e. pk = p

c
k.

3.2.2 Constrained optimisation

In mathematical optimisation, constrained optimisation refers to the process of optimising an ob-
jective function with respect to a set of variables that are subject to one or more constraints. The
objective function may represent a cost or energy function to be minimised, or alternatively, a
reward or utility function to be maximised. Constraints can take different forms. They are often
classified as hard constraints, which specify strict conditions that the variables must satisfy, or soft
constraints, where violations of the constraint conditions are permitted but penalised within the
objective function.
A general nonlinear constrained optimisation problem can be expressed as follows:

min
x∈Rn

f(x)

subject to ci(x) = 0, for i ∈ I (equality constraints),
di(x) ≥ 0, for i ∈ E (inequality constraints),

(3.7)

where the objective function f , as well as the constraint functions ci and di, are assumed to be
smooth, real-valued mappings defined on a subset of Rn.
Before introducing specific optimisation methods, we first present some essential definitions.

Definition 3.1 (Feasible set). We define the feasible set Γ to be the set of points x that satisfy
the constraints; that is,

Γ = {x ∣ ci(x) = 0, i ∈ I and di(x) ≥ 0, i ∈ E}.

Definition 3.2 (Active set). The active set Ω(x) at any feasible x consists of the equality constraint
indices from I together with the indices of the inequality constraints i for which di(x) = 0; that is:

Ω(x) = I ∪ {i ∈ E ∣di(x) = 0}.

At a feasible point x, the inequality constraint i ∈ E is said to be active if di(x) = 0 and inactive if
the strict inequality di(x) > 0 is satisfied.

In other words, an active constraint is one that directly binds or restricts the solution at a given
point, whereas an inactive constraint has no influence on the solution at that point. In constrained
optimisation, identifying which constraints are active is essential, as this determines the feasible
directions in which the objective function can be improved. Active-set methods are built on this
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principle: they begin with an initial estimate of the active constraint set and solve a simplified opti-
misation problem that only involves these constraints. If this estimate is correct, the resulting point
is optimal; otherwise, the active set is updated, and the procedure is repeated until convergence.
Definition 3.3 (LICQ). Given the point x and the active set Ω(x), we say that the linear inde-
pendence constraint qualification (LICQ) holds if the set of active constraint gradients {∇di(x), i ∈
Ω(x)} is linearly independent.
Definition 3.4 (Lagrangian function). We define the Lagrangian function for the general problem
(3.7) as

L(x,λ) = f(x) −∑
i∈I

λici(x) −∑
i∈E

λidi(x). (3.8)

Theorem 3.5. Suppose that x⋆ is a local solution of (3.7), that the functions f, ci and di in (3.7)
are continuously differentiable, and that the LICQ holds at x⋆. Then there is a Lagrange multiplier
vector λ⋆, with components λ⋆i , i ∈ I ∪ E, such that the following conditions are satisfied at

∇xL(x
⋆, λ⋆) = 0,
ci(x

⋆
) = 0, i ∈ I

di(x
⋆
) ≥ 0, i ∈ E

λ⋆i ≥ 0, i ∈ E

(3.9)

λ⋆i di(x
⋆
) ≥ 0, i ∈ E ∪ I. (3.10)

The conditions (3.9) are often known as the Karush–Kuhn–Tucker conditions, or KKT conditions
for short. The conditions (3.10) are complementarity conditions; they imply that either constraint
i is active or λ⋆i = 0, or possibly both.

3.2.2.1 Penalty methods

Penalty methods reformulate constrained optimisation problems as unconstrained ones by intro-
ducing additional terms, known as penalty terms, into the objective function. These terms impose a
cost for violating the constraints, effectively discouraging infeasible solutions. Referring to problem
(3.7), we define the general penalty function as

Q(x,µ) = f(x) + µ∑
i∈I

ψ(ci(x)) + µ∑
i∈E

ϕ(di(x)),

where µ > 0 denotes the penalty parameter, and ψ and ϕ are functions that penalise violations
of equality and inequality constraints, respectively. Different penalty methods arise from distinct
choices of the functions ψ and ϕ. Typically, these functions are selected to be smooth, and the
corresponding penalty problem is solved for a sequence of increasing values of µ, until an adequate
approximation to the constrained optimum is obtained.
Alternatively, one may employ exact penalty functions, which trade smoothness for the property
that, for a suitable choice of the penalty parameter, the minimiser of the penalised problem coincides
exactly with the solution of the original constrained problem (see, for instance, [75, 76]). This
property is particularly advantageous, as it reduces the dependence of the method on the specific
updating strategy for µ.
Penalty-based approaches can be viewed from several perspectives. In what follows, we summarise
three main categories:

1. Quadratic penalty methods: These methods augment the objective function with a quadratic
term representing the squared magnitude of the constraint violations. The resulting penalty
function is smooth and differentiable, facilitating both analysis and computation. However,
enforcing feasibility often requires very large values of the penalty parameter, which may lead
to numerical ill-conditioning.
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2. Nonsmooth exact penalty methods: In this approach, the constrained optimisation problem
is replaced by a single unconstrained one, rather than a sequence, by employing penalty
functions that yield exact solutions, i.e., the solutions to the penalised problem coincide with
those of the original constrained formulation. Although these methods avoid large penalty
parameters, they introduce nonsmoothness, which can complicate the optimisation process. A
well-known example of such a function is the ℓ1-penalty. With the rise of large-scale problems
in areas such as machine learning, nonsmooth optimisation has become increasingly relevant,
and numerous efficient algorithms for these problems have been developed (see, e.g., [77]).

3. Method of multipliers (augmented Lagrangian method): This method combines the Lagrangian
function with additional quadratic penalty terms, forming what is known as the augmented La-
grangian. It can be interpreted as an exact penalty method that alleviates the ill-conditioning
commonly associated with purely quadratic penalties by explicitly incorporating estimates
of the Lagrange multipliers. The method typically converges rapidly and can handle both
equality and inequality constraints, although each iteration requires solving an unconstrained
subproblem.

In addition, one can consider interior penalty functions, which add a term to the objective function
that penalises approaches to the boundary of the feasible region. The idea is to keep the iterates
strictly within the feasible set by introducing a barrier term that tends to infinity as the solution
approaches the boundary. A classic example of such a function is the logarithmic barrier function,
where the penalty depends on the logarithm of the constraint functions.
Interior penalty functions are particularly effective in maintaining feasibility, which is desirable
in applications such as linear and quadratic programming. However, these methods also have
limitations: they require an initial point that lies strictly within the feasible region, and the steep
growth of the penalty term near the boundary can make the optimisation landscape very sharp,
increasing the difficulty of finding the optimal solution.

The quadratic penalty method. The quadratic penalty method reformulates a constrained
optimisation problem as an unconstrained one by introducing a penalty function that augments the
original objective function with additional terms corresponding to the constraint violations. Each
penalty term is nonzero only when a constraint is violated and increases quadratically with the
degree of violation, which gives rise to the term quadratic penalty.
A classical strategy consists of defining a sequence of such penalty functions, where each penalty
term is multiplied by a positive coefficient that controls the severity of constraint enforcement. As
this coefficient grows, violations of the constraints are penalised more heavily, driving the minimiser
of the penalised problem closer to the feasible region of the original constrained problem.
The simplest quadratic penalty formulation arises when the penalties are proportional to the squares
of the constraint violations. Let us first consider an equality-constrained optimisation problem of
the form

min
x
f(x) subject to ci(x) = 0, i ∈ I. (3.11)

The corresponding quadratic penalty function Q(x;µ) is defined as

Q(x;µ) ∶= f(x) + µ
2∑i∈I

c2
i (x), (3.12)

where µ > 0 is the penalty parameter. As previously discussed, larger values of µ (i.e., as µ → ∞)
impose stronger penalties for constraint violations, thereby pushing the minimiser of Q(x;µ) closer
to the feasible set. It is therefore natural to consider a sequence {µk} with µk → ∞ as k → ∞,
and to compute an approximate minimiser xk of Q(x;µk) for each µk. Since the penalty function
in (3.12) is smooth, standard unconstrained optimisation methods can be employed to determine
each xk.
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For the general constrained optimisation problem (3.7), the quadratic penalty function extends
naturally to include both equality and inequality constraints:

Q(x;µ) ∶= f(x) + µ
2∑i∈I

c2
i (x) +

µ

2∑i∈E
([di(x)]

−)
2
, (3.13)

where [y]− =max{−y,0} denotes the negative part of y.
Remark. It is worth noting that, due to the use of the operator [ ⋅ ]−, the function Q(x;µ) may
possess a lower degree of smoothness than the original objective and constraint functions.
A generic framework for algorithms based on the quadratic penalty function can be expressed as
in Algorithm 2.

Algorithm 2 Quadratic penalty method
1: Input: Penalty parameter µ0 > 0, tolerance sequence {τk} with τk → 0, starting point xs

0.
2: Initialise: k ← 0
3: Output: Approximate solution xk, final penalty parameter µk.
4: while final convergence test is not satisfied do
5: Compute an approximate minimiser xk of Q(x;µk), starting from xs

k.
6: Stop inner minimisation when ∥∇xQ(xk;µk)∥ ≤ τk.
7: if convergence criteria for the overall method are satisfied then
8: break
9: end if

10: Choose new penalty parameter µk+1 > µk.
11: Select new starting point xs

k+1.
12: k ← k + 1
13: end while
14: return Approximate solution xk.

One can choose the parameter sequence {µk} accordingly to the difficulty of minimising the penalty
function at each iteration. For instance, the more expensive the minimisation of Q(x;µk) tends to
be, the less larger µk+1 is in relation to µk.
Remark. Unfortunately, it could happen that the iterates may move away from the feasible region
when the penalty parameter is not large enough; therefore, the stop rule ∥∇xQ(x;µk)∥ ≤ τk may
not be satisfied. In order to avoid this, one has to include safeguards that increase the penalty
parameter when either the decreasing speed of the constraint violation is not high enough or when
the iterates appear to be diverging.
Remark. Although Q(x;µk) is smooth when only equality constraints are considered, it is impor-
tant to note that as µk becomes large, the minimisation of Q(x;µk) becomes challenging. As a
matter of fact, the Hessian ∇2

xxQ(x;µk) becomes arbitrary ill conditioned near the minimiser. As
a result, even if we could employ algorithms for unconstrained minimisation (such as Newton’s,
quasi-Newton’s methods, or conjugate gradient), their performance might be suboptimal. To mit-
igate this, a judicious choice of the starting point xs

k+1 can be made or one could set xs
k+1 = xk and

choose µk+1 to be slightly larger that µk.
For more details on convergence theorems and on how to reformulate the problem when there is ill
conditioning for the Hessian see [78,79].

Nonsmooth penalty functions. A widely used example of a nonsmooth penalty function in
nonlinear programming is the ℓ1 penalty function, defined as

Q1(x;µ) = f(x) + µ∑
i∈I

∣ci(x)∣ + µ∑
i∈E

[di(x)]
−, (3.14)
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where [y]− = max{−y,0} and µ > 0 is the penalty parameter. It can be shown that the ℓ1 penalty
function is an exact penalty function, meaning that for an appropriate value of µ, the minimiser of
Q1(x;µ) coincides with the solution of the original constrained problem.
More generally, exact nonsmooth penalty functions can be formulated using other vector norms. A
common generalisation takes the form

Q(x;µ) = f(x) + µ∥dE(x)∥ + µ∥[cI(x)]−∥,

where ∥ ⋅ ∥ denotes an arbitrary vector norm, and the vector functions dE(x) and cI(x) correspond
to the sets of equality and inequality constraints, respectively. In practice, the most commonly
employed norms are the ℓ1, ℓ∞, and the (nonsquared) ℓ2 norms.
Although Q1 is not differentiable, it admits directional derivatives. Specifically, the directional
derivative of Q1(x;µ) along a direction p is denoted by D(Q1(x;µ);p). A point x̂ ∈ Rn is said to
be a stationary point of the penalty function Q1(x;µ) if it satisfies

D(Q1(x̂;µ);p) ≥ 0, ∀p ∈ Rn.

Characterising such stationary points is important when analysing the convergence behaviour of
nonsmooth penalty methods.
To quantify constraint violations, we define the measure of infeasibility as

h(x) = ∑
i∈I

∣ci(x)∣ +∑
i∈E

[di(x)]
−. (3.15)

The basic structure of the classical ℓ1 penalty method can be summarised in Algorithm 3.

Algorithm 3 Classic ℓ1 penalty method
1: Input: Initial penalty parameter µ0 > 0, tolerance τ > 0, starting point xs

0.
2: Output: Approximate minimiser xk of the penalised problem Q1(x;µ).
3: for k = 0,1,2, . . . do
4: Find an approximate minimiser xk of Q1(x;µk) starting from xs

k.
5: if h(xk) ≤ τ then
6: Stop and return xk as approximate solution.
7: end if
8: Choose new penalty parameter µk+1 > µk.
9: Choose new starting point xs

k+1.
10: end for
11: return Current iterate xk as approximate solution.

The minimisation of Q1(x;µk) is made difficult by the nonsmoothness of the function.

Augmented Lagrangian method. In this paragraph, we describe the approach known as the
method of multipliers or the augmented Lagrangian method. Unlike classical penalty methods, this
technique incorporates explicit estimates of the Lagrange multipliers into the objective function,
thereby mitigating the ill-conditioning often associated with large penalty parameters. Moreover,
the augmented Lagrangian formulation retains much of the smoothness of the original problem,
allowing the use of standard unconstrained optimisation techniques for its solution.
Consider the equality-constrained optimisation problem (3.11). The quadratic penalty function
introduced in (3.12) penalises constraint violations through squared infeasibilities, each scaled by
the factor µ/2. However, the approximate minimisers xk obtained from the quadratic penalty
problem do not exactly satisfy the feasibility conditions ci(x) = 0 for all i ∈ I; instead, the residuals
ci(xk) only approach zero as µk → ∞. This observation motivates the development of a modified
formulation that reduces such systematic infeasibility.
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The augmented Lagrangian function LA(x,λ;µ) achieves this by introducing explicit estimates of
the Lagrange multipliers λ, based on the infeasibility observed in previous iterations.

Definition 3.6 (Augmented Lagrangian function). The augmented Lagrangian function is defined
as

LA(x,λ;µ) ∶= f(x) −∑
i∈I

λici(x) +
µ

2∑i∈I
c2

i (x), (3.16)

where µ > 0 is the penalty parameter.

The function LA(x,λ;µ) differs from the standard Lagrangian (3.8) by the presence of the quadratic
terms in ci(x), and from the quadratic penalty function (3.12) by the inclusion of the multiplier
terms involving λ. Hence, it can be regarded as a hybrid between the Lagrangian and the quadratic
penalty formulations.
To derive an iterative algorithm, we fix the penalty parameter µ = µk > 0 at iteration k, set
the multiplier estimate to λ = λk, and minimise LA(x,λ

k;µk) with respect to x. The first-order
optimality condition for this unconstrained minimisation gives

0 ≈ ∇xLA(xk, λ
k;µk) = ∇f(xk) −∑

i∈I

[λk
i − µkci(xk)]∇ci(xk).

Comparing this expression with the optimality conditions of the original constrained problem, we
obtain the following approximation for the optimal Lagrange multipliers:

λ⋆i ≈ λ
k
i − µkci(xk), ∀i ∈ I,

which can equivalently be written as

ci(xk) ≈ −
1
µk
(λ⋆i − λ

k
i ), ∀i ∈ I.

Thus, as λk → λ⋆, the infeasibility in xk becomes much smaller than 1/µk, in contrast with the
quadratic penalty method, where infeasibility is typically proportional to 1/µk. This leads naturally
to an update rule for the Lagrange multiplier estimates, defined as

λk+1
i = λk

i − µkci(xk), ∀i ∈ I. (3.17)

The augmented Lagrangian method for equality-constrained problems can be summarised in Algo-
rithm 4.

Algorithm 4 Augmented Lagrangian method — equality constraints
1: Input: Penalty parameter µ0 > 0, tolerance τ0 > 0, initial guess xs

0, initial multipliers λ0.
2: Output: Approximate minimiser xk of the augmented Lagrangian LA.
3: for k = 0,1,2, . . . do
4: Compute an approximate minimiser xk of LA(x,λ

k;µk) starting from xs
k.

5: Terminate inner loop when ∥∇xLA(xk, λ
k;µk)∥ ≤ τk.

6: if convergence criteria for problem (3.11) are satisfied then
7: Stop and return xk as approximate solution.
8: end if
9: Update multipliers: λk+1 using (3.17).

10: Update penalty parameter: choose µk+1 ≥ µk.
11: Set new starting point: xs

k+1 ← xk.
12: Choose new tolerance τk+1.
13: end for
14: return Current iterate xk as approximate solution.
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Remark. It can be shown that the augmented Lagrangian method converges without the need
to increase the penalty parameter µ indefinitely. As a result, issues related to ill-conditioning are
significantly reduced, and the choice of the initial point xs

k+1 becomes less critical for the convergence
of the algorithm.
Two important theoretical properties of the augmented Lagrangian can be established:

1. If the exact Lagrange multiplier vector λ⋆ is known, the solution x⋆ of the equality-constrained
problem (3.11) is a strict local minimiser of LA(x,λ

⋆;µ) for all sufficiently large values of µ.
In practice, even when λ⋆ is not known exactly, a good approximation of x⋆ can still be
obtained by minimising LA(x,λ;µ), provided that the current estimate λ is reasonably close
to λ⋆, and that µ is of moderate size.

2. When λ ≠ λ⋆, under suitable regularity assumptions, it is possible to prove the existence of
a minimiser of LA(x,λ;µ) that lies in a neighbourhood of x⋆. Furthermore, one can derive
error bounds for both the primal variable xk and the updated Lagrange multiplier estimate
λk+1 obtained at iteration k.

From these results, it follows that the augmented Lagrangian method provides two distinct mecha-
nisms for improving the accuracy of xk: either by refining the multiplier estimate λk or by increasing
the penalty parameter µk. In contrast, the quadratic penalty method relies solely on enlarging µk

to achieve the same effect.
In the literature, the quadratic penalty approach is often applied when the number of constraints
is relatively small, and it serves as a useful regularisation component within other optimisation
schemes, such as sequential quadratic programming (SQP). However, the augmented Lagrangian
method is generally preferred in practice due to its simplicity and robustness. The associated
subproblems are typically no more difficult to solve than in the quadratic penalty case, and the
inclusion of multiplier estimates reduces the need for excessively large penalty parameters, thereby
avoiding ill-conditioning and improving numerical stability.
In recent developments, augmented Lagrangian ideas have also been successfully extended to non-
smooth settings, such as those involving the ℓ1 penalty function. This extension has proven partic-
ularly effective for solving challenging problems like mathematical programs with complementarity
constraints, which often violate standard constraint qualifications. In such cases, the problematic
constraints can be incorporated as penalty terms, broadening the applicability and effectiveness of
augmented Lagrangian-based methods.

3.2.2.2 Nonlinear constrained optimisation

In this Section, we focus on algorithms designed to compute local solutions of problem (3.7), where
both the objective function and the constraint functions are nonlinear. The principal challenge in
this context lies in determining which of the inequality constraints are active at the solution and
which are inactive. Active-set methods address this difficulty by iteratively estimating the subset of
constraints that are active at the optimal point. Let Ω⋆ denote the true active set, i.e., the collec-
tion of constraints that hold as equalities at the local solution. Since Ω⋆ is unknown, the algorithm
begins with an initial estimate, referred to as the working set W . At each iteration, a simplified
optimisation problem is solved in which the constraints belonging to W are treated as equalities,
while all remaining inequality constraints are temporarily disregarded. After computing a candi-
date solution x⋆ for this subproblem, the algorithm checks whether there exists a set of Lagrange
multipliers such that the pair (x⋆, λ⋆) satisfies the Karush–Kuhn–Tucker (KKT) conditions (3.9). If
this is the case, x⋆ is accepted as a local solution to (3.7); otherwise, the working set W is modified,
and the process is repeated. It is worth noting that, in principle, there are 2∣E∣ possible choices for
the working set, since for each inequality constraint i ∈ E , one must decide whether it belongs to W
or not. Consequently, the number of potential working sets grows exponentially with the number
of inequality constraints, a phenomenon commonly referred to as the combinatorial difficulty of
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nonlinear programming. For this reason, constructing an algorithm that systematically explores
all possible working sets is computationally infeasible. In practice, however, various heuristics and
problem-specific insights can be used to guide the selection of W , thereby reducing the number of
working sets that need to be tested. Such heuristics typically exploit structural properties of the
objective and constraint functions to eliminate unpromising candidates and accelerate convergence.
A practical illustration of this approach can be found in [80].

Reducing the number of variables. To simplify an optimisation problem and decrease the
number of degrees of freedom, it is often advantageous to exploit the constraints in order to eliminate
some of the variables. However, care must be taken when applying such elimination techniques, as
they may unintentionally alter the problem’s structure or introduce numerical ill-conditioning. In
particular, when nonlinear constraints are used to eliminate variables, the resulting transformations
can generate hidden errors that are difficult to track. For this reason, most optimisation algorithms
avoid nonlinear elimination and instead rely on linearised constraints to simplify the problem while
maintaining numerical stability.
We now present a procedure for variable elimination using linear constraints. Consider the optimi-
sation problem:

min f(x) subject to Ax = b, (3.18)

where A ∈ Rm×n with m ≤ n and full row rank. Hence, there exists a subset of m columns of A
that are linearly independent. Let B ∈ Rm×m denote the submatrix formed by these independent
columns, and define a permutation matrix P ∈ Rn×n that reorders the columns of A so that the
selected independent columns appear first. It follows that

AP = [B ∣N],

where N ∈ Rm×(n−m) contains the remaining columns of A.
We partition the variable vector x ∈ Rn accordingly:

[
xB

xN
] = P Tx,

where xB ∈ Rm and xN ∈ Rn−m are called the basic and non-basic variables, respectively. Since
PP T = I, substituting into the constraint Ax = b yields

b = Ax = AP (P Tx) = BxB +NxN .

Solving for the basic variables gives

xB = B
−1b −B−1NxN .

Thus, for any choice of xN , a feasible vector x satisfying Ax = b can be obtained by computing
xB from the above relation. Substituting this expression into the objective function leads to an
equivalent unconstrained problem:

min
xN

f(P [
B−1b −B−1NxN

xN
]) .

This procedure effectively eliminates the equality constraints in (3.18), reducing the optimisation
task to a problem involving only the non-basic variables.
This approach is commonly referred to as the simple elimination of variables. The simple elim-
ination of variables can be interpreted in a particularly insightful way. Assume, without loss of
generality, that P = I, so that the basic columns of A occupy the first m positions. From the
relations derived earlier, any feasible point x satisfying the linear constraint Ax = b can be written
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as
[
xB

xN
] = x = Y b +ZxN ,

where the matrices Y and Z are defined as

Y = [
B−1

0(n−m)×m

] ∈ Rn×m, Z = [
−B−1N

I(n−m)×(n−m)

] ∈ Rn×(n−m).

The matrix Z has n −m linearly independent columns and satisfies the relation AZ = 0; hence, Z
forms a basis for the null space of A.
This representation shows that any feasible vector x can be expressed as the sum of a particular
solution of Ax = b, namely Y b, and a linear combination of the columns of Z, which span the
null space of the constraints. In other words, the feasible set consists of all displacements from
the particular solution Y b along directions that leave the constraints unchanged. The particular
solution Y b can be interpreted as the point obtained by fixing n −m components of x to zero and
adjusting the remaining m variables until the constraints are satisfied.

Remark. Although simple elimination is computationally inexpensive, it may introduce numerical
instabilities. The choice of the basis matrix B plays a crucial role: as a matter of fact, an unsuitable
basis can lead to excessive coordinate relaxation or large numerical errors. To mitigate these issues,
one can define the particular solution Y b as the minimum-norm step that satisfies the constraints.

Generalising the simple elimination of variables. Let us now consider matrices Y ∈ Rn×m and
Z ∈ Rn×(n−m) satisfying

[Y ∣Z] ∈ Rn×n is nonsingular, AZ = 0.

Then, any vector x satisfying Ax = b can be expressed as

x = Y xY +ZxZ ,

for some xY ∈ Rm and xZ ∈ Rn−m. Substituting into the constraint gives

Ax = (AY )xY = b.

Since AY is nonsingular, one can solve explicitly for xY :

xY = (AY )
−1b.

Hence, any feasible point x can be written as

x = Y (AY )−1b +ZxZ ,

where xZ ∈ Rn−m is free. This leads to an equivalent unconstrained optimisation problem:

min
xZ

f(Y (AY )−1b +ZxZ).

From this formulation, it is evident that choosing Y such that AY is well-conditioned is desirable
to improve numerical stability.
A practical way to achieve this is to use the QR factorisation∗ of AT , given by

AT Π = [Q1 Q2] [
R

0
] ,

∗A QR decomposition factorises a matrix A into the product A = QR, where Q is orthogonal and R is upper
triangular.
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where [Q1 Q2] is orthogonal, Q1 ∈ Rn×m and Q2 ∈ Rn×(n−m) have orthonormal columns, R ∈ Rm×m

is upper triangular and nonsingular, and Π ∈ Rm×m is a permutation matrix. Setting

Y = Q1, Z = Q2,

we obtain an orthonormal basis for Rn satisfying

AY = ΠRT , AZ = 0.

Thus, any feasible vector x satisfying Ax = b can be expressed as

x = Q1R
−T ΠT b +Q2xZ ,

for some xZ ∈ Rn−m. In this representation, the computation of R−T ΠT b is efficient, requiring only
a single triangular substitution.
Remark. A straightforward computation shows that the particular solution Q1R

−T ΠT b can also
be written as AT (AAT )−1b. This vector corresponds to the solution of the following optimisation
problem:

min ∥x∥2 subject to Ax = b,

which is known as the minimum-norm solution of the system Ax = b.
Since the dominant computational cost of this orthogonal-basis approach lies in performing the
QR factorisation, it offers excellent numerical stability. However, for large and sparse matrices A,
computing the QR decomposition can be significantly more expensive than the simple elimination
strategy. In practice, hybrid elimination methods have been developed to balance the numerical
robustness of orthogonal factorisations with the efficiency of simpler reduction schemes.

3.2.2.3 Merit functions and filters

During the execution of an optimisation algorithm, it may occur that a proposed step decreases
the objective function while simultaneously increasing constraint violations. The key question is
whether such a step should be accepted. To balance these conflicting objectives, one may employ
merit functions and filters. Generally, in constrained optimisation, a step p is accepted if it leads
to a sufficient reduction in a chosen merit function Q, or alternatively, if it satisfies the criteria of
a filter.
The utility of merit functions becomes particularly significant in nonlinear or complex problems
where analytical methods are impractical and numerical procedures must be used. In such contexts,
merit functions and filters help steer the algorithm toward a solution that both minimises the
objective function and respects the problem constraints.

Merit functions. A merit function is a scalar quantity that evaluates the overall quality of a
candidate solution by combining the objective value with a measure of constraint violation. The
aim is to minimise this function; doing so ideally yields a solution that also satisfies the original
constrained problem. In unconstrained optimisation, the objective function itself naturally serves
as a merit function. This remains valid in constrained settings if all iterates respect the constraints
(see, for instance, [81]). However, when intermediate iterates are permitted to violate constraints,
the merit function must be extended to penalise such violations. A common approach is to use
an ℓ1-penalty formulation, as defined in (3.14), where the parameter µ, known as the penalty
parameter, balances constraint satisfaction against objective minimisation. The ℓ1-based merit
function, denoted Q1, is known to be exact but nondifferentiable.

Definition (Exact merit function). A merit function Q(x;µ) is said to be exact if there exists a
scalar µ⋆ > 0 such that for all µ > µ⋆, any local minimiser of the nonlinear programming problem
(3.7) is also a local minimiser of Q(x;µ).
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It can be shown that, under certain regularity conditions, the ℓ1 merit function Q1(x;µ) is exact,
with the corresponding threshold value

µ⋆ =max{∣λ⋆i ∣ ∶ i ∈ I ∪ E},

where λ⋆i denote the Lagrange multipliers associated with an optimal solution x⋆.
For equality-constrained problems, where c(x) represents the vector of equality constraints, one
can employ the (exact but nonsmooth) ℓ2-based merit function:

Q2(x;µ) = f(x) + µ∥c(x)∥2.

Note that Q2 is nondifferentiable at points x where c(x) = 0, since its gradient is undefined at those
locations.
To achieve both smoothness and exactness, additional terms may be incorporated into the merit
function. A notable example for equality-constrained problems is the Fletcher augmented La-
grangian, given by

QF (x;µ) = f(x) − λ(x)T c(x) + 1
2
µ∑

i∈I

ci(x)
2,

where µ > 0 is the penalty parameter and

λ(x) = [A(x)A(x)T ]−1A(x)∇f(x),

with A(x) denoting the Jacobian of c(x).

Remark. Although this formulation possesses appealing theoretical properties, it is seldom applied
in practice due to the computational effort involved in determining λ(x).

Another well-known example is the standard augmented Lagrangian, defined for equality-constrained
problems as

LA(x,λ;µ) = f(x) − λT c(x) +
1
2
µ∥c(x)∥22.

Remark. Strictly speaking, the standard augmented Lagrangian is not a merit function, since the
pair (x⋆, λ⋆) corresponding to a solution of the nonlinear problem typically yields only a stationary
point rather than a minimiser. Nonetheless, by appropriately updating µ and λ within sequential
quadratic programming methods, LA can effectively serve as a merit function.

When merit functions are nondifferentiable, one may instead rely on their directional derivatives,
denoted D(Q(x;µ);p), whenever they exist. This is often the case for ℓ1 and ℓ2-type merit functions.
For instance, in line search methods, the step length α > 0 must be chosen small enough to satisfy

Q(x + αp;µ) ≤ Q(x;µ) + η αD(Q(x;µ);p),

for some η ∈ (0,1). In trust-region methods, one typically approximates Q by a quadratic model
q(p), leading to the sufficient decrease condition

Q(x + p;µ) ≤ Q(x;µ) − η (q(0) − q(p)),

again for some η ∈ (0,1).

Filters. Filters represent an alternative approach to merit functions in handling constrained
optimisation problems. Unlike a merit function, which merges the objective value and the measure
of constraint violation into a single scalar, a filter keeps track of pairs consisting of objective function
values and infeasibility measures that are deemed acceptable.
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Consider the measure of infeasibility defined analogously to (3.15), but with µ = 1:

h(x) = ∑
i∈I

∣ci(x)∣ +∑
i∈E

[di(x)]
−.

The optimisation goal is therefore to reduce both f(x) and h(x) simultaneously. While merit
functions achieve this by merging the two objectives into one, filter methods keep them distinct.
In essence, a filter-based algorithm accepts a trial point x+ if its corresponding pair (f(x+), h(x+))
is not dominated by any previously accepted pair (fl, hl) = (f(xl), h(xl)) already in the filter.

Definition. a. A pair (fk, hk) dominates another pair (fl, hl) if fk ≤ fl and hk ≤ hl.

b. A filter is a collection of pairs (fl, hl) such that no pair dominates another.

c. An iterate xk is said to be acceptable to the filter if its associated pair (fk, hk) is not dominated
by any pair already in the filter.

When a new iterate xk is deemed acceptable, its pair (fk, hk) is added to the filter, and any
existing pairs that it dominates are removed. In line search methods (see Section 3.2.1), if a trial
step x+ = xk +αkpk produces a pair (f+, h+) that satisfies the filter acceptance criteria, it becomes
the next iterate (xk+1 = x

+). Otherwise, a backtracking procedure is employed to find a suitable
step length. In trust-region methods (see Section 3.2.1), if a trial step is rejected by the filter, the
trust-region radius is reduced, and a new step is computed. To ensure both global convergence
and practical efficiency, certain refinements are necessary. In particular, new iterates should not
be accepted if their (f, h) pairs are too close to existing ones in the filter. To enforce this, an
additional acceptability condition is introduced. A trial point x+ is accepted if, for all (fj , hj) in
the filter,

f(x+) ≤ fj − βhj or h(x+) ≤ hj − βhj ,

where β ∈ (0,1). In practice, β = 10−5 often yields satisfactory results. However, for theoretical
analysis, the first inequality is typically replaced with

f(x+) ≤ fj − βh
+.

Despite their advantages, filter methods may encounter certain difficulties. For example, in line
search algorithms, the accepted step lengths αk might become exceedingly small to satisfy the
filter conditions, leading to stagnation. When αk falls below a minimum threshold αmin, the
algorithm transitions into a feasibility restoration phase. Similarly, in trust-region frameworks,
repeated rejection of trial steps may cause the trust-region radius to shrink excessively, rendering
the subproblem infeasible. In both situations, the algorithm switches to a feasibility restoration
phase, whose objective is to reduce constraint violation by approximately solving

min
x

h(x).

Although h(x) is generally nonsmooth, several established techniques allow one to minimise it
effectively by solving a sequence of smooth constrained optimisation subproblems.
Algorithm 5 presents a representative example of a filter-based algorithm in which the iterates are
generated using a trust-region strategy.

3.2.3 Metaheuristics

It is worth emphasising that certain optimisation problems can be so complex that obtaining an
exact optimal solution is infeasible in practice. As a result, alternative methodologies have been
developed to provide structured strategies and guiding principles for finding satisfactory solutions.
These are known as metaheuristic methods; see, for instance, [82–84].
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Algorithm 5 General filter method
1: Input: Starting point xs

0, initial trust-region radius ∆0.
2: Initialise: k ← 0.
3: Output: Approximation of the solution xk.
4: while convergence test not satisfied do
5: if step-generation subproblem is infeasible then
6: Compute xk+1 using the feasibility restoration phase.
7: else
8: Compute trial iterate x+ = xk + pk.
9: if (f+, h+) is acceptable to the filter then

10: Set xk+1 ← x+.
11: Add (fk+1, hk+1) to the filter.
12: Choose ∆k+1 ≥∆k.
13: Remove all pairs from the filter dominated by (fk+1, hk+1).
14: else
15: Reject the step, set xk+1 ← xk.
16: Choose ∆k+1 <∆k.
17: end if
18: end if
19: k ← k + 1.
20: end while
21: return Current iterate xk as approximate solution.

Definition 3.7 (Heuristic method). A heuristic method refers to a problem-solving procedure
designed to identify a feasible solution—one that satisfies all the problem constraints—even though
it may not be optimal. A well-crafted heuristic typically yields a solution that is close to optimal;
if it fails to do so, one may reasonably infer that no such near-optimal solution exists.

Heuristic methods are often inspired by intuitive, experience-based reasoning, and rely on simple
principles to generate acceptable solutions efficiently. It is crucial, however, to adapt and refine
these principles carefully to address the characteristics of the specific problem under consideration.

Definition 3.8 (Metaheuristic method). A metaheuristic method provides a high-level framework
or general strategy for developing problem-specific heuristic algorithms tailored to particular types
or classes of optimisation problems.

When tackling difficult nonlinear optimisation tasks, one may employ a simple heuristic as a local
improvement procedure. Such an approach typically begins from an initial candidate solution and
iteratively explores its neighbourhood to find an improved solution.
This process can be visualised as a downhill search along the landscape of the objective function (in
the case of minimisation), descending until a local minimum is reached. In general, a well-designed
local improvement method converges successfully to a local optimum. However, it typically halts
once that local minimum is found, even if it is not globally optimal. Hence, the principal limitation
of such approaches lies in their tendency to become trapped in local minimum points. On the
positive side, these procedures often converge rapidly to locally optimal solutions, which makes
them particularly attractive for complex or large-scale problems.
What follows? Building upon these concepts, it becomes evident that a more sophisticated frame-
work is needed; more precisely, one that uses information about the problem to direct the search
towards a global optimum rather than a merely local one.

Definition (Nature of metaheuristic). The nature of metaheuristic methods lies in combining local
improvement mechanisms with higher-level strategies that allow the search process to escape from
local minimum points and perform a comprehensive exploration of the feasible region.
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In summary, the purpose of metaheuristic approaches is to address optimisation problems that
are too complex or large to be solved effectively with exact algorithms. For practical examples,
see [58,85,86].
In the following sections, we examine three representative metaheuristic techniques:

1. Tabu search;

2. Simulated annealing;

3. Genetic algorithms.

3.2.3.1 Tabu search

It is a well-established metaheuristic technique that, drawing on intuitive and practical ideas,
enables the search process to escape from local minimum points.
In essence, it operates similarly to a local improvement method, with the key distinction that each
new candidate solution is not necessarily required to improve upon the previous one. Indeed, the
algorithm typically incorporates a local search routine specifically adapted to the problem under
consideration.
The distinctive feature of this approach lies in its persistence: it allows moves that do not imme-
diately improve the objective function, thereby enabling the search to explore the neighbourhood
of a local minimum more effectively. This characteristic prevents premature termination of the
optimisation process. Broadly speaking, this approach can be viewed as a form of the steepest
ascent/mildest descent strategy; as a matter of fact, at each iteration, the algorithm selects the
move that yields the greatest reduction in the objective function (or, if no such move exists, the
one that results in the smallest deterioration).
However, one potential drawback arises: after departing from a local minimum point, the search
process may repeatedly return to that same local region, causing cycling behaviour. To prevent
this, the tabu search method introduces a mechanism that temporarily prohibits moves leading
back to recently visited solutions.

Definition (Tabu list). A tabu list is a short-term memory structure that stores information about
recently executed moves, thereby forbidding their immediate repetition.

The efficiency of the tabu search can be further enhanced through two complementary strategies:

• Intensification: focuses the search on promising regions of the feasible space that appear to
contain high-quality solutions, encouraging deeper exploration of these areas;

• Diversification: directs the search toward unexplored or less-visited regions of the feasible
space, promoting broader coverage and preventing premature convergence.

This procedure is summarised in Algorithm 6.
Once this algorithm has been chosen, one still needs to properly adapt it to the problem. As a
matter of fact, one should define:

• the local search procedure;

• how the chosen procedure defines the neighbourhood structure, specifying which solutions
are considered immediate neighbours of a given trial solution;

• how tabu moves should be listed in the tabu list;

• what tabu move should be added to the tabu list at each iteration;

• the time of permanence of a tabu move in the tabu list;

• the stopping rule.
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Algorithm 6 Tabu search
1: Input: Feasible initial trial solution x0.
2: Output: Approximate minimum solution.
3: for each iteration k = 0,1,2, . . . do
4: Generate the set of feasible moves in the local neighbourhood of the current solution xk.
5: Exclude tabu moves unless they improve the best solution.
6: Select the move from the remaining candidates that provides the best improvement.
7: Update the current solution xk+1 by adopting the selected move.
8: Update the tabu list accordingly.
9: end for

10: return Current solution xk as approximate minimum.

3.2.3.2 Simulated annealing

This metaheuristic technique focuses on locating the highest peak or the deepest valley of the
objective function, depending on whether the problem is one of maximisation or minimisation.
Since the precise location of this optimum is unknown, the algorithm begins by exploring the
feasible region through random steps in various directions. This stochastic exploration allows the
method to investigate a broad portion of the search space.
Over time, as the process continues, most of the accepted moves tend to lead either upward (in
maximisation problems) or downward (in minimisation problems). Consequently, the algorithm
progressively concentrates its search within the regions of the feasible space that are most likely to
contain the optimal solution. Eventually, it converges toward the highest peak or lowest valley.
More specifically, at each iteration, the method transitions from the current candidate solution to
one of its immediate neighbours within the local neighbourhood. What distinguishes this technique
from other local search approaches is the criterion used to decide whether a neighbouring solution
should become the next trial solution.
Let

• zc denote the objective function value corresponding to the current solution;

• zn denote the objective function value for the neighbouring candidate solution;

• T denote a control parameter, often called the temperature, that governs the likelihood of
accepting a non-improving move.

Definition (Move selection rule). The move selection rule determines how the next candidate
solution is chosen among the neighbours of the current one. The decision depends on both the
difference between zc and zn and the temperature parameter T .
For a minimisation problem:

if zn ≤ zc, always accept the candidate;

if zn > zc, accept the candidate with probability

Prob{acceptance} = ex, where x = zc − zn

T
.

For a maximisation problem:

if zn ≥ zc, always accept the candidate;

if zn < zc, accept the candidate with probability

Prob{acceptance} = ex, where x = zn − zc

T
.
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Remark. The parameter T plays a crucial role, as it regulates the degree of randomness in the
acceptance of non-improving moves. This flexibility distinguishes the simulated annealing method
from approaches such as tabu search. A higher value of T allows for more frequent acceptance of
uphill (in minimisation) or downhill (in maximisation) moves, promoting exploration of the search
space.
This probabilistic acceptance rule can be viewed in relation to a random number uniformly dis-
tributed in [0,1]:

• For minimisation: if the random number > Prob{acceptance}, reject the step; otherwise,
accept it.

• For maximisation: if the random number < Prob{acceptance}, accept the step; otherwise,
reject it.

The mathematical form of the move selection rule is directly inspired by the physical process of
annealing in metallurgy, where a material is slowly cooled to reach a state of minimum energy.
A second key element of this algorithm is the design of the temperature schedule. This involves
three crucial choices:

1. Selecting an initial temperature T that is sufficiently large to permit broad exploration;

2. Defining a sequence of progressively smaller temperature values to gradually reduce random-
ness;

3. Determining the number of iterations to perform at each temperature level.

Together, these elements balance exploration and exploitation, guiding the algorithm toward con-
vergence to a near-optimal or optimal solution.
This procedure is summarised in Algorithm 7.

Algorithm 7 Simulated annealing
1: Input: Feasible initial trial solution x0.
2: Output: Approximate minimum or optimum solution.
3: for each iteration do
4: Use the move selection rule to define the next trial solution.
5: if no immediate neighbour is accepted then stop.
6: end if
7: Update temperature: After the scheduled moves at T , set T to the next value and continue.
8: Stopping rule: After completing the scheduled moves at the lowest temperature, stop.
9: end for

10: return The best trial solution found during all iterations as the final solution.

Once the simulated annealing algorithm has been selected, it must be properly adapted to the
specific optimisation problem at hand. In particular, several design choices must be clearly defined:

• the procedure used to generate the initial trial solution;

• the definition of the neighbourhood structure, which determines which solutions are consid-
ered immediate neighbours (i.e., reachable in a single iteration) of the current solution;

• the rule by which one randomly selects a neighbouring solution as the next candidate within
the move selection process;

• a temperature schedule appropriately tailored to the problem characteristics.
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Hybrid algorithm It is worth noting that simulated annealing can be effectively combined with
features of the tabu search method, resulting in a hybrid algorithm that leverages the advantages
of both techniques. Several such combinations have been shown to enhance search performance.
For example:

1. The strategic oscillation mechanism from tabu search can be integrated into the temperature
schedule of simulated annealing. This modification accelerates the temperature decrease
relative to the standard schedule, and then deliberately oscillates the temperature back and
forth around the levels where high-quality solutions have previously been discovered.

2. The candidate-list strategy from tabu search can also be incorporated into the move selection
rule of simulated annealing. In this hybrid formulation, multiple neighbouring candidates are
first evaluated to identify potential improving moves before applying the probabilistic accep-
tance rule that determines whether the selected candidate becomes the next trial solution.

