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NOTATION

Throughout this work, we use the following notation:

• N for the set of natural numbers;
• Z for the set of integers;
• R (R>0,R≥0) for the set of (positive, non-negative) real numbers;
• Rn for the n-dimensional Euclidean space;
• Rm×n for the set of m× n real matrices, for n,m ∈ N;
• {0} for the origin in Rn;
• Nβ := {1, . . . , β} and Zβ := {−β, . . . , 0, . . . , β} with β ∈ N;
• |x| =

√
x⊤x denotes the Euclidean norm in Rn;

• ||A|| for the matrix norm induced by the vector norm | · | for a matrix
A ∈ Rm×n;

• |x|y := |x− y| for all x, y ∈ Rn;
• I for the identity matrix in Rn×n;
• B := {x ∈ Rn : |x| ≤ 1} for the closed unit-ball in Rn;
• ηB := {x ∈ Rn : |x| ≤ η} for the closed ball of radius η ∈ R≥0, for any
η ∈ R≥0, in Rn;

• ηB(y) := {x ∈ Rn : |x|y ≤ η} for the closed ball of radius η centered at
y ∈ Rn;

• C + D = {c+ d : c ∈ C, d ∈ D} for the Minkowski sum, given C ⊂ Rn,
D ⊂ Rn;

• int C, C, ∂C, and conC for, respectively, the interior, the closure, the
boundary, and the convex closure of C ⊂ Rn;

• He(S) := S⊤ + S, for a square matrix S ∈ Rn×n;
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Figure 1: Graph of arctan2. The color gradient indicates the value of the function,
going from red (for −π) to violet (for π).

• λM (S), λm(S) for, respectively, the largest and smallest eigenvalues of
S, for S ∈ Rn×n symmetric;

• P = {τ: R≥0 → R≥0 : τ(0) = 0, τ(s) > 0 ∀s ≠ 0, τ continuous} for the
class of positive definite functions;

• K = {τ ∈ P : τ(s) < τ(r),∀s, r ∈ R≥0 such that s < r} for the set of
class-K functions;

• K∞ = {τ ∈ K : lims→∞ τ(s) = ∞} for the set of class-K∞ functions;
• KL = {β : R≥0 × R≥0 → R≥0 : β(·, r) ∈ K ∀r ∈

R≥0, β(s, ·) is continuous and strictly decreasing ∀s ∈ R≥0, β(s, r) →
0 as s → ∞} for the set of class-KL functions;

• R(θ) for the rotation matrix corresponding to the angle θ ∈ R

R(θ) =
[

cos(θ) − sin(θ)
sin(θ) cos(θ)

]
;

• arctan2 : R2 \ {0} → (−π, π] for the function

arctan2(p2, p1) =



arctan( p2
p1

) if p1 > 0,
arctan( p2

p1
) + π if p1 < 0 and p2 ≥ 0,

arctan( p2
p1

) − π if p1 < 0 and p2 < 0,
π
2 if p1 = 0 and p2 > 0,
− π

2 if p1 = 0 and p2 < 0,
undefined if p1 = 0 and p2 = 0,

and we compactly write arctan2(p) := arctan2(p2, p1) for p = [p1 p2]⊤ ∈
R2. We remark, as shown in Figure 1, that the arctan2 function is
discontinuous on the half-line {(p1, p2) ∈ R2 : p2 = 0, p1 < 0}.



CHAPTER 1

INTRODUCTION

1.1 MOTIVATION AND CONTRIBUTIONS

The use of unmanned vehicles (UVs) has spread across a wide range of appli-
cations, among which surveillance, emergency rescue operations, industrial
automation, construction, intervention in extreme environments, transporta-
tion, and medical care [1].
Early advancements in UVs control were often rooted in practical, application-
driven solutions, with a strong emphasis on empirical methods and experimen-
tal validation. For unmanned ground vehicles (UGVs), simple proportional-
integral-derivative (PID) controllers and path-following algorithms were often
sufficient for basic tasks in structured environments [2]. The challenge of
navigating in unknown or dynamic environments led to the development of
a wide range of obstacle avoidance algorithms [3, 4], focusing on achieving
real-time performances. These approaches prioritized practical implemen-
tation and, while successful in demonstrating the potential of autonomous
systems, paving the way for industrial applications, they often lacked rigorous
guarantees.
As these systems became more complex and were deployed in more challenging
environments, the limitations of purely heuristic control strategies became
apparent. For instance, following the proliferation of unmanned aerial vehicles
(UAVs), the need for control design methodologies providing theoretical
guarantees of the behavior of the closed-loop system become more prominent,
as failure of the controller could result in unrepairable damage to the vehicle.
Due to the complexity of controlling this type of vehicles, as highlighted in the
seminal survey [5], heuristic solutions are in this sense inadequate. Similarly,
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theoretical guarantees are desirable in applications involving human-robot
interaction due to the paramount importance of ensuring safety, since a failure
could lead to harm or injury to humans working alongside or interacting with
the robot [6, 7].
The need to ensure safety and predictability of performance has thus motivated
the implementation of control strategies providing theoretical guarantees. The
design methodologies developed in the control theory literature provide a
useful tool to address these problems, as they allow for the rigorous analysis
of the properties of a system and the synthesis of control laws that guarantee
the closed-loop system’s behavior, even in the presence of uncertainties and
disturbances [8, 9]. While general control design techniques are available
for fully actuated unmanned vehicles [9, 10], in practice fully actuating an
unmanned vehicle is often impractical due to constraints on cost, weight, and
complexity, and the design of feedback controllers for underactuated UVs is
still an active topic of research.
In this thesis, we adopt this rigorous control-theoretic perspective to design
and analyze control strategies for specific classes of UVs. We restrict our
attention to two types of underactuated vehicles: unmanned ground vehicles
(UGVs), such as wheeled mobile robots, and unmanned surface vehicles
(USVs), such as hovercrafts.

In the context of wheeled ground robots, control strategies often exploit a
kinematic approximation of the full dynamics of the robot, commonly referred
to as the “unicycle model” [11]. Despite the apparent simplicity of the
model, stabilization has proven to be a nontrivial task. Indeed, a well-known
negative result by Brockett [12, 13] states that a target pose can not be
globally stabilized by means of a continuous feedback. Control approaches
overcoming these limitations go beyond continuity, using path planning
combined with reference tracking [14], discontinuous dynamic feedback laws
[15, 16], discontinuous time-invariant [17–19] or discontinuous time-varying
sample-and-hold control laws [20, 21], exploiting a discontinuous coordinate
transformation, the so-called σ-process [22] to write the system in a convenient
set of coordinates. Robust global exponential stability of the origin has also
been achieved by a combination of local and global control laws using the
equivalent representation of the unicycle dynamics as a chained system [23,
24].
For unmanned surface vehicles, the modeling and control challenges are even
more significant. In this context, we focus on hovercraft vehicles, for which,
starting from the general dynamic description in [25], a simplified nonlinear
model was proposed in [26] to capture the relevant hydrodynamic effects, and
has since become the reference model in the majority of the works addressing
the stabilization of hovercrafts. The synthesis of stabilizing controllers for this
model is a difficult problem, for two main reasons. First, as it is the case with
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the unicycle model for wheeled ground robots, there exists no continuous state
feedback asymptotically stabilizing a target pose [27]. Second, unlike the case
of wheeled ground robots, no simplified kinematic model has been proposed
to adequately approximate the equations of the full dynamic model. Using
the full model of [26], the authors of [28] achieved global practical exponential
stabilization of a reference position trajectory by means of a Lyapunov-based
control design. Discontinuous control strategies were proposed in [29] and
[27] achieving, respectively, asymptotic stabilization of a reference trajectory
and of a reference configuration. Other approaches focus on path following
using a Line-of-Sight (LoS) control scheme, where the control input steers
the robot towards a moving target point along a desired path, thus ensuring
tracking of the reference path [30–32].
All the design solutions discussed so far, for ground wheeled robots and marine
surface vessels, use a model describing the robot’s dynamics with respect to
a fixed reference frame, and rely on measurements of the robot pose in the
absolute reference frame, which we call in this work the Cartesian coordinates
or Cartesian state of the robot, to close the loop with a feedback. There
are, however, relevant scenarios in which knowledge of the robot pose in the
absolute reference frame is not available, and only relative measurements can
be used to perform the stabilization task. This is the case, for example, when
only on-board sensors, like sonars or cameras, providing range and heading
errors, are available to localize the robot [33–35], or in multi-robot systems
employing decentralized control strategies, where each robot can measure
the relative position of nearby robots with respect to itself [36, 37]. Another
example is given by LoS control strategies. In [30], for instance, the control
input is defined so that the robot is always pointing towards the target point
with a desired speed. This control action can be equivalently described as
driving a suitably defined relative heading error angle to zero.
As discussed in [33, 37], an appropriately defined set of polar coordinates can be
used to model these relative measurements, resulting in an alternative “polar
model” for the dynamics of the robot that, noticeably, for wheeled ground
robots, does not violate Brockett’s condition [12] and can thus be stabilized by
smooth time-invariant feedback [37–39]. Nevertheless, the stability properties
resulting from these polar-based stabilizers are usually not fully characterized
from the point of view of the Cartesian coordinates, nor is the role played
by the coordinate transformation mapping the two sets of coordinates into
each other discussed. When the coordinate transformation is discontinuous,
as in the nominal results of [37, eq. (2), (9)], it is then not possible to
extrapolate robustness properties of the Cartesian state. Moreover, when
only low-cost sensors are available, such as cameras with a narrow field of
view, the measurements coming from multiple devices must be combined to
achieve global stabilization.
To ensure that the control strategies we propose in this thesis are widely
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applicable, they should be implementable on vehicles equipped with low-cost
hardware having limited computational capabilities. Methods that steer a
vehicle using full SLAM rely on building a map of the environment from the
measurements coming from on-board sensors. In some scenarios, however,
(e.g., open sea for marine surface vehicles) building a useful map is impractical
or impossible. Moreover, the computational cost of creating and maintaining
such map is non-trivial [40, 41]. To steer a vehicle to a desired target
we therefore choose to consider, in the context of this thesis, only relative
measurements that can be retrieved with minimal computational cost and,
in particular, we focus on on-board cameras mounted on the vehicle. A
calibrated monocular camera provides a measurement of the bearing (relative
heading error) angle to a visible target at a minimum computation cost
directly from the image, while the radial distance can, in general, be recovered
only up to a global scale factor [42]. This scale factor can be easily estimated
online under light assumptions (for example, known target size or a constant
camera height), allowing one to retrieve a measurement of the true radial
distance [43]. Estimating the relative orientation of the vehicle with respect
to the target is computationally efficient when the target is equipped with
fiducial markers (e.g., AprilTag) and a PnP solver is used [44]. Conversely,
markerless pose estimation for arbitrary objects requires feature extraction
and matching and is therefore computationally heavier [45].
These considerations motivated our work in [46, 47]. In [46], we use the polar
coordinates representation introduced in [38] to model measurements coming
from on-board devices with limited sensing capabilities, described as two
cameras with a limited field of view mounted on the robot. We propose a
control strategy combining the measurements coming from the two cameras to
achieve global stabilization, using the formalism of hybrid dynamical systems
[48–50]. We show robustness of the stability properties of the closed-loop
system both in the Cartesian and polar coordinates, and we clarify the role
played by the coordinate transformations mapping the two sets of coordinates
into each other. In [47], we propose a kinematic model approximating the full
dynamic model of marine surface robots given in [26]. We then extend the
control architecture of [46] to this new kinematic model, and we verify that it
adequately approximates the full dynamic model via numerical simulations.
Since the control design is based on this simplified kinematic model, its
construction and the stability proofs are noticeably simpler than those relying
on the full dynamic model.

In the past decades, significant effort has also been devoted to the problem
of endowing stabilization with some safety properties. In its most general
from, safety is intended as the property of a system to avoid certain unsafe
states, and is usually described, in the control theory literature, as forward
invariance of a set in which the state is allowed to evolve. Examples of
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safety-critical cyber-physical systems are, among many, applications with
human-robot interaction, assisted driving algorithms such as adaptive cruise
control and lane keeping in the automotive industry, and obstacle avoidance
for autonomous navigation [51–55]. Several general design methodologies
have been proposed to address this problem.
In the robotic literature, artificial potential fields have been introduced in
[56, 57]. Within this framework, the target configuration is described as the
minimum of a scalar function (the artificial potential energy) and the control
input is generated by a combination of the negative gradient of attractive
and repulsive functions, pushing the robot towards the target and away from
the obstacles, respectively. This approach has been used, for instance, to
achieve autonomous robot navigation with obstacle avoidance [58], in the
context of robot formation control [59], and to steer the end-effector of a
robot manipulator in a cluttered environment [57].
Another successful design methodology, developed in the past decade, origi-
nated from the idea proposed in [60] to use a Lyapunov-like function, called
barrier function (BF), to certify forward invariance of a safe set. The natural
extension of a barrier function to a system with a control input is a control
barrier function (CBF) [61], that can be used to enforce invariance of the safe
set by selecting a control input satisfying a Lyapunov-like condition on the
derivative of the control barrier function. A design combining stabilization, via
a control Lyapunov function (CLF), and safety, via a control barrier function
(CBF), into a single Lyapunov-like function called a control Lyapunov barrier
function (CLBF), was proposed in [62]. Noticeably, due to the similarities
between control barrier functions and control Lyapunov functions, standard
Lyapunov-based design tools can be applied to synthesize a controller starting
from a control Lyapunov barrier function [63–65], among which Sontag’s
universal formula [66]. More recently, [67] proposed an optimization-based
selection of the control input, where the role of the optimization problem is
to mediate between the stabilization and safety tasks, prioritizing the latter
when the two are conflicting.
As a last widely used tool to handle stabilization with guaranteed safety,
expressed using state constraints, we mention model predictive control (MPC)
[68, 69]. For the case of linear systems subject to constraints on the input
and state that are linear and convex, explicit solutions have been derived
[70–72]. While the nonlinear extension of MPC is well-developed [73], and has
been applied, for instance, to steer Unmanned Aerial Vehicles while avoiding
dynamic obstacles [74] and for collision avoidance of quadruped robots [75],
the need to solve a nonlinear optimization problem makes it difficult to derive
theoretical guarantees. When the collision avoidance is implemented as a soft
constraint with a penalty function in the cost of the optimization problem,
small violations of the constraints may occur and avoidance is not guaranteed
[76]. On the other hand, when avoidance is encoded as a hard constraint, the
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resulting feasibile set is necessarily non-convex and the optimization problem
NP-hard in general [77], making the problem particularly challenging even in
the linear setting.
Since our goal is to provide theoretical guarantees for stabilization with safety,
the first two design methodologies are the most relevant. When safety is
expressed in terms of obstacle avoidance, i.e., as avoidance of the union of
some bounded unsafe sets, it has been shown [78, 79] that artificial potential
fields introduce at least a number of saddle points equal to the number of
obstacles, thus making global stabilization topologically impossible. Similarly,
as discussed in [80, 81], the design based on CLBF induces additional equilibria
on the boundary of the unsafe set, and again global stabilization is not possible.
These two design methodologies share the same intrinsic limitation, in that
they produce a continuous state feedback selection. To achieve stabilization
with obstacle avoidance, (or dynamic or time-varying) input selection is in
general needed [82], [83, Section 3.2]. Intuitively, this corresponds to the need
to make a "going left" or "going right" decision when navigating around an
obstacle in the two dimensional space. The need for a discontinuous control
selection, to achieve global stabilization with obstacle avoidance, poses a
significant challenge, as arbitrarily small perturbations can induce chattering
[84–86], jeopardizing the nominal properties of the controller, and existence of
solutions is in general not guaranteed under a discontinuous feedback selection
[87].
A design methodology that has proven successful at implementing discon-
tinuous control actions is to combine global and local controllers using the
framework of hybrid dynamical systems [48–50], for which existence of solu-
tions and robustness are guaranteed under some regularity assumptions on
the system. This approach has been developed in several works, among which
[88–90]. Recently, [91, 92] proposed a hybrid control architecture capable of
switching between a nominal feedback and an avoidance controller, achieving
global stabilization and obstacle avoidance for linear systems.
In our work [93], we adopt this last design methodology and extend it to
the class of input-affine nonlinear systems to achieve global stabilization
and obstacle avoidance with robustness guarantees. The construction we
propose is based on the observation that a Lyapunov function, certifying
asymptotic stability of the set of interest, implicitly defines a set of control
inputs that do not affect convergence of solutions. This set consists of all
inputs generating a velocity component that is orthogonal to the gradient of
the given Lyapunov function. When this set is non-empty, one can modify
the nominal input, by adding an extra term belonging to this set of inputs, to
reshape trajectories, potentially avoiding a given obstacle, while preserving the
convergence properties certified by the Lyapunov function. In this sense, the
stabilization and avoidance tasks are independent. For the class of input-affine
nonlinear systems, this set of values can be easily characterized and, under a
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mild assumption on the input matrix, is guaranteed to be non-empty. We
propose a redesign strategy based on a hybrid control architecture, switching
between a nominal stabilizing feedback and a modified control input, ensuring
avoidance of an arbitrary number of point-obstacles, arbitrarily placed in the
state space, while preserving the nominal stabilization task.

As discussed above, stabilization under state constraints has received sig-
nificant attention in the last decades, due to the need to ensure safety in
several applications. Similarly, stabilization under input constraints is also a
well-studied problem [94–97], due to the relevance of solving stabilization in
the presence of input saturation [98–101]. Less attention has been given to
the problem of stabilization with reverse input saturation constraints, such
as avoidance of specific values of the input. A relevant case study where
unwanted input values should be avoided is the stabilization problem for
underactuated UAVs where the attitude dynamics is fully actuated, but the
position dynamics is not, and the control force can be applied only along
certain directions of the airframe. Changing the attitude of the platform
to align the delivered force along the direction needed for position control
requires specifying a reference attitude that becomes singular in free-falling
conditions [102, 103], when the commanded thrust is zero. Existing designs
either impose conservative saturation bounds on the control force [102, 104] or
modify the reference attitude in the neighborhood of the singularity [105]. The
former solution imposes performance limitations since aggressive maneuvers,
such as flips to push the UAV downward with a large thrust, are discarded by
design. Instead, the latter solution precludes achieving a global stability result.
Another potential application example is spacecraft stabilization by means
of control moment gyros, where the gimbal-locking condition is problematic
[106]. Avoiding certain input values could resolve the associated singularity
issue instead of modifying the gimbal rates allocation algorithm when passing
through singularities, which locally perturbs the torque commanded by the
attitude controller [107].
For a single-input system, avoidance of an unwanted value of the control input
necessarily requires a discontinuous action. Motivated by this observation,
solutions based on the formalism of hybrid dynamical systems have been
proposed to solve the problem. Among the few existing works that deal with
this design challenge, [108] addresses the case of avoiding an unwanted value
of an m-dimensional control input for a linear plant. Recently, [109, 110]
considered reverse polytopic input constraints for linear systems based on
hybrid switching.
Inspired by these works, in [111] we propose a simple hybrid redesign for
single-input linear systems, which naturally extends to the class of single-
input, input-affine nonlinear systems, achieving robust stabilization with
avoidance of unwanted input values, thus paving the way to a future extension
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to multi-input, input-affine nonlinear systems such as UAVs.

1.2 THESIS OUTLINE

The thesis is structured as follows.

• Chapter 2 introduces the modeling framework of hybrid dynamical
systems and discusses asymptotic stability and Lyapunov-based analysis
tools for this class of systems.

• Chapter 3 addresses the problem of stabilization of a target configuration
for two classes of planar unmanned vehicles, mobile ground robots and
marine surface vessels, using relative measurements of the vehicle pose
coming from on-board sensors, modelled by a suitably defined set of
polar coordinates. We propose a hybrid control architecture, combining
measurements coming from different sensors to achieve robust global
stabilization. The content of this chapter is based on the author’s works:

– R. Ballaben, A. Astolfi, P. Braun, and L. Zaccarian. “Orchestrating
on-board sensors for global hybrid robust stabilization of unicycles”.
To appear in Automatica. 2025. url: https://hal.science/hal-
05004452

– R. Ballaben, A. Astolfi, P. Braun, and L. Zaccarian. “Towards
global stabilization of a hovercraft model using hybrid systems and
discontinuous feedback laws”. To appear in Proceedings of the
IEEE Conference on Decision and Control (CDC), 2025

• Chapter 4 is dedicated to the problem of augmenting stabilization
with avoidance. Given a stabilizing feedback and a Lyapunov function,
certifying the stability properties of the closed-loop system, we propose
two hybrid control redesigns that preserve the stabilization task while
ensuring obstacle avoidance, i.e., solutions never get “too close” to a
set of obstacles in the state space, or input avoidance, i.e., the control
input never gets “too close” to an unwanted value. The content of this
chapter is based on the author’s works:

– R. Ballaben, P. Braun, and L. Zaccarian. “Lyapunov-Based Avoid-
ance Controllers With Stabilizing Feedback”. In: IEEE Control
Systems Letters 8 (2024), pp. 862–867

– R. Ballaben, U. Sutulovic, D. Invernizzi, and L. Zaccarian. “A
Hybrid Redesign for Robust Stabilization Without Unit Input”.
In: IEEE Control Systems Letters 7 (2023), pp. 2575–2580

https://hal.science/hal-05004452
https://hal.science/hal-05004452
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• Chapter 5 concludes the thesis, summarizing the original contributions
of this work and discussing possible directions for future research to
extend the results presented here.
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CHAPTER 2

THE HYBRID DYNAMICAL SYSTEMS
FRAMEWORK

This first chapter is dedicated to introducing the main modeling tool that we
will use to describe the evolution in time of the physical systems of interest,
which is the hybrid dynamical systems framework. Most of the definitions and
results we include here are based on the following references [48–50]. Solutions
to a hybrid system and their properties are defined in Section 2.1. Section 2.2
presents some key regularity properties of hybrid dynamical systems, which
are assumed in Sections 2.3 and 2.4 when discussing, respectively, asymptotic
stability notions and Lyapunov-based analysis for hybrid dynamical systems.

