
International Journal of Multiphase Flow 191 (2025) 105312 

A
0

 

Contents lists available at ScienceDirect

International Journal of Multiphase Flow

journal homepage: www.elsevier.com/locate/ijmulflow  

Research Paper

A semi-analytical description of the flow of unidirectional, collisional 
suspensions via extended kinetic theory
Diego Berzi a , Ashkan Pilbala b , Luigi Fraccarollo c ,∗

a Department of Civil and Environmental Engineering, Politecnico di Milano, Milano 20133, Italy
b Department of Civil, Environmental and Architectural Engineering, Università degli Studi di Padova, Padova, 35131, Italy
c Department of Civil, Environmental and Mechanical Engineering, Università degli Studi di Trento, Trento, 38123, Italy

A R T I C L E  I N F O

Keywords:
Intense sediment transport
Collisional suspension
Extended kinetic theory

 A B S T R A C T

We address the collisional transport of cohesionless sediments over a particle bed driven by a gravitational 
turbulent stream under steady and fully developed flow conditions. The sediment-laden flow forms self-
equilibrated resistance mechanisms at the bed surface, below which the sediments are at rest. The principle 
of mass, momentum, and energy conservation, for both the fluid and the particle phases, gives rise to a 
challenging set of differential equations, demanding closures for stresses, interaction forces and exchange of 
energy among the phases and energy dissipation in particle–particle encounters. We introduce a semi-analytical 
solution of steady, unidirectional collisional suspensions in the framework of the kinetic theory of granular 
gases, extended to deal with a high volumetric concentration of frictional, nonspherical sediments and the 
influence of the fluid drag in between collisions. We supplement the extended kinetic theory with a single-
parameter and depth-adaptive, although arbitrary, concentration profile. Then, the set of nonlinear differential 
equations can be solved in a straightforward fashion. As part of the analytical procedure, the concentration 
parameter is determined without data fitting. The agreement with laboratory experiments performed with 
mixtures of plastic cylinders in water, in a range of strength of the turbulent shearing fluid and angle of 
inclination of the flow, is remarkable in terms of profiles of particle mean velocity, velocity fluctuations, and 
concentration, at least in the part of the flow where the length of the particle trajectories in between successive 
collisions can be considered unaffected by gravity and buoyancy.
1. Introduction

The topic of sediment transport has a long history of research 
and a variety of nomenclatures has been introduced to describe, even 
partially, its vast phenomenology, with special emphasis on the char-
acteristics of the motion of the solid particles carried by, at least on 
Earth, either air or water. Bedload (Meyer-Peter and Müller, 1948; 
van Rijn, 1984), saltation (Bagnold, 1941), sheet flow (Jenkins and 
Hanes, 1998; Gao, 2008; Gonzalez-Ondina et al., 2018), and suspension 
load (Rouse, 1939) have been and are still used to define various types 
of sediment transport, often with partial super-positions and ambiguity. 
Part of the issue is that sediment transport involves a distribution of 
sizes of the solid particles, and sizes matter when, e.g., comparing 
the forces acting on the grains. Hence, different regimes of sediment 
transport usually coexist. To complicate the physical understanding 
and the mathematical modelling of the phenomenon, real flows are 
often affected by complex geometries of the boundaries and undergo 
transients.

∗ Corresponding author.
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To clean up the field, let us focus on an assembly of particles, 
well-sorted in all aspects (size, shape, density, etc.), transported by a 
shearing, turbulent fluid over a basal boundary that does not move. 
The latter can be a rigid bottom or comprise a loose packing of not 
moving or barely moving (Komatsu et al., 2001) particles identical to 
those flowing above it. We refer to these two scenarios as sediment 
transport over rigid or erodible beds, respectively. Then, bedload, in 
its original spirit (Meyer-Peter and Müller, 1948), is the regime of 
sediment transport in which only a few particles are moving, and these 
particles leave the bed at a certain instant, fly over the bed under 
the effect of gravity and fluid forces, and eventually retouch the bed 
at the end of their solitary flights. Here, they may rebound or stop. 
Occasionally, there might be a few mid-fluid collisions above the bed, 
but their effect on the transport rate is negligible. We might also call 
bedload as the ballistic regime. In the field of windblown sand, this 
ballistic regime is called saltation (Sauermann et al., 2001; Andreotti, 
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2004; Valance et al., 2015), and represents the main mode of sediment 
transport.

On the other side of the spectrum, suspension is the regime of 
sediment transport in which particles can fly over the bed without 
directly interacting with the bed itself. For this to happen, we must 
look for physical mechanisms able to provide one or more forces that 
balance the buoyant weight of the particles. This physical mechanism 
can be either the momentum exchange in interparticle collisions or the 
turbulent lift generated by the interstitial fluid. We can thus distinguish 
between collisional and turbulent suspensions.

Next, quantitative criteria must be provided to identify the above-
mentioned regimes. By increasing the intensity of the shearing flow, the 
ballistic regime gives way to the collisional suspended regime (Rala-
iarisoa et al., 2020). The length of the particle trajectories comprised 
between two successive interactions with the bed or other particles 
can be suitably employed to distinguish between these regimes. Indeed, 
there is a maximum length, called the mean free path in the literature of 
kinetic theory (Chapman and Cowling, 1970), for which the influence 
of the external forces acting on the particles, such as gravity, buoyancy 
and drag, can be safely ignored when calculating the stresses originated 
from the collisional exchange of momentum in the particle phase of 
the mixture (treated as a continuum). The transition from ballistic to 
collisional sediment transport takes place when the averaged trajectory 
length equals the mean free path (Pasini and Jenkins, 2005). Given that 
the mean free path is a decreasing function of the particle concentra-
tion (Chapman and Cowling, 1970), there is a minimum concentration 
above which the regime is collisional. In the collisional regime, the 
constitutive relations of the kinetic theory of granular gases can be 
employed (Jenkins and Savage, 1983; Garzó and Dufty, 1999).

If the intensity of the turbulence is large enough to overcome the 
particle buoyant weight, the sediment transport enters the turbulent 
suspension regime. Given that, in a fluid at rest, the competition 
between gravity, buoyancy and drag determines the particle settling 
velocity, and that a good measure of the turbulence intensity is given 
by the fluid shear velocity (the square root of the fluid shear stress over 
the fluid mass density), the ratio of the fluid shear velocity over the 
particle settling velocity, which is inversely proportional to the Rouse 
number (Rouse, 1939), has been proposed as a criterion for the onset 
of turbulent suspensions. There is a critical value of this ratio above 
which the turbulent suspension regime takes over (Pugh and Wilson, 
1999).

Even in the idealized case of sediment transport of mono-sized 
particles and steady, uniform flow, the concentration and the fluid 
shear velocity are local fields, heterogeneous in the flow domain. As 
such, the ballistic, collisional and turbulent suspension regimes can 
be simultaneously present in different regions of the spatial domain, 
perhaps in a stratified fashion. There might even be regions of the flow 
where two or more of the regimes mentioned above coexist. Models of 
sediment transport stratified into a purely collisional and a turbulent-
collisional layer have been proposed (Berzi and Fraccarollo, 2016). On 
the other hand, the existence of a region in which both ballistic and 
collisional mechanisms conspire to determine the particle stresses has 
recently been dealt with (Chassagne et al., 2023). We deem it will be 
crucial to widen our understanding of the role of gravity and fluid inter-
actions on inter-particle collisions, and also the transition from saltation 
(like in ordinary bed load) to collisional suspensions (Ralaiarisoa et al., 
2020).