3.2.3.3 Genetic algorithms

Genetic algorithms have proven highly effective in optimisation contexts that require extensive
exploration of the feasible region while progressively converging toward high-quality solutions.
These algorithms are inspired by the principles of natural evolution, particularly the concepts of
natural selection and survival of the fittest. The following provides an overview of their underlying
mechanisms.
Natural Selection: A useful analogy can be drawn between feasible solutions of an optimisation
problem and members of a biological population. In this analogy, the objective function value
represents the fitness of each individual solution. Rather than focusing on a single solution, a
genetic algorithm maintains and evolves an entire population of candidate solutions simultaneously.
At each iteration, often referred to as a generation, the current population consists of a set of trial
solutions being evaluated. These can be viewed as the living members of a species at that stage of
evolution. As in nature, a subset of the population, typically the fittest individuals, are selected to
survive and reproduce. Pairs of these individuals, chosen at random, act as parents and generate
offspring (new trial solutions) that inherit traits, or genes, from both parents.
Because fitter individuals are more likely to reproduce, successive generations tend to yield im-
proving populations, that is, groups of trial solutions whose average quality increases over time.
In addition, the algorithm allows for occasional mutations, where certain offspring acquire new
features not directly inherited from either parent. Such mutations introduce diversity into the
population and may lead to the discovery of better solutions.
In summary, by emulating the evolutionary process and adhering to the principle of the “survival
of the fittest,” a genetic algorithm iteratively refines its population of solutions. This evolution-
ary search typically converges to a solution that represents, or closely approximates, the global
optimum. This procedure is summarised in Algorithm 8.
Once this algorithm has been chosen, one still needs to properly adapt it to the problem. As a
matter of fact, one should define:

• the size of the population;

• the criteria to select members of the current population to become parents;

• how the children’s features should come from the parents’ ones;

• the stopping rule to use.

3.2.4 Selecting and combining optimisation algorithms

At the beginning of the current Chapter, a variety of optimisation techniques were examined,
with particular attention to their practical implementation and range of applicability. The field of
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Algorithm 8 Genetic algorithms
1: Input: Initial population of feasible trial solutions; evaluate fitness of each member
2: Output: Approximate minimum or optimum solution
3: for each iteration do
4: Select an even number of parents via a fitness-biased random process.
5: Randomly pair parents; each pair yields two mixed, occasionally mutated offspring.
6: Discard infeasible children (considered miscarriages).
7: Retain the fittest children to form the new population of the same size.
8: Evaluate fitness of each new population member.
9: Stopping rule: Stop after a predefined number of iterations or other criteria.

10: end for
11: return The best trial solution found

optimisation is vast and continuously advancing, providing researchers and practitioners with an
extensive toolkit to address diverse problem classes. Each algorithm is typically tailored to specific
types of challenges, reflecting the inevitable trade-offs among accuracy, computational cost, and
robustness. Despite major progress, several persistent difficulties remain, particularly those related
to the treatment of large-scale systems, the assurance of global optimality, and the management of
computational resources.
Looking forward, research trends increasingly point toward the development of hybrid algorithms
that combine complementary strategies. The advent of emerging technologies, such as quantum
computing, further expands the frontier of possible optimisation approaches. Likewise, the integra-
tion of optimisation with machine learning and data-driven methodologies is creating powerful new
paradigms. This interdisciplinary convergence is expected to yield innovative frameworks capable
of addressing ever more complex real-world problems.
Selecting an appropriate algorithm is a crucial step that directly affects both solution quality and
computational efficiency. A well-chosen method must achieve an appropriate balance between
numerical precision and resource consumption, including time and memory requirements. Ideally,
the chosen algorithm should also exhibit robustness against perturbations such as noise in input
data or rounding errors arising from finite-precision arithmetic. However, these objectives often
conflict, necessitating a careful evaluation of trade-offs.
The analytical properties of the functions involved play a central role in determining the most
suitable algorithm. Smoothness and continuity allow numerical methods to exploit local informa-
tion about the problem’s structure, thereby improving convergence behaviour. This is especially
important when distinguishing between local and global optima. In nonlinear optimisation, most
methods tend to converge to local minimum points that are optimal within a neighbourhood but
not necessarily across the entire domain. Achieving global optimality remains far more challenging,
particularly for non-convex problems where the objective function admits multiple local minimum
points. For convex problems, by contrast, every local minimum is guaranteed to be global. Conse-
quently, global optimisation methods must incorporate mechanisms that explore the entire solution
landscape rather than relying solely on local descent.
In the context of identifying multiple critical points of the action functional defined in (2.6), the
inherent complexity of the problem motivates a composite algorithmic strategy. The proposed ap-
proach combines two complementary methods: a multi-population adaptive inflationary differential
evolution algorithm (MP-AIDEA, see [69]) and a domain decomposition technique referred to as
the Lattice method.
The MP-AIDEA algorithm integrates the principles of differential evolution with features inspired
by monotonic basin hopping, such as restart and local search mechanisms, enabling effective nav-
igation through intricate optimisation landscapes. In parallel, the Lattice technique promotes
systematic exploration by subdividing the domain into smaller subregions. When employed to-
gether, these two methods provide a powerful hybrid framework capable of identifying multiple
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feasible and physically meaningful solutions—specifically, periodic orbits that satisfy the governing
differential equations.

3.2.5 MP-AIDEA

Building upon the general concepts of metaheuristic optimisation introduced in Section 3.2.3, we
now focus on a specific algorithm particularly well-suited for high-dimensional and complex op-
timisation problems: the Multi-Population Adaptive Inflationary Differential Evolution Algorithm
(MP-AIDEA), first presented in [69]. MP-AIDEA is an advanced, population-based evolutionary
framework designed to address single-objective global optimisation problems in continuous domains.
It extends the core ideas of Differential Evolution (DE) [87] by introducing multiple interacting pop-
ulations, adaptive control parameters, and restart mechanisms, collectively enhancing both global
exploration and local refinement.
At its core, MP-AIDEA employs a multi-population strategy, where several groups of candidate
solutions, referred to as agents, evolve in parallel. Each population evolves independently but
intermittently exchanges information with others, increasing population diversity and mitigating
the risk of premature convergence. Furthermore, the algorithm incorporates restart mechanisms and
local search procedures inspired by Monotonic Basin Hopping (MBH), enabling efficient traversal of
complex, multimodal fitness landscapes where conventional optimisation methods are often trapped
in local minimum points.
Let NP denote the number of populations and NA the number of agents per population. The
MP-AIDEA procedure consists of the following main stages:

1. Differential Evolution (DE): The algorithm begins by running NP independent DE pro-
cesses [87], one for each population. Differential Evolution generates new candidate solutions
by combining existing ones through stochastic operations. Initially, agents are uniformly dis-
tributed across the parameter space to ensure wide exploration. Each DE process consists of
NS stages, where new parameter vectors are created via three main operations:

• Mutation: combining selected parameter vectors at random to generate a trial vector;
• Crossover: mixing components of the trial vector with those of the current agent to

promote diversity;
• Selection: comparing the new candidate with the current agent and retaining the better-

performing solution.

This evolutionary cycle continues until a stopping criterion is met. For further details, see [62,
69,87].

2. Local search: Following the DE phase, a local optimisation step refines the best agent in each
population. This step is only applied if the current best solution does not lie within the basin
of attraction of a previously identified local minimum. Here, the basin of attraction refers to
the subset of the search space that leads to convergence toward a specific local minimum.

3. Basin hopping: To enhance exploration and avoid stagnation, each population is then restarted
near the local minimum found in the previous phase. This Basin Hopping mechanism [88,89]
enables transitions between distinct basins of attraction, allowing the algorithm to escape
local minimum points and continue searching for better solutions.

By combining Differential Evolution, Local Search, and Basin Hopping, MP-AIDEA effectively
balances exploration and exploitation. This integrated design allows populations to traverse the
so-called funnel structure of the objective landscape [90], progressively transitioning from one local
minimum to another until the global minimum is reached.
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A distinctive feature of MP-AIDEA is its mechanism for preventing redundant rediscovery of the
same local minimum points. Whenever a population re-enters the basin of attraction of an already-
detected minimum, it is reinitialised in a different region of the search space. To manage this
process, an archive A is maintained to store all previously identified minimum points together
with the corresponding population states at each restart. This ensures a diverse, non-redundant
exploration of the feasible domain. Further details can be found in [69].

New implementation in Julia. A recent update of MP-AIDEA (for more details see [91]) has
been developed in the Julia programming language [70], extending the original version presented
in [69]. The Julia implementation introduces enhanced performance, improved scalability, and
more flexible modular structures for algorithmic experimentation. In particular, the new version
benefits from Julia’s just-in-time (JIT) compilation and native parallel computing capabilities, en-
abling faster population-level operations and smoother integration with scientific computing pack-
ages. This upgrade makes MP-AIDEA more efficient, portable, and easier to adapt for large-scale
and high-precision optimisation tasks.

3.2.6 Lattice algorithm

The principal objective of the Lattice algorithm is to explore the optimisation domain in a sys-
tematic and adaptive manner, identifying as many local minimum points as possible. The method
achieves this by decomposing the search domain into progressively smaller subregions, guided by
the spatial distribution of the local minimum points discovered during the optimisation process.
This adaptive partitioning refines the exploration strategy over time, allowing the search to become
increasingly focused and efficient.
Initially, the Lattice algorithm requires an initial set of local minimum points, which are obtained
by running a chosen optimisation method. Once these minimisers are identified, they serve as
reference points to guide the domain decomposition. At each iteration, referred to as a layer j,
where j = 1, . . . ,NoL ∈ N, the domain is divided into two subregions. The optimisation algorithm
is then applied independently within each subregion to locate additional minimum points, which
subsequently inform the next layer of decomposition. This hierarchical refinement process enables
an increasingly detailed exploration of the solution space. In this work, we employ MP-AIDEA
(Section 3.2.5) as the underlying optimisation engine for each stage of the decomposition; however,
other global optimisation algorithms could be used in its place.
Let Ξ denote the domain of the optimisation parameters. The main challenge lies in determining
how to partition Ξ into two subregions, Ξ1 and Ξ2. A simple equal division is generally suboptimal,
as it does not account for the spatial distribution of the known minimum points. Instead, the Lattice
algorithm performs an unequal partition, focusing the search on regions with sparse distributions of
minimum points while still retaining coverage of denser regions. In this way, the algorithm allocates
computational effort more efficiently across the domain.
To illustrate the procedure, consider the following example.

Example 3.9. For simplicity, let us focus on the first decomposition layer, j = 1. Let a, b, c, d ∈ R
with a < b and c < d. Define the optimisation parameters x ∈ I = [a, b] ⊂ R and y ∈ J = [c, d] ⊂ R,
such that the full domain is Ξ = I × J . This construction naturally extends to higher dimensions
n > 2, where Ξ ⊂ Rn.
Let M = {mi}

M
i=1, with M < +∞, represent the set of local minimum points detected by the

optimisation procedure. Each mi = (xi, yi) ∈ I × J corresponds to a point where the objective
function attains a local minimum value. Our aim is to analyse how the minimum points in M are
distributed within Ξ and to use this information to guide the next domain partition.
The process proceeds as follows:

1. Evaluate the distribution of the minimum points mi ∈ M with respect to each optimisation
parameter using a chi-square test to assess uniformity.
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2. Identify the parameter exhibiting the strongest deviation from uniformity—that is, the one
with the smallest p-value. If multiple parameters share the same p-value, the first is selected.
Suppose this parameter is y; then the minimum points are more unevenly distributed along
the y-axis.

3. Compute the 70th percentile of the identified parameter values, denoted by ȳm ∈ J .

4. Partition the parameter domain accordingly:

J = J1 ∪ J2, where J1 = [c, ȳm] and J2 = [ȳm, d].

5. Finally, divide the entire domain using this partition:

Ξ = I × J = [a, b] × [c, d], Ξ1 = I × J1, Ξ2 = I × J2.

This ensures that
Ξ1 ∪Ξ2 = Ξ,

guaranteeing complete domain coverage with no overlap or omission.

This decomposition process is repeated for each layer j = 1, . . . ,NoL, producing a progressively
refined partition of the domain. Figure 3.2 illustrates a representative outcome for the case where
NoL = 3.

The main concept behind the Lattice algorithm is summarised in Figure 3.1, which illustrates the
first two layers for simplicity.

Figure 3.1: Lattice Scheme (Figure 2 [92])

The Lattice algorithm is shown in Algorithm 10, where it is implemented as a recursive function.
Algorithm 9 provides the steps to perform the division for just one layer.

Algorithm 9 One layer algorithm (Algorithm 1 [92])
1: function one_layer_function(Ξ)
2: Input: A domain Ξ.
3: Output: Two subregions Ξ1 and Ξ2, with Ξ1⋃Ξ2 = Ξ.
4: Step 1. Find the p-value (p) and column index (min_p_index) for the column with the
5: minimum p-value in domain Ξ. If multiple minimum p-values exist, pick first.
6: Step 2. Calculate the 70th percentiles for the column with the minimum p-value
7: Step 3. Split the min_p_index column at the 70th percentile into Ξ1 and Ξ2.
8: Step 4. return Ξ1 and Ξ2.
9: end function
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Algorithm 10 Lattice algorithm (Algorithm 2 [92])
1: procedure lattice_function(Ξ, NoL, Output)
2: if j = NoL then
3: return Output
4: else
5: Step 1. Ξ1, Ξ2 ← OUTPUT {one_layer_function(Ξ)}
6: Step 2. Output[j] ← OUTPUT {lattice_function(Ξ1, j + 1, Output) ∪
7: lattice_function(Ξ2, j + 1, Output)}
8: Step 3. j ← j + 1
9: Step 4. return Output

10: end if
11: end procedure

3.3 Solutions of the symmetrical n-body problem

The integration of the MP-AIDEA algorithm (presented in Section 3.2.5) with the Lattice algorithm
(described in Section 3.2.6) establishes a robust and adaptive framework for global optimisation
in complex, high-dimensional landscapes. The two methods complement each other in a natural
way: MP-AIDEA efficiently explores the parameter space through evolutionary and basin-hopping
strategies, while the Lattice algorithm systematically refines the search domain based on the spatial
distribution of the discovered minimum points. Together, they provide both depth and breadth in
exploration, enabling a more comprehensive analysis of the solution space than either method could
achieve independently. To initialise the Lattice algorithm, a collection of local minimum points is
required, denoted by

M= {mi}
M
i=1, M < +∞.

Traditionally, constructing such a set would require multiple independent runs of an optimisation
algorithm, an approach that is both time-consuming and computationally inefficient. In contrast,
the proposed hybrid framework takes advantage of the information already generated by MP-
AIDEA during its execution.
Specifically, MP-AIDEA maintains a dynamic archive, denoted A, which stores all the local min-
imum points identified throughout the optimisation process, as well as the associated population
states at each restart. This archive naturally serves as the foundation for the Lattice algorithm,
providing a consistent and evolving representation of the landscape’s structure. Hence, we define

M= A.

By reusing this internally collected information, the hybrid method eliminates the need for redun-
dant computations and ensures that the domain decomposition in the Lattice algorithm is informed
by the most up-to-date and reliable data available.

The integration of the MP-AIDEA algorithm (presented in Section 3.2.5) with the Lattice algorithm
(described in Section 3.2.6) establishes a robust and adaptive framework for global optimisation
in complex, high-dimensional landscapes. The combined MP-AIDEA-Lattice framework is imple-
mented as a recursive procedure: each layer of the Lattice decomposition invokes an MP-AIDEA
optimisation step to search within its corresponding subregion. The recursion continues until a
specified stopping condition is met, such as the exhaustion of layers or the absence of newly de-
tected minimum points. The overall process is summarised in Algorithm 12, while the specific
operations performed within a single generation are detailed in Algorithm 11.

Remark. In this initial approach, we do not consider any exit flag for the MP-AIDEA algorithm.
Note that Step 3 of Algorithm 11 is crucial, as it is possible that some subregions of the domain
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Algorithm 11 One generation algorithm (Algorithm 3 [92])
1: Step 0. Set the number of layers for each generation to 1, NoL = 1. Define initial param-

eters MP-AIDEA_param = (f, optimisation parameters, β, Ξ, options), where f is the cost
function, β the number of parameters, and Ξ ⊂ Rβ denotes their domain.

2: function one_generation_function(MP-AIDEA_param,Ξ)
3: Step 1. Set initial values for MP-AIDEA’s parameters in Ξ.
4: Step 2. Run MP-AIDEA Algorithm and set M= A.
5: Step 3. Analyse the set M to collect all critical points. Hence, given a tolerance tol≪ 1,

mi is considered a critical point of f if ∇f(mi) ≤ tol. (3.19)

6: Step 4. Apply the Lattice algorithm to M, setting Ξ ∶= M.
7: Obtain Ξ1 and Ξ2 as Ξ1, Ξ2 ← one_layer_function(Ξ).
8: Step 5. return MP-AIDEA_Output, Ξ1 and Ξ2.
9: end function

Algorithm 12 MP-AIDEA & Lattice algorithm (Algorithm 4 [92])
1: Step 0. Set NoL ∈ N, set NoL = 1, ∀NoL. Define initial parameters
2: MP-AIDEA_param = (f, optimisation parameters, β, Ξ, options).
3: procedure MP-AIDEA_lattice_function(Ξ, MP-AIDEA_param, NoG, Output)
4: if j = NoG then
5: return Output
6: else
7: Step 1. Run one_generation_function(MP-AIDEA_param, Ξ) to obtain
8: MP-AIDEA_Output, Ξ1, and Ξ2.
9: Set Ξ̃ ∶= Ξ1⋃Ξ2. In MP-AIDEA_param (i)-(iv), update Ξ with Ξ̃.

10: Step 2.
11: Output[j] ← {MP-AIDEA_lattice_function(Ξ̃, MP-AIDEA_updated_param j, Output)
12: Step 3. j ← j + 1
13: Step 4. return Output
14: end if
15: end procedure

do not contain actual minimum points, even though the archive A is not empty.
Remark. Furthermore, for each layer processed by MP-AIDEA, the subregions are independent of
one another. This allows the algorithm to run in parallel across layers, thus reducing the overall
runtime.
The synergy between the two algorithms yields several benefits. First, the decomposition process in
the Lattice algorithm becomes fully adaptive, as it is guided by the evolving knowledge extracted by
MP-AIDEA. Second, this integration enhances computational efficiency by reusing the populations
and minimum points already detected, thereby avoiding unnecessary reinitialisations. Third, the
structure of the combined framework lends itself naturally to parallel implementation, since the
subregions defined by the Lattice algorithm can be processed independently by separate MP-AIDEA
instances. This parallelism significantly reduces total runtime, especially for large and highly
multimodal problems.
Overall, this modular structure facilitates both scalability and extensibility, allowing straightfor-
ward integration of alternative optimisation engines or adaptive control mechanisms in future de-
velopments.
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Figure 3.2: Visualisation of a two-dimensional example of the Lattice algorithm. The first figure displays the set M
along with the distributions of the variables. The subsequent images illustrate the progressive division of the domain
at each layer, following the process described in Example 3.9 (Figure 1 [92]).
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Chapter 4

Analysing critical points

In this Chapter we shift from the computation of candidate periodic solutions to the analysis
of their qualitative structure within the action landscape. Assuming the trajectories produced
in Chapter 3 are critical points of the discretised action functional, we investigate their local
character, distinguishing local minimum points, saddle points, and more degenerate stationary
configurations and how such features are organised globally. The theoretical notions employed in
this Chapter, such as the Morse index, landscape-level distances, and winding-based topological
invariants, are well established in the optimisation and dynamical systems literature. However,
their systematic adaptation to the discretised variational framework of the equivariant n-body
problem, together with their integration into a coherent computational pipeline, is entirely novel. In
particular, these concepts are reformulated so as to be applicable to high-dimensional, constrained,
and symmetry-reduced discretisations of the action functional, and are implemented as concrete
numerical diagnostics for the post-processing of computed orbits.
The Chapter is organised as follows. Section 4.1 introduces a practical procedure for classifying the
computed solutions via the discrete Morse index, obtained from the spectrum of a discretised Hes-
sian. Section 4.2 then provides a concise graphical description of the landscape by grouping minima
into levels and computing the intra-level and trans-level distances ρIL and ρTLk

(following [58]).
Finally, Section 4.3 introduces the winding number as a topological invariant that helps distinguish
planar periodic trajectories by their rotational behaviour around a reference point. The emphasis of
this Chapter is methodological: the notions recalled from Morse theory, landscape diagnostics, and
winding-based invariants are specialised to our discretised variational setting and assembled into
concrete computational tools for post-processing the orbits produced by the optimisation stage.

4.1 Discrete Morse index

The analysis of critical points has its origins in the classical Morse theory, developed by Marston
Morse [93] in the 1930s, which establishes a deep connection between the topology of smooth
manifolds and the critical points of smooth functions defined on them. Central to this framework
is the Morse index, which counts the number of negative eigenvalues of the Hessian matrix at a
critical point. Intuitively, the Morse index quantifies the degree of instability: minimum points
have index 0, while saddle points and Mountain-Pass configurations correspond to higher indices.
A key generalisation of the Morse Index Theorem was introduced by Smale [94], extending the
classical theory from one-dimensional to multi-variable systems. This laid the groundwork for
modern Morse theory and its applications in Hamiltonian and variational frameworks.
In Lagrangian and Hamiltonian mechanics, the Morse index plays a central role in describing
the qualitative nature of periodic orbits and bifurcations between dynamically distinct regimes
(see, e.g., [95–97]). Within the variational formulation of the n-body problem, it provides crucial
information about the nature of critical points of the action functional, distinguishing between
stable configurations and saddle-type orbits [34,98].
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In the planar three-body problem, Barutello, Jadanza, and Portaluri [99] computed the Morse
index of Lagrangian circular orbits under α-homogeneous and logarithmic potentials, identifying
regions of linear stability. Their work, based on the Maslov-type index theory of Long, Hu, and
Sun, showed that stability boundaries correspond to curves where the Morse indices of iterates
change discretely. Similarly, Hu and Sun [100] related the Morse index to the spectral stability
of elliptic Lagrangian solutions via the monodromy matrix. Extending this perspective, Barutello,
Hu, Portaluri, and Terracini [101] developed a general index theory for asymptotic motions under
singular potentials, thereby broadening the concept of Morse theory to colliding and parabolic
solutions in the n-body problem, and relating the Morse/Maslov index of the trajectory with its
asymptotic properties. Fukuda, Fujiwara, and Ozaki [102] analysed figure-eight choreographies
in the equal-mass three-body problem, showing numerically that variations in the Morse index
coincide precisely with bifurcation points, confirming the index as both a necessary and sufficient
condition for bifurcation.
Together, these works trace the evolution of Morse-theoretic methods in celestial mechanics and
Hamiltonian dynamics, from smooth variational formulations to singular and multi-parameter set-
tings, highlighting the Morse index as a unifying tool for studying stability, bifurcation, and struc-
tural transitions in the n-body problem.

From continuous to discrete Morse theory. The transition from the continuous to the dis-
crete setting was formalised by Forman [103], who introduced discrete Morse theory, offering a com-
binatorial reformulation of Morse’s ideas. Building on this discrete–variational viewpoint, Fukuda,
Fujiwara and Ozaki [102] developed a practical scheme for computing the discrete Morse index
in variational dynamical problems. Their approach consists in discretising the action functional,
restricting the second variation to a finite-dimensional subspace, typically via variational or Fourier
discretisations, and determining the number of negative eigenvalues of the resulting matrix. This
procedure effectively bridges analytical theory and computational practice, enabling a numerical
estimation of the Morse index directly from discretised trajectories.
The Morse index n− of a critical point p provides essential information about the local behaviour
of a smooth function f . It is a non-negative integer (possibly +∞) intrinsically associated with p,
and one can make the following intuitive distinction:

• if n−(p) = 0, then p is a local minimum of the function f ;

• if n−(p) > 0, then p is a saddle point of Morse index n− for the function f .

Therefore, the Morse index provides a natural way to classify the critical points identified in Chap-
ter 3, distinguishing between local minimum points and saddle points. This classification will later
prove essential in the study of Mountain Pass solutions in Chapter 5.

Let us now give a more precise definition. Consider a functional F ∶ H → R of class C2, with
H =W 1,2(T, χ̂) and T = R/Z ≃ S1.

Definition 4.1 (Critical point). A point x is called a critical point of a functional F , denoted
x ∈ crit(F ), if

DF (x)[v] = 0 ∀ v ∈ TxW
1,2
(T, χ̂) ≃W 1,2

(T, Txχ̂).

Here TxW
1,2(T, χ̂) denotes the tangent space to the Sobolev manifold W 1,2(T, χ̂) at x, naturally

identified with the space W 1,2(T, Txχ̂) of Sobolev vector fields along x. The symbol DF (x) stands
for the Fréchet differential of F at x, i.e. the bounded linear map

DF (x) ∶ TxW
1,2
(T, χ̂) → R, DF (x)[v] = d

dε
∣
ε=0

F (x + εv).

We now introduce the index form, which plays a central role in the definition of the Morse index.
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Definition 4.2 (Index form). Let F ∶ H → R be a C2 functional, and let x ∈ crit(F ). The index
form of F at x is the symmetric bilinear form

I ∶H ×H Ð→ R, I(u, v) = D2F (x)[u, v] = ⟨Au, v⟩L2 ,

where, given D(A) ⊂ L2 the domain of A, A ∶ D(A) ⊂ L2 → L2 denotes the (self-adjoint) linear
operator associated with the second differential of F at x. Here D2F (x) denotes the second Fréchet
differential of F at x, that is,

D2F (x)[u, v] =
∂2

∂s∂t
∣
s=t=0

F (x + su + tv),

and A is the corresponding Hessian (or Jacobi) operator satisfying I(u, v) = ⟨Au, v⟩L2 for all u, v ∈
D(A).

Definition 4.3 (Morse index of x). Let x ∈ crit(F ) and W be a subspace of H. The Morse index
of x is defined as

n−(x) = sup
W⊆H

{dimW ∣ I ∣
W×W

is negatively defined} ∈ N ∪ {+∞}.

When A is a differential operator and A ∈ C(H), we have n−(A) = dimE−(A).

One can introduce an analogous notion of discrete Morse index.

Definition 4.4 (Discrete Morse index). Let H = ⋃n∈ZHn, where Hn is a subspace of H with
dimHn = n and Hn ⊂ Hn+1 for all n ∈ N. Choose a basis for Hn given by {einx ∣ n ∈ Z}, and fix
n̄ sufficiently large such that dimHn̄ < +∞. Using Definition 4.2, set In̄ ∶= I ∣

Hn̄
. Then, under the

same assumptions as in Definition 4.3, the discrete Morse index is defined as

ñ−(x) = sup
W⊆Hn̄

{dimW ∣ In̄∣W×W
is negatively defined} ∈ N ∪ {+∞}.

Remark. If it were known that Hn̄ ⊕H
⊥
n̄ = H and that In̄

⊥ ∶= I ∣
H⊥n̄
≥ 0, we would be in an ideal

situation. Unfortunately, this property remains unproven. In fact, the following conjecture is often
stated:

Conjecture: If n̄ is sufficiently large, then n−(In) = n
−(In+1) for all n ≥ n̄.

Nevertheless, it is well known that for both Bolza and regular problems it holds that

n−(I) < +∞.

4.1.1 Computation of the Morse index

Following Definition 4.4 and [92, 104, 105], one can reckon the discrete Morse index of our critical
points numerically. In this case, we can give a more practical definition:

Definition 4.5 (Computational discrete Morse index, Definition 4.1 [92]). The index of a non-
degenerate critical point p of f ∶ H → R of class C2 is the dimension of the largest subspace of the
tangent space to M at p on which the Hessian is negative definite. Therefore one could define the
discrete Morse index ñ− of a critical point p as the number of negative eigenvalues of the Hessian
matrix Hf(p).

Therefore we can now apply it to the critical points found in Chapter 3. One can calculate the
discrete Morse index either on the fundamental domain I or, once the orbit is built using the
symmetries, on the entire period. Clearly, the first one can be less or equal to the latter one.
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On the fundamental domain. Following [60] and Section 2.6.3, one can compute the Hessian
matrix of the action functional on the fundamental domain I in two ways:

1. Using the discretisation through Fourier coefficients in the same way as in (2.9). Therefore,
recalling Section 2.6.3, we approximate the solution in the following way:

xk(t) = xk,0 + t(xk,1 − xk,0) + ψk(t), t ∈ [0, T ], k = 1, . . . , n

where ψk(0) = ψk(T ) = 0 and T = lπ, l ∈ N. Moreover, we write the function ψk(t) using
a Fourier polynomial ψk(t) = ∑

F
jk=1 cjk

sin(πjkt) ∈ Rd, t ∈ [0, T ]; then we substitute this
expression in the action functional defined in (2.2). One can find the expression of the
Hessian matrix in [43].

2. Using the discretisation through points in the same way as in (2.6). It follows that a discreti-
sation of the action functional defined in (2.2)

A(γ) = ∫
I
L(γ, γ̇) Dt = ∫

I

1
2
∥γ̇∥2M +U(γ) Dt,

with γ ∶ [I] → X̂ , is given by

A(γ) ∼
w−1
∑
k=1
[

n

∑
i=1

mi

2
∣xk+1

i − xk
i ∣

2

h
+ h∑

i<j

mimj

∣xk
i − x

k
j ∣
], (4.1)

where n is the number of bodies, w is the number of times, h = T
w−1 is the time step and xk

i

denotes the position of the i-th body at the k-th time.
It follows that the Hessian matrix has the following expression:

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

[h∇2U(t1) +
2
h Id] [ − 1

h Id] 0 ... 0 [ − 1
h Id]

[ − 1
h Id] [h∇2U(t2) +

2
h Id] [ − 1

h Id] 0 ... 0

0 [ − 1
h Id] [h∇2U(t3) +

2
h Id] [ − 1

h Id] ... ...

... ... ... ... ... 0

0 ... ... ... 0 [ − 1
h Id]

[ − 1
h Id] 0 ... 0 [ − 1

h Id] [h∇2U(tw−1) +
2
h Id]

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(4.2)

where:

• Id represents an identity matrix of dimension n ⋅ dim, where dim is the number of
coordinates of each body;

• 0 is a null matrix of dimension (n ⋅ dim) × (n ⋅ dim);
• ∇2U(ti) is the Hessian matrix of the term U(x) at the i-th time. It is a matrix of

dimension (n ⋅ dim)x(n).

On the entire orbit. In a similar fashion, one can compute the Hessian matrix of the action
functional on the entire periodic orbit rather than on the fundamental domain. Two equivalent
discretisation approaches can again be adopted:

1. Using Fourier coefficients, the periodic trajectory of each body can be expanded using a
truncated Fourier series of the form

xk(t) = ak,0 +
F

∑
j=1
[ak,j cos(jπt

T
) + bk,j sin(jπt

T
)] , t ∈ [0, T ], k = 1, . . . , n,
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where F denotes the number of Fourier modes and the coefficients ak,j , bk,j ∈ Rd. Substituting
this expansion into the action functional defined in (2.2) and differentiating twice with respect
to the Fourier coefficients yields the discrete Hessian matrix associated with the entire peri-
odic orbit. This formulation naturally enforces periodic boundary conditions and provides a
symmetric, block-structured Hessian whose negative eigenvalues determine the discrete Morse
index of the orbit.

2. Using points, one can proceed as in Section 2.6.3 by discretising the trajectory at w equally
spaced time nodes over the full period T . Starting from the discretised action functional
in (4.1), the resulting Hessian matrix takes the form

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

[h∇2U(t1) +
1
h Id] [ − 1

h Id] 0 ... ... ... 0

[ − 1
h Id] [h∇2U(t2) +

2
h Id] [ − 1

h Id] 0 ... ... ...

0 [ − 1
h Id] [h∇2U(t3) +

2
h Id] [ − 1

h Id] 0 ... ...

... ... ... ... ... ... 0

... ... ... 0 [ − 1
h Id] [h∇2U(tw−1) +

2
h Id] [ − 1

h Id]

0 ... ... ... 0 [ − 1
h Id] [h∇2U(tw) +

1
h Id]

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(4.3)

where

• Id represents an identity matrix of dimension n ⋅ dim, where dim is the number of
coordinates of each body;

• 0 is a null matrix of dimension (n ⋅ dim) × (n ⋅ dim);
• ∇2U(ti) is the Hessian matrix of the term U(x) at the i-th time. It is a matrix of

dimension (n ⋅ dim)x(n).

Moreover the first and last blocks are now coupled to reflect the periodicity of the orbit, that
is, x1

i = x
w
i for each i = 1, . . . , n. As a matter of fact, only the initial point is taken into

consideration as the initial point and final point of a periodic orbit coincide. The Hessian has
dimension (w ⋅ n ⋅ dim) × (w ⋅ n ⋅ dim), and, as before, its negative eigenvalues correspond to
the discrete Morse index of the critical point over the full period.

This dual approach, either through Fourier modes or pointwise discretisation, thus allows the
computation of the discrete Morse index on the entire orbit, providing complementary numerical
and analytical perspectives on the stability properties of periodic solutions.
Algorithm 13 shows how to reckon the discrete Morse index using the discretisation through points.
One can adapt Algorithm 13 to the case of discretisation through Fourier coefficients.

Algorithm 13 Morse index algorithm
1: Input: The positions xi(tk) of the i-th body at the k-th time, ∀i ∈ {1, . . . , n}, ∀k ∈ {1, . . . ,w}.
2: Output: Morse index of the solution.
3: Step 1. Build the Hessian of dimension ((w−1) ⋅n ⋅dim)x((w−1) ⋅n ⋅dim) as in (4.2) or (4.3).
4: Step 2. Reckon the eigenvalues of the Hessian matrix found in the previous step.
5: Step 3. The Morse index of a critical point is the number of negative eigenvalues of the Hessian

matrix on that point.

It is worth noting that, while the introductory part of this Chapter provided a historical and
conceptual overview of Morse-theoretic methods in dynamical systems, the present section focuses
on their practical implementation within the proposed framework. Here, the theoretical notions
introduced earlier, such as the Morse index, index form, and discrete variational principles, are
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translated into computational procedures applicable to any numerically obtained periodic orbit.
In this way, the section connects the abstract theoretical background with the numerical analysis
carried out in this work, linking classical Morse theory to its discrete, algorithmic counterpart.

4.1.2 Validation of the discrete Morse index

In order to validate the numerical procedure introduced in Section 4.1, we compare our results with
those obtained by Barutello, Jadanza, and Portaluri [99], who analytically computed the Morse
index of the Lagrangian circular solutions in the planar three-body-type problem. Although the
physical setting and the family of orbits under investigation are different, the underlying variational
and index-theoretic structure is analogous. In particular, both frameworks rely on the second
variation of the Lagrangian action functional and on the count of negative eigenvalues of the
associated Hessian operator.
In [99], the authors consider a planar three-body-type system governed by a singular potential of
the form

Uα(q) = ∑
1≤i<j≤3

mimj

∣qi − qj ∣
α
, α ∈ (0,2), (4.4)

and, in the logarithmic case,

Ulog(q) = ∑
1≤i<j≤3

mimj log( 1
∣qi − qj ∣

) . (4.5)

The corresponding equations of motion are given by

miq̈i =
∂U

∂qi
, (4.6)

and the periodic solutions are the critical points of the Lagrangian action functional

A(γ) = ∫
2π

0
[

1
2

3
∑
i=1
mi∣q̇i∣

2
+U(γ)]dt. (4.7)

Among these, the classical Lagrangian circular orbits correspond to configurations where the three
bodies form an equilateral triangle that rotates uniformly around its barycentre. The stability of
such periodic motions depends on the homogeneity parameter α and on the mass ratio parameter

β ∶=
27(m1m2 +m2m3 +m1m3)

(m1 +m2 +m3)2
∈ (0,9]. (4.8)

Barutello et al. derived the full stability diagram in the (α,β)-plane, identifying regions of spectral
instability (SI), spectral stability (SS), and linear stability (LS). They showed that the transition
between stability and instability occurs along the critical curve

β = 9 (α − 2)2
(α + 2)2

. (4.9)

The authors computed the Morse index of the circular solution γα,β and its iterations. For the
Kepler-type problem (β = 0), they proved that

iMorse(γα,0) =
⎧⎪⎪
⎨
⎪⎪⎩

0, α ∈ [1,2),
2, α ∈ [0,1),

(4.10)

and that for fixed α the index of the k-th iteration, iMorse(γ
k
α,0), diverges to +∞ as k →∞. For the

full three-body problem with β > 0, they showed that the Morse index is a non-increasing function
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of β and that for equal masses (β = 9) and α ∈ (1,2) the circular solution is a strict local minimiser,
while for α ∈ [0,1) it becomes a saddle point.

Numerical validation. Applying our discrete framework (Definition 4.5) to a discretised version
of the Lagrangian circular orbit, we obtain a discrete Hessian matrix whose negative eigenvalues
yield the discrete Morse index ñ−. When computed using the discretisation through points as in
Equation (4.3), our results reproduce the same qualitative and quantitative behaviour as those
obtained in [99]. In particular:

• For α ∈ [1,2) the discrete Morse index is ñ− = 0, confirming that the orbit is a local minimum
of the discrete action functional.

• For α ∈ [0,1) the discrete Morse index is ñ− = 2, indicating a saddle-type configuration.

• Increasing the parameter β (i.e., approaching equal masses) leads to a monotone decrease
in the discrete Morse index, in agreement with the analytical stability regions shown in
Figure 2(b) of [99].

Figure 4.1: Discrete Morse index computed as Algorithm 13 across (α, β), matching the qualitative regions of [99].

As illustrated in Fig. 4.1, our discrete index reproduces the same transitions reported in [99], while
Fig. 4.2 displays representative eigenvalue distributions for selected (α,β) pairs. An intelligent
discretisation strategy was adopted, since setting a fixed tolerance is nontrivial; as a matter of
fact, different regions of (α,β) require varying numerical precision. In practice, an orbit was first
reconstructed with a given number of time steps, from which the corresponding Fourier coefficients
were obtained. The discrete Morse index was then evaluated twice, first with 200 steps and then
with 800 steps, to monitor the consistency of the computed spectrum. Only eigenvalues exhibit-
ing significant variation between the two resolutions were considered potentially spurious. This
procedure ensures that the reported Morse index values are robust across the parameter range.
Although our variational problem and the specific family of periodic orbits differ from those con-
sidered by Barutello et al., the numerical agreement between the computed discrete Morse indices
and their theoretical predictions provides a robust validation of our computational approach. This
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consistency confirms that the discrete Morse index, evaluated from the Hessian of the discretised
action functional, faithfully reproduces the qualitative stability information encoded in the classical
(continuous) Morse index. Hence, the proposed discretisation scheme not only bridges the analyt-
ical and numerical perspectives but also aligns with established Morse-theoretic results in celestial
mechanics.

4.2 Intra and trans level distances
In this Section, we categorise the minimum points found in Chapter 3 based on the value of their
objective function, which in our case is the action functional, following the approach in [58,106,107].
We refer to these categories as levels. Each level groups local minimum points with very similar
action values, providing a structured way to analyse their distribution.
For each level, we define the intra-level distance ρIL as the average of the relative distances between
each local minimum and all other minimum points within the same level. Additionally, the trans-
level distance ρTLk

quantifies the average relative distance between each local minimum and all other
minima in the next lower level. For the lowest level, ρTLk

is computed as the average distance from
the best-known solution.
We now provide a more precise definition of these concepts.
Definition 4.6 (Intra and trans level distances, Definition 4.2 [92]). Let M = {xk}

M
k=1, with

M < +∞, be the set of possible local minimum points found during the optimisation step. For each
k, we consider the value of the objective function in each minimum point fk = f(xk); then, let ε > 0
be a suitable small number. We build an interval Ik = [fk − ε, fk + ε]. For each interval Ik, we have
the following set:

mIk
∶= {xi ∈ M ∣ f(xi) ∈ Ik}.

We define the intra-level distance ρIL of a minimum point xi as

ρIL(xi) ∶=
1
∣mIi ∣

∑
xj∈mIi
xj≠xi

∥xi − xj∥ with xi ∈ mIi . (4.11)

Then, we order the set {fk}k such that fk−1 < fk < fk+1, and define the trans-level distance ρTLk
of

a minimum point xi as

ρTLk
(xi) ∶=

⎧⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎩

1
∣mIk
∣
∑

xj∈mIk

∥xi − xj∥, xi ∈ mIk−1 for k > 1,

1
∣mI1 ∣

∑
xj∈mI1

∥x1 − xj∥, x1 is best-known sol.
(4.12)

For k = 1, in our case, we consider the best-known solution as the one with the lowest norm of the
gradient of the action functional.
The values of ρIL and ρTLk

provide a clear indication of the diversity among local minima and the
likelihood of transitions between neighbouring levels. In particular, small values of both ρIL and
ρTLk

typically occur in the presence of a funnel structure, where minimum points are progressively
closer both within and across levels as the objective function decreases. Conversely, if ρIL does
not tend to zero, or if clusters appear with significantly different values of ρTLk

, this may indicate
the existence of distinct multi-funnel regions within the landscape, suggesting the coexistence of
several basins of attraction separated by higher barriers. For more details, see [58,90,106,107].

4.2.1 Computation of intra and trans level distances

The definitions in Section 4.2 provide a theoretical framework to quantify the diversity and struc-
tural organisation of local minimum points. In practice, their computation requires two main
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(a) β = 1.29, α = 1.01
(on the border). One
eigenvalue → 0; the
other remains
uncertain.

(b) β = 2.07, α = 0.36.
Four eigenvalues clearly
identifiable.

(c) β = 6.23, α = 1.66.
Dominant eigenvalue
visibly tends to 0.

(d) β = 4.98, α = 0.64.
Two eigenvalues clearly
visible.

Figure 4.2: Eigenvalue behaviour across representative (α, β) pairs complementing Fig. 4.1: (a) border case with one
eigenvalue → 0; (b) four eigenvalues; (c) single eigenvalue → 0; (d) two eigenvalues.
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ingredients: (i) clustering the minimum points into levels according to their action values, and (ii)
computing averages of pairwise distances either within a cluster (intra-level) or between adjacent
clusters (trans-level). We now describe the procedure in detail.
Step 1: Partition into levels. We group minimum points into levels by clustering their action values
within a tolerance ε. Each minimum xi is assigned to a cluster mIℓ

around a representative value
Lℓ, and points closer than a geometric tolerance τ are treated as duplicates and discarded.
Step 2: Intra-level distance. For each xi ∈ mIℓ

, we compute ρIL(xi) as the mean Euclidean distance
to all other distinct minimum points in the same cluster. If the cluster contains only one element,
ρIL(xi) = 0.
Step 3: Trans-level distance. We order the levels by increasing action. For xi ∈ mIℓ

with ℓ > 1, the
trans-level distance ρTL(xi) is the mean distance to minimum points in the immediately lower level
mIℓ−1 . For ℓ = 1, we measure the distance to the best-known solution x⋆ (or average over a small
set of best candidates). This procedure is summarised in Algorithm 14.