A hybrid dynamical system, loosely speaking, is a dynamical system whose
solutions are allowed to evolve according to a continuous-time dynamics (we
say that the solutions flow) or a discrete-time dynamics (we say that the
solutions jump), depending on where the solutions are in the state space.
In its most general form, a hybrid dynamical system is defined as follows

(H) ẋ ∈ F (x), x ∈ C,
x+ ∈ G(x), x ∈ D, (2.1)

where F and G are set-valued maps defining, respectively, a differential
inclusion (ẋ ∈ F (x)) and a difference inclusion (x+ ∈ G(x)). A set-valued
map M associates subsets of Rn to points of Rn, and can thus be seen as a
generalization of singled-valued maps (meaning standard functions). We use
the notation M : Rn ⇒ Rn to distinguish a set-valued map from a function.
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The collection (C, F,D, F ) is commonly referred to as the data of the hybrid
system (2.1).
Definition 2.0.1 (Data of a hybrid system [48, Definition 2.1]). The data of
a hybrid system H consists of four elements:

• a set C ⊂ Rn, called the flow set;

• a set-valued map F : Rn ⇒ Rn, called the flow map;

• a set D ⊂ Rn, called the jump set;

• a set-valued map G : Rn ⇒ Rn, called the jump map.
We identify a hybrid system defined with the data as above by saying that H
is a hybrid system on Rn.
Continuous-time and discrete-time systems can be understood as special cases
of hybrid dynamical systems, defined in the following way

(Hc) ẋ ∈ F (x), x ∈ C,
x+ ∈ ∗, x ∈ ∅, (Hd) ẋ ∈ ∗, x ∈ ∅,

x+ ∈ G(x), x ∈ D,

where C and D may coincide with Rn, if no constraints on the state are
imposed, and ∗ is a placeholder for any function, since the constraint x ∈ ∅
implies that such a function is never evaluated.
It is clear then that all the results we will state for hybrid dynamical systems
also hold for continuous/discrete-time systems. Hence, to avoid duplication
of theorems and definitions, in the following we will always refer to the
statements presented in this chapter for a generic hybrid dynamical system,
and implicitly consider the above representation when applying them to
continuous/discrete-time systems.

2.1 SOLUTIONS AND THEIR PROPERTIES

Solutions to continuous-time systems are parametrized by the continuous-time
variable t ∈ R≥0, while solutions to discrete-time systems are parametrized
by the discrete-time variable j ∈ N. The, solutions to hybrid systems should
be parametrized by both t, the continuous-time elapsed, and j, the number
of jumps that have occurred. The following definition clarifies the structure
required for a set to be a valid domain of a solution.
Definition 2.1.1 (Hybrid time domains [48, Definition 2.3]). A subset
E ⊂ Rn × N is a compact hybrid time domain if

E =
J−1⋃
j=0

[tj , tj+1] × {j}
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for some finite sequence of times 0 = t0 ≤ t1 ≤ . . . ≤ tJ and t1, . . . , tJ−1
are called jump times. Set E is a hybrid time domain if for all (T, J) ∈ E,
E ∩ ([0, T ] × {0, 1, . . . , J}) is a compact hybrid domain.

Intuitively speaking, we can say that a hybrid time domain is a subset of
R≥0 × N defining a sequential order of flows and jumps. For instance, given a
hybrid evolution consisting of a jump, followed by one second of flow, which
can be described by the hybrid time domain E = ({0} × {0}) ∪ ([0, 1] × {1}),
it makes no sense to ask what is happening at continuous-time t = 1 before
any jump has occurred, i.e., j = 0, and therefore (t, j) = {1} × {0} should
not belong to the hybrid domain E.
Given a hybrid time domain, we define a hybrid arc in the following way.

Definition 2.1.2 (Hybrid arc [48, Definition 2.4]). A function ϕ : E → Rn is
a hybrid arc if E is a hybrid time domain and if for each j ∈ N, the mapping
t 7→ ϕ(t, j) is locally absolutely continuous on the interval Ij = {t : (t, j) ∈ E}.

The regularity condition imposed on ϕ by the above definition ensures that on
each interval Ij that has nonempty interior (i.e., Ij is not a single point) the
function t 7→ ϕ(t, j) is differentiable for almost all t ∈ Ij , allowing us to take
its time derivative ϕ̇(t, j) = d

dt
ϕ(t, j) and think of ϕ as a function satisfying a

differential equation/inclusion for almost all times.
The notation in (2.1) suggests that solutions to a hybrid system can flow
only in the flow set C and can jump only from the jump set D. This is made
precise in the following definition. The domain of a solution ϕ, which we
denote as

domϕ = {(t, j) ∈ R≥0 × N : ϕ(t, j) ̸= ∅},

should obviously be a hybrid time domain.

Definition 2.1.3 (Solution to a hybrid system [48, Definition 2.6]). Let H be
a hybrid system on Rn. A hybrid arc ϕ is a solution to H if ϕ(0, 0) ∈ C ∪ D,
and

• for all j ∈ N such that Ij := {t : (t, j) ∈ domϕ} has nonempty interior

ϕ(t, j) ∈ C for all t ∈ Ij ,

ϕ̇(t, j) ∈ F (ϕ(t, j)) for almost all t ∈ Ij ;

• for all (t, j) ∈ domϕ such that (t, j + 1) ∈ domϕ,

ϕ(t, j) ∈ D,
ϕ(t, j + 1) ∈ G(ϕ(t, j)).

Clearly, a solution should start inside C ∪ D. When the continuous-time
variable t of domϕ increases, meaning that we are considering an interval Ij
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that is not just a point, the solution must be in the flow set C and, according to
the standard notion of “Carathéodory solutions” to differential inclusions (see,
for example, the introduction of [112, Chapter 5]), its time derivative should
exist for almost all times and belong to F (ϕ(t, j)). When the discrete-time
variable j of domϕ increases, then the solution must be jumping from the
jump set D, and its value after the jump, ϕ(t, j + 1), must be described by
the jump map evaluated at the jump time, G(ϕ(t, j)).
It is worth highlighting that, when C ∩ D ≠ ∅, Definition 2.1.3 potentially
allows for the existence of solutions that flow and solutions that jump starting
from every point of the set C ∩ D, even if F and G are single-valued maps.
Thus, non-uniqueness of solutions is a reasonable property of hybrid dynamical
systems. For this reason, when characterizing the properties of a set based on
the qualitative behavior of solutions to a hybrid system, we will distinguish
between weak and strong properties, i.e., properties that hold for at least one
solution, or, respectively, all solutions. Stability, attractivity, and asymptotic
stability are always intended here as strong properties. The distinction will
become relevant when talking about invariance of sets in Section 2.4.
Solutions to hybrid systems can be classified based on their domain. We state
some definitions that will be relevant for us in the following.
Definition 2.1.4 (Types of solutions [48, Definition 2.5, 2.7]). Let H be a
hybrid system on Rn. A solution ϕ to H is said to be

• nontrivial if domϕ contains at least two points;

• complete if domϕ is unbounded;

• Zeno if it is complete and supt domϕ < ∞;

• maximal if there does not exist another solution ψ to H such that
domϕ is a proper (strict) subset of domψ and ϕ(t, j) = ψ(t, j) for all
(t, j) ∈ domϕ.

Generally speaking, completeness of solutions is a desirable property when one
wishes to model a physical system, as solutions should describe the evolution
of the real system at all times and hence should be defined at all times.
On the contrary, existence of Zeno solutions is generally undesirable, as the
continuous-time elapsed between consecutive jumps, tj+1 − tj , asymptotically
goes to zero as j goes to infinity (or, even worse, becomes identically zero in
finite time). If a jump in the solution corresponds to a discontinuous action
from the actuators, chattering is induced. Maximal solutions are solutions
that can not be extended. All complete solutions are maximal, but the
converse is not necessarily true.
Another important property of solutions is the existence of a positive lower
bound on the elapsed continuous-time between two consecutive jumps, called
dwell-time.
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Definition 2.1.5 (Dwell-time). Let H be a hybrid system on Rn and ϕ be a
solution to H. We say that ϕ has a dwell-time τ > 0 if tj+1 − tj ≥ τ for all
pairs of consecutive jump times tj , tj+1.

Proving that all solutions to a hybrid system possess a non-zero dwell-time is
a way to prove the absence of Zeno solutions, since a solution with a non-zero
dwell-time can not be a Zeno solution.
We postpone the discussion on existence of solutions to the next chapter, after
we introduce some key regularity assumptions on the data of hybrid systems.

2.2 WELL-POSEDNESS

A fundamental concept in the development of the stability theory for hybrid
dynamical systems is the notion of well-posedness. A hybrid system is said
to be well-posed if, loosely speaking, the limit of a converging sequence of
solutions is a solution to the hybrid system, and this is true for all converging
sequences of solutions.
We do not give the formal definition here, as the technical notions required to
properly state it go beyond the scope of our discussion (for instance, defining
a meaningful notion of distance between solutions to characterize convergence
is already a non-trivial matter, as different solutions need not have the same
hybrid time domain). We refer the reader to [48, Definition 6.2], for the
precise definition, and [48, Chapter 5.3 & 5.4], for the discussion on graphical
convergence of solutions.
This brief discussion on well-posedness is motivated by the fact that all the
hybrid systems we will consider in the following chapters turn out to be
well-posed, and that, under the assumption of well-posedness, it is possible
to prove several important and useful results for stability analysis (which we
discuss in Section 2.3) including the fact that asymptotic stability is uniform
and robust.
To prove well-posedness of a hybrid system we will make use of the following
result, providing a simple set of conditions on the data (C, F,D, G) of a hybrid
system, commonly referred to as Hybrid Basic Conditions.

Definition 2.2.1 (Hybrid Basic Conditions [48, Assumption 6.5]). Let H be
a hybrid system on Rn. We say that H satisfies the Hybrid Basic Conditions
if

• C and D are closed;

• F : Rn ⇒ Rn is outer semicontinuous and locally bounded relative to C,
C ⊂ domF , and F (x) is convex for every x ∈ C;

• G : Rn ⇒ Rn is outer semicontinuous and locally bounded relative to D,
and D ⊂ domG.
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Proposition 2.2.2 (Hybrid Basic Conditions imply well-posedness [48, The-
orem 6.30]). Let H be a hybrid system on Rn such that (C, F,D, G) satisfy
the Hybrid Basic Conditions in Definition 2.2.1. Then, H is well-posed.

We recall the following definitions for set-valued maps for the reader’s conve-
nience.

Definition 2.2.3. Given a closed set U ⊂ Rn, a set-valued map M : Rn ⇒ Rn

is said to be

• outer semicontinuous relative to U if its graph U ×M(U) is closed;

• locally bounded relative to U if M(K) is bounded for any bounded
K ⊂ U .

For the precise definition of these properties see, for example, [112, Chapter
2.2].

Remark 1. In the hybrid systems literature, a distinction is made between
nominal well-posedness, which is a property of a given hybrid system, and
well-posedness, which is a property of the perturbation of the hybrid system.
To simplify the exposition, this distinction is not made here.

Remark 2. In the case of F being single-valued, F = f : Rn → Rn, the
conditions in Definition 2.2.3 simply ask for f to be continuous. The same is
true also for the case G = g : Rn → Rn.

In the remainder of this section we look at two results that can be proven for
hybrid systems satisfying the Hybrid Basic Conditions, pertaining existence
and completeness of solutions to a hybrid system and existence of a positive
dwell-time.
We remarked in Section 2.1 how, in general, it is desirable for solutions to a
hybrid system to be complete, according to Definition 2.1.4. An obstruction
to completeness of solutions, inherited from continuous-time systems by the
flow dynamics, is finite-time blow up of solutions. Other obstructions, unique
to hybrid systems, arise from the constraints imposed by the flow set C and
jump set D. If, while flowing, a solution reaches the boundary of C with a
velocity pushing the solution outside C, then the solution can not be extended
in continuous-time, since solutions, according to Definition 2.1.3, can not exit
the flow set while flowing. Similarly, if after a jump from D the solution
would land outside C ∪ D, then the solution can not be further extended.
A similar observation is true for existence of solutions. The regularity of the
flow map F plays a key role in existence of solutions starting in the flow set C,
as the regularity of the vector field f does for ordinary differential equations,
and the constraints imposed by C and D may prevent existence of solutions if
the flow and jump maps F and G would bring solutions outside C or D.
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For hybrid systems satisfying the Hybrid Basic Conditions, a simple set of
requirements on the data of H can be given to ensure existence and, under
the additional assumption of boundedness, completeness of solutions.
Before we proceed by stating the result, we need the following definition.

Definition 2.2.4 (Tangent cone [48, Def. 5.12]). The tangent cone to a set
C ⊂ Rn at a point x ∈ C, denoted TC(x), is the set

TC(x) :=
{
v ∈ Rn : ∃xi → x, λi ↘ 0, xi ∈ C, so that xi − x

λi
→ v

}
.

Intuitively speaking, the tangent cone TC(x) is the set of all vectors, starting
from the point x, that do not “point outside” C. This set includes all the
vectors belonging to the tangent space to C at x, when C is a smooth surface.

Theorem 2.2.5 (Existence and completeness of solutions under Hybrid
Basic Conditions [48, Proposition 6.10]). Let H be a hybrid system on Rn,
satisfying the Hybrid Basic Conditions according to Definition 2.2.1, such
that G(D) ⊂ C ∪ D and

F (x) ⊂ TC(x), (2.2)

for all x ∈ C \ D. Then, there exists a nontrivial solution ϕ to H for every
ϕ(0, 0) ∈ C ∪ D. Moreover, all bounded maximal solutions to H are complete.

The regularity conditions imposed on the flow map F by the Hybrid Basic
Conditions in Definition 2.2.1 ensure existence of solutions starting from all
points in the interior of C. Moreover, any maximal solution that remains in
the interior of C either blows up in finite time or is complete (see, for example,
[112, Corollary 5.16]). Boundedness of solutions prevents finite-time blow up.
The additional conditions on G and F address the behavior of solutions in
D and C \ D. Condition G(D) ⊂ C ∪ D in Theorem 2.2.5 ensures that, after
a jump from D, the solution is still inside C ∪ D, and therefore it can be
extended, either in continuous-time by flowing or in discrete-time by jumping.
The condition involving the tangent cone of C at every x ∈ C \D only becomes
relevant if x is also in the boundary of C, since for all x ∈ int C one has, by
Definition 2.2.4, TC(x) = Rn, and therefore the condition is trivially satisfied.
If F (x) ⊂ TC(x) for every x ∈ (C\D)∩∂C, then for all possible velocity vectors
f ∈ F (x) solutions either move in the interior of C or “slide” on the boundary
of C. This ensures that solutions can be extended in continuous-time from all
points in (C \ D) ∩ ∂C.
The last result we present in this section ensures existence of a dwell-time
for all bounded solutions to a hybrid system satisfying the Hybrid Basic
Conditions, under an additional requirement on the jump map G and jump
set D.
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Theorem 2.2.6 (Dwell-time from boundedness under Hybrid Basic Con-
ditions [113, Lemma 2.7]). Let H be a hybrid system on Rn satisfying the
Hybrid Basic Conditions in Definition 2.2.1, such that G(D) ∩ D = ∅. Let ϕ
be a bounded solution to H. Then, there exists γ > 0 such that tj+1 − tj ≥ γ
for all j ≥ 1, (tj+1, j), (tj , j) ∈ domϕ.

Intuitively speaking, boundedness of the solution ϕ and local boundedness of F
(item 2 of Definition 2.2.1) ensure that the velocity vector ϕ̇(t, j) ∈ F (ϕ(t, j)),
when it exists, is uniformly bounded in norm along the solution. Then,
the amount of continuous-time it takes the solution to travel the non-zero
distance between the closed sets G(D) (closedness of G(D) follows from outer
semicontinuity of G) and D, while flowing, is lower bounded by a positive
constant, which is the dwell-time τ .
We point out that the version of Theorem 2.2.6 stated in [113, Lemma 2.7]
assumes boundedness and completeness of solutions, but only boundedness is
actually needed in the proof.

2.3 STABILITY, UNIFORMITY, AND ROBUSTNESS

The goal of the control synthesis carried out in the following chapters is to
steer the solutions to a hybrid system H to a compact set of interest, denoted
from here on as

A ⊂ Rn,

which is not necessarily the origin. Then, to characterize the behavior of
solutions with respect to this set, we need the following definition of distance.

Definition 2.3.1 (Distance to a compact set). Let A ⊂ Rn be compact and
x ∈ Rn. The distance of x to A is the function

|x|A := min
y∈A

|x− y|,

where | · | denotes the Euclidean norm |x| :=
√
x⊤x.

In the special case where A = {0} ∈ Rn, the distance | · |A becomes the
Euclidean norm, |x|A = |x| for all x ∈ Rn.
We restrict our attention to a compact set A for two reasons. First, all the
sets of interest that we will consider in the following chapters are compact.
Secondly, additional useful results can be proven under the assumption of
compactness of A.
Moreover, since all the hybrid systems that we will consider in the following
chapters are well-posed, in the sense that they satisfy the Hybrid Basic
Conditions in Definition 2.2.1, all the results that we present in this section
and in the following, for a hybrid system H and a set of interest A, are
formulated under the following standing assumption.
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Assumption 2.3.2 (Standing assumption). The hybrid system H satisfies the
Hybrid Basic Conditions in Definition 2.2.1 and the set A ⊂ Rn is compact.

The main property we are interested in is asymptotic stability of a set for a
hybrid system.

Definition 2.3.3 ((Local) pre-asymptotic stability (pAS) [48, Definition 3.6
and 7.1]). Let H be a hybrid system on Rn. A compact set A ⊂ Rn is said to
be

• (Lyapunov) stable for H if for every ε > 0 there exists δ > 0 such that
every solution ϕ to H with |ϕ(0, 0)|A ≤ δ satisfies |ϕ(t, j)|A ≤ ε for all
(t, j) ∈ domϕ;

• (locally) pre-attractive for H if there exists µ > 0 such that every
solution ϕ to H wth |ϕ(0, 0)|A ≤ µ is bounded and, if ϕ is complete,
then also limt+j→∞ |ϕ(t, j)|A = 0;

• (locally) pre-asymptotically stable for H if it is both stable and (locally)
pre-attractive for H;

Remark 3. Following the notation used in [48], we add the suffix “pre-” to
properties that are stated without the assumption of completeness of maximal
solutions. When all maximal solutions are complete, we drop the “pre-” suffix.

Given a (locally) pre-asymptotically stable set A, we define its basin of
pre-attraction as follows.

Definition 2.3.4 (Basin of pre-attraction, [48, Definition 7.3]). Let H be a
hybrid system on Rn and A ⊂ Rn be locally pre-asymptotically stable for H.
The basin of pre-attraction of A, denoted Bp

A, is the set of points ξ ∈ Rn such
that every solution ϕ to H with ϕ(0, 0) = ξ is bounded and, if it is complete,
then also limt+j→∞ |ϕ(t, j)|A = 0.

When the basin of pre-attraction of A is Rn, we say that the set A is globally
pre-asymptotically stable.

Definition 2.3.5 (Global pre-asymptotic stability (GpAS)). Let H be a
hybrid system H on Rn. A compact set A ⊂ Rn is said to be globally pre-
asymptotically stable if it is locally pre-asymptotically stable with basin of
pre-attraction Bp

A = Rn.

Remark 4. The basin of pre-attraction automatically includes all the points
in Rn outside C∪D. Indeed, according to Definition 2.1.3, solutions to a hybrid
system H only exist starting in the set C ∪ D, and therefore the boundedness
and convergence requirements in Definition 2.3.4 are vacuously satisfied for
all points ξ ∈ Rn \ (C ∪ D), as no solution exists starting from those points.
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The observation in Remark 4 has two consequences. The first one is that
the basin of pre-attraction is open even when C ∪ D is not. According to the
Hybrid Basic Conditions in Definition 2.2.1, C and D should be closed, and
therefore their union C ∪ D may not be open if any of the two sets is bounded
in some direction. If all solutions to H starting in C ∪ D are bounded and
all complete solutions asymptotically converge to a set A, the above remark
clarifies that Bp

A = Rn, which is open. The proof that, under the Hybrid
Basic Conditions, the basin of pre-attraction is an open set can be found in
[48, Proposition 7.4]. The second consequence of Remark 4 is that we can
meaningfully use global definitions to describe stability properties that hold
everywhere also when C ∪ D ̸= Rn.
As mentioned in the previous section, one consequence of well-posedness is
that pre-asymptotic stability is uniform, according to the following definition.

Definition 2.3.6 (Uniform (global) pre-asymptotic stability). Let H be a
hybrid system on Rn, A ⊂ Rn a compact set, and U ⊂ Rn an open set such
that A ⊂ U . A is said to be

• uniformly stable (US) if there exists a class-K∞ function1 α such that

|ϕ(t, j)|A ≤ α (|ϕ(0, 0)|A)

for all (t, j) ∈ domϕ, for all ϕ(0, 0) ∈ U ;

• uniformly pre-attractive (UpA) if for every compact set K ⊂ U and
ε > 0 there exists T > 0 such that all solutions ϕ to H with ϕ(0, 0) ∈ K
satisfy |ϕ(t, j)|A ≤ ε for all (t, j) ∈ domϕ with t+ j ≥ T ;

• uniformly pre-asymptotically stable (UpAS) if it is uniformly stable and
uniformly pre-attractive.

Moreover, A is said to be uniformly globally stable (UGS), uniformly glob-
ally pre-attractive (UGpA), and uniformly globally pre-asymptotically stable
(UGpAS) if the above conditions hold with U = Rn.

Uniformity is to be understood with respect to initial conditions, and intu-
itively says that solutions that start in the same bounded set have the same
qualitative behavior in terms of overshoot and convergence speed.
An equivalent characterization of uniform pre-asymptotic stability can be
given in terms of existence of a KL bound on the distance of solutions to
the set A. It is equivalent since existence of the KL bound implies uniform
stability and uniform pre-attractivity, as in Definition 2.3.6, and uniform
stability and uniform pre-attractivity imply existence of the KL bound (see
[48, Lemma 7.11]).

1For the definition see, for example, [114, Definition 2].
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The second important consequence of well-posedness of a hybrid system is
robustness of pre-asymptotic stability. To properly state this result, we first
need to define perturbed hybrid systems.

Definition 2.3.7 (Perturbed hybrid system [48, Definition 6.27]). Let H
be a hybrid system on Rn and ρ : Rn → R≥0. We denote with Hρ the
ρ-perturbation of H, defined as follows

x ∈ Fρ(x), x ∈ Cρ,
x ∈ Gρ(x), x ∈ Dρ,

(2.3a)

where

Cρ = {x ∈ Rn : (x+ ρ(x)B) ∩ C ̸= ∅},
Fρ(x) = conF ((x+ ρ(x)B) ∩ C) + ρ(x)B, ∀x ∈ Rn,

Dρ = {x ∈ Rn : (x+ ρ(x)B) ∩ D ̸= ∅},
Gρ(x) = {v ∈ Rn : v ∈ g + ρ(g)B, g ∈ G((x+ ρ(x)B) ∩ D)}, ∀x ∈ Rn.