In this work, we focus on the model of sediment transport over 
erodible beds in the collisional regime, particularly on the transport 
of solid particles in water in inclined channels, for which detailed 
measurements of the distributions of particle volumetric concentration, 
particle mean velocity and velocity fluctuations are available (Capart 
and Fraccarollo, 2011), allowing for a severe test of continuum models. 
Co-authors of the present paper have already used the kinetic theory 
of granular gases in attempts to solve this regime of sediment trans-
port (Berzi, 2011; Berzi and Fraccarollo, 2013, 2016). In so doing, 
2 
they have formulated a system of differential equations governing the 
motion of the two phases, solid particles and liquid, but were unable 
to find full numerical solutions of the system. They have provided ap-
proximate analytical solutions by stratifying the flow domain into a few 
layers characterized by different physical mechanisms and integrating 
the differential equations through simple trapezoidal rules.

Complications of solving balance equations with closures from the 
kinetic theory of granular gases come from the fact that the particle 
phase must be treated as compressible, and the equation of state, 
the granular viscosity and pseudo-thermal conductivity, and the col-
lisional dissipation rate of fluctuation energy are all strongly nonlinear 
functions of the particle concentration. Chassagne et al. (2023) have 
recently proposed a two-phase continuum model for collisional suspen-
sions based on the kinetic theory of granular gases that includes the 
presence of both saltating particles and a Coulomb-like frictional be-
haviour of the solid phase near the bed. They were able to numerically 
integrate the differential equations and to make comparisons against 
coupled fluid-discrete element simulations of spheres. When applied 
to physical experiments (Ni and Capart, 2018), however, their model 
seems to strongly underpredict the intensity of particle agitation.

Here, we introduce a strong simplification by uncoupling the de-
termination of the particle concentration from the other hydrodynamic 
variables. First, we assume that the concentration distribution in the 
flow is such that it maximizes some definition of the Shannon en-
tropy (Lien and Tsai, 2003). This permits, then, to solve analytically 
the momentum and energy balances, with the constitutive relations of 
the kinetic theory of granular gases, extended to include the role of 
particle friction (Jenkins and Zhang, 2002; Berzi and Vescovi, 2015), 
velocity correlation (Jenkins, 2007; Jenkins and Berzi, 2010), fluid 
drag (Jenkins et al., 2010), particle softness (Berzi and Jenkins, 2015), 
and cylindrical shape (Berzi et al., 2022). We also include the role of 
the particles in modulating the fluid turbulence (Berzi and Fraccarollo, 
2015; Gonzalez-Ondina et al., 2018) and the mutual influence of the 
turbulent fluctuations and the particle agitation (Hsu et al., 2004; Berzi 
and Fraccarollo, 2015). We limit the analysis to the region of the flow 
dominated by collisions, but, through comparisons with experiments of 
plastic cylinders in water (Capart and Fraccarollo, 2011), we confirm, 
as suggested in Chassagne et al. (2023), that the ballistic regime, and/or 
a combination of the ballistic and collisional regime, are indeed crucial 
in the case of sediment transport in water.

The paper is organized as follows: we introduce the governing 
equations and show how to solve them in Section 2. In Section 3, 
we make comparisons between the predictions of the theory and the 
experimental results on the sediment transport of plastic cylinders and 
gravel in water. Finally, the paper ends with concluding remarks in 
Section 4.

2. Theory and solution development

The sketch of the flow configuration is depicted in Fig.  1. We focus 
on the steady, fully developed, free-surface flow of a mixture of a liquid, 
of mass density 𝜌 and molecular dynamic viscosity 𝜂, and identical, 
inelastic spheres, of diameter 𝑑 and mass density 𝜌𝑝, over an erodible 
bed composed of the same particles, assumed at rest. Particles are 
driven into collisions by the combined effect of gravity and the drag 
exerted by the turbulent liquid. We characterize the collisions through 
the coefficients of normal, 𝑒𝑛, and tangential restitution, 𝑒𝑡, i.e., the 
negative ratio of pre- to post-collisional relative velocities normal and 
tangential to the plane of contact; the coefficient of sliding friction, 𝜇; 
and the effective coefficient of restitution, 𝜀, which is a function of 𝑒𝑛, 𝑒𝑡
and 𝜇, and accounts for the role of friction in the rate at which energy is 
dissipated in collisions (Jenkins and Zhang, 2002; Larcher and Jenkins, 
2013).

We limit the analysis to situations in which the thickness of the 
transport layer, ℎ, is, at least, a few particle diameters. We assume that 
the momentum exchange in collisions is at the origin of the dominant 
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Fig. 1. Sketch of the flow configuration with the frame of reference and concentration 
reference values at specific positions.

stresses in the particles. We will provide a criterion to distinguish 
between a lower collisional-dominated region and, above it, a region 
where the particles follow trajectories with ballistic features. On top 
of the transport layer there is a turbulent liquid layer, and the total 
thickness of the transport and liquid layer over the erodible bed is 
𝐻 . The range of validity of the assumption mentioned above of a 
collisional-dominated regime is given in Berzi and Fraccarollo (2013, 
2016) as a region in the phase diagram with the Shields number 𝛩, the 
dimensionless strength of the shearing flows, on one axis and the angle 
of inclination of the bed, 𝜙, on the other. We limit the analysis to flows 
for which the turbulent lift on the particles is weaker than the particle 
buoyant weight.

We take 𝑥 and 𝑦 to be the direction parallel and perpendicular to 
the erodible bed, respectively, and neglect variations in the spanwise 
direction. The surface of the bed is located at 𝑦 = 0. The local particle 
velocity and concentration are 𝑢 and 𝜈, respectively. In what follows, 
all quantities are made dimensionless using the particle density and 
diameter, and the reduced gravitational acceleration, 𝑔(𝜎−1)∕𝜎, where 
𝑔 is the gravitational acceleration and 𝜎 = 𝜌𝑝∕𝜌 is the density ratio. With 
this, the inverse of the dimensionless molecular viscosity of the liquid 
is 𝜎R, with R = 𝜌𝑑

√

𝑔𝑑 (𝜎 − 1) ∕𝜎∕𝜂 being the fall particle Reynolds 
number.

We obtain a semi-analytical solution of the flow through the se-
quential steps described in the following, assuming that the 4 control 
parameters of the problem, i.e., 𝜎, R, 𝜙 and 𝛩 are known.

2.1. The choice of an analytical concentration profile based on a single 
parameter and depth-adaptive

An appropriate analytical expression for the concentration profile 
in the sediment layer must satisfy the conditions of: being monotonic, 
comprised between a minimum and a maximum; allowing for chang-
ing concavity, according to, e.g., the intensity of the shearing; and 
containing as few free parameters as possible.

The minimum and maximum concentrations correspond to the val-
ues of the concentration at the top of the sediment layer and at the 
surface of the erodible bed, respectively.

Here, we simply take the minimum value to be zero. As shown 
in Berzi et al. (2019, 2020), the interface between the flow and the 
erodible bed is characterized by a critical value of the particle con-
centration, 𝜈𝑐 , which, for spheres, is solely dependent on the sliding 
friction coefficient. For cylinders, the critical concentration depends on 
the sliding friction and the aspect ratio (Berzi et al., 2022). The critical 
concentration is the minimum value of 𝜈 at which rate-independent 
components of the stresses first develop (Chialvo et al., 2012).

