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Overview

The physics of matter at ultralow temperatures is rich in fascinating phenomena, with
superfluidity playing a central role in this work. Initially observed in liquid helium, this
unusual effect is characterized by a frictionless flow, even through narrow capillaries or
porous media. Furthermore, in closed geometries superfluids can host permanent currents,
which flow indefinitely due to the absence of dissipation mechanisms. Shortly after its
discovery, superfluidity was linked to Bose-Einstein condensation - a process, in which an
ensamble of bosons acts as a coherent matter-wave, as a result of the macroscopic occupation
of a single quantum state. The two phenomena are indeed linked but are not equivalent.
In particular, there exist systems that form a Bose-Einstein condensate (BEC) but are not
entirely superfluid, and conversely, the ultracold 4He itself provides an example of a system
that is entirely superfluid while possessing a condensate fraction of at most 10%.

The discovery of Bose-Einstein condensation of ultracold atomic gases has opened a new
branch of physics, with tremendous implications for both theoretical physics and develop-
ment of quantum technologies. BECs of atomic gases have many advantages with respect
to liquid helium, their high interaction tunability being the most notable. Thanks to the
so-called Feshbach resonances, current experiments can change the strength and the char-
acter of the interatomic interactions by means of an externally applied magnetic field. In
the last 15 years, part of the efforts, both theoretical and experimental, have shifted to-
wards the physics of ultracold dipolar gases, whose dipole moment is given by the magnetic
properties of selected atomic species. Their long-range and anisotropic interactions offer
many interesting features, like angular dependence of the dispersion relation or even its ro-
tonization - the appearance of a local minimum in the excitation spectrum, similar to the
one in the liquid 4He. The first dipolar BEC was achieved in the gas of ultracold 52Cr,
which accurately followed the mean-field theoretical predictions. Interestingly, more recent
experiments on dysprosium, whose dipolar interactions are stronger than those of chromium,
have contradicted the results previously found in 52Cr. Notably, in the parameter regime,
in which the mean-field theory predicts an energetic collapse, the dipolar gas was found
to form a stable ensamble of separate droplets. This transition from a uniform dipolar su-
perfluid to a droplet-array resembled the Rosensweig instability, which occurs in ferrofluids
exposed on an external magnetic field. Further analysis has shown that the droplet form
of the gas is stabilized by quantum fluctuations that are the first-order correction to the
mean-field Gross-Pitaevskii theory. The effective microscopic description of dipolar BECs is
constructed by incorporating the quantum fluctuation term back into the original theory in a
manner similar to the density functional approach. The resulting extended Gross-Pitaevskii
equation (eGPE) has become the cornerstone of almost all numerical simulations of dipolar
BECs.

The discovery of a droplet array in dipolar BECs has triggered an intense study of this
phase. In particular, what was the most sought-after was a state that combines the two
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limiting cases: a density-modulated and fully coherent superfluid. Since the independent
droplet phase breaks the translational symmetry in a spontaneous manner, to some extent
it resembles a solid. According to the Goldstone theorem, every spontaneous breaking of
a continuous symmetry is associated with a gapless excitation branch - in this case - the
lattice phonon. Therefore, a fully connected density-modulated superfluid would merge the
properties of a superfluid and a solid, giving rise to the so-called phenomenon of supersolidity.
The first idea of supersolidity emerged in ultracold helium, where superfluid properties
would appear in its solid phase. In their seminal papers, Andreev and Lifshitz [1], Chester
[2] and Leggett [3], proposed a mechanism, in which the condensation of lattice vacancies
would provide the superfluid properties of the solid helium. Unfortunately, solid helium was
never shown to exhibit any superfluid properties, and the concept of supersolidity has seen a
revival only with the recent observation of the density-modulated phase of superfluid atomic
gases. The first experimental evidence of supersolid behavior was found in 2017 in Bose-
Einstein condensates with spin-orbit coupling (SOC) [4] and inside optical resonators [5].
Shortly after, in 2019 three independent experiments [6–8] discovered the supersolid phase
in magnetic dipolar gases, triggering intense investigation of its properties. In particular,
many direct and indirect experiments have shown that dipolar supersolids are superfluid.
The most notable one assessed the global coherence of the system [9], which indicates at
least partial superfluid behavior. The images of the density suggest that the system has
properties of a solid, but a true test requires measuring its rigidity. This feature is reflected
in the excitation spectrum, which, apart from the regular superfluid branch, should host
additional lattice phonon branches. The first experiments on dipolar supersolids [10–12] have
shown a doubling of collective modes in a one-dimensional lattice structure, demonstrating
the dual nature of this counterintuitive phase of matter.

There remains one canonical feature of the vacancy-based model of Andreev and Lif-
shitz, which has not been observed in dipolar supersolids yet - the presence of d+ 1 sound
modes in a d-dimensional supersolid. Sound waves are long-wavelength excitations, whose
energy linearly depends on their wavevector. They govern the response of the system to
low-energy perturbations, and thus are of fundamental interest. In fact, the hydrodynamic
theory of supersolids predicts the existence of two separate sound modes of a hybrid super-
fluid and lattice nature. Before the present work, the sound modes in dipolar supersolids
were not well characterized and the validity of supersolid hydrodynamics remained unknown.

This thesis investigates the propagation of sound(s) in superfluids with two broken con-
tinuous symmetries, predominantly focusing on newly discovered dipolar supersolids. The
first chapter is a review of ultracold physics, covering the Bose-Einstein condensation, su-
perfluidity, physics of dipolar gases and basics of linear response theory in quantum systems.
It sets the stage by introducing the fundamental concepts necessary to follow the methods
and results discussed in the later parts of this thesis. In Chapter 2, we discuss the numerical
methods used to simulate all the systems presented in this thesis. In particular, we provide
the algorithms to prepare the initial state and describe the procedure of their time evolution.

In Chapter 3, we design a protocol to excite and measure the two sound modes in the
supersolid phase, specifically adapted to current experimental capabilities. We consider the
dipolar gas in a toroidal external potential, to mitigate known problems appearing in har-
monically trapped systems. In particular, the rotational symmetry of the ring geometry
ensures that the density is uniform along the azimuthal angle, and thus the speed of sound
is not position dependent. The natural periodic boundary conditions of the ring are even
more important in the supersolid phase, where trap inhomogeneities influence the amplitude
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of density modulations. To study sound, we require the system to faithfully represent the
bulk supersolid, which is a challenging task with a sample of around 10 lattice sites. Our
protocol for sound measurement begins with a state preparation in the presence of a small
external periodic perturbation in the form of a cosine. By numerically solving the extended
Gross-Pitaevskii equation in imaginary time, we find the ground state of the perturbed
Hamiltonian. Then, we evolve this state in time, where at t = 0 we suddenly remove the
perturbation. This abrupt change triggers the density oscillations, from which we extract
their frequencies. In the long-wavelength limit the induced excitations are phonons, and thus
the measured frequencies correspond to speeds of sound. Using our protocol, we measured
the speed of sound across the superfluid-supersolid phase transition in dipolar BECs and
we indeed observed the second sound mode appearing in the density-modulated phase. By
changing the relative strength ϵdd of the contact interaction with respect to dipole-dipole
repulsion, we characterized the dependence of the two sound modes on the superfluid frac-
tion. Approaching the independent droplet phase, we observed the disappearance of second
sound, leaving the lattice phonon as the only gapless mode of such a state.

In addition to the experimental proposal for sound measurement, we quantified the
two speeds of sound with the hydrodynamic theory of supersolids. Our work is the first
attempt to compare predictions of the macroscopic hydrodynamic theory with the micro-
scopic extended Gross-Pitaevskii equation. We demonstrated that the two approaches yield
consistent predictions of the two speeds of sound. Furthermore, our analysis showed that
the hydrodynamic approach provides a novel method to measure the superfluid fraction in
terms of the two speeds of sound.

Chapter 4 extends the previous study onto supersolids in motion, where only part of the
system hosts the supercurrent. The superfluid velocity in closed geometries can take only
discretized values, as a consequence of single-valuedness of the order parameter. On the
other hand, the normal part of supersolids acts like an ordinary fluid and thus can move
at arbitrary velocities. Therefore, in the metastable state, rotating supersolids host two, in
general, different velocities. Such a configuration provides an intriguing platform to study
the Doppler effect. In ordinary fluids moving at small velocity v, the speed of sound is
modified by the current as c± = c± v, depending on whether the sound propagates parallel
(+) or antiparallel (-) to the velocity. This effect is purely kinematic, and originates from
the Galilean transformation of the speed of sound from the rest frame of the fluid. In the
presence of two different velocities, such a rest frame does not exist, and the Doppler ef-
fect becomes non-trivial. The first theoretical prediction of such an anomaly was done by
Khalatnikov in liquid helium [13] - a system for which he derived the first predictions for
the Doppler shift of the second sound. Later studies revealed that the fourth sound will
also exhibit an anomalous Doppler effect at finite temperatures [14–16]. Despite some early
experimental attempts, none of these theoretical predictions have seen their experimental
confirmation.

In this work, we studied the Doppler effect in moving supersolids and superfluids in
optical lattices. Even though we studied the zero-temperature limit, both systems feature
the normal component as a consequence of the fact that, as predicted by Leggett [3], the
presence of density modulation is always associated to a reduction of the superfluid fraction
in the system. The periodic structure in BECs in the presence of an optical lattice is not the
result of a spontaneous mechanism of breaking of translational invariance and therefore the
system cannot host a gapless lattice phonon. On the other hand the presence of the lattice
gives rise to a profound modification of the superfluid Bogoliubov sound which takes the
name of fourth sound, in analogy with sound propagating in liquid helium in the presence
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of porous media. By numerically solving the Gross-Pitaevskii equation, we confirm that the
Doppler shift of fourth sound exhibits novel features. The effect is even more intriguing
in supersolids, where there are two sound modes of hybrid superfluid and crystal nature.
By linearizing their hydrodynamic equations, we derive formulas for Doppler shifts of the
two sounds. In order to confirm validity of the hydrodynamic predictions, we perform the
eGPE simulations for moving supersolids. We excite and measure the sound modes using
the protocol developed in the previous chapter. We found a good agreement between eGPE
and hydrodynamic theories, showing that the two sound modes exhibit different Doppler
shifts. Notably, for selected superfluid and normal velocities, we demonstrated that the
Doppler shift of the second sound can be negative, resulting in the speed of sound of the
co-propagating mode being smaller than the counter-propagating one.

In Chapter 5 we investigate the anomalous Doppler effect in superfluid binary Bose mixtures.
Two-component BECs also host two sounds, since there are two spontaneously broken gauge
symmetries. Their character depends on the magnetization mz = (n1 −n2)/(n1 +n2), which
defines the population imbalance, and on the inter-species interaction constant g12. If the
two components do not interact (g12 = 0), the two sounds are trivially oscillations of the two
single-component densities ni. On the other hand, for a finite value of g12, the two sounds
change the character from single-component oscillations for n1 ≫ n2 (and n2 ≫ n1) to den-
sity and spin waves for n1 = n2. In binary mixtures, both components are superfluids, whose
velocities are governed by boundary conditions for the phase of their corresponding order
parameters. Analogously to previously studied systems, we can design a metastable state
where only one component hosts a permanent supercurrent, while the other one remains at
rest. Using a pair of coupled Gross-Pitaevskii equations, we simulate such a system and
measure the Doppler shifts with our linear response protocol. The results of the numerical
simulations perfectly match the analytic formula for the Doppler shifts derived from the
hydrodynamic model of coupled superfluids. Thus, we prove that the anomalous Doppler
effect is also present in two-component superfluids.

Bose mixtures are well-studied, long-lived systems with high and precise tunability, and
for these reasons, they seem to serve as a perfect platform to explore the anomalous Doppler
effect. Consequently, we develop two variants of our linear response protocol to separately
measure the Doppler effect of each of the sounds. The general form of our protocol excites
both sounds and provides an observable to measure them simultaneously. In Bose mixtures,
one can individually address the two components, by using appropriate laser frequencies.
Therefore, the first version of the modified protocol adjusts the strengths of external po-
tentials, in such a way to excite just one sound wave and the selected sound mode is then
observed in the dynamics of the total density. Since this approach may turn out to be
difficult to implement experimentally, we propose another variant of the protocol. There,
both sounds are excited by the external potential, which equally affects the two components,
and we modify the observable to remove one of the two sound modes from the signal. To
demonstrate the utility of either method, we perform a numerical simulation employing GP
theory, allowing for the study the Doppler shift of a selected sound looking at the precession
of the density profile.

Finally, in this work we extend our analysis to the Andreev-Bashkin effect, according to
which superfluid mixtures in motion are predicted to exhibit a mutual drag, which introduces
cross-terms in the two single-component currents. In weakly interacting Bose mixtures, this
effect is very small and has not been observed so far. We demonstrated that, in Bose
mixtures, the inclusion of this effect slightly alters the Doppler shift of each sound. In
principle, in systems where the Andreev-Bashkin effect is more pronounced, our protocol
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enables the measurement of the dissipation-less drag with the Doppler effect.
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Chapter 1

Introduction

The field of ultracold matter encompasses a wide range of phenomena at the intersection of
statistical and quantum physics. Its foundation lies in Bose-Einstein condensation, where a
macroscopic number of particles occupies the same quantum state. The physical properties
of these systems depend on the form of inter-particle interactions, which unveil a variety
of remarkable phenomena. Interacting Bose-Einstein condensates are naturally superfluid,
thus can flow without viscosity similarly to the liquid helium. Phase coherence requires the
velocity field to be irrotational, which permits the system to host permanent currents and
quantized vortices. In this regard, the ultracold atomic BECs are captured by the same
hydrodynamic theory of Landau, originally proposed for liquid helium.

In recent years, both experimental and theoretical attention has shifted toward dipolar
gases, which are characterized by long-range and anisotropic potentials. With the possibility
of changing the character of the interaction from attractive to repulsive, dipolar gases have
been shown to host a variety of interesting phases, including the counter-intuitive supersolid
phase. This long-sought feature uniting the frictionless flow and crystalline order has been
achieved in trapped dipolar BECs only recently. This breakthrough has motivated the
development of new microscopic theory and hydrodynamic frameworks, specifically tailored
to capture the new state of matter.

In this chapter, we review fundamental theoretical concepts underlying the Bose-Einstein
condensation, superfluidity and supersolidity. We begin with the microscopic theory of
BECs, introducing the Gross-Pitaevskii equation, its relation to hydrodynamics and the re-
sulting elementary excitation spectrum. In the following section, we focus on the macroscopic
theory of superfluids - the Landau two-fluid model, and its connection to Bose-Einstein con-
densation. Then, we present the rich physics of dipolar gases, with the emphasis on their
beyond-mean-field model, which is crucial for an accurate description of the supersolid phase.
We conclude the chapter with a short introduction to linear response theory in quantum
physics, which will be used throughout the thesis to measure the speed of sound in various
systems.

1.1 Bose-Einstein Condensation
The phenomenon of Bose-Einstein condensation refers to the macroscopic occupation of a
single quantum state. This basic formulation is the foundation for more advanced concepts
underlying the quantitative description of Bose-Einstein condensates. In the context of ul-
tracold gases, a BEC is primarily associated with two phenomena: the so-called off-diagonal
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INTRODUCTION

long-range order (ODLRO) and spontaneous breaking of the gauge symmetry. We will
explore both in the following sections.

1.1.1 Off-diagonal Long Range Order
As for every many-body quantum system, the BEC is described within the formalism of a
quantum field theory, where we introduce creation and annihilation operators acting on a
Fock space. In the second quantization framework, Bose-Einstein condensation is charac-
terized by the emergence of coherence across the system, which is manifested in the single-
particle density matrix

n(r, r′) = ⟨Ψ̂†(r)Ψ̂(r′)⟩, (1.1)

where the two bosonic field operators Ψ̂†(r) and Ψ̂(r′), respectively, create and annihilate one
particle in the indicated position. The two fields follow the standard bosonic commutation
rules:

[Ψ̂(r), Ψ̂†(r′)] = δ(r − r′) (1.2a)
[Ψ̂(r), Ψ̂(r′)] = [Ψ̂†(r), Ψ̂†(r′)] = 0 (1.2b)

The density matrix (1.1) carries important information about the system. In particular,
its diagonal elements n(r, r) define densities at position r, whose integral yields the total
number of particles N .

Bose-Einstein condensation refers to a macroscopic occupation of a single quantum state,
which in equilibrium usually means the state of vanishing momentum p = 0. In general, it
can be any state that is indicated by the largest eigenvalue of the density matrix. To see
how this phenomenon is reflected in the density matrix, we transform equation (1.1) into
momentum space

n(p,p′) = ⟨Ψ̂†(p)Ψ̂(p′)⟩, (1.3)

where Ψ̂(p) = (2πℏ)−3/2 ∫ dr e−ip·r/ℏ Ψ̂(r). In line with our observation, the n(p) ≡ n(p,p)
has a substantial contribution from the p = 0 state, which can be singled out with a delta
function:

n(p) = n0δ(p) + n̄(p), (1.4)

where, at a finite temperature, the n̄ has a thermal distribution. The distinction above is
crucial to understanding the unique indicator of the Bose-Einstein condensation. The δ peak
at p will correspond to a constant once transformed back into the position space. In the
thermodynamic limit, this means that the elements of the density matrix have a finite value
as |r − r′| → ∞. This off-diagonal long-range order is a unique feature of Bose-Einstein
condensates and has become the defining criterion of the existence of the BEC in interacting
Bose gases. In the limit of large distances, the density matrix elements define the condensate
fraction:

n0 = lim
|r−r′|→∞

n(r, r′), (1.5)

which quantifies the number of particles comprising the BEC. Its value decreases with tem-
perature and vanishes above the critical point. At temperatures close to zero, the condensate
fraction takes the highest values, which for ultracold atomic gases is very close to unity. On
the other hand, in strongly interacting systems like liquid helium, it does not exceed 10%
[17].
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1.1. BOSE-EINSTEIN CONDENSATION

1.1.2 Mean-field theory
Every quantum system is described by a dedicated theory, in which the equations of motion
are derived from the action, built upon symmetry arguments and transformation properties.
Bose-Einstein condensates are no exception. In this section, we present a simplified dis-
cussion on how to build the theory capturing Bose-Einstein condensation, using the second
quantization formalism and applying a semi-classical approximation.

We begin with a general form of a many-body Hamiltonian with two-body interaction
potential U(r, r′):

H =
∫
drΨ̂†(r)

[
h0(r) + 1

2

∫
dr′Ψ̂†(r′)U(r, r′)Ψ̂(r′)

]
Ψ̂(r). (1.6)

where h0(r) = ℏ2

2m∇2 + Vext(r) is the single-particle Hamiltonian that includes the ki-
netic term and an external potential. The fields Ψ̂ entering the Hamiltonian above have to
follow the commutation relations (1.2), as they represent bosonic particles. The primary
idea to simplify and tailor the equation (1.6) for Bose-Einstein condensates is to single out
the condensate wavefunction Ψ̂0 from all other states. This approach is well justified at
temperatures well below TC , where the state corresponding to the operator Ψ̂0 is macro-
scopically occupied by N0 particles. Moreover, since N0 ≫ 1, the commutation relation
[Ψ̂0(r), Ψ̂†

0(r)] = δ(r − r′) is irrelevant and one might as well assume that the two fields
commute1. This observation leads to a semi-classical approximation, in which the conden-
sate wavefunction Ψ̂0 is replaced by a c-number ψ. Therefore, we arrive with the ansatz for
the fields:

Ψ̂ = ψ + δΨ̂, (1.7)

where the field δΨ̂ contains all excited states, including quantum fluctuations characterizing
the interaction between the condensate and other states. The relevance of this term, in the
context of ground state properties, depends on the system under consideration. For a single
Bose-Einstein condensate, it does not bring any significant change to the mean-field picture.
However, its inclusion is crucial for the existence of the phase transition to the supersolid
phase in dipolar BECs, as we shall see in the following sections. Regardless of the system,
the excitation field δΨ̂ gives access to the collective properties of every platform. For this
reason, we shall analyze them in the latter part of this introduction.

To study the time evolution of the bosonic gas, we need equations of motion, which are
provided by the Heisenberg equation iℏ∂tΨ̂ =

[
Ψ̂, Ĥ

]
. Using the commutation relations for

the bosonic field Ψ̂, for the general many-body Hamiltonian (1.6), the Heisenberg equation
reduces to:

iℏ∂tΨ̂(r) =
(
h0(r) +

∫
dr′Ψ̂†(r′)U(r, r′)Ψ̂(r′)

)
Ψ̂(r). (1.8)

With the ansatz Ψ̂(r, t) = ψ(r, t) + δΨ̂(r, t), where we now explicitly write the time-
dependence of the fields, we obtain the mean-field approximation of the Heisenberg equation
for the Bose-Einstein condensate:

iℏ∂tψ(r, t) =
(
h0(r) +

∫
dr′U(r, r′)|ψ(r′, t)|2

)
ψ(r, t), (1.9)

1This approximation introduces a small error of the order 1/N0, which is negligible for large number of
particles in the condensed state.
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INTRODUCTION

where we entirely omit the fluctuations δΨ̂. The equation above is a great starting point
for building equations of motion for Bose-Einstein condensates of gases interacting with
different potentials U(r, r′). Thus far we have not made any assumptions on the shape
of this potential. Bose-Einstein condensates are primarily realized in ultracold platforms
of weakly interacting dilute gases, suggesting that a good estimate for the shape of U can
be found with the scattering theory. Indeed, particles that interact at small energy scales
are well captured by s-wave scattering, in which only the l = 0 angular momentum states
contribute to the scattering amplitude [18]. Since this type of interaction is isotropic, it
is characterized by a single parameter, the s-wave scattering amplitude as. Finally, the
interaction potential U(r, r′) in the weakly-interacting regime reads

U(r, r′) = 4πℏ2as
m

δ(r − r′), (1.10)

where the constant factor in front of the delta function is called the interaction coupling g.
Due to its Dirac delta form, the contact interaction potential introduces another simplifica-
tion of the equation of motion (1.9). For the weakly interacting Bose gas it reads

iℏ∂tψ(r, t) =
(

ℏ2

2m∇2 + Vext(r) + g|ψ(r, t)|2
)
ψ(r, t) (1.11)

and is called the Gross-Pitaevskii equation. To a great extent, it resembles the Schrödinger
equation, often called its nonlinear version. Because of its simplicity, it has become the
standard tool for addressing Bose-Einstein condensates.

To conclude this section, let us discuss the normalization condition for the condensate
wavefunction ψ. In line with the density matrix (1.1), we require that the square of the
modulus of ψ(r, t) equals the density n0(r, t). In this way, the condensate wavefunction is
normalized to the total number of particles in the BEC:

∫
dr|ψ(r, t)|2 = N0. Since ψ is a

complex function, it can be written as:

ψ(r, t) =
√
n0(r, t)eiϕ(r,t), (1.12)

where in the absence of currents the phase ϕ equals −µt/ℏ [19]. After the phase transition
to the condensed phase, the density n0 becomes comparable with the total density of the
system. For this reason the condensate wavefunction plays the role of the order parameter
of the BEC phase transition.

Hydrodynamic Formulation of the Gross-Pitaevskii Theory

Let us now find the Gross-Pitaevskii Lagrangian and its corresponding action. We will later
use them to discuss conservation laws and symmetries of Bose-Einstein condensates. It is
straightforward to check that, by varying with respect to ψ∗, the following action produces
the Gross-Pitaevskii equation:

S[ψ,ψ∗] =
∫
dt

∫
d3r

(
iℏ
2 (ψ∗∂tψ + ψ∂tψ

∗) − ℏ2

2m |∇ψ|2 − V (r)|ψ|2 − 1
2g|ψ|4

)
. (1.13)

The action above depends on two variables ψ and its complex conjugate ψ∗, which are
treated as independent. Since ψ is a complex number, the same equation can be written
with its amplitude and phase as the two independent variables. Using equation (1.12) (with
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1.1. BOSE-EINSTEIN CONDENSATION

ρ ≡ n0) the GPE action reads:

S[ρ, θ] =
∫
dt

∫
d3r

(
ℏρ∂tθ − ℏ2

2m (∇√
ρ)2 − ℏ2

2mρ(∇θ)2 − V (r)ρ− 1
2gρ

2

)
, (1.14)

where ρ and θ depend on the time and space coordinates. Variation of this action with
respect to the two variables gives:

δS

δθ
=⇒ ∂tρ+ ∇(ρ∇θ) = 0 (1.15a)

δS

δρ
=⇒ ℏ∂tθ + ℏ2

2m (∇θ)2 + V + gρ− ℏ2

2m
∇2√

ρ
√
ρ

= 0, (1.15b)

which are, respectively, the continuity equation and the Euler-like equation. They form
the hydrodynamic theory of Bose-Einstein condensates, which is an alternative formulation
of the GPE. The equation of continuity is, in fact, the Noether current associated with
the conservation of total particle number. The term ρ∇θ corresponds to the mass current;
therefore the phase gradient must give the velocity of the condensate v = ℏ∇θ/m. Since θ
is a scalar function, the velocity of the condensate is irrotational ∇ × v = 0.

With the new interpretation of the phase, the Euler-like equation (1.15b) can be formu-
lated in a more intuitive form. After taking the gradient of both sides, it becomes:

∂tv + ∂x

(
1
2v

2 + gn

m
+ V

m
− ℏ2

2m2
∇2√

ρ
√
ρ

)
= 0. (1.16)

The last term, called the quantum pressure, gives an important contribution only if the
density varies rapidly on a short length scale. In the thermodynamic limit, this term is a
higher-order correction and can be neglected. Furthermore, in the absence of an external
potential, the acceleration of the condensate is driven by the gradient of the chemical po-
tential µ = gn. At zero temperature, the Gibbs-Duhem relation implies that this statement
is equivalent to the momentum conservation law, in which the time evolution of the current
j = ρv is given by the gradient of the pressure.

To conclude characterization of the Gross-Pitaevskii theory, let us remark that it is a
non-relativistic description of Bose-Einstein condensates. In the absence of external po-
tential, we require the condensate to be invariant with respect to Galilean transformations.
Interestingly, this condition is fulfilled only if the wavefunction acquires an additional phase.
Considering the following coordinate change {r, t} → {r − vt, t}, the condensate wavefunc-
tion in the moving frame of reference reads:

ψ(r, t) → ψ(r − vt, t)eim(v·r− 1
2v

2t)/ℏ (1.17)

and the entire phase of the condensate in this reference frame reads:

θ(r′, t) =
[(

−µ− 1
2mv

2
)
t+mv · r

]
/ℏ. (1.18)

While the first term is just the chemical potential in the moving reference frame, the second
element shows a position-dependent phase contribution, introduced by the finite velocity
of the condensate. This observation is consistent with the definition of the velocity as the
gradient of the phase θ.
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1.1.3 Elementary excitations
The condensate wavefunction ψ gives the appropriate description of the Bose-Einstein con-
densate in equilibrium, or in a stationary state with a persistent current. Dynamical prop-
erties of the BEC, such as collective modes, require knowledge of the elementary excitation
spectrum, which is derived using the out-of-condensate field δΨ̂. This field operator encapsu-
lates all the excited states, which in the mean-field theory are completely neglected, leading
to the Gross-Pitaevskii equation (1.9). Here we sketch the main points in the derivation
of the theory underlying the lowest-energy excitations of ultracold gases, the Bogoliubov
theory. Its detailed description can be found in various sources [19–22].