(2.3b)

Remark 5. If H in (2.1) satisfies the Hybrid Basic Conditions in Definition
2.2.1 and ρ : Rn → R≥0 is continuous, then, by construction, also Hρ (2.3)
satisfies the Hybrid Basic Conditions.

The effect of the extra terms introduced by the perturbation function ρ in
the data of (2.3a) is quite general, in the sense that it captures external
perturbations acting on the system, via the additive term in Fρ and Gρ,
measurement errors in the feedback control law, via the extra term in the
argument of Fρ and Gρ, and uncertainties in the jump time, via the inflation
of C and D generated by ρ in Cρ and Dρ.
We say that pre-asymptotic stability of A for the hybrid system H is ro-
bust if there exist a nontrivial perturbation function ρ such that A is pre-
asymptotically stable for the perturbed system Hρ.

Definition 2.3.8 (Robust pre-asymptotic stability (RpAS) [48, Definition
7.15]). Let H be a hybrid system on Rn, A,U ⊂ Rn, and A be locally pre-
asymptotically stable for H, with U ⊂ Bp

A such that A ⊂ U . We say that
A is robustly pre-asymptotically stable on U if there exists a continuous
ρ : Rn → R≥0, positive on U \ A, such that A is locally pre-asymptotically
stable for Hρ, defined as in (2.3), and U is a subset of the basin of pre-
attraction of A for Hρ. We say that A is robustly globally pre-asymptotically
stable (RGpAS) if the above holds with Bp

A = Rn.

Having defined uniformity and robustness of pre-asymptotic stability, we can
now state the main theorem of this section.
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Theorem 2.3.9 (Pre-asymptotic stability is uniform and robust [48, Theorem
7.12 & 7.21]). Let H be a hybrid system on Rn and A,U ⊂ Rn such that
Assumption 2.3.2 holds. Suppose that A is locally pre-asymptotically stable
with basin of pre-attraction Bp

A. Then, A is robustly uniformly locally pre-
asymptotically stable (RUpAS) with basin of pre-attraction Bp

A. In particular,
if Bp

A = Rn, then A is robustly uniformly globally pre-asymptotically stable
(RUGpAS).

2.4 LYAPUNOV-BASED ANALYSIS AND CONTROL DE-
SIGN

The main tool we will use for control design and stability analysis are Lyapunov
methods. The definition of a Lyapunov function candidate for hybrid systems
is akin to the usual one for continuous-time systems.

Definition 2.4.1 (Lyapunov function candidate [49, Definition 3.17]). Let
A ⊂ Rn and H be a hybrid system on Rn. The function V : domV → R≥0
and the set U ⊂ Rn define a Lyapunov function candidate on U with respect
to A for the hybrid system H if the following conditions hold:

• (C ∪ D ∪G(D)) ∩ U ⊂ domV ;

• U contains an open neighborhood of A ∩ (C ∪ D ∪G(D));

• V is continuous on U and continuously differentiable2 on an open set
containing C ∩ U ;

• V is positive definite with respect to A, i.e., V (x) = 0 for all x ∈ A,
and V (x) > 0 otherwise;

• The sublevel sets of V over U are compact, i.e., {x ∈ U : V (x) ≤ µ} is
compact for all µ ∈ R≥0.

The first requirement ensures that we can evaluate the Lyapunov function
along solutions to H that belong to the set U , while the second requirement
is needed to be able to characterize the behavior of solutions starting in a
neighborhood of A using V . The third requirement allows us to describe
the change of V , when solutions flow, using the directional derivative of
V . The fourth and fifth requirements allow us to conclude convergence of
solutions to A from the decrease to zero of V . Moreover, the fifth requirement
allows us to conclude that solutions living in a sublevel set of V are bounded,
thus enabling the use of invariance-based arguments, such as Corollary 2.4.6.
The property of radial unboundedness, which is usually asked of Lyapunov

2A function V : Rn → R≥0 is continuously differentiable if all of its partial derivatives
exist and are continuous on Rn.
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function candidates to certify global stability properties when U = Rn, implies
boundedness of the sublevel sets of V , which is the property we are interested
in.
In the following, to simplify the notation, when defining Lyapunov function
candidates we will often not specify the set U or the set A, when they are
clear from the context.
Given a Lyapunov function candidate, the following theorem provides a set of
sufficient conditions under which a set A is locally pre-asymptotically stable
for a given hybrid system H, defined as in (2.1).

Theorem 2.4.2 (Sufficient Lyapunov conditions [49, Theorem 3.18]). Let
H be a hybrid system on Rn and A ⊂ Rn be such that Assumption 2.3.2 is
satisfied and G(D ∩A) ⊂ A. Let V : domV → R≥0 and the set U ⊂ Rn define
a Lyapunov function candidate on U with respect to A for H that satisfies

⟨∇V (x), f⟩ < 0 ∀x ∈ (C ∩ U) \ A,∀f ∈ F (x),
V (g) − V (x) < 0 ∀x ∈ (D ∩ U) \ A,∀g ∈ G(x). (2.4)

Then, the set A is locally pre-asymptotically stable. If, additionally, U = Rn,
then the set A is globally pre-asymptotically stable.

Remark 6. Often times, Lyapunov-based results such as Theorem 2.4.2
require a function V satisfying bounds

α1(|x|A) ≤ V (x) ≤ α2(|x|A),

for all x ∈ C ∪ D ∪G(D) and for some functions α1, α2 ∈ K. Such bounds au-
tomatically hold for a Lyapunov function candidate V defined as in Definition
2.4.1 (see, for example, [115, Lemma 4.3]).

Remark 7. We say that a Lyapunov function candidate V for a hybrid
system H on Rn is a Lyapunov function for H if it satisfies (2.4).

The set of sufficient conditions given in Theorem 2.4.2 apply to hybrid systems
without inputs, defined as in (2.1). Given a hybrid system with a control
input u ∈ Rm,

ẋ ∈ F (x, u), x ∈ C,
x+ ∈ G(x), x ∈ D, (2.5)

that we wish to use to steer the solutions by affecting the set of velocities
F (x, u), the autonomous system (2.1) can be seen as the closed-loop system
obtained by substituting the feedback selection u = κ(x), κ : Rn → Rm in
(2.5)

ẋ ∈ F (x, κ(x)), x ∈ C,
x+ ∈ G(x), x ∈ D. (2.6)
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Then, given a system with a control input as in (2.5), and a target set
A ⊂ Rn that we wish to render pre-asymptotically stable, the control design
methodology we follow is to look for a pair of functions, κ and V , such that

• The closed-loop system (2.6) satisfies the Hybrid Basic Conditions in
Definition 2.2.1;

• V is a Lyapunov function candidate on some set U ⊂ Rn with respect
to A for (2.6);

• V satisfies the conditions (2.4).

Remark 8. Given a hybrid system H on Rn and a function V : domV →
R≥0, we will sometimes make use of the shorthand notation

V̇ (x) := max
f∈F (x)

⟨∇V (x), f⟩, ∀x ∈ C ∩ U ,

∆V (x) := max
g∈G(x)

V (g) − V (x), ∀x ∈ D ∩ U ,
(2.7)

defined in [49, Definition 3.18].

Remark 9. Conditions (2.4) and (2.7) can be weakened by only considering
the subset of velocities f ∈ (F (x) ∩ TC(x)) in the inner product ⟨∇V (x), f⟩.
Indeed, all velocities f ∈ F (x) \ TC(x) would push solutions outside of the
set C. Since, according to Definition 2.1.3, solutions can not leave the flow
set C while flowing, the velocities f ∈ F (x) \ TC(x) can never be selected by
a flowing solution and do not play any role in the stability properties of A,
and can thus be discarded when evaluating the change of a Lyapunov function
candidate along solutions to a hybrid system.

It is often the case, as we will see in the next chapters, that it is easier to
satisfy (2.4) with non-strict inequalities. Under this weaker set of conditions,
convergence of complete solutions to the set A can no longer be concluded.
Stability, on the other hand, still follows from V being non-increasing along
solutions of the closed-loop hybrid system.

Theorem 2.4.3 (Stability from nonincreasing Lyapunov function). Let H be
a hybrid system on Rn and A ⊂ Rn be such that Assumption 2.3.2 is satisfied.
Let V : domV → R≥0 and U ⊂ Rn define a Lyapunov function candidate on
U with respect to A for H that satisfies

⟨∇V (x), f⟩ ≤ 0 ∀x ∈ (C ∩ U),∀f ∈ F (x),
V (g) − V (x) ≤ 0 ∀x ∈ (D ∩ U),∀g ∈ G(x). (2.8)

Then, the set A is (Lyapunov) stable. If, additionally, U = Rn, then the set
A is uniformly globally stable according to Definition 2.3.6.
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The first conclusion of Theorem 2.4.3 comes from [49, Theorem 3.19]. The
second conclusion comes from strong forward pre-invariance (defined below)
and compactness of all sublevel sets of V , implied by, respectively, conditions
(2.8) and the last requirement in Definition 2.4.1.

Definition 2.4.4 (Invariance [49, Definition 3.12 & 3.13]). Let H be a hybrid
system on Rn. A nonempty set K ⊂ Rn is said to be

• weakly forward pre-invariant for H if for each x ∈ K there exists at least
one maximal solution ϕ to H that satisfies ϕ(0, 0) = x and ϕ(t, j) ∈ K
for all (t, j) ∈ domϕ;

• strongly forward pre-invariant for H if all maximal solutions ϕ to H
starting in K satisfy ϕ(t, j) ∈ K for all (t, j) ∈ domϕ;

• weakly backward invariant if for each x ∈ K, every τ > 0, there exists at
least one maximal solution ϕ to H such that for some (t∗, j∗) ∈ domϕ,
t∗ + j∗ ≥ τ , it is the case that ϕ(t∗, j∗) = x and ϕ(t, j) ∈ K for all
(t, j) ∈ domϕ with t+ j ≤ t∗ + j∗;

• weakly invariant if it is both weakly forward invariant and weakly back-
ward invariant.

Remark 10. Given a hybrid system H on Rn, A,U ⊂ Rn, and V a Lyapunov
function candidate on U with respect to A for H such that the assumptions in
Theorem 2.4.3 are satisfied, all sublevel sets of V over U are strongly forward
pre-invariant.

Once stability is established, convergence of all bounded complete solutions
to the set of interest can be concluded using a hybrid version of the famous
Krasovskii-LaSalle’s Invariance Principle [116, Theorem 5.3.77], thus proving
pre-asymptotic stability. In its most general form, the theorem can be stated
as follows.

Theorem 2.4.5 (Hybrid Invariance Principle [49, Theorem 3.23]). Let H be
a hybrid system on Rn and A,⊂ Rn, be such that Assumption 2.3.2 is satisfied.
Let V : domV → R≥0 and U ⊂ Rn, with U open, define a Lyapunov function
candidate on U with respect to A for H such that (2.8) holds, r ∈ R≥0, and
denote

V −1(r) := {x ∈ (C ∪ D ∪G(D)) ∩ U : V (x) = r},

V̇ −1(0) := {x ∈ C ∩ U : V̇ (x) = 0},

∆V −1(0) := {x ∈ D ∩ U : ∆V (x) = 0}.

Let ϕ be a complete and bounded solution to H such that ϕ(E) ⊂ U , where
E = domϕ. Then, for some r ∈ R≥0, ϕ converges to the largest weakly
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invariant set in

V −1(r) ∩ U ∩
[
V̇ −1(0) ∪

(
∆V −1(0) ∩G(∆V −1(0))

)]
. (2.9)

Each bounded complete solution to a hybrid system asymptotically converges
to some set (commonly referred to as its ω-limit set in the literature), which
is, among other properties, weakly invariant [48, Proposition 6.21]. A function
non-increasing along solutions, such as a Lyapunov function V satisfying
the conditions (2.8), is constant in this set. Then, each complete bounded
solution converges to some level set of V in which V remains constant, as
described by (2.9).
Theorem 2.4.5 admits convergence of different solutions to different sets,
contained in suitable level sets of V satisfying (2.9). This can be useful, for
instance, when characterizing the evolution of the opinions of different agents
in a network, as different subsystems may converge to a different consensus.
In the context of this thesis, we seek to use the hybrid formulation of the
Invariance Principle to prove convergence of all complete solutions to the set
of interest A. To this end, we exploit the fact that, given a weakly invariant
set S ⊂ Rn, for each x ∈ S there exists at least one complete solution ϕ to
H such that ϕ(t∗, j∗) = x, for some (t∗, j∗) ∈ domϕ, and ϕ(t, j) ∈ S for all
(t, j) ∈ domϕ (see the discussion below [48, Definition 6.19]). In other words,
a weakly invariant set S inside which a Lyapunov function V is constant can
be described as the image of complete solutions along which V is constant.
Therefore, if one can show that the only complete solution ϕ to H along
which V remains constant satisfies ϕ(t, j) ∈ A for all (t, j) ∈ domϕ (i.e., V is
identically zero along ϕ), then all complete solutions to H converge to A.

Corollary 2.4.6 ([117, Theorem 23]). Let H be a hybrid system on Rn and
A ⊂ Rn, be such that Assumption 2.3.2 is satisfied. Let V : domV → R≥0
and U ⊂ Rn, with U open, define a Lyapunov function candidate on U with
respect to A for H such that (2.8) holds. If each complete solution ϕ to H,
with ϕ(E) ⊂ U , E = domϕ, along which V is constant satisfies

V (ϕ(t, j)) = 0, ∀(t, j) ∈ domϕ,

then all complete solutions to H contained in U asymptotically converge to A.



CHAPTER 3

ROBUST GLOBAL STABILIZATION OF
PLANAR UNMANNED VEHICLES USING

RELATIVE MEASUREMENTS

Chapter 3 addresses the problem of stabilization for planar unmanned ve-
hicles using relative measurements of the robot pose coming from on-board
sensors. We start by introducing the sensors set-up, consisting of two cameras
mounted on the robot, one facing forward and one facing backward, with
limited fields of view, and the set of polar coordinates we use to model the
relative measurements coming from the cameras. In Section 3.1 we define
the coordinate transformations mapping the two sets of coordinates into each
other and discuss their properties. Section 3.2 focuses on ground wheeled
robots whose dynamics can be approximated by the kinematic model of the
unicycle. The equations of motion in the polar coordinates are derived in
Section 3.2.1, and two pairs of stabilizers, one for each camera, stabilizing the
position and the full pose of the robot, are introduced in Section 3.2.2, and
then combined in Section 3.2.3 using a hybrid control architecture to achieve
global stabilization. Robustness of the nominal stability properties in the polar
coordinates is proven in Section 3.2.4, and we conclude in Section 3.2.5 by
discussing stability and robustness of the proposed control architecture as seen
in the Cartesian coordinates. Numerical simulations in Section 3.2.6 illustrate
the performances of the proposed solution and its robustness to perturbations
and measurement noises. Section 3.3, extends the construction of Section 3.2
to unmanned surface vessels. After introducing the full dynamic model, we
propose an approximated kinematic model in the Cartesian coordinates, in
Section 3.3.1, and in the camera-based coordinates, in Section 3.3.2. Extend-
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ing the construction carried out in Section 3.2.3, we propose two camera-based
controllers, stabilizing the robot position using measurements from either the
front or rear camera, and we combine the two control laws into a hybrid global
stabilizer in Section 3.3.3. We discuss a heuristic extension of the control
architecture to the full dynamic of the hovercraft in Section 3.3.4, and verify
that the kinematic model is a valid approximation of the full equations of
dynamics via numerical simulations in Section 3.3.5.

Given a planar unmanned vehicle, we denote with p := [p1 p2]⊤ ∈ R2 and
ϕ ∈ R, respectively, its position in the Cartesian plane and its orientation
with respect to a reference frame that, without loss of generality, can be
identified with the zero position and orientation (i.e., the origin). We call
the state vector x := [p1 p2 ϕ]⊤ ∈ R3 the Cartesian coordinates of the robot.
Given the kinematic equations of a generic planar robot

ẋ =

[
ṗ1
ṗ2

ϕ̇

]
= f(x, u), (3.1)

we identify as the control input the vector u := [u1 u2]⊤ ∈ R2, where u1 is the
forward linear velocity and u2 the angular velocity. Knowledge of the pose of
the robot in the absolute reference frame, i.e., a set of sensors allowing for
recovering the state x, is required to design a feedback control law stabilizing
the origin of (3.1).
In this chapter we assume that only relative measurements of the robot pose,
coming from on-board sensors, are available, and consider the problem of
asymptotically stabilizing a target position or pose using only these relative
measurements.
We consider the set-up illustrated in Figure 3.1, of a unmanned vehicle
equipped with a set of two cameras, one facing forward and one facing
backwards, providing measurements of the distance of the robot, r, and of its
misalignment, defined by the two angles α and β, with respect to a reference
target. We combine these measurements into the state vector

z =

[
r
β
α

]
, (3.2)

which we call the polar (or camera-based, on-board) coordinates, and we write
zF and zR to identify the measurements coming from the front and rear
camera, respectively.
We assume the field of view of each camera to be [− π

2 − δ, π
2 + δ], where

δ ∈ (0, π
2 ) is an arbitrary parameter defining an overlapping of the fields of
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view of the two cameras. This overlapping will be used later to combine the
two cameras and obtain a global stabilizer.

r
αF

βF

r
αR

βR

r
βF

βR

αF

αR

Figure 3.1: A robot equipped two cameras with overlapping fields of view (blue
and yellow), providing measurements (r, αF, βF) and (r, αR, βR), each available only
when the target depicted in red is in the camera’s field of view αi ∈ [− π

2 − δ, π
2 + δ],

i ∈ {F, R}, δ > 0.

The fields of view of both front and rear cameras satisfy

αF, αR ∈
[
−π

2 − δ,
π

2 + δ
]
, (3.3)

for δ ∈ (0, π
2 ), by definition. Thus, since δ > 0 and by pointing in opposite

directions, the front and rear cameras have a combined field of view covering
360◦, ensuring that the target is always in the field of view of at least one
camera.

Remark 11. For practical implementations, the field of view of the front
and rear cameras in Figure 3.1 can be thought of as the combined field of
view of multiple cameras, each one with a smaller field of view. Considering
multiple cameras with a smaller field of view, grouped together into “front
cameras” and “rear cameras”, would result in the same control strategy that
we propose in the following. Thus, considering only two cameras with a field
of view greater than 180◦ in our setup is not restrictive, and it is motivated
by notational convenience.

The angle α in (3.2) is commonly referred to, in the context of monocular
visual odometry, as “bearing angle”, and it can be directly measured from
the image provided by a single camera. A measurement of the distance to
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the target r in (3.2) can also be obtained from the image, up to an unknown
scaling factor which, if the camera is well-calibrated, is constant. This scaling
factor can be estimated directly from the images provided by the camera,
thus recovering the real distance r, if, for example, the true dimension of the
target is known. This is the case, for instance, when the target to reach is a
known vehicle or a person. Recovering the relative orientation β in (3.2) is
instead more challenging, usually requiring the use of special markers on the
target or features-extraction algorithms.
Given the considerations above, in the following sections we propose control
strategies relying on knowledge of (r, α), when no measurement of the relative
orientation β is available, to stabilize the position of the vehicle, and on
knowledge of the full state z, when measuring β is possible, to stabilize the
full pose of the vehicle.

3.1 CARTESIAN AND POLAR COORDINATES

Let us consider a planar unmanned vehicle equipped with sensors providing
the relative measurements zi, i ∈ {F,R}, as illustrated in Figure 3.1.

p1

p2

θ

ϕ

βR
αR

p1

p2

θ

ϕ
βF

αF

Figure 3.2: Transformation from the Cartesian coordinates x = [p1 p2 ϕ]⊤ to the
on-board camera-based (polar) coordinates z = [r βi αi]⊤, i ∈ {F, R}. The angle θ
can be expressed using the measurements coming from the front camera (left), as
θ = αF − βR − π, or rear camera (right), as θ = αR − βR.

Before we introduce the two coordinate transformations mapping one set of
coordinates into the other, we define the domains of the two sets of coordinates.
The Cartesian coordinates x are defined over the domain

X := R2 ×
[
−3

2π − δ,
3
2π + δ

]
. (3.4)

where the orientation ϕ is restricted from R to the set [− 3
2π − δ, 3

2π + δ].
This restriction of the interval of ϕ is introduced to avoid angular unwinding,
and it is not restrictive since all possible orientations of the robot in the
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plane can be represented using any interval including (−π, π] as the domain
of ϕ. The particular choice of domain for ϕ used in (3.4) is motivated by
Lyapunov-based arguments used in Section 3.2.2. For the discussion presented
in this section, the interval [− 3

2π − δ, 3
2π + δ] can be replaced by any interval

Iϕ ⊇ (−π, π].
The camera-based polar coordinates zi, i ∈ {F,R} are defined on the domain

Z := R≥0 ×
[
−3

2π − δ,
3
2π + δ

]
×
[
−π

2 − δ,
π

2 + δ
]
, (3.5)

for δ ∈ (0, π
2 ), where the third component α evolves as defined in (3.3), while

the second one β evolves in the set [− 3
2π − δ, 3

2π + δ] to match the domain of
ϕ in (3.4).
Via trigonometric considerations, illustrated in Figure 3.2, one obtains the
first coordinate transformation, mapping the camera-based coordinates into
the Cartesian coordinates[

p1
p2
ϕ

]
= γR(zR) :=

[
r cos(αR − βR)
r sin(αR − βR)

−βR

]
,

[
p1
p2
ϕ

]
= γF(zF) :=

[
r cos(αF − βF − π)
r sin(αF − βF − π)

−βF

]
,

(3.6)

where F and R refer to the front and rear camera, respectively. Observe that
the coordinate transformation (3.6) is well-defined for every zi ∈ Z, i ∈ {F,R}.
When the target is in the field of view of both cameras (middle sketch in
Fig. 3.1), simple geometric considerations yield

αF = αR − πsign(αR), βF = βR,

αR = αF − πsign(αF), βR = βF.
(3.7)

Moreover, since δ > 0 and the cameras point in opposite directions, the
combined field of view of the two cameras covers 360◦, and for r ≠ 0, i.e.,
|p| ≠ 0, the robot pose can be equivalently represented in the Cartesian
coordinates or through at least one of the on-board coordinates zi, i ∈ {F,R}.
Indeed, given the two subsets of X from which the front, respectively, the
rear, camera sees the target

XR := γR(Z) = {x ∈ X: |p| ̸= 0, arctan2(R(ϕ)⊤p) ∈ [− π
2 − δ, π

2 + δ]},
XF := γF(Z) = {x ∈ X: |p| ̸= 0, arctan2(−R(ϕ)⊤p) ∈ [− π

2 − δ, π
2 + δ]},

(3.8)

one has XR ∪ XF = X \({0}2 × R), and therefore for any x ∈ X there always
exists one i ∈ {F,R} and z ∈ Z such that x = γi(z).
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The following lemma introduces the inverse coordinate transformation, map-
ping the Cartesian into the camera-based coordinates, and summarizes its
properties.