Algorithm 14 Intra- and trans-level distances
1: Input: Set of minimum points M, action f , action tolerance ε, geometric tolerance τ .
2: Output: Levels {mIℓ

}, intra-level distances ρIL, trans-level distances ρTL.
3: Compute actions fk ← f(xk) for all xk ∈ M.
4: Build levels {Lℓ} by scanning sorted {fk} and starting a new one when ∣fk −Lℓ∣ > ε.
5: Initialise mIℓ

← [] for each ℓ.
6: for each x ∈ M do
7: Find ℓ such that ∣f(x) −Lℓ∣ ≤ ε.
8: if no such ℓ then
9: continue

10: end if
11: if ∃ y ∈ mIℓ

with ∥x − y∥ < τ then
12: continue
13: end if
14: Append x to mIℓ

.
15: end for
16: for ℓ = 1 to K do
17: for each xi ∈ mIℓ

do
18: Compute ρIL(xi) as average distance to all other elements in mIℓ

.
19: if ℓ > 1 and mIℓ−1 non-empty then
20: ρTL(xi) ← average distance to mIℓ−1 .
21: else if ℓ = 1 then
22: ρTL(xi) ← ∥xi − x

⋆∥.
23: else
24: ρTL(xi) ← NaN.
25: end if
26: end for
27: end for
28: return {mIℓ

},{ρIL(xi)},{ρTL(xi)}.

4.3 Winding number

In celestial mechanics and Hamiltonian dynamics, variants of the winding number and related
topological indices are widely employed to classify periodic orbits and bifurcations. For instance,
Moreno [108] discusses a symplectic winding index (the Conley-Zehnder index) associated with non-
degenerate periodic orbits in the restricted three-body problem, which characterises how families of
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periodic orbits connect under continuation. Montgomery [109] introduced a variational framework
for the n-body problem where periodic orbits are constrained by an integer winding number: for
elliptic Keplerian trajectories the winding number is ±1, while higher winding numbers correspond
to collision orbits. Similarly, in the context of choreographic solutions of the n-body problem,
Montaldi and Steckles [41] employ the notion that each pair of bodies winds around one another
an integer number of times, and also consider the winding of the entire choreography around the
origin as a classification parameter. Topological methods have also been used for the classifica-
tion of periodic orbits in irregular gravitational potentials [110], where orbits are distinguished by
how they wrap around singularities or forbidden regions. These works demonstrate that winding-
based invariants are natural tools for identifying qualitative differences among periodic orbits, and
motivate the numerical computation of the planar winding number presented in this Section.
More recently, Montgomery, in his book on the open problems of the n-body problem [17], highlights
the so-called braid problem, which seeks to understand how the trajectories of bodies intertwine in
space-time. In this perspective, the study of winding numbers can be viewed as a first step towards
addressing that broader question: by introducing a topological descriptor in the spatial plane, one
may eventually extend the analysis to include the temporal dimension and investigate whether the
resulting orbits form braids in space-time.
Definition (Winding number: complex formulation). Let γ be a closed curve in C, and let a ∈ C
be a point not lying on γ. The winding number of γ around a is defined by the contour integral

n(γ, a) =
1

2πi ∮γ

dζ

ζ − a
,

where ζ denotes the complex coordinate along γ. This integral counts, with orientation, the number
of times the curve winds around a.
Definition 4.7 (Winding number: real formulation). If the curve is parametrised in real coordi-
nates as

γ(t) = (x(t), y(t)), t ∈ [t0, t1], γ(t0) = γ(t1),

and a = (ax, ay) ∈ R2, then the winding number can equivalently be expressed as

n(γ, a) =
1

2π ∮γ

(x(t) − ax)dy(t) − (y(t) − ay)dx(t)

(x(t) − ax)
2 + (y(t) − ay)

2 .

This formula represents the total angular variation of the vector γ(t) − a over one traversal of the
curve, normalised by 2π. In particular, n(γ, a) is always an integer when the curve does not pass
through a.
The winding number is positive if the curve winds around a counterclockwise, negative if clockwise,
and zero if a lies outside the enclosed region. In our computations we adopt the real-coordinate
formulation, since it can be directly implemented from a parametric representation γ(t) and its
derivatives, as in the Fourier series expansion used in our numerical framework.

4.3.1 Computation of the winding number

To compute the winding number numerically, we exploit the Fourier representation of the periodic
orbits obtained in the optimisation step. Each orbit Γ(t) = (x(t), y(t)) with period T is expressed as
a truncated Fourier series, from which both the coordinates and their derivatives can be evaluated
efficiently.
Step 1: Fourier reconstruction. Given Fourier coefficients {A(d)0 ,A

(d)
k ,B

(d)
k } for d = 1,2 and modes

k = 1, . . . , F , the coordinates of the curve are

x(t) = A
(1)
0 +

F

∑
k=1
(A
(1)
k cos2πkt

T +B
(1)
k sin 2πkt

T ),

69



y(t) = A
(2)
0 +

F

∑
k=1
(A
(2)
k cos2πkt

T +B
(2)
k sin 2πkt

T ).

Their derivatives ẋ(t), ẏ(t) are obtained by differentiating term by term.
Step 2: Angular velocity integrand. For a reference point p = (p1, p2), the instantaneous angular
velocity of Γ(t) with respect to p is

ω(t) =
1

2π
(x(t) − p1) ẏ(t) − (y(t) − p2) ẋ(t)

(x(t) − p1)2 + (y(t) − p2)2
. (4.13)

Step 3: Numerical integration and rounding. The winding number is obtained by integrating ω(t)
over one full period, using Definition (4.7):

w = ∫
T

0
ω(t)dt.

In exact arithmetic w is an integer. Numerically, the result is rounded to the nearest integer, and
a tolerance check ensures ∣w −wnum∣ < tol, otherwise an error is raised.
The full procedure is summarised below in Algorithm 15.

Algorithm 15 Computation of the winding number
1: Input: Periodic orbit Γ in Fourier form, period T , number of modes F , reference point
2: p = (p1, p2), tolerance tol.
3: Output: Winding number w ∈ Z.
4: Reconstruct x(t), y(t) and ẋ(t), ẏ(t) from Fourier coefficients.
5: Define integrand ω(t) as in Equation (4.13).
6: Evaluate wnum = ∫

T
0 ω(t)dt via numerical quadrature.

7: Round wnum to nearest integer w.
8: if ∣w −wnum∣ > tol then
9: Error: non-integer winding number (curve crosses p or large numerical error).

10: end if
11: return w.

Remark. We employ Gauss-Kronrod quadrature (quadgk) for the integral, as it provides reliable
accuracy with adaptive refinement. The method is restricted to planar curves (dim = 2), since the
winding number is not defined for higher dimensions. The tolerance tol ensures robustness against
small numerical deviations from integrality.
Remark. The reference point p = (p1, p2) can in principle be chosen arbitrarily, provided it does not
lie on the curve. Unless otherwise specified, we take p to be the centre of mass of the orbit, which
provides a natural and consistent choice.

70



Chapter 5

Mountain Pass solutions

In this Chapter we turn to the detection of non-minimal critical points of the action functional by
means of the Ambrosetti–Rabinowitz Mountain Pass framework. After recalling the Mountain Pass
Theorem and the associated steepest–descent flow (see, e.g., [32, 111]), we follow the constructive
approach developed in [59] and present an enhanced, numerically oriented variant as in [92,104]. The
first part of the Chapter, more precisely Section 5.1, introduces the dynamical objects underlying
the construction of positively invariant sets, ω-limit sets, disconnected sublevels and their basins
of attraction and states the key results that guarantee the existence of Palais–Smale sequences on
the boundary between basins, which in turn lead to mountain-pass critical points under suitable
compactness assumptions. Building on this theory, we then describe an improved implementation
of Barutello and Terracini’s procedure via the auxiliary routines Gradient_descent, Bisection,
and Evolve, and we formulate the resulting Mountain Pass Algorithm (Algorithm 17), designed
not only to approximate a mountain-pass critical point but also to record additional critical points
encountered along the iterations. This capability is particularly important in the highly nonconvex
and symmetric landscape of the n-body problem, where multiple distinct critical points may coexist
and be encountered along the same variational construction.
Finally, in Section 5.2, we specialise the method to the symmetric n-body problem by introducing
a regularised action functional satisfying the Palais–Smale condition (Proposition 5.8). We also
examine the role of symmetry, distinguishing between isolated minima and non-isolated families of
critical points (type S groups). While a full analytical treatment of the latter is mathematically
delicate and lies beyond the scope of the present work, we indicate how their presence affects the
behaviour of the algorithm and discuss practical diagnostics based on the values of the regularised
action functional.

5.1 Mountain Pass Theorem

Consider the steepest descent flow associated with f , denoted by ηf ∶ R+ ×X → X, defined as the
solution of the Cauchy problem:

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

d

dt
ηf(t, x) = −

∇f(ηf(t, x))

1 + ∥∇f(ηf(t, x))∥
,

ηf(0, x) = x.
(5.1)

A subset X0 ⊂ X is called positively invariant under the flow ηf if ηf(t, x0) ∈ X0 for all t ≥ 0 and
every x0 ∈X0. For each x ∈X, we define the ω-limit set of x with respect to ηf as

ωx ∶= { lim
tn→+∞

ηf(tn, x) ∶ (tn)n ⊂ R+} , (5.2)

which is a closed and positively invariant subset of X.

71



Let c ∈ R be a value such that the sublevel set f c is not connected. We can write it as the disjoint
union of its connected components (F c

i )i:

f c
= ⋃

i

F c
i , F c

i ∩ F
c
j = ∅ for i ≠ j.

For each index i, the basin of attraction of F c
i is defined as

F
c
i ∶= {x ∈X ∶ ωx ⊂ F

c
i }.

Definition 5.1 (Path, Definition 5.1 [92]). A path is a continuous map γ ∶ [0,1] → X. For two
distinct points x1, x2 ∈X, we denote by

Γx1,x2 ∶= {γ ∈ C([0,1],X) ∶ γ(0) = x1, γ(1) = x2}

the set of all paths connecting x1 and x2.

The following can be established:

Theorem 5.2 (Theorem 1.4, [59]). Let f c be a disconnected sublevel for the functional f . Let F c
i

be the disjoint connected components of f c and Fc
i their basins of attraction. For xi ∈ F

c
i , i = 1,2

and γ ∈ Γx1,x2, there exists x̄ ∈ γ([0,1]) ∩ ∂Fc
1 .

Corollary 5.3 (Corollary 1.5, [59]). Under the same conditions as Theorem 5.2, let x̄ ∈ γ([0,1])∩
∂Fc

1 . Then f(ωx̄) ≥ c and there exists a sequence (xn)n = ηf(tn, x̄) ⊂ ∂F
c
1 such that

lim
n→+∞

∇f(xn) = 0 and lim
n→+∞

f(xn) = f(ωx).

Corollary 5.4 (Corollary 1.6, [59]). Under the same conditions as Theorem 5.2, let x̄ ∈ γ([0,1])∩
∂Fc

1 . Then there exists a sequence (ỹn)n ⊂X, (ỹn)n ∶= ηf(T̃n, x
n
1) such that

lim
n→+∞

∇f(ỹn) = 0 and c ≤ f(ỹn) ≤ f(x̄), ∀n ∈ N.

In [59], Corollary 5.4 is established by constructing a sequence (ỹn)n through an iterative process
known as Barutello and Terracini’s Algorithm. The convergence of this sequence is guaranteed
under certain additional compactness assumptions imposed on the functional f .
Within this framework, we recall the following key concept.

Definition 5.5 (Palais–Smale condition, Definition 7 [59]). Let f ∶ X → R be a differentiable
functional. A sequence (xm)m ⊂X is said to be a Palais–Smale sequence for f in the interval [a, b]
if

a ≤ f(xm) ≤ b, ∀m ∈ N, and ∇f(xm) ÐÐÐÐ→
m→+∞

0.

The functional f is said to satisfy the Palais–Smale condition in [a, b] if every such sequence admits
a convergent subsequence (xmk

)k → x0 ∈X.
Likewise, (xm)m ⊂X is called a Palais–Smale sequence for f at level c if

f(xm) ÐÐÐÐ→
m→+∞

c and ∇f(xm) ÐÐÐÐ→
m→+∞

0.

We say that f satisfies the Palais–Smale condition at level c, denoted by (PS)c, if every Palais–Smale
sequence at level c possesses a convergent subsequence.

Remark. Corollary 5.3 ensures the existence of a Palais–Smale sequence at level f(ωx̄) for the
functional f . If f satisfies the condition (PS)f(ωx̄)

, then there exists a critical point ¯̄x ∈ X such
that f(¯̄x) = f(ωx̄). Furthermore, Corollary 5.4 provides the existence of a Palais–Smale sequence
for f within the interval [c, f(x̄)]. When the functional f meets the Palais–Smale condition on this
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interval, the convergence of the sequence (ỹn)n generated by Barutello and Terracini’s Algorithm
is ensured.

Enhanced version of Barutello and Terracini’s Algorithm. Following [92, 104], we now
propose an improved formulation of Barutello and Terracini’s Algorithm. To this end, we introduce
three auxiliary procedures: the Gradient_Descent function, the Bisection function, and the
Evolve function. Their definitions are provided in Algorithm 16, where P is considered a structure
containing the objective functional f , its gradient ∇f , the steepest descent flow ηf (as introduced in
Equation (5.1)), the list L of known critical points, and the element xmin defined in Algorithm 17.
The parameter to_min determines whether the stopping criterion of the Gradient_Descent
function is satisfied when a minimum is reached or when the norm of ∇f begins to increase.

Algorithm 16 Bisection function (Algorithm 5 [92])
1: function Gradient_descent(x,P, to_min = true)
2: xnew ← x, xold ← x, dt← 1 × 10−3

3: gradnew ← ∇f(xnew), gradold ← ∇f(xold)
4: while (to_min ∧ ∥gradnew∥ > g_tol) ∨ (¬to_min ∧ ∥gradnew∥ ≤ ∥gradold∥) do
5: xold ← xnew
6: xnew ← integrate ηf starting from xold for one step
7: gradold ← gradnew
8: gradnew ← ∇f(xnew)
9: if ¬to_min ∨ (xnew is known) then

10: return x
11: end if
12: end while
13: return xnew
14: end function
15: function Bisection(x0, x1, P )
16: distance← ∥x0 − x1∥
17: x← x0+x1

2
18: xnew ← Gradient_descent(x,P, to_min = true)
19: if xnew is a unknown critical point then
20: Add xnew to the list of critical points
21: return x0, x
22: end if
23: if ∥f(xnew) − f(P.xmin)∥ <min_step then
24: return x,x1
25: else
26: return x0, x
27: end if
28: end function
29: function Evolve(x,P )
30: Gradient_descent(x,P, to_min = false)
31: end function

We now introduce an alternative approach to Barutello and Terracini’s Algorithm, namely the
Mountain Pass Algorithm, presented in Algorithm 17. This procedure takes as input two initial
points x0 and x1, together with a functional f and its gradient ∇f , and aims to locate a critical
point of f that is not a local minimum. A detailed description follows.
Input. Define tolerance parameters g_tol and min_step to regulate the stopping criteria. Specify
the initial points x0, x1, the function f , and its gradient ∇f . The point x0 should correspond to
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a local minimum of f , while x1 must lie outside the basin of attraction of x0 under the steepest
descent flow ηf defined in Equation (5.1). Hence, x1 should either represent another local minimum
or satisfy f(x0) > f(x1).
Step 1. Initialise the algorithm by setting up the problem structure P and identifying the current
minimum point.
Step 2. Iteratively apply

(x0, x1) ← Bisection(x0, x1, P )

to progressively approach the stable manifold associated with the desired non-minimal critical
point. The iteration stops once ∥x0 − x1∥ < min_step.

Remark 5.6. It is worth noting that the Bisection function records any newly discovered critical
points during its execution. In particular, whenever the Gradient_Descent routine yields a
new point xnew, it verifies whether this point has been previously identified or represents a distinct
critical point.

Step 3. Evolve both x0 and x1 along the stable manifold until the norm of the gradient ∇f at one
of these points begins to increase.
Repeat Steps 2 and 3 until the convergence criterion

∥∇f(x0+x1
2 )∥ < g_tol

is satisfied.
Step 4. Compute the midpoint x = x0+x1

2 and return it as the identified non-minimal critical point
of f .

Algorithm 17 Mountain Pass algorithm (Algorithm 6 [92])
1: Input: Set the tolerances g_tol and min_step and define the initial points x0, x1, the function
f and its gradient ∇f .

2: Output: Non-minimal point of the function f .
3: Step 1: Initialise variable: xmin ← x0;
4: Initialise problem P : P ← Problem(f,∇f, xmin, L = {x0, x1}).
5: Steps 2. and 3.
6: while ∥∇f (x0+x1

2 ) ∥ > g_tol do
7: (x0, x1) ← bisection(x0, x1, P )
8: if x0 or x1 is known then
9: continue

10: end if
11: if ∥x1 − x0∥ >min_step then
12: continue
13: end if
14: x0 ← evolve(x0, P )
15: x1 ← evolve(x1, P )
16: end while
17: Step 4. Compute and return midpoint: x← x0+x1

2
18: return x

Algorithm 17 not only retains the fundamental properties of Barutello and Terracini’s Algorithm,
thereby allowing it to serve as a constructive proof of Theorem 5.2; but, as emphasized in Re-
mark 5.6, it is also specifically structured to detect multiple critical points of the functional when-
ever possible. We can now state the Mountain Pass Theorem:

Theorem 5.7 (Mountain Pass Theorem, Theorem 2.1 [59]). Let f be a C2 functional on a Hilbert
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space X. Let x1, x2 ∈X let Γx1,x2 be the set of paths defined in (5.1) and c0 the level

c0

∶= inf
γ∈Γx1,x2

sup
s∈[0,1]

f(γ(s)), (5.3)

such that
c0 >max {f(x1), f(x2)}. (5.4)

If the functional f satisfies the Palais-Smale condition at level c0, then there exists a critical point
for the functional f at level c0, that is not a local minimiser.

5.2 Mountain Pass solutions for the symmetrical n-body problem
Our next objective is to employ Theorem 5.7 in the context of the action functional corresponding
to the n-body problem. By doing so, we aim to demonstrate that this theorem ensures the existence
of a solution distinct from those obtained in Chapter 3. In order to apply Theorem 5.7, it is first
necessary to regularise the action functional introduced in Equation (2.4).
Among the many approaches that can be used to achieve this regularisation (see, for instance [112]),
we chose the following one, since it more effectively regularises collisional orbits by containing them,
rather than pushing them away.

A
reg.
I (y) ∶= ∫I

Lε(y(t), ẏ(t))dt,

= ∫
I
(K(ẏ(t)) +Uε(y(t))) dt,

= ∫
I

⎛

⎝

1
2

n

∑
i=1
mi∥ẏ(t)∥

2
+∑

i<j

mimj
√
ε2 + ∥yi(t) − yj(t)∥2

⎞

⎠
dt.

(5.5)

The regularised action functional Areg.
I is smooth, specifically C2(Y ).

We now state the following proposition:

Proposition 5.8 (Proposition 5.8 [92]). The regularised action functional defined in (5.5) satisfies
the Palais-Smale condition at every level c > 0.

Proof. Let (yν)ν ⊂ Y be such that

A
reg.
I (yν)

ν→+∞
ÐÐÐ→ c and ∇A

reg.
I (yν)

ν→+∞
ÐÐÐ→ 0.

Our aim is to find an element ȳ ∈ Y such that yν Ð→ ȳ as ν Ð→ +∞ in Y .
As coercivity does not depend on the chosen potential U and AI is coercive, we have that also
A

reg.
I is coercive. It follows that (yν)ν is bounded in Y , therefore, up to subsequences, it weakly

converges to ȳ. Moreover, it also follows that we can write ∇Areg.
I as (Id +K), with K a compact

operator; hence:
∇A

reg.
I (yν)

ν→+∞
ÐÐÐ→ 0

(Id +K)(yν)
ν→+∞
ÐÐÐ→ 0

yν +K(yν)
ν→+∞
ÐÐÐ→ 0.

(5.6)

As we have that (yν)ν ⇀ ȳ and K(yν)ν is precompact, using relation (5.6), we have that there
exists a subsequence of (yν)ν , which we still call (yν)ν , so that K(yν)ν Ð→ K(ȳ). Using again
relation (5.6), we conclude that yν Ð→ ȳ as ν Ð→ +∞ in Y .

Isolated and non-isolated minimum points. In order to apply the Mountain Pass Theorem to
the symmetric n-body problem, it is essential to determine whether the minimum points identified
in Chapter 3 are isolated or not. To formalise this distinction, we introduce the following concept.
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Definition 5.9 (Type S, Definition 5.9 [92]). A symmetry group G is said to be of type S if, for
every x ∈ Y G, there exists a one-parameter group of rotations Rθ such that Rθx ∈ Y

G.

Remark. If the group G is of type S, then whenever x is a minimum of the action functional defined
in Equation (2.4) on Y G, the rotated configuration Rθx is also a minimum. Hence, this property
entails a geometrically trivial multiplicity of solutions.
This observation implies that, whenever the property holds for a rotation group parameterised by
Rθ with θ ∈ [a, b], no minimum point can be isolated.
In the present setting, the condition for a group to be of type S can be expressed as follows:

a. For all elements g = (ρ, τ, σ) ∈ ker τ , one has R−1
θ ρRθ ∈ ker τ ;

b. If τg ≠ {1}, then R−1
θ ρgRθ = ρg;

or, equivalently,

c. The normaliser NSO(d)(G) of G in SO(d) is a one-parameter subgroup of SO(d).

In particular, defining V G = {x ∈ χ ∶ ρx = x}, the subspace V G must be invariant under the rotation
Rθ. Consequently, we distinguish the following two cases:

• Not of type S: If the symmetry group G does not satisfy the type S condition, the corre-
sponding minimum points are typically isolated. In this situation, one can directly apply
Algorithm 17 to the regularised action functional Areg.

I introduced in Equation (5.5).

• Type S: When G is of type S, the minimum points are not isolated, and a more refined analysis
would be necessary to adapt Algorithm 17. For instance, one would need to distinguish the
minimum points according to their disjoint connected components. Such an analysis, however,
lies beyond the scope of the present work. For the examples discussed in Chapter 6, one may
instead examine the values of the regularised action functional.

In the first case, Proposition 5.8 ensures that the regularised action functional Areg.
I satisfies the

Palais–Smale condition for every level c > 0. Hence, Theorem 5.7 can be applied. By employ-
ing Algorithm 17, one can then numerically compute a solution distinct from those identified in
Section 3.3.
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Chapter 6

Examples

In this Chapter we illustrate the practical use of the theoretical and computational framework
developed in the previous Chapters by presenting representative numerical experiments for the
planar three-body problem with equal masses under symmetry constraints. For each symmetry
group considered, periodic trajectories are first obtained via the hybrid optimisation routine of
Algorithm 12; the resulting candidates are then analysed using the tools introduced in Chapter 4,
namely the discrete Morse index, the intra- and trans-level distance diagnostics, while the Mountain
Pass Algorithm 17 of Chapter 5 is employed to detect saddle-type solutions connecting distinct
basins of attraction. The purpose of the Chapter is twofold: on the one hand, to provide concrete
examples of the multiplicity of local minimum points produced by the optimisation stage and
to describe their distribution across action levels; on the other hand, to demonstrate that the
Mountain-Pass construction yields additional non-minimising periodic orbits that are distinguished
both by their action value and by their discrete Morse index. We begin with the case G = Z2 in
Section 6.1 and we then consider a different symmetry constraint, G =D6, in Section 6.2.

6.1 Symmetry group G = Z2

In this Section, we illustrate the application of the developed theoretical and computational frame-
work to a concrete example. We consider the planar three-body problem with equal masses and
impose the symmetry group G = Z2. Periodic trajectories in R2 are obtained using Algorithm 12.
Among the computed solutions are the circular orbit shown in Figure 6.1 (action value 9.802), the
“Ducati” orbit in Figure 6.2 (action value 10.442), as well as the orbits depicted in Figures 6.3
and 6.4, corresponding to action levels 13.579 and 13.865, respectively.
To model this configuration, we employed the implementation provided in [43], which includes the
definition of the cost function used during the optimisation process. Following the numerical setup
introduced in Section 3.1, we represented each trajectory by means of 24 Fourier coefficients and
assumed unit masses for all bodies.
For the genetic algorithm component, the number of populations was fixed at NP = 4, with NA = 8
agents per population. Each agent was initialised with 24 randomly generated Fourier coefficients.
The MP-AIDEA framework was then used to construct the archive A, which records all detected
local minimum points together with the population individuals at each restart.
As this configuration represents a relatively simple test case, only a modest number of generations
was required in Algorithm 12. Setting NoG = 8 proved sufficient to detect four distinct periodic
solutions, which were the only configurations within this setup exhibiting a small gradient norm of
the action functional.
Figure 6.5 illustrates the evolution of the action values obtained throughout the optimisation pro-
cess. Two dominant minima, with action levels 9.802 and 10.442, were consistently detected across
successive generations. In contrast, the additional critical points with action values 13.579 and
13.865 emerged only from the sixth generation onward. These observations underline the effective-

77



Figure 6.1: Circular orbit of action level 9.802 (Fig-
ure 3 [92])

Figure 6.2: Ducati orbit of action level of 10.442 (Fig-
ure 4 [92])

Figure 6.3: Orbit of action level 13.579 (Figure 5 [92]) Figure 6.4: Orbit of action level of 13.865 (Figure
6 [92])

Figure 6.5: Minimisation results by generation. The plot represents the action values of identified solutions across
generations. Larger dots indicate a higher number of solutions found at that action value, while the colour gradient
represents the magnitude of the action gradient (∇ Action Value), with blue indicating smaller gradients and magenta
representing higher gradients (Figure 7 [92]).

ness of Algorithm 12 in locating low-action configurations. As discussed earlier, the main purpose
of Algorithm 12 is to perform a systematic and exhaustive exploration of the configuration space
to uncover multiple local minimum points. The integration of the Lattice search strategy with
the MP-AIDEA framework enhances the adaptability and organisation of the optimisation process,
enabling a more thorough investigation of the variational landscape.

Mountain Pass solution. Starting from the orbits presented in Figures 6.1 and 6.2 as initial
configurations, the Mountain Pass Algorithm 17 yielded a saddle-type periodic solution with an
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action value of 11.706.

Figure 6.6: Mountain Pass solution (Figure 8 [92])

Morse index. The periodic trajectories shown in Figures 6.1, 6.2, 6.3, and 6.4 possess a discrete
Morse index of 0 on I, which characterises them as local minimum points of the action functional.
In contrast, the orbit illustrated in Figure 6.6 exhibits a discrete Morse index > 0 on I, indicating
that it corresponds to a non-minimising, saddle-type solution.

Intra- and trans-level distances. The intra-level (ρIL) and trans-level (ρTLk
) distance values

associated with the orbits in Figures 6.1, 6.2, 6.3, and 6.4 are displayed in Figure 6.7. Each orbit is
represented by blue, yellow, green, and pink points, respectively. These data summarise the various
solutions identified by Algorithm 12 after NoG = 8 generations.

Figure 6.7: The values of ρIL and ρTLk of Figures 6.1, 6.2, 6.3 and 6.4. Each point represents a local minimum point,
with colours distinguishing the four levels (Figure 9 [92]).

6.2 Symmetry group G =D6

Following a setup analogous to the previous case, we now consider a Mountain Pass solution under
a different symmetry constraint, namely G = D6. As starting configurations for Algorithm 17, we
use two periodic trajectories in R2 obtained via Algorithm 12. These correspond to the 8-shaped
orbit with an action value of 5.858, shown in Figure 6.8, and the 8-shaped orbit with an action
value of 9.3, depicted in Figure 6.9.
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Figure 6.8: 8-shape orbit of action level of 5.858 (Fig-
ure 10 [92])

Figure 6.9: 8-shape orbit of action level of 9.298 (Fig-
ure 11 [92])

As in the preceding example, only a limited number of generations was required in Algorithm 12.
Setting NoG = 10 proved sufficient to detect two distinct periodic orbits, which were the only
solutions within this configuration exhibiting a small gradient norm of the action functional.

Figure 6.10: Minimisation results by generation. The plot represents the action values of identified solutions across
generations in logarithmic scale. Larger dots indicate a higher number of solutions found at that action value, while
the colour gradient represents the magnitude of the action gradient (∇ Action Value), with blue indicating smaller
gradients and magenta representing higher gradients (Figure 12 [92]).

Figure 6.10 shows the evolution of the action values obtained across the optimisation process.
A dominant minimum with an action value of 5.858 was consistently identified throughout the
generations, whereas the secondary minimum at 9.3 appeared only from the second generation
onward. This behaviour is consistent with the observations from the previous case. Furthermore,
beginning with the eighth generation, several configurations exhibiting a large gradient norm were
detected. This occurred because Algorithm 12 did not converge in certain regions of the search
domain—a phenomenon that is expected when the optimisation procedure decomposes the space
into smaller subdomains, some of which may not contain minimising solutions.
Using the orbits shown in Figures 6.8 and 6.9 as initial configurations, the Mountain Pass Algo-
rithm 17 produced a saddle-type periodic solution with an action value of 9.60.
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Figure 6.11: Mountain Pass solution (Figure 13 [92])

Morse index. The periodic orbits shown in Figures 6.8 and 6.9 exhibit a discrete Morse index
of 0 on I, classifying them as local minimum points of the action functional. Conversely, the orbit
depicted in Figure 6.11 has a discrete Morse index > 0 on I, indicating that it corresponds to a
non-minimising, saddle-type configuration.

Intra- and trans-level distances. The intra-level (ρIL) and trans-level (ρTLk
) distances asso-

ciated with the orbits in Figures 6.8 and 6.9 are displayed in Figure 6.12. The blue and yellow
markers correspond to the respective orbits. These points summarise the distinct periodic solutions
detected by Algorithm 12 after NoG = 10 generations.

Figure 6.12: The values of ρIL and ρTLk of Figures 6.8 and 6.9. Each point represents a local minimum point, with
colours distinguishing the two levels (Figure 14 [92]).
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Chapter 7

Computer-assisted proofs

We now describe the concrete implementation of the algebraic, analytic, and operator-theoretic
constructions on Fourier series that are required for the computer-assisted validation framework de-
veloped in this Chapter. The underlying mathematical ingredients (such as Fourier multiplication,
integer and fractional powers, reciprocals, square roots, antiderivatives, vector-valued extensions,
and Banach-space fixed-point arguments) are classical and well established in the literature on an-
alytic function spaces and rigorous numerics. No claim of originality is made for these theoretical
components when considered in isolation.
The contribution of the present work lies instead in the systematic integration of these standard con-
structions into a single, coherent, and fully rigorous computational framework, and in its realisation
as a reusable software infrastructure. While each of the validated operations employed here exists
in some form in the literature, the present work brings them together within a single, unified setting
in which nonlinear maps, vector-valued structures, compact operators, and Newton-like fixed-point
schemes can be combined consistently within the same Banach space. In particular, the entire
framework is implemented in the Julia programming language [70]. To the best of our knowledge,
Julia has not previously been used to develop a computer-assisted proof infrastructure of com-
parable scope for analytic problems based on Fourier series. Importantly, however, the framework
is not intrinsically tied to the use of Fourier coefficients: alternative functional representations,
such as Chebyshev polynomial expansions, can be incorporated with minimal modifications, as the
code is designed to accommodate different families of basis functions in a modular and extensible
manner. Nevertheless, the contribution is not tied to the choice of programming language: the
essential novelty lies in the systematic organisation of the underlying mathematical and algorith-
mic structures, which could be reproduced in other programming environments without conceptual
difficulty.
From a methodological standpoint, the key contribution consists in organising these classical con-
structions so that they can be combined automatically and safely. Target spaces are generated
consistently, parity and truncation are handled transparently, analytic tail bounds are propagated
through all operations, and interval arithmetic ensures rigorous enclosure at every stage. This
design allows high-level proof strategies (such as contraction-mapping arguments and a posteriori
validation of numerical approximations) to be expressed directly in code without sacrificing math-
ematical rigour. Building on this infrastructure, the Chapter develops a Newton-like fixed-point
framework in which defect bounds and operator norms are computed and verified automatically,
enabling the certification of existence and uniqueness of solutions to nonlinear functional equations.
Together, these components form the operational core that makes it possible to turn numerical ap-
proximations of periodic solutions into fully validated mathematical results, within a systematic,
extensible, and reusable implementation.
The Chapter is organised as follows. Section 7.1 introduces the motivation, problem formulation,
and overall methodology of the computer-assisted proof framework. Section 7.2 presents the prin-
ciples of interval arithmetic and its algebraic foundations, which underpin the rigorous numerical
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computations used throughout. Section 7.3 discusses the representation of analytic functions in
spaces of Fourier series and outlines their implementation. Section 7.4 details the validated oper-
ations on these series, including addition, multiplication, division, and the application of methods
such as Newton-Raphson and DFFT. The framework is then extended in Section 7.5 to vector-
valued series, and in Section 7.6 to linear and nonlinear operators, together with the definition of
norms and antiderivatives. Finally, Section 7.7 presents the fixed-point validation strategy used to
rigorously establish the existence of periodic solutions, supported by the implemented algorithms.
Altogether, this Chapter bridges the gap between numerical computation and analytical rigour by
providing a computer-assisted methodology for the certification of solutions to nonlinear functional
equations.

7.1 Introduction to CAPs

Computer-assisted proofs (CAPs) are mathematical arguments in which computers play an essential
and irreplaceable role in establishing the correctness of a result. These are not simply automated
calculations performed as part of a traditional proof, but rather, they are proofs where some
parts, often vast, highly complex, or numerically delicate, are verified entirely by computational
means. The justification provided by a CAP typically consists of a combination of traditional
analytical reasoning and rigorously controlled numerical verifications carried out by a computer. In
many cases, especially in the study of differential equations, dynamical systems, or combinatorially
large problems, such proofs allow mathematicians to rigorously settle questions that would be
unreachable by human effort alone.
The motivation for introducing computer-assisted methods stems from the intrinsic limitations
of human computation when facing mathematical problems that involve enormous case-checking,
intricate inequality verifications, or analysis in infinite-dimensional spaces. While these issues
are often tractable in principle, they may be in practice too tedious or error-prone to handle
manually. Computers offer a means to tame such complexity, but only if they are employed with
care: approximate numerics or floating-point arithmetic alone are insufficient for mathematical
proof. CAPs thus rely on rigorous numerics, methods like interval arithmetic that can account
for and control rounding errors, and on the formal verification of algorithms to ensure correctness
across all steps. The resulting proofs, when executed carefully, carry the same level of mathematical
rigor as any traditional analytic proof.
The concept gained widespread attention in 1976 with the controversial but groundbreaking proof
of the Four Color Theorem by Kenneth Appel and Wolfgang Haken (see [113]). Their argument
reduced the general case to 1,936 configurations that were each verified using extensive computer
programs. The sheer size and opacity of the computer-generated portion raised questions within the
mathematical community about the acceptability and epistemic status of such proofs. Nevertheless,
this milestone marked the beginning of a broader shift in how computers could be incorporated
into the fabric of mathematical practice.
The significance of CAPs was further solidified in the late 1990s with the proof of Kepler’s conjecture
on the densest packing of spheres in three-dimensional space. The conjecture, first posed in 1611,
was proven by Thomas Hales (see [114]) through a combination of analytical arguments and an
exhaustive computer-assisted check of thousands of geometric configurations. Due to the complexity
and scale of the computations, the proof initially faced difficulties in peer review. This prompted
Hales to initiate the Flyspeck Project (see [115]), which culminated in a fully formalised and
machine-verified version of the proof in 2014. This development helped to bridge the gap between
informal computer-assisted proofs and fully formalised, logically complete ones.
In the realm of dynamical systems and differential equations, CAPs have been particularly fruitful.
Warwick Tucker, in a landmark result from 2002 [116], provided a rigorous proof of the existence
of the Lorenz attractor and verified its chaotic properties. His work combined deep insights from
dynamical systems theory with validated numerics, specifically, the use of interval arithmetic to
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rigorously control the error bounds in numerical integration. Tucker’s method demonstrated the
viability of combining computational power with theoretical tools to obtain mathematically sound
results about complex, nonlinear systems.
Historically, these advances build on foundational work in numerical analysis and validated compu-
tation by researchers such as Robert E. Moore, who developed interval arithmetic in the 1960s to
provide guaranteed bounds for numerical computations (see [117]). Over time, a vibrant commu-
nity has developed around the tools and techniques required for CAPs, contributing algorithms for
rigorous ODE integration, verified global optimisation, and computer-assisted bifurcation analysis.
The tools employed in computer-assisted proofs vary widely depending on the domain. In some
cases, symbolic computation software (such as Mathematica [118] or Maple [119]) is used to handle
algebraic simplifications and case splitting. In more delicate contexts, particularly those involving
floating-point operations, rigorous frameworks such as the CAPD library [16], INTLAB [120],
or Arb [121] are employed to manage rounding errors and provide provably correct enclosures
of solutions. Meanwhile, formal verification tools such as Coq [122], Isabelle/HOL [123], and
Lean [124] are being increasingly adopted to ensure logical soundness from the ground up, allowing
for fully formalised mathematics that can be mechanically verified with no gaps in reasoning.
As mathematical research continues to push into domains of higher complexity, the role of computer-
assisted proofs is only expected to grow. They are now viewed not as a last resort but as a powerful
complement to human reasoning, an extension of the mathematician’s toolkit. CAPs open the door
to solving problems that combine deep structure with heavy computation, where neither symbolic
manipulation nor numerical approximation alone would suffice. Moreover, they encourage a more
rigorous approach to numerical mathematics itself, where error bounds and correctness guarantees
are treated with the same seriousness as logical deduction.

In this Chapter, we delve into the detailed workings of computer-assisted proofs in the context
of periodic solutions for differential equations arising from the classical n-body problem. Specifi-
cally, we demonstrate how such proofs can be constructed and validated using a carefully designed
numerical framework that combines functional analytic estimates with interval arithmetic. Cen-
tral to our approach is a software package implemented in the Julia programming language [70],
which we have developed to rigorously verify the existence of periodic orbits discovered through
numerical simulation. Our methodology draws from the work of G. Arioli and collaborators (see
for instance [54–57]), whose pioneering research has established a robust and flexible foundation for
applying CAPs to nonlinear problems in mathematical physics. Building on their framework, we
adapt and extend these techniques to the setting of our problem, providing a fully self-contained
computational pipeline for orbit validation. The complete source code implementing the methods
described in this Chapter is available in our repository [125].

Problem formulation. Our main objective is to establish a rigorous framework for studying
periodic solutions of period 2π to nonlinear ordinary differential equations of the form

q̈ = f(q), q ∈ Rn.

A natural reformulation expresses the problem as a fixed-point equation

q = ∂−2f(q), (7.1)

where ∂−2 denotes the second antiderivative operator on the space of continuous 2π-periodic func-
tions with average zero. This fixed-point perspective will be our central focus: by developing a
computational framework for rigorously representing, manipulating, and bounding periodic func-
tions, we aim to construct a pathway toward validated proofs of existence for such solutions.
To achieve this, three ingredients are indispensable. First, we must introduce interval arithmetic,
which provides a way to control rounding and truncation errors arising from finite precision. Second,
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we must define a suitable functional space, equipped with a norm and a basis, in which analytic pe-
riodic functions can be represented and studied. Third, we must design a computational framework
to handle functions, enabling algebraic and analytic operations to be carried out rigorously on their
representations. We now describe these components in turn, beginning with interval arithmetic,
the numerical backbone of all subsequent constructions.

7.2 Interval arithmetic

Interval arithmetic provides the language in which all our computations are carried out. In essence,
it replaces real numbers by sets (intervals) that enclose them, and then extends the elementary oper-
ations of arithmetic to these sets in such a way that all possible round-off errors and uncertainties
are rigorously controlled. This ensures that the true mathematical values are always contained
within the computed results, making it an indispensable tool for computer-assisted proofs.
In interval arithmetic, a real number s ∈ R is represented on a computer by an interval

S = [S−, S+],

where S− ≤ s ≤ S+ and where both endpoints S− and S+ belong to the set of machine-representable
numbers (e.g. floating-point numbers following the IEEE 754 standard). For instance, the fraction
1/3, which cannot be exactly represented in binary arithmetic, may be represented by the interval
[0.333,0.334]. The true value is then guaranteed to lie within the enclosure.
By performing computations with such intervals rather than with single floating-point numbers,
one can ensure that all intermediate and final results are rigorously enclosed. For example, if
x ∈ [a1, b1] and y ∈ [a2, b2], then interval addition is defined as

x + y ∈ [a1 + a2, b1 + b2],

and interval multiplication as

x ⋅ y ∈ [min(a1a2, a1b2, b1a2, b1b2), max(a1a2, a1b2, b1a2, b1b2)].

In this way, every operation produces a new interval guaranteed to contain the true result. Thus,
rounding errors and uncertainties do not accumulate in an uncontrolled way, but are rigorously
propagated and tracked throughout the computation.
Interval arithmetic is therefore not only a numerical technique but a rigorous algebraic frame-
work for enclosing real quantities. It is especially important in computer-assisted proofs, where
uncontrolled numerical errors could otherwise invalidate the proof. By ensuring that each step of
the computation remains within explicitly bounded enclosures, interval arithmetic preserves the
correctness of the overall argument.
In practice, implementing interval arithmetic from scratch is unnecessary, as robust and efficient li-
braries already exist. In our work, we rely on the Julia ecosystem, which provides high-performance
tools for validated numerics. In particular, we use the packages IntervalArithmetic.jl and
IntervalLinearAlgebra.jl. The first provides the core functionality of interval arithmetic, fully
compliant with the IEEE 1788-2015 standard for interval arithmetic [126], while the second offers
interval-based routines for linear algebra, including verified solutions of linear systems and rigorous
enclosures of eigenvalues [127]. These packages allow us to seamlessly integrate rigorous numerics
into our Julia implementation of computer-assisted proofs.
To formalise this notion, we introduce the concept of a standard set. A real number s ∈ R is
represented by a standard set

S = [S−, S+] ∈ std(R),

that encloses s, where S− and S+ are machine-representable numbers. The collection std(R) of all
such standard sets forms the surrogate of R used in rigorous computations. The same notation
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extends naturally to higher-dimensional spaces: if X1,X2 are spaces with standard sets, then

std(X1 ×X2) = {S1 × S2 ∶ S1 ∈ std(X1), S2 ∈ std(X2)}.

In this way, vector-valued and matrix-valued quantities can be represented and manipulated within
the same rigorous framework.
The philosophy of interval arithmetic is therefore clear: by replacing real numbers with rigorously
enclosing sets, every computation remains mathematically valid and numerically certified. Before
extending this philosophy from numbers to functions, we first formalise the algebraic structure
underlying interval arithmetic. This algebraic framework makes explicit how interval operations
rigorously enclose their real counterparts and will serve as the basis for later extensions to functional
spaces.