We begin with the Heisenberg equation (1.8) and employ the same ansatz for the field
Ψ̂ = ψ + δΨ̂. This time, we keep all terms linear in δΨ̂, which leads to:

iℏ∂t δΨ̂(r) = h(r)δΨ̂(r)

+
∫
dr′U(r, r′)

[
|ψ(r′)|2 δΨ̂(r) +

(
ψ∗(r′)δΨ̂(r′) + ψ(r′)δΨ̂†(r′)

)
ψ(r)

]
,

(1.19)

where h = h0 −µ and the mean-field part (1.9) was already subtracted. The equation above
characterizes the time evolution of the elementary excitations. It is usually expressed in
another form, using the Bogoliubov transformation:

δΨ̂(r, t) =
∞∑
i

[
ui(r, t)e−iωitα̂i + v∗

i (r, t)eiωitα̂†
i

]
, (1.20)

where one introduces the quasiparticle annihilation operator α̂i such that the mean-field
ground state is its vacuum. Together with the corresponding creation operator α̂†

i , they
satisfy the regular bosonic commutation relations [α̂i, α̂†

j ] = δij and [α̂i, α̂j ] = 0. These
commutation relations impose the orthogonality conditions on the Bogoliubov amplitudes
ui and vi:

∞∑
i

[ui(r′, t)u∗
i (r, t) − vi(r, t)v∗

i (r′, t)] = δ(r − r′) (1.21a)

∞∑
i

[ui(r′, t)v∗
i (r, t) − ui(r, t)v∗

i (r′, t)] = 0. (1.21b)

The general form of equation (1.19) after the Bogoliubov transformation is highly compli-
cated because the amplitudes ui and vi are position-dependent. For slowly varying am-
plitudes, one can use local density approximation that leads to semi-classical results [23],
which is valid for most common experimental setups [24–27]. As a didactic example and
a proof-of-concept, we will consider a uniform system in which Bogoliubov amplitudes are
conveniently labeled with momentum k. In such geometries, the equations of motion for the
elementary excitations are simplified to the following matrix equation [19, 22]:(

ℏ2k2

2m + |ψ|2Ũ(k) |ψ|2Ũ(k)
−|ψ|2Ũ(k) −ℏ2k2

2m − |ψ|2Ũ(k)

)(
uk

vk

)
= ϵ(k)

(
uk

vk

)
, (1.22)

where the energy of the quasiparticles depends explicitly on the interaction potential in
Fourier space Ũ(k) and reads

ϵ(k) =

√
(ℏk)2

2m

(
(ℏk)2

2m + 2|ψ|2Ũ(k)
)

(1.23)

6



1.1. BOSE-EINSTEIN CONDENSATION

Thus, the shape of the excitation spectrum is characterized by the interaction potential. For
most of the systems, the energy exhibits a linear momentum dependence at small momenta,
which is referred to as the phonon regime. Analogously to the solid state theory, the slope
of the linear part of the excitation spectrum corresponds to the speed of sound. Depending
on the type of the system, there can be one or multiple phonon branches of different slopes.
In weakly interacting Bose gases, the dispersion law has only one branch of phonon-like
dependence at low momenta and particle-like excitations for k → ∞. An example of the
elementary excitation spectrum for such a gas is shown in Fig. (1.1).

Figure 1.1: Bogoliubov spectrum of elementary excitations for a weakly interacting Bose gas.
Dotted line exposes the deviation from linear dependence for large momentum wavevectors.

In weakly interacting Bose gas, particles interact via the contact potential characterized
by the delta function, which in momentum space reads Ũ(k) = g. This gives the speed of
sound

c = lim
k→0

ϵ

ℏk
=
√
gn

m
, (1.24)

which was measured in several experiments [28–31]. Notably, in trapped systems, where
the density profile is not uniform, the formula above requires a proper value of the density.
Since the entire gas contributes to the propagation of sound, one must average the density
in the transverse direction with respect to the sound wavevector. In harmonic traps, this
procedure yields c =

√
gn0/(2m), where n0 is the peak density [32].

1.1.4 Spontaneous symmetry breaking
Symmetry plays a central role in modern physics as it is the starting point for building
theories accounting for all physical phenomena. Of all the symmetry transformations, the
continuous symmetries are of particular interest as their identification leads to the deter-
mination of conserved currents and charges owing to the Noether’s theorem. In quantum
field theory, one is often interested in breaking these symmetries. This can be done in two
ways; either by introducing a term in the Hamiltonian that explicitly breaks the symmetry,
or by a phase transition, where the symmetry is broken spontaneously. The second way is
more intriguing as the Hamiltonian, and thus the equations of motion remain invariant with
respect to the symmetry transformation, but it is the state that breaks it. Strictly speaking,
it is the vacuum which disobeys the symmetry, which means any state constructed with it,
not only the ground state, will exhibit the broken symmetry features.

The Bose-Einstein condensation is an effect associated with a phase transition in which
the global gauge symmetry is broken spontaneously. To illustrate this point, let us first
observe that the Gross-Pitaevskii equation (1.11) is invariant under the U(1) gauge trans-
formation

ψ(r, t) → ψ(r, t)eiα, (1.25)

7



INTRODUCTION

where α ∈ R. In the mean-field theory, one neglects all excited states and assumes that
every particle is in the state given by the condensate wavefunction. The ψ is a complex
function of a certain phase θ, which in principle could be different for all particles occupying
this state. However, since the Gross-Pitaevskii equation contains the nonlinear term |ψ|2,
any phase difference between two particles introduces interference terms that lead to the
energy increase. Thus, it is energetically preferable that all particles in an interacting Bose-
Einstein condensate are phase coherent. For this reason, the gauge symmetry is broken in
a spontaneous manner.

The spontaneous breaking of the U(1) symmetry characterizes the BEC as a matter-wave,
since, due to its coherence, it exhibits properties of a regular wave. Among these properties,
the interference of two Bose-Einstein condensates has been studied most commonly [33–35],
as it has promising properties for potential quantum technological applications [36, 37].

The phenomenon of spontaneous symmetry breaking has an important consequence in
terms of the elementary excitation spectrum of Bose-Einstein condensates. By the Gold-
stone theorem, for every broken continuous symmetry, there appears one gapless mode -
the Nambu-Goldstone boson [38]. In the context of Bose-Einstein condensation, the gauge
symmetry is broken spontaneously after the system undergoes the phase transition. Then,
the excitation spectrum develops a linear momentum dependence in the long-wavelength
limit. Therefore, the phonon, which we have discussed in the previous section, is identified
as the Nambu-Goldstone boson.

1.1.5 Binary BEC mixtures

Bose-Einstein condensates are nowadays routinely realized in experimental platforms, pre-
dominantly using dilute ultracold atoms. The emergence of this phenomenon, along with
its characteristic properties, stems from a fundamental aspect of quantum mechanics: the
indistinguishability of individual particles. In order to create a BEC, a macroscopic number
of atoms must occupy the same spin state of the the same isotope. Advancements in laser
cooling and trapping techniques enabled the exploration of condensates of two or more spin
states of the same atomic species or even a mixture of different atomic types. In this section,
we briefly characterize the most prominent features of these systems.

The most commonly realized mixtures consist of two hyperfine states of the same atomic
species. Once cooled below the critical temperature, each component undergoes the phase
transition to the Bose-condensed state. Since the particles, and thus the condensed state,
differ in the spin state, the system is composed of two Bose-Einstein condensates. Theoreti-
cally, this mixture is understood in terms of two Gross-Pitaevskii equations, coupled by the
inter-species potential of the Dirac delta form. This potential is characterized by a coupling
constant g12, which is in principle different from the two intra-species ones g11 and g22, but
it is still given by the corresponding s-wave scattering length. With the use of Feshbach
resonances, all three parameters can be tuned to desired values. To avoid collapse, the two
constants g11 and g22 must be positive, while g12 can have an arbitrary value.

The collective nature of Bose mixtures, which will be one of the subjects of this thesis,
is conveniently classified in terms of density and spin oscillations. Using single-component
densities ni, we define the total density as n = n1 + n2, the spin density as sz = n1 − n2

8
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and the appropriate coupling constants:

g = (g11 + g22)/2 (1.26a)
gds = (g11 − g22)/2 (1.26b)
gd = (g + g12)/2 (1.26c)
gs = (g − g12)/2. (1.26d)

For a generic homogeneous Bose mixture, the equation of state can be written as [39]

E = 1
2gdn

2 + 1
2gss

2
z + 1

2gdsnsz (1.27)

The interaction energy above separates the phase diagram of binary BECs into two sectors:
the miscible and immiscible ones. The stability of the miscible phase requires the energy
to be a convex function of the two densities n and sz. Using equation (1.27), the stability
condition reads:

∆ = 4gdgs − g2
ds ≥ 0, (1.28)

which in the single-component notation is g1g2 − g2
12 ≥ 0.

As we have already observed, the two atomic clouds form different Bose-Einstein con-
densates after crossing the phase transition. As a result, the system breaks two gauge sym-
metries, giving rise to two order parameters. According to the Goldstone theorem, there
are two gapless modes in binary BEC mixtures. Analogously to the single-component BEC,
both modes are phonons, each corresponding to a dedicated linear branch of the elementary
excitation spectrum. Therefore, these systems host two sound modes, each characterized
by a different speed. Using Bogoliubov theory, one can demonstrate [19, 40], that the two
speeds of sound are given by:

c0
d/s =

[
gn+ gdssz ±

√
(gn+ gdssz)2 − ∆(n2 − s2

z)
2m

]1/2

(1.29)

and have been found in good agreement with experiments [41–43]. The nature of these
sounds is very complex, as they are strongly hybridized. In the limit of a non-interacting
mixture, when g12 = 0, the equation (1.29) reduces to

√
giini/m and the two modes coincide

with single-component density oscillations. On the other hand, when the gas exhibits Z2
symmetry (gds = sz = 0), the two sound modes are purely total density and spin density
oscillations. For the sake of notation, we will use the d (s) subscript to refer to the sound
mode (1.29) with the + (−) sign and call it density-like (spin-like) mode 2.

2If g12 were negative ± in the Eq. (1.29) has to be replaced by ∓ .
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1.2 Superfluidity
Every classical fluid has a certain degree of viscosity - the vicious property of dissipating
currents due to internal collisions between the particles. However, quantum effects, closely
related to the Bose-Einstein condensation lead to entire elimination of viscosity allowing for
the existence of permanent currents. In this section, we will review the most fundamental
concepts of the hydrodynamic theory of superfluids - the two fluid model.

1.2.1 The Landau criterion
The unusual lack of viscosity exhibited by the superfluid helium while flowing through
narrow capillaries has raised the need for a general condition unequivocally providing the
answer when such a phenomenon can occur. This condition was found by Landau in 1941
[18], who used a general argument based on the Galilean transformation of the energy of a
generic fluid. The derivation of the Landau criterion is important not only to understand
when a fluid becomes superfluid, but also to show how the elementary excitation spectrum
is affected by the velocity field.

Let us consider a fluid in a reference frame K, of energy E and momentum P . The
Galilean transformation specifies these two quantities in the frame K ′ moving with respect
to K with velocity V . Straightforward calculations yield the following relation

E′ = E − P · V + 1
2MV 2, P ′ = P −MV , (1.30)

where M is the mass of the fluid. In a superfluid, the kinetic energy is conserved as the flow
is inviscid and the only dissipative processes require creation of elementary excitations. Let
the K reference frame be the fluid’s rest frame. If an excitation of momentum p and energy
ϵ(p) is created, the total energy and momentum of the gas are given by E = E0 + ϵ(p) and
p respectively. In order to see how the energy of the elementary excitation changes with
the frame of reference its optimal to choose the laboratory frame as the new K ′. Here, the
laboratory frame moves with velocity −V relative to K and the formula (1.30) becomes

E′ = E0 + ϵ(p) + p · V + 1
2MV 2, p′ = p +MV . (1.31)

The equation above reveals that the elementary excitation energy in the reference frame K ′

is
ϵ′(p) ≡ ϵ(p) + p · V . (1.32)

This relation is key to understand when a superfluid may remain inviscid. Since we are
considering dissipative processes induced by elementary excitations, the superfluid flow is
permanent if ϵ′(p) is positive. Equivalently, dissipation appears once it becomes energetically
favorable to create elementary excitations. This statement leads to the Landau criterion for
the superfluid velocity:

Vc = min
p

ϵ(p)
|p|

. (1.33)

The critical velocity Vc sets the upper limit for the relative velocity of the superfluid and the
container. Its precise value is system-dependent, and requires that the function ϵ(p)/p has a
minimum greater than zero for the fluid to become inviscid. In weakly interacting BECs, the
Vc equals the speed of sound, as inferred from the Bogoliubov excitation spectrum (1.23).
On the other hand, superfluid helium (and also dipolar BECs) exhibit a roton minimum,
which effectively lowers the critical velocity.
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To conclude this section, let us remark that equation (1.32) provides the formula for the
dispersion law in a uniform superfluid system moving with velocity V . Therefore, if ϵ(p)
involves a linear part at small |p|, its slope - corresponding to the speed of sound - will
change by ±|V |. This is precisely the Doppler effect caused by permanent currents. One
of the key findings of this thesis is that this shift is in general not given by ±|V |, provided
that the system consists of two fluids hosting a relative velocity. To identify the systems in
which such properties can emerge, let us review the hydrodynamic model of superfluidity.

1.2.2 The two-fluid model
Experimental evidences unequivocally showed that the classical hydrodynamic theory alone
cannot account for the peculiar behavior of liquid helium at low temperatures. This fact was
immediately understood by Tisza [44] and Landau [45], who developed a new hydrodynamic
theory, tailored for the liquid helium - the two-fluid model. The macroscopic theory of
Landau is based on the assumption that a superfluid at finite temperature is a mixture of an
inviscid superfluid and the normal component, which behaves as a regular fluid and carries
all the entropy. Then, the total density ρ and current j consist of two parts:

ρ = ρs + ρn (1.34)
j = ρsvs + ρnvn, (1.35)

where ρn and vn (ρs and vs) are the normal (superfluid) density and the normal (superfluid)
velocity, respectively. In this model the motion of the two components is independent, which
enables counter-flow between the two currents. While in the two-fluid model there are no
constraints on the value of the normal velocity, the superfluid velocity is postulated to be
irrotational ∇ × vs = 0.

The complete set of hydrodynamic equations contains the dynamics of the density of the
conserved quantities and of the order parameters [46]. In line with classical hydrodynamics,
we require the two-fluid model to conserve the mass by imposing the continuity equation:

∂tρ+ ∇ · j = 0, (1.36)

which ensures that the density at a given point in space can be changed only with spatially
varying mass current. Furthermore, we require the momentum to be conserved as well with:

∂tji + ∂xj
Πij = 0, (1.37)

where the momentum flux density tensor Πij = ρsvsivsj + ρnvnivnj + pδij and p is the
pressure. Equation (1.37) is the first equation characterizing the motion in the two-fluid
model. Since it describes the evolution of the total current, the second equation of motion
should concern either the normal or the superfluid part separately. To construct it, one
assumes the acceleration of the superfluid (in its rest frame) is given by the gradient of some
scalar function

(∂t + vs · ∇)vs = −∇Φ, (1.38)
where this scalar function turns out [20] to be the chemical potential µs in the superfluid
rest frame. Its relation to the rest frame chemical potential µ is given by µs−µ = vnvs− 1

2v
2
s

[20, 47]. The last hydrodynamic equation in the two-fluid model at finite temperature is the
entropy conservation. Similarly to the mass conservation law (1.36), the entropy changes
only with the divergence of its flux. The latter is given by the normal velocity, as the
superfluid part does not carry any entropy:

∂ts+ ∇ (svn) = 0 (1.39)
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There is actually another conserved quantity - the energy. Its conservation law was initially
necessary to evaluate the form of the momentum flux tensor Πij and to find the scalar
function Φ in eq. (1.38). For this reason, its inclusion in the two-fluid model is redundant.

The four equations (1.36)-(1.39) constitute the two-fluid model developed by Landau to
account for the dynamics of the superfluid helium. Among the most successful predictions
of this theory, the explanation of the second sound deserves a special recognition. Apart
from the ’regular’, pressure-density first sound, in superfluid helium there exists a second
sound mode associated with the entropy wave. The speed of the second sound reads:

c2
2 = σ2 ρs

ρn

(
∂σ

∂T

)−1
, (1.40)

where σ = s/ρ. It strongly depends on temperature and vanishes above the Lambda point.
Remarkably, this sound mode is undamped, and thus long-wavelength thermal excitations
are long-lived. This property is specific to systems exhibiting superfluid behavior.

1.2.3 Bose-Einstein condensation and superfluidity
After its discovery, superfluidity was speculated to be related to Bose-Einstein condensation.
Although the two phenomena are indeed deeply connected, they are not synonymous. This
can be seen from the hydrodynamic formulation of the Gross-Pitaevskii theory. Provided
that the quantum pressure term is negligible, the two equations (1.15) correspond to the two-
fluid model of Landau in the absence of the normal part. Indeed, in such a case, the equation
(1.36) coincides with (1.15a) and the Josephson equation (1.38) is precisely (1.15b). In this
comparison, we identified the velocity of the condensate with the superfluid velocity, as they
are both irrotational. This correspondence is well justified if all the variables are slowly
varying in space. Therefore, interacting Bose-Einstein condensates are indeed superfluid
and, in the long-wavelength limit, can be described by the two-fluid model. With certain
modifications, equations (1.36)-(1.39) are also applicable to other systems like superfluid
mixtures or supersolids. We will investigate them in the following chapters of this thesis.

The connection between microscopic GPE theory and the macroscopic two-fluid model
suggests that there is a correspondence between coherent and superfluid behavior. Although
coherent quantum systems are typically superfluid, there are several exceptions, which pre-
vent the two phenomena from being synonymous. The most prominent example of a fully
superfluid gas with little coherence is the liquid helium. At temperatures close to zero, the
normal part is negligibly small, yet the condensate fraction remains smaller than 10% [17].
Another superfluid system, which is not Bose-condensed is the 2D ultracold gas at finite
temperature. Although it may host quantized vortices, the off-diagonal long-range order is
precluded by the Hohenberg-Mermin-Wagner theorem [48, 49].

Similarly, there exist systems that are fully coherent but not superfluid. Such gases are
characterized by a spatially modulated density profile. In his seminal work [3], Leggett
showed that a coherent system of a non-uniform density cannot be entirely superfluid. He
introduced the concept of superfluid fraction, which quantifies how much a given system
effectively behaves as a superfluid. In a ring geometry, whose width is much smaller than
its radius, the upper bound for the superfluid fraction reads:

fs ≡ ρs
ρ

≤

(
1

2π

∫ 2π

0
dφ

⟨ρ⟩
ρ(φ)

)−1

(1.41)

where φ is the azimuthal angle. By the Cauchy-Schwarz inequality, the fs is always smaller
or equal than one. The equality condition fs = 1 is satisfied only if the density profile is
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uniform. Thus, even though density modulated Bose-Einstein condensates are fully coherent,
they are not entirely superfluid. The remaining part effectively acts as a normal fluid. It
is worth stating that the discrimination between the superfluid and the normal part of a
density-modulated BEC cannot be done on a microscopic level. It is impossible to tell
which part of the wavefunction corresponds to the normal part and which is responsible for
the superfluid behavior. The concept of the superfluid fraction is inherently macroscopic;
therefore it can be related to the microscopic variables only via proper averages (1.41).

1.2.4 Non-Classical Rotational Inertia
Superfluids are characterized by the irrotational velocity field, which in closed geometries,
such as rings, precludes the existence of a state with an arbitrary supercurrent. The quan-
tization of the current comes from the definition of the superfluid velocity as a gradient
of the phase of the condensate wavefunction. We require that the phase is single-valued,
which means that the boundary conditions for the phase allow it to differ only by a integer
multiplication of 2π. This leads to the following current quantization:∮

vs · dl = ℏ
m

∮
∇θ · dl = 2π ℏ

m
n (1.42)

where n ∈ Z and the integration is done over the circumference of the ring. Therefore, a
permanent current originates from the twisted boundary condition for the phase of the order
parameter.

How does the phase change in the presence of a small rotation? In a reference frame
rotating with a small angular velocity ω, eq. (1.18) suggests that the phase of a superfluid
in a ring container develops a linear pattern, whose boundary conditions are not sufficed
θ(φ) ̸= θ(φ + 2π). Such a phase twist violates the condition of single-valuedness of the
phase and leads to the energy increase. For this reason, the superfluid does not rotate at
small angular velocities. Consequently, superfluidity can be defined as a (lack of) response
to a small rotation. In a mixture of a superfluid and a normal gas, which happens at finite
temperatures or in spatially modulated superfluids, this property enables the assessment of
how much the system behaves like a superfluid. At small angular velocities, only the normal
part will rotate, thus, by measuring the angular momentum, one can calculate the superfluid
fraction as the non-classical rotational inertia (NCRI):

fs = lim
ω→0

1 − ⟨Lz⟩
Icl ω

, (1.43)

where for a ring of negligible width, the classical moment of inertia reads NmR2, with N -
the particle number, each of mass m, and R is the radius of the ring. The limit of small ω
is important to avoid effects of mass distribution due to the centrifugal force.

In density-modulated superfluids, the relation between the upper bound (1.41) and the
superfluid fraction calculated as NCRI depends on the density profile. If the density can be
factorized with respect to each coordinate as ρ(r) = Πiρi(ri), then the two quantities are
equal [50] and also coincide with the lower bound of the superfluid fraction [51].

Although we focused on a ring superfluid, all properties presented in this section are
also valid in other geometries. The quantized current in a ring is actually equivalent to a
quantized vortex in any other simply-connected geometry, like a harmonic trap. For this
reason, one may consider the appearance of the quantized current as the emergence of the
vortex in the center of the ring.
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1.3 Dipolar gases and supersolidity
Following the discovery of the superfluid phase in liquid helium, it was natural to ask whether
similar phenomena could occur in solids, yielding a new state of matter called a supersolid.
In their seminal work [52], Penrose and Onsager initially dismissed this possibility, arguing
that a crystal composed of localized particles could not exhibit off-diagonal long-range order
— the hallmark of Bose-Einstein condensation. Shortly after, Andreev and Lifshitz [1],
followed by Chester [2], proposed a different theory of supersolidity, based on condensation
of lattice defects and vacancies. In this model, the superfluid behavior is not assigned to
the particles that form the lattice, but to the vacancies, which also posses Bose-Einstein
statistics. Under sufficiently low temperatures, they were predicted to form an interacting
BEC, which eventually would provide the superfluid properties for the solid helium.

However, experimental efforts to detect superflow in solid helium under a pressure gradi-
ent [53–55] failed to confirm the validity of this theory. Subsequent experiments attempted
to confirm the superfluid nature of a rotating solid helium by measuring the reduced rota-
tional inertia [56–59]. The initial claim of observing supersolid helium was retracted a few
years later [60] by the same authors, who found a classical explanation for the reduction of
the rotational inertia. Therefore, despite decades of extensive investigation, the supersolid
phase of helium remains unconfirmed, as is the theory of superfluid crystal defects.

Thanks to a substantial progress in laser cooling techniques over the last few decades,
helium is not the only superfluid system in which one can pursue the supersolid phase.
Platforms based on ultracold atoms provide many advantages over liquid helium, such as
tunable interactions or long-range dipolar interactions given by the magnetic moment of
atoms. It is especially the latter that led the ultracold society to pursue the search for
the supersolid phase, successfully found by three independent experiments [6–8] in recent
years. Theoretical studies of the dispersion law of dipolar gases revealed that under specific
conditions the system develops density modulations as a result of energetic instability [61].
This phenomenon is associated with spontaneous breaking of the translational symmetry,
thanks to which the system acquires the properties of a solid. Therefore, the supersolid
phase of ultracold dipolar gases differs from the one proposed by Andreev and Lifshitz. In
contrast to the solid 4He, where each atom constitutes a separate lattice site, in a dipolar
supersolid there can be a macroscopic number of atoms occupying one lattice site. In fact,
since the whole gas is coherent, every lattice site consists of a macroscopic number of atoms
because their wavefunctions are spread over the entire system.

In this section, we review the physics of supersolids, with special emphasis on ultracold
dipolar gas platforms. We present the microscopic theory, based on the Gross-Pitaevskii
equation, highlight the role of the quantum fluctuations and discuss the dispersion relation.
Finally, we will introduce the hydrodynamic theory of supersolids, which will be used to
derive the speed of sound.

1.3.1 Dipolar Bose-Einstein condensates
The physics of Bose-Einstein condensates of alkali atoms is inherently interesting because
of their coherent nature. However, with the advent of ultracold dipolar atoms brought to
degeneracy, the field has expanded and opened up novel exciting possibilities. Following
the pioneering realization of the chromium 52Cr condensate [62], the experimental efforts
shifted toward ultracold 164Dy [63] and 166Er [64], which have a larger dipolar moment and
for that reason became the most commonly studied dipolar gases. Bose-Einstein condensates
of these two isotopes were demonstrated to exhibit many interesting features, among which
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the supersolid phase is the most notable.
The new attributes arise mainly because of the anisotropy and long-range nature of the

dipolar potential. As a result, many properties are sensitive to the relative alignment of the
dipoles and thus can be externally tuned to desired values. For two magnetic dipoles d1
and d2, separated by distance r, the dipolar potential is given by

Vdd(r) = Cdd
4π

(d1 · d2)r2 − 3(d1 · r)(d2 · r)
|r|5

, (1.44)

where the amplitude Cdd = µ0µ
2 scales quadratically with the magnetic moment µ and

µ0 denotes the magnetic permeability of the vacuum. The strength of dipolar interactions
in a condensate of ultracold atoms is limited by µ, which is determined by the electronic
structure of a given isotope, and is given by

µ = gJµBJ, (1.45)

where J is the total angular momentum, µB is the Bohr magneton and gJ is the Landé
g-factor. Among all the elements, the 164Dy has the largest value of the magnetic moment
µ ≈ 10µB , while for erbium it is slightly lower µ ≈ 7µB . Thus, the strength of these
interactions in dipolar gases is bounded from above by the availability of stable isotopes
with high angular momenta states. Aside from the magnetic moment, the same long-range
potentials may be realized with molecules possessing a permanent and tunable electric dipole
moment. The first experiments on molecular BECs were reported in 2008 [65], but two- and
three-body losses significantly reduced the lifetime of these systems. Recent progress in
shielding techniques [66, 67] enabled the first realization of dipolar molecules of NaCs with
reported lifetime exceeding 1s [68]. The greatest advantage of molecular dipoles with respect
to lanthanides is that their electric moment can be even two orders of magnitude larger. Since
the amplitude of the dipolar potential (1.44) scales quadratically with the dipole moment,
molecular condensates offer much stronger long-range interactions. Exploration of these
strongly interacting part of the phase diagram is predicted to reveal new, interesting phases
of matter [69, 70].

The most prominent feature of dipolar interactions is their anisotropy. To demonstrate
its utility, let us consider the usual setup, where all dipoles are aligned along a common
z-axis. The dipolar potential (1.44) is simplified to the following expression:

Vdd(r) = Cdd
4π

1 − 3 cos2 θ

r3 , (1.46)

where θ is the angle between the separation vector r and the polarization axis ẑ. In Fig. (1.2)
we schematically show how the dipolar potential changes with the relative angle θ. For
θ ∈ (θcr, π − θcr), where θcr = arccos (1/

√
3), the interaction is repulsive, reaching its

maximum value for θ = π/2, when the two dipoles are side by side. On the other hand,
attractive interaction is achieved by aligning the dipoles at an angle θ ∈ (0, θcr)∪(π−θcr, π).
The strongest attraction corresponds to the head-to-tail configuration, when θ = 0. The
critical angle θcr separates the two domains, and for this particular value, the dipoles do
not interact. The anisotropy leads to the appearance of interesting phenomena like the
magnetostriction effect, where the cloud takes an elongated form in the direction of the
dipole orientation [71]. It also significantly changes the elementary excitation spectrum,
which ultimately leads to the supersolid phase. In order to appreciate all the effects exhibited
by dipolar Bose-Einstein condensates, we need to use their microscopic theory.
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Figure 1.2: Dipole-dipole interaction potential (1.46) dependence on the angle θ between
the dipole orientation axis z and their separation vector r.