Lemma 3.1.1. For any δ ∈ (0, π
2 ), consider the sets Z, X , XR, XF in

(3.5), (3.4), (3.8). Then, the coordinate transformations ϱR : XR → Z\({0} ×
R2), ϱF : XF → Z\({0} × R2), defined as[

r
βR
αR

]
= ϱR(x) :=

[ |p|
−ϕ

arctan2(R(ϕ)⊤p)

]
,

[
r
βF
αF

]
= ϱF(x) :=

[ |p|
−ϕ

arctan2(−R(ϕ)⊤p)

]
,

(3.9)

are bijective and continuous mappings with inverse given by (3.6). In addition,
X \({0}2 × R) = (XF ∪ XR).

Proof of Lemma 3.1.1. Consider the first two equations in (3.9), namely
r = |p|, βi = −ϕ, i ∈ {F,R}, mapping x onto (r, βi), i ∈ {F,R}. These are
trivially the definition of r and the inverse of the third equation in (3.6). The
rest of the proof focuses on the third equation, related to αi, i ∈ {F,R}. To
this end, focus on the rear camera angle αR. Since x = (p, ϕ) ∈ XR implies
p ≠ 0, by the expression of (p1, p2) = (r cos(αR −βR), r sin(αR −βR)) in (3.6),
using the angle differences identities one obtains

r cos(αR) = r cos(αR −βR +βR) = p1 cos(βR) −p2 sin(βR),
r sin(αR) = r sin(αR −βR +βR) = p1 sin(βR) +p2 cos(βR).

From the identities above we have that

arctan2

([
r cos(αR)
r sin(αR)

])
=arctan2

([
cos(βR) − sin(βR)
sin(βR) cos(βR)

][
p1
p2

])
= arctan2(R(ϕ)⊤p),

where we have used ϕ = −βR. Due to the definition of XR, arctan2(R(ϕ)⊤p) ∈
[− π

2 − δ, π
2 + δ], which implies, due to the properties of arctan2, that αR =

arctan2(R(ϕ)⊤p) is a valid selection of the inverse of (3.6), for any x ∈ XR.
Similar steps can be followed to derive the expression for αF.
To prove bijectivity of ρR(·), consider an arbitrary x = (p, ϕ) ∈ XR. We first
observe that the second equation in (3.9) defines a bijective mapping, uniquely
determining βR = −ϕ. Then, there is exactly one pair (r, αR) ∈ R≥0 × [− π

2 −
δ, π

2 + δ] such that r = |p|, and αR = arctan2(R(ϕ)⊤p) = arctan2(R(β)p),
with zR = [r βR αR]⊤ ∈ ZR. Bijectivity of ρF(·) can be proven following
similar steps.
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To conclude the proof, observe that the function p 7→ arctan2(p) is discontin-
uous over the set Υ = {p ∈ R2 : p2 = 0, p1 < 0}. For any converging sequence
{xj} ∈ XR, xj → x∞ for j → ∞, the sequence {R(ϕj)⊤pj} → R(ϕ∞)⊤p∞ is
bounded away from Υ. This follows from the definition of XR and the fact that
δ ∈ (0, π

2 ), since, for any {xj} ∈ XR, | arctan2(R(ϕj)⊤pj)| ≤ π
2 +δ < π. Hence,

limj→∞ arctan2(R(ϕj)⊤pj) = R(ϕ∞)⊤p∞, namely x 7→ arctan2(R(ϕ)⊤p)
used in (3.9) is continuous in XR. The same reasoning shows that the
function x 7→ arctan2(−R(ϕ)⊤p) in (3.9) is continuous in XF. □

We conclude this section with the following observation. The coordinate
transformation x 7→ zi, i ∈ {F,R} defined in (3.9) is not a homeomorphism,
that is, neighborhoods of the origin in X are not mapped into neighborhoods
of the origin in Z. To see this, observe that, for example, zR → 0 implies
x → 0 according to (3.6), but the opposite is not necessarily true. Indeed,
consider, for example, the sequence {xk}k∈N, xk ∈ X , xk = [0 1

k
0]⊤, satisfying

xk → 0 for k → ∞. Applying the coordinate transformation (3.9) one has
that zR(xk) = [0 0 π

2 ]⊤ for all k ∈ N, and therefore limk→∞(xk) = [0 0 π
2 ]⊤,

i.e., the limit is not the origin 0 ∈ Z.
The consequences of this property of the coordinate transformation (3.9)
will be discussed in Section 3.2.5, where we discuss stability results in the
Cartesian coordinates.

3.2 GROUND WHEELED ROBOTS

In this section we focus on ground wheeled robots whose dynamics in the
Cartesian coordinates can be approximated by the unicycle kinematic model

ẋ =

[
ṗ1
ṗ2

ϕ̇

]
= f(x, u) :=

[
u1 cos(ϕ)
u1 sin(ϕ)

u2

]
, (3.10)

and we address the following points:
(a) By hybridly merging two camera-based stabilizers, each one using only the
measurements coming from one camera, we derive a united global feedback
stabilizer from on-board sensors, globally asymptotically stabilizing the origin
of the unicycle dynamics in the polar coordinates, not suffering from any
angular unwinding phenomena.
(b) We establish links between the polar coordinates and the classical Cartesian
coordinates representation of the system, clearly illustrating why Brockett’s
necessary condition is not violated by our stability proof.
(c) We prove robustness properties of the proposed hybrid feedback, with
respect to measurement noise and unmodeled dynamics as seen by the on-
board representation, and with respect to external perturbations as seen in
the Cartesian coordinates representation.
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3.2.1 KINEMATIC EQUATIONS IN POLAR COORDINATES
Given equation (3.10), describing the evolution in time of the Cartesian
coordinates under the input u, we now combine (3.6) and (3.10) to show that
the dynamics in the camera-based coordinates is

żR = fR(zR, v):=

[
v1r cos(αR)

−v2
−v1 sin(αR) − v2

]
,

żF = fF(zF, v) :=

[ −v1r cos(αF)
−v2

v1 sin(αF) − v2

]
,

with
v1r = u1,

v2 = u2,
(3.11)

with a transformed input v = [v1 v2]⊤ ∈ R2.

Lemma 3.2.1. Whenever r ̸= 0, the dynamics (3.10) can be equivalently
represented through (3.11).

Proof. We start by deriving fR. Let r ≠ 0 in the remainder of the proof
and define the angle θ = αR − βR (see Figure 3.2). Proceeding as in [118,
eq. (41)], we use the fact that the derivative of a function g(p) = p satisfies
dg
dp

(p) = dp
dp

= I (with I the identity matrix). Using the definition of θ as well
as (3.6), the matrix can be written as

dp

dp
=
[

∂r
∂p1

cos(θ) ∂r
∂p2

cos(θ)
∂r

∂p1
sin(θ) ∂r

∂p2
sin(θ)

]
+r
[

− sin(θ) ∂θ
∂p1

− sin(θ) ∂θ
∂p2

cos(θ) ∂θ
∂p1

cos(θ) ∂θ
∂p2

]
=
[

cos(θ)
sin(θ)

]
dr

dp
+ r

[
− sin(θ)
cos(θ)

]
dθ

dp
.

With the definition J = [ 0 −1
1 0 ] and the observations that

p

r
=
[

cos(θ)
sin(θ)

]
and Jp = r

[
− sin(θ)
cos(θ)

]
, (3.12)

for r ̸= 0, the calculations above yield

I = dp

dp
= d

dp

(
r

[
cos(θ)
sin(θ)

])
= 1
r
p
dr

dp
+ Jp

dθ

dp
. (3.13)

Note that p⊤Jp = 0, hence, left-multiplying (3.13) by p⊤ gives

p⊤ = 1
r
p⊤p

dr

dp
+ p⊤Jp

dθ

dp
= r2

r

dr

dp
= r

dr

dp
.
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Similarly, the equation

(Jp)⊤I = 1
r
p⊤J⊤p

dr

dp
+ p⊤p

dθ

dp
= r2 dθ

dp

holds, which leads to the expressions dr
dp

= 1
r
p⊤ and dθ

dp
= 1

r2 (Jp)⊤. With
these calculations, the definition of the function fR follows from (3.10), that
is

ṙ = ∂r

∂p
ṗ = 1

r
p⊤ṗ = 1

r

[
r cos(θ) r sin(θ)

] [u1 cos(ϕ)
u1 sin(ϕ)

]
= u1[cos(θ) cos(ϕ) + sin(θ) sin(ϕ)] = v1r cos(ϕ− θ)
= v1r cos(−βR − αR + βR) = v1r cos(αR)

θ̇ = ∂θ

∂p
ṗ = 1

r2 p
⊤J⊤ṗ = 1

r2

[
r cos(θ) r sin(θ)

] [ u1 sin(ϕ)
−u1 cos(ϕ)

]
= u1

r
(cos(θ) sin(ϕ) − sin(θ) cos(ϕ)) = −v1 sin(ϕ− θ)

= −v1 sin(αR)
β̇R = −ϕ̇ = −v2

α̇R = β̇R + θ̇ = −v2 − v1 sin(αR).

The expression of fF can be obtained by following similar steps, using the
definition θ = αF − βF − π.

3.2.2 CAMERA-BASED STABILIZERS
We now derive control laws for the dynamics (3.11) rendering the target set
A ⊂ Z, defined as

A := {0} ×
[
−3

2π − δ,
3
2π + δ

]
× {0}, (3.14)

as well as the origin of Z, asymptotically stable, globally relative to Z. Stabi-
lizing the set (3.14) corresponds to asymptotically reaching the origin p = 0
of the plane in Fig. 3.2 with a non-specified orientation, while stabilizing the
origin also imposes a constraint on the orientation ϕ (which is equivalent to
the constraints on βF or βR, respectively). This follows from the coordinates
transformations (3.6) by observing that r → 0 implies (p1, p2) → 0, and
βi → 0, i ∈ {F,R}, implies ϕ → 0.
Since the control laws proposed here use only measurements coming either
from the rear camera, zR ∈ Z, or the front camera, zF ∈ Z, the resulting
trajectories may stop at the boundary of Z with a bounded time domain,
and therefore, given the presence of maximal but not complete solutions, we
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use the notions of “pre-asymptotic stability” and “pre-attractivity” defined in
Section 2.3. Non-completeness of solutions is a consequence of the fact that,
when only one camera is available, it is possible to use the measurements

coming from the on-board sensors to steer the robot only if that camera sees
the target, i.e., only if x ∈ Xi, i ∈ {F,R}. Thus, any result obtained using
only one camera is local from the Cartesian point of view, in the sense that it
holds in the set Xi, i ∈ {F,R}.
In the next section we will see how, by using a hybrid control architecture
combining the measurements coming from the two cameras, we can ensure
completeness of maximal solutions, so that the prefix “pre” can be dropped,
and achieve stability results that are truly global in both Cartesian and
camera-based coordinates.

Proposition 3.2.2. Let the feedback gains kr, kα ∈ R>0 be arbitrary. Con-
sider the zR-dynamics (3.11) with zR ∈ Z defined as in (3.5). Then, for
v = vR, with

vR :=
[
vR1

vR2

]
=
[

−kr cos(αR)
kr cos(αR) sin(αR) + kααR

]
, (3.15)

the set A in (3.14) is globally pre-asymptotically stable. Moreover, Vϕ(zR) =
1
2 (r2 + α2

R) is a Lyapunov function for the closed-loop dynamics.

Proof. First observe that Vϕ(zR) = 1
2 |zR|2A, and therefore Vϕ satisfies all

requirements of Definition 2.4.1. The directional derivative of Vϕ along the
dynamics (3.11) is

V̇ϕ(zR) = ⟨∇Vϕ(zR), fR(zR, vR)⟩
= r2vR1 cos(αR) + αR(−vR2 − vR1 sin(αR))
= −krr

2 cos2(αR) − kαα
2
R,

which is negative for all z ∈ ZR \ A, and thus global pre-asymptotic stability
of A follows from Theorem 2.4.2.

Following parallel steps it is possible to prove a similar result for the coordi-
nates zF, formalized below.

Corollary 3.2.3. Let the gains kr, kα ∈ R>0 be arbitrary. Consider the
zF-dynamics (3.11) with zF ∈ Z. Then, for v = vF, with

vF :=
[

kr cos(αF)
kr cos(αF) sin(αF) + kααF

]
, (3.16)

the set A in (3.14) is globally pre-asymptotically stable. Moreover, Vϕ(zF) =
1
2 (r2 + α2

F) is a Lyapunov function for the closed-loop dynamics.



3.2. GROUND WHEELED ROBOTS 47

We now focus on the origin of Z, to ensure that βR(t) → 0 for t → ∞. To also
guarantee convergence of the orientation to β = 0, we include an additional
term in the feedback law vR and in the Lyapunov function.
Proposition 3.2.4. Let kr, kα, kβ ∈ R>0 be arbitrary. Consider the zR-
dynamics (3.11) with zR ∈ Z. Then the control law v = vR, with

vR:=
[

−kr cos(αR)
kr cos(αR) sin(αR)+kααR+kβ(αR−βR) cos(αR) sin(αR)

αR

]
(3.17)

is well-defined for all zR ∈ Z and globally pre-asymptotically stabilizes
the origin. Moreover, V (zR) = 1

2 (r2 + kβ

kr
(αR − βR)2 + α2

R) satisfies
⟨∇V (zR), fR(zR, vR)⟩ ≤ 0, for all zR ∈ Z.

Proof. First note that limαR→0
sin(αR)

αR
= 1 and thus the feedback law is

well-defined.
The expression of V can be rewritten as

V (zR) = 1
2(r2 + kβ

kr
(αR − βR)2 + α2

R)

= 1
2r

2 + 1
2kr

(
kβ(α2

R + β2
R − 2αRβR) + krα

2
R
)

= 1
2r

2 + 1
2kr

(
(kr + kβ)α2

R + kββ
2
R − 2kβαRβR

)
,

where the second term at the right-hand-side is the quadratic form in (αR, βR)
corresponding to the positive definite matrix

[
kβ+kr −kβ

−kβ kβ

]
. Thus, V is positive

definite with respect to the origin and radially unbounded, which in turn
implies that its sublevel sets are compact. It is straightforward to verify that
V also satisfies the remaining requirements of Definition 2.4.1, and therefore
V is a Lyapunov function candidate on Z with respect to the origin for the
zR dynamics (3.11), (3.17).
Extending the derivations in Proposition 3.2.2 with the additional terms in
(3.17), one obtains

⟨∇V (zR), fR(zR, vR)⟩ =r2vR1 cos(αR) + αR(−vR2 − vR1 sin(αR))

+ kβ

kr
(−vR2 − vR1 sin(αR) + vR2 )(αR − βR)

= − krr
2 cos2(αR) − kαα

2
R

+ kβ(αR − βR) cos(αR) sin(αR)

− αRkβ(αR − βR)
(

cos(αR) sin(αR)
αR

)
= − krr

2 cos2(αR) − kαα
2
R ≤ 0 ∀ zR ∈ Z, (3.18)
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showing that the sublevel sets of V are strongly forward pre-invariant. Lya-
punov stability of the origin follows from Theorem 2.4.3. Boundedness of
solutions follows from forward pre-invariance and compactness of the sublevel
sets of V . Moreover, for all zR ∈ Z for which (3.18) is zero, one has that the
zR closed-loop dynamics (3.11), (3.17) becomes żR =

[
0 kββR kββR

]⊤
.

Since (3.18) is zero only when r = αR = 0, one has that the only complete so-
lution along which the Lyapunov derivative is identically zero is zR = [0 0 0]⊤,
for all t ≥ 0. Hence, global pre-attractivity of the origin relative to Z follows
from Corollary 2.4.6. Global pre-asymptotic stability of the origin then follows
from stability and global pre-attractivity.

Observe that through kβ = 0, Proposition 3.2.4 covers the result of Proposition
3.2.2 as a special case, because (3.17) reduces to (3.15). For the zF-dynamics
in (3.11), using the same ideas, a result equivalent to Proposition 3.2.4 can
be derived, as follows.

Corollary 3.2.5. Let kr, kα, kβ ∈ R>0 be arbitrary. Consider the zF-
dynamics (3.11) with zF ∈ Z. The control law v = vF, with

vF:=
[

kr cos(αF)
kr cos(αF) sin(αF)+kααF+kβ(αF−βF) cos(αF) sin(αF)

αF

]
(3.19)

is well-defined for all zF ∈ Z and globally pre-asymptotically stabilizes
the origin. Moreover, V (zF) = 1

2 (r2 + kβ

kr
(αF − βF)2 + α2

F) satisfies
⟨∇V (zF), fF(zF, vF)⟩ ≤ 0, for all zF ∈ Z.

3.2.3 HYBRID GLOBAL STABILIZERS
Since the measurements of both cameras are needed to cover all the possible
robot configurations (recall from Lemma 3.1.1 that γF(Z) ∪ γR(Z) = X ), we
hybridly combine the two camera-based controllers of Section 3.2.2 to ensure
completeness of maximal solutions and achieve global robust asymptotic
stability.
To combine the two controllers (3.17), (3.19) we introduce an additional
logic variable q ∈ {−1, 1}, where q = −1 represents the rear camera R and
q = 1 represents the front camera F. In the overall system representation we
consider the hybrid state

ξ = [r β α q]⊤ ∈ Ξ := Z × {−1, 1} (3.20a)

where (α, β) can either represent (αR, βR) when q = −1 or (αF, βF) when q = 1.
Accordingly, q is responsible for the selection of the camera measurements
used to define the input.
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With this notation, the dynamics (3.11) can be unified, by using the state q,
in the flow map

ξ̇ =

 ṙβ̇α̇
q̇

 = f(ξ, v) :=

 −qv1r cos(α)
−v2

−v2 + qv1 sin(α)
0

 , ξ ∈ C, (3.20b)

with the flow set C = Ξ as in (3.20a). The feedback laws (3.17) and (3.19)
are unified as v = κ(ξ), with

κ(ξ) :=
[

qkr cos(α)
kr cos(α) sin(α)+kαα+kβ(α−β) cos(α) sin(α)

α

]
. (3.20c)

The jump map and the jump set ensure completeness of maximal solutions
inspired by (3.7), by jumping from the boundary of C to its interior. Define
the functions

gβ(ξ) =

 r
β − 2πsign(β)

α
q

 , gα(ξ) =

 r
β

α− πsign(α)
−q

 , (3.20d)

the first one encompassing 2π wraps of the angle β and the second one
stemming from the relationship between αF and αR in (3.7). In addition, we
define jump sets

Dα :=
{
ξ ∈ Ξ : |α| ≥ π

2 + δ
}
,

Dβ :=
{
ξ ∈ Ξ : |β| ≥ 3

2π + δ
}
,

D := Dβ ∪ Dα,

(3.20e)

covering the boundary of C. Finally, the jump map (which is set-valued) is
defined as

ξ+∈G(ξ) =

{ {gβ(ξ)}, if ξ∈ Dβ\Dα,
{gα(ξ)}, if ξ∈ Dα\Dβ ,

{gα(ξ)} ∪ {gβ(ξ)}, if ξ∈ Dα ∩ Dβ .
(3.20f)

Note that β+ = β− 2πsign(β), defined through gβ , guarantees that β+ and β
differ by a multiple of 2π and |β+| < |β| for all ξ ∈ Dβ (wherein |β| ≥ 3

2π+ δ).
Thus, β+ and β describe the same information with respect to the position
of the robot but β+ is closer to the target orientation β = 0. Similarly,
α+ = α − πsign(α), defined through gα, captures the properties in (3.7)
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when the perspective of the cameras is switched. We compactly write the
closed-loop hybrid system (3.20) as

H :
{

ξ̇ = f(ξ, κ(ξ)), ξ ∈ C,
ξ+ ∈ G(ξ), ξ ∈ D. (3.21)

System (3.21) satisfies the Hybrid Basic Conditions in Definition 2.2.1, there-
fore asymptotic stability of any compact set is robust in the general sense
discussed in Definition 2.3.8.

Remark 12. Let κ0 be the stabilizer in (3.20c) evaluated for kβ = 0. Then,
(3.21) returns the expression of the hybrid closed-loop system without angular
stabilization, that is

Hϕ :
{

ξ̇ = f(ξ, κ0(ξ)), ξ ∈ C,
ξ+ ∈ G(ξ), ξ ∈ D, (3.22)

where the rationale is to globally asymptotically stabilize the robot position
(r, α), but not its orientation β. In the coordinates (3.10), this maps back to
only focusing on the position p and disregarding the orientation ϕ.

Before presenting the stability properties of the closed-loop systems (3.21)
and (3.22), we present a preliminary result stating that any solution switches
between the front and rear cameras or vice versa at most once.

Lemma 3.2.6. Let δ ∈ (0, π
2 ), kr, kα ∈ R>0, kβ ∈ R≥0 be arbitrary. Then,

the set Ω is strongly forward invariant for (3.21) and (3.22). Moreover, for
each ξ ∈ Dα, gα defined in (3.20d) satisfies gα(ξ) ∈ Ω := {ξ ∈ Ξ : |α| ≤ π

2 } =
R≥0 × [− 3

2π − δ, 3
2π + δ] × [− π

2 ,
π
2 ] × {−1, 1}.

Remark 13. By definition of Ω we have that Dα ∩ Ω = ∅. This, combined
with the results of Lemma 3.2.6, stating that Ω is strongly forward invariant
and that gα(ξ) ∈ Ω for ξ ∈ Dα, imply that along every solution of (3.21),
(3.22) there can be at most one jump from the front to the rear camera, or
vice versa.

Proof of Lemma 3.2.6. To prove the first statement we show that solutions
starting in Ω can not exit the set while flowing in C ∩ Ω or by jumping from
Dβ ∩ Ω. This, together with Remark 13, ensures that solutions can not leave
the set Ω once they enter it. Consider the function VB(ξ) = 1

2α
2 and consider

a time (t, j) ∈ dom(ξ), where a solution ξ(·, ·) starting in Ω is flowing. Under
this assumption, for ξ(t, j) ∈ C ∩ Ω, the directional derivative of VB along
f(ξ, κ(ξ)) in (3.21) (which also covers (3.22) for kβ = 0) is

V̇B(ξ) = ⟨∇VB(ξ), f(ξ, κ(ξ))⟩
= −kαα

2 − kβα cos(α) sin(α) + kββ cos(α) sin(α),
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which implies that

ξ(t, j) ∈ C ∩ Ω and |α| = π

2 =⇒ V̇B(ξ) = −kα
π2

4 < 0.