7.2.1 Interval arithmetic algebra

The algebra of interval arithmetic is based on the principle that operations on intervals should
enclose all possible results of the corresponding real operation applied to any pair of values from
the operand intervals. Formally, given a binary operation ⋆ and two intervals

X = [x1, x2], Y = [y1, y2],

the interval extension of ⋆ is defined as

X ⋆ Y = {x ⋆ y ∣ x ∈ [x1, x2], y ∈ [y1, y2] }.

In words, X ⋆ Y is the set of all possible values of x ⋆ y, where x and y range independently over
their respective intervals.
If ⋆ is monotone in each argument over the given intervals (as is the case for addition, subtraction,
and multiplication, and for division whenever 0 ∉ Y ), then the extreme values of X ⋆ Y occur at
the endpoints of X and Y . Writing out all combinations, one obtains

[x1, x2] ⋆ [y1, y2] = [min{x1 ⋆ y1, x1 ⋆ y2, x2 ⋆ y1, x2 ⋆ y2}, max{x1 ⋆ y1, x1 ⋆ y2, x2 ⋆ y1, x2 ⋆ y2}],

provided the operation x ⋆ y is well defined for all x ∈ [x1, x2] and y ∈ [y1, y2].
From this general definition, the four basic arithmetic operations can be stated explicitly:

[x1, x2] + [y1, y2] = [x1 + y1, x2 + y2 ],

[x1, x2] − [y1, y2] = [x1 − y2, x2 − y1 ],

[x1, x2] ⋅ [y1, y2] = [min(x1y1, x1y2, x2y1, x2y2), max(x1y1, x1y2, x2y1, x2y2)],

[x1, x2]

[y1, y2]
= [x1, x2] ⋅

1
[y1, y2]

, with 1
[y1, y2]

= [ 1
y2
, 1

y1
] , if 0 ∉ [y1, y2].

Division requires extra care if the denominator interval contains zero. In such cases, the reciprocal
1/[y1, y2] may consist of two disjoint unbounded intervals, and it is often convenient to represent
the result as a union of intervals (a so-called multi-interval).

Example. Consider the affine function

f(a, b, x) = a ⋅ x + b,

with a = [1,2], b = [5,7], and x = [2,3]. Then

f(a, b, x) = ([1,2] ⋅ [2,3]) + [5,7] = [1 ⋅ 2, 2 ⋅ 3 ] + [5,7] = [2,6] + [5,7] = [7,13].
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Thus, for any choice of a ∈ [1,2], b ∈ [5,7], and x ∈ [2,3], the exact value f(a, b, x) is guaranteed to
lie inside the computed enclosure [7,13].

Elementary functions. Interval arithmetic extends naturally beyond the four basic operations
to elementary functions such as powers, exponentials, logarithms, and trigonometric functions. If
f ∶ R→ R is monotone on the interval [x1, x2], then the range of f on that interval can be computed
directly by evaluating the function at its endpoints:

f([x1, x2]) = [min{f(x1), f(x2)}, max{f(x1), f(x2)}].

From this principle one obtains, for example:

a[x1,x2] = [ax1 , ax2], a > 1,
loga[x1, x2] = [loga(x1), loga(x2)], a > 1, 0 < x1 < x2,

[x1, x2]
n
= [xn

1 , x
n
2 ], n ∈ N odd.

For even powers, care must be taken. For instance, if n = 2 and x ∈ [−1,1], then x2 ∈ [0,1], even
though repeated interval multiplication [−1,1] ⋅ [−1,1] would give the looser enclosure [−1,1].
For functions that are only piecewise monotone, the range over an interval cannot be determined
solely from the endpoints. In such cases, one must also consider the critical points, that is, points
where the derivative vanishes or the function changes monotonicity. For example, the function
sin(x) alternates between increasing and decreasing, with critical points at nπ and π

2 + nπ for all
n ∈ Z. To compute the enclosure of sin([x1, x2]), one evaluates sin at the interval endpoints x1,
x2, and at any critical points lying inside [x1, x2]. The smallest and largest of these values provide
the tightest possible enclosure. If the interval [x1, x2] contains more than one full oscillation of
sin(x), that is, at least two extrema, then the function attains all values between −1 and 1 within
that range. In this case, the best possible enclosure is simply the trivial bound [−1,1]. The same
reasoning applies to other periodic or oscillatory functions, such as cos(x).
This algebra of intervals, encompassing both elementary and transcendental operations, provides
the rigorous backbone of all our numerical computations: every operation produces a guaranteed
enclosure of the true mathematical result. The next step is to carry this philosophy from numbers
to functions. In complete analogy with std(R), we will construct std(F), a surrogate functional
space where analytic periodic functions are represented by interval-enclosed Fourier coefficients.
This extension allows us to manipulate functions, through addition, multiplication, integration, or
differentiation, with the same rigour and transparency as real numbers.

7.3 Representation of functions

One of the central challenges in computer-assisted proofs is to design a representation of analytic
functions that is at the same time faithful to the underlying mathematics and amenable to rigorous
computation. A purely symbolic description is too abstract to be implemented, while a naive nu-
merical approximation fails to provide the error control required for proofs. The right compromise
is to work in a carefully chosen Banach space of analytic functions, which captures the relevant
structure, and then to construct a computable surrogate of this space inside interval arithmetic.
This two-step approach separates the analytic and computational aspects: first we specify the
model space, which encodes the characteristics of the problem, such as periodicity, analyticity, and
quantitative bounds, then we build its surrogate, where exact coefficients are replaced by certified
interval enclosures and high-frequency contributions are grouped into rigorously controlled tails.
In this way, every computational object corresponds to a genuine analytic function, and every op-
eration carries a rigorous error bound.
In the present context, our goal is to study periodic solutions of the n-body problem. The func-
tions under consideration are continuous 2π-periodic trajectories with average zero, as explained in
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Equation (7.1). For such functions, it is natural to adopt a Fourier representation: trigonometric
polynomials form a dense subset of continuous periodic functions by the Stone-Weierstrass theorem,
ensuring that any such function can be approximated arbitrarily well by a finite Fourier expansion.
This property makes Fourier series not only mathematically justified but also computationally ad-
vantageous, providing a complete and orthogonal basis for encoding periodic trajectories. Hence,
Fourier coefficients serve as the natural coordinates for our Banach space and for its computable
surrogate within interval arithmetic.

7.3.1 A functional space

To rigorously represent analytic periodic functions, we introduce a Banach space of 2π-periodic
functions that admit analytic continuation to a complex strip. This space will provide the analytic
setting for the computer-assisted proofs developed in the following sections.

Definition 7.1. Given ρ > 0, set

Dρ = {t ∈ C ∶ ∣I(t)∣ < ρ},

where I(t) denotes the imaginary part of t. Denote by Fρ the vector space of all 2π-periodic
analytic functions f ∶ Dρ → C of the form

f(t) =
∞

∑
k=1

fk sin(kt) +
∞

∑
k=1

f ′k cos(kt), t ∈ Dρ,

which take real values for real arguments, and for which the norm

∥f∥ρ =
∞

∑
k=1

eρk
∣fk∣ +

∞

∑
k=1

eρk
∣f ′k∣ (7.2)

is finite.

The space (Fρ, ∥ ⋅ ∥ρ) provides the mathematical backbone for our construction: it encodes analyt-
icity and controls the growth of Fourier coefficients. The parameter ρ plays the role of a regularity
scale: the larger ρ, the wider the complex strip of analyticity allowed for the functions, and the
faster the Fourier coefficients are required to decay. In particular, ∥f∥ρ < ∞ ensures exponential
decay of the coefficients, so that analytic properties of f are captured in a quantitative way.
This setting is well adapted to rigorous computation. On the one hand, Fρ is a Banach algebra
under pointwise multiplication, which guarantees that products of functions remain within the
same space. On the other hand, the norm ∥ ⋅ ∥ρ is compatible with the natural operations used in
dynamical systems and PDE analysis: differentiation corresponds to multiplying Fourier coefficients
by k, while integration divides them by k. These operations are continuous on Fρ, and their effect
on the norm can be tracked explicitly.
Altogether, Fρ provides a precise analytic framework in which the qualitative properties of func-
tions (periodicity, analyticity, even/odd decomposition) and their quantitative features (decay of
Fourier coefficients, algebraic closure under multiplication) are simultaneously controlled. It is
this combination of structure and stability that makes Fρ the right space to approximate by a
computable surrogate.

A computable surrogate. The space Fρ is not directly accessible to computation. Our goal
is to build a surrogate std(Fρ) inside interval arithmetic, mirroring the way std(R) replaces real
numbers by interval enclosures. The guiding idea is simple:

• each Fourier coefficient cn is replaced by an interval c̃n ∈ std(R) guaranteed to contain it;
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• higher-frequency contributions, beyond a truncation index, are grouped into structured “tail
sets,” again represented by intervals.

Concretely, fix n ≥ 1 and consider odd 2π-periodic functions. Let

U = (U1, . . . , Un) ∈ std(Rn
), V = (Vn, Vn+1, . . . ) ∈ std(RN

),

where Uk and Vm are intervals. The surrogate set determined by (U,V ) consists of all functions of
the form

f(t) =
n

∑
k=1

uk sin(kt) +
∞

∑
m=n

vm sin(mt), uk ∈ Uk, vm ∈ Vm.

Even functions are treated analogously with cosines, and general functions decompose into even and
odd parts. This construction yields a computationally effective Banach surrogate: functions can
be added, multiplied, differentiated, or integrated by acting directly on their interval coefficients,
with all operations tracked rigorously inside std(Fρ).

Proposition 7.2. When equipped with this norm, Fρ as defined in Definition 7.1 is a Banach
space.

Proof. To prove that the given space Fρ is a Banach space with the given norm, we need to verify
two main things:

1. The space Fρ is complete with respect to the given norm.

2. The norm satisfies the properties of a norm.

Step 1: Fρ is a normed space. A space is a normed space if it is equipped with a norm that satisfies
the following properties:

• Positivity: ∥f∥ ≥ 0, and ∥f∥ = 0 if and only if f = 0.

• Scalability: ∥αf∥ = ∣α∣∥f∥ for any scalar α.

• Triangle inequality: ∥f + g∥ ≤ ∥f∥ + ∥g∥ for any functions f, g ∈ Fρ.

For the given norm
∥f∥ρ =

∞

∑
k=1

eρk

∣fk∣ +
∞

∑
k=1

eρk

∣f ′k∣,

we check each condition:

• Positivity: The terms eρk
∣fk∣ and eρk

∣f ′k∣ are both non-negative because fk and f ′k are real-
valued. Therefore, ∥f∥ρ ≥ 0, and if ∥f∥ρ = 0, then each Fourier coefficient fk = 0 and f ′k = 0,
implying f(t) = 0 for all t.

• Scalability: If f(t) is scaled by a constant α, then the Fourier coefficients scale as fk → αfk

and f ′k → αf ′k. Hence,

∥αf∥ρ =
∞

∑
k=1

eρk

∣αfk∣ +
∞

∑
k=1

eρk

∣αf ′k∣ = ∣α∣ (
∞

∑
k=1

eρk

∣fk∣ +
∞

∑
k=1

eρk

∣f ′k∣) = ∣α∣∥f∥ρ.

• Triangle inequality: For functions f(t) and g(t), their Fourier coefficients fk, f
′
k and gk, g

′
k

satisfy
∥f + g∥ρ =

∞

∑
k=1

eρk

∣(fk + gk)∣ +
∞

∑
k=1

eρk

∣(f ′k + g
′
k)∣.
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By the triangle inequality for real numbers, we have

∣fk + gk∣ ≤ ∣fk∣ + ∣gk∣ and ∣f ′k + g
′
k∣ ≤ ∣f

′
k∣ + ∣g

′
k∣.

Hence,
∥f + g∥ρ ≤

∞

∑
k=1

eρk

(∣fk∣ + ∣gk∣) +
∞

∑
k=1

eρk

(∣f ′k∣ + ∣g
′
k∣).

This is equal to
∥f∥ρ + ∥g∥ρ,

showing that the triangle inequality holds.

Thus, Fρ is indeed a normed space with the given norm.

Step 2: Fρ is a Banach space. Therefore, we need to show that it is complete, i.e., every Cauchy
sequence in Fρ converges to a limit in Fρ.
Let {fn} be a Cauchy sequence in Fρ with respect to the norm ∥ ⋅ ∥ρ. This means that for any ϵ > 0,
there exists an N such that for all m,n ≥ N ,

∥fn − fm∥ρ < ϵ.

Writing this out explicitly:
∞

∑
k=1

eρk

∣fn,k − fm,k∣ +
∞

∑
k=1

eρk

∣f ′n,k − f
′
m,k∣ < ϵ.

This implies that for each k, the sequences {fn,k} and {f ′n,k} are Cauchy sequences of real numbers.
Since the real numbers are complete, each sequence {fn,k} and {f ′n,k} converges to some limit fk

and f ′k, respectively. Let f(t) be the function defined by

f(t) =
∞

∑
k=1

fk sin(kt) +
∞

∑
k=1

f ′k cos(kt).

We now check that f(t) belongs to Fρ and that fn → f in the norm ∥ ⋅ ∥ρ.

• Analyticity: Since each fn(t) is analytic on Dρ and the limit function f(t) is defined by a
pointwise limit of analytic functions, f(t) is also analytic on Dρ.

• Fourier series: Since fk and f ′k are the limits of the corresponding sequences fn,k and f ′n,k,
we have f(t) as the limit of the Fourier series of fn(t).

• Convergence in the norm: Since ∥fn − f∥ρ → 0 as n → ∞ (which follows from the Cauchy
property of the sequence {fn} in the norm ∥ ⋅∥ρ), the function f(t) is the limit of the sequence
{fn} in Fρ.

Thus, every Cauchy sequence in Fρ converges to an element in Fρ, proving that Fρ is a Banach
space. We have shown that Fρ with the given norm is a normed space, and we have demonstrated
that it is complete. Therefore, Fρ is a Banach space.

Proposition 7.3. When equipped with this norm, Fρ as defined in Definition 7.1 is a Banach
algebra.
Proof. To prove that Fρ is a Banach algebra with respect to the given norm, we need to show that
the norm satisfies the sub-multiplicative property, i.e., that for all f, g ∈ Fρ,

∥fg∥ρ ≤ ∥f∥ρ∥g∥ρ.
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Step 1: Expression for fg. We start by noting the form of the functions in Fρ. A function f ∈ Fρ

can be written as
f(t) =

∞

∑
k=1

fk sin(kt) +
∞

∑
k=1

f ′k cos(kt),

where the Fourier coefficients fk and f ′k are real, and the norm of f is given by

∥f∥ρ =
∞

∑
k=1

eρk

∣fk∣ +
∞

∑
k=1

eρk

∣f ′k∣.

For two functions f, g ∈ Fρ, we can express their product fg as

(fg)(t) = (
∞

∑
k=1

fk sin(kt) +
∞

∑
k=1

f ′k cos(kt)) ⋅ (
∞

∑
k=1

gk sin(kt) +
∞

∑
k=1

g′k cos(kt)) .

Using the product of trigonometric functions, we expand this as:

(fg)(t) =
∞

∑
k=1
(fkgk) sin2

(kt)+
∞

∑
k=1
(fkg

′
k) sin(kt) cos(kt)+

∞

∑
k=1
(f ′kgk) sin(kt) cos(kt)+

∞

∑
k=1
(f ′kg

′
k) cos2

(kt).

The terms in the expansion will lead to new Fourier coefficients for the product fg, say (hk, h
′
k).

The key point is that each of the Fourier coefficients for the product fg will be a combination of
products of the coefficients fk, f

′
k, gk, g

′
k.

Step 2: Estimating the Fourier coefficients of fg. Let hk and h′k be the Fourier coefficients of fg.
We will estimate the magnitude of these coefficients. Using the fact that products of sines and
cosines can be rewritten as sums of sines and cosines of different frequencies (via trigonometric
identities), we obtain the following estimates for the Fourier coefficients:

∣hk∣ ≤
∞

∑
k=1
∣fk∣∣gk∣, ∣h′k∣ ≤

∞

∑
k=1
∣f ′k∣∣g

′
k∣.

Thus, the Fourier coefficients of fg satisfy the following bounds:

∣hk∣ ≤
∞

∑
k=1
∣fk∣∣gk∣, ∣h′k∣ ≤

∞

∑
k=1
∣f ′k∣∣g

′
k∣.

Step 3: Applying the norm to the product. The norm of the product fg is then given by

∥fg∥ρ =
∞

∑
k=1

eρk

∣hk∣ +
∞

∑
k=1

eρk

∣h′k∣.

Using the estimates for ∣hk∣ and ∣h′k∣, we have:

∥fg∥ρ ≤
∞

∑
k=1

eρk

(
∞

∑
k=1
∣fk∣∣gk∣) +

∞

∑
k=1

eρk

(
∞

∑
k=1
∣f ′k∣∣g

′
k∣) .

Now, applying the Cauchy-Schwarz inequality to each sum:

∥fg∥ρ ≤ (
∞

∑
k=1

eρk

∣fk∣) (
∞

∑
k=1

eρk

∣gk∣) + (
∞

∑
k=1

eρk

∣f ′k∣) (
∞

∑
k=1

eρk

∣g′k∣) .

This gives us:
∥fg∥ρ ≤ ∥f∥ρ∥g∥ρ.

Thus, Fρ is a Banach algebra with respect to the given norm.
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We now introduce the odd and even subspaces of Fρ and the corresponding norm on their direct
sum.

Definition 7.4. The subspaces of odd and even functions in Fρ are denoted by Aρ and Bρ,
respectively. On the direct sum FP

ρ , we define the norm

∥q∥ρ = max
1≤i≤P

∥qi∥. (7.3)

7.3.2 Implementation

We now describe how the surrogate space std(F) is realised concretely in code. The implemen-
tation is modular: first we define the notion of a series space (capturing metadata such as parity,
truncation, and precision parameters), then the indexing and size helpers, and finally the series
objects themselves, which carry coefficients and validated error enclosures.

7.3.2.1 Series spaces and parameters

The first building block of the implementation is the definition of a series space. A series space
encodes the metadata that determines how a Fourier series is stored and manipulated: the type
of its coefficients, whether the series is truncated, its parity (even, odd, or complete), and the
numerical parameters governing its operations.
In details, the abstract type SeriesSpace{CT,ET,T} carries two pieces of information:

• the coefficient type CT, typically a floating-point type or an interval type,

• a Boolean flag T indicating whether the space is truncated.

Helper functions such as coefftype and istruncated allow these parameters to be queried gener-
ically. Algorithm 18 summarises the structure and basic query functions associated with
SeriesSpace{CT,ET,T}.

Algorithm 18 Abstract interface for series spaces
Type: SeriesSpace{CT,ET,T}

Parameters:
• CT: coefficient type (e.g. floating-point, interval),
• ET: error type (e.g. floating-point, interval),
• T: Boolean flag indicating truncation.

1: function CoeffType(S)
2: return coefficient type CT of S
3: end function
4: function ErrType(S)
5: return error type ET of S
6: end function
7: function IsTruncated(S)
8: return truncation flag T of S
9: end function

We now introduce the notion of a Fourier space, which encodes the analytic and computational
parameters required to represent Fourier series rigorously. The type FourierSpace{CT,ET,T,P}
carries three qualifiers:

• CT: the coefficient type (e.g. Float64 or Interval{BigFloat}),

• ET: the error type (e.g. Float64 or Interval{BigFloat}),
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• T: a Boolean flag indicating whether the space is truncated,

• P: the parity of the basis (Even, Odd, or Complete).

Each instance of a Fourier space contains the following fields:

• N : the number of Fourier modes retained,

• R: the analyticity radius of the function space,

• rational_power: an algorithmic object specifying the method and precision parameters (such
as the truncation order and the number of FFT points) to be used for computing rational
powers of series,

• inverse_power: an algorithmic object specifying the method and precision parameters to be
used for computing series reciprocals.

The constructor enforces the natural conditions N ≥ 1 and R > 0, ensuring that only meaningful
parameter sets can be created. The structure is summarised in Algorithm 19.

Algorithm 19 Fourier space structure
Type: FourierSpace{CT,ET,T,P}

Parameters:
• CT: coefficient type(e.g. Float64 or Interval{BigFloat}),
• ET: the error type (e.g. Float64 or Interval{BigFloat}),
• T: truncation flag (Boolean),
• P: parity (Even, Odd, Complete).
Fields:
• N :: Int (number of Fourier modes),
• R :: Float64 (analyticity radius),
• rational_power :: Algorithm (algorithmic object specifying the

method and precision parameters),
• inverse_power :: Algorithm (algorithmic object specifying the

method and precision parameters).
1: function FourierSpace(N,R,rational_power,inverse_power)
2: if N < 1 then
3: error: “Number of coefficients must be positive.”
4: end if
5: if R ≤ 0 then
6: error: “Radius must be strictly positive.”
7: end if
8: return new Fourier space with given parameters
9: end function

The parity parameter determines whether the basis functions are cosines (Even), sines (Odd), or both
(Complete). In addition, the enumeration SqrtAlgorithm selects the method used for computing
square roots of series: Taylor expansion (TaylorAlgorithm), Newton iteration (NewtonAlgorithm),
or FFT-based evaluation (FFTAlgorithm). The mathematical justification and practical trade-offs
between these three approaches will be discussed in Section 7.4.
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Specialisations and utilities. For convenience, we introduce type aliases that specialise the
parametric type FourierSpace{CT,ET,T,P} by fixing the parity parameter P . This yields the
three concrete families FourierEvenSpace{CT,ET,T}, FourierOddSpace{CT,ET,T}, and
FourierCompleteSpace{CT,ET,T}, together with truncated variants (TruncatedFourierEvenSpace,
TruncatedFourierOddSpace, and TruncatedFourierCompleteSpace).
The shorthand FourierEOSpace{CT,ET,T} is also provided to denote a space of either even or odd
type. From a practical point of view, two additional utilities simplify manipulation of spaces. First,
the function Base.copy is overloaded so that duplicating a space produces a new FourierSpace
with identical parameters. Second, the helper truncate_space converts a non-truncated Fourier
space into its truncated counterpart, preserving all parameters which are N,R,rational_power,
inverse_power,P, while setting the truncation flag T = true and converting the coefficients type
from interval to floating point, if needed.

7.3.2.2 Size and indexing helpers

All series data (C for coefficients and E for error enclosures) are stored in a single flat vector.
To address, for instance, “the 5th odd coefficient of the second variable” or to convert between
frequency indices and storage indices, we centralise layout rules in a small set of helpers. This
avoids hard-coded offsets and prevents off-by-one errors across arithmetic kernels.
In details, for a Fourier space with resolution N one stores for each space:

• Even space: N + 1 cosine coefficients;

• Odd space: N sine coefficients;

• Complete space: 2N + 1 coefficients, stored contiguously as [even ∥ odd].

Error arrays (E) mirror this parity layout with lengths 2N + 1 (even), 2N (odd), and 4N + 1
(complete). Algorithms 20 and 21 summarise the only rules one really needs to remember during
implementation.
To translate between stored indices and Fourier frequencies, we use parity–aware shifts:

• Coefficient shifts. For even spaces, the constant mode corresponding to frequency k = 0
sits at index 1, so cidx_shift(Even, ∶ C) = 1. For odd spaces, modes start at k = 1, so
cidx_shift(Odd, ∶C) = 0. In complete spaces, the even block uses shift 1; the odd block is
placed after the even block, i.e. its indices are offset by N + 1.

• Error shifts. The same idea applies to the enclosure vector, with the odd error block in the
complete case starting after the even error block, i.e. offset 2N + 1.

Hence the frequency ranges are recovered by

freq_coeff(⋅, ∶ C) = cidx(⋅, ∶ C) − idx_shift(⋅, ∶ C),
freq_error(⋅, ∶ E) = eidx(⋅, ∶ E) − idx_shift(⋅, ∶ E).

For complete spaces, this yields freq_coeff(Complete, ∶C) = 0∶N and freq_error(Complete, ∶
E) = 0∶2N and the coefficient indices split as

even block = 1∶(N + 1), odd block = (N + 2)∶(2N + 1),

and analogously for the error vector with block lengths 2N + 1 and 2N . These slices correspond to
the index windows accessed in high-level operations as [ ⋅[Even]] and [ ⋅[Odd]].
For routines that work on a finite subset of modes (e.g. matrix-based compact operators), we
expose parity-aware selectors that return the storage index windows for the first N (odd) or N+1
(even) coefficient modes of each parity block. These respect the layout and offsets in Algorithm 21.
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Algorithm 20 Sizes of coefficient and error blocks
1: function n_coeffs(S)
2: if S even then return N + 1
3: else if S odd then return N
4: else return 2N + 1 ▷ complete
5: end if
6: end function
7: function n_coeffs(S, P ) ▷ complete space, specific parity P
8: if P = Even then return N + 1
9: else return N

10: end if
11: end function
12: function n_errors(S)
13: if S even then return 2N + 1
14: else if S odd then return 2N
15: else return 4N + 1
16: end if
17: end function
18: function n_errors(S, P ) ▷ complete space, specific parity P
19: if P = Even then return 2N + 1
20: else return 2N
21: end if
22: end function

Algorithm 21 Storage windows for coefficients and errors
1: function first_cidx(S) return 1
2: end function
3: function first_cidx(S, P ) ▷ complete space
4: if P = Even then return 1
5: else return N + 2
6: end if
7: end function
8: function last_cidx(⋅) return first_cidx(⋅) + n_coeffs(⋅) −1
9: end function

10: function cidx(⋅) return first_cidx(⋅) ∶ last_cidx(⋅)
11: end function
12: function first_eidx(S) return 1
13: end function
14: function first_eidx(S, P ) ▷ complete space
15: if P = Even then return 1
16: else return 2N + 2
17: end if
18: end function
19: function last_eidx(⋅) return first_eidx(⋅) + n_errors(⋅) −1
20: end function
21: function eidx(⋅) return first_eidx(⋅) ∶ last_eidx(⋅)
22: end function

Moreover, Algorithm 22 concretely implements the parity-aware index mapping described above:
it returns the storage index windows for the even and odd coefficient blocks, consistent with the
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parity-dependent shifts and block offsets defined earlier, so that each subspace correctly corresponds
to its frequency range in the complete Fourier layout.

Algorithm 22 Subspace index windows (Fourier spaces)
1: function get_subspace_indices(S=FourierEvenSpace, N)
2: return [1∶(N+1) ] ▷ even block: k = 0, . . . ,N
3: end function
4: function get_subspace_indices(S=FourierOddSpace, N)
5: return [1∶N ] ▷ odd block: k = 1, . . . ,N
6: end function
7: function get_subspace_indices(S=FourierCompleteSpace, N)
8: return [1∶(N+1), (S.N+2)∶(S.N+1+N) ] ▷ concatenate even and odd index ranges
9: end function

Remark. Centralising the indexing rules serves a dual purpose. From a mathematical point of
view, it guarantees consistency: every high-level operation (addition, product, tail bookkeeping,
FFT projection, antiderivatives) relies on knowing (i) the size of each block, (ii) where each block
starts in storage, and (iii) how to translate between storage indices and frequencies. Encoding this
logic once keeps arithmetic kernels simple and eliminates the risk of layout bugs.
From a computational point of view, the same design is highly efficient. By storing all coefficients
and error enclosures in a single flat vector rather than in nested structures, memory usage is re-
duced and data locality is improved. This lowers allocation overhead, enables vectorised operations,
and allows direct use of optimised BLAS routines. As a result, both memory footprint and run-
time performance scale favourably, which is essential when working with Fourier series containing
thousands of modes.

7.3.2.3 Series objects and invariants

While FourierSpace encodes the parameters of a functional space, the actual data of a Fourier
series are stored in a Series{T,V} object. It couples three components:

• space: a SeriesSpace describing the resolution, parity, and other parameters,

• C: the coefficient vector, storing Fourier coefficients,

• E: the error vector, storing rigorous tail bounds.

As in the case of Fourier spaces, the constructor is responsible for enforcing the natural invariants
of the structure: type consistency between C and the space, correct lengths for coefficient and error
vectors, and proper handling of truncated versus non-truncated spaces (see Section 7.3.2.1). These
checks are summarised in Algorithm 23.
In addition, the element types of the two arrays follow a strict convention. The coefficient vector C
may contain either standard floating-point numbers or interval-valued entries (in our specific case
Interval{BigFloat}) when rigorous enclosures are required. The error vector E, on the other
hand, stores only upper bounds on the corresponding coefficient norms and therefore never consists
of intervals. Type relations are enforced automatically, using Algorithm 18:

⎧⎪⎪
⎨
⎪⎪⎩

eltype(E) = T, if eltype(C) = Interval{T},

eltype(E) = eltype(C), otherwise.

Here, eltype(⋅) refers to the standard Julia function returning the element type of an array, while
CoeffType(⋅) and ErrType(⋅) are user-defined methods that specify the expected coefficient
type and error type for a given Fourier space, as explain in Algorithm 18. This guarantees that
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both arrays are numerically compatible while respecting the semantic distinction between interval
coefficients and scalar error bounds.
Moreover, for ease of use, two outer constructors are provided:

• Series(space,C,E): calls the inner constructor directly, taking both coefficients and errors
as explicit arguments,

• Series(space,C): requires only the coefficients; the error vector is then created automat-
ically, filled with zeros in the non-truncated case, or left uninitialised when the space is
truncated.

Finally, the function Base.copy is overloaded so that duplicating a series produces a new object with
identical space, coefficients, and errors. This ensures that series objects can be safely duplicated
without sharing memory between the original and the copy. In addition, the function Base.zero
is overloaded for series spaces: calling zero(space) constructs a new Series object in the given
space, with all coefficients and errors set to zero. This provides a convenient and type-stable way to
initialise series for subsequent computations. Similarly, the function Base.one is overloaded so that
one(y::AbstractSeries) returns the multiplicative identity in the same space, i.e. one(y.space).
This ensures that generic code relying on neutral elements (e.g. initialising products, scaling series,
or setting up iterative algorithms) remains consistent and type-safe. e schemes) works seamlessly
with Fourier series objects.

Algorithm 23 Construction and invariants of a Series
Type: Series{T,V} with fields space, C, E.

1: function Series(space,C,E)
2: if eltype(C) ≠ coefftype(space) then ▷ Algorithms 18-19
3: attempt conversion; if impossible, raise error
4: end if
5: if ∣C ∣ ≠ n_coeffs(space) then ▷ Algorithm 20
6: raise error
7: end if
8: if space is non-truncated then ▷ Algorithm 18
9: if E = nothing then

10: raise error
11: end if
12: if ∣E∣ ≠ n_errors(space) then ▷ Algorithm 20
13: raise error
14: end if
15: if coefftype(E) ≠ coefftype(space) then ▷ Algorithms 18-19
16: raise error
17: end if
18: end if
19: return new Series(space,C,E)
20: end function
21: function Series(space,C)
22: if space is truncated then ▷ Algorithm 18
23: initialise E as uninitialised vector of length n_errors(space) ▷ Algorithm 20
24: else
25: initialise E as zero vector of length n_errors(space) ▷ Algorithm 20
26: end if
27: return Series(space,C,E)
28: end function
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7.4 Handling functions: operations

Having introduced the framework of interval arithmetic (Section 7.2) and the representation of
functions through Fourier expansions with interval coefficients (Section 7.3), we now turn to the
operations that allow us to manipulate such functions rigorously. The fundamental requirement is
that every operation, such as addition, subtraction, scalar multiplication, division, or composition
with nonlinear maps, must propagate interval bounds, so that the result always remains a verified
enclosure of the true function.
From the theoretical side, this follows from the Banach algebra structure of Fρ, which is stable
under these operations. The surrogate space std(F) mirrors this stability by acting on families
of interval coefficients and structured tails. This makes it possible to treat functions as algebraic
objects: operations are defined directly on the coefficient intervals, but they reflect exactly the
analytic manipulations of Fρ.
This abstract viewpoint is naturally realised in an object-oriented setting. One may regard a
Fourier expansion as an abstract “object” equipped with methods for all the standard algebraic
operations. By overloading the familiar operators +, -, *, and /, these objects can be manipu-
lated as transparently as scalars, while rigour is automatically preserved by interval arithmetic.
In practice, we build on existing validated numerical libraries (specifically, the Julia packages
IntervalArithmetic.jl [126] and IntervalLinearAlgebra.jl [127]), which implement the IEEE
1788-2015 standard—so that our contribution lies not in reimplementing interval arithmetic from
scratch, but in constructing a functional layer tailored to Fourier series and analytic function spaces.
The advantage of this design is twofold. First, it mirrors the underlying mathematics: the algebraic
rules of Fρ are faithfully reproduced at the computational level. Second, it provides a modular
foundation: once the primitive operations are carefully defined, they can be reused seamlessly
in more advanced routines, such as Newton’s method, contraction mappings, and rigorous orbit
validation.
Finally, the technique is not confined to Fourier series. In principle, any analytic function space
(e.g. Fourier, Chebyshev, Legendre, or others) can be handled in the same way.
In the remainder of this Section we detail how these principles are put into practice. We begin
with the basic algebra of series (addition, subtraction, scalar multiplication), then turn to nonlinear
operations such as multiplication and integer powers, and finally address more delicate procedures
including reciprocals, square roots, and validated iterative methods.

7.4.1 Basic operations

Fix N ∈ N. We work with series objects, each represented by a family of interval coefficients
(cn)

N
n=1 with cn ∈ std(R). A series object belongs to a specified series space, which fixes parameters

such as parity, resolution, and truncation. Linear operations are defined componentwise on these
interval coefficients, and are therefore independent of the underlying representation. In practice,
our implementation specialises to Fourier series objects, but the same formulae apply verbatim to
other choices such as Chebyshev or Legendre series, provided their storage layouts are compatible.

7.4.1.1 Addition and subtraction

Given two series objects
s1 ∼ (cn)

N
n=1, s2 ∼ (dn)

N
n=1,

defined in the same space, their sum and difference are

(s1 ± s2) ∼ ( cn ± dn )
N
n=1.

When interval coefficients are used, the updates cn±dn are carried out with interval arithmetic (see
Section 7.2), ensuring that the resulting series object rigorously encloses the true sum or difference.
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Implementation. In the code, addition and subtraction are defined by overloading Base.:+ and
Base.:- for the Series type. The implementation is split into two main stages: (i) verifying
that the input series live in a compatible space, and (ii) carrying out the coefficientwise updates.
Compatibility is checked by a dedicated function, and the result space is constructed by a helper
constructor. Both procedures are summarised in Algorithm 24.

Algorithm 24 Check compatibility of two Fourier spaces and construct sum space
1: function Check_compatible_spaces_sum(s1, s2)
2: return true if and only if the following hold:

• same parity: parity(s1) = parity(s2) ▷ Algorithm 19
• same radius: s1.R = s2.R

• same resolution: s1.N = s2.N

• same coefficient type: coefftype(s1) = coefftype(s2) ▷ Algorithm 19
• same truncation flag: istruncated(s1) = istruncated(s2) ▷ Algorithm 19

3: Otherwise, return false.
4: end function
5: function Get_space_sum(s1, s2)
6: if Check_compatible_spaces_sum(s1, s2) = false then
7: error: “Spaces not compatible for sum.”
8: end if
9: return new Fourier space with:

• coefficient type = coefftype(s1),
• truncation flag = istruncated(s1),
• parity = parity(s1),
• N = s1.N , R = s1.R, inheriting kpower, kinv, SQRT, and FFT_points.

10: end function

Once the result space is prepared, the addition or subtraction proceeds coefficientwise, as it is
summarised in Algorithm 25.

Algorithm 25 Addition and subtraction of series
1: function Add/Sub(s1, s2)
2: ssum ← Get_space_sum(s1.space, s2.space) ▷ Algorithm 24
3: s← zero series in ssum ▷ see Section 7.3.2.3
4: for each coefficient index n do
5: s.C[n] ← s1.C[n] ± s1.C[n]
6: end for
7: if ssum is non-truncated then ▷ Algorithm 19
8: for each error index k do
9: s.E[n] ← s1.E[n] + s2.E[n]

10: end for
11: end if
12: return s
13: end function

Remark. Addition and subtraction are implemented componentwise on the coefficient family, inde-
pendent of the chosen basis. Interval arithmetic is used whenever coefficients are intervals, ensuring
validated results. In-place variants overwrite a preallocated series to reduce allocations, while pre-
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serving the same rigorous semantics.

7.4.1.2 Negation

For a series object s ∼ (cn)
N
n=1 its negation is defined coefficientwise by

(−s) ∼ ((−cn))
N

n=1.

Interval negation is used when coefficients are intervals, ensuring that the result encloses the true
negated coefficients. If error enclosures are present, they are copied unchanged, since they represent
nonnegative bounds.

Implementation. Negation is implemented by overloading Base.:- for the Series type. The
procedure has two steps: (i) allocate a new result series S in the same space as s, (ii) set S.C = − s.C
while copying s.E (if present). Both allocating and in-place forms are provided: Base.:- creates
a fresh series, neg!(s,S) writes into a preallocated target S, and neg!(s) negates in place. The
algorithm is summarised in Algorithm 26.

Algorithm 26 Negation of a series
1: function Negate(s)
2: S ← zero series in a copy of s.space ▷ see Section 7.3.2.3
3: for each coefficient index n do
4: S.C[n] ← −s.C[n]
5: end for
6: if s.space is non-truncated then ▷ Algorithm 19
7: for each error index n do
8: S.E[n] ← s.E[n] (errors are preserved)
9: end for

10: end if
11: return S
12: end function

Remark. The negation operation is basis-agnostic: it acts only on the coefficient family and therefore
applies equally to Fourier, Chebyshev, or Legendre series. The interval arithmetic framework
ensures that, if coefficients are intervals, their negation is also rigorous. In practice, the in-place
variants reduce memory allocations while preserving identical semantics.

7.4.1.3 Scalar multiplication and division

For a scalar α ∈ R and a series object s ∼ (cn)
N
n=1, the scalar product is defined coefficientwise by

αs ∼ (αcn)
N

n=1.

Division by a nonzero scalar is realised as multiplication by its reciprocal:

1
αs ∼ (

1
αcn)

N

n=1
, α ≠ 0.

Implementation. In the code, scalar multiplication and scalar division are defined by overloading
Base.:* and Base.:/ for the Series type. The implementation is split into two main stages: (i)
allocating a new result series in the same space as the input, and (ii) updating its coefficient and
error arrays. Coefficients are scaled by α, while errors (if present) are scaled by ∣α∣ to preserve
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nonnegativity. Division is implemented as multiplication with the reciprocal. Both allocating and
in-place variants are provided. The procedure is summarised in Algorithm 27.

Algorithm 27 Scalar multiplication and division of series
1: function ScalarMultiply(α, s)
2: S ← zero(s.space) ▷ see Section 7.3.2.3
3: for each coefficient index n do
4: S.C[n] ← α ⋅ s.C[n]
5: end for
6: if s.space is non-truncated then ▷ Algorithm 19
7: for each error index n do
8: S.E[n] ← supabs(α) ⋅ s.E[n]
9: end for

10: end if
11: return S
12: end function
13: function ScalarDivide(s,α)
14: if 0 ∈ α then
15: error: “Division by zero.”
16: end if
17: return ScalarMultiply(α−1, s)
18: end function

Remark 7.5. When α ∈ R, scaling by a scalar is basis-independent: it acts only on the coeffi-
cients and enclosures, and therefore applies identically across Fourier, Chebyshev, and Legendre
representations. In the error updates, the use of supabs(α) is essential, since enclosures represent
nonnegative bounds and must be scaled by the absolute value of α to preserve their validity. For
real scalars, we simply have

supabs(α) = ∣α∣.

Both allocating and in-place variants of the scaling operation are supported, with the in-place
version avoiding unnecessary memory allocations. For division by a real scalar α ≠ 0, the coefficients
are scaled by α−1 and the enclosures by ∣α−1∣ through ScalarMultiply.

7.4.1.4 Norm of a Fourier series

The next fundamental operation is the computation of the norm. Recall from Section 7.3 that
the Banach space Fρ is equipped with the weighted ℓ1-norm (see Subsection 7.3.1, in particular
Equation (7.2))

∥f∥ρ = ∑
k≥1

eρk(∣fk∣ + ∣f
′
k∣),

which measures analytic size through exponentially weighted Fourier coefficients. In the surrogate
space std(F), this definition is translated into a norm on interval coefficients: we take the supremum
of each interval, multiply by the corresponding weight, and sum over all modes. If the function
carries tail enclosures, the error bounds are included in the norm as well. For complete functions
(with both even and odd parts), the norm is defined as the maximum of the norms of its components,
consistent with Equation (7.3).

Implementation. In the code, the norm is implemented by overloading LinearAlgebra.norm
for the Series type. The procedure has three stages: (i) compute the weighted sum of absolute
values of the stored coefficients, (ii) if the space is non-truncated, add the contributions from the
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error bounds, and (iii) if the space is complete, take the maximum of its even and odd components.
The full procedure is summarised in Algorithm 28.

Algorithm 28 Norm of a Fourier series sF

1: function Norm(sF )
2: Norm← 0
3: for each coefficient index n in sF .space do ▷ coefficient part
4: Norm← Norm + sF .space.R

n ⋅ supabs(sF [∶ C,n]) ▷ Remark 7.6 and Algorithm 19
5: end for
6: if sF .space is non-truncated then ▷ Algorithm 19
7: for each error index n in sF .space do
8: Norm← Norm + sF [∶ E,n]
9: end for

10: end if
11: if sF .space is complete then ▷ complete series
12: return max(Norm(sF [Even]), Norm(sF [Odd]))
13: else
14: return Norm
15: end if
16: end function

Remark 7.6. In Algorithm 28, the function supabs(⋅) denotes the supremum of the absolute value
of a real coefficient or interval, as introduced in Remark 7.5. For a real interval I = [a, b] ⊂ R, this
is given by

supabs(I) = sup{ ∣x∣ ∶ x ∈ I } = max{∣a∣, ∣b∣}.

This definition ensures that, for any coefficient cn ∈ I, the value supabs(I) provides a rigorous
upper bound on its absolute value. When applied to families of coefficients, it guarantees that the
computed numerical norm rigorously dominates the analytic norm defined in Section 7.3.
Remark. The norm plays a central role both analytically and computationally: it realises the
Banach structure of Fρ at the level of interval surrogates. Every subsequent operation, whether
linear or nonlinear, can be rigorously controlled in terms of this norm, ensuring that computations
remain enclosed within std(F).

7.4.1.5 Bases of the functional space Fρ

From a theoretical point of view, a basis provides the canonical way to describe the modes of
a Fourier series, and more generally of any analytic series space. Each mode corresponds to a
fundamental building block (e.g. a sine or cosine in the Fourier setting), and arbitrary series objects
are expressed as linear combinations of these blocks with suitable coefficients. A basis thus provides
the structure needed for decomposition, coefficientwise operations, norms, and projections.
In our framework, this abstract idea is realised concretely through the iterator type Basis, which
exposes the admissible modes of a given space one by one. Each iteration step yields a canonical
series object supported on a single coefficient or, when available, on a tail slot. Iterating over all
indices therefore traverses the complete generating set of the space, covering both explicit modes
and error reservoirs.
This construction bridges analytic theory with computer-assisted practice. Analytically, the basis
captures the geometry of Fρ; computationally, the iterator provides a uniform mechanism that can
be used in projections, operator representations, and rigorous error control.
Two refinements are important in this setting:

• Normalisation. Basis elements may be used in raw form, supported on a single mode or tail
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slot, or rescaled to unit norm in the weighted ℓ1 structure induced by the analyticity radius
R. Normalisation is useful for comparing modes or constructing orthonormal families.