1.3.2 Mean-field and beyond
The microscopic description of dipolar Bose-Einstein condensates is based on the mean-field
Gross-Pitaevskii theory (1.9), where along the contact interaction, the dipolar potential
(1.46) must also be included. In order to assess the relative strength of the two potentials
we first introduce the dipolar length:

add = mCdd
12πℏ2 , (1.47)

which is fixed for a given isotope. For 164Dy, its value is approximately equal 131a0, where
a0 is the Bohr radius. The s-wave scattering length can be tuned using Feshbach resonances
to reach any values around the add. The stability of the system depends on the ratio of
these two lengths; therefore, it is useful to introduce it as the relative interaction strength:

εdd = add
as

(1.48)

In the mean-field theory, the system is stable if the two interactions are repulsive, with the
short-range potential being dominant. If εdd > 1, i.e. when the dipolar repulsion becomes
stronger than short-range interactions, the mean-field theory predicts an energetic instability
[23] and the system collapses [72–75]. Once stability is assured, one can study the effects of
anisotropic and long-range interactions in dipolar BECs. The most prominent change with
respect to alkali condensates, observed in trapped systems, is the elongation of the cloud
in the direction of the dipole orientation. Due to magnetostriction, even if the external
potential is isotropic, the aspect ratio of the cloud changes considerably with εdd [76]. The
anisotropy is also manifested in the excitation spectrum [77–79], and thus the speed of sound
[80].

The mean-field theory of dipolar BECs has been shown to be in good agreement with
experiments provided that εdd is smaller than 1. However, in the regime, where it predicts
the system to collapse, the results differed depending on the atomic species used in exper-
imental setups. Initially, chromium condensates were shown to collapse once the s-wave
scattering length was quenched to violate the stability condition [74]. Since the dipolar
interaction strength in 164Dy gases is approximately two times larger than in chromium, the
same experiment was repeated in dysprosium BEC, yielding a contradictory result [81]. In-
terestingly, after crossing the εdd = 1 point, the dipolar BEC, instead of collapsing, formed a
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relatively stable ensemble of macroscopic droplets. The resulting state resembled a ferrofluid
exhibiting the Rosensweig instability [82]. Its eventual decay was assigned to the atom loss
through three-body channels, which are strongly enhanced in the large density regions of
the droplets. In fact, the three-body interactions were one of the proposed missing elements
to fix the theoretical model of dipolar BECs [83, 84]. Shortly after, a closer investigation
of the properties of the system revealed [85] that quantum fluctuations stabilize the droplet
form of the gas [23, 86–88].

Quantum fluctuations are the first-order correction to the mean-field theory. They ac-
count for all the processes involving the interaction between the condensate and the excited
states. In particular, if we denote by â†

q the single-particle creation operator corresponding
to momentum q, quantum fluctuations are described by the following operators:

â†
−qâ

†
qâ0â0 â†

0â
†
0â−qâq â†

0â
†
qâ0âq (1.49)

where the first one is responsible for the depletion of the condensate, the second one brings
two particles into the condensed state and the last one leaves the condensate unchanged
[19]. By replacing the condensate operators â0, â

†
0 with the c-number

√
N0, all the quan-

tum fluctuation terms are quadratic in creation and annihilation operators. Therefore, one
may diagonalize the Hamiltonian including the terms (1.49), by means of the Bogoliubov
transformation (1.20)3. As a result, one obtains the ground state energy of the system:

E

V
= 1

2n
2Ũ(|q| = 0) + 1

2

∫
d3q

(2π)3

[
ϵ(q) − ℏ2q2

2m − nŨ(q)
]
, (1.50)

where V is the volume of the gas, ϵ(q) is the dispersion relation, which we will discuss in
the next section, and the potential Ũ includes both contact interactions and dipole-dipole
interactions (1.46). The first term on the right side is the mean-field total energy, while
the second part provides the contribution of quantum fluctuations. The integral in the
equation above is ultraviolet-divergent and needs to be regularized. In order to do that,
we consider higher-order corrections of the s-wave scattering length, which are beyond the
Born approximation [19, 91]. Since the scattering length defines the strength of the contact
interaction g = 4πℏ2as/m, this procedure effectively regularizes the interaction coupling
constant:

g(|q| = 0) = Ũ(|q| = 0) − m

ℏ2

∫
d3q

(2π)3
Ũ(−q)Ũ(q)

q2 . (1.51)

The corrected scattering length can now be included in the energy (1.50). Its zero-momentum
component gives the mean-field contribution to the total energy:

E0

V
= 1

2gn
2 [1 + εdd

(
3 cos2 θ − 1

)]
, (1.52)

where θ is the angle between the momentum q and the dipole’s orientation vector. The
quantum fluctuation term arises from the integral in equation (1.50) and the second part of
(1.51), which together evaluate to

∆E
V

= 64
15g

√
a3
sn

π
Q5(εdd), (1.53)

3For a detailed derivation of the quantum fluctuation Hamiltonian in a regular BEC see [19, 89, 90] and
in dipolar BEC [23, 87]
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where Qα(x) = (1 − x)α/2
2F1( −α

2 , 1
2 ,

3
2 ,

3x
x−1 ) is defined with hypergeometric function 2F1

[92]. For α = 5, this function reduces to

Q5(εdd) =
∫ 1

0
du
[
1 + εdd(3u2 − 1)

]5/2 (1.54)

and is real for εdd ∈ [0, 1), whereas in the regime dominated by dipolar interactions, it
acquires a small imaginary part. This imaginary part is a consequence of the mean-field
energetic instability of the elementary excitations for εdd > 1. Although not exactly correct,
it has become widely accepted to truncate the imaginary part and approximate the function
(1.54) with its real part. This approach is well justified for systems studied in this thesis
for εdd ≲ 1.5, where the imaginary part is two orders of magnitude smaller than the real
part [93]. For high values of the relative strength parameter, this practice may not be
satisfactorily accurate.

The energy (1.53) is the analog of the Lee-Huang-Yang (LHY) correction calculated for
an ordinary BEC [89, 90] hence it became common to adopt this name in the beyond-mean-
field description of dipolar gases. Every analytical consideration of the LHY correction in
the literature uses the uniform gas as a prototype, which neglects the spatial dependence of
the fields. Although this approach is strictly speaking incorrect in terms of trapped systems,
it provides a very good first-order estimate of the contribution of quantum fluctuations to
the ground-state energy therein.

Finally, to include quantum fluctuations in the microscopic description of dipolar Bose-
Einstein condensates, we use the energy term (1.53) to derive an additional potential, which
we add to the mean-field Gross-Pitaevskii equation. This procedure is equivalent to the
Density Functional Theory (DFT) approach, where unknown potentials are substituted with
their best approximations [94–96]. We will describe it in detail in the numerical method
section. The final equation is called the extended Gross-Pitaevskii equation (eGPE), where
the quantum fluctuations act as a mean-field potential:

iℏ∂tψ(r, t) =
(

ℏ2

2m∇2 + Vext(r) + g|ψ(r, t)|2 +
∫
d3r′Vdd(r − r′)|ψ(r′, t)|2

+ γ(εdd)|ψ(r, t)|3
)
ψ(r, t),

(1.55)

where γ(εdd) = 32
3

√
π
ga

3/2
s Re {Q5(εdd)} and Vdd is given by (1.46). The extended Gross-

Pitaevskii equation does not predict an immediate collapse in the regime dominated by the
dipolar repulsion. Instead, for higher values of the relative interaction strength εdd, the
system forms droplet arrays similar to the ones observed in the dysprosium experiment [81].
In the recent years, the eGPE has been proven to be very accurate and has become the
standard tool in the field of dipolar supersolids.

The LHY correction is usually small with respect to the mean-field energy and the ne-
cessity of its inclusion is governed by the energy scale. It becomes relevant only when
the contribution of quantum fluctuations to the chemical potential is comparable to that
of mean-field interactions [85]. Finally, by estimating the contribution of the three-body
interactions to the chemical potential, we can explain why the experiments on ultracold
chromium failed to observe the supersolid phase [97]. Contrary to erbium and dysprosium,
the 52Cr BEC suffers a strong particle loss in the three-body channel before quantum fluc-
tuations take over the mean-field energy. Effectively, this prevents the system from forming
any density-modulated state and leads to the collapse.
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1.3.3 Dispersion law and supersolidity
The properties of dipolar condensates strongly depend on the external potential, which with
modern techniques may take any shape. Particularly interesting physical phenomena occur
in oblate traps, where the width of the cloud along the z-axis is much smaller than in the
other two directions. In such quasi-2D geometries, the external magnetic field, which sets
the alignment of the dipoles, controls the character of the interactions. If it is perpendicular
to the z-axis, the dipolar interaction is predominantly attractive, leading to the so-called
macrodroplet regime [24, 98–100]. On the other hand, when the dipoles are aligned along
the z-axis, the interaction is mainly repulsive, and its strength can be tuned with ϵdd. This
configuration is particularly interesting, as in the strongly interacting regime εdd ≳ 1 the
excitation spectrum develops a local minimum [61, 101, 102]. The dispersion relation of
dipolar condensates in oblate traps is therefore very similar to the one of liquid helium, and
due to this resemblance, the local minimum is referred to as the roton minimum. Unlike in
liquid helium, the position and depth of the roton gap can be easily tuned experimentally
with the harmonic confinement and the relative interaction strength. The roton minimum
appears at a momentum close to 1/lz, where lz =

√
ℏ/mωz is the harmonic oscillator

length in the z-direction [103, 104]. On the other hand, the height of the roton gap can be
controlled solely by the εdd ratio, where stronger dipolar interactions lead to the softening
of the minimum (see Fig. (1.3)). Eventually, for a sufficiently high dipolar interactions,
the gap closes, enabling the system to create a finite-momentum excitations at no energy
cost. These take the form of spatial, periodic modulations of a wavevector given by the roton
momentum. Since the Hamiltonian of the system is translationally invariant, the softening of
the roton mode breaks this symmetry in a spontaneous manner. The new vacuum state, due
to the periodicity of the density oscillations, resembles a solid, where the peaks correspond
to the lattice sites. We shall see later in this section that this state has the properties of
the supersolid phase. The underlying mechanism of creation of the supersolid phase of the

Figure 1.3: Dispersion relation of trapped dipolar gases for different values of relative in-
teraction strength εdd. Drawings on the left-hand side are schematic representations of the
atomic cloud corresponding to specific εdd indicated by the colorscale. At sufficiently high
value, the roton minimum softens, giving rise to the supersolid phase.

dipolar BECs differs from the vacancy-based concept of supersolidity proposed by Andreev
and Lifshitz. While they considered a possible way to induce superfluidity in a system
already exhibiting the crystalline order, the dipolar supersolids rely on the reverse order of
symmetry breaking. In principle, the roton softening can be regarded as the solidification
of a superfluid gas.
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The proof of superfluid properties of a supersolid has been provided in two ways. Ini-
tial experiments focused on assessing the global phase coherence [6–9], which in interacting
systems is equivalent to superfluidity. However, the most striking and unequivocal evidence
of superfluidity was the observation of quantized vortices [105]. The situation is more sub-
tle with respect to assessing the solid-like properties. Let us investigate similarities and
differences between a dipolar supersolid and an ordinary solid. Firstly, we notice that the
supersolid phase in dipolar condensates is dependent on the trapping potential. Without
confinement in the direction of the magnetic field, the system would form a self-bound macro-
droplet. Further confinement in the xy plane is needed to keep the droplets together, as they
repel each other. In this regard, the dipolar supersolid differs from an ordinary self-bound
solid. However, this property is not the most important as one may argue that the external
potential plays the role of pressure that stabilizes many solids also at low temperatures.

Originally, the similarity between the dipolar supersolid and an ordinary solid was as-
sociated with the long-range crystalline order, which in ultracold platforms appears due to
the spontaneous symmetry breaking. According to the Goldstone theorem, the supersolid
phase of dipolar gases is characterized by an additional type of low-energy excitation, which
we identify as the lattice phonon. The experimental efforts towards identification of the
solid-like properties relied on the appearance of the second mode in collective oscillations.
In particular, the breathing mode was demonstrated to be characterized by two frequencies
[10]. This experiment confirmed the presence of the lattice-like Goldstone boson, highlight-
ing that the system exhibits a spectrum of collective modes of a hybridized superfluid and
lattice-like nature.

Although the periodic modulation of the density resembles a crystalline long-range order
of a solid, it is not obvious that the new state exhibits the rigidity and robustness against
the shear stress of a true solid. Solids are the only media in which particles can oscillate
in the transverse direction in response to the longitudinal perturbation. There have been
several theoretical studies (including this thesis) pointing out the finite value of the shear
modulus in dipolar supersolids, but up to now there has been no experimental attempt
to observe the shear waves in dipolar platforms. Interestingly, in driven BECs, where the
s-wave scattering length is periodically modulated, there seems to be no transverse sound
[106]. Instead, the authors measured a strong damping of the transverse perturbation. A
further study of two-dimensional dipolar condensates is needed to see whether these systems
exhibit the same behavior.

In conclusion, there are several properties which we assign to the solid phase of mat-
ter. The long-range crystalline order and the existence of the lattice phonon are commonly
agreed to be enough to call the modulated phase of dipolar condensates the supersolid. A
further argument in favor of the solidity of these systems would be the presence of shear
waves.

Thus far we have discussed the faith of a dipolar BEC in an oblate trap for larger values
of the relative interaction strength, which lead to the emergence of the roton minimum and
its eventual softening. After it becomes energetically allowed to create finite-momenta ex-
citations for free, the system enters the supersolid phase, in which the excitation spectrum
exhibits two gapless branches. With the further increase of the relative interaction strength
εdd, the system changes in several aspects. Firstly, the slopes of the two gapless modes
change, indicating the change of the two speeds of sound. Part of this thesis is devoted to
this phenomenon, and the results can be found in Chapter 3. Secondly, the amplitude of
the density modulation increases with εdd [107, 108]. This effect has a great impact on the
thermodynamic properties of the system as it decreases the superfluid fraction, in accor-
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dance with the Leggett upper bound (1.41). Thus, the dominance of the dipolar interaction
suppresses the superfluid properties, and ultimately leads to a state with the superfluid
fraction equal 0. In such a case, the periodic density modulation becomes an ensamble of
disconnected droplets. While each droplet is superfluid within its volume, the system as
a whole exhibits no global coherence. This phase is called the independent droplet (ID)
phase, and is precisely what was observed in the first experiment on dysprosium BEC [81].
Lack of global coherence leads to the restoration of the gauge invariance, which means the
independent droplet phase breaks only the translational symmetry. Consequently, during
the transition from the superfluid phase to the ID, one of the gapless modes vanishes, leaving
only the branch associated with the lattice phonons. The independent droplet phase and
its properties have been difficult to study experimentally due to their short life-times. At
higher densities, as it happens in the supersolid and the ID phase, the atoms also interact
through three-body channels, effectively leading to rapid losses.

To conclude this section, it is worth noting that dipolar BECs are not the only plat-
forms to study supersolidity. States of simultaneously and spontaneously broken gauge
and translational symmetries have been reported in spin-orbit coupled Bose mixtures [4,
109, 110], BECs in optical resonator [5], driven BECs [106] and polariton condensates [111,
112]. Recently, an array of self-bound droplets has been observed in a BEC of ultracold
NaCs molecules, which poses a strong electric moment. A further study of coherence of this
system will likely confirm its supersolid nature.

1.3.4 Hydrodynamic theory of supersolids
The long-wavelength properties of a supersolid are captured by a hydrodynamic theory
that accounts for its superfluid and crystalline nature [113–118]. The core of such a theory
is based on the Landau two-fluid model [19, 20, 47, 119], as one requires the supersolid
HD theory to reduce to the superfluid hydrodynamics when the translational invariance
is restored. The novelty with respect to the model of Landau is the inclusion of some
elements of the hydrodynamics of solids [120]. In this section, we review the derivation of
the supersolid hydrodynamic equations based on conservation laws and symmetry principles.
To simplify the theory, we consider a one-dimensional system at zero-temperature. We begin
the construction of the hydrodynamic theory of supersolids by reviewing the two-fluid model,
which we already introduced in Section (1.2.2), and highlighting important modifications.

The first equation of supersolid HD is the continuity equation, which originates from the
conservation of the total number of particles:

∂tρ+ ∂xj = 0, (1.56)

where ρ = ρn + ρs is the total density, j = ρnvn + ρsvs is the total current, and ρn and vn
(ρs and vs) are, respectively, the normal (superfluid) density and velocity. We anticipate the
presence of both parts in the HD theory, as the gas is not translationally invariant [3, 51].
What is here called the normal part is not equivalent to the normal part from the Landau
two-fluid model. In principle, at finite temperature, the total density consists of three types
of inertia [121], among which the superfluid and the normal densities are inherited from the
Landau two-fluid model. The novel third part is the crystal density, associated with the
lattice structure, which appears in the supersolid phase. The normal and the crystal inertia
are in general different, but they coincide in the zero-temperature limit considered in this
thesis. For this reason, we will refer to the crystal part as ’normal’ throughout the entire
thesis.
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The second conserved quantity is the momentum. In a one-dimensional system, the
corresponding conservation equation reads:

∂tj + ∂x
(
p+ ρnv

2
n + ρsv

2
s

)
= 0, (1.57)

where p is the pressure, whose dependence on other thermodynamic quantities differs from
the superfluid formula because it must account for the lattice properties of the supersolid.
We refer to this fact at the end of this section and provide the constitutive equation for the
pressure.

The first two equations of supersolid hydrodynamics (1.56) and (1.57) originate from
conservation laws. In order to complete the theory, we incorporate the two broken symme-
tries by providing equations governing the dynamics of the order parameters. In the same
way that the two-fluid model accounts for the broken gauge symmetry, we incorporate the
Josephson equation into the supersolid hydrodynamic theory:

∂tvs + ∂x

(
µs + 1

2v
2
s

)
= 0, (1.58)

where µs is the chemical potential in the superfluid reference frame. Similarly to momentum
p, the chemical potential µs also includes additional terms that take into account the crystal
properties of the supersolid.

The second symmetry that is broken spontaneously in a supersolid is the translational
symmetry. The corresponding order parameter is the lattice displacement u, defined as the
difference between the equilibrium position x and the actual position of the lattice sites R.
In an ordinary solid, a lattice site consists of a single atom, while in the case of a supersolid,
we identify it with the local maximum of the density profile. The dynamics of the lattice
is an important element of the collective behavior of the system, and consequently must be
included in the supersolid HD equations. This can be done by the so-called Lin’s constraint

(∂t + vn∂x)R = 0, (1.59)

which states that the lattice coordinates do not change along the path of the normal com-
ponent [114]. Since u is the order parameter of the supersolid phase transition, we rewrite
the fourth hydrodynamic equation as

∂tu+ vn∂xu− vn = 0 (1.60)

For small displacements, the middle term may be neglected, revealing that the normal
velocity is given by the time derivative of u.

The last important point to discuss is how the presence of stationary currents and of the
crystalline order affect the chemical potential and the pressure entering the hydrodynamic
equations (1.58) and (1.57). Both quantities are functions of the free energy. By analyzing its
change under an infinitesimal Galilean transformation, one can find the explicit dependence
of the free energy on vn and vs [122]. Consequently, the chemical potential µ in the rest
frame has the following dependence on the normal and superfluid velocities:

µ = µ0 + 1
2
(
ρ′
sw

2 − v2
n

)
, (1.61)

where µ0 is the chemical potential in the absence of currents, ρ′
s = ∂ρρs and w = vn − vs.

In equation (1.58), the chemical potential µs is defined in the moving frame of reference,
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which is related to µ with µs − µ = vnvs − 1
2v

2
s [20, 47]. On the other hand, the pressure p

is invariant under the change of the reference frame and depends only on w:

p = p0 + ρn − ρρ′
n

2 w2, (1.62)

where p0 is the pressure at vn = vs, while ρ′
n = ∂ρρn. The two relations (1.61) and (1.62)

are true for both superfluid and supersolid hydrodynamics.
With the appearance of solid-like properties, the hydrodynamic functions characterizing

the supersolid state depend on new parameters. In particular, the energy is sensitive to
lattice deformations, where the rate of this variation is set by the elastic constant λ. For
a three-dimensional lattice, this quantity is a tensor, but in our simplified on-dimensional
model it reduces to a scalar. The other parameter appearing in the hydrodynamic theory
of supersolids is a phenomenological strain-density coupling γ, which in dipolar systems is
expected to be less important than the elastic constant [123]. Since the two new parameters
change the energy of the system, they also alter the chemical potential µ and pressure p
[114]. We can express the complete dependence of µ and p on all relevant variables through
infinitesimal variations:

δµ = 1
ρ2κ

δρ+ γux + ρ′
s

2 δw
2 − 1

2δv
2
n (1.63a)

δp =
(

1
ρκ

− γ

)
δρ+ (γρ− λ)ux + ρn − ρρ′

n

2 δw2, (1.63b)

where κ is the compressibility and ux ≡ ∂xu. The two constitutive equations above are
essential for the characterization of the collective behavior of the system.

Ultimately, we can write the hydrodynamic equations of supersolids in their final form:

∂tρ+ ∂xj = 0 (1.64a)
∂tj + ∂x

(
p+ ρnv

2
n + ρsv

2
s

)
= 0 (1.64b)

∂tvs + ∂x(vnvs + µ) = 0 (1.64c)
∂tux + ∂x(vnux − vn) = 0, (1.64d)

where we took the derivative ∂x of Eq.(1.60) to obtain Eq.(1.64d) and we substituted µs in
(1.58) with the chemical potential in the rest frame. This particular form of the last two
hydrodynamic equations unveils their similarity as they both originate from the occurrence
of broken symmetries. The four equations (1.64) characterize the behavior of a supersolid in
a macroscopic scale. Together with the constitutive equations (1.63), the theory allows the
determination of all the sound modes that propagate in the system. In order to derive the
formulae for the speeds of sound one uses the linearization procedure. We consider small
deviations from the equilibrium values of the variables entering the hydrodynamic equations
(1.64). We identify the set of four independent variables ξ ∈ {ρ, vs, vn, ux} and express them
as the sum of their equilibrium values ξ0 and small variations that change slowly in space
and time δξ(x, t) = δξ exp(i(qx− ωt)). In the q → 0 limit, the dispersion law is linear, and
the slope c = ω/q defines the speed of sound. As a result, the linearized HD equations yield
two speeds of sound4:

c2
1,2 = 1

2
(
β + c2

κ − 2γ
)

± 1
2

√
(β + c2

κ − 2γ)2 − 4ρs
ρ

(
βc2
κ − ργ2

ρn

)
, (1.65)

4In the result section, we will provide a detailed derivation of the two speeds of sound
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where c2
κ = √

ρκ−1 and β = λ/ρn. The two sound modes are of a hybrid superfluid and
crystal nature and correspond to the two Goldstone modes appearing due to the spontaneous
symmetry breaking.

1.4 Linear response theory
A systematic study of quantum systems typically begins with the characterization of their
ground state, whose properties determine the most fundamental quantities of the system,
such as density and phase, and in the case of a BEC also the superfluid velocity vs. Once the
static properties are well established, it is natural to ask how the system reacts to a small
perturbation. This question is addressed by the linear response theory, in which we assume
that the expectation value of a certain operator is proportional to the applied perturbation.
Within this framework, one obtains powerful tools for determining both static and dynamic
quantities. For instance, by analyzing the change in the ground state introduced by an
external perturbation, one can measure susceptibilities such as the isothermal compressibil-
ity. On the other hand, by driving the system slightly out of equilibrium, one gains access
to dynamical properties of the system such as transport coefficients and collective modes,
including the speed of sound.

In this section, we revisit the formalism of the linear response theory, which is the
cornerstone of the protocol used to excite the sound modes in this thesis. We review the
method of sum rules, which provides a simple and model-independent framework to relate
physical observables with moments of the dynamic structure factor. A detailed description
of the linear response theory in quantum gases can be found in [19].

1.4.1 Response function
Let us consider a general system defined with a Hamiltonian Ĥ, to which we apply a small
perturbation Ĝ. Linear response theory provides tools for assessing the change in the expec-
tation value of the operator F̂ , induced by the perturbation. We consider a generic scenario,
in which the system is driven with frequency ω by a small external perturbation represented
with the Hamiltonian:

Ĥpert(t) = −λe−iωteηtĜ− λ∗e+iωteηtĜ†, (1.66)

where the amplitude λ ensures that the energy scale of Ĥpert is small with respect to that of
Ĥ. The factor eηt guarantees the adiabaticity of the perturbation and ensures that it vanishes
at t → −∞. In the lowest order, linear response theory assumes that the expectation value
of an operator F̂ † is proportional to the perturbation:

δ⟨F̂ †⟩ = λe−iωteηtχF̂ †,Ĝ(ω) + λ∗e+iωteηtχ∗
F̂ †,Ĝ†(−ω). (1.67)

The equation above defines the dynamical polarizability χF̂ †,Ĝ(ω), also referred to as the
response function, which can be calculated using perturbation theory. Provided that initially
the system is in equilibrium state of the Hamiltonian Ĥ, at temperature 1/β, the dynamical
polarizability reads

χF̂ †,Ĝ(ω) = − 1
ℏ
Q−1

∑
m,n

e−βEm

[
⟨m|F̂ †|n⟩⟨n|Ĝ|m⟩
ω − ωnm + iη

− ⟨m|Ĝ|n⟩⟨n|F̂ †|m⟩
ω + ωnm + iη

]
, (1.68)
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where Q =
∑
n e

−βEn is the partition function and ℏωmn = Em − En defines the energy
difference between states |m⟩ and |n⟩. It is useful to define the dynamic structure factor

SF̂ (ω) = Q−1
∑
m,n

e−βEm

∣∣∣⟨n|F̂ |m⟩
∣∣∣2 δ(ω − ωnm), (1.69)

which in the case F̂ = Ĝ carries all the Hamiltonian-dependent information regarding the
system’s response to the external perturbation. Moreover, the difference SF̂ (ω) − SF̂ †(−ω)
quantifies the energy exchange rate between the system and the external perturbation [19].
Thus, knowledge of the structure factor is of fundamental interest in linear response theory.
Throughout this thesis, we will only study systems in the zero-temperature limit, which
greatly simplifies the dynamical polarizability:

χF̂ (ω) = −
∫ +∞

−∞
dω′

[
SF̂ (ω′)

ω − ω′ + iη
−

SF̂ †(ω′)
ω + ω′ + iη

]
. (1.70)

Note that in the absence of thermal fluctuations, the ground state of the unperturbed Hamil-
tonian is a single state, denoted by |0⟩. Then the structure factor simplifies to:

SF̂ (ω) =
∑
m

∣∣∣⟨m|F̂ |0⟩
∣∣∣2 δ(ω − ωm), (1.71)

where ωm ≡ ω0m. Since all states |m ̸= 0⟩ have higher energy than |0⟩, the dynamic structure
factor vanishes for ω < 0.