This inequality implies that d
dt

|α| < 0 when |α| = π
2 in Ω. Therefore, solutions

can not exit Ω while flowing. Consider now solutions jumping from Dβ ∩ Ω.
Since the jump map (3.20d) does not change the α component of ξ we have
that ξ(t, j + 1) = gβ(ξ(t, j)) is still inside Ω. These two results combined
with Remark 13 ensure that solutions can not leave the set Ω once they
enter it, which proves the first statement. Consider now a solution ξ(·, ·) and
(t, j) ∈ dom(ξ), such that ξ(t, j) ∈ Dα. From (3.20d) we have

|α(t, j + 1)| = |α(t, j) − πsign(α(t, j))|
= |sign(α(t, j))(|α(t, j)| − π)| = |(|α(t, j)| − π)|
=
∣∣π

2 + δ − π
∣∣ =
∣∣δ − π

2

∣∣ < π
2 ,

and thus ξ(t, j + 1) = gα(ξ(t, j)) ∈ Ω, which proves the second statement. □

We now characterize the stability properties of the set
Aq = {0} × {0} × {0} × {−1, 1}, (3.23)

for H in (3.21) and of the set

Aq,ϕ = {0} ×
[
−3

2π − δ,
3
2π + δ

]
× {0} × {−1, 1}, (3.24)

for Hϕ in (3.22). Here, Aq specifies zero orientation (for β), while Aq,ϕ does
not enforce any asymptotic orientation β.
Theorem 3.2.7. Let δ ∈ (0, π

2 ), kr, kα ∈ R>0 be arbitrary and kβ = 0. Then,
all maximal solutions of the hybrid closed-loop system (3.22) are complete and
the set Aq,ϕ in (3.24) is uniformly globally robustly asymptotically stable for
(3.22).

Proof. We start by observing that the hybrid system (3.22) satisfies the
Hybrid Basic Conditions in Definition 2.2.1.
Consider the Lyapunov function candidate Vϕ(ξ) = 1

2 (r2+α2). It is immediate
to check that Vϕ satisfies the requirements in Definition 2.4.1. From the
results presented in Proposition 3.2.2 and in Corollary 3.2.3 it follows that
the directional derivative of Vϕ is negative definite with respect to Aq,ϕ along
flowing solutions. Moreover for ξ ∈ Dα we have that

Vϕ(ξ+) − Vϕ(ξ) = 1
2 (α+)2 − 1

2α
2

= 1
2 [(α− πsign(α))2 − α2]

= 1
2 [α2 + π2 − 2π|α| − α2]

= 1
2 (π2 − 2π|α|) < 0,
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where the last inequality holds because, for ξ ∈ Dα, |α| ≥ π
2 + δ > π

2 ,
according to the definition of Dα in (3.20e). Additionally, for any ξ ∈ Dβ ,
Vϕ(ξ+) − Vϕ(ξ) = 0, because Vϕ does not depend on β. Since Vϕ(·) is non-
increasing along solutions to (3.22), Theorem 2.4.3 implies that the set Aq,ϕ is
uniformly globally stable, and thus all solutions are bounded. Moreover, since
Vϕ remains constant, outside Aq,ϕ, only when the solutions jump from Dβ ,
and since ξ+ = gβ(ξ) /∈ Dβ , we can conclude that the only complete solutions
ξ(t, j) along which Vϕ remains identically constant satisfy Vϕ(ξ(t, j)) = 0 for
all (t, j) ∈ dom ξ. Then, Corollary 2.4.6 implies that all complete solutions
converge to Aq,ϕ, proving global pre-attractivity of Aq,ϕ, and therefore,
combined with stability, proving that Aq,ϕ is globally pre-asymptotic stable
for (3.22). Uniformity and robustness follow from Theorem 2.3.9.
We conclude the proof by showing completeness of all maximal solutions.
Since we have that (3.22) satisfies the Hybrid Basic Conditions in Definition
2.2.1, all solutions are bounded, and G(D) ⊂ C∪D, the only condition to check
in Theorem 2.2.5 is the fact that f(ξ, κ(ξ)) ⊂ TC(ξ) holds for all ξ ∈ C \ D.
Before we verify that condition f(ξ, κ(ξ)) ⊂ TC(ξ) holds, we observe that, since
the q component of ξ in (3.20a) is a logic variable satisfying q ∈ {−1, 1}, we
have TC(ξ) ⊂ R3 × {0} for all ξ ∈ C. This fact follows directly from Definition
2.2.4, by observing that any sequence of points {ξj} ∈ C, converging to some
ξ ∈ C with q ∈ {−1, 1}, satisfies qj ∈ {−1, 1}, and therefore the ratio q−qj

λj

converges to zero for any sequence λj ↘ 0. This is in accordance to the fact
that, during flow, the value of q is kept constant, and so q̇ = 0. The only
points in C \ D that are not in the interior of C (for those points one has
TC(ξ) = R3×{0}) are those in the set {ξ ∈ Ξ : r = 0, |α| < π

2 +δ, |β| < 3
2π+δ},

for which TC(ξ) = {0} × R2 × {0}. Substituting r = 0 in (3.20b) yields
ṙ = fr(ξ, κ(ξ))|r=0 = 0. Then, f(ξ, κ(ξ)) ∈ TC(ξ) for all ξ ∈ C \ D, and
therefore all maximal solutions to (3.22) are complete from Theorem 2.2.5.

Theorem 3.2.8. Let δ ∈ (0, π
2 ), kr, kα, kβ ∈ R>0 be arbitrary. Then all

solutions of the hybrid closed-loop system (3.21) are complete and the set Aq

in (3.23) is robustly uniformly globally asymptotically stable for (3.21).

Before we give the proof of Theorem 3.2.8, note that this is not a simple
extension of the proof of Theorem 3.2.7. The function

V (ξ) = 1
2

(
r2 + kβ

kr
(α− β)2 + α2

)
(3.25)

is non-increasing along solutions flowing in C. This is an immediate conse-
quence of Proposition 3.2.4 and Corollary 3.2.5, and the selection of f in
(3.20b) and of κ in (3.20c).
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Note also that solutions jumping from ξ ∈ Dβ satisfy

V (ξ+) − V (ξ) = kβ

2kr
(α+ − β+)2 − kβ

2kr
(α− β)2

= kβ

2kr

[
4(α− β)sign(β)π + 4π2]

= 2 kβ

kr

[
αsign(β)π − βsign(β)π + π2]

≤ 2 kβ

kr

[
( π

2 + δ)π − ( 3
2π + δ)π + π2] = 0,

by the choice of domain [− 3
2π − δ, 3

2π + δ] for β. On the other hand, non-
increase of V across jumps from ξ ∈ Dα is not guaranteed. Indeed, the change
of V across jumps from Dα is

V (ξ+) − V (ξ) = kβ
2kr

(α+ −β)2 + 1
2 (α+)2 − kβ

2kr
(α−β)2 + 1

2α
2

= kβ

kr
(α− β)sign(α)π + kβ

2kr
π2 − |α|π + 1

2π
2

= − kβ

kr
|α|π + kβ

kr
βsign(α)π + kβ

2kr
π2 − |α|π + 1

2π
2

≤ − kβ

kr
( π

2 +δ)π + kβ

kr
( 3

2π+2δ)π + kβ

2kr
π2 − ( π

2 +δ)π + 1
2π

2

≤ −δπ(1 − kβ

kr
) + 3

2
kβ

kr
π2, (3.26)

where the last term is a constant upper bound on V (gα(ξ)) − V (ξ), whose
sign depends on the values of the gains kr, kβ .
By (3.26), for an arbitrary gain selection, V may increase after a jump from
Dα. Therefore, the Hybrid Invariance Principle in Corollary 2.4.6 can not be
used to conclude global asymptotic stability. For this reason, we present a
proof based on two steps, relying on Lemma 3.2.6 and on an intermediate
result for the reduced system Hβ := (C, F,Dβ , gβ), where the original jump
dynamics (3.20f) are replaced by

ξ+ = gβ(ξ), ξ ∈ Dβ . (3.27)

Proof of Theorem 3.2.8. We split the proof in two parts.
Step 1. Stability properties of Aq for Hβ : We start by pointing out that Hβ

satisfies the Hybrid Basic Conditions in Definition 2.2.1, since it shares the
same flow data as H, Dβ is closed, and gβ is continuous and bounded in Dβ .
Note that there exist solutions of Hβ which are maximal but not complete,
i.e., solutions that stop in the set {ξ ∈ Ξ : |α| = π

2 + δ} with bounded time
domain. For this reason we characterize the stability properties of Aq for Hβ

in terms of pre-attractivity and global pre-asymptotic stability.
Lyapunov stability of Aq follows from V in (3.25) being non-increasing in
C ∪ Dβ (see the proof of Proposition 3.2.4 and Corollary 3.2.5). Moreover,
since V is non-increasing along all solutions to Hβ , Theorem 2.4.3 allow us
to conclude uniform global stability of Aq, which in turn implies that all
solutions are bounded.
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We now show that all complete solutions of Hβ asymptotically converge
to Aq. Since Hβ satisfies the Hybrid Basic Conditions, Dβ ∩ gβ(Dβ) = ∅,
and all solutions are bounded, Theorem 2.2.6 ensures that all solutions
have a non-zero dwell-time. Since solutions must flow after a jump from
Dβ , we have that any complete solution ξ(t, j) to Hβ along which V is
constant must satisfy V̇ (ξ(t, j)) = 0 for almost all (t, j) ∈ dom ξ such that
ξ(t, j) ∈ C. This, in turn, implies that such a solution must belong to the
set V̇ −1(0) = {ξ ∈ Ξ : r = α = 0} for almost all (t, j) ∈ dom ξ such that
ξ(t, j) ∈ C. The definition of V̇ −1(0) follows from (3.18). As shown in the
proof of Proposition 3.2.4, a complete solution to (3.11) can remain in the
set V̇ −1(0) only if βR = 0. The same statement can be made with respect
to βF (with reference to Corollary 3.2.5). Therefore, we have that the only
complete solutions to Hβ along which V is constant must also have β = 0,
and thus satisfy V (ξ(t, j)) = 0 for all (t, j) ∈ dom ξ. Therefore, Corollary
2.4.6 implies that all complete solutions converge to Aq. This, together with
the fact that all solutions are bounded, proves global pre-attractivity of Aq.
Uniform global pre-asymptotic stability of Aq follows from Theorem 2.3.9.
Before we continue with the next step of the proof, we point out that all
maximal solutions to Hβ that do not reach Dα are complete, since they are
bounded. Moreover, in all points of C \D = {ξ ∈ Ξ : |α| < π

2 +δ, |β| < 3
2π+δ}

condition (2.2) is satisfied, and gβ(Dβ \ Dα) ⊂ int C.
Step 2. Stability properties of Aq for H: Lyapunov stability of Aq for H can
be shown using the fact that Dα is bounded away from Aq, which implies that
there exists a neighborhood of Aq in which V is non-increasing. Additionally,
all solutions to H that do not reach Dα are also solutions to Hβ , and therefore
are complete, bounded, and asymptotically converge to Aq. Consider now
solutions to H for which there exists a time (t, j) such that ξ(t, j) ∈ Dα.
From Lemma 3.2.6 we have that ξ(t, j + 1) ∈ Ω, and since Ω is strongly
forward invariant for both H and Hβ , the tail of such solutions to H, from
time (t, j + 1) onward, coincide with the complete solutions ξβ to Hβ starting
at ξβ(0, 0) = ξ(t, j + 1), and thus asymptotically converge to Aq. Since the
increment in (3.26) is upper bounded by a constant and V is non-increasing
in Ω, these solutions of H are also bounded. Since all maximal solutions of H
are complete, bounded, and asymptotically converge to Aq, we have global
attractivity of Aq. Uniformity and robustness of global asymptotic stability
of Aq for H follow from Theorem 2.3.9. □

Remark 14. The hybrid control architecture proposed in (3.20) assumes the
same values of control gains kr, kα ∈ R>0, kβ ∈ R≥0 for both cameras. Indeed,
once the gains kr, kα, kβ have been selected, they are used for both values of
q ∈ {−1, 1} in (3.20c). This is a consequence of the fact that the proofs of
Theorem 3.2.7 and 3.2.8 rely on showing that a suitably defined function is
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a common Lyapunov function for both camera-based stabilizers, that is, this
function decreases during flow when each camera is used (for each value of q).
For the stabilization of the position of the vehicle, considering the Lyapunov
function used in the proof of Theorem 3.2.7, Vϕ(ξ) = 1

2 (r2 +α2), it is possible
to verify, following steps similar to those presented in the proof of Proposition
3.2.2, that negative definiteness of the directional derivative of Vϕ is preserved
under a different selection of control gains kr, kα ∈ R>0 for the front and rear
camera.
For the stabilization of the full pose of the vehicle, instead, non-positivity
of the Lyapunov derivative of the function V = 1

2 (r2 + kβ

kr
(α− β)2 + α2) is

achieved, in the proof of Theorem 3.2.8, by canceling potentially harmful terms
via the feedback (3.20c). These cancellations rely on the gains kr and kβ being
constant with respect to q. Therefore, for the stabilization of the full pose of
the vehicle, the front and rear camera must share the same selection of gains
kr, kβ, while the gain kα can be selected independently.

3.2.4 ROBUSTNESS ANALYSIS
Common perturbations considered in the literature are measurement errors in
the feedback loop and external additive disturbances affecting the dynamics.
The switch between front and rear cameras, modelled by a jump of α, and
the reset of the robot orientation angle, modelled by a jump of β, may also
be affected by uncertainties. The goal of this section is to characterize the
robustness properties of the closed-loop system to these types of uncertainties.
Note that in the following analysis we do not consider perturbations affecting
the measurement of the logic variable q or its dynamics. This choice is
motivated by the fact that the value of q represents which camera is currently
being used by the system. Assuming no hardware failure, it is reasonable to
think that q is always known exactly. To simplify the notation used in this
section and in the next one, we define Bq := B × {0} ⊂ R4, where B is the
unit ball in R3.
For H in (3.21), r̄ > 0 arbitrary, λ ∈ R>0 and µ : Ξ → R≥0 positive definite
with respect to Aq, we define the perturbed system

Hp :
{
ξ̇ ∈ f(ξ, κ(ξ + µ(ξ)Bq)) + µ(ξ)Bq, ξ ∈ Cr̄ +λBq

ξ+ ∈ G(ξ) + µ(ξ)Bq, ξ ∈ Dr̄ +λBq
(3.28a)

where

Cr̄ := C ∩{ξ∈Ξ : r ≤ r̄}, Dr̄ := D ∩{ξ∈Ξ : r ≤ r̄}. (3.28b)

The use of a differential (respectively, difference) inclusion in the definition of
the perturbed flow (respectively, jump) dynamics in (3.28a) allows capturing
the effect of all possible additive disturbances and measurement errors affecting
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the feedback κ(·) that, along a solution ξ(t, j) of (3.28), are contained in
the set µ(ξ(t, j))Bq for all (t, j) ∈ dom(ξ). The constant λ > 0, defining
an inflation of Cr̄ and Dr̄, generates solutions along which the cameras are
switched too early or too late, and the reset of the angle β happens for |β|
larger or smaller than 3

2π + δ. Since Bq is used instead of B in (3.28a), the
perturbations do not affect q or the dynamics of q.

Theorem 3.2.9. Let δ ∈ (0, π
2 ), kr, kα, kβ ∈ R>0 and r > 0 be arbitrary.

Then, there exist a scalar function ξ 7→ µ(ξ), positive definite with respect to
Aq, and λ > 0 such that Aq is uniformly globally pre-asymptotically stable
for (3.28).

Observe that uniform global pre-asymptotic stability of Aq for (3.28) implies
semi-global robust uniform pre-asymptotic stability of Aq for (3.21), according
to [48, Definition 7.18], due to the restriction r ≤ r̄ introduced in (3.28b).
While it is possible to prove a global robustness result, doing so requires
defining λ as a function of ξ. The robustness result we provide here, uniform
in λ, is not restrictive for real applications, since r̄ can be taken sufficiently
large so that the restriction r ≤ r̄ is not relevant in the physical scale of the
real system.
Proof of Theorem 3.2.9. Let us consider the perturbed system defined in (2.3),
whose equations are recalled here for the convenience of the reader,

Hρ :
{

ξ̇ ∈ Fρ(ξ), ξ ∈ Cρ,
ξ+ ∈ Gρ(ξ), ξ ∈ Dρ,

(3.29a)

where ρ(ξ) : Ξ → R≥0 is a continuous function, positive definite with respect
to Aq, for which Aq is uniformly globally pre-asymptotically stable for system
(3.29) and

Cρ := {ξ ∈ Ξ : (ξ + ρ(ξ)B) ∩ C ̸= ∅},
Fρ(x) := conf((ξ + ρ(ξ)B) ∩ C, κ((ξ + ρ(ξ)B) ∩ C)) + ρ(x)B ∀x ∈ Rn,

Dρ := {ξ ∈ Ξ : (ξ + ρ(ξ)B) ∩ D ̸= ∅},
Gρ(x) := {ξ ∈ Ξ : ξ ∈ g + ρ(g)B, g ∈ G((ξ + ρ(ξ)B) ∩ D)} ∀x ∈ Rn,

Ξρ := Cρ ∪ Dρ.

(3.29b)

Existence of ρ is guaranteed by Theorem 3.2.8.
To prove Theorem 3.2.9 we show that the data of (3.28) is a subset of the
data of (3.29). Then, uniform global pre-asymptotic stability of Aq for (3.29)
implies uniform global pre-asymptotic stability of Aq for (3.28).
We start by showing that for each r > 0 there exists λ > 0 such that Cr̄+λBq ⊂
Cρ and Dr̄ + λBq ⊂ Dρ. Consider the set Γ := (C ∩ D) ∩ {ξ ∈ Ξ : r ≤ r}.
Continuity and positive definiteness with respect to Aq of ρ(·), together with
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the fact that Γ is compact and bounded away from Aq, ensures that there
exists ε > 0 sufficiently small such that ρ(ξ) ≥ ε for all ξ ∈ Γ + εB. Then, it is
sufficient to pick λ = ε. We now show that there exist a function µ(·), positive
definite with respect to Aq, such that f(ξ, κ(ξ + µ(ξ)Bq)) + µ(ξ)Bq ⊂ Fρ(ξ)
and G(ξ) + µ(ξ)Bq ⊂ Gρ(ξ), for all ξ ∈ Ξρ.
Consider the nominal flow dynamics in (3.21): ξ̇ = f(ξ, κ(ξ)). Continuity of
the right-hand side with respect to ξ ensures that for each ε > 0 there exists
a sufficiently small η > 0 such that f(ξ, κ(ξ + ηBq)) + ηBq ⊂ f(ξ, κ(ξ)) + εBq

for all ξ ∈ Ξρ. Observe now that from the definition of Fρ(·) in (3.29b)
we have f(ξ, κ(ξ)) + ρ(ξ)B ⊂ Fρ(ξ). Since ρ(·) is positive definite with
respect to Aq, for each ξ ∈ Ξρ\Aq there exists ε > 0 such that ρ(ξ) ≥ ε
and f(ξ, κ(ξ)) + εBq ⊂ Fρ(ξ), for all ξ ∈ Ξρ\Aq. Then, we can conclude
that there exists µf : Ξρ → R≥0, positive definite with respect to Aq, such
that f(ξ, κ(ξ + µf (ξ)Bq)) + µf (ξ)Bq ⊂ f(ξ, κ(ξ)) + ρ(ξ)B ⊂ Fρ(ξ), for all ξ ∈
Ξρ. Similarly, for the jump dynamics we can conclude the existence of a
function µg : Ξρ → R≥0, positive definite with respect to Aq, such that
G(ξ) + µd(ξ)Bq ⊂ Gρ(ξ) for all ξ ∈ Ξρ. Accordingly, µ(·) can be defined
as the pointwise minimum between µf (·) and µg(·), for all ξ ∈ Ξρ, i.e.,
µ(ξ) := min{µg(ξ), µf (ξ)}.
Finally, uniform global pre-asymptotic stability of Aq for (3.28) can be con-
cluded from [48, Prop. 3.32], since Aq is uniformly globally pre-asymptotically
stable for (3.29) and Cr̄ + λBq ⊂ Cρ, f(ξ, κ(ξ) + µ(ξ)Bq) + µ(ξ)Bq ⊂ Fρ(ξ)
for all ξ ∈ Cr̄ + λBq, Dr̄ + λBq ⊂ Dρ, and G(ξ) + µ(ξ)Bq ⊂ Gρ(ξ) for all
ξ ∈ Dr̄ + λBq. □

3.2.5 STABILITY AND ROBUSTNESS IN THE CARTESIAN CO-
ORDINATES

In this section we characterize the behavior of the unicycle, driven by the
camera-based stabilizers (3.15) and (3.16), as seen in the absolute reference
frame. To this end, we define the Cartesian output of the systems (3.11), for
a given solution t 7→ zi(t), i ∈ {F,R}, as

x(t) := γi(zi(t)),

i ∈ {F,R}, for all t ∈ dom(zi), where γi(·) denotes the corresponding coordi-
nate transformations in (3.6), and we interpret the Cartesian coordinates x
of the unicycle during its motion as an output of a dynamical system. This is
a natural “on-board” perspective.
The first observation we make is that the Cartesian output does not satisfy
a ϱ-ε stability bound. Due to the lack of a homeomorphism between the
coordinates systems, as observed at the end of Section 3.1, while uniform
pre-asymptotic stability in the camera-based polar coordinates zF, zR implies
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Figure 3.3: Closed-loop solutions of (3.11), (3.17) for different initial conditions
zR(0): time histories of zR (left) Cartesian output responses (right). Recall from
(3.6) that ϕ = −βR.

the existence of β ∈ KL such that |zi(t)| ≤ β(|zi(0)|, t) for all t ≥ 0, such
a KL bound does not exist for the evolution of the Cartesian output x =
γi(zi), i ∈ {F,R}. More precisely, the Cartesian output does not satisfy
a ϱ-ε stability bound (see [119, Definition 3] and [120] for definitions of
output stability properties), because for any sufficiently small ε > 0 there
exists no ϱ > 0 such that |x(0)| ≤ ϱ implies |x(t)| ≤ ε for all t ≥ 0. This
property of the Cartesian output is illustrated in Fig. 3.3, where the family of
curves represents trajectories of the unicycle, obtained using the rear-camera
stabilizer (3.17), starting from different initial conditions zR(0) mapping to
p1(0) = p2(0) = ϱ√

2 , ϕ(0) = 0, for decreasing values of ϱ > 0. As shown by
the red and black curves at the left of Fig. 3.3, the trajectories all share the
same time evolution of ϕ(t) = −βR(t) and αR(t), whose amplitudes do not
decrease as ϱ goes to zero. Then, given an arbitrary ε ∈ R>0, there exists no
ϱ ∈ R>0 such that |x(0)| ≤ ϱ implies |x(t)| ≤ ε for all t ≥ 0.
However, since r → 0 and βR → 0 imply x → 0, we can still prove convergence
to zero of the Cartesian output, as stated below.
Lemma 3.2.10. Let kr, kα, kβ ∈ R>0 be arbitrary. Then, for any solution z(t)
of the zR-system (3.11), (3.15) (or zF-system (3.11), (3.16)), the Cartesian
output x(t) = γR(z(t)) (or x(t) = γF(z(t))), is bounded, and, if the solution is
complete, it asymptotically converges to the set {0}2 × [− 3

2π− δ, 3
2π+ δ] ⊂ X .