The concentration profile given in Lien and Tsai (2003), where the 
Shannon maximum entropy principle (Shannon, 1948) was exploited, 
3 
Fig. 2. Entropic concentration profiles from Eq.  (1) for different values of the entropic 
parameter.

is a single-parameter distribution which satisfies our requirements and 
reads 
𝜈 =

𝜈𝑐
𝐸

ln
[

exp𝐸 + (1 − exp𝐸)
𝑦
ℎ

]

, (1)

where 𝐸 is an arbitrary dimensionless constant, defined as the entropic 
parameter.

Fig.  2 shows how the concentration profile changes as a function 
of 𝐸, in the range between −20 and 20. Negative or positive values of 
𝐸 give concave or convex concentration profiles, respectively. With 𝐸
close to zero (but different from zero, as 𝐸 = 0 would make Eq.  (1) 
singular), the concentration profile is approximately linear.

The average concentration in the transport layer can then be deter-
mined by integrating Eq.  (1), 

𝜈̄ = 1
ℎ ∫

ℎ

0
𝜈𝑑𝑦 = −𝜈𝑐

(

1
𝐸

+
exp𝐸

1 − exp𝐸

)

. (2)

2.2. Determination of the depth, ℎ, of the transport layer

We first assume that the particle shear stress, 𝑠, is at yield at the bed, 
that is 𝑠(𝑦 = 0) = 𝑠0 = 𝑘0𝑝0, where the yielding coefficient 𝑘0 is taken 
to be the ratio of the particle shear stress over the particle pressure 
when the concentration is equal to 𝜈𝑐 (Berzi and Vescovi, 2015). 𝑝0 is 
the granular pressure at the surface of the bed (𝑦 = 0), which equals 
the normal projection of the buoyant weight of the solid component of 
the flow mixture: 
𝑝0 = 𝜈̄ℎ cos𝜙. (3)

The expression of 𝑘0, as a function of 𝑒𝑛, 𝜀 and 𝜈𝑐 , is (Berzi, 2024) 

𝑘0 =

[

24𝐽∞
(

1 − 𝜀2
)

5𝜋
(

1 + 𝑒𝑛
)2

]1∕2
[

1 +
26 (1 − 𝜀)

15
𝜈𝑐 − 0.49
𝜈𝑟𝑐𝑝 − 𝜈𝑐

]−1∕2
, (4)

where 𝜈𝑟𝑐𝑝 is the concentration at random close packing (the maximum 
concentration for a random assembly of frictionless particles, equal to 
0.64 for spheres (Torquato, 1995)), and 

𝐽∞ =

[

1 + 𝑒𝑛
2

+ 𝜋
4

(

1 + 𝑒𝑛
)2 (3𝑒𝑛 − 1

)

24 − 6
(

1 − 𝑒𝑛
)2 − 5

(

1 − 𝑒2𝑛
)

]

(

1 + 𝜋
12

3𝑒𝑛 − 1
3 − 𝑒𝑛

)

. (5)

Then, we define the Shields number, 𝛩, as the dimensionless total 
shear stress of the mixture at the surface of the bed. The Shields number 
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Fig. 3. Measured (symbols, after Capart and Fraccarollo (2011)) and predicted (line, 
from Eq.  (6), with 𝑘0 = 0.38, 𝜎 = 1.51 and 𝜈𝑐 = 0.61, as appropriate for plastic cylinders 
in water) mass hold-up against 𝛩∕ cos𝜙.

quantifies the intensity of the shearing flows, and we take it as an input 
of the problem. At large concentrations, the fluid turbulence is heavily 
suppressed, but the velocity fluctuations of the particles induce a shear 
stress in the fluid proportional, through a function of the concentration, 
to the shear stress of the particles (Berzi and Fraccarollo, 2015). Hence, 
𝑠0 + 𝑆0 = 𝛩, being 𝑆0 the shear stress of the liquid phase at 𝑦 = 0. 
Expressing 𝑠0 in terms of 𝑝0 and using Eq.  (3) and the observation that 
𝑆0 ∝ 𝑠0 (Berzi and Fraccarollo, 2015), we obtain: 

ℎ = 𝛩
𝑘0𝜈̄ cos𝜙

(

1 + 1
5

1
2𝜎

1 + 2𝜈𝑐
1 − 𝜈𝑐

)−1
. (6)

The last term between parentheses in Eq.  (6) represents the proportion-
ality factor between the fluid and the particle shear stress at the bed. 
It differs from the expression reported in Berzi and Fraccarollo (2015) 
by the factor 1∕5, which permits to reproduce the dependence of the 
mass hold-up, 𝜈̄ℎ, on the Shields number and the angle of inclination 
measured in the 48 experiments of Capart and Fraccarollo (2011) (Fig. 
3).

2.3. Determination of the distribution of pressure, 𝑝, in the solid phase

The balance of particle momentum along the 𝑦-direction, perpen-
dicular to the flow, is (Berzi and Fraccarollo, 2013) 
𝑝′ = −𝜈 cos𝜙, (7)

where 𝑝 is the particle pressure. Here, and in what follows, a prime 
indicates a derivative with respect to 𝑦. As mentioned, we have ne-
glected the turbulent lift force associated with the correlation between 
the fluctuations of particle concentration and liquid velocity (McTigue, 
1981). Integrating Eq.  (7), with Eq.  (1), gives 

𝑝 = 𝑝0 − ℎ
[(

𝑦
ℎ
+

exp𝐸
1 − exp𝐸

)

𝜈 −
𝜈𝑐
𝐸

(

𝑦
ℎ
+

𝐸 exp𝐸
1 − exp𝐸

)]

cos𝜙. (8)

Eqs.  (3) and (8) imply that the particle pressure vanishes at 𝑦 = ℎ.

2.4. Determination of the profile of the granular temperature, 𝑇

When collisions are the dominant source of stresses, the constitutive 
expression of the particle pressure can be expressed by the kinetic 
theory of hard, inelastic spheres. However, as suggested by Berzi et al. 
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(2020), flows over erodible beds imply that the concentration must 
reach its critical value 𝜈𝑐 at the surface of the bed. This is possible 
only if the actual finite stiffness of the particles and the associated finite 
contact duration during collisions is accounted for, leading to Berzi and 
Jenkins (2015): 

𝑝 = 𝜈
[

1 + 2
(

1 + 𝑒𝑛
)

𝜈𝜒0
]

𝑇

(

1 + 12
5
𝜈𝜒0

𝑇 1∕2

𝑘1∕2𝑛

)−1

, (9)

where 𝜒0, the radial distribution function at contact, is a function of 
𝜈 which is singular at 𝜈𝑐 . For 𝜒0, we adopt the expression suggested 
by Vescovi et al. (2014): 

𝜒0 =

[

1 − 𝜃 (𝜈 − 0.4)
(

𝜈 − 0.4
𝜈𝑐 − 0.4

)2
]

2 − 𝜈
2 (1 − 𝜈)3

+ 𝜃 (𝜈 − 0.4)
(

𝜈 − 0.4
𝜈𝑐 − 0.4

)2 2
𝜈𝑐 − 𝜈

,

(10)

in which 𝜃 (⋅) is the Heaviside function.
In Eq.  (9), 𝑇  is the granular temperature, one-third of the mean 

square of the particle velocity fluctuations. The term between paren-
theses in Eq.  (9) is the correction due to the finite contact duration, 
in which 𝑘𝑛 is the dimensionless particle stiffness (Berzi and Jenkins, 
2015).