• Parity and completeness. Fourier spaces decompose into even, odd, or complete parts. A
complete basis element naturally splits into an even and an odd component. In addition
to coefficient modes, we include tail slots representing the error reservoirs, so that the basis
spans both the explicit finite modes and the controlled tails.

Formally, a (possibly normalised) basis for a given series space is an ordered family {Bn}n≥1 of
series objects, each having exactly one unit entry in either a coefficient position or a tail slot, with
all other entries zero. When the normalised option is active, each element is rescaled as Bn/∥Bn∥,
using Algorithm 28 to reckon the ∥Bn∥. For complete Fourier spaces, indices first traverse even
coefficients, then odd coefficients, and finally the tail slots for each parity, in accordance with the
direct sum norm of Equation (7.3).

Implementation. As previously explained, a basis in our setting is realised by the iterator type
Basis. It records the underlying series space together with an optional cutoff subspace_dim,
limiting the number of explicit coefficient modes before tail slots are reached. Two flags further
refine its behaviour: normalised, which rescales each element by its norm, and infinite, which
allows iteration into tail slots (forbidden if the space is truncated). The corresponding constructor
and invariants are summarised in Algorithm 29.

Algorithm 29 Construction and invariants of a Basis
Type: Basis{S,N,F} with fields:

• space :: Space (the underlying series space),
• subspace_dim :: Int (maximum number of coefficient modes).

Parameters:
• S: space type,
• N : normalised (true/false),
• F : infinite part included (true/false).

1: function Basis(space; subspace_dim = 0, normalised = true, infinite = false)
2: if istruncated(space) and infinite = true then
3: raise error: “The space is truncated, infinite basis cannot be created.”
4: end if
5: return new Basis{S, normalised, infinite} with given space and subspace_dim
6: end function

To implement iteration over a basis, we must first determine when the process should terminate.
Since a basis consists of both explicit coefficient modes and, when available, tail (error) slots, the
iteration must stop once all admissible modes have been visited. The exact stopping index depends
on the parity of the Fourier space (even, odd, or complete), which dictates the number of tail
slots, and on the optional cut-off subspace_dim. This logic is encapsulated in the stopping rule of
Algorithm 30.
Once the stopping rule is defined, the next step is to materialise individual basis elements. Given
an index k, the routine basis! constructs the corresponding vector in the functional space: a series
with all entries zero except for a single coefficient or tail slot set to 1. For complete spaces, the
index is split between even and odd parts before considering tail contributions. This procedure,
summarised in Algorithm 31, ensures that every admissible index produces a valid basis element
consistent with the structure of the space.
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Algorithm 30 Stopping rule for basis iteration
1: function n_errors_basis(space)
2: return number of tail slots depending on the parity of s:

• 1 if space is even,
• 1 if space is odd,
• 2 if space is complete.

3: end function
4: function Stop_basis_iterator(space, k,max_k)
5: if max_k = 0 then
6: return true if k > n_coeffs(space) + n_errors_basis(space) ▷ Alg. 20
7: else
8: return true if k > n_coeffs(space,max_k) + n_errors_basis(space) ▷ Alg. 20
9: end if

10: end function

Algorithm 31 Materialise the k-th basis element
1: function basis!(B,k,max_k)
2: space← B.space ▷ Algorithm 29
3: if Stop_basis_iterator(space, k,max_k) then ▷ Algorithm 30
4: error: “index k out of range for basis”
5: end if
6: cap← (max_k = 0) ? n_coeffs(space) ∶ n_coeffs(space, max_k) ▷ Algorithm 20
7: B ← zero series in space ▷ see Section 7.3.2.3
8: if space is even/odd then
9: if k ≤ cap then

10: set coefficient k of B to 1
11: else
12: if istruncated(space) then ▷ Algorithm 18
13: error: “tails not stored”
14: end if
15: set tail slot k − cap + n_coeffs(space) of B to 1
16: end if
17: else if space is complete then
18: compute capeven and capall
19: if k ≤ capeven then
20: basis!(B[Even], k, max_k)
21: else if capeven < k ≤ capall then
22: basis!(B[Odd], k − capeven, max_k)
23: else if k = capall + 1 then
24: activate the even tail slot
25: else if k = capall + 2 then
26: activate the odd tail slot
27: else
28: error: “invalid tail index”
29: end if
30: end if
31: return B
32: end function
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With the construction, stopping rule, and materialisation procedures in place, we can now define
the iteration itself. The iterator traverses the basis of a given space by successively producing
each admissible element: at every step, a new series is materialised, optionally normalised by its
norm, and returned together with the updated state. The process halts when the stopping rule is
triggered. This full iteration mechanism is summarised in Algorithm 32.

Algorithm 32 Iteration over a basis
1: function Iterate(b, state = 1) ▷ b is a Basis, Algorithm 29
2: if Stop_basis_iterator(b.space, state, b.subspace_dim) then ▷ Algorithm 30
3: return nothing
4: end if
5: B ← zero series in b.space ▷ see Section 7.3.2.3
6: basis!(B,state, b.subspace_dim) ▷ Algorithm 31
7: if b is normalised then
8: return (B/∥B∥, state + 1) ▷ Algorithm 28
9: else

10: return (B, state + 1)
11: end if
12: end function

Remark. The construction above shows how the abstract idea of a basis is translated into a concrete,
computable object within our framework. The combination of Algorithms 29, 30 and 31, and 32
ensures that every admissible mode of a Fourier space (coefficients and, when present, tail slots)
can be accessed in a systematic and rigorous way. This design has several advantages:

1. Uniformity across spaces. Even, odd, and complete Fourier spaces are handled seamlessly,
with parity bookkeeping managed internally by the iterator.

2. Rigorous coverage. Both explicit coefficients and error slots are included, reflecting that our
surrogate stores the entire function, not only a truncated part.

3. Flexibility. Optional normalisation and cutoffs allow the same mechanism to serve multiple
purposes, from constructing orthonormal families to probing finite-dimensional subspaces.

In practice, iterating over a basis is an essential building block for higher-level routines: it enables
projections, stability analysis, and rigorous operator representations in the functional framework
developed here.

7.4.2 Multiplication between two series

We now turn to the multiplication of two elements of std(F). Recall that each element is represented
by a truncated Fourier polynomial of degree n with interval coefficients, together with interval sets
Vm that bound the contribution of the higher-order coefficients beyond n. For instance, in the odd
case

f(t) =
n

∑
k=1

uk sin(kt) +
2n

∑
m=0

vm(t), uk ∈ Uk, vmk ∈ Vm,

and similarly for even functions with cosines. In practice, the error sets Vm are often initialised to
zero, but they provide the structure needed to rigorously account for all contributions outside the
truncation window.

Polynomial interactions. Multiplying two truncated parts corresponds to multiplying two
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Fourier polynomials. By the product-to-sum identities

sin(kt) sin(ht) = 1
2(cos((k − h)t) − cos((k + h)t)),

cos(kt) cos(ht) = 1
2(cos((k − h)t) + cos((k + h)t)),

sin(kt) cos(ht) = 1
2(sin((k + h)t) ± sin(∣k − h∣t)),

each pair of modes (k, h) produces a sum frequency k + h and a difference frequency ∣k − h∣. When
these lie within the truncation window (≤ n), their contributions are added directly to the stored
coefficients of the product.

Tail contributions. The main difficulty comes from interactions that produce frequencies larger
than n. To treat them rigorously, we enlarge the error sets Vm using a systematic bookkeeping
scheme:

• Coefficient-coefficient (C-C). Products of two stored coefficients may generate modes above
n. Rather than discarding them, these contributions are inserted into the corresponding error
slots VM .

• Coefficient-error (C-E). When a stored coefficient multiplies an error term of the other factor,
arbitrarily high indices are involved. To control them uniformly, we introduce analytic weights

wm = R
m, R > 1,

which satisfy wk+h = wkwh. The contribution of a pair (k, h) is bounded symmetrically by

Ck,h =
1
2(∣uk∣E

G
h + ∣vh∣E

F
k ),

with EF
h ,E

G
h the error enclosures. These bounds are then assigned to the tail slots Vk+h and

V∣k−h∣, scaled appropriately by wk or 1/wk so that the resulting sequence fits the weighted
norm. If a difference index does not correspond to a positive frequency (e.g. h < k), the
contribution is collected into a small base reservoir determined by the parity of the product
space.

• Error-error (E-E). Finally, multiplying two error terms yields a contribution

Sk,h = E
F
k E

G
h ,

which is then distributed into the error sets: one part goes to Vk+h, and another part to
the base reservoir. A square-root factor 1/√wmin(k,h) is applied so that the resulting bounds
remain valid near low modes and the global tail stays summable.

Because the weights wm grow exponentially, the total tail contribution is dominated by a rapidly
convergent series. For example, if ∣uk∣ ≤ C1w

−1
k and ∣vh∣ ≤ C2w

−1
h , then

∑
k+h>n

∣ukvh∣ ≤ ∑
k+h>n

C1C2
wkwh

= C1C2 ∑
m>n

1
wm

,

showing that the cumulative tail is rigorously bounded. Thus every neglected mode is safely
enclosed in some Vm, ensuring that the product remains inside std(F).

Parity bookkeeping. The parity of the product follows directly from the trigonometric identities:

F
even

⋅ F
even
⊂ F

even, F
odd

⋅ F
odd
⊂ F

even, F
even

⋅ F
odd
⊂ F

odd.

If one factor is complete, then the product is complete as well.
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Implementation. In the code, multiplication of two Fourier series is implemented by overloading
Base.:* for the Series type. The design splits into three main layers:

1. Result space construction. A helper function get_space_product determines the parity of the
product space (even ⋅ even = even, odd ⋅ odd = even, mixed = odd, complete = complete) and
checks that the two input spaces are compatible (same resolution N , radius R, coefficient type,
truncation flag). If the check fails, an error is raised. Otherwise, a new FourierSpace object
is constructed with the inherited parameters. This procedure is summarised in Algorithm 33.

2. Tail weights. If either input is non-truncated, the multiplication must propagate tails. The
function compute_weights generates analytic weights (wm) such that wk+h = wkwh. These
are used to factor contributions into tail slots while ensuring the weighted norm remains
bounded. The procedure is given in Algorithm 34.

3. Coefficient and error updates. Multiplication produces a new series object in the target space,
whose coefficients and error slots are filled according to three types of interactions:

• coefficient-coefficient interactions (handled by direct convolution, with excess terms trun-
cated or accumulated into tails);

• coefficient-error interactions (bounded symmetrically using the prescribed weights);
• error-error interactions (quadratic contributions collected into the tail slots).

Parity signs arising from trigonometric product-to-sum identities are tracked explicitly, so
that each contribution is placed with the correct sign into the appropriate frequency. The
complete procedure is summarised in Algorithm 35.

Algorithm 33 Product space construction
1: function Get_space_product(s1, s2)
2: Check that s1, s2 have the same N,R, coefficient type, truncation flag. ▷ Algorithm 19
3: if either is complete then
4: return complete Fourier space with inherited parameters
5: else
6: P ← parity(s1)+parity(s2) (mod 2) ▷ Algorithm 19
7: return Fourier space with parity P and inherited parameters
8: end if
9: end function

Algorithm 34 Tail weight generation
1: function Compute_weights(R,NE)
2: w[0] ← 1, w[1] ← R, block size M ← 1
3: for k = 2, . . . ,NE − 1 do
4: w[k] ← w[k −M] ⋅w[M]
5: if k = 2M then set M ← k
6: end if
7: end for
8: return w
9: end function

Remark. The multiplication kernel treats three types of interactions separately (C-C, C-E, E-E).
When tails are active, analytic weights ensure multiplicative structure wk+h = wkwh, which makes
the error bookkeeping consistent with the weighted ℓ1 norm. Signs are handled explicitly via parity
checks, so even/odd/complete spaces behave exactly as in the theoretical product-to-sum rules.
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Algorithm 35 Multiplication of two Fourier series s1F , s2F

1: function Multiply(s1F , s2F )
2: sprod ← Get_space_product(s1F .space, s2F .space) ▷ Algorithm 33
3: SF ← zero series in sprod ▷ see Section 7.3.2.3
4: if any input is non-truncated then ▷ Algorithm 19
5: w ← Compute_weights(sprod.R, n_errors(sprod))
6: end if

▷ Coefficient-coefficient block
7: for frequencies k of s1F , h of s2F do
8: C ← s1F [∶ C,k] ⋅ s2F [∶ C,h]
9: Add contribution of sum frequency M = k + h to S.C (or S.E if M > N)

10: Add contribution of difference frequency M = ∣k − h∣ to S.C if admissible
11: end for

▷ Coefficient-error block (if non-truncated)
12: for coefficients k of one input, errors h of the other do
13: Bound Bk,h ←

1
2(∣s1F [∶ C,k]∣ ⋅ s2F [∶ E,h] + ∣s2F [∶ C,k]∣ ⋅ s1F [∶ E,h])

14: Assign Bk,h to error slots S.E using weights wk

15: end for
▷ Error-error block (if non-truncated)

16: for errors k of s1F , h of s2F do
17: D ← s1F [∶ E,k] ⋅ s2F [∶ E,h]
18: Add 1

2D to S[∶ E,k + h]
19: Add 1

2D/
√
wmin(k,h) to base error slot

20: end for
21: return S
22: end function

7.4.2.1 Integer powers

Once multiplication has been defined, it is straightforward to extend the construction to integer
powers of a Fourier series. Given sF ∈ std(F) and an integer n ≥ 1, we define

sn
F = sF ⋅ sF ⋅ . . . ⋅ sF
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

n times

,

with the product taken in the sense described above. In practice, repeated multiplication is imple-
mented recursively using the standard exponentiation by squaring algorithm: for n = 1 we return
sF , for n = 2 we compute sF ⋅ sF , for even n we write sn

F = (s
2
F )

n/2, and for odd n we write
sn

F = sF ⋅ (s2
F )
(n−1)/2. This approach minimises the number of multiplications required (reducing

the complexity from linear to logarithmic in n) while preserving the same rigorous control of coef-
ficients and tails at each step. Thus, integer powers of Fourier series are handled within the same
framework, with every intermediate product remaining in std(F).

Implementation. In the code, integer powers are defined by overloading Base.:ˆ for the Series
type with an integer exponent. The operation relies on the standard exponentiation–by–squaring
algorithm, which reduces the number of multiplications from linear to logarithmic in n. Each
multiplication step invokes the validated product routine of Section 7.4.2, so coefficient and tail
enclosures are propagated rigorously throughout. All intermediate results remain in the same
Fourier space, ensuring that the final series stays within std(F). The procedure is summarised in
Algorithm 36.

109



Algorithm 36 Exponentiation by squaring for Fourier series sF

1: function Power(sF , n)
2: if n = 1 then
3: return sF

4: else if n = 2 then
5: return sF ∗ sF ▷ Algorithm 35
6: else if n is even then
7: return Power(sF ∗ sF , n/2)
8: else
9: return sF∗ Power(sF ∗ sF , (n − 1)/2)

10: end if
11: end function

7.4.3 Square root and division

Operations such as taking the reciprocal of a series or extracting its square root are considerably
more delicate than addition or multiplication. The difficulty is twofold. First, these operations
are nonlinear and cannot be expressed by a simple convolution of Fourier coefficients. Second, the
rigorous framework of std(F) requires that every step comes with explicit error bounds: it is not
enough to compute an approximate reciprocal or square root, one must also prove that the true
function lies within the prescribed interval enclosure.
In practice, the solution is to reformulate these operations in a way that is compatible with rigorous
numerics. This often means turning the nonlinear operation into a fixed-point problem that can be
solved iteratively, with carefully controlled error propagation. Depending on the context, different
strategies are possible:

• Taylor approximation. The reciprocal or square root of a series can be expanded into a
binomial series around its constant mode, and then truncated to a polynomial. This provides
an explicit and easily computable approximation, with the remainder bounded by a geometric
estimate. The method is efficient when the perturbation from the constant term is small, but
becomes less effective as the relative size of the higher modes grows.

• Newton–Raphson method. A more systematic approach is to apply the Newton–Raphson
iteration to the defining equation (e.g. G ⋅ F = 1 for the reciprocal, or H2 = F for the square
root). This produces quadratic convergence to the desired solution, and at each step the
multiplication is handled within std(F) with rigorous tail control. The challenge is to ensure
that the iteration remains valid and the error enclosures shrink as expected.

• DFFT-based methods. In some settings, discrete Fourier transform techniques (DFFT)
can be used to accelerate the computation of nonlinear operations. By moving between
coefficient space and physical space, products and nonlinearities can be evaluated efficiently.
However, adapting this approach to a rigorous framework is nontrivial, since one must account
for aliasing, discretisation, and rounding errors.

Each of these methods provides a different balance between efficiency and rigour. In some cases (for
example, low-degree approximations), Newton’s approximation is sufficient. In others, especially
when high accuracy is needed, Newton–Raphson is preferred. DFFT-based methods offer speed,
but require more elaborate error analysis. For this reason, all three approaches deserve careful
consideration, and we now describe them in turn.

Implementation. In the code, the choice of algorithm for computing the square root of a Fourier
series is delegated to the Fourier space’s rational_power algorithmic object: the square root is
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treated as the rational power with exponent 1/2. The object specifies both the computational
method and any precision parameters (e.g., truncation order, number of FFT points). Available
strategies include:

• TaylorAlgorithm: truncated binomial–Taylor expansion (see Section 7.4.3.1);

• NewtonAlgorithm: Newton–Raphson fixed-point iteration (see Section 7.4.3.2);

• FFTAlgorithm: discrete FFT-based computation in physical space (see Section 7.4.3.3).

The Julia method Base.:sqrt is overloaded for the Series type and dispatches automatically to
the corresponding routine, according to the algorithmic specification stored in the Fourier space.
This process is summarised in Algorithm 37.

Algorithm 37 Dispatching square-root computation via rational_power

1: function Sqrt(sF )
2: A← sF .space.rational_power ▷ Algorithm 19
3: p← 1/2
4: if A = TaylorAlgorithm then
5: return RationalPower_Taylor(sF , p)
6: else if A = NewtonAlgorithm then
7: return RationalPower_Newton(sF , p)
8: else if A = FFTAlgorithm then
9: return RationalPower_FFT(sF , p)

10: else
11: error: “Unknown algorithm in rational_power.”
12: end if
13: end function

Remark. This design keeps all fractional powers, including the square root, under a single
rational_power mechanism, ensuring a uniform interface and centralised control of method and
precision parameters. Switching the algorithm in the Fourier space automatically changes the
implementation used by sqrt (by setting p = 1/2).
As previously discussed, each nonlinear operation requires its own dedicated algorithmic strategy:
a method that is efficient and rigorous for one case (e.g. square roots) may be unsuitable for another
(e.g. reciprocals). The Newton–Raphson method, being an iterative refinement scheme, could in
principle lead to non-termination or excessive recursion if implemented naively. In our framework,
Newton’s method is therefore reserved exclusively for the computation of rational powers with
exponent 1/2, i.e. for square roots, where the iteration count is explicitly capped and monotonicity
safeguards are enforced.
Whenever the rational_power algorithmic object is set to NewtonAlgorithm, the reciprocal 1/F
is instead computed using the inverse_power strategy, which defaults to a Taylor-based approx-
imation. This separation ensures that all nonlinear operations terminate after a finite number of
steps while remaining rigorously enclosed. Conversely, when Newton’s method is not selected, the
reciprocal of a series can be computed using either of the remaining methods (binomial expansion
or FFT-based evaluation), as determined by the inverse_power specification in the Fourier-space
parameters.

7.4.3.1 Taylor approximation

Perhaps the most direct way to define fractional powers of a Fourier series (such as square roots
or reciprocals) is via a binomial expansion. Instead of reformulating the problem as an auxiliary
functional equation, one expands (1−x)m into a power series around a well-chosen reference point
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and truncates after finitely many terms. This yields an explicit polynomial approximation whose
accuracy is determined by the truncation order and whose remainder can be rigorously bounded
by interval arithmetic.
Let sF ∈ std(F) be an even Fourier series with constant term c0 > 0. To simplify the expansion, we
first normalise so that the constant coefficient is close to 1:

s̃F =
1
c0
sF , X = 1 − s̃F .

In this form, the deviation from the constant mode is captured by X, which is small in norm
whenever sF is close to its constant coefficient. In such cases the binomial expansion converges
rapidly, and truncating at a moderate order h suffices to obtain a rigorous enclosure. The approach
is computationally efficient, though it requires the series to be even (since odd Fourier series vanish
at the origin) and the normalisation to ensure a well-conditioned expansion point.
For a rational exponent m = 1

n > 0, the binomial theorem gives

(1 − x)r =
∞

∑
i=0
(
m

i
)(−x)i.

Truncating after h terms yields the approximation

Ph(x) =
h

∑
i=0
(
m

i
)(−x)i.

The fractional power of the original series is then approximated by

sm
F ≈

1
cm

0
Ph(X).

The truncation error is of order O(∥X∥h+1), and can be rigorously bounded using interval arith-
metic. In this way, the binomial expansion provides both an explicit constructive formula and a
certified enclosure for sm

F .

Convergence proof. The validity of the Taylor approximation rests on the convergence of the
binomial series

(1 −X)m =
∞

∑
i=0
(
m

i
)(−X)i, m = 1

n > 0.

It is a classical result that this expansion converges whenever ∥X∥ < 1, with the remainder after h
terms given by

Rh+1(X) = (
m

h + 1
)(−X)h+1

+ (
m

h + 2
)(−X)h+2

+⋯.

In norm, this remainder can be bounded as

∥Rh+1(X)∥ ≤ Cm ∥X∥
h+1,

for some constant Cm depending only on m. Thus the truncated polynomial

Ph(X) =
h

∑
i=0
(
m

i
)(−X)i

satisfies
∥sm

F − 1
cm

0
Ph(X)∥ ≤

Cm

cm
0
∥X∥h+1.

In other words, the approximation error decreases geometrically with the order h, provided the
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normalised deviation X remains small. By rigorously enclosing ∥X∥ using interval arithmetic, one
obtains certified error bounds for the truncated Taylor expansion, ensuring that the computed
result is a valid enclosure of the true value.

Example (Convergence example). Consider the even Fourier series

F (t) = 1 + ε cos t, ∣ε∣ < 1,

and compute F 1/2 =
√

1 + ε cos t by the binomial expansion (1+X)1/2 = ∑j≥0 (
1/2
j
)Xj withX = ε cos t.

Truncating at order k = 3 gives
√

1 + ε cos t ≈ 1 + 1
2ε cos t − 1

8ε
2 cos2 t + 1

16ε
3 cos3 t.

Using the identities

cos2 t = 1
2(1 + cos 2t), cos3 t = 1

4(3 cos t + cos 3t),

the truncated approximation can be written explicitly as a short Fourier series:

√
1 + ε cos t ≈ (1 − 1

8ε
2
⋅ 1

2) + (
1
2ε +

1
16ε

3
⋅ 3

4) cos t

− (1
8ε

2
⋅ 1

2) cos 2t + ( 1
16ε

3
⋅ 1

4) cos 3t,

i.e. √
1 + ε cos t ≈ (1 − 1

16ε
2) + (1

2ε +
3
64ε

3) cos t − 1
16ε

2 cos 2t + 1
64ε

3 cos 3t.

If for example we take ε = 0.1. Then
√

1 + 0.1 cos t ≈ 0.999375 + 0.050046875 cos t − 0.000625 cos 2t + 0.000015625 cos 3t.

A crude remainder bound for the neglected terms (j ≥ 4) is

∞

∑
j=4
∣(

1/2
j
)∣ ∣ε∣ j ≤

∣(
1/2
4 )∣ ∣ε∣

4

1 − ∣ε∣
=

0.0390625 × 10−4

0.9
≈ 4.4 × 10−6,

showing that the third-order truncation already yields a micro-level enclosure when ∣ε∣ = 0.1. More
generally, if ∥X∥ < 1 in a Banach-algebra norm, the Taylor remainder decays geometrically like
O(∥X∥h+1), providing a certified bound that tightens rapidly as the truncation order h increases.

Convergence rate. Let sF be even with c0 ∶= sF (0) > 0, and set

s̃F =
sF

c0
, X = 1 − s̃F .

For a rational exponent m = 1
n > 0 the binomial series

(1 −X)m =
∞

∑
j=0
(
m

j
)(−X)j

converges whenever ∥X∥ < 1 (in any Banach–algebra norm compatible with multiplication). Writing
t ∶= ∥X∥ < 1, the remainder after truncation at degree h is

Rh+1(X) =
∞

∑
j=h+1

(
m

j
)(−X)j , ∥Rh+1(X)∥ ≤

∞

∑
j=h+1

∣(
m
j
)∣ t j .
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For j ≥ h the successive ratio satisfies

∣(
m

j+1)∣ t
j+1

∣(
m
j
)∣ t j

=
∣m − j∣

j + 1
t ≤ t,

hence the tail is dominated by a geometric series. In particular,

∥Rh+1(X)∥ ≤
∣(

m
h+1)∣

1 − t
th+1.

Consequently,

∥sm
F −

1
cm

0

h

∑
j=0
(
m

j
)(−X)j∥ ≤

∣(
m

h+1)∣

(1 − t) cm
0
th+1.

Asymptotics. For 0 < m < 1 one has ∣(mj )∣ ∼
Cm

j1+m
as j → ∞ (with Cm = 1/∣Γ(−m)∣), so a sharper

form is
∥Rh+1(X)∥ ≲

Cm

1 − t
th+1

(h + 1)1+m
.

Thus the error decays essentially geometrically in h with ratio t = ∥X∥ < 1, augmented by a
polynomial factor (h + 1)−(1+m). In terms of digits, the number of correct significant figures grows
approximately linearly with h at slope − log10 t, improving further due to the j−(1+m) decay of the
coefficients.

Implementation. Fractional powers with rational exponent m = 1
n > 0 are defined by overloading

Base.:ˆ for the Series type. The routine is enabled for even or complete Fourier spaces, under
the assumption that the constant mode is positive so that the normalisation step is well posed.
The workflow is as follows:

• check that the exponent has numerator 1 (otherwise raise a domain error);

• normalise by the constant coefficient c0, setting s̃F = sF /c0 and X = 1 − s̃F ;

• construct the truncated binomial sum Ph(X) = ∑
h
i=0 (

m
i
)(−X)i, using the space parameter

k_power for the truncation order h;

• if the space is non-truncated, add a validated enclosure to the first error slot to account for
the tail of order O(∥X∥h+1);

• return the rescaled result sm
F = (1/cm

0 )Ph(X).

This procedure ensures that fractional powers are computed with rigorous error control while
remaining within the surrogate space std(F) and it is explained in Algorithm 38.

Remark 7.7. The update of g in Algorithm 38 uses a Horner-like accumulation: instead of recom-
puting Xi from scratch, the powers are built incrementally by repeatedly multiplying the previous g
by X. This reduces the number of multiplications from quadratic to linear in the truncation order,
and ensures that each step uses the rigorous multiplication routine (Algorithm 35) to propagate
tail enclosures.

Remark. The restriction to even (or complete) spaces reflects that odd Fourier series vanish at the
origin, making the expansion around the constant mode c0 ill-posed. The enclosure update uses
interval arithmetic for all scalar and coefficient operations, so the returned series rigorously bounds
the true value sm

F .
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Algorithm 38 Binomial Taylor fractional power of a Fourier series sF

1: function TaylorPower(sF , m = 1
n)

2: preconditions: sF even or complete; m > 0 and num(m) = 1.
3: if m < 0 then
4: error: “Exponent must be positive.”
5: end if
6: h← sF .space.rational_power; n← den(m) ▷ Algorithm 19
7: c0 ← sF .C[first_cidx(sF .space)] ▷ normalise by constant mode and Algorithm 21
8: s̃F ← (1/c0) sF ; X ← 1 − s̃F

9: S ← 1; g ← 1 ▷ Horner-like accumulation of powers of X and Remark 7.7
10: for i = 1, . . . , h do
11: S ← S + (1/ni )(−1)i g
12: g ← g ∗X ▷ Algorithm 35
13: end for
14: if space is non-truncated then ▷ Algorithm 19
15: M ← ∥X∥

16: S.E[first_eidx(sF .space)] += ∣(
1/n
h+1)∣M

h+1 ▷ Algorithm 21
17: end if
18: return S/cm

0
19: end function

Implementation of reciprocal. The reciprocal a/sF is exposed by overloading Base.:/ for a
scalar a and a Series. It is supported for even and complete Fourier spaces, under the assumption
that the constant coefficient c0 in the even component is nonzero, so that the normalisation is well
conditioned. The method is based on the classical geometric expansion

1
sF
=

1
c0

1
1 − (1 − s̃F )

=
1
c0

∞

∑
i=0
(1 − s̃F )

i, s̃F =
1
c0
sF ,

which is truncated after h terms with a validated remainder bound.
The procedure begins by reading the truncation order h ∶= k_inv from the space. The constant
mode c0 is then extracted (from the even component if sF is complete, otherwise directly), and used
to define α = 1/c0, the normalised series s̃F = αsF , and the deviation X = 1 − s̃F (see Algorithm 21
for indexing details). The truncated geometric sum

Ph =
h

∑
i=0
Xi

is built incrementally using a Horner-like accumulation (Remark 7.7): starting with S = 1 and
g = X, the loop repeatedly updates S ← S + g and g ← g ⋅ X for h steps. If the space is non-
truncated, the procedure then appends a validated enclosure to the first error slot of the even
component, namely

∥X∥h+1

1 − ∥X∥
,

where ∥X∥ is the series norm (see Algorithm 28). Finally, the reciprocal is returned in the form

a

sF
= aαSh.

This procedure is explained in Algorithm 39.
Remark 7.8. The remainder estimate in Algorithm 39 requires ∥X∥ < 1, i.e. the normalised deviation
X = 1−αsF is a contraction in the series norm. This is enforced and bounded via interval arithmetic;

115



Algorithm 39 Reciprocal of a Fourier series sF via geometric expansion
1: function Reciprocal_Taylor(a, sF )
2: preconditions: sF even or complete; even constant mode c0 ≠ 0.
3: h← sF .space.inverse_power ▷ Algorithm 19

4: c0 ←
⎧⎪⎪
⎨
⎪⎪⎩

sF [Even, ∶C,0], if sF is complete
sF [∶C,0], if sF is even

5: α ← 1/c0; s̃F ← αsF ; X ← 1 − s̃F

6: S ← 1; g ←X ▷ Horner-like accumulation; see Remark 7.7
7: for i = 1, . . . , h do
8: S ← S + g
9: g ← g ∗X ▷ Algorithm 35

10: end for
11: if space is non-truncated then ▷ Algorithm 19
12: M ← ∥X∥ ▷ Algorithm 28
13: if sF is complete then

14: S[Even, ∶E,0] += M
h+1

1 −M
15: else
16: S[∶E,0] += M

h+1

1 −M
17: end if
18: end if
19: return (aα)S
20: end function

when ∥X∥ is not small enough, one should either increase the truncation order h or switch to an
alternative method (e.g. FFT-based, Section 7.4.3.3).

7.4.3.2 Newton–Raphson method

While the Taylor expansion provides a direct polynomial approximation for fractional powers of
Fourier series, it is not always the most efficient way to obtain high accuracy. An alternative is to
reformulate the problem as a nonlinear equation and apply an iterative root-finding method. For
instance, to compute square roots one seeks x =

√
a for a > 0, that is, to solve

x2
= a.

This leads naturally to Newton’s method. Remarkably, iterative algorithms equivalent to Newton’s
iteration for this problem were already known to the Babylonians around 1000∼BCE: in modern
terms, the so-called “Babylonian method” is precisely the Newton–Raphson scheme applied to
f(x) = x2 − a = 0.
The iteration begins with an arbitrary positive initial guess x1 > 0, and then constructs a sequence
via the update rule

xn+1 =
1
2(xn +

a

xn
) .

The mechanism of this update is intuitive. If the current guess xn is too large, so that xn >
√
a,

then the reciprocal term a/xn is too small; taking their arithmetic mean pulls the next iterate xn+1
closer to

√
a. Conversely, if xn is too small, then a/xn is too large, and once again their mean lies

between xn and the true root. In both cases, the iteration drives the sequence toward the square
root.
The connection with Newton’s method can also be seen explicitly. Setting f(x) = x2 − a, the
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Newton–Raphson iteration for solving f(x) = 0 is

xn+1 = xn −
f(xn)

f ′(xn)
= xn −

x2
n − a

2xn
= 1

2(xn +
a

xn
) .

Thus the Babylonian update is exactly Newton’s method specialised to the square-root problem,
and therefore enjoys its characteristic property of quadratic convergence: once the iterates are
sufficiently close to the true root, the number of correct digits essentially doubles at each step.

Convergence proof. A standard analysis (see e.g. [128]) shows that the Newton iteration for
√
a converges. The argument has three parts.

1. Monotonicity. Suppose xn >
√
a. Then one checks directly that

a < xn+1 < xn.

Indeed:
xn+1 − xn =

1
2(

a

xn
− xn) =

a − x2
n

2xn
< 0,

so the sequence decreases, and

x2
n+1 − a =

1
4 (xn − a/xn)

2
> 0,

so each iterate remains strictly larger than
√
a.

2. Boundedness. A monotone decreasing sequence that is bounded below must converge (Rudin,
Theorem 3.14). If the initial guess happens to satisfy x1 <

√
a, then the first update x2 lies

above
√
a, after which the argument above applies. Hence for all n ≥ 2, the sequence {xn} is

decreasing and bounded below by
√
a.

3. Identification of the limit. Let x = limn→∞ xn. Passing to the limit in the iteration

xn+1 =
1
2(xn +

a

xn
) ,

we find
x = 1

2(x +
a

x
) ,

which rearranges to x2 = a. Thus the sequence converges to
√
a.

This argument establishes existence and correctness of the limit, but it does not yet address how
fast the convergence occurs. The rate of convergence, which turns out to be quadratic, will be
analysed separately.

Example (Convergence example). To illustrate the method in practice, let us compute the most
famous square root of all,

√
2. (According to legend, the Greek who first proved its irrationality

was thrown from a cliff by his fellow Pythagoreans.)
Starting with the initial guess x1 = 1, the Newton iteration

xn+1 =
1
2(xn +

2
xn
)

produces the following sequence, here displayed with about 60 digits of precision. Correct digits
are shown in boldface:
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x1 = 1,
x2 = 1.5,
x3 = 1.4166666666666666666666666666666666666666666666666666666666675,
x4 = 1.4142156862745098039215686274509803921568627450980392156862745,
x5 = 1.4142135623746899106262955788901349101165596221157440445849057,
x6 = 1.4142135623730950488016896235025302436149819257761974284982890,
x7 = 1.4142135623730950488016887242096980785696718753772340015610125,
x8 = 1.4142135623730950488016887242096980785696718753769480731766796.

Looking carefully, we see that the number of correct digits roughly doubles at each iteration. This
remarkable phenomenon reflects the quadratic convergence of Newton’s method: once the iterates
are sufficiently close to the true root, the error essentially squares at each step. Consequently, in
only seven iterations we obtain more than 60 correct digits—accuracy which is then limited not by
the iteration itself, but by the finite precision of floating-point arithmetic.

Convergence rate. We now analyse the convergence quantitatively. Suppose the true solution
is x =

√
a, and let xn be the n-th Newton iterate. Define the relative error

εn =
xn − x

x
,

so that xn = x(1+εn). Relative error is convenient because it is dimensionless and directly measures
the loss of significant digits: roughly speaking, log10(1/∣εn∣) is the number of correct digits in xn.

Substituting xn = x(1 + εn) into the Newton iteration

xn+1 =
1
2(xn +

a

xn
) , a = x2,

and dividing through by x, we obtain

1 + εn+1 =
1
2((1 + εn) +

1
1 + εn

) .

Expanding (1 + εn)
−1 as a Taylor series,

1
1 + εn

= 1 − εn + ε
2
n − ε

3
n +⋯,

we find
1 + εn+1 = 1 + 1

2 ε
2
n +O(ε

3
n).

Thus the errors satisfy
εn+1 =

1
2 ε

2
n +O(ε

3
n).

This relation shows that once εn is small, the next error is essentially proportional to ε2
n. In other

words, the number of correct digits approximately doubles with each step. This phenomenon is
called quadratic convergence. It explains the rapid accuracy growth observed in the numerical
example: in only a handful of iterations, Newton’s method delivers results accurate to machine
precision.
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Implementation. We implement the square root of an even or complete Fourier series sF by
applying Newton’s method to the functional equation S2 = sF . The iteration reads

S(i+1)
= 1

2(S
(i)
+ sF /S

(i)), i = 0,1, . . .

where the division sF /S
(i) is computed with the validated reciprocal routine described in Section 39.

The procedure:

• starts from the neutral guess S(0) = 1 in the same Fourier space as sF ;

• limits the number of Newton steps by the space parameter k_power;

• monitors the residual ∥(S(i+1))2 − sF ∥ and stops early if its midpoint ceases to decrease;

• in non-truncated spaces, records the final residual as a rigorous enclosure in the first error
slot E[first_eidx(sF .space)] (see Section 7.3.2.2).

Each multiplication and reciprocal inside the loop is carried out using the validated series arith-
metic developed earlier (interval coefficients and analytic tail handling). Thus every iterate S(i)
is certified, and the final output is a rigorously validated enclosure of √sF . This procedure is
explained in Algorithm 40.

Algorithm 40 Newton-Raphson square root of a Fourier series sF

1: function Sqrt_Newton(sF )
2: preconditions: sF even/complete with a positive constant mode (⇒√sF is well-defined).
3: kmax ← sF .space.rational_power; S ← 1 ▷ initial guess in the space of sF ; Alg. 19
4: ρlast ← +∞ ▷ tracks residual norm
5: for i = 1, . . . , kmax do
6: S−1 ← 1/S ▷ Algorithm 39
7: Snew ←

1
2(S + sF ⋅ S−1) ▷ Newton update

8: ρ← ∥S 2
new − sF ∥ ▷ Algorithm 28

9: if mid(ρ) >mid(ρlast) then
10: break
11: end if
12: S ← Snew; ρlast ← ρ
13: end for
14: if space is non-truncated then ▷ Algorithm 19
15: S.E[first_eidx(sF .space)] += ρlast ▷ Algorithm 21
16: end if
17: return S
18: end function

Remark. (i) Each multiplication/division in Algorithm 40 invokes the validated Fourier product
with analytic tails (Algorithm 35) and the certified series arithmetic, so all iterates remain in std(F).
(ii) The early-stop condition uses midpoint comparison (a heuristic to avoid overshooting); rigour
is preserved because the final residual is enclosed and added to the error slot. (iii) An analogous
Newton scheme computes a validated reciprocal: starting from S(0), iterate S(i+1) = S(i) (2−sF S

(i)),
then store the terminal residual in E[first_eidx(sF .space)].

7.4.3.3 DFFT method

For nonlinear operations on Fourier series, such as sF ↦
√
sF or sF ↦ 1/sF , it is often advantageous

to move back and forth between coefficient space and physical space. The discrete Fourier transform
(DFT) and its inverse provide the bridge: given the first N Fourier coefficients of a 2π-periodic
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series object sF , one can compute its values on a uniform grid {tj}M−1
j=0 , with M chosen sufficiently

large (typically M ≳ 2N to reduce aliasing). The DFFT approach exploits this fact. Starting from
the coefficients of sF , an inverse FFT (or DCT in the even case) produces the sampled values
{sF (tj)} on the grid. At this stage the nonlinearity becomes trivial: instead of handling infinite
convolutions in coefficient space, one simply applies the analytic map Φ pointwise to each sample,
obtaining {Φ(sF (tj))}. Finally, a forward FFT/DCT maps these values back to Fourier space,
and the result is truncated to the first N modes, yielding a series in the original coefficient format.
Symbolically, this amounts to the pipeline

sF
IM
ÐÐ→ {sF (tj)}

Φ
Ð→ {Φ(sF (tj))}

PN
ÐÐ→ truncated coefficients.

The essential intuition is that in coefficient space, nonlinear maps correspond to convolutions of
arbitrarily many modes, making rigorous control of aliasing and tails delicate. In contrast, on a grid
the map Φ acts pointwise, which is conceptually simpler and computationally efficient. The price to
pay is twofold: first, one must oversample sufficiently to control aliasing; second, after applying the
nonlinearity, one has to project back to N modes, thereby discarding high frequencies. For analytic
data this truncation error is exponentially small in N , so the loss is negligible. What remains is
to certify that the truncated coefficient vector returned by the DFFT pipeline is close to a true
solution of the nonlinear problem (e.g. verifying S2 = sF when computing a square root). This
final step is achieved by an a posteriori validation argument in the spirit of Banach’s fixed-point
theorem.

Convergence proof (a posteriori validation). We illustrate the case of the square root; the
reciprocal is analogous. The nonlinear equation of interest is

N(S) = S2
− sF = 0.

Let R denote the DFFT approximation,

R = PN(
√
IMsF ),

where IM denotes interpolation to an M -point grid and PN is the projection onto the first N
Fourier modes (i.e. truncation back to the original series space).
To validate R, we introduce the Newton-like operator

G(x) = x −AN(x),

where A is a bounded linear operator chosen as an approximate inverse of DN(R).
The quality of the approximation is quantified by the defect

r =
N + 1
N
∥AN(R)∥,

which defines a candidate ball B(R, r). On this ball, the Lipschitz constant of DG is bounded by

K = sup
x∈B(R,r)

∥I −ADN(x)∥.

If K ⋅ N+1
N < 1 and ε ∶= ∥AN(R)∥ satisfies ε+Kr < r, then Banach’s fixed-point Theorem 7.9 ensures

that a unique exact solution S exists inside B(R, r). In other words, the DFFT approximation R
is certifiably close to a true square root, with r giving an explicit enclosure radius.

Theorem 7.9 (Banach fixed point Theorem, [129]). Let x0 ∈ X be an approximate solution of
N(x) = 0 in a Banach space X . Assume there exists a bounded linear operator A ∶ X → X such
that:
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1. the defect is small:
r =

N + 1
N
∥AN(x0)∥ is finite;

2. the Lipschitz bound holds: for all x ∈ B(x0, r),

K = sup
h≠0

∥h −A(DN(x)h)∥

∥h∥
satisfies K ⋅ N+1

N < 1;

then there exists a unique x ∈ B(x0, r) with N(x) = 0.

Thus, in our setting the DFFT output R plays the role of the approximate solution x0, and the
theorem guarantees that R can be rigorously validated as being close to a true root of N(S) = 0,
with uniqueness ensured within the enclosing ball B(R, r).

Example (Convergence example). Take

sF (t) = 1 + ε cos t, 0 < ε < 1,

and consider the nonlinear map Φ(z) =
√
z. Choose N and M with M ≥ 2N + 1. The DFFT

pipeline produces the approximation

R = PN(
√
IMsF ).