The proof follows trivially from continuity of (3.6). A similar statement can
be made using the feedback laws (3.17) or (3.19), for convergence to the origin
of X .
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The control laws (3.15) and (3.16) use, respectively, measurements coming
from the rear camera, zR ∈ Z, and the front camera, zF ∈ Z. Then, as
discussed in Section 3.2.2, any result obtained using only one camera is
local from the Cartesian point of view, in the sense that it holds in the
set Xi, i ∈ {F,R}, defined in (3.8). By using the hybrid control architecture
(3.21), combining the measurements coming from both cameras, we can obtain
global results that hold in the set X .
Consider now the Cartesian output of the hybrid system (3.21), defined, for
a given solution ξ(t, j) = [z(t, j)⊤ q(t, j)]⊤ to (3.21), as

x(t, j) := γq(t,j)(z(t, j)),

for all (t, j) ∈ dom(ξ), where γq(·) combines the two coordinates transforma-
tions in (3.6) through the use of the logic variable q. We first show that
uniformity of asymptotic stability of Aq for (3.21) implies uniformity of con-
vergence of the Cartesian output. Similar results hold for system (3.22) and
convergence of the Cartesian output to the set {0}2 × [− 3

2π− δ, 3
2π+ δ] ⊂ X .

Theorem 3.2.11. Let δ ∈ (0, π
2 ), kr, kα, kβ ∈ R>0 be arbitrary. Then, for

any solution ξ(t, j) of (3.21), the Cartesian output x(t, j) = γq(t,j)(z(t, j))
satisfies the following property. For each ϵ, ϱ ∈ R>0 there exists T (ϵ, ϱ) > 0
such that |x(0, 0)| ≤ ϱ implies |x(t, j)| ≤ ϵ for all (t, j) ∈ dom(x) such that
t+ j ≥ T (ϵ, ϱ).

Proof. Observe that for any pair x ∈ X , ξ ∈ Ξ, satisfying x = γq(z) (recall
the definition given in (3.6)) the inequality

|x|2 =p2
1 + p2

2 + ϕ2 =r2 + β2 ≤ r2 + α2
q + β2 = |ξ|2Aq

(3.30)

holds. Fix an arbitrary ϱ > 0 and consider the compact set Xϱ := {x ∈ X :
|x| ≤ ϱ}. From (3.6) we can see that the pre-image of Xϱ through γq(·) is
contained in the compact set Ξϱ := {ξ ∈ Ξ : r ≤ ϱ, β ≤ ϱ, α ∈ [− π

2 − δ, π
2 +

δ], q ∈ {−1, 1}}. Since Ξϱ is compact, there exists ϱ > 0 sufficiently large
such that |ξ|Aq ≤ ϱ for all ξ ∈ Ξϱ. Then, for any Cartesian output satisfying
|x(0, 0)| ≤ ϱ, all solutions ξ(t, j) of (3.21) for which x(0, 0) = γq(0,0)(z(0, 0))
satisfy |ξ(0, 0)|Aq ≤ ϱ. Fix now an arbitrary ϵ > 0. The uniform global
attractivity property of Aq established in Theorem 3.2.8 implies that for
each ϵ, ϱ̄ > 0 there exists T̄ (ϵ, ϱ̄) > 0 such that |ξ(0, 0)|Aq ≤ ϱ implies
|ξ(t, j)|Aq ≤ ϵ for all (t, j) ∈ dom(ξ) such that t + j ≥ T̄ (ϵ, ϱ̄). Then, from
the inequality (3.30) it follows that |x(0, 0)| = |γq(0,0)(z(0, 0))| ≤ ϱ implies
|x(t, j)| ≤ |ξ(t, j)|Aq ≤ ϵ, for all (t, j) ∈ dom(x) such that t + j ≥ T̄ (ϵ, ϱ̄).
As a final step, since ϱ̄ depends on ϱ, we can write T̄ (ϵ, ϱ̄) = T̄ (ϵ, ϱ̄(ϱ)) =:
T (ϵ, ϱ).
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Following the results presented in Section 3.2.4, showing semi-global robustness
of the asymptotic stability properties of the closed-loop system (3.21), we now
derive robustness results for the Cartesian output of the perturbed system
(3.28), defined through the relation x(t, j) = γq(t,j)(z(t, j)) for a given solution
(t, j) 7→ξ(t, j) to (3.28). The first result states that a uniform convergence
property, as defined in Theorem 3.2.11, holds globally also for the Cartesian
output of the perturbed system (3.28), and therefore uniform convergence is
robust, semi-globally, for the Cartesian output of system (3.21).

Theorem 3.2.12. Let the assumptions of Theorem 3.2.9 be satisfied and
let µ(·) and r̄ > 0 be defined as in Theorem 3.2.9. Then, for any solution
(t, j) 7→ξ(t, j) of (3.28), the Cartesian output x(t, j) = γq(t,j)(z(t, j)) satisfies
the following property. For each ϵ, ϱ ∈ R>0 satisfying ϱ ≤ r̄ there exists
T (ϵ, ϱ) > 0 such that |x(0, 0)| ≤ ϱ implies |x(t, j)| ≤ ϵ for all (t, j) ∈ dom(x)
with t+ j ≥ T (ϵ, ϱ).

While the uniform convergence result presented in Theorem 3.2.11 holds
globally, its extension to the perturbed system (3.28), presented in Theo-
rem 3.2.12, holds for 0 < ϱ ≤ r̄. The bound ϱ ≤ r̄ ensures that r(0, 0)2 =
p1(0, 0)2 + p2(0, 0)2 ≤ |x(0, 0)|2 ≤ ϱ2 ≤ r̄2 (recall the coordinates transforma-
tion (3.6)), allowing to apply the semi-global result stated in Theorem 3.2.9
to system (3.28) to establish asymptotic convergence to zero of the Cartesian
output in the presence of measurement errors and perturbations.
Proof of Theorem 3.2.12. The result follows by applying the same steps as in
the proof of Theorem 3.2.11 and using uniform global asymptotic stability of
Aq for (3.28), established in Theorem 3.2.9. □

As a second result, we investigate how the perturbation function µ(·) in
(3.28a) can be recast and interpreted in the Cartesian output. For a given
µ(·) and for each ξ ∈ Ξ, we define the set

Γ(ξ) =
[

∂
∂z
γq(z) 0

]
(f(ξ, κ(ξ + µ(ξ)Bq)) + µ(ξ)Bq)⊂R3 (3.31)

where ∂
∂z
γq : R3 → R3×3 (with q ∈ {0, 1}) denotes the gradient and 0 ∈ R3

denotes the zero vector. First note that for a solution ξ to (3.28) and a time
(t, j) ∈ dom(ξ), with ξ differentiable, it holds, when solutions evolve contin-
uously in time, that ẋ(t, j) = d

dt
γq(t,j)(z(t, j)) = ∂

∂z
γq(t,j)(z(t, j))ż(t, j) and

thus ẋ ∈ Γ(ξ). Recalling (3.10), we also know that in the unperturbed setting
the Cartesian output satisfies ẋ = h(x, u), with u = [ r 0

0 1 ]κ(ξ), according
to (3.11), and κ(·) selected as in (3.20c). Recalling that ξ = [z⊤ q]⊤, the
condition h(γq(z), u(ξ)) = ẋ ∈ Γ(ξ) holds. Exploiting this inclusion, we show
that there exists a nontrivial perturbation function µx : Ξ → R≥0 such that
h(γq(z), u(ξ)) + µx(ξ)B ⊂ Γ(ξ), thus illustrating our robustness result also
from the viewpoint of the Cartesian output x.
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Theorem 3.2.13. Let the assumptions of Theorem 3.2.9 be satisfied and let
µ(·) and r̄ be defined as in Theorem 3.2.9. Then, there exists µx : Ξ → R≥0,
positive definite with respect to {ξ ∈ Ξ : r = 0}, such that for any pair (ξ, x) ∈
(Ξ × X ) ∩ r̄B satisfying x = γq(z) the relation h(x, u(ξ)) + µx(ξ)B ⊂ Γ(ξ)
holds.

Proof. By using the notation θq := α− β − 1+q
2 π in the coordinates transfor-

mation (3.6) it holds that

∂
∂z
γq(z) =

[ cos(θq) −r sin(θq) r sin(θq)
sin(θq) r cos(θq) −r cos(θq)

0 0 −1

]
, (3.32)

and for ξ ∈ Ξ the matrix on the right-hand side is singular if and only if r = 0.
The set Γ(ξ) defined in (3.31) can be rewritten as

Γ(ξ) =
[

∂
∂z
γq(z) 0

]
f(ξ, κ(ξ + µ(ξ)Bq)) + ∂

∂z
γq(z)µ(ξ)B.

Accordingly, for each (ξ, x) ∈ Ξ × X with x = γq(z) and r ≠ 0, there
exists ε > 0 such that

[
∂

∂z
γq(z) 0

]
f(ξ, κ(ξ + µ(ξ)Bq)) + εB ⊂ Γ(ξ). This,

in particular, implies that h(x, u(ξ)) + εB =
[

∂
∂z
γq(z) 0

]
f(ξ, κ(ξ)) + εB ⊂

Γ(ξ). Based on the definition of ε > 0, we can conclude that there exists a
function µx : Ξ → R≥0, with µx(ξ) > 0 for all ξ ∈ Ξ with r ≠ 0, such that
h(x, u(ξ)) + µx(ξ)B ⊂ Γ(ξ).

The result stated in Theorem 3.2.13 can be interpreted in the following
way. If the unicycle dynamics (3.10) is subject to any additive disturbance
d satisfying d ∈ µx(ξ)B, then convergence of the Cartesian output x to the
origin is preserved. Clearly, no robust stability bound can be established for
the output x because, as already discussed at the beginning of the section
(see Fig. 3.3), such a bound does not hold for the nominal case.

3.2.6 NUMERICAL SIMULATIONS
We illustrate the results derived in the preceding sections with two sets of
numerical simulations. The feedback gains are selected as kr = 2, kα = 1, kβ =
0.3 for the first set of simulations and kr = 1, kα = 2, kβ = 1 for the second
set. To define the field of view of the two cameras we use δ = π

10 in the first set
of simulations. The second set of simulations compares trajectories obtained
using different values of δ. To indicate the pose of the robot x0 = [p⊤

0 ϕ0]⊤ we
place in Figures 3.4 and 3.5 a unicycle icon at the initial position p0, whose
orientation coincides with the initial orientation ϕ0. When the origin is inside
the field of view of both cameras in the initial configuration, we show both
trajectories obtained by initializing q0 through −1 and 1, respectively.
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To illustrate the robustness properties of the hybrid stabilizer, in Figure 3.4,
we simulate the perturbed system (3.28a) and perform stabilization of the
full pose (left plots) and position-only (right plots) by setting the gain kβ

to zero. For each ξ = [z⊤ q]⊤ the admissible amplitude of the perturbations
in the simulations on the left and right are µ(ξ) = 1

3 |z| and µ(ξ) = 1
3 |z|A,

respectively, where A is the set in (3.14), so that the perturbations vanish
as the pose, respectively, the position, of the robot converges to the origin.
The parameter λ, modeling uncertainties affecting the cameras switching
and the reset of the angle β, is set to zero. The resulting perturbed flow
dynamics is ξ̇ = f(ξ, κ(ξ + [e⊤ 0]⊤)) + [d⊤ 0]⊤, where the components of the
vectors e, d ∈ R3 are sampled from a uniform distribution over the interval
[−µ(ξ), µ(ξ)] and model possible measurement errors in the feedback and
additive perturbations. In the top plots of Figure 3.4 we display two sets of
trajectories in the Cartesian plane obtained by plotting the Cartesian output
(3.6) of system (3.28a), showing convergence of the robot’s position p to the
origin. The simulations are obtained by initializing the unicycle at different
positions on the unit circle and with a random initial orientation ϕ0 = −β0.
The trajectories along which the front camera (q = 1) is used are shown in
red, while blue is used to indicate the rear camera (q = −1). In the bottom
plots of Figure 3.4 we show the corresponding evolution of z = [r β α]⊤
in continuous time for system (3.28a). Since the gain kβ is set to zero in
the feedback law for the simulations on the right (recall the definition of κ0
in Remark 12), the position of the unicycle converges to the origin while
the orientation is generic, as expected from Proposition 3.2.2 and Corollary
3.2.3. Along the solutions on the left, instead, both position and orientation
converge to zero. Moreover, we can see that increasing kβ from zero (right
plot) to kβ = 1 (left plot) affects noticeably the speed of convergence of r and
α, thus suggesting a natural trade-off.
Figure 3.5 shows two sets of simulations obtained using δ = π

10 (left plot) and
δ = π

4 (right plot). The purple area represents the region of the Cartesian
plane in which both cameras can see the origin in the initial configuration.
When the initial configuration of the unicycle is in the purple region we show
the two trajectories generated by selecting q(0, 0) = 1 (in red) or q(0, 0) = −1
(in blue).
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Figure 3.4: Closed-loop solutions of the hybrid system (3.28a) obtained by stabilizing
the robot pose (left) and position (right). Top: Trajectories of the unicycle in the
Cartesian plane. Bottom: Continuous time evolution of the camera-based coordinates
z= [r β α].

Figure 3.5: Closed-loop trajectories of the hybrid system (3.21) in the Cartesian
plane for δ = π

10 (left plot) and δ = π
4 (right plot). In the purple region, both

cameras see the target in the initial configuration.
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3.3 MARINE SURFACE VESSELS

In this section we focus on marine surface vessels that can be described, in
the Cartesian coordinates, using the dynamic equations proposed in [26].
We derive a kinematic model approximating the full dynamics and extend the
results obtained for the unicycle model in Section 3.2 by proposing feedback
laws for the simplified kinematic model and for the full dynamic model.

3.3.1 DERIVATION OF A KINEMATIC MODEL OF THE HOV-
ERCRAFT

Let us consider the dynamical system representation of a hovercraft introduced
in [26]

ṗ1 = v1 cos(ϕ) − v2 sin(ϕ),
ṗ2 = v1 sin(ϕ) + v2 cos(ϕ),
ϕ̇ = ω,

(3.33)

where p = [p1, p2]⊤ ∈ R2 and ϕ ∈ R denote the position and the orientation
of the hovercraft; v1 ∈ R and v2 ∈ R denote the surge speed and the sway
speed; and ω is the angular velocity. The dynamics of the velocities in the
body-reference frame are

mv̇1 −mv2ω + dνv1 = F,

mv̇2 +mv1ω + dνv2 = 0,
Jω̇ + drω = T,

(3.34)

where F, T ∈ R are the external force and torque inputs, m,J ∈ R>0 are the
vehicle’s mass and moment of inertia, and dν , dr ∈ R>0 are the coefficients of
viscous and rotational friction.
Starting from the dynamics (3.33)-(3.34), we derive a kinematic model ap-
proximation, based on the assumption that v1 and ω are slowly varying. In
fact, when v1 and ω are constant, from the second equation in (3.34) we
observe that the sway speed v2 converges to the value

v2 = −µv1ω := −m

dν
v1ω, (3.35)

where we have introduced the parameter µ := m
dν

to simplify the notation.
Through the definition of the total speed

η :=
√
v2

1 + v2
2 (3.36)

and by defining ψ through the implicit relationship

v1 = η cos(ψ), v2 = η sin(ψ), (3.37)
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(see Figure 3.6) we can rewrite (3.33), equivalently, as[
ṗ1
ṗ2

]
= R(ϕ)R(ψ)

[
η
0

]
= R(ϕ)

[
η cos(ψ)
η sin(ψ)

]
, (3.38)

by using an additional rotation matrix R(ψ). Approximating v2 by (3.35),
we obtain from (3.37) the relation

η sin(ψ) = v2 = −m

dν
v1ω = −µωη cos(ψ).

Substituting this expression in (3.38), and using the first relation in (3.37),
allows writing the position dynamics in the form

ṗ = R(ϕ)
[

η cos(ψ)
−η cos(ψ)µω

]
= R(ϕ)

[
1

−µω

]
v1. (3.39)

Accordingly, approximating v2 as in (3.35), we propose the kinematic model
of the hovercraft

ẋ = fkin(x, u) (3.40)

where the function fkin : R3 × R2 → R3 is defined as

fkin(x, u) =
[
R(ϕ) 0

0 1

][ u1
−µu2u1
u2

]
(3.41)

with state x = [p1, p2, ϕ]⊤ ∈ R3 and input u = [u1, u2]⊤ = [v1, ω]⊤ ∈ R2

describing the surge speed and the angular velocity.

3.3.2 KINEMATIC AND DYNAMIC EQUATIONS IN POLAR CO-
ORDINATES

We assume that the hovercraft is equipped with on-board sensors, as depicted
in Figure 3.6, and show that the equivalent representation of the equations of
motion of the hovercraft (3.38) in the camera-based coordinates zi, i ∈ {F,R}
introduced in Section 3.1, is given by

żF=fF(zF, ν)=

[−ν1r cos(αF) − µν1ν2r sin(αF)
−ν2

ν1 sin(αF) − ν2 + µν1ν2 cos(αF)

]
(3.42)

żR=fR(zR, ν)=

[
ν1r cos(αR) + µν1ν2 sin(αR)

−ν2
−ν1 sin(αR) − ν2 − µν1ν2 cos(αR)

]
(3.43)
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η
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Figure 3.6: A robot equipped with a range sensor and two cameras with over-
lapping fields of view (blue and yellow), providing measurements (r, αF, βF)
and (r, αR, βR). Each measurement is only available when the target depicted
in red is in the camera’s field of view αi ∈ [− π

2 − δ, π
2 + δ], i ∈ {F,R}, δ > 0.

where ν = [ν1 ν2]⊤ ∈ R2 is a transformed input, given by

ν1r = u1 = v1,

ν2 = u2 = ω.
(3.44)

Lemma 3.3.1. Whenever r ̸= 0, the dynamics (3.41) can be equivalently
represented through (3.42), (3.43), (3.44).

Proof. We start by deriving fF. Let r ̸= 0 and θ = αF − βF − π. Using
the coordinate transformation x = γF(zF) in (3.6) and the definition of
θ, following the same steps as in the proof of Lemma 3.2.1, and with the
definition J = [ 0 −1

1 0 ], one can show that

ṙ = ∂r

∂p
ṗ = 1

r
p⊤ṗ, (3.45)

θ̇ = ∂θ

∂p
ṗ = 1

r2 p
⊤J⊤ṗ. (3.46)

Using the definition of the transformed input (3.44) and substituting (3.41)
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into (3.45) and (3.46) one has:

ṙ = 1
r
p⊤ṗ = 1

r

[
r cos(θ) r sin(θ)

] [v1 cos(ϕ)+µv1ω sin(ϕ)
v1 sin(ϕ)−µv1ω cos(ϕ)

]
= v1 (cos(θ) cos(ϕ) + sin(θ) sin(ϕ))
− v1ω (µ cos(θ) sin(ϕ) − sin(θ) cos(ϕ))
= v1 cos(ϕ− θ) − µv1ω sin(ϕ− θ)
= v1 cos(π − αF) − µv1ω sin(π − αF)
= −ν1r cos(αF) − µν1ν2r sin(αF),

θ̇ = 1
r2 p

⊤J⊤ṗ

= 1
r2

[
r cos(θ) r sin(θ)

] [ v1 sin(ϕ) − µv1ω cos(ϕ)
−v1 cos(ϕ) − µv1ω sin(ϕ)

]
= 1
r
v1 (cos(θ) sin(ϕ) − sin(θ) cos(ϕ))

− 1
r
µv1ω (cos(θ) cos(ϕ) + sin(θ) sin(ϕ))

= 1
r
v1 sin(ϕ− θ) − 1

r
µv1ω cos(ϕ− θ)

= 1
r
v1 sin(π − αF) − 1

r
µv1ω cos(π − αF)

= ν1 sin(αF) + µν1ν2 cos(αF).

Finally, using the definition of θ and the third equation of (3.41), we get

α̇F = θ̇ + β̇F = ν1 sin(αF) + µν1ν2 cos(αF) − ν2.

Similar computations yield the expression of fR using the relation θ =
αR − βR.

3.3.3 CAMERA-BASED STABILIZERS FOR THE KINEMATIC
MODEL

We now prove that the following selections of controllers

νF =
[
kr cos(αF)
kα sin(αF)

]
, (3.47)

νR =
[

−kr cos(αR)
kα sin(αR)

]
, (3.48)

asymptotically drive the hovercraft’s position to the origin in the Carte-
sian coordinates by locally asymptotically stabilizing the set A = {0} ×
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[
− 3

2π − δ, 3
2π + δ

]
× {0} ⊂ Z (where Z has been defined in (3.5)). To see

this, observe from the coordinates transformation (3.6) that r → 0 and
αi → 0, i ∈ {F,R} imply p → 0.
We first need the following preliminary result.

Lemma 3.3.2. Let kα ∈ R>0 and kr ∈ (0, kα
1+µkα

). Then, the set Γ := {z ∈
Z : |α| ≤ π

2 } is forward pre-invariant for (3.42), (3.47) and (3.43), (3.48),
and all complete solutions reach Γ in finite time.