With 𝑝 and 𝜈 known at every 𝑦, Eq.  (9) is a quadratic in the square 
root of the granular temperature that gives

𝑇 1∕2 = 6
5𝑘1∕2𝑛

𝑝𝜒0

1 + 2
(

1 + 𝑒𝑛
)

𝜈𝜒0

+

√

√

√

√

√

[

6
5𝑘1∕2𝑛

𝑝𝜒0

1 + 2
(

1 + 𝑒𝑛
)

𝜈𝜒0

]2

+
𝑝

𝜈 + 2
(

1 + 𝑒𝑛
)

𝜈2𝜒0
. (11)

2.5. Simultaneous determination of the granular shear stress distribution, 𝑠, 
and velocity profile, 𝑢, through the fluctuation kinetic energy balance for the 
solid phase

Once the distribution of the granular temperature is determined, we 
can employ the balance of fluctuation kinetic energy. For steady and 
fully-developed collisional granular-fluid flows, it reduces to Hsu et al. 
(2004) 

−𝑄′ + 𝑠𝑢′ − 𝛤 +

(
√

3
2

√

3𝑇 2𝐾 − 3𝑇

)

𝜈
𝜏
= 0, (12)

where: 𝑄′ is the diffusion of fluctuation kinetic energy associated with 
the particle agitation; 𝑠𝑢′ is the production of fluctuation kinetic energy 
through the work of the particle shear stress; 𝛤  is the rate of energy 
dissipation due to the inelastic nature of collisions; and the last term 
accounts for the particle agitation induced by the fluid turbulence 
(where 𝐾 is the turbulent kinetic energy) and its suppression due to 
the drag (where 𝜏 is the particle relaxation time in the drag force, see 
Section 2.9) exerted by the fluid on the particles.

The rate of energy dissipation 𝛤  term, in Eq.  (12), reads (Berzi and 
Jenkins, 2015): 

𝛤 =
12𝜈2𝜒0

(

1 − 𝜀2
)

𝜋1∕2𝐿
𝑇 3∕2

(

1 + 12
5
𝜈𝜒0

𝑇 1∕2

𝑘1∕2𝑛

)−1

. (13)

Here, 𝐿 is the correlation length (Jenkins, 2006), which accounts 
for the fact that, at concentrations larger than the freezing point, 
0.49 (Torquato, 1995), correlations in the fluctuation velocities of the 
particles develop (Mitarai and Nakanishi, 2007), thus reducing the 
energy dissipated in collisions. For simplicity, we employ the expression 
for the correlation length which has been determined from numerical 
simulations of homogeneous shearing flows (Berzi, 2014; Berzi and 
Vescovi, 2015): 

𝐿 = 1 +
26(1 − 𝜀)

15
max(𝜈 − 0.49, 0)

𝜈 − 𝜈
. (14)
𝑟𝑐𝑝
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Fig. 4. Measured (circles, after Ni and Capart (2018)) scaled turbulent kinetic energy 
as a function of the solid volume fraction. The solid line is the assumed constant value 
equal to 7.

The term associated with the production of fluctuation energy due 
to fluid turbulence in Eq.  (12) is taken to be proportional to 

√

3𝑇 2𝐾
rather than to 2𝐾 as in Hsu et al. (2004). We deem this more ap-
propriate, given that it originates from the mean product of the fluid 
and particle velocity fluctuations, which are proportional to 

√

3𝑇  and 
√

2𝐾, respectively. In contrast, using 2𝐾 would imply that the particle 
velocity fluctuations scale with the turbulence intensity, which only 
applies when the particle inertia is small. In the spirit of a simple 
treatment of turbulence, we take the turbulent kinetic energy 𝐾 ∝
𝑙2𝑚𝑈

′2, with 𝑙𝑚, the mixing length and 𝑈 the fluid velocity in the 𝑥-
direction. The mixing length is one of the specific closures presented in 
the Section 2.9. Ni and Capart (2018) have performed measurements 
of the average of the product of the fluid velocity fluctuations on mild 
sediment transport of 7 mm plastic particles, thus permitting to plot 
the ratio 𝐾∕

(

𝑙2𝑚𝑈
′2) as a function of the solid volume fraction (Fig. 

4). Taking 𝐾 ≈ 7𝑙2𝑚𝑈
′2 permits to capture the data reasonably well. 

With this, the numerical factor 
√

3∕2 in front of 
√

3𝑇 2𝐾 in Eq.  (12) 
permits to reproduce the experimental finding (Berzi and Fraccarollo, 
2015) that 𝑇 = 3.5𝑙2𝑚𝑈

′2 in the dilute part of the flow, where we expect 
that there is a balance between the production of particle velocity 
fluctuations induced by the fluid and their dissipation through the drag. 
We assume, for simplicity, as in Berzi and Fraccarollo (2015), that 
the energy diffusion in Eq.  (12) is negligible. We can easily remove 
this assumption and make use of the constitutive relation of the flux 
of fluctuation kinetic energy of the kinetic theory (Garzó and Dufty, 
1999), if deemed necessary.

Following Garzó et al. (2012), we include the influence of the fluid 
drag in the constitutive relation for the particle shear stress, and express 
it, as in Chassagne et al. (2023), as: 

𝑠 =

[

(

1
𝜂𝑘

+ 1
𝜂𝐷

)−1
+ 𝜂𝑐

]

𝑢′, (15)

where: 

𝜂𝑘 =
8𝐽𝑘𝜈2𝜒0𝑇 1∕2

5𝜋1∕2

(

1 + 12
5
𝜈𝜒0

𝑇 1∕2

𝑘1∕2𝑛

)−1

(16)

is the granular viscosity associated with the streaming contribution to 
the momentum exchange, modified to include the finite duration of 
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contacts (Berzi and Jenkins, 2015); 

𝜂𝐷 = 𝜏𝜈𝑇 (17)

is the granular viscosity due to the fluid drag in between collisions
(Jenkins et al., 2010; Garzó et al., 2012), and 

𝜂𝑐 =
8𝐽𝑐𝜈2𝜒0𝑇 1∕2

5𝜋1∕2

(

1 + 12
5
𝜈𝜒0

𝑇 1∕2

𝑘1∕2𝑛

)−1

(18)

is the granular viscosity associated with the collisional contribution to 
the momentum exchange, modified to include the finite duration of 
contacts (Berzi and Jenkins, 2015). The coefficients 𝐽𝑘 and 𝐽𝑐 can be 
obtained from Garzó and Dufty (1999) as 

𝐽𝑘 = 5𝜋
32𝜈2𝜒2

0

5 + 2
(

1 + 𝑒𝑛
) (

3𝑒𝑛 − 1
)

𝜈𝜒0

24 − 6
(

1 − 𝑒𝑛
)2 − 5

(

1 − 𝑒2𝑛
)

[

1 + 𝜋
12

3𝑒𝑛 − 1
3 − 𝑒𝑛

]

, (19)

and

𝐽𝑐 =

{

1 + 𝑒𝑛
2

+
𝜋
(

1 + 𝑒𝑛
)

8𝜈𝜒0

5 + 2
(

1 + 𝑒𝑛
) (

3𝑒𝑛 − 1
)

𝜈𝜒0

24 − 6
(

1 − 𝑒𝑛
)2 − 5

(

1 − 𝑒2𝑛
)

}

×
[

1 + 𝜋
12

3𝑒𝑛 − 1
3 − 𝑒𝑛

]

, (20)

respectively, where the factor between square brackets has been deter-
mined in Saha and Alam (2016) as the lowest order correction to the 
shear stress that captures the anisotropy in the single-particle velocity 
distribution function (Jenkins and Richman, 1988).