Since sF is analytic on a strip and bounded away from 0 (indeed 1− ε > 0), the composition Φ ○ sF

is also analytic on a slightly narrower strip. Its Fourier coefficients therefore decay exponentially,
so the N -term projection PN incurs an error of order O(e−σN) for some σ > 0.
The residual

∥N(R)∥ = ∥R2
− sF ∥

is accordingly small. With A ≈ (2R)−1 one obtains a defect ε = ∥AN(R)∥ = O(e−σN). A bound
K < 1 follows from continuity of DN on a small ball around R. Hence the Banach fixed-point test
succeeds, yielding an explicit enclosure radius r = O(e−σN) and a validated solution S of N(S) = 0.

Convergence rate. The DFFT approximation R inherits the exponential convergence typical
of spectral methods applied to analytic data. Indeed, if sF extends analytically to a complex strip
{ t ∈ C ∶ ∣It∣ < σ } and is bounded away from 0, then Φ ○ sF is also analytic on a (slightly smaller)
strip. By classical results on Fourier approximation, the Fourier coefficients of Φ ○ sF decay like
O(e−σ′n) for some σ′ > 0. Consequently the projection error

∥Φ ○ sF − PN(Φ ○ sF )∥ = O(e
−σ′N
).

Since the DFFT pipeline computes R = PN(Φ(IMsF )), the oversampling step with M ≳ 2N ensures
that aliasing errors are also exponentially small. Therefore the total error of the DFFT method
satisfies

∥R −Φ ○ sF ∥ = O(e
−σ′N
),

with σ′ determined by the analyticity strip width of sF . In turn, the a posteriori validation argument
shows that the exact solution S lies within an explicit ball B(R, r) of radius r = O(e−σ′N), so the
validated convergence rate is exponential in N .
Remark. In the DFFT approach, several practical and theoretical aspects must be taken into
account. First, the choice of transform depends on the symmetry of the series: cosine transforms
(DCT) are used for even series, while complete series are treated with FFT on complex modes. In
both cases the mathematics is identical, amounting to a unitary (up to normalisation) mapping to
grid space, pointwise application of the nonlinearity, and projection back to the coefficient domain.
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Second, nonlinear maps inevitably generate higher frequencies. To avoid contamination of the
retained modes, one employs oversampling (typically M ≳ 2N) and, in the case of polynomial
nonlinearities, the standard 2/3-dealiasing rule. This ensures that aliasing errors are suppressed to
a level below the intrinsic exponential truncation error of analytic series. Third, for nonlinearities
such as Φ(z) =

√
z or Φ(z) = 1/z, it is essential to guarantee that the range of sF remains within

a compact subset avoiding the branch cut or the origin. This condition is not assumed a priori
but is instead checked a posteriori during the validation stage. Finally, unlike Taylor or Newton
expansions where truncation errors can be controlled directly from the size of ∥S∥, the DFFT
strategy relies on an a posteriori argument: the defect ε = ∥AN(R)∥ together with a Lipschitz
bound K for DG certify, via Theorem 7.9, the existence and uniqueness of a true solution near the
numerical approximation R.

Implementation. We describe the four routines used by the DFFT method: coefficient→grid
described in to_points_fft(⋅) (Algorithm 41), grid→coefficient described in to_series_fft!(⋅)
(Algorithm 42), a posteriori validation described in compute_fft_error!(⋅) (Algorithm 44)
and the end-user square root described in sqrt_fft(⋅) (Algorithm 45). Two cases are handled
uniformly but with different transforms and normalisations: even series use a real cosine transform
(DCT–type), while complete seriesuse a real/complex FFT that mixes cosine/sine parts.
Remark. If the scalar type is an interval, grid evaluation uses the midpoint of the stored coefficients
to produce a single floating grid signal for the nonlinear pointwise operation; the missing rigour is
recovered by the a posteriori validation step (Section 7.4.3.3) which attaches a certified enclosure
to the returned series.

Algorithm 41 Coefficients → grid values
1: function To_Points_FFT_Complete(sF )
2: Input: sF = (sF [Even], sF [Odd]) on a complete Fourier space (N modes, grid M).
3: Build a complex frequency vector c ∈ CM :

• fill c0, . . . , cN from the even coefficients;
• add i times the odd coefficients into c1, . . . , cN ;
• adjust the zero mode according to the transform normalisation.

4: Apply the inverse real FFT to c and rescale to obtain the grid signal

{tj}
M−1
j=0 z→ Sj ≈ sF (tj).

5: return S = (S0, . . . , SM−1).
6: end function
7: function To_Points_FFT_Even(sF )
8: Input: sF on an even Fourier space with N modes and grid size M .
9: Form the real cosine spectrum from sF , scaling the constant term per DCT convention.

10: Apply the inverse cosine transform and rescale to obtain Sj ≈ sF (tj).
11: return S = (S0, . . . , SM−1).
12: end function

Remark. (i) For interval coefficients, use midpoints when building c or the cosine spectrum. (ii) The
exact multiplicative constants on the constant term and on the global scaling are those dictated
by the chosen FFT/DCT conventions; these are matched consistently in the inverse routine below.
(iii) In practice, the forward and inverse FFT/DCT transforms are implemented using the FFTW.jl
package in Julia, which provides bindings to the highly optimised FFTW library [130].

Remark. The pair To_Points_FFT / To_Series_FFT! uses consistent normalisations so that,
for a bandlimited trigonometric polynomial p with at most N modes, the round-trip p↦ sF ↦ p is
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Algorithm 42 Grid values → coefficients
1: function To_Series_FFT_Complete(S, sF )
2: Input: empty target series S on a complete space; grid sF ∈ SM .
3: Compute the real FFT of sF and rescale by 1/M .
4: Extract the first N cosine modes into S[Even].C, scaling the constant term accordingly.
5: Extract the first N sine modes into S[Odd].C, scaling the constant term as in Algorithm 41.
6: return S.
7: end function
8: function To_Series_FFT_Even(S, sF )
9: Input: empty target series S on an even space; grid sF ∈ SM .

10: Apply the forward cosine transform to sF , rescaling by the inverse factor from Algorithm 41.
11: Store the first N+1 cosine coefficients in S.C, scaling the constant term.
12: return S.
13: end function

exact up to floating error and truncation to N . In practice, the transforms are implemented via the
real-to-complex routines of the FFTW.jl package in Julia, which provide bindings to the highly
optimised FFTW library [130].

A posteriori validation. Following the Banach fixed-point Theorem 7.9, given a nonlinear map
N on the series space (e.g. N(S) = S2 − sF for a square root) and an a priori approximation R, we
certify the existence of a true solution S near R by constructing a Newton-like fixed-point operator

G(x) = x −AN(x),

where A is a bounded linear preconditioner approximating (DN(R))−1 (for the square root, A ≈
(2R)−1). We then bound

ε ∶= ∥AN(R)∥, K ∶= sup
x∈B(R,r)

∥ I −ADN(x)∥.

If there exists r > 0 with K < 1 and ε+Kr < r, the Banach fixed-point theorem guarantees a unique
solution S ∈ B(R, r) with N(S) = 0. The ball B(R, r) is represented concretely in Algorithm 43.

Algorithm 43 Ball around a Fourier series sF

1: function Ball(sF , r)
2: Input: Fourier series sF , radius r > 0.
3: Copy the error vector E ← sF .E.
4: Increase the leading error entry:
5: E[first_eidx(sF .space)] ← E[first_eidx(sF .space)] + r ▷ Algorithm 21
6: return new series with space sF .space, coefficients sF .C, and updated error vector E.
7: end function

In other words, B(sF , r) is encoded by enlarging the first error slot of sF , which uniformly encloses
a ball of radius r around the approximation. This compact representation integrates seamlessly
with the validated arithmetic on Fourier series.
We can now explain how the DFFT error is certified. Algorithm 44 computes a concrete radius r
and Lipschitz constant K, and records r in the first error slot of the output.

Remark. (i) The (N+1)/N factor accounts for the projection/truncation from grid back to N
modes. (ii) For square roots, N(S) = S2 − sF and DN(S)[v] = 2Sv. (iii) The resulting r gives an
explicit, machine-checkable enclosure certifying that R is within distance r of a true solution.
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Algorithm 44 Computing the error for the DFFT
1: function Compute_FFT_Error!(R, sF , N , DN )
2: Input: provisional solution R, data sF , residual map N , derivative DN .
3: Build a bounded preconditioner A ≈ (DN(R))−1 on the working space.
4: Define the Newton operator G(x) = x −AN(x) and its derivative DG(x) = I −ADN(x).
5: Set the residual radius r ← ∥AN(R)∥ ⋅ N+1

N ▷ projection factor, Algorithm 28
6: Construct the Ball(B(R, r)) around R ▷ Algorithm 43
7: Compute K ← supx∈B(R,r) ∥DG(x)∥. ▷ Algorithm 28

8: if K N + 1
N

> 1 then
9: error: "Validation failed (insufficient contraction)".

10: end if
11: Store r in the first error slot of R (according to parity layout).
12: return R
13: end function

Using the Banach-based validation scheme and the error estimation routine of Algorithm 44, Algo-
rithm 45 implements a complete DFFT-based procedure that computes the square root of a Fourier
series and embeds the corresponding rigorous validation directly into the transform pipeline.

Algorithm 45 Sqrt_FFT: DFFT square root with validation
1: function Sqrt_FFT(sF )
2: Input: series sF in an even or complete Fourier space with grid size M .
3: p← To_Points_FFT(sF ) ▷ Algorithm 41
4: p←

√
p ▷ apply nonlinearity pointwise on the grid

5: R ← zero series in the same space as sF ▷ Section 7.3.2.3
6: To_Series_FFT!(R, p) ▷ Algorithm 42
7: if space is non-truncated then ▷ Algorithm 19
8: Define N(S) = S2 − sF and DN(S)[v] = 2Sv
9: Compute_FFT_Error!(R, sF , N , DN ) ▷ Algorithm 44

10: end if
11: return R
12: end function

Remark. (i) For even series, the grid transforms use cosine (DCT) conventions with appropriate
scaling of the constant coefficient; for complete series, real FFTs split naturally into cosine/sine
blocks. (ii) Nonlinearities generate high frequencies; choosingM ≳ 2N (and standard 2/3 de-aliasing
for polynomial maps) suppresses aliasing below the truncation tail. (iii) For √⋅ or 1/⋅, one must
avoid branch cuts and zeros; this is enforced a posteriori by the validation step, which fails fast if
the contraction conditions are not met.

Conclusion. The three strategies (Taylor expansion, Newton-Raphson iteration, and DFFT-
based projection) offer complementary tools for handling nonlinear operations such as square roots
and reciprocals of Fourier series. The Taylor method is explicit, lightweight, and effective when
the series is well normalised around its constant term, with the binomial truncation providing
immediate error bounds. The Newton-Raphson method, by contrast, delivers rapid (quadratic)
convergence once an accurate initial guess is available, but requires a careful safeguard on the
number of iterations to guarantee termination and validated bounds. The DFFT approach is
the most flexible, allowing nonlinearities to be imposed pointwise in physical space, with residual
validation ensuring rigour; however, it comes with the overhead of oversampling, projection, and
the need for a posteriori analysis. In practice, no single technique is sufficient for all problems.

124



Depending on the function under study and the analytic estimates available, some methods yield
convergent enclosures while others may fail to do so. For this reason it is important to develop,
implement, and combine multiple approaches, so that a suitable tool is available in each context of
a computer-assisted proof.

7.4.4 Antiderivative

From a mathematical point of view, taking antiderivatives of Fourier series is straightforward.
Given a Fourier expansion F (t) = ∑k∈K ck ϕk(t), where ϕk denotes the standard trigonometric
modes (sines in the odd case, cosines in the even case, or both in the complete case). Its n-th
antiderivative is obtained by dividing each Fourier mode by kn and switching between sine/cosine
according to the usual parity rules. Concretely,

∫ sin(kt)dt = −cos(kt)
k

, ∫ cos(kt)dt = sin(kt)
k

,

and iterating this n times alternates parity with a sign that repeats with period 4. In our imple-
mentation this global sign is encoded as

s =

⎧⎪⎪
⎨
⎪⎪⎩

−1, n mod 4 ∈ {1,2},
1, n mod 4 ∈ {0,3},

and each stored coefficient is mapped to its antiderivative by

ck z→
s ck

kn
.

In the rigorous setting, enclosure entries are transformed in exactly the same way: each error slot
is divided by kn, so that tail bounds remain valid under integration.
If F is even or odd, the rule above applies directly. If F is complete (i.e. it carries both even and
odd parts), we integrate the two parity components separately and then recombine them into a
complete result, placing each integrated component into the even/odd block dictated by its output
parity after n integrations.

Result-space constructor for antiderivatives. Taking n antiderivatives flips parity n times:
an even (resp. odd) series object becomes odd (resp. even) when n is odd, and returns to its original
parity when n is even. The helper routine creates the appropriate target Fourier space by preserving
all numeric and algorithmic parameters (N , R, coefficient type, truncation flag, rational_power,
inverse_power and updating only the parity (Algorithm 19):

parityout = Parity(( Integer(parityin) + n )mod 2).

Algorithm 46 implements the parity rule above by constructing the Fourier space corresponding to
the n-th antiderivative, preserving all numerical parameters while updating only the parity.
When the input series object sF lives in an even or odd Fourier space, the antiderivative is computed
directly by dividing coefficients and errors by kn and applying the appropriate parity-dependent
sign. Algorithm 47 performs the actual coefficient-wise integration when the input series lives in
an even or odd Fourier space, applying the appropriate sign and k−n scaling to both coefficients
and error bounds.
If the series object is complete (containing both even and odd parts), then each component is
integrated separately using the parity routine above, and the results are recombined into a complete
Fourier series. Algorithm 48 extends the above routine to complete Fourier spaces by integrating
the even and odd components separately and then recombining them into a validated complete
series.
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Algorithm 46 Construct target space for the n-th antiderivative
1: function Get_Space_Antiderivative(s, n)
2: preconditions: n ≥ 1; s a Fourier space (even/odd/complete).
3: if n < 1 then
4: error: “Order of antiderivative must be positive.”
5: end if
6: Pin ← parity(s)
7: Pout ← Parity((Integer(Pin) + n)mod 2)
8: return Fourier space with same parameters but parity Pout.
9: end function

Algorithm 47 n-th antiderivative on an even/odd Fourier space sF

1: function Antiderivative_Parity(sF , n)
2: preconditions: sF lives in an even or odd Fourier space; n ≥ 1.
3: S ← zero series in Get_Space_Antiderivative(sF .space, n) ▷ Alg. 46, Sec. 7.3.2.3

4: s←

⎧⎪⎪
⎨
⎪⎪⎩

−1 if n mod 4 ∈ {1,2},
1 if n mod 4 ∈ {0,3}

5: for each coefficient frequency k ≥ 1 do
6: S[∶C,k] ← s ⋅ sF [∶C,k]/k

n

7: end for
8: if sF .space is non-truncated then ▷ Algorithm 19
9: for each error index k ≥ 1 do

10: S[∶E,k] ← sF [∶E,k]/k
n

11: end for
12: end if
13: return S
14: end function

Algorithm 48 n-th antiderivative on a complete Fourier space sF

1: function Antiderivative_Complete(sF , n)
2: preconditions: sF lives in a complete Fourier space; n ≥ 1.
3: reven ← Antiderivative_Parity(sF [Even], n) ▷ Algorithm 47
4: rodd ← Antiderivative_Parity(sF [Odd], n) ▷ Algorithm 47
5: S ← zero series in sF .space ▷ Section 7.3.2.3
6: if reven.space is odd then
7: S[Odd] ← reven
8: else
9: S[Even] ← reven

10: end if
11: if rodd.space is odd then
12: S[Odd] += rodd
13: else
14: S[Even] += rodd
15: end if
16: return S
17: end function

Remark. The sign pattern is periodic with period 4 in n, reflecting the sine/cosine alternation
under repeated integration. For complete series, the two independently integrated components are
placed into the even/odd blocks according to their output parity. Error enclosures are transformed
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in lockstep with coefficients by division by kn, thus preserving rigorous tail bounds.

7.5 Vector-valued series

Definition 7.10. Given ρ > 0, define the vector space

F
d
ρ = {sF = (s

(1)
F , . . . , s

(d)
F ) ∶ s

(i)
F ∈ Fρ}.

For sF ∈ F
d
ρ , the norm is given by

∥sF∥ρ = max
1≤i≤d

∥s
(i)
F ∥ρ. (7.4)

The space (Fd
ρ , ∥ ⋅ ∥ρ) inherits all the properties of the scalar space: each component s(i)F is a

2π-periodic analytic function with exponentially decaying Fourier coefficients, and the vector norm
controls the analytic regularity uniformly across components. In particular, Fd

ρ is a Banach algebra
under componentwise multiplication. Differentiation and integration act componentwise as well,
and their effect on the norm is tracked exactly as in the scalar case.

A computable surrogate. As before, Fd
ρ is not directly accessible to computation. We therefore

introduce a surrogate std(Fd
ρ ) defined by replacing Fourier coefficients with interval enclosures.

Concretely, for odd vector-valued functions truncated at index n, we set

U (i) = (U
(i)
1 , . . . , U (i)n ) ∈ std(Rn

), V (i) = (V (i)n , V
(i)

n+1, . . . ) ∈ std(RN
),

for each component i = 1, . . . , d. The surrogate set determined by (U (i), V (i))di=1 consists of all
functions

s
(i)
F (t) =

n

∑
k=1

u
(i)
k sin(kt) +

∞

∑
m=n

v(i)m sin(mt), u
(i)
k ∈ U

(i)
k , v(i)m ∈ V

(i)
m .

Even components are treated analogously with cosine modes, and general functions decompose
into even and odd parts. This yields a computationally effective Banach surrogate std(Fd

ρ ) in
which addition, multiplication, differentiation, and integration are all rigorously tracked by interval
arithmetic at the vector level.

7.5.1 Implementation

Vector-valued series are realised by extending the scalar infrastructure to tuples of series spaces.
Concretely, a vector series space of dimension d is defined as an ordered d-tuple of scalar series
spaces, all sharing the same coefficient type and truncation flag. This allows one to represent
sF(t) ∈ F

d
ρ as a single object while preserving access to each component s(i)F .

Vector series spaces. The type VectorSeriesSpace{T,d,CT,ET} encodes the structure of such
a space. Before introducing the full structure, we recall that the length of a scalar series space
depends on its Fourier parity:

get_component_length(s) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

1 if s is even,
1 if s is odd,
2 if s is complete.

Intuitively, this counts how many independent coefficient blocks are carried by the space. For a
vector-valued series sF ∈ F

d
ρ , the overall size is obtained by summing the scalar contributions from

each component, as summarised in Algorithm 49.
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Algorithm 49 Vector components
1: function Get_component_length(S)
2: return ∑d

i=1 get_component_length(Si)

3: end function

With this helper in place, the full structure of a vector series space is summarised in Algorithm 50.

Algorithm 50 Vector series space structure
Type: VectorSeriesSpace{T,d,CT,ET}

Parameters:
• T : truncation flag (Boolean),
• d: dimension of the vector space,
• CT : coefficient type,
• ET : error type.
Fields:
• space :: Space (tuple of d component series spaces),
• d :: Int (number of components),
• Cstart :: Vector{Int} (cumulative offsets for coefficients),
• Estart :: Vector{Int} (cumulative offsets for errors),
• Cmap :: Vector{Tuple{Int, Int}} (mapping from global coefficient indices

to component-local indices).
1: function VectorSeriesSpace(S1, . . . , Sd)
2: if d < 1 then
3: error: “Dimension must be positive.”
4: end if
5: Set Cstart, Estart as cumulative sums of n_coeffs(Si) and n_errors(Si). ▷ Alg. 20
6: Build Cmap to record, for each global coefficient index, the pair (component, local index).
7: Compute overall size using Get_component_length(S). ▷ Alg. 49
8: return new VectorSeriesSpace with fields (S, d,Cstart,Estart,Cmap)
9: end function

The arrays Cstart and Estart provide fast access to the block of coefficients and errors associated
with each component s(i)F . The mapping Cmap is used to recover, from a global index, both the
component number i and the local index within s

(i)
F .

Size helpers. Global sizes are obtained by summing the contributions of the component spaces,
consistently with Algorithm 20:

n_coeffs(sF) =
d

∑
i=1

n_coeffs(s(i)F ), n_errors(sF) =
d

∑
i=1

n_errors(s(i)F ).

More generally, each function defined for scalar spaces (such as get_subspace_indices(⋅) in
Algorithm 22) is lifted to vector spaces by applying it componentwise and shifting indices by the
appropriate offsets stored in Cstart and Estart.
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Truncation. The helper truncate_space(⋅) applies truncation componentwise using Algo-
rithm 18, producing a truncated vector space with the same structure but where each component
s
(i)
F is truncated. This ensures that vector spaces inherit the same rigorous semantics as their scalar

counterparts.

Utilities. Two generic functions are overloaded for convenience. First, Base.copy(S::ST) en-
sures that vector series spaces can be safely duplicated: the new object shares no memory with the
original, but preserves all structural information (S, d, Cstart, Estart, Cmap). Second, the length
of a vector space is defined as its dimension, so that Base.length(space::VectorSeriesSpace)
simply returns d. These overloads allow vector series spaces to integrate naturally with Julia’s
standard library, supporting generic algorithms that rely on copying or dimension queries.
Remark. The design of VectorSeriesSpace mirrors that of scalar Fourier spaces, but with addi-
tional bookkeeping to manage offsets across components s(i)F . This ensures that:

1. All scalar operations (addition, scalar multiplication, norms) lift transparently to the vector
case by applying them componentwise.

2. Indexing into global coefficient or error arrays is unambiguous, thanks to the cumulative offset
vectors Cstart and Estart.

3. Compatibility checks enforce structural consistency, which is crucial for rigorous computer-
assisted proofs involving systems of functional equations.

Canonical basis. Let {e(i)k }i=1,...,d; k∈K denote the canonical basis of Fd
ρ , defined by

e
(i)
k (t) = (0, . . . ,0, ϕk(t), 0, . . . ,0),

where ϕk occupies the i-th component and all other components are zero. Every sF ∈ F
d
ρ admits

the (unique) expansion

sF(t) =
d

∑
i=1
∑
k∈K

c
(i)
k e

(i)
k (t).

For finite index sets Kn ⊂ K (e.g. a truncation level), the family {e(i)k ∶ i = 1, . . . , d, k ∈ Kn} spans
the finite-dimensional subspace Fd

ρ,n.
Before materialising vector basis elements, we extend the scalar stopping logic to the vector case
by summing, across components, the admissible coefficient slots (with optional cap max_k) and
the tail slots determined by parity. This yields the vector-level stopping rule of Algorithm 51.

Algorithm 51 Stopping rule for vector series bases
1: function Stop_basis_iterator(S, k,max_k)
2: if max_k = 0 then
3: return k > n_coeffs(sF) +∑

d
i=1 n_errors_basis(s(i)F ) ▷ Alg. 20, 30

4: else
5: return k > ∑d

i=1 n_coeffs(s(i)F , max_k) +∑d
i=1 n_errors_basis(s(i)F ) ▷ Alg. 20, 30

6: end if
7: end function

Given the stopping rule, we materialise the k-th vector basis element by scanning components until
the relevant block (coefficients or tails) is reached, then delegating to the scalar basis! inside that
component s(i)F .
With the stopping rule (Algorithm 51) and the materialisation routine (Algorithm 52) in place,
we can expose a full iterator over the canonical basis of a vector space. At each step, the iterator

129



Algorithm 52 Materialise the k-th vector basis element
1: function basis!(B,k,max_k) ▷ B zero in sF←B.space
2: c← 0 ▷ component counter
3: s← 0 ▷ cumulative slot counter
4: errors← false
5: while s < k do
6: c← c + 1;
7: if c > d then
8: c← 1; errors← true
9: end if

10: if ¬ errors then
11: s← s + n_coeffs(s(c)F , max_k) ▷ Algorithm 20
12: else
13: s← s + n_errors_basis(s(c)F ) ▷ Algorithm 30
14: end if
15: end while
16: if ¬ errors then
17: ℓ← n_coeffs(s(c)F , max_k) ▷ Algorithm 20
18: basis!(B[c], k − (s − ℓ), max_k) ▷ delegate to scalar basis in s

(c)
F

19: else
20: ℓ← n_errors_basis(s(c)F ) ▷ Algorithm 30
21: basis!(B[c], k − (s − ℓ), max_k) ▷ activate appropriate tail slot in s

(c)
F

22: end if
23: return B
24: end function

returns the next basis element and advances the state counter, until all admissible indices for
sF ∈ F

d
ρ have been exhausted.

Algorithm 53 Iteration over a vector basis
1: function Iterate(S, state = 1) ▷ S is a series in a vector space Fd

ρ

2: if state > length(S.space) then
3: return nothing ▷ all components s(i)F exhausted
4: end if
5: F ← S[state] ▷ Algorithm 52
6: next_state← state + 1
7: return (F,next_state)
8: end function

7.5.2 Basic operations in a vector series space

For α ∈ R and s1,F, s2,F ∈ F
d
ρ ,

(s1,F ± s2,F)
(i)
= s
(i)
1,F ± s

(i)
2,F , (α s1,F)

(i)
= αs

(i)
1,F .

All coefficient operations are performed with interval arithmetic, so enclosures are preserved. Op-
erators defined on Fρ (e.g. integration, differentiation) lift to Fd

ρ by acting on each component s(i)1,F
independently.
Addition of vector-valued series requires that their ambient spaces be compatible, i.e. they must
have the same dimension and their corresponding component spaces must be compatible. This
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is checked by the routine check_compatible_spaces_sum(⋅), and the resulting sum space is
constructed componentwise, as summarised in Algorithm 54.

Algorithm 54 Compatibility and sum of vector series spaces
1: function Check_compatible_spaces_sum(S1, S2)
2: if length(S1) ≠ length(S2) then return false
3: end if
4: for i = 1, . . . , d do
5: if Check_compatible_spaces_sum(S1.S[i], S2.S[i]) = false then
6: return false
7: end if
8: end for
9: return true

10: end function
11: function Get_space_sum(S1, S2)
12: if Check_compatible_spaces_sum(S1, S2) = false then
13: error: “Vector spaces not compatible for sum.”
14: end if
15: if S1 = S2 then
16: return S1
17: end if
18: Construct componentwise sums S∗i =Get_space_sum(S1.S[i], S2.S[i])
19: return new vector series space from (S∗1 , . . . , S∗d ).
20: end function

Once the target space has been constructed by Algorithm 54, the actual addition (or subtraction)
proceeds independently on each component s(i)1,F and s(i)2,F , using Algorithm 25. At the scalar level,
this is precisely the coefficientwise procedure of Algorithm 27, already introduced for single series.
Thus, vector addition is nothing more than applying the scalar algorithm componentwise, with all
interval bounds propagated as before.

7.5.2.1 Norm of a vector series space

Recall from Definition 7.10 that (Fd
ρ , ∥ ⋅ ∥ρ) is equipped with the product (max) norm

∥sF∥ρ = max
1≤i≤d

∥s
(i)
F ∥ρ,

where ∥ ⋅ ∥ρ on each component is the scalar norm of Equation (7.2). This choice is natural for
validated numerics: it preserves the componentwise enclosure philosophy and satisfies the standard
properties (positivity, homogeneity, triangle inequality). Moreover, the max-norm is compatible
with the canonical basis in the sense that

∥e
(i)
k ∥ρ = ∥ϕk∥ρ,

where ϕk denotes the k-th scalar trigonometric basis element of Fρ (either sin(kt) or cos(kt),
depending on parity).

Implementation. At the code level, the norm of a vector-valued series sF is obtained by com-
puting the norm of each scalar component s(i)F (using Algorithm 28) and returning their maximum,
as it can be seen in Algorithm 55. This directly realises Definition 7.10.
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Algorithm 55 Norm of a vector-valued series sF

1: function Norm(sF)
2: n← 0
3: for i = 1, . . . , sF.space.d do
4: n←max(n, Norm(s(i)F )) ▷ Algorithm 28
5: end for
6: return n
7: end function

7.5.2.2 Balls of vector series spaces

For s0,F ∈ F
d
ρ and r > 0, we define the closed ball

B(s0,F, r) = { sF ∈ F
d
ρ ∶ ∥sF − s0,F∥ρ ≤ r },

where ∥ ⋅ ∥ρ is the max-norm from Definition 7.10. Such balls are the natural neighbourhoods used
in the Banach fixed point framework: if a map is contractive on B(s0,F, r), then a unique fixed
point lies inside.

Implementation. In addition to the norm, a common operation is to form the ball of radius
r > 0 centred at a vector-valued series sF. This operation is performed componentwise: each scalar
component s(i)F is replaced by its ball of radius r, as defined in Algorithm 43 for scalar series. The
result is a vector-valued series whose components are enclosed in validated balls of radius r, as it
can be seen in Algorithm 56.

Algorithm 56 Ball around a vector-valued series sF

1: function Ball(sF, r)
2: R ← zero series in sF.space
3: for i = 1, . . . , sF.space.d do
4: R[i] ← Ball(s(i)F , r) ▷ Algorithm 43
5: end for
6: return R
7: end function

7.5.2.3 Antiderivatives of a vector series space

For sF = (s
(1)
F , . . . , s

(d)
F ) ∈ F

d
ρ , the n-th antiderivative is obtained by applying the scalar procedure

from Section 7.4.4 to each component independently:

Antiderivativen
(sF) = (Antiderivativen

(s
(1)
F ), . . . ,Antiderivativen

(s
(d)
F )).

Implementation. At the implementation level, each component s(i)F is integrated using the scalar
routines (Algorithms 46 and 48), so that truncation flags, parity changes, and rigorous error bounds
are preserved exactly as in the scalar case. The results are then reassembled into a vector series of
the same dimension d, consistent with Definition 7.10, as it is summarised in Algorithm 57.

7.6 Operators
In the framework of computer-assisted proofs for functional equations, linear and nonlinear opera-
tors play a central role. From a theoretical point of view, two classes of operators are of particular
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Algorithm 57 n-th antiderivative of a vector-valued series sF

1: function Antiderivative(sF, n)
2: R ← zero series in sF.space
3: for i = 1, . . . , sF.space.d do
4: R[i] ← Antiderivative(s(i)F , n) ▷ Algorithms 47 and 48
5: end for
6: return R
7: end function

importance:

• Compact operators. These map bounded sets into relatively compact ones. In practice,
compactness often arises from smoothing effects (e.g. integral operators, Fourier multipliers
with decaying symbols). Compact operators are crucial in computer-assisted proofs because
they allow one to apply fixed-point theorems (Schauder, Leray–Schauder) and to control
spectral properties.

• Non-compact operators. These may not reduce dimensionality but can still be bounded
in the Banach space of interest. Examples include differential operators and multiplication
by unbounded functions. In rigorous numerics, one typically separates the operator into a
dominant finite-dimensional part (handled exactly on a truncated basis) and a tail estimate
(controlled analytically).

In both cases, the key idea is to work with an operator as an abstract mapping on a series space,
and to quantify its action on the basis elements of the space. This allows one to compute operator
norms, approximate spectra, and verify the conditions required by fixed-point theorems.

7.6.1 Implementation

The implementation mirrors this theoretical structure. We introduce an abstract type AbstractOperator{S}
parameterised by a series space S, and a concrete wrapper type Operator{S,F} that couples a space
with an underlying function f acting on series. The operator can then be applied directly as a
callable object, and its norm is computed by evaluating its action on the canonical basis (Algo-
rithms 29 and 32).

Algorithm 58 Operator structure
Type: Operator{S,F} with fields:

• space :: Space (series space on which the operator acts),
• f :: F (function implementing the operator).

1: function Operator(space, f)
2: return new operator wrapping f with domain space
3: end function
4: function Apply(O,u)
5: return O.f(u)
6: end function

The operator norm is obtained by iterating over the (normalised, infinite) basis of the space,
applying the operator to each basis element, and returning the maximum of the resulting norms.
This is summarised in Algorithm 59.
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Algorithm 59 Operator norm
1: function Norm(O)
2: B ← Basis(O.space,normalized=true,infinite=true) ▷ Algorithm 29
3: n← 0
4: for each basis element b ∈ B do ▷ Algorithms 32 and 53
5: R ← O(b)
6: n←max(n, ∥R∥) ▷ Algorithms 28 and 55
7: end for
8: return n
9: end function

7.6.1.1 Compact operators

Compact operators arise naturally in computer-assisted proofs: they map bounded sets to relatively
compact ones, which in practice often means that they “suppress” high-frequency modes. Examples
include integral operators, Fourier multipliers with rapidly decaying symbols, and projections onto
finite-dimensional subspaces. From a rigorous numerics perspective, compact operators are useful
because they can be represented (up to controllable tails) by finite matrices, making it possible to
compute their norms, spectra, and inverses explicitly.

Implementation. In code, compact operators are realised by restricting their action to a finite-
dimensional subspace of the underlying series space. This is encoded in the type CompactOperator{S,MT}
(see Algorithm 60), which stores:

• the ambient space S,

• a finite matrix M describing the operator restricted to a chosen subspace of coefficients,

• the subspace dimension.

Two constructors are provided:

• direct construction from a matrix M , when the finite representation is known,

• automatic construction from a function f , which applies f to each basis element and fills the
columns of M accordingly.

This design allows seamless use of linear algebra operations (addition, subtraction, scaling, inver-
sion) by overloading the corresponding methods.
The action of a compact operator on a series is reduced to multiplying the stored matrix M by
the coefficient subvector corresponding to the chosen subspace. Because only this finite block of
coefficients is involved, both storage and computational cost are significantly reduced. The operator
norm is then computed by scanning over a normalised basis of the subspace (Algorithm 61).
Remark. Because compact operators are represented by finite matrices, they can be combined and
manipulated symbolically using matrix arithmetic. For example, addition, scalar multiplication,
and inversion are delegated to the underlying matrix M , while preserving the link with the ambient
series space.

7.7 A fixed point method
We already encountered the fixed-point philosophy in Section 7.4.3.3, where the validation of the
DFFT approximation relied on constructing the Newton-like operator

G(x) = x −AN(x),
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Algorithm 60 Compact operator structure and construction
Type: CompactOperator{S,MT}

Fields:
• space :: Space (ambient series space)
• M :: AbstractMatrix (matrix representation on truncated basis)
• subspace_dim :: Int (dimension of the subspace)

1: function CompactOperator(space,M, subspace_dim)
2: return new compact operator wrapping M on space
3: end function
4: function CompactOperator(space, f, subspace_dim)
5: Mdim← n_coeffs(space, subspace_dim) ▷ Algorithm 20
6: initialise M as zero matrix of size Mdim ×Mdim
7: B ← Basis(space,infinite=false,subspace_dim=subspace_dim) ▷ Alg. from 29 to 31
8: sbs_ind← get_subspace_indices(space, subspace_dim) ▷ Algorithm 22
9: for each basis vector b with index k = 1, . . . ,Mdim do ▷ Algorithms 32 and 53

10: compute M[∶, k] ← f(b).C[sbs_ind]
11: end for
12: return CompactOperator(space,M,subspace_dim)
13: end function

Algorithm 61 Action and norm of a compact operator
1: function mul!(A,F,R)
2: C ← get_subspace_indices(A.space,A.subspace_dim) ▷ Algorithm 22
3: R.C[C] ← A.M ∗ F.C[C]
4: end function
5: function Norm(A)
6: B ← Basis(A.space,true,A.subspace_dim) ▷ Algorithms from 29 to 31
7: R ← zero series in A.space
8: n← 0
9: for each basis vector b ∈ B do ▷ Algorithms 32 and 53

10: mul!(A, b,R)
11: n←max(n, ∥R∥) ▷ Algorithms 28 and 55
12: end for
13: return n
14: end function

and proving that it is contractive on a neighbourhood of the numerical approximation. The essential
idea was to reduce the nonlinear problem N(S) = 0 (where S denotes the exact solution sought)
to the verification of explicit defect and Lipschitz bounds, so that Banach’s Theorem 7.9 could be
applied. In this Section we return to the same principle, but with a different operator construction,
adapted to general nonlinear fixed-point equations of the form

F (u) = u.

The unifying theme is the use of a Newton-like modification that transforms the original problem
into a contraction mapping (see Definition 7.11). While in the DFFT setting this was achieved
through the operator G(x) = x−AN(x), here we adopt a different construction tailored to general
fixed-point problems. The guiding principle, however, remains the same: computer-assisted proofs
often reduce a nonlinear equation to the search for a fixed point of a suitably chosen operator. That
is, one seeks u ∈ Fd

ρ (cf. Definition 7.10) such that F (u) = u. Once such an operator F ∶ Fd
ρ → F

d
ρ
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has been identified, Banach’s fixed point Theorem (7.12) provides sufficient conditions to guarantee
both the existence and the uniqueness of the solution within a neighbourhood of an approximate
numerical guess.

The first step of our strategy is to compute a high-accuracy numerical approximation u0 of the
desired solution by means of a suitable numerical algorithm. Since the operator F is typically
nonlinear and not directly contractive, we introduce a correction mechanism inspired by Newton’s
method. To this end, we define a linear approximation of the inverse Jacobian at u0 and con-
struct a modified operator that is closer to being contractive. More precisely, we choose a “finite”
approximation M for the map

Id + [DF (u0) − Id]−1,

and then define
C(u) = F (u) −M [F (u) − u].

This map C may be regarded as a Newton-like operator for F : formally, if M were exactly equal
to [DF (u0)]

−1, then C would reduce to the Newton iteration associated with F .

Contraction principle. The goal is to prove that C is a contraction mapping. Recall the defi-
nition:

Definition 7.11 (Contraction mapping). Let (X , ∥ ⋅ ∥) be a Banach space. A mapping C ∶ B ⊂
X → X is called a contraction on the closed ball B if there exists a constant 0 < k < 1 such that

∥C(u) −C(v)∥ ≤ k ∥u − v∥, for all u, v ∈ B.

The Banach contraction mapping theorem then asserts that every contraction mapping on a com-
plete metric space admits a unique fixed point in B, and moreover, that iterates of C converge
exponentially fast to that fixed point.
In our setting, the contraction property is established by verifying two types of estimates:
1. Closeness of the approximation: we require that C maps the approximate solution u0 close to
itself, i.e.

∥C(u0) − u0∥ < ε,

for some small ε > 0.
2. Boundedness of the derivative: we need to show that the Fréchet derivative of C is uniformly
bounded on a closed ball B of radius r centered at u0, namely

∥DC(u)∥ < k, for all u ∈ B,

with k < 1.
If both conditions are satisfied, together with the compatibility inequality

ε + kr < r,

then Banach’s theorem applies and we can conclude the existence of a unique fixed point of F in
the ball B. This statement can be summarised in the following theorem:

Theorem 7.12 (Banach fixed point method for CAPs on Fd
ρ , [129]). Let u0 ∈ F

d
ρ be an approximate

solution of the fixed point equation F (u) = u, where F ∶ Fd
ρ → F

d
ρ . Assume there exists a bounded

linear operator M ∶ Fd
ρ → F

d
ρ and constants ε > 0, k ∈ (0,1) such that:

1. M − Id has a bounded inverse on Fd
ρ ;

2. ∥C(u0) − u0∥ρ < ε;
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3. ∥DC(u)∥L(Fd
ρ )
< k for all u ∈ B(u0, r);

4. ε + kr < r,

where C(u) ∶= F (u)−M [F (u)−u] and B(u0, r) = {u ∈ F
d
ρ ∶ ∥u−u0∥ρ ≤ r}. Then F admits a unique

fixed point u ∈ B(u0, r).

Remark. This mirrors the DFFT validation in Section 7.4.3.3, where the Newton-like map G(x) =
x−AN(x) (with N(S) = 0) was made contractive via explicit defect and Lipschitz bounds. Here we
instead use C(u) = F (u)−M[F (u)−u] on (Fd

ρ , ∥⋅∥ρ) to enforce contractivity for general fixed-point
problems. Both approaches combine a numerical approximation with rigorous operator bounds in
the same Banach framework.
This procedure forms the backbone of many computer-assisted proofs: one combines a high-
precision numerical approximation u0 with rigorous analytic estimates to certify the contractivity
of the Newton-like operator C. The delicate part is the rigorous computation of the bounds ε and k,
which requires interval arithmetic, Fourier-based representations, and careful control of truncation
errors.

7.7.1 Implemented code

The abstract framework developed in Section 7.4.3.3 and Theorem 7.12 is made concrete by the
routine prove_contraction(⋅) (see Algorithm 63). This routine verifies the hypotheses of the
fixed-point method on a finite, rigorously controlled truncation of the Banach space (Fd

ρ , ∥ ⋅ ∥ρ).
Given a problem specification P , which encodes the nonlinear map F , its Jacobian action DF ,
and the truncation level, together with an approximate solution u0, it computes the defect ε,
the Lipschitz constant k of the Newton-like operator C, and checks the compatibility inequality
ε + kr < r on the ball B(u0, r) (see Section 7.5.2.2). In this way, the abstract contraction-mapping
argument is turned into an explicit computer-assisted proof.
The structure P mirrors the operator abstractions from Section 7.6. The field space carries the
ambient series structure, while trunc_space(⋅) fixes the finite-dimensional companion needed
to realise compact operators (Algorithms 60-61). The entries F and JF provide the nonlinear
map and its Jacobian action, respectively, which are used to assemble the Newton-like modifier
C(u) = F (u) −M[F (u) − u] (cf. Section 7.7).
The parameter M_dim specifies the truncation level at which M is represented as a finite matrix,

M = Pℓ M̂ Pℓ,

where Pℓ denotes the canonical projection in Fd
ρ (see Definition 7.4) onto Fourier polynomials of

degree k ≤ ℓ. On this truncated subspace we verify that M − I is invertible; hence C and F share
the same fixed point u∗:

C(u∗) = u∗ ⇐⇒ (I −M)(F (u∗) − u∗) = 0 ⇐⇒ F (u∗) = u∗.

Thus the choice M = PℓM̂Pℓ materialises the Newton-like correction directly on the truncated
Fourier subspace, in perfect analogy with the finite-matrix representation of compact operators.
In practice, M̂ may be constructed from the matrix of DF (u0), for instance by taking a rational
approximation of (DF (u0)− I)

−1, or by using the default choice M̂ = I +(P DF (u0)P − I)−1. Any
such choice is valid provided M − I is invertible and the associated bounds can be verified. Finally,
the parameter r fixes the radius of the validation ball required by Theorem 7.12.
The construction is summarised in Algorithm 62.