1.4.2 Density response function and sum rules
Among all the perturbations that can be used to probe the properties of a given system,
those coupled to the density are of the highest interest in this thesis. Since sound waves
are modes of well-defined small wavevectors q, we will consider the density response to such
perturbations in the momentum space. The q-component of the density operator ρq in
momentum space is given by the Fourier transform of ρ(r) =

∑
i δ(r − ri), where the sum

includes all particles:
ρq =

∫
dre−iqrρ(r) (1.72)

and is equivalent to ρ†
−q. The density response function χ(q, ω) is defined as the eq. (1.68)

for F̂ = Ĝ = δρ†
q = ρ†

q − ⟨ρ†
q⟩eq, where the average ⟨ρ†

q⟩eq is calculated in an unperturbed
system, at equilibrium. In the limit of vanishing temperature, the density response function
reads:

χ(q, ω) = − 1
ℏ
∑
n

[
|⟨n |δρq| 0⟩|2

ω − ωn + iη
−
∣∣〈n ∣∣δρ†

q

∣∣ 0〉∣∣2
ω + ωn + iη

]
, (1.73)

and the dynamic structure factor (1.71) is

S(q, ω) =
∑
m

∣∣⟨m|δρ†
q|0⟩

∣∣2 δ(ω − ωm). (1.74)

Furthermore, if the ground state |0⟩ is invariant under parity or time-reversal transformation,
the structure factor (1.74) is independent of the sign of the wavevector q:

S(q, ω) = S(−q, ω). (1.75)
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A key strength of linear response theory lies in the use of sum rules, which under specific
conditions connect the properties of the system to the moments of the structure factor (1.69):

mr(q) = ℏr+1
∫ +∞

−∞
dω ωrS(q, ω). (1.76)

Using the definition of the dynamic structure factor and the completeness relation I =∑
n |n⟩ ⟨n|, one can derive many useful sum rules, among which the energy-weighted one

plays a crucial role:
m1(F̂ ) +m1(F̂ †) =

〈[
F̂ †, [Ĥ, F̂ ]

]〉
. (1.77)

For the operator F̂ = δρq, the commutator
[
ρ−q, [Ĥ, ρq]

]
yields Nℏ2q2/(2m). This comes

from the only part of the Hamiltonian Ĥ that does not commute with the q-component of
the density – the kinetic term. Using the symmetry (1.75), the energy-weighted sum rule
reads:

m1(q) = ℏ2
∫ +∞

−∞
dω ωS(q, ω) = N

ℏ2q2

2m . (1.78)

Also known as the f -sum rule, equation (1.78) provides a simple and model-independent
tool to identify the missing modes in measured spectra. Another important sum rule is given
by the inverse-energy weighted moment:

m−1(q) =
∫ +∞

−∞
dω

S(q, ω)
ω

ω→0−−−→ N

2 χ(q, 0), (1.79)

where χ(q, 0) is the static polarizability. In the context of ultracold gases, in the limit of
small perturbation wavevectors q → 0, this quantity gives the isothermal compressibility of
the gas ρκ = (ρ∂µ/∂ρ)−1. For this reason, the limit (1.79) is also known as the compress-
ibility sum rule. It is very important in the context of this thesis, as in hydrodynamics the
compressibility κ defines the speed of sound.
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Chapter 2

Numerical Methods

In the quantum theory, every ultracold atomic gas is associated with a many-body wavefunc-
tion, which determines all properties of the system. Numerical simulations of many-body
problems are in general time- and resource-consuming for a large number of particles, as
each single-particle wavefunction requires spatial discretization. Consequently, numerical
calculation of any two-body potential is not feasible for even a small number of particles.
Fortunately, thanks to their coherence, Bose-Einstein condensates are predominantly char-
acterized by one macroscopically occupied state. In the limit of zero temperature, this state
is the only wavefunction one needs to find to gain access to all physical properties of the
system and to observe its evolution in time. In simple cases, Bose-Einstein condensates can
be studied analytically, using, for instance, the Thomas-Fermi approximation of the Gross-
Pitaevskii equation [19]. However, the presence of external potentials that introduce density
modulations limits the information that can be gained through analytical analysis. For this
reason, we need a way to simulate the condensates subject to arbitrary external conditions.

Numerical simulations of BECs are based on the Gross-Pitaevskii equation, which is a
first-order differential equation in time. Therefore, to solve it one needs an initial state and
an algorithm to integrate it in time. In this thesis, we study three types of systems which
require a customized treatment. In order to put them all into a common framework, we
employ Density Functional Theory (DFT). The DFT originates from the condensed matter
physics, where an unknown form of the exchange interaction energy of an electronic cloud has
to be approximated with the best guess [96]. While this approach is redundant for ordinary
BECs and binary Bose mixtures, it is essential for the treatment of dipolar gases. The
extended Gross-Pitaevskii equation, which we derived in Chapter 1, involves the quantum-
fluctuation term, which for a trapped condensate does not have an analytical form. We will
address this issue with the DFT.

2.1 Ground state
The simplest method to explore the ground state solutions of the GPE is the imaginary
time evolution. It makes use of the fact that once the time is purely imaginary, any state
undergoes an exponential decay. Since the ground state has the lowest energy, its decay is
the slowest and therefore becomes the only one surviving a long imaginary time evolution.
In general, this method is suitable for problems of well-defined Hamiltonians such as single
and multicomponent BECs. For dipolar supersolids, as elaborated in the introduction, one
needs to account for beyond mean-field corrections, for which the GPE has to be modified.
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For such problems, where one needs to add phenomenologically determined energy term, we
use a similar, yet more general approach, based on the Density Functional Theory.

The DFT was originally proposed to solve condensed matter problems, where the system
consists of electrons. Owing to the Hohenberg-Kohn theorem [94], the electron many-body
wavefunction can be replaced with their density n(r). Consequently, all observables can be
calculated with the knowledge of a single function, dependent on three spatial dimensions and
time. The second pillar of DFT is the Kohn-Sham theorem [95], which proves that one can
replace a set of interacting Schrödinger equations with non-interacting ones, experiencing an
effective potential specific to a given problem. Thus, in the DFT approach one has to define
an appropriate energy density functional E [ρ], and minimize it by finding the ground state
density ρ(r) = |ψ(r)|2. To demonstrate the core principle of this method, let us consider a
simple BEC, described by the Gross-Pitaevskii equation. The corresponding energy density
functional is given by

E [ψ∗, ψ] =
∫
d3r ψ∗(r, t)

(
− ℏ2

2m∇2 + Vext(r) + g

2 |ψ(r, t)|2
)
ψ(r, t) (2.1)

and is related to the GPE with the functional derivative:

δE [ψ∗, ψ]
δψ∗ =

(
− ℏ2

2m∇2 + Vext(r) + g|ψ(r, t)|2
)
ψ(r, t) = iℏ∂tψ(r, t). (2.2)

When the system is in equilibrium, the amplitude of the ground state condensate wavefunc-
tion does not change during the time evolution, while the phase is modified by −µt/ℏ and
the right-hand side of (2.2) becomes simply µ. It is a common practice to move the chemical
potential to the Gross-Pitaevskii Hamiltonian, so that the ground state solution does not
imply any time evolution. This procedure is equivalent to fixing the number of particles by
adding the chemical potential to the equation of motion as the Lagrange multiplier. Once
done, the functional derivative on the left-hand side of (2.2) is equal zero, indicating that the
condensate wavefunction ψ that minimizes the energy density functional is also the solution
of the GPE.

In order to find the ground state wavefunction we use the gradient descend method [124].
It is an iterative approach, based on a self-consistent search, which begins from an initial
guess - a wavefunction ψ0, which one believes to be of a form similar to the ground state
solution. Algorithmically, the method can be simply put as:

ψn+1 − ψn = −dτ δE [ψn]
δψ∗

n

+ β(ψn − ψn−1), (2.3)

where lower indices indicate the iteration number, dτ is the equivalent of the imaginary time
step and β is the linear mixing parameter, used to enhance convergence. It is not necessary,
but for β ≈ 0.9 it was found to significantly improve the efficiency of the algorithm. One
can see, that with β = 0 equation (2.3) highly resembles imaginary time evolution, provided
that δE[ψn]

δψ∗
n

= 1
ℏĤψn. Therefore, for simplicity, hereafter we will refer to it as imaginary

time evolution.
Every self-consistent calculation must begin with an initial wavefunction ψ0, which should

be of a form similar to the ground state. For a harmonically trapped system, one may begin
with a ψ0 given by the Thomas-Fermi profile. The energy landscape may be formed by
many local minima, so it is in general desirable not to begin the algorithm with a function
favoring any state. It is a good practice to include a small-amplitude, complex white noise
to the initial wavefunction to decrease the odds of finding a local minimum. On the other
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hand, there are situations in which we ask the algorithm to converge to a given state, even
though it is only a local minimum. For example, in the case of dipolar gases, we will require
the supersolid to have specific number of droplets, by beginning the algorithm from highly
biased state of N periods. Another example, where the biased state may turn out useful
is the ground state search close to a phase transition. The exact position of the critical
point is then determined by comparison of the final states obtained from initial conditions
representing both sides of the transition. The ultimate judge is the energy - the lowest value
determines which state is the ground state.

The last element of the imaginary time evolution is renormalization. With each step,
the new wavefunction ψn+1 must be normalized to the desired number of particles∫
d3r|ψn+1(r)|2 = N . In this way, each iteration provides a better estimate of the ground

state.
The imaginary time evolution does not specify when the algorithm should be terminated.

One may implement a clever condition for the assessment of the convergence, based on
the relative energy change. If the algorithm is convergent, the subsequent energy change
E [ψn+1]−E [ψn] should decrease monotonically to zero with each imaginary time step. Based
on this assumption, we define the algorithm termination condition as:

|E [ψn+1] − E [ψn]|
E [ψn] ≤ ϵ, (2.4)

where ϵ ≤ 10−6. Such a small value of this parameter guarantees that the state is well
converged. Such a state carries all the static properties of a BEC. In order to calculate the
expectation value of a generic observable Ô one needs to evaluate the following expression:

⟨Ô⟩ =
∫
d3rψ†Ôψ∫
d3rψ†ψ

, (2.5)

where the normalization factor
∫
d3rψ†ψ gives the number of particles N . In practice, the

wavefunction ψ and the Ôψ are stored in two arrays of complex variables. To calculate
the expectation value (2.5) one needs to sum products of corresponding elements of these
arrays. There are two kinds of observables we will be interested in: ones that depend only
on the position and ones that involve gradients. The first ones are easy to calculate in the
real space, in which also the wavefunction is represented. On the other hand, observables
such as momentum or kinetic energy are more conveniently calculated in the Fourier space
where the gradient ∇ is simply ik. Therefore, in order to calculate the kinetic energy, one
needs to evaluate:

∇2ψ(r) = F−1 {−k2F{ψ(r)}
}
, (2.6)

where F is the Fourier transform. Depending on the implementation of the Fourier trans-
form, the expression on the right-hand side may require a proper normalization. Commonly
used libraries, such as cuFFT [125] or FFTW3 [126] enforce periodic boundary conditions
on the numerical domain, which has important consequences for long-range potentials. We
will elaborate on them in the following section devoted to numerical simulations of dipolar
BECs.

The last general element of numerical simulations related to the ground state is the use
of Lagrange multipliers. We have already discussed how one can fix the number of particles
using the chemical potential as the Lagrange multiplier. This method is particularly useful
in the context of systems in motion. In an ordinary BEC, the superfluid velocity is given
by the gradient of the phase, which is linear if the system is uniform. In this case, it is

29



NUMERICAL METHODS

straightforward to introduce a finite velocity field. In contrast, supersolids in motion will
exhibit a more complicated phase pattern, in which both the superfluid and normal velocity
are encoded. It is difficult to know the position-dependence of the phase a priori. To solve
this problem, one can use the method of Lagrange multipliers to find the ground state in the
moving frame of reference. Then, the algorithm finds the phase pattern corresponding to the
minimal energy solution. The same pattern can be later used in the real-time evolution in
the laboratory frame. Depending on the configuration, one may change the reference frame
to a linearly moving one with Ĥ → Ĥ − vxP̂x, where the system moves with velocity vx
along the x-axis. In configurations with rotational symmetry along the z-axis the change of
the reference frame rotating with angular velocity ω is achieved by adding the −ωL̂z term
to the Hamiltonian. The P̂i and L̂i are the i-th component of the momentum and angular
momentum operator, respectively.

2.1.1 BEC mixtures
Simulation of multi-component gases requires one Gross-Pitaevskii equation for each spin-
component. Here we are only interested in binary mixtures, represented by two hyperfine
states of the same atom of mass m. The Hamiltonian of such a system consists of two
single-component Hamiltonians, supplemented with a term that accounts for inter-species
interactions, and whose strength is set by a coupling constant g12. It is convenient to
introduce a matrix notation and represent the state of the entire system with a vector
(ψ1 ψ2)T . The Hamiltonian is diagonal in this basis, with the two matrix elements equal:

Hii = − ℏ2

2m∇2 + Vext(r) + gi|ψi|2 + g12|ψ3−i|2 (2.7)

From the algorithmic point of view, this problem does not differ much from solving the single
Gross-Pitaevskii equation twice. The only difference with respect to the single-component
gas lies in the interaction, which requires the imaginary time evolution to be carried out
simultaneously for both spin species. Therefore, one can use algorithm (2.3) with the follow-
ing substitution ψ 7→ (ψ1 ψ2)T . The energy density functional is exact and can be written
with Hamiltonian elements (2.7):

E
[
(ψ1 ψ2)T

]
=
∫
d3r(ψ∗

1 ψ
∗
2)
(
H11 0

0 H22

)(
ψ1
ψ2

)
(2.8)

In this work, we do not consider effects of the coherent coupling, and consequently, the parti-
cle numbers of each spin component are conserved. We impose the desired normalization on
each wavefunction ψi independently Ni =

∫
d3r|ψi(r)|2 by adding −µiNi to corresponding

matrix elements Hii.

2.1.2 Dipolar BECs
Dipolar gases, thanks to their long-range and anisotropic interactions, offer a wide range
of interesting phenomena. As we have already presented in section (1.3), the mean-field
theory of these systems is insufficient to characterize the experimental results. In particular,
strongly interacting dipolar gases were demonstrated to undergo the phase transition from
the superfluid to the supersolid state, in the regime of the relative interaction strength εdd,
for which the mean-field theory predicts a collapse. A careful investigation revealed that by
incorporating quantum fluctuations, the corrected theory faithfully models the spontaneous
transition to the modulated phase. In this section we present the technical aspect of the
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extended Gross-Pitaevskii equation (1.55), its origin from the DFT, as well as numerical
techniques to calculate the non-local dipole-dipole interaction.

The energy density functional for dipolar BECs consists of three elements:

EeGPE = EGPE + Ed-d + EQF, (2.9)

where EGPE is the mean-field Gross-Pitaevskii part, which involves the kinetic term, external
potential and the contact interaction potential. The dipole-dipole contribution EeGPE reads:

Ed-d = 1
2

∫
d3rd3r′ Vdd(r − r′)|ψ(r′)|2|ψ(r)|2, (2.10)

where Vdd is given by (1.46). The dipolar potential is inherently non-local, making its eval-
uation in the real space time-consuming. In contrast, the Vdd potential has a simple form in
the momentum space, where the calculation of the dipole-dipole interaction is straightfor-
ward, thanks to the convolution theorem of the Fourier transform. Therefore, we calculate
this contribution to the energy in the following way:

Ed-d = 1
2

∫
d3r F−1 {Ṽdd(k)ñ(k)

}
, (2.11)

where the dipole-dipole potential in the momentum space reads

Ṽdd(k) = Cdd

(
k2
z

|k|2
− 1

3

)
(2.12)

and ñ(k) = F{|ψ(r)|2} is the Fourier transform of the density. The side effect of using the
Fourier transform is that it enforces periodic boundary conditions on the real-space grid.
In almost all simulations performed in this thesis, we benefited from this feature, because
most of systems under study were trapped in a long tubular geometry, which corresponds
to the ring configuration. The only drawback of introducing periodic boundary conditions
is related to the long-range nature of dipole-dipole interaction. The Vdd(r) potential has
an infinite range as it vanishes slowly as 1/r3. For this reason, one has to introduce a
momentum cut-off or design the numerical domain with a large offset to avoid the spurious
interaction with the system’s copies introduced by the boundary conditions. We chose the
latter method.

The last element of the energy density functional dedicated for dipolar condensates ac-
counts for quantum fluctuations and is called the Lee-Huang-Yang correction (LHY). This
term is the first beyond-mean-field correction as it characterizes interactions between the
condensed state and all excited states. Since we want to limit the numerical model to a
single-particle wavefunction, we need to include quantum fluctuations in the form of an ef-
fective single-particle potential. To achieve this, we use the Bogoliubov theory to calculate
the energy contribution arising from quantum fluctuations and use it as the corresponding
energy density functional. For uniform systems, we have shown that this energy is given by
(2.13):

EQF
V

=
2
5γ(ϵdd)n

5
2 where γ(ϵdd) =

32
3
√
π
ga

3
2 Q5(εdd) (2.13)

and Q5(εdd) is defined in (1.54). For trapped system, the LHY correction is in principle
difficult to derive analytically. Provided that the inhomogeneity introduced by the presence
of the external potential is smooth and varies only on large distances, one can use the
local density approximation as the best estimate of the LHY correction. In our simulations
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this condition is fulfilled, as we simulate relatively large systems with periodic boundary
conditions, which removes the position dependence of the density on one of the coordinates.

Lastly, we remark that the function Q5 acquires a small imaginary part for εdd > 1. This
indicates that even though we included quantum fluctuations, the state is still energetically
unstable. In the range of εdd considered in this work, the imaginary part of Q5 is at least
two orders of magnitude smaller than its real part, and for that reason we neglect it.

To conclude this section, we write the eGPE energy density functional for the simulation
of dipolar condensates:

E [ψ∗, ψ] =
∫
d3r ψ∗(r)

[
− ℏ2

2m∇2 + Vext(r) + 1
2g|ψ(r)|2 + 2

5γ(ϵdd)|ψ(r)|3

+
∫
d3r′Vdd(r − r′)|ψ(r′)|2

]
ψ(r).

(2.14)

Using the functional derivative, one finally obtains the extended Gross-Pitaevskii equation,
derived within the DFT framework:

δE [ψ∗, ψ]
δψ∗ =

[
ℏ2

2m∇2 + Vext(r) + g|ψ(r, t)|2 +
∫
d3r′Vdd(r − r′)|ψ(r′, t)|2

+ γ(εdd)|ψ(r, t)|3
]
ψ(r, t),

(2.15)

2.2 Real time evolution
The second pillar of numerical simulation of Bose-Einstein condensates is the algorithm
with which one can solve the time-dependent Gross-Pitaevskii equation. This algorithm
provides a means of simulating the dynamics of the BEC, with which one can model a real
experiment. Our real time evolution is based on the fourth order Runge-Kutta method
(RK4) of integrating differential equations [127]. It is known for its stability and ease of use,
as the time derivative is evaluated with four intermediate steps, without Fourier transforms.
The global error of this method is O(dt4), which makes it a reliable algorithm even for long
simulation times, provided that the time step is sufficiently small.

In the RK4 method, for a given first-order differential equation dy/dt = f(t, y) and its
initial condition y(t = 0) = y0, the time evolution of the function y(t) is given by

y(tn+1) = y(tn) + dt
6 (k1 + 2k2 + 2k3 + k4) , (2.16)

where n indicates the iteration number, and the ki functions read:

k1 = f(tn, y(tn)),
k2 = f

(
tn + 1

2dt, y(tn) + 1
2k1
)
,

k3 = f
(
tn + 1

2dt, y(tn) + 1
2k2
)
,

k4 = f(tn + dt, y(tn) + k3).

(2.17)

In this method, the derivative dy/dt (tn) is evaluated with four slopes given by the function
f(t, y) at the beginning of the time step tn, in the middle (tn + dt/2) and at its end tn+1 =
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tn + dt. In the context of the DFT approach, the function y corresponds to the condensate
wavefunction ψ, while:

f(t, y) ≡ − i

ℏ
δE [ψ∗, ψ]
δψ∗ . (2.18)

The RK4 scheme works well regardless of the energy density functional, provided that the
time step dt is small enough. To choose an appropriate value of dt one should estimate the
shortest timescale of the dynamics for a given system and ensure it is larger than dt. In
order to assess the quality of the integration of the GPE, one can measure the change in
the total energy and in the number of particles. The time evolution conserves the norm of
the wavefunction and, if the Hamiltonian does not depend on time, also the total energy.
However, the RK4 algorithm does not enforce either conservation law by design, thus it is
essential to monitor the two quantities throughout the time evolution. In every simulation
performed in this thesis, the norm was always conserved and the energy drift with respect
to its initial value was at most of the order 10−3 %. Consequently, none of the results were
influenced by non-physical effects introduced by inaccurate integration of the equations of
motion.
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Chapter 3

Speeds of Sound in a Dipolar
BEC

The first experimental observations of the superfluid dipolar gas in the form of a droplet
array have intensified efforts to find signatures of its supersolid behavior. In order to identify
a BEC as a supersolid, we require that the gauge symmetry and translational invariance are
broken spontaneously. According to the Goldstone theorem, this means that there are two
gapless modes in the excitation spectrum of a one-dimensional supersolid [38]. One of them
is related to the U(1) symmetry breaking, whereas the other one is associated to the lattice
phonon. Thus, we expect that collective excitations of a supersolid will have a dual superfluid
and crystal nature. The first experiments on collective modes in dipolar condensates [12],
including axial breathing mode [10], reported two frequencies on the supersolid side of the
phase transition, providing striking evidence to support the claim of supersolidity in dipolar
gases.

Among all collective excitations, sound waves deserve special recognition, as they define
the lowest-energy response of a given system to long-wavelength perturbations. Their charac-
terization provides valuable information on the thermodynamic properties of the gas, such as
compressibility or superfluid fraction. Moreover, they govern the temperature dependence of
all thermodynamic functions at low temperatures. Within the microscopic Gross-Pitaevskii
theory, sound waves are phonons that are associated with Nambu-Goldstone particles, which
appear after the spontaneous breaking of continuous symmetries. Each of the three phases
of dipolar BECs: superfluid (SF), supersolid (SS) and the independent droplet (ID) phase,
is characterized by a dedicated phononic spectrum. The SF and ID phases exhibit only
one sound mode. The former breaks the U(1) symmetry and features the regular superfluid
sound, while the ID phase is not coherent and hosts only the lattice phonon. The supersolid
phase is the most intriguing, as it merges the properties of the other two phases and thus
hosts two kinds of sound. Because the lattice structure of a supersolid is defined by the peaks
of a continuous density profile, crystalline properties are inherently coupled to the density.
Consequently, both sounds will have a hybridized superfluid and crystal nature. Theoretical
investigation of their character using the Bogoliubov-de Gennes equations revealed that the
two sounds are a linear combination of density and lattice oscillations [128]. The first sound
involves a synchronized compression of the density and lattice structure, while the second
sound is an out-of-phase oscillation of the two (see Fig. (3.1)).

To date, speeds of sound have not been measured experimentally, mainly due to the small
sizes of dipolar BECs and their short lifetimes. Here we propose a protocol for measuring
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Figure 3.1: Schematic presentation of the character of the two sound modes in supersolids.
The first sound is an in-phase oscillation of the density and the lattice sites, while the second
mode is the out-of-phase oscillation of the two. The dashed line represents the density profile
at equilibrium.

the speeds of sound across the superfluid-supersolid phase transition in a ring-shaped trap.
Our aim is to design a method within the scope of present experimental capabilities. The
proposed protocol is based on linear response theory, which we use to measure the speeds of
sound, as well as selected static properties of the system. Moreover, the generalized version
of this protocol provides a simple way to probe the dispersion relation.

In the second part of this chapter, we confront the values of the two speeds of sound
calculated using the extended Gross-Pitaevskii equation with the formula derived from the
hydrodynamic theory of supersolids. We find a good agreement between the two approaches
with small discrepancies of known origin. Furthermore, we show that by measuring the two
speeds of sound and the isothermal compressibility, the hydrodynamic theory accurately
provides values of the superfluid fraction. Thus, our protocol introduces a novel way to
measure this parameter.

3.1 Linear-response framework for sound excitations
The speed of sound in every BEC is a quantity that is sensitive to density variations. In
harmonically trapped systems, the density profile is not uniform, thus the speed of sound at
the edge of the trap is lower than in its center. In order to measure it with good accuracy,
one needs to design the external potential so that its density profile in the direction of
sound propagation is uniform. A standard approach is to use box traps, where the sharp
boundaries ensure a uniform density in the bulk. For supersolids, however, box traps are
unsuitable for probing bulk properties, since the gas tends to accumulate near the trap
edges due to long-range repulsion [129, 130]. To avoid the edge effect, a ring trap seems
to be an optimal geometry, as its periodic boundary conditions ensure that any supersolid
held inside will have a discrete rotational symmetry. The ring topology not only allows the
system to represent the bulk supersolid but also ensures that the undamped sound waves
can propagate as long as the lifetime of the system. Moreover, the ring geometry permits
the existence of permanent currents, which we will investigate in the next chapter.

Once we chose the optimal geometry, let us introduce the procedure to excite and measure
the speed of sound. We begin by considering a gas confined in a ring of radius R and radial
width r ≪ R. With this assumption, the azimuthal angle φ is the only relevant coordinate
in the context of dynamical evolution. In such a configuration, transverse dynamics can be
neglected and only the longitudinal modes will propagate. Our protocol begins with the
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preparation of the initial state in the presence of an additional potential of the form

Vprotocol(φ) = V0 cos(nφ), (3.1)

where n ∈ Z is the winding number and V0 is small so that the linear response theory is
applicable. This potential excites all lowest-energy quasiparticles, which due to the closed
geometry take discretized wavevector values q = n× 2π/L, where L = 2πR is the circumfer-
ence of the ring. In order to study the sound waves, we want to excite the longest-wavelenght
modes, so we set the winding number n equal unity. The ring size is important because one
has to ensure that the lowest excitation wavevector q = 2π/L belongs to the linear part of
the dispersion relation.

In the second part of our protocol, we abruptly remove the perturbation (3.1) at t = 0,
to trigger the oscillatory dynamics of observables coupled to the density. The time evolution
of the density profile is governed by all lowest-energy modes excited by the perturbation.
Thus, by measuring the density profile throughout the time evolution, we gain access to the
underlying frequencies ωi of the excited modes. The dispersion relation of sound waves is
linear, so the speed of sound corresponding to a mode i is evaluated as ωi = ci/q.

Let us now interpret our protocol in terms of the linear response framework to understand
its working principles. There are several important differences with respect to the canonical
scenario presented in the introduction (1.4). There, the system is prepared in its ground
state, while at t = 0 an external perturbation is adiabatically applied to drive it with a
frequency ω. In our approach, the gas is initially prepared with a static perturbation, whose
abrupt removal excites all lowest-energy modes. Therefore, we must include contributions of
all the modes to properly assess the response of the system. We begin by writing the cosine
in (3.1) as a sum of two operators, with which we can define the perturbation Hamiltonian
as

Hpert = V0

2

N∑
i=1

(
e−inφi + einφi

)
θ(−t), (3.2)

where we sum over all the particles and θ(t) is the Heaviside step function. The minus sign
in the argument of θ indicates that the perturbation was applied at t = −∞ and turned off
at t = 0. Since the time dependence of (3.2) is given by the Heaviside step function, our
perturbation is not selective in frequencies. It excites all the lowest-energy modes, whose
frequencies are governed by the dispersion law. In general, by choosing a proper winding
number n, the perturbation (3.2) excites any type of quasiparticles, including rotons and
maxons on the superfluid side of the dipolar BECs. On the other hand, if the wavevector of
our perturbation q = ±n2π/L is small, the two operators exp(±inφ) excite phonons, which
we distinguish as clockwise and anti-clockwise. At zero temperature, the structure factor
S±(ω) relative to the operator exp(±inφ) is a sum of delta peaks centered at frequencies of
resonant modes:

S±(ω) =
∑
j

| ⟨j±|e±inφ|0⟩ |2 δ(ω − ω±
j ), (3.3)

where |0⟩ denotes the ground state and |j±⟩ are states with an (anti)clockwise j-phonon. In
a superfluid at rest, there is only one kind of phonons, while supersolids support two types
of such quasiparticles. Following equations (1.67) and (1.70), the response of the system to
the cosine perturbation reads:

⟨cos(φ)⟩(t) = V0

2

∫
dω′S+(ω′) + S−(ω′)

ω′ cosω′t, (3.4)
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where cosω′t appears due to the decomposition of the θ function into its Fourier components.
By inserting the structure factor (3.3) into the equation above, we obtain a simple formula
for the time-evolution of the mean cosine:

F (t) := ⟨cos(nφ)⟩(t) = V0

2
∑
j,±

χ±
j (q) cos

(
ω±
j (q)t

)
, (3.5)

where
χ±
j (q) = | ⟨j±|e±inφ|0⟩ |2

ℏω±
j

. (3.6)

In the absence of currents, the two matrix elements ⟨±|e±inφ|0⟩, as well as their frequencies
ω±
j are the same, and equation (3.5) is simply:

F (t) = ⟨cos(nφ)⟩(t) = V0
∑
j

χj(q) cos(ωj(q)t). (3.7)

The averaged cosine, which we labeled with F (t) is the observable that we measure through-
out the time evolution after releasing the static perturbation. With the analysis of its Fourier
components or by fitting an appropriate number of cosine functions, we evaluate the fre-
quencies of all the modes propagating in the system. For small wavevectors q, the speeds of
sound are given by cj = ωj/q.