Using Eq.  (15) into Eq.  (12), neglecting 𝑄′ and assuming for sim-
plicity that 𝑢′ ≃ 𝑈 ′, so that 𝐾 ≃ 7𝑙𝑚2𝑢′2, permit to re-write Eq.  (12) as 
a quadratic equation in the particle strain rate, 𝑢′, 
[

(

1
𝜂𝑘

+ 1
𝜂𝐷

)−1
+ 𝜂𝑐

]

𝑢′2 +

√

21
2

√

6𝑇 𝑙𝑚
𝜈
𝜏
𝑢′ − 𝛤 − 3 𝜈

𝜏
𝑇 = 0, (21)

which can then be calculated at every position inside the transport 
layer, once closures for the mixing length 𝑙𝑚 and the relaxation time 
𝜏 are provided (see Section 2.9). Then, with Eq.  (15), we can obtain 
the distribution of the particle shear stress.

With 𝑢′ known at every position 𝑦, we can numerically solve by 
quadrature the integral 𝑢 = ∫ 𝑦

0 𝑢′d𝑦, with the boundary conditions 𝑢 = 0
at the surface of the bed (𝑦 = 0), to obtain the velocity distribution of 
the particles in the transport layer. The particle velocity at the surface 
of the bed is actually nonzero because the bed creeps (Komatsu et al., 
2001). However, the contribution of the creep motion of the particles 
inside the bed to the total transport rate can be ignored (Berzi et al., 
2020).

2.6. Determination of the total flow depth, 𝐻 , and the distribution of the 
fluid shear stress, 𝑆

The momentum balance of the mixture in the flow direction (Berzi 
and Fraccarollo, 2013) permits the determination of the distribution of 
the fluid shear stress in the transport layer and in the clear fluid region 
above it, 

𝑆 =
𝐻 − 𝑦
𝜎 − 1

sin𝜙 + 𝑝 tan𝜙 − 𝑠, (22)

with 𝑝 = 𝑠 = 0 for 𝑦 ≥ ℎ. Then, the total flow depth 𝐻 can be obtained 
by taking 𝑠 + 𝑆 = 𝛩 at the surface of the bed in Eq.  (22), so that, with 
Eq.  (3), 

𝐻 = 𝜎 − 1
sin𝜙

𝛩 − (𝜎 − 1)𝜈̄ℎ. (23)

As suggested by Berzi and Fraccarollo (2015), we take the fluid 
shear stress to be the sum of two contributions: one associated with 
turbulence, which we describe using the aforementioned mixing length 
approach; and one associated with momentum exchange induced by 
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particle agitation, with the corresponding viscosity proportional to the 
granular viscosity. Then, 

𝑆 = 1 − 𝜈
𝜎

𝑙2𝑚𝑈
′2 + 1

5
1 + 2𝜈

2𝜎(1 − 𝜈)

[

(

1
𝜂𝑘

+ 1
𝜂𝐷

)−1
+ 𝜂𝑐

]

𝑈 ′. (24)

The pre-factor in front of the granular viscosity, 𝑠∕𝑢′ (see Eq.  (15)), in 
the second term of the right-hand side of Eq.  (24), is the concentration-
dependent coefficient of proportionality that we have already employed 
in the determination of the depth of the transport layer (Eq.  (6)).

With the distribution of the fluid shear stress given by Eq.  (22), the 
fluid shear rate, 𝑈 ′, can be determined by solving the quadratic Eq. 
(24). Then, with 𝑈 ′ known at any position, we can numerically solve 
by quadrature the integral 𝑈 = ∫ 𝑦

0 𝑈 ′d𝑦, with the boundary conditions, 
𝑈 = 𝑈0 (see later) at the surface of the bed, to obtain the fluid velocity 
distribution in the transport layer.

2.7. Determination of the distribution of the drag force, 𝐷, from the con-
servation of the momentum for the fluid in the flow direction

The momentum balance for the fluid in the flow direction (Berzi 
and Fraccarollo, 2013) permits the determination of the distribution of 
the drag, 𝐷, exerted by the fluid on the particles as 

𝐷 = 1 − 𝜈
𝜎 − 1

sin𝜙 + 𝑆′, (25)

where the derivative of the fluid shear stress must be calculated numer-
ically from the distribution of 𝑆 in the transport layer.

We model the drag as (Jenkins and Hanes, 1998) 
𝐷 = 𝜈

𝜏
(𝑈 − 𝑢). (26)

Using Eq.  (25) in Eq.  (26), and ignoring the derivative of the fluid shear 
stress at the surface of the erodible bed, permits us to determine 𝑈0
there as 

𝑈0 =
𝜏0

𝜎 − 1
1 − 𝜈𝑐
18𝜈𝑐

sin𝜙, (27)

where 𝜏0 is the particle relaxation time (see Section 2.9) evaluated at 
the bed. Eq.  (27) is the equivalent of Darcy’s law (Whitaker, 1986) to 
evaluate the fluid velocity in a porous medium, when gravity is the sole 
driving force.

2.8. The theoretical determination of the optimum concentration parameter, 
𝐸∗

The full solution of the hydrodynamic variables requires as input, 
for a given particle-liquid system, the angle of inclination of the bed, 𝜙, 
the Shields number, 𝛩, and the concentration parameter, 𝐸. These three 
degrees of freedom are at odds with the experimental evidence (Capart 
and Fraccarollo, 2011) that there are only two degrees of freedom: 
steady, fully developed, inclined flows of particles and liquid over 
erodible beds are completely determined once the angle of inclination 
of the bed and the Shields number - or, equivalently, the particle and 
liquid flow rates - are assigned. 𝐸 can be selected in a wide range 
of values (Fig.  2). To eliminate the additional degree of freedom, we 
choose the concentration parameter, for a given combination of 𝜙 and 
𝛩, as the optimum value 𝐸∗ for which 𝐻 > ℎ and which minimizes 
the mean variance of the residuals between the drag force distribution 
determined by the momentum balance (Eq.  (25)) and that determined 
by its constitutive relation (Eq.  (26)). This mean variance is calculated 
in the region, whose thickness is at least one diameter, where the mean 
free path is less than the length of the ballistic trajectory (see the later 
Eq.  (30)).

We emphasize that this process does not imply any fitting against 
experimental data. We do not obtain the concentration profile from the 
conservation laws, but assume an arbitrary analytical form of it which 
depends on 𝐸. Hence, the drag force obtained from the momentum 
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balance (Eq.  (25)) and that obtained from its constitutive relation 
(Eq.  (26)) may coincide at most locally in the sediment layer, not 
everywhere throughout it. Therefore, the optimum value 𝐸∗ (𝜙,𝛩) is 
the one that minimizes this inconsistency throughout the sediment 
layer. When 𝐸 = 𝐸∗, the mean residual between Eqs. (25) and (26) is 
about 50% of the mean drag obtained from the momentum balance (at 
least for the experimental conditions considered in the present work).