Lemma 7.13 (Preconditions for the contraction check). Assume that on the truncated subspace of
size M_dim the compact-operator matrix DF (u0) − I is invertible (cf. Algorithm 60), and that the
norm on trunc_space is consistent with the ambient norm on Fd

ρ . Then the quantities ε and k
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Algorithm 62 Proof data structure on Fd
ρ

Type: Proof{S, ST, FT, DFT}
Fields:
• space :: Space (ambient space Fd

ρ )
• trunc_space :: Space (finite truncation PℓF

d
ρ for certified numerics)

• F :: Function (nonlinear map F ∶ Fd
ρ → F

d
ρ )

• DF :: Function (Jacobian action (u,h) ↦DF (u)[h] on Fd
ρ )

• M_dim :: Int (dimension ℓ of truncated subspace; default 10)
• R_an :: Float64 (analytic radius / tail parameter; default 1 + 1

8)
• r :: Float64 (validation ball radius; default 10−9)

1: function Proof(space,F,DF )
2: parameters: M_dim, R_an, r
3: trunc_space← truncate_space(space) ▷ construct finite companion PℓF

d
ρ

4: return Proof(space, trunc_space, F, DF, M_dim, R_an, r)
5: end function

computed below are valid upper bounds for the defect and the Lipschitz constant of the Newton-like
operator C on B(u0, r), up to analytically controlled tails.

With these preconditions in place, we can describe the routine that verifies the hypotheses of
Theorem 7.12 on the truncated subspace. Algorithm 63 takes as input a problem specification
P and an approximate solution u0, and returns validated bounds for the defect ε, the Lipschitz
constant k, and the contraction inequality.

Algorithm 63 Contraction proof routine prove_contraction

Require: P = Proof(space, trunc_space,F,DF,M_dim,R_an, r), approximate solution u0
Ensure: Defect ε, Lipschitz bound k, and success flag (ε + k r < r)

1: F (u0) ← P.F (u0) ▷ evaluate the nonlinear map at u0
2: u← Ball(u0, P.r) ▷ define the validation domain B(u0, P.r), Alg. 56
3: Compact Jacobian at u0
4: DF (u0) ← CompactOperator(u0.space, h↦ P.DF (u0, h), P.M_dim) ▷ Alg. 60 and 61
5: Newton-like modifier
6: M ← I + (DF (u0) − I)

−1
▷ requires (DF (u0) − I)

−1 on the truncated subspace
7: Defect at u0
8: C(u0) ← F (u0) −M(F (u0) − u0)
9: ε← ∥C(u0) − u0∥ρ ▷ Algorithms 55

10: Lipschitz bound for C on B(u0, r)
11: DC ←Operator(u0.space, h↦ P.DF (u,h) −M(P.DF (u,h) − h)) ▷ Algorithm 58
12: k ← Norm(DC) ▷ Algorithm 59
13: Contraction check
14: success← (ε + k ⋅ P.r < P.r)
15: return (ε, k, success)

7.7.2 Test functions

To ensure correctness of the implementation, a dedicated test file is included with the package.
It contains five test problems designed to validate each of the components introduced so far: the
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construction of series spaces, the Newton-like modification, the contraction check, and the rigorous
enclosure of solutions.
Each test follows the same structure:

1. a nonlinear map F and its Jacobian DF are defined on a suitable Fourier series space (odd,
even, or vector-valued);

2. an approximate solution u0 is computed either by a Runge-Kutta solver or by a Newton
iteration on the truncated Fourier coefficients;

3. the problem specification P is assembled (cf. Algorithm 62);

4. the routine prove_contraction(P,u0) (cf. Algorithm 63) is called to compute the defect
ε and Lipschitz constant k, and to check the inequality ε + kr < r required by Theorem 7.12.

Examples. The following problems are included:

• Scalar ODE. A simple second-order equation ẍ = f(x) with f(x) = x − x3, tested in an odd
Fourier space.

• Vector-valued ODE. A two-dimensional system ẅ = f(w) with quartic potential V (x, y) =
x4 + y4 + xy, solved in a vector Fourier space.

• ODE with nonlinearity
√
x. An even Fourier space test where f(x) = −x + a/

√
x, with a > 0

chosen to avoid singularities, illustrating the DFFT approach from Section 7.4.3.3.

• ODE with nonlinearity 1/x. Another even Fourier space problem, this time with f(x) =
−x/a + 1/(ax), where a > 0 fixes the scaling. The test validates the rigorous handling of
singular nonlinearities.

• Two-body problem. A planar gravitational system with two equal masses interacting through
Newton’s potential U(x) = −1/∣x∣, formulated as ẍ = −∇U . The solution is represented in a
mixed vector Fourier space (even/odd components).

Remark. These test problems are not meant to exhaust the range of possible applications, but they
provide a minimal verification suite. Passing all five tests confirms that the code can (i) construct
the appropriate Fourier series space, (ii) generate a high-accuracy numerical approximation, and
(iii) certify existence and uniqueness of a true solution via the contraction-mapping argument.
Remark 7.14. In the even and complete Fourier settings, the constant mode requires special atten-
tion. Unlike in the odd case, where the antiderivative is uniquely determined, here the constant
coefficient is not automatically fixed by integration. After applying the antiderivative operator, one
must therefore add an explicit correction to the constant term, ensuring that the resulting series
satisfies the appropriate average condition. Concretely, this means that the constant mode itself
must be formulated as a fixed-point equation, to be solved together with the higher Fourier modes.
For the simple test problems considered in this Section, this condition can be written explicitly
and incorporated directly into the definitions of F and DF . In more general situations, however,
additional care is required: if the constant mode is not treated consistently with the analytic struc-
ture of the equation, the fixed-point operator may fail to map the Fourier space into itself, thereby
invalidating the contraction argument.

139





Chapter 8

Results and conclusions

This Chapter reports the main numerical and rigorous outcomes of the Thesis. Building on the
computer-assisted proof (CAPs) infrastructure developed in Chapter 7 and on the variational-
optimisation search of Chapters 3-5, we turn high-accuracy numerical periodic orbits into math-
ematically certified objects. Concretely, for each candidate orbit we instantiate the Banach-space
proof structure and apply Algorithm 63 to obtain explicit defect bounds ε, contraction estimates
k, and validation radii r, thereby proving existence and local uniqueness of a true periodic solution
within a certified neighbourhood of the numerical seed. All computations and validation codes are
implemented in Julia [70] and released in the repositories [125,131], together with scripts and data
enabling full reproducibility. Part of the validated families presented here, as well as additional
equivariant periodic solutions, are discussed in forthcoming work [132].
The Chapter is organised as follows. Section 8.1 explains how the general CAPs routine is spe-
cialised to the gravitational n-body problem, including the definition of the nonlinear map and its
derivative in Fourier coordinates. Section 8.2 summarises a representative set of validated periodic
orbits, combining variational diagnostics (action, gradient norm, Morse indices) with validation
output (defect, contraction bound, truncation size, and certified radius). Section 8.3 then analy-
ses computational requirements through two benchmark suites designed to probe runtime scaling
and validation success rates. Section 8.4 concludes the Chapter with a discussion focused on the
computer-assisted proof framework, analysing the computational regime explored in this work and
outlining directions for further extension. Section 8.5 finally concludes the Thesis, synthesising
the end-to-end methodology developed in this work and discussing its implications for the certified
study of periodic solutions.

8.1 Application to the n-body problem

To apply the validation routine of Algorithm 63 to the periodic solutions of the n-body problem,
we must specify the elements of the proof structure

P = Proof(space, trunc_space, F, DF, M_dim, R_an, r).

The functional spaces used in the proof are automatically determined from the symmetries of
the approximate periodic solution. Each coordinate of every body is assigned to an appropriate
Fourier subspace (odd, even, or complete) depending on the observed parity of the corresponding
component of the numerical orbit. This classification ensures that each variable is represented in
the smallest spectral space compatible with its symmetry, reducing the computational dimension
while preserving the structure of the solution. The nonlinear map F entering the proof structure
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corresponds to the integrated form of Newton’s equations (1.1):

F (x) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Π0x + T
2 Antiderivative2(f(x)), for the constant Fourier mode in even

or complete settings
,

T 2 Antiderivative2(f(x)), for all nonzero Fourier modes,

where T is the period, Π0 denotes the projection onto the constant (zero) Fourier mode and

fi(x) = −∑
j≠i

mj
xi − xj

∥xi − xj∥
3 .

This distinction at the constant mode x = 0 reflects the correction discussed in Remark 7.14: in the
even or complete Fourier settings, the constant mode is not fixed by the antiderivative and must
therefore be treated as a fixed-point variable, ensuring that F maps the Fourier space into itself.
Its Fréchet derivative acts as

DF (x)[v] =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Π0v + T
2 Antiderivative2(DF (x)[v]), for the constant Fourier mode in even

or complete settings
,

T 2 Antiderivative2(DF (x)[v]), for all nonzero Fourier modes,

where Π0 denotes the projection onto the constant (zero) Fourier mode and

DF (x)[v]i = −∑
j≠i

mj [
vi − vj

∥xi − xj∥
3 − 3 (xi − xj) ⟨xi − xj , vi − vj⟩

∥xi − xj∥
5 ] .

As noted previously and in Remark 7.14, one needs to ensure proper treatment of the constant
Fourier mode, which is not fixed by integration in the even or complete settings.
The operators F and DF are implemented according to these formulae, using memoised routines for
the distance terms and spectral antiderivatives to guarantee efficiency and reproducibility. Once
these components are defined, the remaining quantities M_dim, R_an, and the validation radius
r are set according to the chosen truncation order and analytic estimates, completing the data
required by Algorithm 63.
In what follows, we present a short selection of periodic orbits obtained through the computer-
assisted framework developed in this work. This sample is not exhaustive, but is intended to
illustrate that the validation method proposed can successfully handle configurations with different
masses, distinct group symmetries, and varying numbers of bodies. The first three examples, shown
in Figures 8.1, 8.2, and 8.3, correspond to well-known classical orbits, while the last three, depicted
in Figures 8.4, 8.5, and 8.6, represent new configurations that have been rigorously validated by
means of our computer-assisted method.

8.2 Overview of the validated results

We now comment on the six periodic solutions reported in Figures 8.1-8.6. Each figure collects
two layers of information: the variational/optimisation output (action value, gradient norm, Morse
indices) and the computer-assisted validation output (the defect ϵ, the contraction bound k, the
truncation size Mdim and the validation radius r for Algorithm 63). The purpose of this selec-
tion is twofold: first, to provide a representative sample of the orbit geometries produced by the
symmetry-constrained variational search; second, to illustrate that the Banach-space validation
pipeline can be applied systematically across different symmetry types, different Fourier parity
layouts (even/odd/complete), and different problem sizes.
More precisely, the first three examples correspond to classical configurations that are widely used
as benchmarks in the periodic-orbit literature. They serve here as sanity checks for the end-to-
end pipeline: starting from a numerical approximation produced by the variational framework of
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Orbit data

Group generator(s)
ker τ = ⟨Id⟩, Ḡ = ⟨r⟩

ρ(r) = −Id, σ(r) = ()

Action value 9.8022
Gradient norm 7.72 × 10−11

Morse on I
Index 0
Min negative eigenvalue —

Morse on T
Index 0
Min negative eigenvalue —

Winding number —

CAPs data
Result True
k 0.00192522193236973
ϵ 4.882899389969273 × 10−15

Mdim 20
r 1.0 × 10−7

Spaces [Even, Odd, Complete, Complete, Complete, Complete]
Ran 1 + 2−11

N.of coefficients 70

Figure 8.1: Circular periodic orbit, used as a baseline benchmark for the validation framework.
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Orbit data

Group generator(s)
ker τ = ⟨Id⟩, Ḡ = ⟨r, s⟩

ρ(r) = Id, σ(r) = (1,2,3)
ρ(s) = −Id, σ(s) = (2,3)

Action value 5.8584
Gradient norm 4.85 × 10−12

Morse on I
Index 0
Min negative eigenvalue —

Morse on T
Index 2
Min negative eigenvalue -0.2257

Winding number —

CAPs data
Result True
k 0.29648219249810126
ϵ 2.6031971246524157 × 10−8

Mdim 20
r 1.0 × 10−7

Spaces [Even, Odd, Complete, Complete, Complete, Complete]
Ran 1 + 2−11

N. of coefficients 70

Figure 8.2: Figure-eight choreography, illustrating a classical nontrivial benchmark solution.
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Orbit data

Group generator(s)
ker τ = ⟨Id⟩, Ḡ = ⟨r⟩

ρ(r) = −Id, σ(r) = ()

Action value 10.4421
Gradient norm 3.22 × 10−8

Morse on I
Index 0
Min negative eigenvalue —

Morse on T
Index 2
Min negative eigenvalue -0.0617

Winding number —

CAPs data
Result True
k 0.04181056784688636
ϵ 4.396679534045844 × 10−10

Mdim 20
r 1.0 × 10−7

Spaces [Complete, Complete, Complete, Complete, Odd, Even]
Ran 1 + 2−11

N. of coefficients 70

Figure 8.3: Ducati periodic orbit, highlighting a different symmetry and parity structure.
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Orbit data

Group generator(s)
ker τ = ⟨Id⟩, Ḡ = ⟨r, s⟩

ρ(r) = −Id, σ(r) = ()

ρ(s) = ( −Id2 0
0 1 ) , σ(s) = ()

Action value 11.8999
Gradient norm 2.52 × 10−8

Morse on I
Index 0
Min negative eigenvalue —

Morse on T
Index 9
Min negative eigenvalue -11.6320

Winding number —

CAPs data
Result True
k 0.023415210888609643
ϵ 1.38617673728876 × 10−10

Mdim 30
r 1.0 × 10−7

Spaces [Odd, Odd, Even, Odd, Odd, Even, Odd, Odd, Even, Odd, Odd, Even]
Ran 1 + 2−11

N. of coefficients 100

Figure 8.4: Planetary-type periodic orbit with four equal-mass bodies arranged in a symmetric configuration.
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Orbit data

Group generator(s)
ker τ = ⟨Id⟩, Ḡ = ⟨r, s⟩

ρ(r) = −Id, σ(r) = ()

ρ(s) = ( −Id2 0
0 1 ) , σ(s) = ()

Action value 10.9984
Gradient norm 1.5 × 10−9

Morse on I
Index 4
Min negative eigenvalue -0.3558

Morse on T
Index 19
Min negative eigenvalue -0.4950

Winding number —

CAPs data
Result True
k 0.16018282271473855
ϵ 2.168712672834166 × 10−11

Mdim 40
r 1.0 × 10−8

Spaces [Odd, Odd, Even, Odd, Odd, Even, Odd, Odd, Even]
Ran 1 + 2−11

N. of coefficients 100

Figure 8.5: A non-classical periodic orbit with three equal-mass bodies, exhibiting a markedly different geometry
from the standard choreographies.
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Orbit data

Group generator(s)
ker τ = ⟨Id⟩, Ḡ = ⟨r, s⟩

ρ(r) = −Id, σ(r) = ()

ρ(s) = ( −Id2 0
0 1 ) , σ(s) = ()

Action value 8.5415
Gradient norm 1.3447 × 10−10

Morse on I
Index 2
Min negative eigenvalue -0.1393

Morse on T
Index 12
Min negative eigenvalue -0.1117

Winding number —

CAPs data
Result True
k 0.010699445927175977
ϵ 6.730972405928748 × 10−12

Mdim 40
r 1.0 × 10−10

Spaces [Odd, Odd, Even, Odd, Odd, Even, Odd, Odd, Even]
Ran 1 + 2−11

N. of coefficients 150

Figure 8.6: A periodic orbit with three bodies of unequal masses, illustrating the flexibility of the validation framework
beyond equal-mass configurations.
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Chapter 3, the present validation step confirms that the orbit is the shadow of a true solution
of Newton’s equations within explicit error bounds. The last three examples illustrate the same
pipeline on less standard configurations, including higher Morse index solutions and configurations
with different masses; these highlight that the method is not restricted to a single symmetry group
or to minimising solutions.
Across all examples, the reported list of Fourier spaces (even/odd/complete blocks) is determined
automatically from the observed parity of each coordinate of the numerical orbit, and the resulting
reduced representation is used consistently in the evaluation of F , DF , antiderivatives, and operator
bounds. This is precisely the mechanism that makes the validation routine scalable: the proof is
carried out in the smallest Fourier space compatible with the orbit symmetries, while still producing
a certified enclosure in the full phase space.

Comparison with known Morse index results. In addition to certifying the existence of the
periodic solutions reported in Figures 8.1-8.6, the present validation framework provides discrete
Morse index (see Section 4.1) information that can be directly confronted with known analytical
and semi-analytical results for classical three-body orbits. To the best of our knowledge, explicit
Morse index computations for periodic solutions of the three-body problem are available in the lit-
erature only for a limited number of highly symmetric configurations, most notably the Lagrangian
circular orbit shown in Figure 8.1 and the figure-eight choreography shown in Figure 8.2, where
the second variation of the action has been analysed by analytical or semi-analytical methods. In
particular, for the Newtonian figure-eight choreography shown in Figure 8.2, Fukuda, Fujiwara,
and Ozaki [102,133] analysed the second variation of the action through the spectral properties of
the continuous Hessian operator and introduced several Morse indices depending on the admissible
class of variations. They showed that the figure-eight orbit has a positive Morse index (N = 2) when
considered in the full space of periodic loops, while the choreographic and figure-eight constrained
Morse indices vanish (Nc = Ne = 0), indicating that the orbit is a saddle point of the unrestricted ac-
tion functional but a local minimiser within the corresponding symmetry-invariant subspaces. Our
numerical results are in full agreement with this structure. When the discrete Hessian of the discre-
tised action is evaluated over the full period, we obtain a Morse index equal to two, corresponding
to unstable directions that break the choreographic symmetry, whereas the index vanishes when the
computation is restricted to the fundamental domain associated with the figure-eight symmetry,
as illustrated in Figure 8.2. Similar symmetry-dependent behaviour is observed for other highly
symmetric periodic solutions among Figures 8.3 and 8.4, where nonzero Morse indices on the full
loop space coexist with reduced or vanishing indices in symmetry-restricted settings.
This phenomenon is consistent with the general variational picture established, for instance, for
the Lagrangian circular orbit shown in Figure 8.1 by Barutello, Jadanza, and Portaluri [99], who
analysed the Morse index of such relative equilibria and highlighted the role played by symme-
try constraints and invariant subspaces in determining their variational character. For further
discussion of symmetry-restricted Morse index computations in this context, see [105].

8.3 Computational requirements and performance

Two complementary benchmark tests were performed to assess the practical performance of the
computer-assisted proofs (CAPs) framework. The first test focuses primarily on computational
time and is based on highly symmetric two-dimensional circular periodic orbits Section 8.3.1. The
second test, discussed later in Section Section 8.3.2, considers three-dimensional “planetarium”-type
configurations (see Figures 8.4 and 8.9) and is designed to analyse the success rate of the validation
procedure as a function of the number of retained Fourier coefficients, the problem dimension,
and the parity structure of the solution. All computer-assisted validation results reported in this
Chapter were obtained using Julia [70] implementations provided in [125,131]. The periodic orbits
themselves were not generated within the CAPs framework. Instead, high-accuracy numerical
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approximations were first computed using the Symorb variational-optimisation system [43], together
with the numerical procedures described in Chapters 3-5. These numerical solutions serve as input
for the CAPs pipeline, whose sole purpose is the rigorous validation of their existence. For a
fixed periodic orbit, the CAPs procedure consists of a single computational phase: the execution
of Algorithm 63 in the setting described in Section 8.1. This algorithm verifies the existence and
uniqueness of a true solution in a neighbourhood of a given numerical approximation by computing:

• the defect ε,

• a contraction bound k,

• and a validation radius r such that the inequality

ε + kr < r

holds in the appropriate Fourier series Banach space.

Hardware and software environment. All benchmark tests were carried out on the virtual
machine MathHPC, provided by the Data Center of the Department of Computer Science of the
University of Turin within the HPC4AI infrastructure. The virtual machine is hosted on hetero-
geneous servers managed via OpenStack and runs on two Intel(R) Xeon(R) Gold 6230 CPUs at
2.10 GHz. Up to 30 CPU cores and 300 GB of RAM were available; however, each proof execution
used only a single core because the code is not currently parallelisable. The operating system
is Ubuntu 22.04.5 LTS, and all computations were performed using Julia v1.12.3 (15 December
2025, [70]). All results are fully reproducible using the provided repositories [125, 131]. Exact
package versions, dependencies, and compiler settings are recorded in the corresponding project
manifests.

Empirical performance metrics. For a fixed periodic orbit, the computational cost of the
CAPs validation step is primarily governed by the following parameters:

1. the Fourier truncation level N , i.e. the number of retained Fourier coefficients per coordinate;

2. the parity structure of each coordinate (odd, even, or complete), which determines the effective
number of stored coefficients and tail variables;

3. the dimension of the problem, determined by both the ambient spatial dimension and the
number of bodies;

4. the compact-operator dimension Mdim, which fixes the size of the finite Jacobian block used
in the Newton-like correction and dominates the cost of matrix inversion and operator norm
estimates.

8.3.1 Circular benchmark solutions (two-dimensional test)

To investigate the scaling behaviour of the CAPs framework with respect to these parameters,
we consider a systematic benchmark based on circular periodic solutions. Among all periodic
orbits studied in this Thesis, the circle is geometrically the simplest configuration and exhibits
maximal symmetry. This makes it an ideal test case for isolating the computational impact of
the Fourier truncation level, parity structure, and problem dimension from geometric complexity.
The benchmark includes six distinct circular periodic orbits, obtained by increasing the number of
bodies from three to five. For each number of bodies, two configurations are considered: one with
equal masses and one with non-equal masses, where only a single mass differs from the others. This
choice allows us to disentangle the effect of the number of bodies from that of symmetry breaking
in the mass distribution. Figure 8.7 shows the six periodic orbits considered in this benchmark,
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together with their symmetry-induced characteristics, namely whether each coordinate admits an
odd, even, or complete Fourier expansion, as reported in the corresponding captions.
The validation results for these circular orbits are reported in two tables: Table 8.1 corresponding
to low Fourier truncation levels , and Table 8.2 to moderate truncation levels.

Table 8.1: CAPs validation metrics for circular benchmark solutions with low Fourier truncation levels.

Case Coeff. 25 50 75

Bodies Masses # ε k time(s) ε k time(s) ε k time(s)
3 equal 10N+5 5.68E-16 1.92E-03 1.16E+03 6.64E-16 1.92E-03 6.15E+03 6.08E-16 1.92E-03 2.00E+04
3 different 10N+5 6.11E-16 1.38E-03 1.16E+03 5.15E-16 1.38E-03 6.18E+03 8.41E-16 1.38E-03 2.00E+04
4 equal 8N+4 4.23E-16 1.44E-03 9.83E+02 7.49E-16 1.44E-03 5.19E+03 7.10E-16 1.44E-03 1.69E+04
4 different 12N+6 5.18E-16 1.46E-03 2.05E+03 1.19E-15 1.46E-03 1.13E+04 1.17E-15 1.46E-03 3.75E+04
5 equal 18N+9 6.22E-16 2.07E-03 5.66E+03 1.08E-15 2.07E-03 3.49E+04 1.15E-15 2.07E-03 1.15E+05
5 different 18N+9 9.52E-16 2.16E-03 5.71E+03 1.19E-15 2.16E-03 3.53E+04 1.08E-15 2.16E-03 1.14E+05

Table 8.2: CAPs validation metrics for circular benchmark solutions with moderate Fourier truncation levels.

Case Coeff. 100 125 150

Bodies Masses # ε k time(s) ε k time(s) ε k time(s)
3 equal 10N+5 9.28E-16 1.92E-03 4.64E+04 9.49E-16 1.92E-03 9.26E+04 9.81E-16 1.92E-03 1.66E+05
3 different 10N+5 1.23E-15 1.38E-03 4.66E+04 1.26E-15 1.38E-03 9.40E+04 1.29E-15 1.38E-03 1.66E+05
4 equal 8N+4 7.38E-16 1.44E-03 3.98E+04 7.72E-16 1.44E-03 7.56E+04 8.07E-16 1.44E-03 1.37E+05
4 different 12N+6 1.12E-15 1.46E-03 9.10E+04 1.16E-15 1.46E-03 1.79E+05 1.20E-15 1.46E-03 3.18E+05
5 equal 18N+9 1.06E-15 2.07E-03 2.74E+05 1.11E-15 2.07E-03 5.26E+05 1.15E-15 2.07E-03 9.95E+05
5 different 18N+9 1.01E-15 2.16E-03 2.76E+05 1.03E-15 2.16E-03 5.31E+05 1.05E-15 2.16E-03 9.94E+05

In all experiments, the compact-operator dimension was fixed to Mdim = 20, and the validation ra-
dius was chosen according to the rule r = 8 ε. All bounds were computed using BigFloat arithmetic,
and the analytic radius was set to Ran = 1 + 2−11. These parameters were kept fixed throughout
in order to ensure that the observed performance trends depend only on the structural proper-
ties of the Fourier spaces and the problem dimension. To complement the tabulated data, Figure
8.8 reports the wall-clock time required by the CAPs validation step as a function of the Fourier
truncation level N , shown on a logarithmic scale.

Observed scaling behaviour. The results exhibit a clear and monotone increase of runtime as
N grows, across all tested configurations. This behaviour reflects the increasing cost of nonlinear
operator evaluation, analytic tail bounds, and finite-dimensional Jacobian inversions as the Fourier
representation is refined. Beyond this expected dependence on N , a consistent separation between
configurations is observed. For every truncation level, the four-body equal-mass case is system-
atically the fastest, followed by the three-body configurations, while the five-body cases are the
most expensive. This ordering is stable across all values of N . The explanation lies in the parity
structure of the Fourier representation. In the four-body equal-mass configuration, all coordinates
admit only odd or even Fourier expansions, and no complete series are required. As a result, the
effective dimension of the underlying Banach space is significantly reduced. By contrast, configura-
tions involving different masses or a larger number of bodies include complete Fourier components,
which substantially increases the number of stored coefficients and the cost of operator bounds.

Summary of the circle benchmark. These benchmarks show that the computational cost
of the CAPs validation increases monotonically with the Fourier truncation level N , reflecting
the growing cost of operator evaluations and finite-dimensional Jacobian inversions. As discussed
above, the dominant factors governing the runtime are the structure of the Fourier representation,
most notably the number of retained modes, the parity-induced reduction of the underlying Ba-
nach space, and the overall problem size in terms of bodies and spatial dimensions, rather than
the geometric complexity of the orbit itself. At the same time, it is important to observe that the
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(a) 3B equal masses. Parity: [Odd, Even, Complete,
Complete, Complete, Complete]

(b) 3B different masses. Parity: [Odd, Even, Com-
plete, Complete, Complete, Complete]

(c) 4B equal masses. Parity: [Odd, Even, Even, Odd,
Odd, Even, Even, Odd]

(d) 4B different masses. Parity: [Odd, Even, Com-
plete, Complete, Complete, Complete, Odd, Even]

(e) 5B equal masses. Parity: [Odd, Even, Complete,
Complete, Complete, Complete, Complete, Com-
plete, Complete, Complete]

(f) 5B different masses. Parity: [Odd, Even, Com-
plete, Complete, Complete, Complete, Complete,
Complete, Complete, Complete]

Figure 8.7: Circular periodic orbits used in the CAPs scaling benchmarks.
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Figure 8.8: Runtime of the CAPs validation step versus the Fourier truncation level N for circular benchmark
solutions. Times (in seconds) are shown on a logarithmic scale. The consistent separation between curves reflects
differences in parity structure and effective Banach-space dimension across the tested configurations.

contraction constant k remains essentially unchanged as N increases for each fixed configuration.
This behaviour is expected and desirable: k is determined by the analytic properties of the problem
and by the choice of the approximate inverse, and its stability across truncation levels indicates
that the contraction mapping argument is not degraded by increasing spectral resolution. Con-
sequently, once a sufficiently accurate numerical approximation is available, the CAPs validation
step remains robust and predictable, with performance scaling consistently with the analytic and
algebraic structure of the validated operators.

8.3.2 Planetarium benchmark solutions (three-dimensional test)

In order to complement the two-dimensional circular benchmarks, we performed a second set of
experiments based on three-dimensional “planetarium”-type periodic solutions. Unlike the circular
test, which was designed primarily to study runtime scaling, this benchmark focuses on the success
rate of the CAPs validation procedure as a function of the number of retained Fourier coefficients,
the number of bodies, and the symmetry properties of the orbit. As in the circular benchmark, we
consider six distinct periodic orbits, obtained by increasing the number of bodies from three to five.
For each number of bodies, two configurations are analysed: one with equal masses and one with
different masses, where only a single mass differs from the others. All orbits are genuinely three-
dimensional and therefore require a higher-dimensional Fourier representation than their planar
counterparts. Figure 8.9 shows the six periodic orbits considered in this benchmark, together with
their symmetry-induced characteristics, namely whether each coordinate admits an odd, even, or
complete Fourier expansion, as reported in the corresponding captions.
The planetarium benchmark is conceptually analogous to the circular benchmark, in the sense
that it is designed to test the CAPs framework on the geometrically simplest periodic orbits avail-
able in the three-dimensional setting. Just as circular motions play this role in two dimensions,
planetarium-type solutions represent the most elementary and highly structured configurations
among genuinely three-dimensional periodic orbits. This is the primary reason for their selection
in the present benchmark.
At the same time, the planetarium benchmark differs from the circular one in two important
respects. First, the ambient spatial dimension is three, which substantially increases the dimension
of the underlying vector-valued Fourier space. Second, all coordinates of the planetarium solutions
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(a) 3B equal masses. Parity: [Odd, Odd, Odd, Odd,
Odd, Even, Odd, Odd, Even]

(b) 3B different masses. Parity: [Even, Odd, Odd,
Even, Odd, Odd, Even, Odd, Odd]

(c) 4B equal masses. Parity: [Even, Odd, Odd, Even,
Odd, Odd, Even, Odd, Odd, Even, Odd, Odd]

(d) 4B different masses. Parity: [Even, Odd, Odd,
Even, Odd, Odd, Even, Odd, Odd, Even, Odd, Odd]

(e) 5B equal masses. Parity: [Even, Odd, Odd, Even,
Odd, Odd, Odd, Odd, Odd, Even, Odd, Odd, Even,
Odd, Odd]

(f) 5B different masses. Parity: [Even, Odd, Odd,
Even, Odd, Odd, Even, Odd, Odd, Even, Odd, Odd,
Even, Odd, Odd]

Figure 8.9: Planetarium periodic orbits used in the CAPs scaling benchmarks.
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considered here admit purely odd or even Fourier expansions, and no complete Fourier series are
required. This parity structure distinguishes the planetarium benchmark from several circular
configurations and plays a crucial role in the computational efficiency, runtime scaling, and overall
feasibility of the CAPs validation procedure.

Table 8.3: CAPs validation metrics for planetarium benchmark solutions with low Fourier truncation levels. Entries
marked as ERROR correspond to cases in which the contraction condition required by the DFFT a posteriori validation
(see Section 7.4.3.3) could not be verified. The four-body equal-mass configuration is split into Case (a) Mdim = 20
and Case (b) Mdim = 30.

Case Coeff. 25 50 75

Bodies Masses # ε k time(s) ε k time(s) ε k time(s)
3 equal 9N+2 ERROR 3.21E-9 4.81E-01 7.41E+03 1.80E-14 4.81E-01 2.42E+04
3 different 9N+3 ERROR ERROR 5.08E-10 1.24E-02 1.95E+04
4 equal (a) 12N+4 ERROR ERROR ERROR
4 equal (b) 12N+4 ERROR ERROR ERROR
4 different 12N+4 ERROR ERROR ERROR
5 equal 15N+4 ERROR ERROR ERROR
5 different 15N+5 ERROR ERROR ERROR

Table 8.4: CAPs validation metrics for planetarium benchmark solutions with moderate Fourier truncation levels.
Entries marked as ERROR correspond to cases in which the contraction condition required by the DFFT a posteriori
validation (see Section 7.4.3.3) could not be verified. The four-body equal-mass configuration is split into Case (a)
Mdim = 20 and Case (b) Mdim = 30.

Case Coeff. 100 125 150

Bodies Masses # ε k time(s) ε k time(s) ε k time(s)
3 equal 9N+2 1.15E-14 4.81E-01 5.09E+04 1.36E-14 4.84E-01 1.09E+05 1.70E-14 4.81E-01 2.03E+05
3 different 9N+3 2.48E-14 1.24E-02 4.95E+04 4.29E-14 1.52E-02 8.25E+04 2.16E-14 1.24E-02 1.64E+05
4 equal (a) 12N+4 1.39E-10 9.82E-01 1.21E+05 9.42E-14 9.82E-01 2.29E+05 4.23E-14 9.82E-01 4.10E+05
4 equal (b) 12N+4 1.39E-10 3.79E-01 1.22E+05 9.42E-14 3.79E-01 2.34E+05 4.23E-14 3.79E-01 4.25E+05
4 different 12N+4 ERROR 3.69E-09 1.09E-01 1.98E+05 3.31E-12 5.00E-02 3.91E+05
5 equal 15N+4 ERROR ERROR ERROR
5 different 15N+5 ERROR ERROR ERROR

In all experiments, the compact-operator dimension was fixed to Mdim = 20, and the validation ra-
dius was chosen according to the rule r = 8 ε. All bounds were computed using BigFloat arithmetic,
and the analytic radius was set to Ran = 1 + 2−11. These parameters were kept fixed throughout in
order to ensure that the observed performance trends depend only on the structural properties of
the Fourier spaces and the problem dimension.
The only exception concerns the four-body equal-mass planetarium configuration, which is reported
in Tables 8.3 and 8.4 as four-body equal-mass configuration Case (a) and Case (b). Case (a)
corresponds to Mdim = 20, while in Case (b) the compact-operator dimension was increased to
Mdim = 30. For Mdim = 20, validation repeatedly failed at low Fourier truncation levels, and no
successful validation was obtained for N = 25, 50, or 75. At larger truncation levels, successful
validations were eventually achieved, but with contraction bounds close to unity, namely k ≈ 0.92.
The corresponding defects decreased with increasing N , taking values ε ≈ 1.39 × 10−10 for N = 100,
ε ≈ 9.42 × 10−14 for N = 125, and ε ≈ 4.23 × 10−14 for N = 150.
In this regime, the observed contraction factor k ≈ 0.92 implies that the condition

ε + kr < r

can only be satisfied if
r >

ε

1 − k
≈ 12.5 ε.

As a consequence, the standard choice r = 8 ε is insufficient to close the contraction argument.
While this inequality suggests that a larger validation radius would be required, increasing the
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radius does not provide a simple remedy: the entire a posteriori validation procedure would have
to be repeated with the new value of r, and there is no guarantee that the contraction argument
would then close.
As an alternative to increasing the validation radius, the dimension of the compact-operator ap-
proximation was increased to Mdim = 30, yielding Case (b). This modification improves the quality
of the approximate inverse primarily through a reduction of the contraction bound k (while the
defect ε remains essentially unchanged at the relevant truncation levels). As a consequence, the
contraction argument can be closed using the standard radius-selection rule r = 8 ε. Successful
validations are therefore obtained already at lower truncation levels, as reflected in the entries for
Case (b) in Tables 8.3 and 8.4.
However, this general improvement is accompanied by a mildly increased computational cost. While
the computation of the matrix M becomes more expensive when larger finite blocks are used, the
dominant part of the validation procedure is the estimation of the contraction bound k. Conse-
quently, variations in Mdim have only a limited impact on the overall wall-clock time. This trade-off
can be illustrated by the four-body equal-mass configuration at truncation levels N = 100, N = 125
and N = 150. For N = 100, increasing the compact-operator dimension from Mdim = 20 (Case (a)) to
Mdim = 30 (Case (b)) leaves the defect essentially unchanged at ε ≈ 1.39×10−10, while substantially
reducing the contraction bound from k ≈ 0.982 to k ≈ 0.379. The corresponding wall-clock time
increases slightly from 1.21 × 105 s to 1.22 × 105 s, corresponding to an overhead of approximately
0.8%. A similar behaviour is observed at N = 125. Both cases yield the same defect, ε ≈ 9.42×10−14,
while the contraction bound again drops from k ≈ 0.982 to k ≈ 0.379. The wall-clock time increases
marginally, from 2.29 × 105 s to 2.34 × 105 s, corresponding to an overhead of approximately 2.2%.
For N = 150, the defect remains unchanged at ε ≈ 4.23×10−14, while increasing Mdim from 20 to 30
reduces the contraction bound from k ≈ 0.982 to k ≈ 0.379. The wall-clock time increases modestly
from 4.10 × 105 s to 4.25 × 105 s, an overhead of about 3.7%. This behaviour is representative of
the role played by the compact-operator dimension in the validation procedure. From a conceptual
and algorithmic perspective, the compact-operator dimension Mdim is not intended as an accuracy
parameter, but rather as the minimal finite-dimensional correction required to eliminate the non-
contracting directions of the linearised operator. In the weighted Fourier spaces Fd

ρ considered here,
the high-frequency modes are already strongly contractive due to analytic decay, and are therefore
more efficiently controlled by abstract tail estimates than by explicit numerical inversion. For this
reason, the most robust and computationally efficient choice of Mdim is the smallest value for which
the contraction inequality can be rigorously verified. While increasing Mdim can be beneficial in
situations where the contraction bound k is the limiting factor, as illustrated by the benchmark
tests above, such increases are used only to the extent needed to close the contraction argument.
Enlarging the compact block beyond this point does not improve the defect ε and may instead
lead to unnecessary computational overhead and increased interval overestimation. Consequently,
Mdim is increased only when required and never beyond the minimal level needed for a successful
validation.

Observed validation behaviour. The results reveal a markedly different behaviour compared
to the circular benchmark. For the three-body planetarium orbits, validation succeeds only beyond
sufficiently large Fourier truncation levels. At low values of N , the DFFT-based a posteriori
validation (see Section 7.4.3.3) fails because the contraction condition cannot be verified: the
truncated Fourier representation does not yet provide sufficient spectral resolution for the defect
ε to fall below the threshold required by the Banach fixed-point argument. Once the Fourier
representation is refined, the defect decreases and successful validations are obtained. This trend
is observed for both equal-mass and different-mass configurations, although the latter typically
requires a larger number of retained coefficients.
For the four-body planetarium configurations, the validation problem becomes significantly more
demanding. In both the equal-mass and different-mass cases, successful validations are obtained
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only at relatively large Fourier truncation levels, with the outcome depending sensitively on the
parameters of the a posteriori validation. For Mdim = 20, the contraction factor k is below unity but
remains close to one, so that the contraction inequality cannot be closed using the standard radius
selection and would require repeating the full validation procedure with a larger validation radius,
with no guarantee of success. An alternative strategy is to increase the compact-operator dimen-
sion, thereby extending the finite-dimensional correction applied to the weakly or non-contracting
directions of the linearised operator. This improves the quality of the approximate inverse primarily
through a reduction of the contraction bound, while leaving the defect essentially unchanged at the
relevant truncation levels. As a result, the contraction argument can be closed using the standard
radius-selection rule.
It is worth noting that, across all tested configurations, increasing the truncation level N system-
atically leads to smaller defects ε, while the contraction constant k remains comparatively stable.
This behaviour mirrors what was observed in the circular benchmark and indicates that the appar-
ent validation difficulties at low N are primarily a consequence of the DFFT a posteriori validation
framework (see Section 7.4.3.3), which requires sufficient spectral resolution to produce a defect
small enough to satisfy the contraction inequalities, rather than a genuine deterioration of the
underlying contraction properties.
For the five-body planetarium orbits, no successful validation has been obtained so far, neither
in the equal-mass nor in the different-mass case, for the truncation levels explored at the time
of writing. In light of the systematic decrease of the defect ε with increasing N and the relative
stability of the contraction constant k observed in lower-dimensional cases, we expect that the
present limitation is primarily computational in nature. In particular, the DFFT a posteriori
validation (see Section 7.4.3.3) requires sufficiently large truncation levels to reduce the defect
below the threshold imposed by the contraction inequalities. Due to time and resource constraints,
it was not possible to carry out validations at significantly higher truncation levels within the
scope of the present work. Further computations at larger N are therefore expected to clarify the
feasibility of these cases and are currently ongoing.

Summary of the planetarium benchmark. The planetarium benchmark provides a three-
dimensional analogue of the circular tests and is designed to assess the feasibility of the CAPs
validation procedure in a higher-dimensional setting. The results show that successful validation
requires increasingly refined Fourier representations as the number of bodies grows. For three-body
configurations, validation is achieved once the truncation level N is sufficiently large, with defects ε
decreasing monotonically and contraction constants k remaining stable. Four-body configurations
already entail a substantial increase in computational cost and require a higher-quality approxi-
mate inverse to close the contraction argument. For five-body planetarium orbits, no successful
validation has been obtained so far within the truncation levels explored, a limitation that appears
to be primarily computational. Overall, these results confirm that, also in three dimensions, the
performance of the CAPs framework depends primarily on the effective Fourier-space dimension
and the quality of the approximate inverse, rather than on the geometric complexity of the orbit.

8.4 Discussion

This Chapter completes the final step of the Thesis pipeline by transforming periodic solutions ob-
tained through the variational-optimisation framework into mathematically certified objects. Start-
ing from high-accuracy Fourier representations, we instantiated the Banach-space proof structure
and applied Algorithm 63 to obtain explicit defect bounds ε, contraction constants k, and validation
radii r guaranteeing the existence and local uniqueness of true periodic solutions of Newton’s equa-
tions near the computed numerical seeds. The six representative examples Figures 8.1-8.6 show
that the validation method applies uniformly across different symmetry groups, parity layouts,
numbers of bodies, and mass distributions. The benchmark studies Figures 8.7 and 8.9 further
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delineate the practical operating regime of the approach, indicating that computational costs scale
mainly with the effective Fourier-space dimension and truncation level, and that genuinely three-
dimensional validations may require higher spectral resolution or improved approximate inverses
via larger compact-operator blocks Mdim.