The precise knowledge of the amplitudes χj gives additional insights into thermodynamic
properties of the gas. Susceptibilities χj quantify how much a given mode j couples to the
external perturbation. If the perturbation wavevector q is small, the sum of all χj yields the
isothermal compressibility κ. This follows from equation (3.4), which at t = 0 is equivalent
to the compressibility sum rule (1.79):

F (t = 0)/V0 =
∑
j

χj(q) =
∫ ∞

0
dω

S(q, ω)
ω

=
q→0

Nκ

2 . (3.8)

Moreover, with all values of ωj and χj , we can recover the dynamic structure factor (3.3),
with which we can calculate every sum rule. In this respect, our protocol can be regarded
as a discrete-wavevector spectroscopy.

The protocol we defined here is not new and has already been applied to a BEC to
measure the quantized Doppler effect in the superfluid phase [131]. By interpreting it in
terms of linear response theory, we extended its utility to gain insights into thermodynamic
properties of the system under study. In their setup, the perturbation potential was applied
with the digital micro-mirror device (DMD) and its sudden removal was equivalent with
switching off the laser beam reflected by the DMD. We believe that the same procedure
can be applied to any system, including dipolar BECs and binary Bose mixtures. For this
reason, we will use this method to excite and measure the speeds of sound in all the systems
considered in this thesis.

3.2 Speed of sound measurement
In this section, we show that, in line with the Goldstone theorem, the eGPE simulations
predict the appearance of the second sound mode in the supersolid phase of dipolar Bose-
Einstein condensates. To measure the two sounds, we apply our protocol to a system, whose
parameters are within the reach of a modern experimental setups.
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We considered a gas of N = 8 · 104 164Dy atoms held in a toroidal trap Vext(r⊥, z) =
m
[
ω2

⊥(r⊥ −R0)2 + ω2
zz

2] /2, where r⊥ =
√
x2 + y2. Although the radius R0 ≈ 7.64µm

was chosen such that the total length of the system equals L = 48µm, its actual value ⟨R⟩
is greater and depends on relative strength ϵdd. Due to long-range dipolar interactions the
radius increases because the atoms on one side of the trap repel the ones on the other side.
In our case, this effect changes the length of the circumference by ≈ 1.7%, slightly depending
on uniformity of the gas. We design the external potential in a way that the sound waves
propagate only in the azimuthal direction of the ring. Therefore, the transverse extensions
of the cloud must be small with respect to the system’s length. With ωz = ω⊥ = 2π · 100Hz
the radial width FWHMXY changes from 1.41µm in the superfluid to 0.7µm approaching
the crystal phase (see Fig. (3.2)). Along the direction of the dipoles, the width of the
cloud is FWHMZ ≈ 4µm and slightly depend on εdd. By tuning the relative strength
parameter, we decide the phase of the system. The transition from the superfluid to the
supersolid phase occurs at ϵdd = 1.387. For this value, the roton minimum softens, closing
the gap at momentum krot, which defines the width of the first Brillouin zone. Because the
appearance of excitations of this momentum does not increase the energy, the density profile
hosts modulations proportional to the inverse of the roton momentum in its ground state,
yielding the supersolid phase. The toroidal trap was designed such that L · 2π/krot = 14.
Examples of density profiles, integrated over the Z axis, in all three phases are reported in
Fig. (3.2). The density profiles were calculated using the imaginary time evolution of the

Figure 3.2: Density plots of the dipolar gas in the superfluid, supersolid and crystal phase
(left, middle, and right panel respectively), integrated over the z-axis, along which the mag-
netic field B⃗ is aligned. Red contours mark 1% of the relative density |Ψ(r)|2/max |Ψ(r)|2.

extended Gross-Pitaevskii equation. The independent droplet state showed in Fig. (3.2) is
actually an excited state. The size of the Brillouin zone shrinks with εdd, elongating the
wavelength of the density modulation, which in a fixed external potential forces the system
to reduce the number of droplets. In order to avoid discontinuities introduced by this finite-
size effect, we decided to fix the number of 14 droplets for every εdd. To produce such a state
in the imaginary time evolution, one has to begin with a modulated initial wavefunction.
In order to excite the sound modes, the state preparation was done with the addition of
the potential (3.1) with the winding number n = 1. Its amplitude V0 = 0.01ℏωho, where
ωho = 3

√
ωzω2

⊥ was checked to ensure that the system responds linearly to the external
perturbation. Having reached convergence for every εdd, the states were ready to be evolved
in time.
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Following our protocol, for every εdd we performed a time evolution, releasing the external
potential V0 at time t = 0. As the system evolved, we measured the averaged cosine (3.7),
which stores information about all the modes propagating in the system. An example of
the measured signal in the superfluid and supersolid phase is shown in Fig. (3.3). In the

Figure 3.3: Time evolution of the measured signal (3.7) for two values of ϵdd in the su-
perfluid phase (upper) and in the supersolid phase (lower panel). Depending on the phase,
data points are fitted with one on two cosines (solid lines) with excellent quality. Fitted
frequencies were used to calculate speeds of sound shown in Fig. (3.4).

superfluid phase, the F (t) is given by a single frequency, whereas in the supersolid phase we
observe a beating of two different frequencies. By fitting the function F with an appropriate
number of cosines, we extract their frequencies and amplitudes. The latter are related to the
speeds of sound, provided that the wavevector q = 2π/L of the initial perturbation belonged
to the linear part of the dispersion relation. Then, for every frequency the corresponding
speed of sound reads ci = ωiq. The results of this procedure are shown in Fig. (3.4), where
we scanned the phase transition from the superfluid to the supersolid phase.

The amplitudes extracted from the signal shown in Fig. Fig. (3.3) carry valuable infor-
mation as they are contributions to the compressibility sum rule (1.79). Provided that there
are no other modes excited by the protocol, and that the wavevector q is small enough, the
sum of the two amplitudes is proportional to the isothermal compressibility κ (see Eq.(3.8)
and the discussion below). At zero temperature, this quantity defines the speed of sound of
an ordinary superfluid:

cκ = √
ρκ

−1
, (3.9)

where in harmonically trapped systems ρ = ρ0/2 and ρ0 is the value of the density in the
central, densest part of the trap [32]. This relation also holds for dipolar BECs in the
superfluid phase, as shown in Fig. (3.4).

The two sound modes in the supersolid phase demonstrate many interesting features.
Remarkably, there is a large gap between values of c1 and c2, which does not close even
in the vicinity of the phase transition. Secondly, the second sound vanishes for large εdd,
when the system forms an array of almost independent droplets. This feature is expected, as
there should be only one sound mode once the system looses its global coherence. We infer,
that in this regime, the second sound is predominantly related to the superfluid oscillations
and the first sound is given by the crystalline vibrations. This interpretation explains why
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Figure 3.4: Sound velocities c1 and c2 determined with the protocol (green hexagons and
red circles respectively) across the superfluid-supersolid phase transition. The blue squares
correspond to cκ (q = 2π/L). For completeness we also report the values

√
fscκ (purple solid

line) found for an incompressible lattice (see text). The data points indicated by the two
solid vertical lines correspond to the speeds of sound calculated from the measured signal
(3.7) shown in figure Fig. (3.3)

values of the first sound depend so weakly on the relative interaction strength close to the
transition to the ID phase.

Finally, let us observe that, contrary to the superfluid phase, the isothermal compress-
ibility is not enough to provide an analytical description of either of the sounds. Since a
supersolid features solid properties, one may expect that there is another kind of compress-
ibility, related to the lattice structure, which plays the role of the shear modulus. We will
investigate this issue in the following section. Near the superfluid phase transition the values
of cκ are close to the first sound, suggesting that in this regime the first sound is mainly of
superfluid nature, whereas the second mode would correspond to lattice oscillations. In the
next section we will reveal that this intuition is correct and the speed of the second sound
converges to the speed of sound given by the elastic constant of the lattice. The elasticity of
the dipolar supersolid is trivially observed during the time evolution of the density profile.
The droplets visibly compress and decompress locally as the perturbation travels across the
ring. If the lattice structure were incompressible, the gas would behave as an ordinary con-
densate in an optical lattice [132]. In such systems, there is only one sound, whose speed is
given by:

cκ
√
fs, (3.10)

where fs is the superfluid fraction, whose value depends on the depth of the optical lattice.
As an additional, quantitative indicator of elasticity, in Fig. Fig. (3.4) we compare the two
speeds of sound in the supersolid phase with equation (3.10).

In conclusion of this section, we demonstrated that the eGPE indeed predicts the exis-
tence of the two sound modes, in agreement with the Goldstone theorem. Using the protocol
designed to be employed under feasible experimental conditions, we characterized the speed
of sound across the superfluid phase transition. Our analysis revealed interesting features
of the two modes. With a simple phenomenological analysis, we assessed the character of
the two sounds and confirmed that they are hybridized in the supersolid phase of dipolar
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BECs. Before we proceed to a more thorough investigation of the two sound modes, let us
demonstrate further capabilities of our protocol.

3.3 Probing the dispersion relation
Sound waves are elementary excitations of low momenta. In order to study them, we fixed
the winding number n in the external perturbation (3.1) to unity so that the wavevector
of the excited mode took its lowest value q = 2π/L available in a closed geometry. In
principle, the winding number can be an arbitrary integer, and the measured signal (3.7)
would still feature oscillations. For high n, these frequencies do not correspond to the speed
of sound since the created quasiparticles are no longer phonons. Nevertheless, their energies
are governed by the Bogoliubov excitation spectrum. Therefore, by measuring oscillations
of the signal (3.7) for higher n = 1, 2, 3, ... one can scan the entire dispersion law, at small
energies. In particular, in the superfluid phase, such analysis allows for the observation of
the appearance of the roton minimum and its softening.

In order to demonstrate this capability, we simulate the same system as described in the
previous section. The initial state is prepared on the superfluid side of the phase transition,
with additional potential (3.1), for integer winding numbers n ∈ [1, 20]. The same proce-
dure of sudden removal of the perturbation and measurement of ⟨cosnφ⟩(t) leads to the
observation of different frequencies for various n. In Fig. (3.5), we present the result of such
numerical simulations. There is a clear roton-maxon spectrum at εdd = 1.384. The roton
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Figure 3.5: Dispersion relation obtained using the proposed protocol, for three values of ϵdd
in the superfluid phase. The roton minimum softens near k =

√
2/lz, where lz =

√
ℏ/mωz

is the harmonic oscillator length along the z-axis [61]. Dashed lines are guides to the eye.
The phase transition occurs at εdd = 1.387.

minimum appears at klz ≈
√

2, where lz =
√
ℏ/mωz is the harmonic oscillator length along

the z-axis [61]. This value sets the wavelength of the density modulations in the supersolid
phase.

Our method is a new alternative to standard Bragg spectroscopy [103], commonly used in
experiments to study the dispersion relation of various cold atomic systems. The advantage
of our protocol with respect to Bragg spectroscopy is its simplicity, as we do not require any
additional laser beams. The precision of setting the perturbation wavevecotr q is limited
only by the uncertainty of determining the length of the system, whereas the precision of
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measuring the corresponding frequency ω is given by the resolution of the imaging apparatus
and the lifetime of the system.

3.4 Speed of sound in the supersolid hydrodynamics
In the previous section, we have successfully shown that there are two sound branches
in the supersolid phase of a dipolar BEC, one of which vanishes as the relative strength
approaches the crystal phase. Here, we focus on the analytical way to characterize both
speeds of sound, using the hydrodynamic theory of supersolids. We introduce methods to
evaluate the thermodynamic properties of dipolar supersolids, which we later use to confront
the measured speeds of sound with hydrodynamic predictions.

Hydrodynamic formula

The hydrodynamic formulation of supersolidity has its roots in the seminal work of Andreev
and Lifshitz [1], which was further developed by Saslow [116], to see a revival at the beginning
of this millennium [113–115, 117, 118]. This theory, as shown in the introduction, incorpo-
rates solid properties into the two-fluid model, by introducing new thermodynamic quantities
and one equation of motion. The principal idea of the hydrodynamic treatment is to connect
the superfluid features with the crystalline structure, which in the zero-temperature limit
should act as the normal component of the Landau model. The complete set of hydrody-
namic equations is presented in (1.64). Here we limit the hydrodynamic description to one
dimension, which is equivalent to the toroidal configuration studied in the previous section.

As with every hydrodynamic theory, one can derive the analytical form of the sound
modes by linearizing the equations of motion. We consider small deviations from the equi-
librium values of the variables entering equations (1.64). We identify the set of four inde-
pendent variables ξ ∈ {ρ, vs, vn, ux} and express them as the sum of their equilibrium values
ξ0 and small variations that change slowly in space and time δξ(x, t) = δξ exp(i(qx− ωt)).
Here, we consider a system at rest (v0

n = v0
s = 0), in which the lattice structure is not

strained u0
x = 0. Then, the linearized version of the supersolid hydrodynamic equations

reads: 
−c ρs ρn 0

(ρκ)−1 − γ −cρs −cρn ργ − λ
1/(ρ2κ) −c 0 γ

0 0 −1 −c



δρ
δvs
δvn
ux

 = 0, (3.11)

where we used equations (1.63) to explicitly write variations of pressure δp and chemical
potential δµ. The trivial form of the fourth linearized equation is the consequence of the fact
that in the absence of currents, the strain ux defines the velocity of the normal component.
In the q → 0 limit, the dispersion law is linear and the slope c = ω/q defines the speed of
sound.

Non-trivial solutions of the hydrodynamic equations require the determinant of the ma-
trix (3.11) to vanish. After a straightforward algebra, this condition takes the following
form: (

c2 − c2
1
) (
c2 − c2

2
)

= 0, (3.12)

where

c2
1,2 = 1

2
(
β + c2

κ − 2γ
)

± 1
2

√
(β + c2

κ − 2γ)2 − 4ρs
ρ

(
βc2
κ − ργ2

ρn

)
, (3.13)
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are the two speeds of sound propagating in the supersolid. As expected, the analytical
formulae of the two speeds of sound involve additional thermodynamic quantities. The new
parameter β = λ/ρn is the equivalent of the shear modulus of the supersolid, while γ is a
phenomenological strain-density coupling. Finally, the last parameter defining the speeds
of sound is the superfluid fraction fs = ρs/ρ. Since the supersolid state features density
modulations, it is expected that the reduced superfluid inertia affects the character of the
propagation of the sound.

Let us analyze the limiting values of equations (3.13) to find the hydrodynamic predic-
tions for the speed of sound in all three phases of the dipolar condensates. By setting the two
parameters β and γ to zero, we recover the single-sound formula (3.9) valid in the superfluid
phase. On the other hand, in the independent droplet phase, the superfluid fraction equals
zero, and one of the equations (3.13) vanishes, while the other reduces to c2

ID = β+ c2
κ − 2γ.

Thus, the hydrodynamic theory of supersolids provides the analytical prediction for the
sound modes across the entire phase diagram. It is worth noticing, than in the limit of
infinitely stiff lattice (β → ∞) the solution with + sign becomes infinite, while the other
speed of sound coincides with (3.10) derived for a superfluid in an optical lattice.

Having seen that the extended Gross-Pitaevskii equation predicts the appearance of the
second sound mode in the supersolid phase, one may use this microscopic theory to check
the validity of equations (3.13). The agreement between the eGPE and the hydrodynamic
model of supersolids is not guaranteed, as the former is an effective theory, based on an
approximation of the contribution of the quantum fluctuations term. This work was the
first attempt to confront predictions of the two theories.

Numerical methods

In order to calculate all the parameters entering equations (3.13), we need to understand
their definition in the microscopic picture. We begin with κ, β and γ, because they are
defined as second derivatives of the energy ε. To show this, let us expand the total energy
with respect to the density and strain variations around their equilibrium values:

ε ≈ ε0 +
1
2
∂2ε

∂ρ2δρ
2 +

1
2
∂2ε

∂u2
x

(ux)2 +
∂2ε

∂ux∂ρ
uxδρ (3.14)

Using the definition of the chemical potential µ = ∂ε/∂ρ and the Gibbs-Duhem relation

dp = 1
ρκ
dµ− (1 − u0

x)dΛ, (3.15)

where the equilibrium strain u0
x = 0 and dΛ = λux+γδρ denotes variation of the stress con-

stant1, one can relate the derivatives in (3.14) to thermodynamic parameters by comparison
with constitutive equations (1.63). In this way, we find:

1
ρκ

=
∂2ε

∂ρ2, ρnβ =
∂2ε

∂u2
x

and γ =
∂2ε

∂ρ∂ux
. (3.16)

All three parameters can be numerically evaluated by measuring the difference in total
energy ε =

∫
d3r EeGPE[ψ(r)]/L with respect to small changes of one of the two parameters

ρ, ux. Before we describe this procedure in details, we shall discuss the optimal geometry of
the gas for the comparison with the hydrodynamic model.

1In three-dimensional supersolids Λ becomes a tensor.
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Thus far, we simulated the dipolar BEC contained in a torus by evolving in time a three-
dimensional gas in a ring-shaped trap. The choice of such a geometry was motivated by the
aim of simulating the system in a real experimental setup. In order to compare the speeds
of sound predicted by the eGPE and the supersolid hydrodynamics, we simulate the dipolar
condensate in a tube with periodic boundary conditions imposed on its ends. We motivate
this change by an increased precision of determining the derivatives with respect to the strain
ux. Furthermore, the linear geometry is equivalent to the ring, provided that its length is
large enough to neglect the curvature effects. The tube confinement is computationally less
demanding than the 3D ring, thus we can afford to double the length of the system with
respect to the previous analysis.

Our gas consists of N = 1.6 · 105 164Dy atoms confined, in a tube of length L = 96µm
with periodic boundary conditions and with a transverse potential given by mω2

⊥r
2/2, where

ω⊥ = 2π · 100Hz. Dipoles are aligned by an external magnetic field along the z-direction,
whereas the tube extends along the x-axis. In order to calculate the two speeds of sound,
we use the same protocol as before (3.1), where the azimuthal angle corresponds to 2π/L ·x,
where x ∈ [−L/2, L/2). Therefore, the ground state is prepared with the perturbation:

Vprotocol = V0 cos
(
n× 2π x

L

)
. (3.17)

By measuring the same observable (3.7), we gain access to the two speeds of sound.
To calculate c1 and c2 from the hydrodynamic model (3.13), we need to evaluate second

derivatives of the total energy per particle with respect to ρ and ux. We use the 5-point
stencil method, in which the second derivative of a function f(x) at x = x0 is given by 5
values of f , evaluated at {x0 − 2h, x0 − h, x0, x0 + h, x0 + 2h}:

d2f(x)
dx2

∣∣∣∣∣
x=x0

≈ −f(x0 + 2h) + 16f(x0 + h) − 30f(x0) + 16f(x0 − h) − f(x0 − 2h)
12h2 . (3.18)

To calculate the isothermal compressibility κ, we determine the total energy of a given state
for different densities. We change ρ by imposing an appropriate normalization condition on
the norm of the condensate wavefunction. In order to find a method to calculate the other
two derivatives, we need to understand how to evaluate the strain ux. Although a super-
solid has a continuous density profile, its lattice properties are represented by discretized
quantities. The lattice sites correspond to the density maxima and with u(xi) we defined
the displacement of the lattice site i with respect to its equilibrium position. Since u(xi) is a
discrete function, the derivative ux essentially equals its change ∆u on the distance between
the neighboring sites a0. From the point of view of a unit cell, the displacement difference
∆u is equivalent to a change in the lattice constant with respect to its equilibrium value a0.
Thus, any derivative with respect to ux can be written as:

∂

∂(ux)

∣∣∣∣∣
ρ=const.

≡ a0
∂

∂a

∣∣∣∣∣
ρ=const.

, (3.19)

where we assume every other parameter to be constant. Therefore, such derivatives can be
calculated by varying the total length of the system L, wile keeping the density and number
of droplets constant. Using this technique, we calculate the lattice compressibility β and
the strain-density coupling constant γ as:

β = 1
ρn

· a2
0
∂2ε

∂a2 and γ = a0
∂2ε

∂a∂ρ
, (3.20)
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where the energy density ε is given by the extended Gross-Pitaevskii energy density func-
tional. Finally, the three parameters c2

κ, β and γ are shown in Fig. (3.6a) as a function of
the relative interaction strength εdd. As expected, the strain-density coupling γ is negligible

Figure 3.6: a) Hydrodynamic parameters β, γ, c2
κ in the supersolid phase of a dipolar BEC,

calculated with the total energy derivatives. b) Superfluid fraction calculated with the NCRI
(3.21) (symbols) and the Legget’s upper bound (1.41) (line).

with respect to β, thus we do not include it in our analysis.
The last parameter that we must calculate to compare the hydrodynamic formula (3.13)

with the results of our protocol is the superfluid fraction. According to its definition (1.43),
the fs measures the decreased response of a superfluid system to small rotations. In the
tubular configuration, the angular velocity corresponds to the linear velocity v and the
superfluid fraction is measured as:

fs = lim
v→0

1 − ⟨Px⟩
Nmv

, (3.21)

where ⟨Px⟩ = −iℏ
∫
d3r ψ∗(r)∂xψ(r) is the total momentum along the x-axis. Numerically,

we create states with finite currents by using the imaginary time evolution with an addi-
tional element −vPx added to the eGPE Hamiltonian. This method effectively changes the
reference frame to the one moving with velocity v. In a one-dimensional supersolid, the
superfluid fraction calculated with the NCRI almost coincides with Leggett’s upper bound
(1.41), as can be seen in Fig. (3.6b).

Results

Finally, after all relevant thermodynamic parameters have been determined, we can com-
pare the hydrodynamic formula (3.13) with the two speeds of sound measured in the time-
dependent calculations using our protocol. In Fig. (3.7) we present predictions of the two
theories for c1 and c2. For reference, we also plot cκ and cβ =

√
β. The qualitative agree-

ment between the two theories is good enough to claim that the extended Gross-Pitaevskii
equation gives a reliable description of the two speeds of sound. Relative discrepancies in
the values of c1 and c2 are smaller than 10%. We shall now discuss their sources.

There are several factors limiting the agreement between the two methods of calculating
c1 and c2. The most important one is that we applied the protocol to a system, which
was artificially strained by the periodic boundary conditions. For every value of εdd, we
prepared the system in a configuration with 27 periods of the density modulation in a fixed
length L = 96µm. This value was chosen so that it matches the integer multiplication of
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3.4. SPEED OF SOUND IN THE SUPERSOLID HYDRODYNAMICS

Figure 3.7: Comparison of the two speeds of sound (green and red) in the supersolid phase
of dipolar BECs calculated with the dynamic protocol (full symbols) and predicted by the
hydrodynamic formula (3.13) (empty symbols and dotted lines). For comparison, we plot
two velocities cκ = (ρκ)−1/2 and cβ = β1/2 (see text).

2π/krot, which means that the crystal is not strained at the critical point. However, we
noticed that this distance grows with εdd, indicating that in a fixed geometry, the system
prefers a state with lower number of droplets. Therefore, by fixing both the total length
and the number of droplets, we measured the propagation of sound in a strained supersolid.
The correct approach (used to calculate the empty symbols in Fig. (3.7)) requires finding
the equilibrium length for every εdd and applying the protocol to a system confined in a
tube of this particular length. The significance of this error was recognized only too late to
recalculate all the results of the demanding time-dependent simulations. This error can be
seen in Fig. (3.7) where the values of cβ =

√
β evaluated with the total energy derivative

(empty symbols) differ significantly from cβ calculated with equation (3.25), which uses
cκ, c1 and c2 from the protocol and assume the validity of the HD formula (3.13).

The second source of the discrepancies is another finite-size effect. As elaborated in
(3.1), our protocol generates excitations of finite wavevectors q, which correspond to sound
waves only in the q → 0 limit. The constant difference of ≈ 3.5% between the values of cκ
calculated from the compressibility sum rule (3.8) and the energy derivative (3.16) reveals
that the perturbation wavevector is not precisely in the linear part of the dispersion law.
Consequently, values of c1 and c2 are slightly lower with respect to their thermodynamic
limit values.

In conclusion, we have found a good agreement between the speeds of sound predicted by
the extended Gross-Pitaevskii equation and the hydrodynamic theory of supersolids. These
results, originally published in [133], are the first indication that the two theories are coherent
in the description of long-wavelength dynamics of supersolid gases. The same results were
also found in [123, 134], where the authors simulated infinite systems and extracted the
speeds of sound using Bogoliubov-de Gennes equations.
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Utility of the HD theory

Now that the validity of the supersolid hydrodynamics has been confirmed, we investigate its
utility in terms of determining thermodynamic quantities. We show that our protocol pro-
vides the measures to calculate the isothermal compressibility κ, the lattice compressibility
β and the superfluid fraction fs.

In the supersolid phase of a dipolar BEC, the measured observable has two components:

F (t) = χ1 cosω1t+ χ2 cosω2t, (3.22)

corresponding to the two sounds. As we have already shown at the beginning of this chapter,
the sum of the two amplitudes is proportional to the isothermal compressibility κ, provided
that q → ∞:

F (t = 0)
V0

= χ1 + χ2 = χ =
q→0

Nκ

2 . (3.23)

The sum χ1 + χ2 can be evaluated either by measuring the static response F (t = 0)
or by summing the two amplitudes extracted from the fit to the time signal F (t)/V0 =∑
j=1,2 Aj cos(ωjt). In an experimental setup it is often difficult to precisely measure the

amplitude of the applied perturbation V0 and equation (3.23) might not be enough to pre-
cisely determine the compressibility. Fortunately, using the f−sum rule and the inversely
weighted sum rule, one can prove the following relation:

R ≡ χ2

χ
= c2

1 − c2
κ

c2
1 − c2

2
, (3.24)

which sets the contribution of the second sound mode to the compressibility sum rule. Thus,
the two speeds of sound and amplitudes χ1,2 obtained from the fit to the signal F (t) may
be used to calculate the isothermal compressibility κ without knowing V0.

Assuming the validity of the supersolid hydrodynamics, our protocol enables measure-
ments of the layer compressibility β and the superfluid fraction fs. Both parameters can be
obtained using the hydrodynamic formula (3.13). In particular:

c2
β ≡ β = c2

1 + c2
2 − c2

κ (3.25)

and

fs =
(
c1c2

cκcβ

)2
(3.26)

Remarkably, the superfluid fraction of a supersolid can be determined entirely from the
knowledge of c1, c2 and cκ. This finding introduces a new method of evaluating fs in super-
solid platforms. In Fig. (3.8) we compare the results of (3.26) with Leggett’s upper bound
and the definition of the superfluid fraction (3.21). Minor discrepancies are caused by the
finite-size effects discussed above.