Proof. We prove the statement for (3.42), (3.47). The assertion for (3.43),
(3.48) follows the same steps. Consider the function

W (α) := 1 − cos(α),

and observe that W (α) ≥ 0 for all α ∈ [− π
2 − δ, π

2 + δ] (since δ ∈ (0, π
2 )

according to (3.5)) and W (α) = 0 if and only if α = 0. The directional
derivative of W along the vector field (3.42), (3.47) is

⟨∇W (αF), fF(zF, νF)⟩
= sin(αF) (νF1 sin(αF) − νF2 + µνF1νF2 cos(αF ))
= kr cos(αF) sin2(αF) − kα sin2(αF)

+ µkrkα cos2(αF ) sin2(αF )
= − sin2(αF )

(
kα − kr cos(αF) − µkrkα cos2(αF)

)
,

where we observe that, if kα − kr − krkαµ > 0, then the directional derivative
is negative definite for αF ∈ (−π, π)\{0}. This implies that |αF(t)| is strictly
decreasing and converging to zero along all complete solutions to (3.42),
(3.47). Moreover, solutions do not escape in finite time because νF in (3.47)
and νR in (3.48) are uniformly bounded and the dynamics (3.42), (3.43) are
bounded by an affine function of r. Thus, the set Γ is forward pre-invariant
and every complete solution reaches Γ in finite-time. The proof is concluded
by observing that the above condition on the gains kr, kα can be rewritten as
kα > kr + µkrkα or equivalently kr <

kα
1+µkα

.

We now prove that the controllers (3.47), (3.48) asymptotically stabilize the
set A = {0} ×

[
− 3

2π − δ, 3
2π + δ

]
× {0}, which corresponds to stabilizing the

zero position in (3.41).

Theorem 3.3.3. Let kα ∈ R>0 and kr ∈ (0, kα
1+µkα

). Then, the con-
troller selection (3.47) (respectively, (3.48)) renders the set A globally pre-
asymptotically stable for (3.42) (respectively, (3.43)).
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Proof. As for the proof of Lemma 3.3.2, we only show the assertion for (3.42),
(3.47), because the proof for (3.43), (3.48) follows similar steps. Consider the
function

V (z) := 1
2r

2 +W (α) = 1
2r

2 + (1 − cos(α)),

which is positive definite with respect to A. It is immediate to verify that V
satisfies the remaining requirements in Definition 2.4.1, and therefore V is a
Lyapunov function candidate on Z with respect to A for (3.42), (3.47). Its
directional derivative along the vector field (3.42), (3.47) is

⟨V (zF), fF(zF, νF)⟩
= −krr

2 cos2(αF) − µkrkαr
2 cos(αF) sin2(αF) (3.49)

− sin2(αF)
(
kα − kr cos(αF) − µkrkα cos2(αF)

)
.

We observe that for zF ∈ Z the first term is negative when r ≠ 0 and
|αF| ̸= π

2 , and the third term is negative when αF ̸= 0, as shown in the proof
of Lemma 3.3.2, due to the selection of the gains kr, kα. The second term
is non-positive when |αF| ≤ π

2 , that is, for zF ∈ Γ. This allows concluding
Lyapunov stability of the set A using Theorem 2.4.3, since (3.49) is negative
definite in a neighborhood of A. Since no solution escapes in finite-time, as
established in the proof of Lemma 3.3.2, either solutions are complete or
they stop at the boundary of Z with a bounded time domain. All complete
solutions reach Γ in finite time, due to Lemma 3.3.2, and remain in it forever.
Since the Lyapunov derivative (3.49) is negative definite over Γ, and Γ is
strongly forward pre-invariant, convergence of all complete solutions to A can
be established using the formulation of the Hybrid Invariance Principle in
Corollary 2.4.6. Moreover, all maximal solutions that stop at the boundary of
Z in finite time are bounded. Thus, the set A is globally pre-attractive, which,
combined with Lyapunov stability, proves that A is globally pre-asymptotically
stable.

We now combine the two camera-based stabilizers (3.47), (3.48), using the
hysteresis-based switching logic proposed in Section 3.2.3, to obtain global
and robust stability results.
Let q ∈ {−1, 1} be the logic variable identifying what camera measurements
are currently being used (q = 1 for the front camera F, q = −1 for the rear
camera R), and consider the hybrid state

ξ := [r β α q]⊤ ∈ Ξ, (3.50a)
Ξ := R≥0 ×

[
− 3

2π−δ, 3
2π+δ

]
×
[
− π

2 −δ, π
2 +δ

]
×{−1, 1},
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whose values correspond to the measurements zF if q = 1 or zR if q = −1. As
we did for system (3.20), we introduce a reset logic for the angle β to prevent
the unwinding of the hovercraft’s orientation.
The flow map describing the continuous-time evolution of the state ξ is
obtained by combining the dynamics (3.42), (3.43) with the logic variable q
and leading to the dynamics

ξ̇ =

 ṙβ̇α̇
q̇

 = f(ξ, ν) :=

 −qν1r cos(α) − qµν1ν2r sin(α)
−ν2

qν1 sin(α) − ν2 + qµν1ν2 cos(α)
0

 , ξ ∈ C,

(3.50b)

with flow set C = Ξ. The stabilizers (3.47), (3.48) are combined in the
feedback law ν = κ(ξ), with

κ(ξ) :=
[
qkr cos(α)
kα sin(α)

]
. (3.50c)

The functions

gβ(ξ) :=

 r
β − 2πsign(β)

α
q

 , gα(ξ) :=

 r
β

α− πsign(α)
−q

 , (3.50d)

model, respectively, the switch between the front and rear camera measure-
ments zF and zR, and the reset of the orientation angle βi, i ∈ {F,R}. The
jump sets

Dα := {ξ ∈ Ξ : |α| ≥ π
2 + δ},

Dβ := {ξ ∈ Ξ : |β| ≥ 3
2π + δ}, D := Dβ ∪ Dα,

(3.50e)

define the conditions at which the cameras switch, respectively, the reset of
βi, occurs. The reset rules for αi and βi, i ∈ {F,R}, discussed above are
encompassed by the (set-valued) jump map

ξ+∈G(ξ)=

{ {gβ(ξ)}, if ξ∈Dβ\Dα,
{gα(ξ)}, if ξ∈Dα\Dβ ,

{gα(ξ)} ∪ {gβ(ξ)}, if ξ∈Dα ∩ Dβ .
(3.50f)

The closed-loop hybrid system resulting from (3.50) can then be written as

H :
{

ξ̇ = f(ξ, κ(ξ)), ξ ∈ C,
ξ+ ∈ G(ξ), ξ ∈ D. (3.51)
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Theorem 3.3.4. Let kα ∈ R>0 and kr ∈ (0, kα
1+µkα

). Then, the set Aq :=
{0} × [− 3

2π − δ, 3
2π + δ] × {0} × {−1, 1} is robustly globally uniformly asymp-

totically stable for (3.51).

Proof. We start by observing that (3.51) satisfies the Hybrid Basic Conditions
in Definition 2.2.1.
Consider the Lyapunov function candidate

V (ξ) = 1
2r

2 + (1 − cos(α)), (3.52)

which is positive definite with respect to Aq. Let Ω := Γ × {−1, 1} = {ξ ∈
Ξ : |α| ≤ π

2 } and observe that Ω ∩ Dα = ∅ and that Aq ⊂ Ω. For ξ ∈ Ω \ Aq

arbitrary, it holds that

⟨∇V (ξ), f(ξ, κ(ξ))⟩ < 0 when ξ ∈ (Ω ∩ C) \ Aq (3.53)

(which was shown in the proof of Theorem 3.3.3) and

V (gβ(ξ)) − V (ξ) = 0 when ξ ∈ Ω ∩ D (3.54)

(which follows from the fact that V does not depend on β). Thus, V is
non-increasing along solutions in Ω, which proves Lyapunov stability of Aq

via Theorem 2.4.3.
Let ξ(·, ·) be an arbitrary solution to (3.51). Suppose that ξ(0, 0) satisfies
|α(0, 0)| ≤ π

2 . Lemma 3.3.2 ensures that if the solution is flowing at time
(t, j) ∈ dom ξ then |α(t, j)| ≤ π

2 , and, from the definition of the jump map
in (3.50d), if ξ(t, j) ∈ Dβ then α(t, j + 1) = α(t, j). Thus, |α(t, j)| ≤ π

2 for
all (t, j) ∈ dom ξ, and therefore ξ(t, j) ∈ Ω for all (t, j) ∈ dom ξ. Moreover,
since V is nonincreasing in Ω, ξ is also bounded. Since Ω ∩ Dα = ∅ and
gβ(Dβ \ Dα) ∩ Dβ = ∅, if ξ jumps from Ω then it lands in the interior of the
flow set, and therefore Theorem 2.2.6 implies that ξ has a positive dwell-time.
Then, using the hybrid formulation of the invariance principle in Corollary
2.4.6 one has that condition (3.53) implies that ξ(t, j) converges to Aq, if
it is complete, since the complete solutions ξ(t, j) along which V remains
constant must satisfy V (ξ(t, j)) = 0 for all (t, j) ∈ dom ξ.
Suppose now that ξ(0, 0) is such that |α(0, 0)| > π

2 . If there exists a time
(t, j) ∈ dom ξ such that ξ(t, j) ∈ Dα, then from (3.50d) one has that ξ(t, j +
1) = gα(t, j) satisfies

|α(t, j + 1)| = |α(t, j) − πsign(α(t, j))|
= |sign(α(t, j))(|α(t, j)|−π)|= |(|α(t, j)|−π)|
= | π

2 + δ − π| = |δ − π
2 | < π

2 ,

and from the discussion above we have that |α(t′, j′)| ≤ π
2 , for all (t′, j′) ∈

dom ξ such that t′ + j+ ≥ t+ j. Accordingly, the solution will converge to
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Aq, if it is complete. If there is no time (t, j) ∈ dom ξ such that ξ(t, j) ∈ Dα,
then Lemma 3.3.2 ensures that there exists a time (t̄, j̄) ∈ dom ξ such that
ξ(t̄, j̄) ∈ Ω, and the above discussion implies that the solution asymptotically
converges to Aq if it is complete. If ξ is not complete, following the discussion
in the proof of Lemma 3.3.2, ξ is bounded. Since all complete solutions
to (3.51) converge to Aq, and all solutions are bounded, we have that Aq is
globally pre-attractive. Completeness of all maximal solutions can be proven
by applying Theorem 2.2.5. Robust uniform global asymptotic stability of
Aq follows then from Theorem 2.3.9.

Remark 15. For many marine vehicles forward motion is in general more
favorable than backward motion. Similarly to what we observed for the unicycle
hybrid stabilizer at the end of Section 3.2.3, different control gains can be
assigned to the front and rear camera in (3.50c), as long as they satisfy the
assumptions of Theorems 3.3.3 and 3.3.4. This may allow for a slower control
action corresponding to the backward motion, compatible with the reduced
agility of the vehicle.

3.3.4 EXTENSION TO THE FULL DYNAMIC MODEL
In this section we drop the assumption in (3.35) requiring that the sway speed
can be approximated as v2 = −µωv1, and leading to the kinematic model.
Instead, we focus on the full dynamic model (3.33)-(3.34) and design the inputs
F and T by leveraging the kinematic stabilizer presented in Section 3.3.3.
Following similar steps to the ones presented in Lemma 3.3.1, we define the
extended state ζ = [r β α q v1 v2 ω]⊤ ∈ C × R3 and input ρ = [F T ]⊤ ∈ R2

whose dynamics yield

ζ̇ = f̄(ζ, ρ), ζ ∈ Cζ = C × R3, (3.55)

with right-hand side

f̄(ζ, ρ) =



−qv1 cos(α) − qv2 sin(α)
−ω

q v1
r

sin(α) − ω − q v2
r

cos(α)
0

v2ω − dν
m
v1 + 1

m
F

−v1ω − dν
m
v2

− dr
J
ω + 1

J
T


. (3.56)

Then, (3.55), (3.56) represent an extension of the dynamics (3.50b) where
we have separated the components corresponding to (3.33) and (3.34) with a
horizontal line, for a better illustration.
To define a controller for (3.56), we first propose a stabilizing controller for
the dynamics (3.34).
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Lemma 3.3.5. For kF , kT ∈ R>0, the feedback law[
F
T

]
=
[
dνv1 −mv2ω −mkF v1

drω − JkTω

]
(3.57)

globally asymptotically stabilizes the origin of the dynamical system (3.34).

Proof. In (3.34), the feedback law (3.57) leads to the closed loop dynamics

v̇1 = −kF v1,

v̇2 = −v1ω − dν
m
v2,

ω̇ = −kTω.

(3.58)

Thus, from the first and the third equation we can conclude exponential
convergence of v1 and ω to zero, which implies that v2 asymptotically converges
to zero according to the second equation. Hence, global asymptotic stability
of the origin can be concluded.

Instead of stabilizing the origin of (3.34), we intend to track the reference
signal (3.50c) given by the kinematic stabilizer, i.e.,

κref(ξ) =
[
vref

1
wref

]
=
[
qrkr cos(α)
kα sin(α)

]
, (3.59)

(where additionally the coordinate transformation (3.44) has been taken into
account). Accordingly, we extend the feedback law (3.57), to ρ = σ(ζ),

σ(ζ) =
[
dνv1 −mv2ω +mκ̇ref

1 (ξ) −mkF (v1 − κref
1 (ξ))

drω + Jκ̇ref
2 (ξ) − JkT (ω − κref

2 (ξ))

]
(3.60)

leading to the closed-loop dynamics

d
dt

(v1 − κref
1 (ξ)) = −kF (v1 − κref

1 (ξ)),
d
dt
v2 = −v1ω − dν

m
v2,

d
dt

(ω − κref
2 (ξ)) = −kT (ω − κref

2 (ξ)),
(3.61)

instead of (3.58). Thus, if κref(ξ) varies sufficiently slowly, good reference
tracking can be expected from Lemma 3.3.5.
We continue with the presentation of an extension of the hybrid system
(3.50), taking the dynamics (3.34) and the controller (3.60) into account. By
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extending the function (3.50f) in a natural way, i.e.,

ḡβ(ζ) :=



r
β − 2πsign(β)

α
q

v1
v2
ω


, ḡα(ζ) :=



r
β

α− πsign(α)
−q
v1
v2
ω


, (3.62)

Dζ
β = Dβ × R3, Dζ

α = Dα × R3, Dζ = Dζ
β ∪ Dζ

α and

ζ+∈ Ḡ(ζ)=


{ḡβ(ζ)}, if ζ∈Dζ

β\Dζ
α,

{ḡα(ζ)}, if ξ∈Dζ
α\Dζ

β ,

{gα(ζ)} ∪ {gβ(ζ)}, if ξ∈Dζ
α ∩ Dζ

β ,

(3.63)

the extended closed-loop hybrid system is obtained as

Hζ :
{

ζ̇ = f̄(ζ, σ(ζ)), ζ ∈ Cζ ,

ζ+ ∈ Ḡ(ζ), ζ ∈ Dζ .
(3.64)

3.3.5 NUMERICAL SIMULATIONS
In this section we numerically investigate and compare the closed-loop prop-
erties of the control laws discussed in Section 3.3.3. For the simulations, the
parameters m = 5.15 kg, J = 0.047 kg m2, dν = 4.5 kg/s, dr = 0.41 kg m/s
reported in [28] are used. The feedback gains are selected as kα = 2, kr =
1
2

kα
1+µkα

, kF = kT = 5 and the parameter δ defining the overlap of the field of
view of the cameras is set to δ = π

6 .
Figure 3.7 shows the closed-loop trajectories with the kinematic model (3.51)
(left plot) and with the full dynamics (3.64) (right plot) in the p = (p1, p2)
plane. Here, the closed loop dynamics are initialized through p(0) = [−10 0]⊤
and different initial orientations ϕ(0). The initial position is indicated with
a black circle in the figure, while a black cross marks the target position.
For (3.64) at the right of Figure 3.7, the additional states v1, v2 and ω are
initialized at zero, so that some nontrivial transient is visible. Additionally,
the blue trajectories indicate that the hovercraft is moving backwards (using
the rear camera) with q = −1 while the red trajectories indicate that the
hovercraft is driving forward (using the front camera) with q = 1.
We observe that the controller successfully ensures convergence of p(t) → 0 for
t → ∞, as expected. Moreover, we observe that the full dynamic controller
(3.60) provides a similar performance in terms of closed-loop trajectories as
that obtained with the simplified kinematic controller (3.50c).
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Figure 3.7: Closed-loop trajectories of the dynamics (3.21) (left) and the dynamics
(3.64) (right) in the p = (p1, p2) plane for p(0) = [−10 0]⊤ but with different initial
orientation. Blue trajectories indicate that the hovercraft is moving backwards
(using the rear camera) while red trajectories indicate that the hovercraft is driving
forward (using the front camera).

Figure 3.7 additionally shows some snapshots of the hovercraft for selected
trajectories, highlighting the hovercraft’s position and orientation. From
the orientation along the trajectory, different to the unicycle dynamics, we
observe that the sway speed is unequal to zero, contributing by a significant
component to the overall speed of the hovercraft.
The closed-loop solutions depicted through dashed lines in Figure 3.7 are
shown again in Figure 3.8 for comparison. Solid lines in Figure 3.8 indicate
quantities associated with the kinematic response from (3.51), while dashed
lines represent the response from the full dynamic model (3.64). Again, we
observe that both control laws provide a similar performance. As expected
from the controller design, the feedback law ensures r(t) → 0 (i.e., p(t) → 0)
and α(t) → 0 for t → ∞.
For comparison, the evolution of (3.44), i.e., the input (with respect to (3.51))
and the states (with respect to (3.64)), corresponding to the solutions in
Figure 3.8 are shown in Figure 3.9. Additionally, the reference signal κref

in (3.59) is shown. As expected, the mismatch between [ v1
w ] and κref(ξ) is

vanishing, thus highlighting the tracking performance of σ(ζ).
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Figure 3.8: Visualization of the closed-loop solutions highlighted through dashed
lines in Figure 3.7. Here, the solid lines correspond to (3.51) and the dashed lines
correspond to (3.64), respectively.
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Figure 3.9: Comparison of the input and the state, corresponding to the solutions
shown in Figure 3.8 for (3.51) (solid line) and (3.64) (dashed line). The reference
signal κref is also shown.
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CHAPTER 4

AUGMENTING STABILIZATION WITH
AVOIDANCE

In this chapter we discuss two control redesign approaches that can be applied
to a broad class of systems to endow a given stabilizer with some avoidance
properties. The fundamental assumption we make is that a stabilizing feedback
and a Lyapunov function, certifying the stability properties of the set of interest
for the nominal closed-loop system, are known. Under this assumption, we
propose a hybrid control architecture achieving avoidance while preserving
decrease of the Lyapunov function along solutions. We highlight that our
solution ensures robustness of the stability properties despite the discontinuous
action required.
Section 4.1 addresses the problem of simultaneous stabilization and obstacle

avoidance for input-affine nonlinear system, where the obstacles are points
in the state space. The key idea of preserving the decrease of a Lyapunov
function, certifying the stabilization task, while performing the avoidance
motion, is introduced in Section 4.1.1. Section 4.1.2 recalls the avoidance shell
construction introduced in [91] and explains its relation with the avoidance
input defined in our solution. Section 4.1.3 provides a selection for the
avoidance input, and a hybrid control architecture is defined in Section 4.1.4
to orchestrate the switch between the nominal and avoidance controller, when
solutions get close to an obstacle. Numerical simulations are used to illustrate
the avoidance mechanism in Section 4.1.5. Section 4.2 considers the problem
of stabilizing a given plant while ensuring that the control input never takes an
unwanted value. We first address the problem in the linear setting, introducing
the proposed hybrid control architecture in Section 4.2.1, stating the main
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results in Section 4.2.2, whose proofs are given in Section 4.2.4 not to break
the flow of exposition, and analyze a case study in Section 4.2.3. We then
extend the proposed solution to the class of input-affine nonlinear systems in
Section 4.2.5, with the proofs of the main results being in Section 4.2.7, and
finally discuss a nonlinear case study in Section 4.2.6.

4.1 STATE AVOIDANCE

Let us consider control-affine dynamical systems

ẋ = f(x) + g(x)u, x0 = x(0) ∈ Rn (4.1)

with state x ∈ Rn, input u ∈ Rm, g : Rn → Rn×m and f : Rn → Rn such that
the pair (f, g) possesses a non-trivial drift term. We require that f and g be
locally Lipschitz. Additionally, we use the notation gi : Rn → Rm, i ∈ Nm, to
refer to the individual columns of g, and write g = [g1(x) · · · gm(x)]. By (f, g)
possessing a non-trivial drift term we mean that f(x) cannot be cancelled via
a feedback transformation u = −κ(x) + v such that f(x) − g(x)κ(x) = 0 for
all x ∈ Rn.

Problem 4.1.1. (Augmenting stabilization with semiglobal x̂-avoidance)
Given an open set U ⊂ Rn, {0} ∈ U , a set of obstacle centroids {x̂1, . . . , x̂β} ∈
U \ {0}, β ∈ N, that define spherical obstacles and a Lipschitz continuous
stabilizing state feedback us(x) = κs(x), for a sufficiently small δ > 0, design
a feedback selection of u that guarantees

(i) (Semiglobal preservation) the feedback u(x) matches the original stabi-
lizer u(x) = κs(x) for all x ∈ U \ ∪β

i=1δB(x̂i);

(ii) (Semiglobal x̂-avoidance) all solutions starting outside the balls
∪β

i=1δB(x̂i) never enter a suitable avoidance neighborhood χiB(x̂i),
having measure greater than zero, around the centroids x̂i, i ∈ Nβ ;

(iii) (RUAS) robust uniform asymptotic stability of the origin A = {0} ∈ Rn

with U ⊂ BA.

To simplify the notation in the following, we use

fs(x) = f(x) + g(x)κs(x) (4.2)

to denote the right-hand side of the closed-loop system resulting from a
prescribed stabilizing controller, whose existence is assumed in Problem 4.1.1.
To solve Problem 4.1.1 we make the following standing assumption.

Assumption 4.1.2. Consider the dynamics (4.1) and obstacle centroids
x̂1, . . . , x̂β ∈ U \ {0}, β ∈ N, with U defined as in Problem 4.1.1.
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(a) The feedback κs : U → Rm renders the origin of the closed-loop system
(4.2) asymptotically stable, the function V : domV → R≥0, domV ⊂
Rn, is a Lyapunov function candidate on U with respect to the origin
for (4.2), with U ⊂ domV being an open sublevel set of V , such that

⟨∇V (x), f(x) + g(x)κs(x)⟩ ≤ −ρ(x), ∀ x ∈ U , (4.3)

for some ρ ∈ P.