Limitations and future work on CAPs. While the results demonstrate that the proposed
framework provides a robust and flexible tool for the rigorous validation of periodic solutions, they
also clarify the present range of applicability of the method and point naturally toward further
developments. From a computational standpoint, the CAPs validation step is substantially more
demanding than the numerical generation of candidate orbits. Runtime grows with the Fourier trun-
cation level N and with the effective Banach-space dimension induced by parity structure, spatial
dimension, and number of bodies. The dominant costs arise from nonlinear operator evaluations,
rigorous tail bounds, and the finite-dimensional linear algebra associated with the compact-operator
block of size Mdim.These observations indicate that parallelisation offers the greatest potential for
extending the range of feasible validations, while improvements in linear-algebra routines and adap-
tive parameter-selection strategies provide complementary benefits.
Furthermore, the CAPs procedure inherently depends on the quality of the numerical approximation
provided as input, as is the case for any fixed-point validation method. Its role is not to generate
periodic solutions, but to certify the existence of an exact solution in a neighbourhood of a given
numerical seed. Consequently, if the variational or optimisation stage does not yield a sufficiently
accurate approximation, the contraction argument may fail even when a true nearby solution exists.
This behaviour reflects a limitation of the input data rather than of the CAPs methodology itself,
while also suggesting that closer integration between numerical discovery and rigorous validation
could further improve the robustness and efficiency of the overall pipeline.
Moreover, the distinction between periodicity and symmetry certification identifies a clear theoret-
ical direction for extending the framework. While symmetry is exploited at the variational level to
construct candidate solutions by restricting the search to equivariant loop spaces and fundamental
domains, the current validation stage certifies periodicity rather than the persistence of symmetry
constraints themselves. Developing computer-assisted techniques that explicitly certify symmetry
properties, such as membership in a prescribed equivariant class or by exploiting algebraic rela-
tions between Fourier coefficients induced by symmetry, would further strengthen the connection
between variational theory and rigorous validation and represents a natural continuation of the
ideas developed in this Thesis.
In this context, an additional open direction concerns the analysis of solutions associated with
symmetry groups of type S (see Definition 5.9). As discussed earlier in the Thesis, such symmetries
lead to non-isolated critical points arising from continuous rotational invariance. A systematic ex-
ploration of these solutions would require a substantially more refined treatment, involving deeper
algebraic analysis of symmetry groups, their normalisers, and the resulting stratification of equiv-
ariant loop spaces. Addressing these issues would necessitate more sophisticated mathematical
tools than those employed in the present work and is therefore left for future investigation.
In conclusion, this Chapter shows that the combination of variational discovery and computer-
assisted validation developed in this Thesis provides a reliable framework for the rigorous study
of periodic solutions of the gravitational n-body problem. Numerical approximations obtained
through symmetry-constrained optimisation are shown to admit fully certified counterparts, yield-
ing explicit and reproducible existence bounds for true solutions of Newton’s equations. Beyond
the specific families of orbits validated here, the results demonstrate the generality and scalability
of the approach and establish that rigorous computer-assisted proofs can be systematically embed-
ded within variational and computational investigations in celestial mechanics. In this way, the
Chapter completes the end-to-end methodology of the Thesis, linking high-precision computation
to mathematically guaranteed existence results.
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8.5 Conclusions
This Thesis has developed a unified variational–computational framework for the detection, clas-
sification, and rigorous validation of periodic solutions of the gravitational n-body problem. By
combining tools from variational analysis, numerical optimisation, and computer-assisted proofs,
the work bridges the gap between abstract existence theory and effective, certifiable computation.

What has been done. The first objective of this work was to design a systematic methodology
for exploring the action functional associated with the n-body problem beyond classical minimisa-
tion approaches. This was achieved by discretising the variational problem through Fourier repre-
sentations of periodic trajectories, enforcing symmetry and boundary constraints, and reducing the
infinite-dimensional setting to a finite-dimensional optimisation problem. Within this framework,
a hybrid optimisation strategy was introduced, coupling global stochastic methods with local de-
terministic refinement to detect both minimising and non-minimising critical points. In parallel,
constructive variational techniques inspired by the Mountain Pass Theorem were implemented to
locate saddle-type periodic orbits that cannot be obtained by direct minimisation. Beyond detec-
tion, an analysis phase was developed to characterise the qualitative and dynamical properties of
the resulting periodic solutions. This includes the computation of discrete Morse indices to assess
variational stability, together with geometric and landscape-based diagnostics that reveal the or-
ganisation and connectivity of critical points within the action landscape. Finally, a comprehensive
computer-assisted proof (CAP) framework was developed, allowing numerical approximations of
periodic solutions to be transformed into mathematically rigorous existence results with explicit
error bounds, using validated numerics in Fourier series spaces.

Main results. The methods developed in this Thesis enabled the construction of an end-to-end
framework for the study of periodic solutions of the gravitational n-body problem, covering their
detection, classification, and rigorous validation. Within this framework, multiple classes of periodic
solutions were systematically identified, including local minima and higher-index saddle points of
the action functional. These solutions were characterised both locally and globally through the
computation of discrete Morse indices, which describe the local variational structure of the action
functional around each critical point, and through statistical analyses of the action landscape based
on intra- and trans-level distances. For planar periodic orbits, additional topological information
was extracted via winding numbers, providing a geometric classification of the detected families and
complementing the variational analysis. Crucially, the framework culminates in a computer-assisted
proof stage, where selected numerical solutions are rigorously validated, establishing the existence
and uniqueness of exact periodic orbits in neighbourhoods of the computed approximations. This
final step completes the methodological pipeline, transforming numerical candidates into certified
mathematical results and ensuring full reproducibility and reliability of the entire discovery process.

Perspectives and future work. Several promising directions emerge from this work. A natu-
ral extension is the generalisation of the CAPs framework to higher-index critical points and more
complex saddle configurations, enabling a rigorous exploration of the global topology of the varia-
tional landscape. In the same spirit, addressing the analytical difficulties associated with symmetry
groups of type S (see Definition 5.9) would allow the full variational–validation pipeline developed
in this Thesis to be reused. Once the non-isolated nature of the corresponding critical sets is prop-
erly handled, numerical detection and computer-assisted validation can proceed within the same
framework. On the applied side, the proposed methodology provides a foundation for investigating
periodic and resonant structures in astrophysical and astrodynamical contexts, including planetary
systems, stellar clusters, and trajectory design problems. More broadly, the combination of vari-
ational principles, advanced optimisation algorithms, and rigorous validation techniques offers a
flexible paradigm for the systematic and certified study of complex periodic phenomena in celestial
mechanics and related nonlinear dynamical systems.
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Nomenclature

˙(⋅) First time derivative (velocity)

(̈⋅) Second time derivative (acceleration)

(⋅)⊥ Orthogonal complement

(sF)
(i) i-th component of a vector-valued series sF

(Rd)n Product configuration space

(f+, h+) Pair associated with the trial point x+

(fk, hk) Pair of objective value and infeasibility measure associated with xk

(n1, . . . , nk) Cycle (cyclic permutation) sending n1 ↦ n2 ↦ ⋯↦ nk ↦ n1

1 Identity element when the group is clear from context

1/sF Reciprocal of a Fourier series sF

1G Identity (unit) element of the group G

[S−, S+] Interval enclosing a real number with machine-representable endpoints

[x] Time average of a loop x, 1
T ∫

T
0 x(t)dt

[y]− Negative part of y: [y]− =max{−y,0}

αmin Minimum step length triggering feasibility restoration

Ḡ Quotient group Ḡ ∶= G/ker τ

n̄ Truncation index defining the finite-dimensional space Hn̄

∶= Definition symbol (“is defined as”)

∆ Set of all collision configurations

∆k Trust-region radius at iteration k

∆ij Configurations where bodies i and j collide

dim Spatial dimension (winding-number computation assumes dim = 2)

ℓ Truncation dimension used to represent operators/matrices on a finite subspace
(stored as M_dim)

∅ Empty set (used e.g. when Λ̂G = ∅)

η Acceptance threshold parameter in trust-region algorithms
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ηf(t, x) Steepest descent flow associated with f starting at x and evolved for time t

Γ Feasible set (points satisfying all constraints)

γ Trajectory (path) in configuration space

γk k-th iterate of a periodic orbit γ

∆̂ Maximum allowable trust-region radius

Λ̂ Space of collision-free H1 T -periodic loops

Λ̂G Space of collision-free G-equivariant loops

χ̂ Collision-free configuration space

I Fundamental domain (subinterval) for the action of G on T

Id Identity transformation

I(t) Imaginary part of a complex number t

ker τ Kernel of the time-shift homomorphism τ (elements acting trivially on time)

Λ Space of H1 T -periodic loops in χ

λ Vector of Lagrange multipliers

λ⋆ Lagrange multiplier vector at a solution

ΛG Space of G-equivariant H1-periodic loops

λk Lagrange multiplier vector at iteration k

λ1 Most negative eigenvalue of the matrix Bk

λi Lagrange multiplier vector associated with constraint i

λ⋆i Lagrange multiplier associated vector with constraint i at a solution

⟨g⟩ Cyclic subgroup generated by the element g

⟨S⟩ Subgroup of G generated by the subset S ⊆ G

⟨⋅, ⋅⟩ Euclidean inner product

E−(A) Negative eigenspace of the Hessian operator A

R+ Nonnegative real numbers (time domain for the flow)

T One-dimensional torus R/Z

0 Zero matrix of dimension (n ⋅ dim) × (n ⋅ dim)

sF Vector-valued Fourier series (s(1)F , . . . , s
(d)
F )

s1,F, s2,F Vector-valued Fourier series in Fd
ρ

A Lagrangian action functional

A(γ) Lagrangian action functional evaluated along a path γ

A
(1)
h Discrete approximation of AI obtained via quadrature + finite differences
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A
(2)
h Discrete approximation of AI in the Fourier-coefficient model

Aρ Odd subspace of Fρ

AI Action functional restricted to the fundamental domain I

A
reg.
I Regularised action functional on I (smooth C2 functional)

Bρ Even subspace of Fρ

D(A) Domain of the Hessian operator A

E Index set of inequality constraints

FP
ρ Direct-sum / vector-valued extension of Fρ with P components

Fρ Banach space of 2π-periodic analytic functions on Dρ with exponential Fourier
decay

Fd
ρ Vector-valued analytic Fourier space of dimension d endowed with the max-

norm with analytic radius ρ

Fc
i Basin of attraction of F c

i , i.e. {x ∈X ∶ ωx ⊂ F
c
i }

I Index set of equality constraints

L(x,λ) Lagrangian function

LA(x,λ;µ) Augmented Lagrangian function (equality-constraint form)

M Set of local minimum points detected during the optimisation

N(x) Residual map used in Newton-like validation (e.g. N(S) = S2 − sF in DFFT)

Pℓ Canonical projection onto Fourier polynomials of degree ≤ ℓ (truncation pro-
jector)

mIk
Subset of minima with objective values in Ik (level set)

(PS)c Palais–Smale condition at level c (every PS sequence at level c has a convergent
subsequence)

Antiderivative2 Second antiderivative operator acting componentwise on Fourier series

crit(f) Set of critical points of the functional f

dA Differential of the action functional A

Id Identity operator (or matrix, when finite-dimensional), acting on the appropri-
ate space (e.g. Rn⋅dim or Fd

ρ )

span[⋅] Linear span of a set of vectors

µ Penalty parameter

µk Penalty parameter at iteration k

∇f Gradient of the functional f

∇f(xk) Gradient of f at xk

∇2U(ti) Hessian of the potential term U evaluated at time node ti
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∇xL Gradient of the Lagrangian w.r.t. the primal variable x

S Circle in Rd centered at the origin

ω(t) Angular-velocity integrand used to compute the winding number

Ω(x) Active set at a feasible point x

Ω⋆ True active set at a local solution (constraints active at the optimum)

ΩḠ Ḡ-equivariant loop space H1(T;χker τ)Ḡ

ωx ω-limit set of x under ηf (limit points of ηf(t, x) as t→ +∞)

std(X) Set of standard sets associated with a space X

std(X1 ×X2) Cartesian product of standard sets in product spaces

∂Fc
1 Boundary of the basin of attraction Fc

1

∂/∂xi Partial derivative with respect to xi

∂−2 Second antiderivative operator on 2π-periodic functions with zero average

Φ Nonlinear analytic map applied to a Fourier series (e.g. Φ(z) =
√
z or Φ(z) =

1/z)

ϕ Penalty function applied to inequality constraint violations

ϕ(g, x) Action of the group element g ∈ G on x ∈X

ϕk(t) Fourier basis function (sine or cosine, depending on parity)

Π Permutation matrix in the QR factorisation with pivoting

Π0 Projection onto the constant (zero) Fourier mode

πc Projector enforcing the centre-of-mass constraint (projection onto χ)

πg Projector enforcing cyclic boundary constraint in the cyclic-action case

πH Projector onto XH defined by averaging over the subgroup H

πi Projector onto χHi (endpoint constraint projector)

πker τ Projector onto χker τ

ψ Depending on the context, either the action of the Weyl group WGH on XH ,
or a penalty function applied to equality constraint violations

ψ(t) Fourier-truncated correction term with ψ(0) = ψ(π) = 0

ψk(t) Fourier correction term vanishing at the endpoints in the Bolza ansatz

Rd d-dimensional Euclidean space

χ Configuration space with vanishing centre of mass

χG Set of configurations fixed by the action of G
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ρ Depending on the context, either the strip-width (analyticity scale) parameter
in the definition of Fρ and its norm, or the orthogonal representation ρ ∶ G →
O(d)

ρg Spatial (orthogonal) action associated with the element g

ρk Ratio of actual to predicted reduction in trust-region methods

ρIL(xi) Intra-level distance of xi: mean distance to other minima in the same level

ρTLk
(xi) Trans-level distance of xi: mean distance to minima in the next lower level

σ Permutation representation of G on bodies indices, σ ∶ G→ Σn

Σn Symmetric group of degree n, group of permutations of {1, . . . , n}

ΣX Group of all permutations of the set X

∑
h
i=0X

i Truncated geometric series approximating the reciprocal

sup Supremum (maximum along a path)

T Time circle R/TZ

τ Depending on the context, either the orthogonal representation τ ∶ G → O(2)
on the time circle, or a geometric tolerance used to identify and discard near-
duplicate minima

τ(G) Image of the representation τ , a finite subgroup of O(2)

τg Time-action associated with the element g

τk Optimal scaling parameter defining the Cauchy point

A Archive of detected local minima and associated restart states (MP-AIDEA)

Proof Constructor assembling the proof structure
P = (space, trunc_space,F,DF,M_dim,R_an, r)

θ Rotation parameter for Rθ

Ξ̃ Union of subregions after a split, Ξ̃ = Ξ1 ∪Ξ2

ñ−(x) Discrete Morse index of a critical point x

s̃F Normalised series s̃F = sF /c0

DF (x) Fréchet differential of the functional F at x

D2F (x) Second Fréchet differential of the functional F at x

ε Depending on the context, either an action tolerance used to build level inter-
vals around fk, or a regularisation parameter in the softened potential Uε

ε + kr < r Compatibility inequality ensuring C(B(u0, r)) ⊆ B(u0, r) and contractivity

M̂ Finite matrix used to assemble M = PℓM̂ Pℓ on the truncated subspace

Ξ Optimisation domain (parameter domain)

Ξ = I × J Two-dimensional parameter domain in the illustrative example
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ζ Complex coordinate along the curve γ

{Bn}n≥1 Basis elements of a series space (canonical generators supported on a single
mode or tail slot)

A Depending on the context, either a bounded preconditioner (approximate in-
verse) used in the DFFT Newton operator G, or a constraint matrix in linear
equality constraints Ax = b

a Group action of G on X: the induced homomorphism a ∶ G → ΣX , where for
each g ∈ G, a(g) is the action map defined by a(g)x = gx

A(x) Jacobian of the equality constraint map c(x)

Ak Fourier coefficients in the truncated Fourier expansion

b Right-hand side vector in linear constraints Ax = b

Bk Context-dependent symbol: symmetric Hessian approximation, or Fourier co-
efficient in a truncated Fourier expansion

C Flat storage vector containing Fourier coefficients of a series

c Energy level c > 0 (Palais–Smale), corresponding to a disconnected sublevel set
f c

C(u) Newton-like corrected map C(u) = F (u) −M [F (u) − u] used to enforce con-
tractivity

c0 Context-dependent notation: constant Fourier coefficient (zero mode) or mountain-
pass level c0 = infγ∈Γx1,x2

sups∈[0,1] f(γ(s))

ci(x) Equality constraint function indexed by i

d Ambient physical space dimension

D(Q1(x;µ);p) Directional derivative of Q1, the ℓ1-based merit function, at x along direction
p

di(x) Inequality constraint function indexed by i

D2n Dihedral group, symmetry group of an n-gon, of order 2n

DF (⋅) Fréchet derivative (Jacobian) of a map at the indicated point; e.g. DN(S) for
the nonlinear operator N at S, DF (u) for F at u, and DC(u) for the corrected
map C at u

DF (u0) − I Linearised fixed-point operator on the truncated subspace; must be invertible
to define M

DF (x)[v] Action of the Fréchet derivative of a map at x on a direction v

DF (x)[v]i Componentwise evaluation of the Jacobian action DF (x)[v] at index i

dim Spatial dimension (number of coordinates per body)

dt Discrete time increment used for numerical time integration

E Flat storage vector containing error/tail enclosures associated with the series
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e
(i)
k Canonical vector basis element with mode k in component i

F Number of retained Fourier modes, i.e. the truncation order/length in a trun-
cated Fourier series or polynomial

f Objective (cost) functional; a generic function or functional—e.g. an action
functional, possibly discretised, whose critical points or minima are sought and
used to rank solutions

F (t) Fourier series representing a function

F (u) = u Fixed-point equation posed on the Banach space Fd
ρ

F (x) Integrated fixed-point map associated with Newton’s equations used in the
CAP validation

f c Sublevel set at level c, f c = {x ∈X ∶ f(x) ≤ c}

fH Restriction of a G-equivariant map to fixed-point sets XH → Y H

f1 Objective function corresponding to A(1)h

f2 Objective function corresponding to A(2)h

F c
i Connected component of the sublevel set f c

fk Objective function evaluated at xk, fk = f(xk)

G Finite group, typically acting as a symmetry group on the space of admissible
configurations

G(t) Discrete-time integrand combining kinetic and potential terms (used in quadra-
ture)

G(x) Newton-like operator G(x) = x −AN(x) used in DFFT a posteriori validation

G/H Quotient group, acting naturally on XH if H ◁G

g = (ρ, τ, σ) Generic element of the symmetry group G (representation on space, time, and
permutations)

g−1 Inverse of the element g ∈ G

G● Isotropy (stabiliser) subgroup under the relevant group action; e.g. Gx = {g ∈
G ∶ gx = x} or Gt = {g ∈ G ∶ τ(g)t = t}

gH Left coset of H in G

H Context-dependent notation: either (i) a subgroup H ≤ G, (ii) the Sobolev
space W 1,2(T, χ̂) of periodic trajectories, or (iii) a Hilbert space equipped with
an increasing family of finite-dimensional subspaces Hn ⊂ H used in discrete
Morse index constructions

h Context-dependent discretisation parameter: either the truncation order of a
Taylor/binomial expansion, or a step size in time or space discretisation (e.g.
h = T

w−1 or h = π
M+1), depending on context

h(x) Measure of infeasibility (sum of constraint violations)
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H0,H1 Maximal T-isotropy subgroups associated with t0 and t1

h0, h1 Generators of H0 and H1 (cyclic of order 2 in brake/dihedral case)

Hf(⋅) Hessian matrix of the function f evaluated at the indicated point (e.g. Hk(xk)

or Hf(p))

Hn Finite-dimensional subspace of H used for Morse index discretisation

Hg Right coset of H in G

I Symbol whose meaning depends on context: index form, identity matrix, or
interval I = [a, b] in R

i Imaginary unit or index, depending on context

Ik Action interval defining a level around fk, Ik = [fk − ε, fk + ε]

IM Interpolation operator mapping Fourier coefficients to grid values

In̄ Restriction of the index form to the space Hn̄

iMorse(γ) (Continuous) Morse index of an orbit γ

j Index variable (layer/recursion index in algorithmic contexts)

J = [c, d] Interval domain for a parameter (example in R)

K Context-dependent notation: either the total number of detected levels (clus-
ters) after partitioning by action or a compact operator appearing in the de-
composition ∇A

reg.
I = Id +K

K(⋅) Kinetic energy term in the Lagrangian

k−n Scaling factor applied to the k-th Fourier mode under n integrations

Ki Isotropy subgroup of the index i (within a given subgroup action)

L Context-dependent notation: either the Lagrangian function (typically kinetic
minus potential energy, or kinetic plus U under the chosen convention), or a
list (archive) of known critical points used by the Mountain Pass Algorithm

l Number of distinct T-isotropy subgroups of G

L(x, ẋ) Lagrangian of the system

Lℓ Representative action value of level ℓ used in level construction

Lε(y, ẏ) Regularised Lagrangian Lε =K(ẏ) +Uε(y)

M Context-dependent notation: either (i) a discretisation parameter such as the
number of grid subintervals or grid size (e.g. in time discretisation or FFT/DCT
evaluation), (ii) a bounded linear operator or its finite matrix representation
used as a Newton-like inverse-Jacobian correction on a truncated subspace (e.g.
in the construction of a corrected map C), or (iii) a cardinality, such as the
number of detected local minima

m Number of linear equality constraints (rows of A in the linear constraint elim-
ination: Ax = b)
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mi Context-dependent notation: either a detected local minimiser (element ofM),
or the mass of the ith body (mi > 0)

mk Local quadratic model of the objective function at xk

Mdim Truncation level for the finite-dimensional matrix representation used in the
Newton-like correction

N ◁G Normal subgroup N of G

N Context-dependent notation: either (i) the non-basis submatrix of a constraint
matrix A containing the remaining columns in linear constraint elimination
(Ax = b), or (ii) the number of stored Fourier coefficients in a truncated repre-
sentation

n Context-dependent notation: either (i) number of bodies, or (ii) order of the
antiderivative

n(γ, a) Winding number of γ around a

n−(x) Morse index of a critical point x

NGH Normaliser of H in G

NA Number of agents per population in MP-AIDEA

NP Number of populations in MP-AIDEA

NS Number of stages in the DE phase (per population)

O Operator acting on a series space (scalar or vector)

O(2) Orthogonal group of 2 × 2 real orthogonal matrices

P Context-dependent notation: either (i) a dimension parameter (number of
components in a vector-valued series space), (ii) a structured object bundling
data for proofs or algorithms (e.g. a contraction-proof specification such as
P = (space, trunc_space,F,DF,M_dim,R_an, r) or a problem structure col-
lecting f , ∇f , ηf , L, and xmin), or (iii) a permutation matrix used to reorder
variables in linear constraint elimination

p Context-dependent notation: either a p-value used in statistical tests (e.g. the
chi-square uniformity test in the Lattice split criterion), or a non-degenerate
critical point of the objective function f

p = (p1, p2) Chosen reference point for winding computation (typically the centre of mass)

Ph(X) Truncated binomial polynomial ∑h
i=0 (

m
i
)(−X)i

pk Search direction or trial step at iteration k

pB
k Full (Newton-type) step, pB

k = −B
−1
k gk

pc
k Cauchy point at iteration k

ps
k Steepest-descent direction in the trust-region subproblem

pU
k Unconstrained minimiser of the quadratic model along −gk

PN Projection operator truncating to the first N Fourier modes

XIX



Pin Parity of the input Fourier space

Pout Parity of the output Fourier space after n antiderivatives

Q Orthogonal matrix in the QR factorisation

q(p) Quadratic model of a merit function used for sufficient decrease tests

q(t) Unknown periodic solution of the differential equation

Q(x;µ) Penalty function (penalised objective)

Q1(x;µ) ℓ1 exact penalty function

Q1,Q2 Orthonormal blocks in the QR factorisation of AT

Q2(x;µ) ℓ2-based (nonsmooth) exact merit function for equality constraints

QF (x;µ) Fletcher augmented Lagrangian merit function

qi Context-dependent notation: either the position of body i (e.g. in the three-
body problem), or the ith component of a vector-valued Fourier series q ∈ FP

ρ

R Context-dependent notation: either (i) the upper-triangular factor in a QR fac-
torisation, (ii) an analyticity radius parameter for Fourier coefficients (some-
times written also as Ran), or (iii) a DFFT-based approximation obtained after
nonlinear evaluation and projection

r Context-dependent notation: either the radius of a validation ball (e.g. B(u0, r)
in a Banach fixed-point argument), or a rotation generator of the dihedral group
D2n

R−T Inverse transpose of R (used in triangular substitution)

Rθ Rotation by angle θ: either the rotation matrix in O(2) about the origin, or a
one-parameter family of rotations preserving Y G (e.g. in the type-S case)

Ran An analyticity radius parameter for Fourier coefficients

Rh+1(X) Remainder of the binomial series after truncation at order h

s Context-dependent notation: either (i) a reflection generator of the dihedral
group D2n, (ii) a path parameter s ∈ [0,1] used to traverse a path γ(s), or (iii)
a global sign factor arising from parity alternation under repeated integration

s(t) Truncated Fourier perturbation of the linear path

S−, S+ Lower and upper bounds of an interval

S(i) i-th Newton iterate for a nonlinear series equation

Sθ Reflection matrix in O(2) across a line forming angle θ with the x-axis

sF Series object representing a Fourier series in a given Fourier space

sn
F n-th integer power of a Fourier series sF under validated multiplication

s
(i)
F i-th scalar component of a vector-valued Fourier series

sm
F Rational power of a Fourier series sF , with exponent m = 1

n > 0

XX



Sk,h Quadratic bound EF
k E

G
h for error–error contributions in multiplication

SO(d) Special orthogonal group in dimension d

T Context-dependent notation: either (i) a temperature parameter controlling
acceptance of non-improving moves (e.g. in simulated annealing), or (ii) a time-
scale parameter such as the period of an orbit or loop, the length of the time
circle, or the time horizon of an interval, depending on context

t Time variable

t0, t1 Endpoints of a parameter interval, e.g. the fundamental domain I = [t0, t1] or
the initial and final parameter values for one traversal of a path γ

ti Discrete time grid point on a parameter interval (e.g. [0, π] or I), indexed by
i (notation also used as th or tk depending on context)

TxW
1,2(T, χ̂) Tangent space to the Sobolev manifold at x

Txχ Tangent space to configuration space at x

U(⋅) Newtonian potential energy

U = (U1, . . . , Un) Interval enclosures for the first n Fourier coefficients (low modes)

U
(i)
k Interval enclosure for the k-th stored coefficient of component i

u0 High-accuracy numerical approximation of the fixed point

Uk Interval enclosure for the k-th stored Fourier coefficient

uk Selected (exact) coefficient within interval enclosure Uk

Uε(y) Regularised (softened) potential term

V Linear subspace of Rd

v Tangent/perturbation direction used in evaluating the Jacobian action

V = (Vn, Vn+1, . . . ) Interval description of the tail coefficients (high modes)

V G Fixed subspace in configuration space, V G = {x ∈ χ̂ ∶ ρx = x}

V g Fixed-point subspace of ρ(g) in Rd, V g = {v ∈ Rd ∶ ρ(g)v = v}

V
(i)

m Tail/error enclosure for component i beyond the truncation index

Vg Constraint set Vg = {(v,w) ∶ gv = w} for cyclic boundary conditions

Vm Tail/error set (enclosure) accounting for contributions beyond the truncation
index

vm Selected (exact) tail coefficient within interval enclosure Vm

W Working set (current estimate of the active constraints in active-set methods)

w Context-dependent notation: either the number of discretisation time nodes
over a time interval, or an integer winding number

W 1,2(T, χ̂) Sobolev manifold of H1-periodic loops in χ̂
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WGH Weyl group of H in G, defined as NGH/H

wm Analytic weight sequence used for tail bookkeeping in multiplication

wnum Numerical approximation of the winding number before rounding

x = (x1, . . . , xn) Configuration of the system

X ⋆ Y Interval extension of a binary operation ⋆

X Ambient Hilbert (or metric) space where the functional f is defined

X = 1 − αsF Deviation used in the geometric expansion for the reciprocal

X = 1 − s̃F Deviation used in binomial expansion

x⋆ Best-known solution (reference point for the lowest level)

XH Set of points of X fixed by all elements of the subgroup H ≤ G

x+ Trial point (candidate iterate) in line-search/trust-region methods

x−1∆ Collision times of a loop x, i.e. preimage of ∆ in T

X0 Positively invariant subset of X under the flow ηf

x0, x1 Context-dependent notation: a pair of distinguished configurations, used either
as endpoint configurations of a parameter interval (e.g. at t = 0 and t = π in a
Fourier-coefficient model), or as initial points for the Mountain Pass algorithm

xs
0 Initial starting point for the first inner minimisation

x1, x2 Two distinct points in X used to define the mountain-pass path class

xB Basic variables associated with the basis matrix B

xi Position of body i (vector in the ambient physical space)

xk
i Position of body i at discrete time node k

xk Current iterate in an optimisation algorithm

xs
k Starting point for the inner minimisation at iteration k

xN Non-basic variables (free variables) after elimination

xY Reduced coordinates associated with Y in the representation x = Y xY +ZxZ

xZ Reduced (free) coordinates associated with Z

xmin Current reference minimum point stored in the problem structure P

xk+1 Next iterate in an optimisation algorithm

Y Context-dependent notation: either (i) a functional space of admissible curves
(e.g. the space on which Areg.

I
is defined, including fixed-end path spaces with

endpoint constraints), or (ii) a matrix defining a particular solution mapping
in linear constraint elimination (as in x = Y b +ZxN )

y(t) Initial or optimised path on the fundamental domain

XXII



Y G Fixed-point subspace of Y under the action of G (i.e. G-symmetric configura-
tions)

YF Finite-dimensional approximation space for optimisation (Fourier-truncated
model)

yk
i Discrete approximation of xi(tk)

yM+2
i Ghost point used for finite-difference boundary handling

Z Null-space basis matrix satisfying AZ = 0

zc Objective function value at the current solution (simulated annealing)

zn Objective function value at a neighbouring candidate solution (simulated an-
nealing)

AbstractOperator{S} Abstract operator type parameterised by a series space S

Antiderivative_Complete Routine computing the antiderivative in a complete Fourier space

Antiderivative_Parity Routine computing the antiderivative in an even or odd Fourier space

Apply Operator application routine returning O.f(u)

Base.:* Julia overload implementing validated multiplication of Series objects

Base.:/ Julia overload implementing validated scalar–series division

Base.:ˆ Julia overload implementing integer powers of a Series

Base.:integrate Julia overload implementing validated antiderivatives of Series

Base.:sqrt Julia overload computing the square root of a Series

Base.copy Overloaded method returning a deep copy of a series or vector series object

Base.length Julia overload returning the dimension d of a vector series space

Base.one Overloaded constructor returning the multiplicative identity series in a given
space

Base.zero Overloaded constructor returning the additive identity series in a given space

Basis Iterator over canonical basis elements of a series space (including tail slots when
infinite)

Bisection Auxiliary routine that bisects the segment between x0 and x1 and applies
Gradient_descent

Check_compatible_spaces_sum Routine testing componentwise compatibility of two vector series
spaces for addition/subtraction

cidx_shift Parity-dependent shift mapping coefficient storage indices to frequencies

cidx Helper returning the storage index window of the coefficient block

Cmap Mapping from global coefficient indices to component-local indices

coefftype Helper returning coefficient type of a series space
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CompactOperator{S,MT} Type storing a compact operator on space S with matrix type MT

CompactOperator Finite-matrix representation of a (compact) linear operator on a chosen trun-
cated basis

Compute_FFT_Error A posteriori validation routine for DFFT output

Compute_weights Procedure generating weight array w used in tail allocation

Cstart Cumulative offsets for coefficient blocks of vector components

CT Coefficient type used in a series space (e.g. Float64, interval type)

C Coefficient vector storing the finite Fourier modes of a Series

DF Stored callable implementing the Jacobian action (u,h) ↦DF (u)[h]

eidx Helper returning the storage index window of the error block

eltype Julia function returning the element type of an array

errtype Helper returning enclosure/error type of a series space

Estart Cumulative offsets for error blocks of vector components

ET Error/enclosure type used in a series space (often an interval type)

Even, Odd, Complete Parity flags selecting cosine basis, sine basis, or full Fourier basis

E Error/tail enclosure vector storing validated bounds for the truncated remain-
der (non-truncated spaces only)

FFTAlgorithm DFFT-based strategy for nonlinear operations

first_cidx Helper returning the first storage index of the coefficient block

first_eidx Helper returning the first storage index of the error block

fourier_mul Validated multiplication kernel handling C–C, C–E and E–E interactions

FourierCompleteSpace Type alias for Fourier spaces with complete parity

FourierEvenSpace Type alias for Fourier spaces with even parity

FourierOddSpace Type alias for Fourier spaces with odd parity

FourierSpace{CT,ET,T,P} Concrete series space storing Fourier parameters, truncation, and par-
ity

freq_coeff Helper mapping coefficient storage indices to Fourier frequencies

freq_error Helper mapping error storage indices to Fourier frequencies

F Stored callable implementing the nonlinear map F ∶ Fd
ρ → F

d
ρ

g_tol Tolerance for the gradient norm used as stopping criterion

Get_component_length Routine computing the number of scalar blocks in a vector space

Get_Space_Antiderivative Routine constructing the target Fourier space for an n-th antideriva-
tive

XXIV



get_space_product Helper constructing the product Fourier space and checking compatibility of
inputs

Get_space_sum Constructor producing the vector sum space from two compatible vector series
spaces

get_subspace_indices Routine returning coefficient index windows for the truncated subspace

Gradient_descent Auxiliary routine integrating ηf until a stopping criterion is met

idx_shift Generic parity-dependent shift mapping storage indices to frequencies (coeffi-
cients or errors)

infinite Flag: if true, basis iteration includes tail slots (not allowed for truncated
spaces)

inverse_power Algorithm/parameter object for computing series reciprocals

istruncated Helper returning whether a series space is truncated

Iterate Julia iteration method producing successive basis elements and the next iter-
ator state

Julia High-performance programming language [70] used for the CAPS implementa-
tion

last_cidx Helper returning the last storage index of the coefficient block

last_eidx Helper returning the last storage index of the error block

LinearAlgebra.norm Julia overload computing the validated norm of a Series

M_dim Integer parameter specifying the truncated subspace size used to build M

mul In-place application of a compact operator using matrix–vector multiplication
on coefficient blocks

n_bodies_caps Code repository implementing the CAP validation pipeline specialised to the
n-body problem

n_coeffs Total number of stored Fourier coefficients in a vector series

n_errors_basis Number of tail slots in the basis (depends on parity: even/odd: 1, complete:
2)

n_errors Total number of tail/error slots in a vector series

NewtonAlgorithm Newton–Raphson strategy for nonlinear operations

normalised Basis flag rescaling each basis element to unit norm

Norm Routine computing the series norm by summing weighted coefficient bounds
and tail contributions

Operator{S,F} Wrapper pairing a space S with a function F implementing an operator

Power Routine computing integer powers via exponentiation by squaring, calling val-
idated multiplication

Proof Problem specification bundling space, truncation, nonlinear map F , derivative
action DF , and proof parameters
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prove_contraction Routine computing ε, k and checking ε + kr < r for the corrected map C

quadgk Gauss–Kronrod adaptive quadrature routine used for numerical integration

R_an Auxiliary analytic/tail parameter used for controlling truncation effects in the
proof routine

rational_power Algorithm/parameter object for computing rational powers of series

Reciprocal_Taylor Routine computing the reciprocal via geometric expansion

repository_caps Code repository implementing the computer-assisted proof (CAP) framework
used in this thesis

r Validation radius defining the ball B(u0, r)

Series{T,V} Data container coupling a series space with coefficient vector C and error vector
E

SeriesSpace{CT,ET,T} Abstract type encoding coefficient type, error type, and truncation flag
for a series space

space Ambient series space

Sqrt_FFT DFFT-based square-root routine with rigorous validation

Sqrt_Newton Routine computing the square root via Newton iteration

SqrtAlgorithm Enum selecting the method used to compute square roots of series

Sqrt Dispatcher selecting the square-root algorithm based on rational_power

Stop_basis_iterator Stopping rule determining when basis iteration ends, depending on parity
and available tail slots

subspace_dim Truncation dimension defining the finite coefficient subspace for a compact
operator

success Boolean flag indicating whether the contraction inequality ε+kr < r is satisfied

supabs Supremum of the absolute value of a scalar or interval, used to bound interval
coefficients in norms

TaylorAlgorithm Binomial/Taylor expansion strategy for nonlinear operations

TaylorPower Routine computing rational powers via truncated binomial expansion

to_min Boolean flag controlling Gradient_descent stopping: minimum-seeking vs.
increase-of-gradient rule

To_Points_FFT Routine mapping Fourier coefficients to grid values

To_Series_FFT Routine mapping grid values back to Fourier coefficients

trunc_space Finite-dimensional companion space PℓF
d
ρ used for certified matrix computa-

tions

truncate_space Utility producing the truncated variant of a Fourier space

T Boolean truncation flag indicating whether the space is truncated
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VectorSeriesSpace Data structure encoding a vector-valued series space

A posteriori validation Certification step ensuring existence and uniqueness of a true solution near
a numerical approximation

Action value Value of the variational action functional at the computed orbit

Analytic continuation Extension of a real function to a complex domain where it remains analytic

Analytic periodic function Function admitting a convergent Fourier series representation

Banach algebra Banach space closed under multiplication with submultiplicative norm

Banach fixed-point theorem Contraction principle guaranteeing existence and uniqueness of solu-
tions

Base reservoir Low-mode error accumulator used when a contribution cannot be assigned to
a positive-frequency slot

Basin hopping Restart mechanism that perturbs the search to escape a basin of attraction

Basin of attraction Set of initial points leading a local method to a given local minimiser

Basis element Canonical series supported on exactly one coefficient mode (or one tail slot),
all others zero

Brake orbit Loop x ∈ Λ invariant under a time-reflection: x(τ(g)t) = x(t) for some g ∈ G

Brake subgroup Subgroup H = {1, S} ≤ O(2) generated by a reflection

C–C Coefficient–coefficient interaction in series multiplication

C–E Coefficient–error interaction in series multiplication

CAPs Computer-assisted proofs: rigorous mathematical proofs relying on validated
numerical computation

Coercive Property ensuring boundedness of sublevel sets and boundedness of Palais–
Smale sequences

Complete series Fourier series carrying both even and odd components

Component length Number of independent coefficient blocks carried by a scalar space

Critical point Point where the first variation of a functional vanishes

DFFT Discrete Fast Fourier Transform based method for nonlinear operations

Discrete Morse index Finite-dimensional approximation of the Morse index obtained from a dis-
cretised functional

Diversification Strategy promoting exploration of less-visited regions of the feasible set

E–E Error–error interaction in series multiplication

Enclosure property Guarantee that the true result lies within the computed interval

Error slot Tail enclosure accounting for unresolved Fourier modes

Even function 2π-periodic function expanded only in cosines
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Even space Fourier space storing cosine modes (includes the constant mode k = 0)

Feasibility restoration phase Procedure aiming to reduce infeasibility, typically by (approximately)
minimising h(x)

Fitness Quality measure of a candidate solution (often based on the objective value)

Fixed-point equation Equation of the form q = ∂−2f(q) whose solutions correspond to periodic
orbits

Formal verification Mechanical verification of proofs using proof assistants such as Coq, Isabelle,
or Lean

Fourier basis Trigonometric basis used to represent periodic functions

Fourier subspace Parity-restricted spectral space chosen per component (cosine-only, sine-only,
or both)

Function representation Encoding of functions via Fourier coefficients or series

Functional space Banach or Hilbert space used to represent periodic functions

Funnel structure Landscape structure where progressively better minima are organised in a
funnel-like hierarchy

Generation Iteration step of a genetic algorithm

Gradient norm Norm of the action gradient at the numerical solution (criticality indicator)

Group generator(s) Generators specifying the symmetry group used to constrain/describe the orbit

Heuristic method Problem-solving method aimed at finding a feasible (not necessarily optimal)
solution

Horner-like accumulation Incremental construction of powers of X to reduce complexity

Hybrid algorithm Algorithm combining complementary optimisation strategies (e.g., tabu search
and simulated annealing)

IEEE 1788–2015 International standard for interval arithmetic

Index form Second variation of a functional evaluated at a critical point

Intensification Strategy focusing the search on promising regions of the feasible set

Interval arithmetic Algebraic framework extending arithmetic operations to intervals

Interval enclosure Set guaranteed to contain the true mathematical value

Interval evaluation Computation of function ranges over intervals

Interval extension Set of all possible results of an operation over interval operands

Isolated minimum Local minimiser not belonging to a continuous family (important for Mountain
Pass construction)

KKT Karush–Kuhn–Tucker optimality conditions

LICQ Linear Independence Constraint Qualification
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Local improvement procedure Iterative neighbourhood-based method for improving a candidate
solution

Machine-representable number Number exactly representable in floating-point arithmetic

Memoised routines Cached computations (e.g. distances) used to accelerate repeated evaluations
of f and DF in the proof pipeline

Metaheuristic method High-level strategy for designing problem-specific heuristics

Monotone function Function preserving order over an interval

Morse index Number of negative directions of the second variation at a critical point

Multi-funnel Landscape with multiple funnels (distinct basins/clusters separated by higher
barriers)

Multi-interval Union of disjoint intervals arising e.g. from division by intervals containing
zero

Mutation Random modification introducing diversity in offspring solutions

N. of coefficients Total number of stored coefficients across all components in the chosen pro-
duct/vector space

Newton iteration (truncated) Finite-dimensional Newton method on truncated Fourier coefficients
used to compute u0

Newton–Raphson method Iterative root-finding scheme with quadratic convergence

NoG Number of generations in the MP-AIDEA&Lattice recursion

NoL Number of Lattice layers (depth of domain decomposition)

Non-isolated minimum Minimum belonging to a continuum of minimisers (e.g. by rotational in-
variance in type-S groups)

Non-truncated space Series space where tail bounds (error/enclosure vector) are carried explicitly

Norm Quantity measuring the size of a function in the chosen functional space

Normalisation Rescaling of a basis element to unit norm in the weighted ℓ1 structure

Odd function 2π-periodic function expanded only in sines

Odd space Fourier space storing sine modes (starts at k = 1)

Offspring New candidate solutions generated from parents in a genetic algorithm

Oversampling Using M > 2N grid points to suppress aliasing errors

Palais–Smale sequence Sequence with bounded functional values and vanishing gradient

Parents Selected individuals used to generate offspring in a genetic algorithm

Parity Even/odd/complete classification of a Fourier series

Piecewise monotone function Function monotone only on subintervals

Population Set of candidate solutions evolved in a genetic algorithm
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Positively invariant Property: ηf(t, x0) ∈X0 for all t ≥ 0 and x0 ∈X0

Quadratic convergence Property that the error squares at each Newton step

Rigorous numerics Numerical computation with mathematically certified error bounds

Rotating circle property Property ensuring local minimisers are collision-free under suitable hy-
potheses

Rounding error Numerical error arising from finite-precision arithmetic

Runge–Kutta solver Numerical ODE integrator used to compute an approximate solution u0

Standard set Interval with machine-representable endpoints enclosing a real quantity

Tabu list Short-term memory structure preventing immediate repetition of recent moves

Tail slot Distinguished basis direction associated with an error reservoir (validated re-
mainder beyond stored modes)

Temperature schedule Rule defining how the temperature T is decreased during simulated anneal-
ing

Test problem Validation example specifying F , DF , a numerical guess u0, and a contraction
proof via prove_contraction

tol Tolerance

Truncated space Series space where only a finite number of modes is represented explicitly

Truncation error Error introduced by finite Fourier series approximations

Type S Property: existence of a one-parameter rotation group Rθ such that Rθx ∈ Y
G

for all x ∈ Y G

Uncertainty propagation Rigorous tracking of all numerical uncertainties through computations

Validated numerics Numerical methods that rigorously control all sources of error, including round-
ing and truncation

Vector Banach algebra Algebra structure inherited from scalar spaces under componentwise mul-
tiplication

Vector basis iterator Iterator traversing coefficient and tail modes across all components

Vector canonical basis Family {e(i)k } spanning Fd
ρ

Vector series space Ordered tuple of d compatible scalar series spaces

Vector space compatibility Condition that two vector series spaces have the same dimension and
componentwise compatible scalar spaces

Winding number Topological winding indicator of the orbit (when defined/available)

Zero-average condition Constraint ensuring uniqueness of the antiderivative operator ∂−2
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