In analogy to equation (3.24), we may use the energy-weighted and inverse energy-
weighted sum rules to calculate the contributions of the two sounds to the f−sum rule
(1.78):

m
(1)
1
m1

= c2
2
c2
κ

c2
1 − c2

κ

c2
1 − c2

2
and m

(2)
1
m1

= c2
2
c2
κ

c2
1 − c2

κ

c2
1 − c2

2
. (3.27)
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Figure 3.8: Superfluid fraction calculated using the speeds of sound (3.26) (full symbols)
compared with NCRI (empty symbols) and Leggett’s upper bound (solid line).

The relative contribution to the two sum rules is presented in Fig. (3.9). Interestingly, in
the independent droplet phase, where c2 = 0 and c2

1 = c2
κ+c2

β , the energy-weighted sum rule
is exhausted by the only sound mode, whereas the compressibility sum rule is not, as (3.24)
is not equal unity. This reveals the occurrence of a diffusive mode at zero frequency. This
mode represents the natural continuation of the second sound mode beyond the transition
to the crystal phase [135] and corresponds to the diffusive permeation mode of a smectic-A
liquid crystal [118, 135]. The evolution of the second mode from propagating to diffusive
is analogous to the fate of second sound (the entropy sound) in a uniform fluid above the
superfluid critical temperature (see, e.g., [136, 137]).

Figure 3.9: Relative contribution of each sound to the compressibility sum rule (3.24) (full
symbols) and to the f -sum rule (3.27) (empty symbols) under the two-mode assumption.

Lastly, we point out that in the vicinity of the superfluid phase transition, within the
supersolid region, we find that our perturbation excites an additional mode. We associate
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this third frequency to the Higgs mode, which becomes gapless at the critical point [128,
134]. Although its presence does not prevent us from using the protocol, the two-mode
approximation used in (3.24) and (3.27) becomes invalid. The appearance of additional
modes can be observed by using the two speeds of sound and their amplitudes to evaluate
the f -sum rule (1.78). In Fig. (3.10) we show that the two sound modes do not exhaust this
sum rule, indicating the presence of other modes.

Figure 3.10: f -sum rule calculated with the two speeds of sound and amplitudes χ1,2. For
εdd belonging to the shaded area, the two sounds do not exhaust the energy-weighted sum
rule, indicating presence of other modes.
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Chapter 4

Doppler Effect in
Density-Modulated Superfluids

The Doppler effect appears in every physical system that exhibits wave properties. The
canonical example of this phenomenon is the change in sound wave frequency caused by
the relative motion of the source and the observer. For waves that propagate in a medium,
such as sound waves, the frequency shift also depends on the velocity of the medium. To
simplify the discussion, let us assume that both the source and the observer are at rest
in the laboratory frame of reference. In ordinary fluids moving at a small velocity vf , the
sound speed c0 is modified as c± = c0 ± vf , depending on whether the sound propagates
parallel (+) or antiparallel (−) to the velocity vf . This effect is purely kinematic, as it
stems from the Galilean transformation of the equations of motion. The same shift occurs
in uniform superfluids at zero temperature. The Galilean transformation of the energy and
momentum in a moving superfluid modifies its dispersion relation ϵ′(p) = ϵ(p) + p · vf as
seen from the lab frame (see section (1.2.1)). For this reason, although there is only one
sound mode, we may interpret the excitation spectrum of a moving superfluid in terms of
two phonon branches, distinguished by the direction relative to the superfluid velocity. A
schematic representation of the modified dispersion relation is shown in Fig. (4.1)

The kinematic form of the Doppler effect in uniform superfluids was reported in exper-
iment [131], where the gas of ultracold sodium atoms was held in a ring trap, imposing
quantization of the superfluid current. Using the same protocol, which we employed in the

Figure 4.1: A sketch of elementary excitation spectrum in the presence of a current in an
uniform BEC.
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previous section, the authors created sound waves and determined the Doppler shift by mea-
suring precession of the density profile. Their results confirmed the kinematic character of
the effect and the quantized form of the superfluid current.

Interestingly, superfluid platforms can host two types of currents at finite temperatures,
as explained by the two-fluid model. Although the system consists of one atomic species, it
effectively acts as a mixture of a superfluid and a normal gas. The two-fluid model does not
make any assumptions about the relation between normal and superfluid velocities, allowing
them to take different values. A canonical example of such a system is the superfluid helium
in porous media, in which the normal component is locked and the superfluid part is free
to move. In such a case, for a finite superfluid velocity, a reference frame in which both
components would be at rest does not exist, and the Doppler effect becomes non-trivial.

The problem of sound entrainment in the two-fluid model was first addressed by Kha-
latnikov [13] for superfluid helium at finite temperature. He demonstrated that the second
sound exhibits an anomalous Doppler shift, whose values depend on all thermodynamic
properties of the system. Further theoretical studies have pointed out the occurrence of
non-trivial, anomalous Doppler shifts in 4He, including the first [15] and the fourth sound
[14, 15, 138]. The effect does not depend on quantum statistics and was later addressed in
superfluid 3He [139] as well as in 4He−3He mixtures [16, 140].

The Doppler effect of the fourth sound in Helium was observed in [141, 142] as a method
to detect superflow, but the authors did not characterized it. To our knowledge, a clear
experimental confirmation of the anomalous Doppler effect in liquid helium is still missing.
Fortunately, superfluid helium is not the only platform that can be effectively described
with the two-fluid model, as every atomic gas routinely produced in ultracold experiments
will also be partly superfluid at finite temperatures below the critical point. With their
long lifetime and versatile tunability, these gases seem to be perfect systems to study the
anomalous Doppler effect.

Remarkably, superfluids at zero temperature may also exhibit a non-trivial Doppler
effect, provided that their density profile is not uniform. In such systems, the superfluid
fraction is reduced owing to the Leggett’s upper bound (1.41) and the remaining part acts as
a normal component. In this chapter, we investigate the Doppler effect in density-modulated
superfluids, including superfluids in optical lattices and supersolids. We show that these
systems exhibit anomalous Doppler shifts, similarly to liquid helium platforms. Our analysis
includes both hydrodynamic and microscopic GPE treatment, with the comparison between
the two revealing a good agreement.

4.1 Doppler effect in superfluids in optical lattices
Optical lattices are external potentials usually created with two counter-propagating lasers
of momentum k and the same frequency [143, 144]. Their interference leads to a rapidly
oscillating standing wave, whose time-averaged intensity is proportional to cos2(kx). By
changing the intensity of the light and the relative angle between the two laser beams, one
can modify the amplitude and the periodicity of the external potential. This flexibility
makes an optical lattice a perfect system for studying many interesting phenomena, includ-
ing localization effects [145], superfluid-Mott insulator phase transition [146], and quantum
simulations [147]. In our case, the primary function of the optical lattice is to lower the
superfluid fraction by modulating the density profile. According to Leggett’s upper bound
(1.41), every superfluid, whose density profile is not uniform, will exhibit a reduction of its
superfluid inertia even at zero temperature. Although the whole system is coherent, part
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of the fluid will effectively act as an ordinary gas. This makes density-modulated BECs a
perfect system for studying the anomalous Doppler effect reported in superfluid helium. In
both 3He and 4He, the sound entrainment became non-kinematic once the superfluid veloc-
ity differed from the normal velocity. Such conditions can be obtained in our atomic gas
platform by fixing the position of the optical lattice and moving the superfluid part. Since
the periodic external potential gives rise to the normal part, fixing it results in setting the
normal velocity to zero.

In this section, we investigate the sound propagation and Doppler effect in superfluid
atomic gas in a stationary optical lattice at zero temperature. The sound propagating in
such a configuration is equivalent to the fourth sound in liquid helium. We derive an analytic
prediction for the speed of sound and the Doppler effect using the hydrodynamic equations
(1.2.2) and confront them with predictions of the Gross-Pitaevskii equation.

Hydrodynamic model

Consider a one-dimensional superfluid in an optical lattice at T = 0. If the external periodic
potential is stationary, the normal component is locked and its velocity vn = 0. Although in
general the two-fluid model consists of four equations, in the zero temperature limit, there
are only two hydrodynamic equations necessary to characterize our system. In the presence
of the optical lattice, the Hamiltonian does not commute with the momentum operator
[Ĥ, P̂ ] ̸= 0 and the momentum conservation law (1.37) is not valid. Furthermore, at T = 0,
the entropy conservation law (1.39) is irrelevant, and the remaining equations (1.36) and
(1.38) are:

∂tρ+ ∂x(ρsvs) =0 (4.1a)

∂tvs + ∂x

(
µs + 1

2v
2
s

)
=0, (4.1b)

where µs is the chemical potential in the superfluid rest frame. The standard procedure
to calculate the speed of sound relies on linearization of HD equations by representing all
variables as a sum of their equilibrium values and small variations dependent on space and
time. Primarily, one identifies ρ and vs as the only two independent variables that enter
the equations (4.1). Denoting their equilibrium values with ρ0 and v0

s respectively, one can
write ρ(x, t) = ρ0 + δρ(x, t) and vs(x, t) = v0

s + δvs(x, t). Both variations are then assumed
to be slowly varying in space and time as δξ(x, t) = δξ exp (−i(ωt− qx)). In the q → 0 limit,
the ratio ω/q gives the speed of sound. The superfluid density ρs and chemical potential
µs depend on ρ and vs, so their variations can be expressed with partial derivatives with
respect to these variables. Here we will only consider velocities vs small with respect to the
speed of sound, effectively neglecting all terms of order higher than linear in vs. Since the
dependence of ρs on vs is quadratic, the superfluid density can be written as

ρs(x, t) = ρ0
s + ρ′

sδρ(x, t), where ρ′
s ≡ ∂ρs

∂ρ
. (4.2)

To assess the variation of the chemical potential, one has to identify its dependence on ρ
and vs. Using Galilean transformation of the free energy, one can show that µs = µ0 −
ρ′
n(vn − vs)2/2 [122], where µ0 is the chemical potential in the absence of currents and

therefore depends only on the density ρ. In fact, the variation δµ0 is fixed by isothermal
compressibility κ, whose inverse in unmodulated superfluids at zero temperature gives the
speed of sound (3.9). Finally, the complete variation of the chemical potential reads δµs =
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1/((ρ0)2κ)δρ − ρ′
nv

0
sδvs and the linearized HD equations are conveniently written in the

matrix form: (−ω ± qv0
sρ

′
s qρ0

s
q

(ρ0)2κ
−ω ± qv0

sρ
′
s

)(
δρ
δvs

)
= 0, (4.3)

where the ± sign depends on the angle between the perturbation wavevector q and the
superfluid velocity v0

s . The only non-trivial solutions are given by the vanishing determinant
of the matrix above. Then, using the long-wavelength relation c = ω/q, the speed of sound
reads:

c± = c(0) ± ρ′
sv

0
s =

√
fscκ ±

(
fs + ρ0 ∂fs

∂ρ

)
v0
s , (4.4)

where + (−) denotes the sound mode co-propagating (counter-propagating) with vs. The
first term is the speed of sound in an optical lattice in the absence of currents (3.10).
Its dependence on the superfluid fraction has been recently confirmed experimentally [132,
148]. The second term is the Doppler shift, which has been also derived in [138] in the case
of superleak helium configurations, and in [149, 150] in the case of atomic Bose-Einstein
condensates in optical lattices, after linearization of the time-dependent Gross-Pitaevskii
equation (GPE).

Intuitively, one might expect that the Doppler shift of the fourth sound is given by the
supercurrent j/ρ0 = fsv

0
s , which is the only part of the system that moves. This picture is

in contradiction with the hydrodynamic formula (4.4), which involves both the superfluid
fraction and its derivative with respect to the total density. Analogous discrepancy between
the hydrodynamic formula and the kinematic prediction for the fourth sound was found in
liquid helium [14, 15, 138]. This finding suggests that, contrary to a common interpretation
of the fourth sound, the normal part is also involved in the propagation of this sound.

Lastly, the result (4.4) can be generalized to superfluid systems in moving optical lattices
with a simple Galilean transformation {c, vs} → {c− vn, vs − vn}:

c± = c0 ± v′ = c0 ±
(
ρ′
sv

0
s + ρ′

nv
0
n

)
(4.5)

Numerical methods and comparison with hydrodynamics

In contrast to liquid helium, ultracold atomic gases can be accurately studied with a mi-
croscopic theory. To verify the validity of the hydrodynamic result (4.4), we numerically
solve the Gross-Pitaevskii equation. We consider a gas of N = 2 · 105 87Rb atoms confined
in a tube of length L = 96µm along the x-axis, subject to periodic boundary conditions,
and radially confined by a harmonic potential of the form 1/2 mω2

⊥r
2, with r2 = y2 + z2,

ω⊥ = 2π ·150Hz, with
√
ℏ/mω⊥ ≪ L. The gas is subjected to an optical lattice implemented

as an additional external potential of the form Vext = sER cos(qx), where ER = ℏ2q2/2m
is the recoil energy, and the dimensionless parameter s gives the strength of the external
potential. At zero temperature, the gas forms a Bose-Einstein condensate, characterized by
a healing length ξ = ℏ/(

√
2mµ0), which represents the length scale on which the condensate

can react to an external potential. We choose the period of the lattice d = 2π/q = 4µm
to be much larger than the healing length: d ≈ 16.7ξ. In the opposite regime, d ≪ ξ, the
superfluid fraction becomes density independent and the kinematic Doppler shift is recov-
ered [151]. An example of the transversely integrated GPE ground state density ρGP (x) is
reported in Fig. (4.2).

In order to study the Doppler effect of the fourth sound, we employ the linear response
protocol (3.1) to a system with a permanent current. The state preparation in such a
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Figure 4.2: Example of a transversely integrated fluid density in an optical lattice of strength
s = 3.

system requires a minor modification with respect to the procedure described in the previous
chapter, as we use the imaginary time evolution in the moving frame of reference to create a
finite superfluid velocity field. Thus, we minimize the energy of a system, whose Hamiltonian
contains an additional term −v0

sPx, where Px is the x component of the momentum operator.
This numerical technique enables the GPE minimization algorithm to find the phase pattern
that minimizes the energy. The same pattern can be then used in the laboratory frame
of reference to create a stationary current. In our system, the superfluid velocity equals
v0
s = 2πℏ/(mL) = 47.8µm/s and satisfies the proper boundary condition.

Furthermore, to excite sound modes, we minimize the energy with the perturbation (3.1),
for the winding number n = 1 and its amplitude V0 = 0.01ℏω⊥. In the second part of the
protocol, we suddenly remove the external perturbation by setting its amplitude V0 = 0
and then evolve the system in real time, in the laboratory frame of reference. There is one
undesirable effect involved in this procedure. The initial state prepared in the moving frame
assumes that the optical lattice is stationary. Then, in the lab frame, this external potential
would move with velocity v0

s , while we keep it stationary in this frame either. Therefore,
with the change of the reference frame, we also abruptly stop the optical lattice, which causes
the total energy to drop. We did not observe any unphysical consequences of this effect,
nonetheless, we mention it for completeness. When applied to a gas in motion, the protocol
excites two modes, which correspond to phonons propagating parallel and antiparallel to
the current. According to linear response theory the observed signal ⟨cos qx⟩(t) features a
beating of two frequencies, whose difference gives twice the Doppler shift:

F (t)/V0 = ⟨cos qx⟩(t)/V0 = χ− cos
(
(ω0 − ∆ω)t

)
+ χ+ cos

(
(ω0 + ∆ω)t

)
. (4.6)

For an ordinary BEC, the wavevector q = 2π/L for L = 96µm is short enough to excite
modes from the linear spectrum of the dispersion law. Consequently, the speed of sound at
rest c0 is evaluated as ω0/q and the Doppler shift as ∆c = ∆ω/q. Following the analysis of
the previous chapter, we calculate the isothermal compressibility using the inverse-energy
weighted sum rule (1.79). According to equation (3.10) (and the HD model of supersolids
for an infinitely stiff lattice), the speed of sound at rest should be given by

√
fscκ. We use

the values of c0 extracted with our protocol and cκ calculated with sum rules, to evaluate
the superfluid fraction. Results of this analysis are presented in Fig. (4.3). The excellent
agreement is in line with the results of recent experiment [132], which used a similar method
to measure the superfluid fraction.

In order to compare the measured values of the Doppler effect with the HD prediction
(4.4), we need to calculate the derivative ρ′

s = ∂ρs/∂ρ. We employ the same 5-point stencil
method used to calculate energy derivatives (3.16). By varying the total number of particles
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Figure 4.3: a) Speed of sound in superfluids in an optical lattice at rest c0 and the inverse
compressibility cκ as a function of the depth parameter s. The square of the ratio of these
two quantities gives the superfluid fraction as seen in b). Their values agree with the fs
calculated with NCRI (3.21) and with Leggett’s upper bound (1.41).

around N = 2×105, we prepare states, whose superfluid fractions - calculated with Leggett’s
upper bound - are subsequently used to determine ρ′

s = fs+∂fs/∂ρ. Finally, the comparison
between HD model and Gross-Pitaevskii theory for the Doppler effect of the fourth sound is
shown in Fig. (4.4) For the chosen parameters, we can see that there exists a broad region in
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Figure 4.4: Doppler shift relative to v0
s of fourth sound in a stationary optical lattice as a

function of the strength parameter s. Numerical results of time-dependent GPE (points)
are compared with the hydrodynamic prediction from Eq. (4.4) (solid line) and with the
kinematic estimate ∆c/v0

s = fs (dashed line).

the lattice depth s where the kinematic shift substantially underestimates the Doppler effect.
Our numerical simulations confirm hydrodynamic predictions, also found in [138, 149, 150].
Bose-Einstein condensates in optical lattices thus exhibit a non-kinematic Doppler effect.
Owing to their long lifetimes and high tunability, the BECs are promising platforms for
an experimental verification of this curious effect. In principle, an experiment analogous to
that reported in [131] with an additional optical lattice created with the digital micro-mirror
device, would be capable of measuring the reduced Doppler shift via the precession of the
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density profile.

4.2 Doppler effect in supersolids

Supersolids define another class of ultracold atomic gases described within the two-fluid
model. Their emergent density modulation reduces the superfluid fraction and thereby
gives rise to a normal component, consistent with Leggett’s upper bound — the very same
mechanism responsible for the normal part in Bose–Einstein condensates in optical lattices.
In fact, a BEC in an optical lattice can be seen as a limiting case of an infinitely stiff
supersolid, whose rigidity is enforced by the external potential. Therefore, we expect that
the Doppler effect in supersolids will also take a non-trivial form, provided that the two
components flow at different velocities. Moreover, we have already confirmed the existence of
two distinct sound modes, which are both excited with our linear response protocol. Whether
the two sounds experience an equal Doppler shift is unknown, however, following the results
in liquid helium [13–15], we might expect they do not. In this section we investigate the
Doppler effect in moving supersolids. We begin with linearization of the hydrodynamic
equations of supersolids (1.64) assuming finite velocities v0

n and v0
s to derive the formula

for the Doppler shifts of the two sound modes. In the numerical part, we first discuss
the independence of superfluid and normal velocities and their relation to the phase of
the condensate wavefunction. Then, we confirm the validity of hydrodynamic predictions
by employing the linear response protocol to measure the Doppler shifts in a numerical
simulation of a dipolar BEC based on the extended GPE.

4.2.1 Hydrodynamic formula

Similarly to the case of BECs in optical lattices, in the presence of a finite current, each
sound mode splits into two. This is again the consequence of lifting the degeneracy between
the phonons that copropagate (+) and counterpropagate (-) with respect to the current j.
Then, we expect four solutions of the linearized equations of supersolid hdrodynamics. The
derivation of Doppler shifts is rather long and involves many parameters, thus for the sake
of clarity of this section, we present it in Appendix (A). Here we briefly sketch the whole
procedure, to focus on the resulting Doppler shifts.

Following the method described in the previous chapter, we linearize the HD equations
around stationary values of the four independent variables: {ρ0, v0

s , v
0
n, u

0
x = 0}. Since we

study the sound modes in moving supersolids, this time the two velocities v0
n and v0

s are
finite, and their inclusion leads to additional solutions of the linearized HD equations. As a
result, we find four modes ω±

1,2 = |q|c±
1,2, where:

c±
1,2 = c0

1,2 ± (v′ + w0∆1,2) (4.7)

and the two speeds of sound at rest c0
1,2 are given by (3.13), while the Doppler shift consists

of two parts. The first one, v′ = ρ′
nv

0
n + ρ′

sv
0
s , has the same form as the Doppler shift of

the sound propagating in ordinary BECs in an optical lattice (cf. eq. (4.5)). When the
superfluid and normal components move together (w0 = 0), both sounds are simply shifted
by the kinematic Doppler effect, fixed by the fluid velocity v′ = v0

s = v0
n. When w0 ̸= 0, we
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instead find the additional contribution w0∆1,2, where

∆1,2 = −
1
2

(
ρu

s

ρn
− 4ρ′

s

) (
c0

1,2
)2 + 1

ρκ

(
2(fs + ρ′

s) − ρu
s

ρn

)
+ γ (ρus − 2ρs − 2ρρ′

s + 4ρsρ′
s) /ρn

2
(
c0

1,2
)2 − 1

ρκ − β + 2γ
(4.8)

is a dimensionless parameter1 that depends on all thermodynamic quantities of the su-
persolid, and some of its derivatives, including the new term ρus := ∂ρs/∂ux. In general,
Eq. (4.8) predicts that the Doppler effect affects the two sounds differently. This result
corresponds to the zero-temperature analogue of the predictions obtained for the first and
second sound velocities in superfluid 4He [13, 15]. The formula (4.8) is general and valid
for any supersolid. Here we will focus on dipolar supersolids, for which we have shown that
the strain-density coupling γ can be neglected (see also [123]). The Doppler shift of the two
sounds is therefore given by a simplified formula:

∆c1,2 = v′ −
w

2

ρu
s

ρn

[(
c0

1,2
)2 − c2

κ

]
+ 2 (fs + ρ′

s) c2
κ − 4ρ′

s

(
c0

1,2
)2

2
(
c0

1,2
)2 − c2

κ − c2
β

, (4.9)

where c2
κ ≡ 1/(ρκ) and c2

β ≡ β. In the limit of an incompressible lattice, i.e., as β → ∞,
the Doppler shift approaches the v′ = ρ′

sv
0
s + ρ′

nv
0
n, which coincides with the result obtained

above for the fourth sound (4.5). Moreover, approaching the crystal phase, i.e., ρn → ρ
(ρun → 0, ρ′

n → 1), one finds ∆1,2 → 0, confirming the intuitive result that in the crystal
phase, the sound speed simply feels a kinematic Doppler shift, given by the normal velocity
v0
n. Without knowing the character of the new derivative ρus , it is difficult to check the

behavior of the HD formula close to the superfluid phase transition. The first term in the
nominator of (4.9) is divided by the normal density, which suggests that if the derivative
ρun is finite, then the Doppler shift of the second sound diverges when ρn → 0. Thus, in
the next section we perform numerical simulations to check this intriguing effect. Prior to
comparison with the eGPE simulations, we characterize persistent currents in our geometry,
and discuss the relation between macroscopic velocities vn and vs and the phase of the order
parameter in eGPE theory.

4.2.2 Supersolids in motion
The two-fluid model of Landau does not impose any constraint on the normal and superfluid
velocities, allowing them to vary independently. A clear example of this independence is seen
in the liquid helium in a porous medium, which locks the position of the normal part but
does not affect the superflow. Since dipolar BECs are also described by a two-fluid model,
the two velocities must be independent in the supersolid phase. Their independence does not
imply that in a stable configuration they would take arbitrary values because the persistence
of a current is subject to energetic stability. To explore these metastable states we first need
to understand how the two macroscopic velocities vs,n are incorporated into the extended
Gross-Pitaevskii theory. Hydrodynamic theory is inherently macroscopic, which means that
the only connection with the eGPE can be done through proper averages over the lengths
much larger than any microscopic length scale. An example of such coarse-graininig is the
Leggett’s upper bound (1.41), which in some cases gives the exact value of the superfluid
fraction.

1The anomalous term ∆i is related to the anomalous Doppler shift from [152] via δi = ∆i + ρ′
n
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We consider a supersolid confined in a quasi-one-dimensional tube of length L with pe-
riodic boundary conditions, in a reference frame moving with velocity V . The Hamiltonian
in such a frame can be written as H = H0 − V Px, where H0 contains the kinetic energy,
external potential, and interaction terms, while Px stands for the x component of the mo-
mentum. We assume that the transverse degrees of freedom do not play any role in the
following discussion, their typical excitation energy being much larger than that associated
with the excitation of the longitudinal modes. The superfluid and normal parts will be
identified as different contributions to the current ⟨j⟩ = L−1 ∫ dxρ(x)v(x), where ρ(x) and
v(x), are the local density and the local velocity fields, respectively. At zero temperature, in
Gross-Pitaevskii theory, they are directly related to the wavefunction ψ(x) of the condensate
as ψ(x) =

√
ρ(x)/m exp{iϕ(x)}, where ϕ(x) ∈ R is the phase of the order parameter. Its

gradient gives the potential flow v(x) = ℏ/m ∂xϕ, where m denotes the atomic mass. Using
the continuity equation in the moving reference frame, ∂tρ + ∂x[ρ(x)(v(x) − V )] = 0, one
finds that the velocity field for a stationary solution must satisfy:

∂x[ρ(x)(v(x) − V )] = 0 i.e. v(x) = V + C/ρ(x). (4.10)

The constant C is determined by imposing the proper boundary condition for the phase ϕ,
i.e.,

∫
v(x)dx = s · 2πℏ/m, where s ∈ Z is the winding number. Therefore, the velocity field

reads:
v(x) = V

(
1 − ρL

s

ρ(x)

)
+ s

ρL
s

ρ(x)
2πℏ
mL

, (4.11)

where ρL
s is the Leggett’s upper bound to the superfluid density (1.41)

ρL
s = L

(∫ L

0

dx

ρ(x)

)−1

. (4.12)

In our quasi one-dimensional configuration, this microscopic upper bound corresponds to
the actual value of the superfluid density, i.e. ρL

s = ρs [50]. In the following we will make
explicit use of this identification. From Eq.(4.12) it then follows that only in a homogeneous
system will the superfluid density ρs coincide with the average density ⟨ρ⟩ = L−1 ∫ dxρ(x).
Starting from Eq. (4.11) we calculate the current ⟨j⟩ = L−1 ∫ dxρ(x)v(x) flowing in the
system as:

⟨j⟩ =
(
⟨ρ⟩ − ρL

s

)
V + ρL

s

2πℏ
mL

s. (4.13)

By comparison with the two-fluid hydrodynamic expression j = ρnvn+ρsvs, we identify the
following relations:

ρs = ρL
s , ρn = ⟨ρ⟩ − ρL

s , vn = V and vs = s
2πℏ
mL

(4.14)

Therefore, as intuitively expected, the velocity of the reference frame defines the normal
velocity, while the superfluid velocity is fixed by the usual quantized value s2πℏ/(mL).
Ultimately, to bridge the two-fluid parameters with the microscopic functions, we want to
express the two velocities with only the averages of microscopic quantities. Using equation
(4.11) we find:

vs = ⟨v⟩ (4.15)

vn = ⟨1/ρ⟩⟨ρv⟩ − ⟨v⟩
⟨1/ρ⟩⟨ρ⟩ − 1 , (4.16)
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where an average ⟨f⟩ = 1/L
∫
f(x)dx. The superfluid velocity is then given by the average

potential flow defined with the gradient of the order parameter. Its independence from
density modulations is expected, as the superfluid velocity is given only by the boundary
conditions for the phase of the order parameter. On the other hand, we have already
stated that the appearance of the normal phase is subject to an inhomogeneous density
profile. Unsurprisingly, we find that equation (4.16) relates the normal velocity with local
variations of v(x) caused by these density modulations. Therefore, the phase of the order
parameter encodes both the superfluid and the normal velocity. The former is set by choosing
appropriate boundary conditions, while the normal velocity is defined by the deviations from
the constant gradient of the phase.