2.9. Closures for the particle relaxation time and the mixing length

2.9.1. Particle relaxation time, 𝜏
For simplicity, we take the particle relaxation time to be 

𝜏 =
[

3
4
24
𝜎R

1
(1 − 𝜈)𝑛−2

]−1
, (28)

that is the relaxation time in the case of Stokes drag, with the con-
centration dependence suggested by Richardson and Zaki (1954) in the 
case of small relative velocity between the particles and the fluid (Fe-
lice, 1995; Chauchat, 2018); the exponent 𝑛 depends on the product 
𝜎R2, and equals 2.4 as 𝜎R2 → ∞ (Felice, 1995). We emphasize 
that the coefficient 24 in Eq.  (28) is appropriate for spheres. More 
complicated expressions for the particle relaxation time are possible 
but would make our model implicit (and the description of its solution 
less straightforward). In any case, we have checked that changing the 
particle relaxation time has minimal effects on the profiles of particle 
velocity and granular temperature. On the other hand, the fluid velocity 
profile is more sensitive to it, but experimental data are lacking, making 
at this stage pointless the implementation of more refined expressions 
for 𝜏.

2.9.2. Mixing length, 𝑙𝑚
Berzi and Fraccarollo (2015) have found that the mixing length 

in collisional suspensions, at concentrations larger than 0.2, is only a 
function of the concentration itself, implying that the size of the inter-
particle gap constrains the size of the turbulent eddies. However, when 
the concentration is less than 0.2, the size of the turbulent structures 
should increase and, eventually, we should recover the classical result 
that the mixing length increases linearly with the distance from some 
reference position, being the von Kármán constant, 𝜅 = 0.41, the 
coefficient of proportionality. In fact, as shown by Revil-Baudard et al. 
(2015), the influence of the sediments on the mixing length extends 
well beyond the transport layer, in a region where the concentration 
is negligible. Revil-Baudard et al. (2015) proposed to change the von 
Kármán constant to the reduced value of 0.225 to account for this 
phenomenon. However, in doing so, they cannot recover the classical 
expression for the mixing length in the absence of sediments. Here, we 
propose the following expression for the mixing length 

𝑙𝑚 = 3
(

𝜈𝑟𝑐𝑝 − 𝜈
)3 + 𝜅𝑦

[

1 − exp
(

−0.3
𝑦
ℎ

)]

, (29)

where the first term on the right-hand side of Eq.  (29) is the local 
mixing length suggested by Berzi and Fraccarollo (2015) in the case 
of 3.35 mm plastic particles in water. Local refers to the fact that the 
turbulence originates at the surface of the grains located at 𝑦 and the 
size of the turbulent eddies is limited by the spacing between them. Ni 
and Capart (2018) found that this expression over-predicts the mixing 
length in the case of 7 mm plastic particles. Hence, the numerical factor 
in front of (𝜈𝑟𝑐𝑝 − 𝜈

)3 likely depends on the particle inertia over the 
intensity of the fluid turbulence: the more massive are the particles, 
the more effective they are in suppressing the fluid turbulence.

The second term on the right-hand side of Eq.  (29) represents the 
nonlocal growth of the mixing length, in which we have introduced the 
damping factor, 1 − exp (−0.3𝑦∕ℎ), in the spirit of Van Driest’s model 
of turbulence (Van Driest, 1956), where the thickness of the transport 
layer is the natural length scale for the damping of the eddies in the 
presence of sediments. Nonlocal means that the origin of the turbulence 
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Fig. 5. Measured (circles, after Revil-Baudard et al. (2015)) and predicted (line, Eq. 
(29), with 𝜈𝑟𝑐𝑝 = 0.64 and ℎ = 10) mixing length as a function of the distance from the 
erodible bed.

is different from the local position 𝑦, and that the size of the eddies 
grows accordingly. Fig.  5 shows that Eq.  (29) can reproduce the values 
of the mixing length measured in the experiments (Revil-Baudard et al., 
2015). The increase of the mixing length near the erodible bed is a 
signature of the component of the fluid viscosity associated with the 
particle agitation (Eq.  (24)).

2.10. Limitations of the present approach

2.10.1. The presence of a ballistic region in the sediment transport layer
As pointed out by Pasini and Jenkins (2005), the constitutive rela-

tions for the particle stresses of the kinetic theory are valid if the mean 
free path - the mean distance covered by a particle in between two suc-
cessive collisions - is less than the typical length of a ballistic trajectory - 
the path followed by a particle under the influence of gravity and, in the 
present case, buoyancy and drag. With the expression of the mean free 
path of kinetic theory (Chapman and Cowling, 1970), and the length 
of a ballistic trajectory approximated as twice the maximum height 
reached by a saltating particle determined by Valance and Berzi (2022) 
in terms of the drag relaxation time and the granular temperature, this 
criterion translates into 

2𝜏
√

2𝑇 − 2𝜏2 ln

(
√

2𝑇
𝜏

+ 1

)

>

√

2
12𝜈𝜒0

. (30)

We might conjecture that, even if the length of a ballistic trajectory 
is larger than the mean free path, there is a layer in which the 
two quantities have similar values, thus indicating the existence of a 
transitional regime between purely collisional and purely ballistic.

The criterion of Eq.  (30) will be applied to the analytical results 
for the flow conditions of Capart and Fraccarollo (2011), to determine 
which portion of the transport layer is actually characterized by a 
mixture of ballistic and collisional behaviour. It is already known that, 
in the cases of aeolian transport (Pasini and Jenkins, 2005) and gravity-
driven dry granular flows (Berzi et al., 2020), the contribution of the 
ballistic layer to the total transport is negligible.

We emphasize once again that our determination of the optimum 
concentration parameter is based on minimizing the inconsistency be-
tween the drag force evaluated from the momentum balance and its 
constitutive relation only in the portion of the sediment layer where Eq. 
(30) is satisfied. Then, our approach is not adequate when the criterion 
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of Eq.  (30) is not satisfied in a significant portion of the transport layer 
(say greater than 20%–30%).

2.10.2. Unphysical consequences of the logarithmic concentration profile in 
the dilute part of the transport layer

Another limitation is associated with the arbitrary choice of the ana-
lytical concentration profile (Eq.  (1)). Irrespectively of the parameter 𝐸, 
the Shields number, and the angle of inclination, Eq.  (11) implies that 
the granular temperature decreases near the top of the transport layer, 
where the concentration is small. Experiments and discrete simulations 
of flows of granular-fluid mixtures and dry granular materials over 
erodible beds show, instead, that the granular temperature monoton-
ically increases with the distance from the bed (Armanini et al., 2005; 
Berzi and Fraccarollo, 2015; Berzi et al., 2020), eventually saturating 
and becoming independent of 𝑦 in the ballistic layer (Pasini and Jenk-
ins, 2005). In the dilute limit, 𝑝 = 𝜈𝑇  (Garzó and Dufty, 1999), and, 
with Eq.  (7), we obtain 

𝑇 ′ =

(

−
𝜈′ ∫ 𝜈d𝑦
ℎ𝜈2

− 1

)

cos𝜙. (31)

In order to agree with the experimental observation that 𝑇 ′ ≥ 0 near 
the top, then it is necessary that 

−𝜈′ 1
ℎ ∫ 𝜈d𝑦 ≥ 𝜈2. (32)

It can be easily shown that this condition cannot be satisfied by 
the logarithmic distribution of the concentration of Eq.  (1), implying 
that the probabilistic assumptions of Lien and Tsai (2003) are not 
satisfied, at least near the top of the transport layer. There, only an 
exponential distribution of the concentration, such as that typical of 
saltation (Creyssels et al., 2009), the dominant mode of transport for 
wind-blown sand, is compatible with a uniform distribution of the 
granular temperature (𝑇 ′ = 0). However, despite the nonphysical 
consequence of Eq.  (1) for the distribution of the granular temperature 
near the top of the transport layer, we will show that the rest of the 
hydrodynamic variables can be reasonably well predicted assuming its 
validity throughout the flow.