Rotating frame ground state

Having linked macroscopic velocities with the phase of the order parameter, we are ready
to investigate supersolids in motion. We consider N = 1.6 · 105 164Dy atoms confined,
in a tube of length L = 96µm with periodic boundary conditions and with a transverse
potential given by mω2

⊥r
2/2, where ω⊥ = 2π · 100Hz. Dipoles are aligned by an external

magnetic field along the z-direction. The phase diagram of dipolar gases is characterized
by the ratio ϵdd between the dipolar and contact 2-body interaction strengths. Depending
on its value, the system can be in a homogeneous superfluid, supersolid, or independent
droplet phase. Fixing the value of ϵdd, we prepare the initial state of the system by evolving
the extended GPE in imaginary time in the moving frame with velocity V . We change the
reference frame by adding the term −V Px to the extended GPE Hamiltonian, where Px is
the momentum operator along x. We have already shown that velocity of the moving frame
sets the normal velocity of the gas. On the other hand, the superfluid velocity is governed
by the energy minimization condition in the moving frame. By comparing the energy of
states with different supercurrents, we determine the ground state corresponding to every
normal velocity. In Fig. (4.5), we show the two velocities vs and vn in the rotating frame
ground state, together with its corresponding total current j. By confining the supersolid
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a) b)

Figure 4.5: a) Superfluid and normal velocities and b) current j in a supersolid configuration
corresponding to the ground state in the reference frame moving with velocity vn. The orange
line characterizes the current in the superfluid phase of the dipolar BEC.

in a closed geometry, we imposed the quantization of the supercurrent vs = s · 2πℏ/(mL),
where s ∈ Z. The creation of each quantum of the supercurrent costs a discretized amount
of energy and in rotating-frame ground state occurs when vn = (2s− 1)vcr

n [153, 154], where
in our system vcr

n ≡ πℏ/(mL) = 12.7µm/s. The discontinuous character of the superfluid
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velocity influences the total current j. For small vn, it linearly increases with the velocity
of the reference frame and exhibits a jump given by the superfluid fraction fs at vn = vcr

n ,
as shown in Fig. (4.5). In our geometry, the critical normal velocity does not depend on the
relative interaction strength εdd.

As can be seen in Fig. (4.5), in a stable configuration, a relative velocity w = vn − vs
can be tuned from −vcr

n to vcr
n for a given value of vs. In principle, equation (4.13) shows

that there are two degrees of freedom in defining the total current, as the velocity of the
reference frame and superfluid winding number s are independent variables. In theory, one
could prepare a state of arbitrary vn and (quantized) vs, including a counter flow of the two
components. However, the stability of such a state is subject to energy minimization, and
thus may quickly decay to a more stable configuration.

Let us now confirm the relation between the normal and superfluid velocities and the
gradient of the phase of the order parameter. For every choice of the macroscopic veloci-
ties, we find the corresponding phase pattern by evolving the eGPE in imaginary time in
moving reference frame. The energy minimization provides also the shape of the density
profile, which we use to calculate v(x) using equation (4.11). We can compare this v(x) with
numerically calculated gradient of the phase. An example of such comparison is shown in
Fig. (4.6). The upper panel presents the density profile of a dipolar supersolid in a tube,
whose normal part moves along the x-axis with velocity vn = vcr

n while the superfluid com-
ponent remains at rest. The phase ϕ(x, 0, 0) in this configuration varies spatially from 0
to ϕmax ≈ 0.01π. The amplitude of these variations ϕmax depends linearly on the normal
velocity, while their shape is governed by density modulations. The phase gradient shows an
interesting behavior, as in low-density regions it is negative, suggesting a local counter-flow
with respect to the motion of the density peaks. However, as we have already seen in this
section, local values of the velocity field v(x) does not represent the effective motion of the
supersolid. To show the effect of the appearance of the supercurrent, we also plot the phase
gradient for the same normal velocity vn = vcr

n .

There is one more relation regarding the normal velocity of supersolids, which we can
easily confirm. The last equation of supersolid hydrodynamics relates the vn with the lattice
displacement u via Lin’s constraint (see (3.11)). In the lowest order, it is approximated as
vn ≈ ∂tu. Therefore, motion of the lattice structure fixes the normal velocity. Since position
of lattice sites are determined by the local maxima of the density profile, we can measure
the normal velocity by tracking the position of the peaks in time. To demonstrate this, we
evolve the state presented in Fig. (4.5) in real time in the laboratory frame of reference. The
results of this simulation are shown in Fig. (4.7), where the motion of each droplet is clearly
given by the normal velocity.

4.2.3 Anomalous Doppler effect
Thus far we have thoroughly analyzed the ground state of moving supersolids, characterizing
their motion in terms of normal and superfluid velocities. Ultimately, this knowledge is
important in terms of the Doppler effect that we shall numerically investigate in this section.
We will use the same linear response framework, to excite and measure all Doppler-split
modes, which will provide the microscopic predictions for the anomalous Doppler effect of
the two sounds.

For completeness, we recall the parameters of the simulated system and numerical meth-
ods to study the sounds. Our gas consists of N = 1.6 · 105 164Dy atoms confined, in a
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Figure 4.6: (upper panel) A selected part of transversely integrated density and the phase
pattern at ρ(x, 0, 0) at vn = vcr

n in the absence of the superfluid current. Values of ϕmax
linearly depend on vn and are of the order 0.01π for systems considered in this paper. (lower
panel) Gradients of the phase of the order parameter ϕ(x) (symbols) for vs = 0 (orange)
and vs = 2π/mL (blue). The phase profile in both cases was obtained by minimizing the
eGPE energy functional in the reference frame moving with velocity vcr

n . Lines represent
Eq. (4.11) calculated with the density profile obtained from the eGPE simulation.

tube of length L = 96µm with periodic boundary conditions and with a transverse po-
tential given by mω2

⊥r
2/2, where ω⊥ = 2π · 100Hz. Dipoles are aligned by an external

magnetic field along the z-direction. Fixing the value of ϵdd, we prepare the initial state
of the system by evolving the extended GPE in imaginary time in the moving frame with
velocity V . We change the reference frame by adding the term −V Px to the extended GPE
Hamiltonian, where Px is the momentum operator along x. As we have already shown,
this approach unequivocally determines both the superfluid and the normal velocities in the
rotating frame ground state. In particular the velocity of the normal component coincides
with the velocity of the moving frame (v0

n = V ), while the appearance of the supercurrent
is dictated by the energy minimization condition in the same moving frame. The quantized
superfluid velocity exhibits the first jump to a finite value v0

s = 2πℏ/(mL) at the critical
value V cr = vcr

n = ℏπ/(mL) = 12.7µm/s. The change of the reference frame is necessary
to accurately determine the phase profile of a moving supersolid. Once converged, such a
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Figure 4.7: Positions of the local density maxima (orange dots) in a time evolution of a
supersolid moving with velocities vn = vcr

n and vs = 0. Numerical data are fitted with a
linear functions, whose slopes are consistent with vcr

n (blue line). This numerical simulation
directly shows, that the normal velocity is given by the motion of density peaks, as predicted
by the hydrodynamic theory.

wavefunction can be used as the initial state to be evolved in the lab frame.
In order to excite the sound modes, we add the small perturbation V0 cos qx to the

eGPE Hamiltonian in the moving frame, and find the corresponding lowest-energy state by
minimizing the eGPE energy density functional. This state is then used in the real-time
evolution in the laboratory frame of reference, where its phase pattern provides normal and
superfluid currents. By abruptly removing the external perturbation at t = 0, we trigger
density oscillations, which carry information about all the modes propagating in the system.
The supersolid phase at rest exhibits two phononic modes, each of which splits into two in
the presence of a current. By measuring the average cosine ⟨cos qx⟩ we evaluate all four
frequencies, which for q → 0 are linearly related to speeds of sound ω = c|q| = c · 2π/L. An
example of Doppler splitting of the two sound modes c1,2 in the supersolid phase is presented
in Fig. (4.8). All sound modes experience an abrupt change of their speeds at vn/vcr

n = 1,
when the phase of the order parameter starts hosting a quantum of circulation. Let us also
notice that, remarkably, the Doppler shift for the sound speed c2 can be negative, i.e. the
velocity c+

2 of the phonon copropagating with the current is smaller than c0
2 (shaded region

in Fig. (4.8)). We will comment on that in the end of this chapter. All four modes presented
in Fig. (4.8) are of the form c±

1,2 = c0
1,2 ±(v′ +w∆1,2), where w = vn−vs and v′ = ρ′

nvn+ρ′
svs

are known parameters. For each relative strength εdd, we extract the anomalous Doppler
term ∆i from the difference 1

2
(
c+
i − c−

i

)
calculated in the time-dependent eGPE simulation.

In order to make a quantitative comparison between the eGPE and the predictions of
the linearized hydrodynamic equations, we need to calculate the parameters entering the
HD result (4.9). The parameters entering the speeds of sound in the absence of permanent
currents (fs, κ, β and γ) have been discussed in the previous chapter. The superfluid
fraction in our geometry corresponds to Leggett’s upper bound (1.41), while the other three
parameters are second derivatives of the energy with respect to the total density ρ and
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Figure 4.8: The splitting of the first and second sound (respectively: upper and lower
panels) into four phonon modes for the system presented in Fig. (4.6). Within the shaded
area, the Doppler shift of the second sound becomes negative.

lattice strain ux . In particular, we have shown that the strain-density coupling γ is very
small for the supersolid phase of a dipolar gas and will be neglected in our analysis. The
new parameters ρ′

n and ρ′
s are determined numerically by marginally changing the total

atom number N , while the derivative ρus , quantifying the change in the superfluid density
with respect to ∂xu, is calculated by varying the inter-droplet distance (see (3.19) for the
numerical method of calculating derivatives with respect to the lattice strain). In Fig. (4.9)
we compare the two derivatives of the superfluid density with the superfluid fraction.

1.38 1.4 1.42 1.44 1.46 1.48 1.5
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Figure 4.9: Derivative of the superfluid density ρs with respect to the total density ρ (blue)
and strain ux (gray), compared with the superfluid fraction calculated with Leggett’s upper
bound (4.12) (orange).

Finally, we can compare the anomalous terms ∆1,2 in the Doppler shifts of the two sounds
calculated with the time-dependent eGPE protocol and predicted by the hydrodynamic
theory. In Fig. (4.10), we present a good agreement between the two theories for both sound
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modes, which confirms the highly nontrivial form of the Doppler effect in supersolids. The
two sounds experience Doppler shifts of opposite signs, as can be also inferred from Fig. (4.8).
The effect is especially pronounced close to the superfluid-supersolid phase transition.
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Figure 4.10: Anomalous Doppler shift of the first (blue) and second (orange) sound in the
supersolid phase. Results of time-dependent simulations (markers) are compared with the
hydrodynamic model (solid lines). The gray vertical line marks the superfluid-supersolid
transition point.

4.2.4 Negative Doppler effect
Pioneering studies on the anomalous Doppler effect in 4He have revealed, that within a
certain temperature range, the Doppler shift may become negative [13–16]. Intuitively, we
refer to the Doppler effect as negative when the sound mode co-propagating along the current
c+
i has a smaller speed than the value c0

i at rest. At the same time, the speed of sound of
the counter-propagating mode c−

i would be greater than c0
i (see Fig. (4.8)). For supersolids,

we define the negativity condition as:

v′ + w∆i < 0 −→ vn
vs

< 1 − 1
∆i + ρ′

n

, (4.17)

which occurs only in the presence of a finite supercurrent. Since the minimum of vn/vs
equals 0.5 (see Fig. (4.5)) and ∆1 + ρ′

n is always less than 1, the first sound mode cannot
exhibit the negative Doppler shift. On the other hand, there exists a parameter range for
which the second sound manifests the negative Doppler effect, as shown in Fig. (4.11).

Conclusions

This chapter is a comprehensive study of density-modulated superfluids in motion, in terms
of the sound propagation. We began with characterization of the current in both supersolids
and in superfluids in optical lattices. While the latter case has been already well studied,
supersolids in motion have not been entirely characterized before. In particular, the relation
between the two hydrodynamic velocities vn and vs and the phase of the order parameter
in the Gross-Pitaevskii theory was unclear. We demonstrate, that the superfluid velocity is
given by the potential flow ℏ/m⟨∇ϕ⟩ averaged over long distances, while the normal velocity
is encoded in the variations of the phase ϕ caused by the density modulations. These rela-
tions, bridging the velocities in the two theories, are crucial to understand the independence
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Figure 4.11: Parameter range for which the Doppler shift of c2 is negative (crossed area).
The point on the horizontal axis represent the interaction parameter used in Fig. (4.8).
The parameter space closer to the superfluid phase is numerically inaccessible due to the
emergence of non-linear effects.

between vn and vs in ultracold atomic supersolids. Furthermore, we characterized persistent
currents in the rotating-frame ground states of dipolar BECs trapped in a linear tube with
periodic boundary conditions. Due to the closed geometry, the supercurrent is quantized
and the total current features discontinuities whenever the superflow winding number s is
changed. We found a clear correspondence in the ground state values of vn and vs, as the
supercurrent increases at vn = (2s − 1)vcr

n , which was also found in [153, 154]. It is worth
noticing that both v0

n and v0
s could be in principle fixed in an independent way, by properly

modifying the phase pattern ϕ with imprinting techniques. The value of the superfluid ve-
locity is determined by the phase winding at the boundaries of the configuration, while the
velocity of the normal component is determined by the space variations of the phase at a
microscopic scale, fixed, in the case of a supersolid, by the inter-droplet distance. However,
such a state of arbitrary normal and superfluid velocities would not in general correspond
to an equilibrium configuration in the moving frame. Consequently, its persistence would
strongly depend on energetic stability of the current.

The second and most important part of this chapter reports the theoretical predictions
for the Doppler effect in density-modulated superfluids at zero temperature. If the inho-
mogeneity of the density profile is enforced externally, the system features one sound only,
to which we refer as the fourth sound, provided that the external potential is stationary.
We showed excellent agreement between the hydrodynamic prediction and time-dependent
GPE simulations, where we employed our linear response protocol to measure the Doppler
shift. Notably, our results confirmed the anomalous form of the Doppler effect, as the fourth
sound was shifted by ρ′

svs, where ρ′
s in principle also differs from the superfluid fraction.

Unlike superfluids in optical lattices, supersolids feature two sound modes, which are dif-
ferently affected by the presence of the current. By linearizing the hydrodynamic equations
of supersolids, we derived a highly non-trivial form of the Doppler shifts. Using the same
protocol as before, we measured the two shifts in the time-dependent eGPE simulations.
The two theories provide the same anomalous predictions for the Doppler shift within a
wide range of the relative strength parameter εdd. Interestingly, for certain values of the
parameters, the second sound features a negative sign of the Doppler shift. In such a case,
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the co-propagating mode is characterized by a speed of sound, whose value is lower than
that of the counter-propagating one.

To conclude this chapter, let us hint an intuitive interpretation of the anomalous Doppler
effect. In both cases, the anomalous term affected the sound propagation only if the normal
part moved at a velocity different from that of the superfluid. In supersolid platforms,
the two sound modes are hybridized superfluid and lattice oscillations, indicating that if
vn−vs ̸= 0, the medium that carries the sound moves at two different velocities. Since there
is no rest frame of reference for such a current, the Doppler effect cannot be explained by a
simple Galilean transformation.
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Chapter 5

Doppler effect in Superfluid
Mixtures

In the previous chapter, we studied density-modulated superfluids in the presence of finite
currents. We demonstrated that the Doppler effect becomes non-trivial whenever the sound
carrier moves at two different velocities. Density-modulated superfluids in closed geometries
are suitable platforms to study this peculiar effect, as the current quantization naturally
allows relative flows vn ̸= vs. Both types of systems studied in the previous chapter con-
sisted of a superfluid, which appears at ultralow temperatures, and the normal part, whose
presence is given by density modulations. However, in the context of the anomalous Doppler
effect, the second component does not need to be in the normal phase and can also be super-
fluid, thereby broadening the set of platforms exhibiting this unusual phenomenon. In this
chapter, we investigate the Doppler effect in a binary mixture of weakly interacting Bose-
Einsten condensates. We demonstrate that these platforms also exhibit a non-kinematic
Doppler effect, as a consequence of the interspecies interaction which couples the motion of
the two fluids. Superfluid properties of both components bring along an important advan-
tage over density-modulated superfluids. Since the superfluid velocity is set by the boundary
conditions of the phase of the order parameter, a counterflow of two superfluids is expected
to be more robust against noise of various sources, inevitably present in every experiment.
As the relative velocity is the crucial requirement for the occurrence of a non-kinematic
Doppler effect, we believe that Bose mixtures are particularly promising in terms of ex-
perimental verification of the results presented in this thesis. For this reason, we develop
modified protocol schemes to precisely measure the anomalous Doppler effect in ultracold
atomic mixtures.

The study of the Doppler effect in a mixture of two superfluids can be realized with an
arbitrary choice of the two components. In particular, qualitative results do not depend
on the spin statistics and are valid for bosonic and fermionic gases, as well as Bose-Fermi
mixtures. In this work, we consider an atomic two-component Bose-Einstein condensate and
assume that the components are two different hyperfine levels |i⟩, i = 1, 2, of the same atomic
species with mass m. In the weakly interacting case, the particles interact only via contact
interaction potentials, which are characterized by parameters g11, g22 and g12 assessing the
strength of intraspecies and interspecies coupling, respectively. They are related to the s-
wave scattering lengths aij via the expression gij = 4πℏ2aij/m. In order for the mixture to

69
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be stable, the intraspecies interaction gii must be positive and, without loss of generality,
we also assume g12 > 0 in the rest of our work. In the following we use a description of the
mixture in terms of density and polarization or spin density. Given the single-component
densities ni, we define the total density n = n1 + n2 and the spin density sz = n1 − n2. For
a generic homogeneous Bose mixture, the equation of state can be written as

ϵ = 1
2gdn

2 + 1
2gss

2
z + 1

2gdsnsz, (5.1)

where we have defined the following combinations of the coupling constants: gd = (g+g12)/2
and gs = (g − g12)/2 with g = (g11 + g22)/2 as well as gds = (g11 − g22)/2. The stability of
the system requires the energy to be a convex function of n and sz, which gives rise to the
further condition

∆ = 4gdgs − g2
ds ≥ 0. (5.2)

If the inequality (5.2) is violated, the gas is unstable towards phase separation1. In the
present work we require the system to be miscible, hereafter assuming the stability condition
is always met.

The long-wavelength, low energy dynamics of the system is captured by the superfluid
hydrodynamic (HD) equations, which take into account the total particle number conser-
vation, the polarization conservation as well as the equation related to the order parameter
for the broken U(1)×U(1) symmetry. As dynamical variables for the latter we use the total
ΦT = ϕ1 + ϕ2 and the relative ϕ = ϕ1 − ϕ2 phase. Finally, by introducing the chemical
potential µ = ∂ϵ/∂n = gdn + gdssz/2 and the polarizing field h = ∂ϵ/∂sz = gssz + gdsn/2
the HD equations read:

∂tn+ ∂xj = 0 (5.3a)
∂tsz + ∂xjz = 0 (5.3b)

m∂tvT + ∂x

(
mv2

T

2 + mw2

2 + µ

)
= 0 (5.3c)

m∂tw + ∂x (mwvT + h) = 0 (5.3d)

where vT = ℏ∂ΦT /(2m) and w = ℏ∂ϕ/(2m) are the total and the relative flow velocity,
respectively. The density and polarization currents in the HD equations are given by:

j = nvT + szw (5.4a)
jz = szvT + nw (5.4b)

and correspond respectively to the sum and to the difference of the two single-component
currents ji = nivi. In the absence of permanent currents the hydrodynamic theory of
superfluids predicts the propagation of two sounds where the two fluids oscillate in phase
(density-like sound) and out of phase (spin-like sound). The corresponding sound velocities
are given by (see, e.g., [19, 40])

c0
d/s =

[
gn+ gdssz ±

√
(gn+ gdssz)2 − ∆(n2 − s2

z)
2m

]1/2

(5.5)

and have been found in good agreement with experiments [41–43]. The discretized spin
mode oscillations have been also investigated in [155]. The nature of the two sounds is

1The stability in terms of the intra- and interspecies interactions reads: g1g2 − g2
12 ≥ 0. For g12 < 0 the

instability would lead to the collapse of the mixture.
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rather complex as they are strongly hybridized. In the limit of a non-interacting mixture,
when g12 = 0, the equation (5.5) reduces to

√
giini/m and the two modes coincide with

two single-component density oscillations. On the other hand, when the gas exhibits Z2
symmetry (gds = sz = 0), the two sound modes coincide with pure total density and spin
density oscillations. For the sake of notation, we use the d (s) subscript to refer to the sound
mode (5.5) with the + (−) sign and call it density-like (spin-like) mode2.

In the presence of persistent currents, each of the two sound modes splits into pairs of
phonons whose speeds depend on their direction relative to the total current. The sound
modes are derived using the linearization procedure, where we consider small deviations
from the equilibrium values of the variables entering the equations (5.3). We identify the
set of four independent variables ξ ∈ {n, sz, vT , w} and express them as the sum of their
equilibrium values ξ0 and small variations, slowly changing in space and time δξ(x, t) =
δξ exp(i(qx− ωt)). In the q → 0 limit, the dispersion law is linear, and its slope c = ω/q
defines the speed of sound. The linearized HD equations (5.3) are neatly represented in the
matrix form: 

−c+ v0
T w0 n0 s0

z

w0 −c+ v0
T s0

z n0

gd gds/2 m(−c+ v0
T ) mw0

gds/2 gs mw0 m(−c+ v0
T )



δn
δsz
δvT
δw

 = 0, (5.6)

from which one finds four solutions, corresponding to the two Doppler shifted pairs of modes.
All sound modes are roots of the fourth order polynominal given by the determinant of the
matrix above. Finding their exact values is complicated, thus we use Taylor expansion to
estimate the Doppler shifts caused by small currents3. Assuming v0

T , w
0 ≪ c0

d/s, we find
the following results for the Doppler-shifted sound velocities:

c±
d/s = c0

d/s ±
(
v0
T + δd/sw

0) , (5.7)

where the +(-) sign corresponds to the sound co-propagating (counter-propagating) with
the current, and

δd = −δs = gds + gmz√
(g + gdsmz)2 − ∆(1 −m2

z)
, (5.8)

with mz = s0
z/n

0 the spin polarization. The hydrodynamic theory reveals the highly non-
trivial nature of the Doppler effect in a superfluid Bose mixture, which depends on all the
microscopic parameters of the gas. As anticipated, the Doppler shift becomes trivial once the
interspecies coupling constant g12 vanishes. In such a limit, Eq. (5.8) reduces to δd/s = ±1
and Eq. (5.7) simply coincides with the kinematic Doppler shift for each component, i.e.,
v0
T + δd/sw

0 = v0
1/2. The same result is trivially found in the single-component limit where

mz = ±1.
Aside from inter-species interaction, non-trivial effects in the Doppler effect require the

presence of a relative motion between the two components of the mixture (w0 ̸= 0). In a
classical fluid, collisional effects prevent the formation of any stable mixture with two differ-
ent velocity fields. Instead, in a superfluid, a state with relative velocity w0 can be obtained
by imposing different conditions on the phases of the two order parameters, satisfying the
proper boundary conditions.

Without loss of generality, in the following we assume that only the first superfluid
component has a finite velocity v1, while the second one remains at rest. With this choice,

2If g12 were negative ± in the Eq. (5.5) has to be replaced by ∓.
3For details of this procedure, applied to supersolid hydrodynamics, see Appendix (A)
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the Doppler shifts of the two sounds read

∆cd/s = v1

2
(
1 + δd/s

)
. (5.9)

Moreover, since δd/s differs only in sign between the two modes, we focus only on the density-
like one. Contrary to previously studied systems, here the Doppler shift does not depend on
any derivatives of thermodynamic quantities, which must be determined numerically. For
a given set of gas parameters, we can analytically provide the corresponding Doppler shift
without any numerical simulations. In Fig. (5.1a) we show the Doppler shift of the density-
like sound as a function of g12/g for gds = 0 and different polarizations mz. We compare
the analytical formula (5.8) with the results of time-dependent GPE simulations (see next
section for details). Both theories must be in excellent agreement, since the HD equations
can be derived from the Gross-Pitaevskii equation (see 1.1.2).

Figure 5.1: The Doppler shift of the density-like sound relative to the velocity of the first
component as a function of interspecies interaction coupling g12 for v2 = 0 and (a) gds = 0
and (b) gds/g = 0.1. Each solid line corresponds to a HD prediction for different values of
polarization mz. The symbols represent results of the GPE simulation, whose details are
contained in the next section. The g12 and mz dependence of the Doppler shift of the spin-
like sound mode (∆cs) is the same as of the density-like mode, but mirrored with respect
to the y = 0.5 line. The vertical dashed line marks the stability condition (5.2).

The Doppler shift of the density-like sound is, as expected, always smaller than v1 and
reaches the value δd/s = ±mz by approaching the SU(2) symmetry point as g12 → g.

It is intriguing to notice, that for every set of interaction constants, there exists a special
value, mz = −gds/g, for which the nominator of Eq. (5.2) vanishes. Consequently, the
Doppler shift of both sounds is given by v0

T = v1/2 and is independent of the value of
the g12 coupling. An example of this unusual dependence is shown in Fig. (5.1b), where
gds/g = 0.1. For the Z2 symmetric gas, such an effect is observed if gds = 0 (see Fig. (5.1a)).
This result is true as long as the relative velocity is small enough, i.e.,

mw2 ≪ g12n
0
√

1 −m2
z, (5.10)

which shows that for either g12 → 0 or mz → 1 the peculiar results of having an equal
Doppler shift for both sounds cannot hold. In fact, in the limit of small coupling constant
g12, the two sounds continuously change the character from density- and spin-like oscillations
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to single-component modes at c0
d − c0

s ≈ v0
T . For mz = −gds/g, the difference between the

two speeds of sound at rest is comparable to the velocity v0
T when g12/g ≈

√
2m/(gn0)v0

T .
For the parameters used in Fig. (5.1) this evaluates to g12/g ≈ 0.005, satisfying the condition
(5.10).

As mentioned before, the Doppler shift of the spin-like sound differs from the one of the
density-like only in sign of the δ term (5.2). This means that the entrainment of the spin-like
sound has the same dependence on g12 as the ones depicted in Fig. (5.1a) and Fig. (5.1b),
but reflected with respect to the y = 0.5 axis.

GPE simulation

We verify hydrodynamic predictions of the Doppler effect with numerical simulations of two
coupled Gross-Pitaevskii equations. Both theories must yield the same results, as equations
(5.3) can be derived from the GPE (see 1.1.2). In this section, we use our linear-response
protocol to calculate the two speeds of sound and their Doppler shifts for different gas
parameters. The methods presented in this section will be the foundation for enhanced
protocols designed to excite and measure the Doppler effect of each sound independently.

Numerical simulations of Bose mixtures require one Gross-Pitaevskii equation for every
component. The equations of motion are conveniently represented in a matrix form:

iℏ
∂

∂t

(
ψ1
ψ2

)
=
(
h1 0
0 h2

)(
ψ1
ψ2

)
, (5.11)

where ψi is the order parameter of the i-th component, hi = − ℏ2

2m∇2 +giini+g12n3−i is the
corresponding single-component Hamiltonian, with ni(x, t) = |ψi(x, t)|2 the densities of the
two parts. We investigate solutions of Eq. (5.11) in one dimension, where periodic boundary
conditions allow for the existence of permanent currents. We simulate a gas of 23Na particles
in a tube of length L = 96µm with a fixed total density n = 3125 µm−1. For every choice of
gas parameters, the ground state is found by evolving Eq. (5.11) in the imaginary time. To
study the Doppler effect we require finite velocity fields for both components. In a uniform
superfluid, the phase profile of the order parameter is linearly changing from 0 to s × 2π,
where the integer s specifies the winding number of the quantized current. We imprint such
linear patterns in the phase profile of each ψi to create a state with the desired currents j
and jz.

We study the sound excitations by adding a static, low-amplitude potential in the form
of V0 cos qx to both single-particle Hamiltonians hi. The perturbation wavevector q = 2π/L
excites sound waves, provided that q → 0 belongs to the linear part of the dispersion law.
We prepare the initial state in the presence of this potential. Then, at the beginning of the
real-time evolution, we suddenly remove it to trigger the density profile dynamics. According
to the linear response theory, the observable:∑

i

⟨cos(qx)⟩i =
∑
i

∫
dx ni(x, t) cos(qx) , (5.12)

gives access to the frequencies of the phonon modes excited by the periodic density perturba-
tion. For a mixture at rest, this protocol yields the excitation of two modes, one associated
with the density-like oscillation of the mixture and one with the spin-like one. In the pres-
ence of a finite current, each mode splits into two, due to the Doppler effect. Since, for small
wavevectors q the phonon dispersion relation is linear, the frequency of the excited modes
gives the corresponding speed of sound ci = ωi/q. Finally, for each sound, the Doppler
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shifts are calculated as ∆ci = (ω+
i − ω−

i )/2q, where ω+
i and ω−

i represent, respectively,
the frequency of the co- and counter-propagating phonons. The numerical results of this
protocol are shown in Fig. (5.1a) and Fig. (5.1b). As anticipated, the agreement with the
hydrodynamic model is very good.

5.1 Selective sound excitation protocol

In the previous section we used a protocol, which excites all sound modes of the two-
component BEC mixture. In the presence of a finite current, this means a total of four sound
modes were present in the observed signal (5.12), as each sound mode is split into two due to
the Doppler effect. Consequently, the time evolution has to be sufficiently long to precisely
discriminate all frequencies. However, the large time scale renders the protocol unfeasible
for any experimental setup. Therefore, in this section, we will explore two ways to remove
one of the sound modes from the observed signal, to design a protocol for experimental
verification of the anomalous Doppler effect. The first modification of the linear-response
protocol changes the potential with which sound waves are excited in a way that only one of
the modes is present in the time evolution of the total density. The alternative method keeps
the perturbation unchanged but alters the observable, requiring separate measurements of
the two component densities to selectively probe each sound mode.

The protocol used in the previous section assumes that the two components are sub-
ject to the cosine-shaped external potential with equal strengths. Therefore, this additional
potential is the total density perturbation. Consequently, it couples only slightly to the
spin-like mode, and is completely decoupled for sz = 0. On the other hand, if we employed
the same procedure with the small potential Vi cos qx applied to each component with op-
posite amplitudes V1 = −V2, such a perturbation would mainly couple to the spin degree
of freedom. Thus, it seems possible to find a combination of perturbation amplitudes V1,2,
such that for every set of gas parameters, our generalized protocol would excite only one
sound mode. This feature is novel with respect to previously considered systems, as every
external potential coupled to both the superfluid and the normal part. Since in the micro-
scopic approach each component is described by a dedicated wavefunction, it is in principle
possible to address them in a separate manner.

Let us consider an extended protocol with the perturbation potential given by

V

(
ψ1
ψ2

)
=
(
V1 cos qx 0

0 V2 cos qx

)(
ψ1
ψ2

)
, (5.13)

where we apply the same cosine potential with different, small amplitudes Vi to each compo-
nent. In the hydrodynamic picture, the additional potential introduces a small perturbation
of the energy, and hence the chemical potential of each component. We assume it is slowly
varying in space and time and write it in the form λi exp(−i(ωt− qx)), where λi linearly
depends on Vi. We further assume that the density and velocity perturbations have the same
time and space dependence: ni(x, t) = n0

i + δni e
−i(ωt−qx) and vi(x, t) = v0

i + δvi e
−i(ωt−qx),

where v0
i = 0 since, for simplicity, we consider the gas to be at rest. The four HD equations

74



5.1. SELECTIVE SOUND EXCITATION PROTOCOL

written in the single-component notation read:

∂tn1 + ∂x(n1v1) = 0 (5.14a)
∂tn2 + ∂x(n2v2) = 0 (5.14b)

∂tv1 + ∂x

(
1
2v

2
1 + µ1 + λ1e

−i(ωt−qx)
)

= 0 (5.14c)

∂tv2 + ∂x

(
1
2v

2
2 + µ2 + λ2e

−i(ωt−qx)
)

= 0, (5.14d)

where µi = gini + g12n3−i. After linearlization, the first two equations (5.14a) and (5.14b)
directly relate the velocity variations δvi to δni, hence Eqs. (5.14) reduce to two equations.
We are interested in the total density variation δn = δn1 + δn2 caused by the presence of
the external potential (5.13). After straightforward calculations, we find:

δn(ω, q)=

∑
i=1,2

λin
0
i

[
ω2 + q2n0

3−i(g12 − gii)
]
q2

[ω2 − (qc0
d)2] [ω2 − (qc0

s)2] , (5.15)

where the two speeds of sound c0
s and c0

d are given by (5.5). As anticipated, the density
response has in general two pairs of poles - one pair for every sound mode. To decouple
one of them, the nominator of (5.15) must take the form (n0

1λ1 + n0
2λ2)

[
ω2 − (qc0

i )2] to
cancel out the two corresponding poles. This condition introduces a relation between the
two amplitudes λi, which reads:

λ1

λ2
= −

g11 − g12 −
(
c0
i

)2
/n0

1

g22 − g12 − (c0
i )

2
/n0

2
, (5.16)

where the index i = d, s indicates the mode selected to be suppressed. The condition above
defines a ratio of the two external perturbation strengths applied to the two components of
the BEC mixture, provided that their densities ni or their intraspecies coupling constant gii
are different. In the symmetric case, i.e. g11 = g22 ̸= g12 and n0

1 = n0
2, it can easily be shown

that equations (5.14) require λ1 = λ2 (λ1 = −λ2) for the spin-like (density-like) mode to
vanish from the observed signal. In Fig. (5.2) we compare observable (5.12) measured during
the time evolution of a particular interacting Bose mixture, where we used the linear-response
protocol with different amplitudes Vi. The Fourier transform of the measured signal shows
a significant suppression of the selected mode by the appropriate selection of perturbation
amplitudes Vi.

In order to extend the formula (5.16) to systems with currents, one should linearize the
HD equations (5.14) with finite values of v0

1 and v0
2 . This would lead to a complicated equa-

tion of the total density variation (5.15), which would have four different poles. In practice,
for small currents the formula (5.16) still provides a significant suppression of one pair of
the sound modes, as the Doppler shift is small with respect to static values of the speeds of
sound c0

i .

The procedure above requires the two components to be subject to different external
potentials, so that the information about one of the modes is removed from the time evolution
of the total density. In practice, implementation of such a protocol may be challenging, as the
use of two spatially varying potentials to a miscible mixture may be difficult to implement.
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Figure 5.2: The time evolution of the observable ⟨cos qx⟩(t) (left) and its Fourier transform
(right) in a Bose mixture at rest, for different ratios of the perturbation amplitudes Vi. The
measured signal in the standard version of the protocol (gray) features a beating of two
modes, whose frequencies correspond to the speeds of density- and spin-like sounds. On the
other hand, if the ratio of the two amplitudes V1/V2 is chosen according to Eq. (5.16), the
measured observable contains only the spin-like mode (blue) or the density-like mode (red).
The remnants of the other mode, in both cases, persist due to imprecise values of ci inserted
to Eq. (5.16)

For this reason, we consider another variant of the linear-response protocol, where both
components are addressed with equal strengths, but the observable is modified so that
either spin-like or density-like mode is captured individually. We use the HD equations
(5.14) where now λ1 = λ2 = λ and linearize them to obtain the following variations of the
total density and polarization:

δn = λn0 ω2 − q2(1 −m2
z)n0gs

[ω2 − (qc0
d)2] [ω2 − (qc0

s)2]q
2 (5.17a)

δsz = λn0 ω2 − 1
2q

2(1 −m2
z)n0gds

[ω2 − (qc0
d)2] [ω2 − (qc0

s)2]q
2, (5.17b)

We consider a generalized observable (5.12), which is a linear combination of ⟨cos qx⟩± ≡∫
dx(|ψ1(x, t)|2 ± |ψ2(x, t)|2) cos(qx) :

G(t) = α⟨cos qx⟩+ + β⟨cos qx⟩− (5.18)

Similarly to the previous protocol extension, the observable G includes one sound mode only,
provided that the nominator of αδn+ βδsz is proportional to ω2 − (qc0

i )2, where i ∈ {s, d}.
Using the speeds of sound (5.5) and equations (5.17) this condition leads to the parameter
ratio:

α

β
= − mzg + (2m2

z − 1)gds ±mzD

g +mzgds + 2(m2
z − 1)gs ±D

, (5.19)

where D =
√

(g +mzgds)2 − ∆(1 −m2
z) and the "+" ("-") sign removes the density-like

(spin-like) mode from the time evolution of the generalized observable. In Figure (5.3) we
present an example of the Fourier transform of (5.18) for a certain choice of gas parameters
and different ratios (5.19). Clearly, with the choice of parameters α and β according to
(5.19), one can independently measure each of the modes.

Precession experiment

Thus far we have developed two variants of the modified linear-response protocol to selec-
tively measure one of the two sound modes. Provided that one sound is greatly suppressed,
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Figure 5.3: Selective mode measurement with the modified observable (5.18). The three
curves represent Fourier transforms of (5.18) for a given interacting Bose mixture at rest,
where the parameter ratio α/β = 1 (gray) corresponds to the standard version of the pro-
tocol, α/β = −0.5 (blue) measures the spin-like mode only, whereas α/β = 2 (red) features
only the density-like mode.

both methods provide the means to determine the speeds of the remaining two Doppler-
split modes. In the context of the Doppler effect, this information is redundant, as we only
need to know their difference. Direct access to this quantity is obtained by studying the
precession of the density profile during the time evolution. This approach has already been
applied in a single-component BEC [131]. Using the protocol with the appropriate choice
(5.16) of the amplitudes λi, we show that the Doppler shift of each sound can be efficiently
studied by measuring the precession of the density profile.

According to linear response theory, the time evolution of the density variation δn(x, t)
induced by a small perturbation is given by all the modes propagating in the system. Pro-
vided that the perturbation strengths satisfy the condition (5.16), in the presence of a small
current, there are only two Doppler-split modes affecting the total density:

δn(x, t) = A+
i cos

(
qx− ω+

i t
)

+A−
i cos

(
qx+ ω−

i t
)
, (5.20)

where ω± = ω0
i ± Ωi, and Ωi is the Doppler shift of the i-th mode. For small currents, the

difference between the two amplitudes A±
i can be neglected, as A+

i −A−
i ∝ Ωi/[(ω0

i )2 − Ω2
i ].

Under this assumption, the density profile evolves as

δn(x, t) ≈ Ai cos(qx− Ωit) cos
(
ω0
i t
)
, (5.21)

where Ai = A+
i +A−

i and the Doppler shift is explicitly separated from the rest value of the
the i-th mode frequency ω0

i . At stroboscopic times, when ω0
i t equals an integer multiplication

of 2π, the position of the density maximum changes with respect to its initial value by Ωit.
Thus, the slope of this dependence provides the value of the Doppler shift.

To demonstrate the utility of this method, we simulate the two-component Bose mixture
in the same one-dimensional configuration as in the previous section. To amplify the signal,
we imprint a current with the winding number s = 3 in the phase pattern of the first
component, while the second remains at rest. To independently study the Doppler shifts
of the two sounds, we fix the protocol amplitudes according to equation (5.16). At time
t = 0 we suddenly remove the spin dependent potential to observe the time evolution of the
total density profile n(x, t). In Fig. (5.4) we present the results of the numerical simulation
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of the precession experiment for both sound modes. The maximum of the total density
clearly follows the hydrodynamic prediction indicated by the corresponding solid line. This

Figure 5.4: Precession of the total density profile n(x)−⟨n⟩ with selectively excited density-
like mode (upper panel) and spin-like mode (lower panel). In each panel, the solid line
indicates the trajectory of the density maximum at stroboscopic times, as given by the
hydrodynamic formula (5.9). The results correspond to the following gas parameters: mz =
0.1, gds/g = 0.1, g12/g = 0.55 and v0

T = w0 = 3 × 2πℏ/(mL), for which δd = 0.67 and
δs = 0.33. The dashed line presents the Doppler shift for the same gas parameters but with
interspecies interaction g12 = 0, where the density-like (spin-like) mode corresponds to the
oscillation of the density of the first (second) component.

simulation shows that the anomalous Doppler effect can be measured in Bose mixtures,
using the same experimental method employed in a single-component BEC [131].

5.2 Andreev-Bashkin effect
In the previous sections, we have considered the mean-field case, where the superfluid current
in each component is determined only by its superfluid velocity. In general, however, cross
terms are present due to the so-called Andreev-Bashkin dissipationless drag [156]. As a
result, a finite velocity field of one component gives a contribution to the current in the

78



5.2. ANDREEV-BASHKIN EFFECT

other superfluid component:

ji = (ni − nD)vi + nDv3−i (5.22)

where nD is the so-called superfluid drag and can be seen as the (quantum) dressing of one
component by the other. The current entrainment introduces an additional term in the total
energy density ϵD = − 1

2nD(v1 − v2)2 = −2nDw2, which alters the hydrodynamic equations:

∂tn+ ∂xj = 0 (5.23a)
∂tsz + ∂x(jz − 4nDw) = 0 (5.23b)

∂tvT + ∂x

(
v2
T

2 + w2

2 − 2∂nnDw2 + µ

m

)
= 0 (5.23c)

∂tw + ∂x

(
wvT − 2∂sz

nDw
2 + h

m

)
= 0. (5.23d)

Linearization of these equations leads to the two speeds of sound at rest:

c0
d/s =

[
n0

2m

(
g +mzgds − 4fDgs ±

√
(g +mzgds − 4fDgs)2 − ∆ [1 − 4fD −m2

z]
)]1/2

,

(5.24)
where we introduce the drag fraction fD = n0

D/n
0. Linearization of the hydrodynamic

equations (5.23) yields the same form of the Doppler shift of the two sound modes: ∆cd/s =
v0
T + δd/sw

0, where the δd/s term is modified by the Andreev-Bashkin drag and reads:

δd = −δs =
gmz + gds(1 − 2fD) − 4

n0 ∂sz
n0
D

[(
c0
d/s

)2
− µ0

]
− 4

n0 ∂nn
0
Dh

0√
(g +mzgds − 4fDgs)2 − ∆ [1 − 4fD −m2

z]
, (5.25)

where µ0 = gdn
0 + gdss

0
z/2 and h0 = gss

0
z + gdsn

0/2. For weakly interacting Bose mixtures,
the drag density nD is very small, because of its linear dependence on the two gas parameters
ηi =

√
nia3

ii [157]. Thus, inclusion of this effect will not visibly change the Doppler shift.
Nonetheless, it is interesting to notice a qualitative change in the regime of large imbalance
sz ≈ −n. There, the drag density is approximately equal:

nD ≈ 0.4(n+ sz)
(

g12

g − gds

)2
η2 (5.26)

and the two derivatives read:

∂sz
nD = 0.2

(
g12

g − gds

)2(
2 − 1 +mz

1 −mz

)
η2 (5.27a)

∂nnD = 0.2
(

g12

g − gds

)2(
2 + 1 +mz

1 −mz

)
η2 (5.27b)

This result shows that, in contrast to the mean-field case, for mz = −gds/g, the nominator
of (5.25) does not vanish. Consequently, for this value of magnetization, the presence of
the dissipationless drag lifts the independence of the Doppler shift from the g12 coupling
constant. While the effect is negligible in dilute Bose mixtures, in other systems, the Doppler
effect may serve as a good observable for detecting the Andreev-Bashkin effect.
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Conclusions

In this chapter, we investigated the Doppler effect in binary Bose mixtures, where we re-
vealed a non-trivial sound entrainment caused by the intraspecies interaction and the relative
velocity between the two components. Using the hydrodynamic theory of two coupled super-
fluids, we derived a formula describing the Doppler shift of the spin-like and the density-like
sounds. The complex dependence of the Doppler shift on the thermodynamic properties
of the system are consistent with what we have found in density-modulated superfluids in
the previous chapter, and the theoretical works on liquid helium platforms [13–16]. Among
all these systems, the Bose mixture gas seems to be the most promising one in the con-
text of an experimental observation of the non-trivial Doppler effect, thanks to the versatile
access to both wavefunctions and their long lifetime. Consequently, employing the linear
response theory, we proposed experimental protocols to individually study the Doppler shift
of each sound mode. Our proposals generalize the method that was successfully applied in
a single-component BEC [131] to observe the same effect.

Finally, we considered the Andreev-Bashkin effect in the context of the Doppler ef-
fect. We demonstrated that, in weakly coupled Bose mixtures, this effect slightly alters the
Doppler shift of each sound. In principle, in systems where the Andreev-Bashkin effect is
more pronounced, our protocol provides the means to measure the dissipation-less drag.

Lastly, we stress that the results of this work are general to all superfluid mixtures, being
applicable to fermionic gases, as well as mixtures of different quantum statistics.
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This thesis is a comprehensive study of sound propagation in superfluid Bose gases with two
broken continuous symmetries, which predominantly focuses on recently observed supersolid
phase of dipolar BECs. In the first part, we confirmed the existence of two distinct sound
modes within the framework of the extended Gross-Pitaevskii equation and characterized
them as a function of the relative interaction strength εdd. We proposed an experimental
protocol to measure the two speeds of sound in all three phases of dipolar BECs, utilizing
the linear response theory. Our protocol can be used not only to study sound waves but also
all the high-momenta excitations, providing a new way to characterize the entire low-energy
excitation spectrum. Having measured values of the two sounds in the supersolid phase of
dipolar BECs, we provided the first quantitative comparison between the predictions of the
eGPE and the hydrodynamic theory of supersolids. Our analysis showed a good agreement
between the two theories, thereby opening new ways for determining key properties of the
system. In particular, we demonstrated that the supersolid hydrodynamics provides a novel
way to measure the superfluid fraction.

In the second part, we investigated the Doppler effect in density-modulated superfluids,
in which we predict the sound entrainment to have a highly non-trivial form that depends
on all thermodynamic parameters of the gas. We began with the analysis of ordinary BECs
in optical lattices, in which we confirmed the anomalous form of the Doppler effect with
the numerical simulation of the Gross-Pitaevskii equation. Then, we considered the same
phenomenon in moving supersolids, whose two sound modes experience different Doppler
shifts. To set the stage, we first discussed the relation between macroscopic quantities
- such as superfluid and normal velocities - and the gradient of the phase of the order
parameter. Then, we characterized the ground state of a supersolid in a moving frame
of reference to assess values of currents in metastable states. Finally, by linearizing the
supersolid hydrodynamic equations, we derived the formulas for the Doppler shifts of the two
sounds in supersolids. We validated them with numerical simulations of the eGPE, showing
a good agreement. Therefore, our analysis demonstrated the existence of the anomalous
Doppler effect in density-modulated superfluids, even at zero temperature.

The last chapter considered the same phenomenon in mixtures of two Bose-Einstein
condensates, where there exist two sound modes of hybrid density and spin nature. Using
the same linear-response protocol, we showed the anomalous form of the Doppler effect in
a Bose mixture, where one of the components remained at rest. The results of numerical
simulations are in perfect agreement with analytical formulas, which we derived from the
hydrodynamic theory of superfluid mixtures.

Historically, the anomalous Doppler effect was first predicted to occur in liquid helium
but has never been verified experimentally. Thanks to their stability and tunability, super-
fluid mixtures seem to serve as perfect platforms to observe this unusual effect. Therefore,
we proposed two similar experimental schemes for the individual measurement of the two
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sound modes. Our proposals are extensions of a method that has been successfully applied
to study the Doppler effect in ordinary BECs [131]. Lastly, we considered the influence of
the Andreev-Bashkin effect on the Doppler shifts. Although its presence changes the ana-
lytical formulas, the difference in weakly interacting Bose gases is too small to be observed.
In principle, in systems where the superfluid drag is more pronounced, the Doppler effect
may provide useful means of measuring the Andreev-Bashkin effect.

Following the results of this thesis and previous studies on liquid helium, we can draw
general conclusions about the anomalous Doppler effect. All systems in which the Doppler
shift is not simply given by the current j/ρ consist of two fluids that in a stable configuration
can move at different velocities. Liquid helium platforms were investigated at finite temper-
atures, where thermal fluctuations are responsible for the appearance of the normal part.
In this thesis, we showed that density-modulated superfluids at T = 0 are also described
by a dedicated two-fluid hydrodynamic model, in which the normal part appears because of
the Leggett’s upper bound on the superfluid fraction. The difference in the velocity fields
in these systems can be enforced externally (with an optical lattice fixing the velocity of
the normal part) or internally (supersolids in closed geometries have a well-defined relation
between vn and vs in the rotating frame ground state). Moreover, we demonstrated that the
anomalous Doppler effects occur also in superfluid mixtures, therefore without requiring the
presence of a normal component. The relative current in these systems is given by different
boundary conditions for the phase of the two order parameters.

All of the aforementioned platforms host sound modes of hybrid character, which means
that both fluids are involved in the propagation of the sound. The anomalous Doppler effect
occurs only when the two components move with different velocities. In such a case, the
Doppler shift cannot be explained by a simple Galilean transformation because there is no
reference frame in which the entire sound carrier is at rest. Superfluids are great platforms to
study this effect, as quantization of the supercurrent in closed geometries aids the stability of
the relative velocity. Through comprehensive analytical and numerical analysis, this thesis
establishes the theoretical basis for the first experimental observation of the anomalous
Doppler effect.
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Appendix A

Derivation of the Doppler shift
in supersolid hydrodynamics

In this appendix, we present the detailed derivation of Doppler shifts of the two sounds in
supersolids. We begin with writing all relevant HD equations of a one-dimensional supersolid
(see (1.64) and discussion therein for definitions of all the parameters):

∂tρ+ ∂xj = 0 (A.1a)
∂tj + ∂x

(
p+ ρnv

2
n + ρsv

2
s

)
= 0 (A.1b)

∂tvs + ∂x(vnvs + µ) = 0 (A.1c)
∂tux + ∂x(vnux − vn) = 0, (A.1d)

where j = ρsvs + ρnvn and the two constitutive equations:

δµ = 1
ρ2κ

δρ+ γux + ρ′
s

2 δw
2 − 1

2δv
2
n (A.2a)

δp =
(

1
ρκ

− γ

)
δρ+ (γρ− λ)ux + ρn − ρρ′

n

2 δw2. (A.2b)

The standard procedure for calculating the speeds of sound is based on linearization of HD
equations by representing all variables as a sum of their equilibrium values ξ0 and small vari-
ations δξ(x, t). Here we identify a set of four independent variables {ρ, w, vn, ux}, whose vari-
ations are assumed to be slowly varying in space and time as δξ(x, t) = δξ exp (−i(ωt− qx)).
Variations of every other hydrodynamic parameter in (A.1) can be expressed with variations
of the four variables above. In particular, the variation of the superfluid density reads:

δρs = ρ′
sδρ+ ρusux, (A.3)

where ρus ≡ ∂ρs/∂ux. Its dependence on velocities w and vn is quadratic, and can be
neglected in the first order. Here we will only consider velocities small with respect to the
speed of sound, effectively neglecting all terms of order higher than linear. In the limit where
q → 0, the dispersion of ω is linear and the speed of sound is given by ω/q. Finally, the

83



APPENDIX A. DERIVATION OF THE DOPPLER SHIFT IN SUPERSOLID
HYDRODYNAMICS

linearized hydrodynamic equations are neatly represented in the matrix form:

−c+ v′ −ρs ρ −wρus

−v′(c− v′)+ ρs(c− v′ − vn)+ ρ(−c+ 2vn − 2wfs) ργ − λ
+ 1
ρκ − γ +w(ρs + ρnρ

′
s) +w(c− 2vn + w)ρus

1
ρ2κ c− v′ −c+ vn − w γ

0 0 1 c− vn





δρ

δw

δvn

ux


= 0

(A.4)
where v′ ≡ vnρ

′
n + vsρ

′
s. The last row gives a simple relation between the strain ux and the

normal velocity vn, which we use to reduce the 4 × 4 matrix to 3 × 3:

−c+ v′ −ρs −ρ(c− v′) + w(ρρ′
s − ρus )

−v′(c− v′)+ ρs(c− v′ − vn)+ ργ − λ+ ρ(c− v′)2+
+ 1
ρκ − γ +w(ρs + ρnρ

′
s) +ρ(c− v′) [−vn + w(2fs − 2ρ′

s + ρus/ρ)]

1
ρ2κ c− v′ (c− v′)2 + (1 − 2ρ′

s)(c− v′)w + γ




δρ

δw

ux

 = 0

(A.5)
In order to further reduce the number of variables in linearized HD equations we change
the reference frame to the one that moves with v′. This Galilean transformation introduces
the following changes: (c − v′) → c and (vn − v′) → ρ′

sw, while w remains unaltered. The
hydrodynamic equations in the new reference frame read:

−c −ρs −ρc+ w(ρρ′
s − ρus )

1
ρκ − γ ρsc+ ρc2 + ργ − λ

+w(ρs + ρρ′
s − 2ρsρ′

s) +c [2ρs − 3ρρ′
s + ρus ]w

1
ρ2κ c c2 + (1 − 2ρ′

s)wc+ γ




δρ

δw

ux

 = 0. (A.6)

Non-trivial solutions require the determinant of this matrix (detM) to vanish. Therefore,
to calculate the speeds of sound, one has to find all roots of the fourth-order polynominal:

detM =ρn
(
c2 − (c0

1)2) (c2 − (c0
2)2)+ w [ρus − 4ρ′

sρn] c3+

+ w

[
1
ρκ

(
2ρn(fs + ρ′

s) − ρus
ρn

)
+ γ (ρus − 2ρs − 2ρρ′

s + 4ρsρ′
s)
]
c,

(A.7)

where c0
i denote the two speeds of sound at rest (3.13). Finding the exact formulae for all

four roots of (A.7) is possible, but very complicated. Since we assume all velocities are
small with respect to speeds of sound, we use Taylor expansion around w = 0, c = c0

1,2 to
approximate the change of rest values c0

i introduced by finite currents as:

detM ≈ detM
∣∣∣
c=c0

i
w=0

+ ∂ detM
∂w

∣∣∣∣∣ c=c0
i

w=w0

w + ∂ detM
∂ci

∣∣∣∣∣
c=c0

i
w=0

∆ci. (A.8)
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Since both determinants are zero, the Doppler shifts read:

w∆i ≡ − w
∂ detM
∂w

∂ detM
∂ci

=

− w

2

(
ρu

s

ρn
− 4ρ′

s

) (
c0

1,2
)2 + 1

ρκ

(
2(fs + ρ′

s) − ρu
s

ρn

)
+ γ (ρus − 2ρs − 2ρρ′

s + 4ρsρ′
s) /ρn

2
(
c0

1,2
)2 − 1

ρκ − λ
ρn

+ 2γ
(A.9)

and all four solutions can be approximated as:

c±
1,2 = c0

1,2 ± (v′ + w∆1,2). (A.10)

This formula for the Doppler shifts in supersolids is exactly the same as in our original paper
[152], where the anomalous term here ∆i is related to δi from [152] by: ∆i + ρ′

n = δi.
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