2.11. Differences and similarities with Chassagne et al. (2023)

There are clearly similarities between the present model and the 
model of Chassagne et al. (2023), which is an indication of the central 
role of the kinetic theory of granular gases in two-phase approaches 
to intense sediment transport. Indeed, both models employ the con-
stitutive relations for the particle stresses and the collisional rate of 
dissipation of the fluctuation kinetic energy derived by Garzó and Dufty 
(1999), with an effective coefficient of restitution which permits the 
inclusion of the role of friction in the energy dissipation.

Both models include the influence of the fluid drag on the constitu-
tive relation for the particle viscosity, although Chassagne et al. (2023) 
claim that this is sufficient to account for the presence of a ballistic 
layer on top of the collisional layer. As shown in Berzi et al. (2024), the 
influence of drag, buoyancy and gravity in between collisions cannot 
be fully captured using Eq.  (17). More work is required to understand 
the transition from collisionless to collisional saltation and, then, to 
collisional suspension, and this seems to be particularly important in 
the case of aquatic sediment transport.

Chassagne et al. (2023) assume that the particle total stress is the 
sum of an inertial and an elastic component, and also assume that 
the elastic shear stress is proportional through a Coulomb coefficient 
to the elastic pressure. They activate the elastic components when 
the concentration reaches a value (improperly named random loose 
packing) which is less than the value at which the functions of the 
kinetic theory for rigid particles diverge (the critical concentration 𝜈𝑐
of the present work). First, the random loose packing is simply the 
critical concentration for particle friction equal to infinity (Silbert, 
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2010) and has no particular meaning for finite friction. Second, as 
detailed in Berzi (2024), elastic components of the stresses arise only 
when the concentration is larger than the critical, and, therefore, they 
are not needed to model the flow above an erodible bed.

In the present model, we include the roles of velocity correlation 
and finite contact duration on the constitutive relations of kinetic 
theory, ignored in Chassagne et al. (2023). These permit to predict the 
value of the stress ratio at the bed solely on the basis of the microscopic 
contact parameters of the particles, and to regularize the singularities in 
the constitutive relations of kinetic theory at the critical concentration.

Different expressions for the radial distribution function at contact 
are adopted here and in Chassagne et al. (2023). However, they are 
both consistent with Carnahan and Starling (1969) at low concentra-
tions, and diverge as 𝜈 → 𝜈𝑐 . In the absence of direct and extensive 
measurements in discrete simulations, they are both equally valid.

The expressions for the turbulent mixing length and the particle 
relaxation time are different in the two models. We also include an 
additional, granular-like term in the fluid viscosity associated with the 
momentum exchange induced by particle agitation (Berzi and Frac-
carollo, 2015), not present in Chassagne et al. (2023). The latter is 
necessary to explain the increase of fluid viscosity near the bed (Fig. 
4), where the large concentration should suppress the fluid turbulence. 
However, only fully-resolved numerical simulations (Vowinckel et al., 
2014) of the fluid surrounding the particles in intense sediment trans-
port would provide final answers on how to model the fluid viscosity 
as well as the drag.

The present model accounts for the source of particle fluctuations 
induced by the fluid turbulence, ignored in Chassagne et al. (2023), 
while neglecting the fluctuation energy diffusion associated with parti-
cle agitation, accounted for in Chassagne et al. (2023). A more complete 
model should include both.

Finally, and crucially, we assume in our model an analytical con-
centration profile, while Chassagne et al. (2023) solve for it. Hence, in 
the present work, only an approximate solution can be determined, in 
which the drag force from its constitutive relation and that from the 
momentum balance differ by a certain amount. However, the solution 
is almost entirely analytical, at virtually no computational cost. The 
solution of the model proposed by Chassagne et al. (2023), which is 
‘exact’ in the sense that the profiles of all the variables of the problem 
are determined on the basis of balance equations, constitutive relations 
and boundary conditions, is instead computationally demanding.

3. Results and comparisons

Here, we make comparisons between the results of the present the-
ory and the experiments performed by Capart and Fraccarollo (2011) 
with water and plastic cylinders having length-to-diameter ratio equal 
to 0.8 and diameter of the equivalent sphere equal to 3.35 mm, 𝜎 = 1.51
and R = 370. With 𝜎R2 ≈ 2 ⋅ 105, the exponent 𝑛 in Eq.  (28) is equal 
to 2.4 (Richardson and Zaki, 1954). The experiments were performed 
in a rectangular channel, covering a range of Shields numbers from 
0.4 to 2.8, and angles of inclination of the erodible bed from 0.6◦
to 4.5◦. We take the coefficients of restitution and friction from the 
measurements of the impact of two Delrin spheres reported in Foerster 
et al. (1994): 𝑒𝑛 = 0.97, 𝑒𝑡 = 0.44 and 𝜇 = 0.2. With these, the 
calculations suggested by Larcher and Jenkins (2013) give an effective 
coefficient of restitution 𝜀 = 0.77. The discrete numerical simulations 
of steady, simple shearing of true cylinders reported by Berzi et al. 
(2022) indicate that the critical volume fraction 𝜈𝑐 is 0.61, and that the 
random close packing 𝜈𝑟𝑐𝑝 is 0.68 for cylinders with aspect ratio equal 
to 0.8 and friction equal to 0.2. Finally, Young’s modulus of plastic 
translates into a dimensionless stiffness 𝑘𝑛 approximately equal to 108. 
In experimental measurements, as explained in Capart and Fraccarollo 
(2011), the position of the top of the erodible bed and the origin of 
the 𝑦 axis were established where the velocity of the particles in the 𝑥
direction falls below the sensitivity limit of the tools used to determine 
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it. This conflicts with the criterion 𝜈 = 𝜈𝑐 that we employ to identify 
the erodible bed in the previously described semi-analytical treatment 
based on the kinetic theory, and must be kept in mind when assessing 
the agreement between the theory and the experiments.

We have first determined the optimum concentration parameter, 
𝐸∗, for different combinations of the Shields number and the angle 
of inclination of the erodible bed in the case of plastic cylinders 
transported in water. We expect that 𝐸∗ is roughly independent of 
the Shields number. This would be consistent with the experimental 
findings that the ratio 𝐻∕ℎ is only a function of the angle of inclina-
tion (Berzi and Fraccarollo, 2013). In fact, the ratio of Eqs.  (6) and (23) 
suggests that, given the particle and fluid properties, 𝜈̄ is a function of 
𝜙 and 𝐻∕ℎ. Given that 𝜈̄ only depends on 𝐸 (Eq.  (2)), 𝐻∕ℎ is solely 
a function of 𝜙 if also the optimum entropic parameter depends on 𝜙
only.

The dependence of 𝐸∗ on the angle of inclination is depicted in Fig. 
6a. In the inset of the plot, we also show the percentage of the sediment 
layer in which the criterion of Eq.  (30) is satisfied as a function of the 
angle of inclination of the bed. It turns out that many of the experiments 
carried out by Capart and Fraccarollo (2011) are significantly affected 
by the ballistic motion of the particles. When more than 70% of the 
sediment layer is characterized by purely collisional behaviour, that 
is, when 𝜙 is greater than 3◦, 𝐸∗ increases linearly with 𝜙, indicating 
that more convex concentration profiles are associated with steeper 
flows. In Fig.  6b, we compare the mean concentration measured in the 
experiments and that predicted using Eq.  (2), with 𝐸 = 𝐸∗. The mean 
concentration is reasonably well predicted by the optimum entropic 
parameter.

Fig.  7 depicts the theoretical profiles of the particle, liquid and 
total shear stresses in the transport layer for assigned input values 
of 𝜙 and 𝛩. Here and in what follows, unless otherwise stated, the 
results of the theory refer only to the region of the flow for which 
the criterion given by Eq.  (30) is satisfied. The particle shear stress 
decreases towards the top of the transport layer, where it vanishes, 
and reaches a maximum slightly above the interface with the erodible 
bed. This maximum corresponds to a local minimum in the liquid shear 
stress. The latter is due to the competition between the two components 
of the fluid shear stress (Eq.  (24)): the liquid turbulence decreases when 
the particle concentration increases, while the momentum exchange 
induced by the particle agitation increases towards the bed. At the 
bottom (𝑦 = 0), the total shear stress is equal to the Shields parameter.

Fig.  8 illustrates the comparisons between the experiments and the 
theoretical predictions in terms of profiles of concentration, particle 
velocity, and granular temperature for four of the runs performed 
by Capart and Fraccarollo (2011). Similar results, not shown here 
for brevity, are obtained for the rest of the experimental runs with 
intense sediment transport. Although the model predictions of the 
granular temperature and particle and fluid velocities are limited to 
the collisional layer, the concentration profile is reported for the entire 
transport layer, including the ballistic layer at the top.

The agreement between the measured and predicted granular tem-
perature is notable. The concentration is well predicted where collisions 
dominate and poorly predicted in the ballistic layer on top of the 
collisional layer, where we anticipated the failure of the entropic ap-
proach. The upper part of the velocity profile of the particles is slightly 
underestimated. This is likely due to the transition from collisional to 
ballistic layer, which is currently not considered in the constitutive 
relation of particle shear stress (Eq.  (15)).

A striking feature of sediment transport in water is that the con-
centration at the top of the collisional layer, where the mean free 
path equals the length of the ballistic trajectory (recognizable in Fig. 
8 as the upper limit of the predicted profiles of granular temperature, 
and particle and fluid velocity), is about 0.1 to 0.2. That means that 
in a significant portion of the transport layer, the trajectories of the 
particles between collisions are strongly affected by external forces 
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Fig. 6. (a) Optimum entropic parameter (circles) as a function of the angle of inclination of the bed in the case of sediment transport of plastic cylinders in water. The inset 
depicts the percentage of the sediment layer with purely collisional behaviour (where Eq.  (30) is satisfied) as a function of the angle of inclination of the bed. (b) Predicted (Eq. 
(2) with the optimum 𝐸 from (a)) versus observed mean solid volume fraction in the case of sediment transport of plastic cylinders in water. Also shown are the perfect fit (solid 
line) and the ±10% confidence interval (dashed lines).
 
Fig. 7. Profiles of particle (orange dashed line), liquid (blue dot-dashed line) and total 
(black solid line) shear stress in the transport layer for 𝜙 = 3.8◦ and 𝛩 = 2, with 
𝐸∗ = −0.41.

such as gravity, buoyancy, and drag. Once again, this is very different 
from both dry inclined granular flows (Berzi et al., 2020) and aeolian 
transport (Pasini and Jenkins, 2005), where collisions are dominant 
and, therefore, the kinetic theory of granular gases is relevant even 
at values of the particle concentration as low as 0.01, one order of 
magnitude less than the present case of aquatic transport.

Although not measured in the experiments, we also show in Fig.  8 
the theoretical profiles of the liquid velocity in the flow direction. The 
resulting velocity difference is such that the Reynolds number based on 
it, that is, (𝑈 − 𝑢)R, is larger than unity. Then, the particle relaxation 
time based on Stokes drag is not appropriate and one should have 
used a more complicated expression that includes both Stokes and form 
drag (Felice, 1995; Chauchat, 2018). However, as mentioned, only the 
fluid velocity profile is sensitive to it, while the optimum concentration 
parameter, the particle velocity and the granular temperature are un-
affected, at least when the portion of the sediment layer dominated by 
collisions is larger than 70%.
9 
4. Concluding remarks

In this paper, the steady, inclined, collisional flow of sediments 
immersed in a turbulent liquid over an erodible bed has been modelled 
in the frame of the kinetic theory of granular gases. In doing so, we have 
accounted for particle surface friction, cylindrical shape, finite-duration 
of contacts, exchange between turbulent kinetic energy and fluctuation 
kinetic energy of the particles, suppression of turbulence due to the 
presence of the particles and fluid momentum exchange induced by 
particle agitation.

The complicated set of differential equations composed of balances 
of momentum and energy, closed by a series of constitutive relations, 
has been solved semi-analytically by assuming that the particle concen-
tration followed an arbitrary, single-parameter logarithmic distribution. 
The parameter of the distribution has been determined by minimizing 
the difference between the analytical profiles of the drag force obtained 
from the fluid momentum balance and its constitutive relation, without 
any experimental fitting. We have shown that the optimum entropic 
parameter grows linearly with the angle of inclination of the bed, at 
least when the portion of the sediment layer dominated by collisions is 
larger than 70%.

We have determined the profiles of particle and liquid shear stresses,
velocities, and granular temperature and made successful comparisons 
against experimental measurements on the transport of plastic cylinders 
in water for a range of bed slopes and intensity of the shearing. We 
have seen that, unlike the case of aeolian transport, in a significant 
upper part of the transport layer, the length of the particle trajectories 
influenced by external forces (gravity, buoyancy, and drag) in between 
successive collisions is shorter or of the same order of magnitude than 
the mean free path of kinetic theory. Hence, the ballistic motion plays 
a significant role even in the case of intense sediment transport when 
the carrier fluid is water.

Other analytical forms of the concentration profile could have been 
employed, perhaps leading to improvements in the present approach. 
Further improvements could have been obtained by relaxing some of 
the assumptions, such as the equality of the particle and liquid shear 
rate throughout the flow, and the usage of a particle relaxation time 
appropriated for Stokes drag.

Finally, our analysis has permitted to highlight which are the open 
issues that need to be addressed before any claims on the existence of a 
state-of-the-art, comprehensive mathematical model of unidirectional, 
intense sediment transport: (i) the lack of a physically sound model 
for the ballistic-collisional motion of particles in the upper portion of 
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Fig. 8. Experimental measurements (symbols) and theoretical predictions (lines) of profiles of concentration (black lines and circles), particle (orange lines and triangles) and 
liquid (blue lines) velocity, and granular temperature (green lines and squares) when: (a) 𝜙 = 2.2◦ and 𝛩 = 1.1, with the corresponding optimum 𝐸∗ = −1.42; (b) 𝜙 = 3.4◦ and 
𝛩 = 2.3, with the corresponding optimum 𝐸∗ = −1.09; (c) 𝜙 = 3.8◦ and 𝛩 = 2.0, with the corresponding optimum 𝐸∗ = −0.41; (d) 𝜙 = 4.5◦ and 𝛩 = 2.4, with the corresponding 
optimum 𝐸∗ = 0.81. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
the sediment layer that is crucial in aquatic condition; (ii) the lack 
of experimental data for phrasing accurate expressions for the mixing 
length as a function of the sediments and fluid properties; (iii) the 
lack of experimental measurements for expressing the turbulent kinetic 
energy in terms of the mixing length; (iv) the need for discrete element 
simulations of the particles coupled to direct numerical simulations for 
the surrounding fluid, e.g., to confirm the existence and the model of 
the granular-like component of the fluid viscosity.
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