(b) For every i ∈ Nβ, there exists v ∈ Rm such that

⟨∇V (x̂i), g(x̂i)v(x̂i)⟩ = 0 and g(x̂i)v(x̂i) ̸= 0 (4.4)

are satisfied.

Assumption 4.1.2(a) states that the feedback law us = κs(x) stabilizes the
origin for system (4.1), without obstacles, and that an estimate of the basin
of attraction of the origin, for the nominal closed-loop system, is given by
the sublevel set U of V . Item (iii) of Problem 4.1.1 then asks that, under
the new selection of u, the basin of attraction of the modified closed-loop
systems still contains U . Assumption 4.1.2(b) states that in a neighborhood
around each x̂i it is possible to select an input perpendicular to the gradient
of the Lyapunov function. This degree of freedom will be used to design an
avoidance controller. Assumption 4.1.2(b) holds if, for each x̂i, i ∈ Nβ , there
exist k, j ∈ Nm such that gk(x̂i) and gj(x̂i) are linearly independent. This is
for example satisfied if m ≥ 2 and g(·) is constant.

4.1.1 LYAPUNOV DECREASE PROPERTY
Consider a Lyapunov function candidate V : domV → R≥0 and the stabilizing
feedback law κs : U → Rm according to Assumption 4.1.2(a). To guarantee
obstacle avoidance, we will locally modify the nominal control law u(x) = κs(x)
near each obstacle centroid x̂i, i ∈ Nβ in the following way

u(x) = κs(x) + αp(x)Λ(x̂i), p ∈ {−1, 1} (4.5)

where Λ(x̂i) ∈ Rm defines an avoidance direction depending on the obstacle
and α1, α−1 : rB(x̂i) → R are continuous scaling functions defined in a ball
centered at x̂i having radius r > 0. The scaling can be positive as well as
negative, which is determined by the parameter p ∈ {−1, 1}. The functions α1,
α−1, as well as the direction Λ(x̂i), are determined in the following sections to
guarantee specific avoidance properties. In the following we use the notation

vi
p(x) = αp(x)Λ(x̂i), (4.6)

to capture the avoidance component of the feedback law (4.5), based on the
centroid i ∈ Nβ and the scaling p ∈ {−1, 1}.
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The directions Λ(x̂i) in (4.6) will be defined in Section 4.1.2 so that the
conditions (4.4) hold for all i ∈ Nβ . Then, along solutions of (4.1), (4.5), for
all i ∈ Nβ one has

⟨∇V (x̂i), f(x̂i) + g(x̂i)(κs(x̂i) + vi
p(x̂i))⟩

= ⟨∇V (x̂i), f(x̂i) + g(x̂i)κs(x̂i)⟩ ≤ −ρ(x̂i),
(4.7)

with ρ defined in Assumption 4.1.2(a). Since ∇V , f , g and κs are continuous
by assumption, there exist ηi ∈ R>0 such that

⟨∇V (x), f(x) + g(x)(κs(x) + vi
p(x̂i))⟩

= ⟨∇V (x), f(x) + g(x)κs(x)⟩ + ⟨∇V (x), g(x)vi
p(x)⟩

= −ρ(x) + αp(x)⟨∇V (x), g(x)Λ(x̂i)⟩ < 0, (4.8)

is satisfied for all x ∈ ηiB(x̂i). While the size of the ηi-neighborhood de-
pends on the selection of the function αp, for every continuous function αp, a
corresponding ηi > 0 with the decrease property in (4.8) exists. Therefore,
for every continuous selection of the scaling factor αp, choosing the direc-
tion Λ(x̂i) of the avoidance input (4.6) so that condition (4.4) is satisfied
preserves negative definiteness of the Lyapunov derivative in a sufficiently
small neighborhood of each obstacle. Once αp has been defined, in a way that
guarantees avoidance of the obstacles x̂i, we select the modified control input
(4.5), following a switching logic activating when solutions enter some suitably
defined set contained in ηiB(x̂i). Since decrease of the Lyapunov function
is preserved under the modified input selection (4.5) in the set ηiB(x̂i), this
redesign logic can achieve avoidance of x̂i while preserving the stabilization
task, thus solving item (iii) of Problem 4.1.1.
For this reason, we choose to carry out the design of the avoidance control
input vi

p(x) without accounting for the size of the avoidance neighborhood.
Once αp(x) and Λ(x̂i) have been determined, the largest admissible value
of ηi can be determined, for example, as the solution of the optimization
problem

ηi = min
x∈Rn

|x− x̂i| − ε,

s.t. − ρ(x) + αp(x)∇V (x)⊤g(x)Λ(x̂i) ≥ 0
(4.9)

for each x̂i, i ∈ Nβ and for an arbitrarily small ε > 0.

4.1.2 AVOIDANCE SHELL AND AVOIDANCE DIRECTION
The avoidance controller (4.6) is activated in a shell-shaped neighborhood
around the obstacle. We will see in this section that the use of this specific
neighborhood provides a criterion for the selection of the direction Λ(x̂i) of
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the avoidance input (4.5). Once the direction Λ(x̂i) has been chosen, the
scaling αp in (4.5) will be defined in Section 4.1.3. While the shell-shaped
set follows the same definition as in the linear setting in [121, Section IV],
the definition of the avoidance controller deviates from the linear setting.
To effectively present the avoidance controller (4.6), we briefly recall the
definitions of the shell-shaped avoidance neighborhood introduced in [121].
We recall that an avoidance neighborhood with a non-smooth boundary is
necessary to ensure that, despite the smoothness of f , g and u, for each point
on the boundary of the avoidance neighborhood, there exists an input u ∈ Rm

such that ẋ = f(x) + g(x)u does not point inside the avoidance neighborhood.

Definition 4.1.3 (Avoidance shell, [121, Section IV]). Consider an obstacle
centroid x̂ ∈ {x̂1, . . . , x̂β} together with parameters:

1. δ ∈ R>0 (size of the shell);

2. µ ∈ (0, 2) (aspect ratio of the shell);

3. b ∈ Rn (orientation of the shell).

Moreover, let

δµ := δ
(

1
µ

− µ
4

)
, (4.10)

Op :=
(

µδ
2 + δµ

)
B(x̂− pδµb), p ∈ {+1,−1}, (4.11)

S(δ) := O+1
⋂

O−1. (4.12)

Then, (4.12) defines an eye-shaped set centered at x̂, called avoidance shell in
the following.

Note that µ ∈ (0, 2) fixes the aspect ratio of the shell, whose height corresponds
to µδ. The set S(δ) is visualized in Figure 4.1, which also shows the role of
the shell parameters.
Before we proceed with the construction of the avoidance controller we recall
the following result, proven in [122].

Lemma 4.1.4 (Avoidance shell set-inclusion; [122, Lemma 1]). Given an as-
pect ratio µ ∈ (0, 2) and an orientation b ∈ Rn, |b| = 1, for each δ > 0, the
following inclusions hold for the shell S(δ) defined in (4.12):

µδ
2 B(x̂) ⊂ S(δ) ⊂ δB(x̂). (4.13)

Selecting the size parameter δ ≤ ηi (where ηi is defined in (4.9)) of the
avoidance shell S(x̂i) corresponding to the i-th obstacle centroid, allows
us to design the avoidance controller focusing solely on solving item (ii) of
Problem 4.1.1. Indeed, from the inclusion (4.13), we have S(x̂i) ⊂ ηiB(x̂i),
and, following the discussion in Section 4.1.1, the modified input selection
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O−1

O1

x̂+ δµb

x̂− δµb

δµ + µδ
2

δ

µδ
2

δµ

S(δ)
x̂

Figure 4.1: Visualization of the avoidance shell defined in Definition 4.1.3.

(4.5) preserves the decrease of the Lyapunov function in ηiB(x̂i), and therefore
also in S(x̂i), as long as the direction Λ(x̂i) is defined so that condition (4.4)
holds.
In the avoidance controller design, we first choose the orientation bi = b(x̂i)
of the avoidance shell based on the obstacle centroid of interest. First, we
define the directions

D(x̂i) := ∇V (x̂i)
|∇V (x̂i)|

, i ∈ Nβ . (4.14)

Then, for each obstacle centroid x̂i, i ∈ Nβ , it is desirable to select b(x̂i)
and Λ(x̂i) so that Λ(x̂i) is perpendicular to D(x̂i) in (4.14), thus satisfying
(4.4) for the avoidance input (4.6), and the inner product b(x̂i)⊤g(x̂i)Λ(x̂i)
is maximized, i.e., b(x̂i) is the vector maximally aligned with the subspace
spanned by the columns of g(x̂i).
As we will see in Section 4.1.3, this heuristic design choice is aimed at
reducing the magnitude of the scaling αp in (4.5) needed to perform the
avoidance maneuver, thus requiring a reduced effort from the actuators.
To guarantee that the avoidance control input defined in (4.6) satisfies (4.4)
for each x̂i, i ∈ Nβ , we restrict the choice of Λ(x̂i) to non-zero vectors
satisfying D(x̂i)⊤g(x̂i)Λ(x̂i) = 0. For each x̂i, i ∈ Nβ , we define the kernel of
D(x̂i)⊤g(x̂i), i.e., we define

V⊥(x̂i) = [v1 · · · vp] ∈ Rm×p, (4.15)

such that D(x̂i)⊤g(x̂i)V⊥(x̂i) = 0 and where v1, .., vp, p ∈ N, denote orthonor-
mal basis vectors of the kernel. Assumption 4.1.2(b) guarantees that p ≥ 1.
Then we select

Λ(x̂i) = V⊥(x̂i)Λ(x̂i), (4.16)
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where the vector Λ(x̂i) ∈ Rp defines a linear combination of the columns of
V⊥(x̂i). Based on these definitions, we are interested in solving the following
optimization problem

(b(x̂i),Λ(x̂i)) ∈ argmax
b∈Rn,Λ∈Rp

b⊤g(x̂i)V⊥(x̂i)Λ,

s.t.|b| = 1, |Λ| = 1,
(4.17)

for each x̂i, i ∈ Nβ . It follows from the definition of the optimization problem
that (b(x̂i),Λ(x̂i)) is optimal if and only if (−b(x̂i),−Λ(x̂i)) is optimal. Even
though the optimization problem (4.17) is non-convex and solutions are not
unique, it can be solved explicitly.

Lemma 4.1.5. Consider the dynamics (4.1), let Assumption 4.1.2 be satisfied
and D(x̂i), V⊥(x̂i) be defined as in (4.14), (4.15) respectively. Let λM (x̂i) be
a normalized eigenvector of the symmetric matrix (g(x̂i)V⊥(x̂i))⊤g(x̂i)V⊥(x̂i)
corresponding to the largest eigenvalue, denoted by σM (x̂i). Then it holds that
σM (x̂i) > 0, a solution to (4.17) is given by

(b(x̂i),Λ(x̂i)) =

(
g(x̂i)V⊥(x̂i)λM (x̂i)√

σM (x̂i)
, λM (x̂i)

)
(4.18)

and D(x̂i)⊤g(x̂i)V⊥(x̂i)Λ(x̂i) = 0 for each x̂i, i ∈ Nβ.

Proof. For ease of notation, we drop the dependence on x̂i in the proof.
Since in (4.17) gV⊥Λ belongs to the hyperplane orthogonal to D (due to
the definition of V⊥ in (4.15)) and b is a unit vector, the maximum of the
inner product b⊤gV⊥Λ is attained when b is aligned with gV⊥Λ, and thus
b = gV⊥Λ

|gV⊥Λ|
. Substituting this selection of b into the objective function of

(4.17) gives

(gV⊥Λ)⊤gV⊥Λ
|gV⊥Λ|

= |gV⊥Λ|. (4.19)

Since Λ, with |Λ| = 1, maximizes (4.19) if and only if it maximizes |gV⊥Λ|2,
we now focus on the maximization of the function

|gV⊥Λ|2 = Λ⊤
V ⊤

⊥ g⊤gV⊥Λ. (4.20)

Let us consider the matrix M := V ⊤
⊥ g⊤gV⊥. Since M is a symmetric pos-

itive semi-definite matrix, substituting the definition of M into (4.20) one
has the following upper bound |gV⊥Λ|2 = Λ⊤

MΛ ≤ σM |Λ|2 = σM for all
Λ ∈ Rm, where |Λ| = 1 and σM denotes the largest eigenvalue of M , i.e.,



86 CHAPTER 4. AVOIDANCE AUGMENTATION

MλM = V ⊤
⊥ g⊤gV⊥λM = σMλM . Due to Assumption 4.1.2(b), gV⊥ ̸= 0

and thus rank(gV⊥) > 0. Using the properties of the rank(·) operator, one
has rank(M) = rank(V ⊤

⊥ g⊤gV⊥) = rank((gV⊥)⊤gV⊥) = rank(gV⊥), which
implies that rank(M) = rank(gV⊥) > 0 for all x̂i, i ∈ Nβ . Then, σM > 0
and substituting Λ = λM into (4.20) gives |gV⊥λM |2 = λ⊤

MV ⊤
⊥ g⊤gV⊥λM =

σM , implying that the maximum of (4.19), which coincides with the max-
imum of (4.17), is |gV⊥λM | = √

σM . Vector b can therefore be written as
b = gV⊥λM

|gV⊥λM | = gV⊥λM√
σM

(giving (4.18)) and D⊤gV⊥Λ = 0 follows from the
definition of V⊥ in (4.15).

4.1.3 AVOIDANCE CONTROLLER
For each obstacle centroid x̂i, i ∈ Nβ , Lemma 4.1.5 provides vectors b(x̂i)
and Λ(x̂i) defining the orientation of the avoidance shell in (4.12) and the
direction of the avoidance controller in (4.6), (4.16), respectively. With Λ(x̂i)
defined as in Lemma 4.1.5, vi

p(x̂i) defined in (4.6), (4.16) satisfies (4.4).
In this section we focus on the derivation of αp(x) for p ∈ {−1, 1}, which is
the missing component in the definition of vi

p(x). Given an arbitrary obstacle
centroid x̂i and a selection of parameters δi, µi, defining the size and shape
of the avoidance shell S(x̂i) centered at x̂i as in Definition 4.1.3, the role of
the scaling factor αp is to guarantee that solutions do not enter inside S(δi)
when the modified input (4.5) is selected. Via inclusion (4.13), this implies
that solutions never enter the set µiδi

2 B(x̂i) and so item (ii) is solved with
χi ≤ µiδi

2 . Let

cp := x̂− pδµb, p ∈ {−1,+1} (4.21)

denote the centers of the balls Op, p ∈ {−1,+1} in (4.11) for a generic
obstacle centroid x̂ ∈ {x̂1, . . . , x̂β} and corresponding b(x̂) defined in (4.18).
The avoidance controller is defined so that

d
dt

|x(t) − cp|2 = 0, p ∈ {−1, 1}, (4.22)

holds for any x ∈ S(δ). This condition, in particular, ensures that if the
modified input (4.5) is selected when a solution reaches the boundary of the
avoidance shell ∂S(δ), and the value of p is selected in accordance with the
side of the shell that the solution has reached, then the solution will “slide” on
the boundary of the shell, as its distance to the point cp will remain constant,
while its distance to the other shifted point, c−p, may increase or decrease.
Enforcing condition (4.22) to hold in the whole avoidance shell S(δ), rather
than just on its boundary ∂S(δ), ensures that, in the event of a delay in the
selection of the modified input (4.5), solutions will “slide” on the boundary
of a smaller avoidance shell. In such case, the property of obstacle avoidance
still holds for a smaller value of χi in item (ii) of Problem 4.1.1, rather than
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being lost. This guarantees a margin of robustness of the avoidance to delays
in the input switch.
Imposing (4.22) will give us the definition of αp(x̂i) in (4.6). We now show
that by selecting Λ(x̂i) and b(x̂i) according to Lemma 4.1.5 there always
exists a sufficiently small neighborhood for each obstacle centroid, and thus,
via inclusion (4.32), a sufficiently small avoidance shell, inside which condition
(4.22) holds.

Lemma 4.1.6. Consider the dynamics (4.1), (4.5). Let Assumption 4.1.2 be
satisfied, x̂i, i ∈ Nβ be an obstacle centroid, b(x̂i), σM (x̂i), Λ(x̂i) be defined as
in Lemma 4.1.5, V⊥(x̂i) and Λ(x̂i) be defined as in (4.15) and (4.16). Then,
for all µi ∈ (0, 2) there exists δi ∈ R>0 defining the shell S(δi) such that the
avoidance control input (4.6) with

αp(x) = −fs(x)⊤(x− x̂i + pδµb(x̂i))
(g(x)Λ(x̂i))⊤(x− x̂i + pδµb(x̂i))

, (4.23)

is well-defined and satisfies (4.22) for all x ∈ S(δi).

Proof. We start by rewriting (4.22), substituting (4.1), the closed-loop dy-
namics (4.2), and the control input selection ua(x) = κs(x) + αp(x)Λ(x̂i),
with Λ(x̂i) defined as in (4.16),

d
dt

|x(t) − cp|2 = ẋ⊤(x− cp) = (f(x) + g(x)ua)⊤(x− cp)
= fs(x)⊤(x− x̂i + pδµb(x̂i))

+ αp(x)(g(x)Λ(x̂i))⊤(x− x̂i + pδµb(x̂i)).
(4.24)

Imposing (4.24) to be zero results in the condition on αp (4.23). We now
show that for each µi ∈ (0, 2) there exists δi > 0 such that the denominator of
(4.23) is non-zero for all x ∈ S(δi). Observe that for x = x̂i the denominator
of (4.23) simplifies to

(g(x̂i)Λ(x̂i))⊤pδµb(x̂i) = pδµ

√
σM (x̂i),

which is greater than zero for all δ > 0, µ ∈ (0, 2). Moreover, for each δ > 0,
Lipschitz continuity of g implies the existence of Lg > 0 such that

|g(x)Λ(x̂i) − g(x̂i)Λ(x̂i)| ≤ Lg|x− x̂i|

for all x ∈ δB(x̂i), which in turn implies

g(x)Λ(x̂i) ∈ g(x̂i)Λ(x̂i) + LgδB (4.25)

for all x ∈ δB(x̂i). We now prove that there always exist δ̂, µ̂ > 0 sufficiently
small such that the denominator of (4.23) is non-zero for all x ∈ S(δ̂), where
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S(δ̂) is the avoidance shell defined by δ̂, µ̂ according to (4.12). Using inclusion
(4.25) and the fact that |b(x̂i)| = 1 and |g(x̂i)Λ(x̂i)| =

√
σM (x̂i), one obtains

that the lower bound on the denominator of (4.23)

|(g(x)Λ(x̂i))⊤(x− x̂i + pb(x̂i)δµ)|
≥ −|(g(x̂i)Λ(x̂i))⊤(x− x̂i)| − Lgδ

2

+ |(g(x̂i)Λ(x̂i))⊤pδµb(x̂i)| − Lgδδµ

≥
√
σM (x)(δµ − δ) − Lgδ

2 − Lgδδµ (4.26)

holds for all x ∈ δB(x̂i). One can verify that, for every µ ∈ (0, 2(
√

2−1)), δµ−δ
is positive for all δ > 0. Then, given µ̂ ∈ (0, 2(

√
2 − 1)), it is possible to show

that there always exists a sufficiently small δ̂ > 0 such that (4.26) is positive.
Define δi := µ̂δ̂

2 . From (4.13) one has δiB(x̂i) ⊂ S(δ̂) and S(δi) ⊂ δiB(x̂i),
which show that for every µi ∈ (0, 2) there exists a sufficiently small δi > 0
such that the denominator of (4.23) is non-zero for all x ∈ S(δi).

Remark 16. The argument used in the proof of Lemma 4.1.6, to show that
(4.23) is well-defined inside a sufficiently small avoidance shell S(δi), exploits
the contribution of the inner product (g(x̂i)Λ(x̂i))⊤b(x̂i) to the denominator
of (4.23) via inequality (4.26). The selection of (Λ(x̂i), b(x̂i)) in Lemma 4.1.5,
maximizing the inner product (g(x̂i)Λ(x̂i))⊤b(x̂i), results in a larger term
in the denominator of (4.23), and therefore a larger admissible size δi and,
possibly, depending on fs, a smaller αp.

Lemma 4.1.6 guarantees the existence of δi > 0 such that αp(x) is well-defined
for all x ∈ S(δi). To be able to use αp(x) in the avoidance controller design,
we want to ensure that the size of the avoidance shell satisfies δi ≤ ηi, where
ηi is defined through (4.9), so that the decrease of the Lyapunov function
is preserved during the avoidance maneuver, as discussed in Section 4.1.2.
However, (4.9) depends on the selection of δi and µi via αp defined as in
(4.23). To avoid the need to compute ηi, we consider the optimization
problem

δi,p = min
x∈Rnδ≥0

δ, (4.27)

s.t. − ρ(x) + αp(x)∇V (x)⊤g(x)Λ(x̂i) ≥ 0 (4.28)
|x− cp| ≤ δµ + µδ

2 , p(x− x̂i)⊤bi(x̂i) ≥ 0 (4.29)

for p ∈ {−1, 1} and a fixed aspect ratio µ ∈ (0, 2). Here, δi,p defines the
largest δ such that the decrease condition (4.8) is not satisfied for all x in
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the half shell x ∈ S(δ) ∩ {x ∈ Rn : pbi(x̂)⊤(x − x̂i) ≥ 0}. Accordingly, the
decrease condition (4.8) and the properties of Lemma 4.1.6 are satisfied for

δi ∈ (0,min{δi,1, δi,−1}). (4.30)

Remark 17. Since the half shell in (4.29) is bounded, an approximate
solution of the optimization problem (4.27) can be computed numerically, by
discretizing the half shell for different values of δ and by evaluating (4.28)
over the set of discretized states.

Remark 18. As in [122] condition (4.22) can be changed to d
dt

|x(t)−cp|2 > 0,
p ∈ {−1, 1}, to obtain robust avoidance properties. Here, we restrict our
attention to the nominal setting covered through Lemma 4.1.6.

4.1.4 HYBRID CONTROLLER DESIGN
In this section we follow the construction presented in [122, Section IV] to
orchestrate the switching between the nominal control law and the modified
control law (4.5). We briefly recall the definitions given in [122, Section IV]
of the inner avoidance shell and upper/lower parts of the avoidance shell.

Definition 4.1.7 ([121, Section IV]). Consider an obstacle centroid x̂ ∈
{x̂1, . . . , x̂β} together with the parameter h ∈ (0, 1), called hysteresis factor,
and let

Oh,p := (hµδ
2 + δµ)B(cp), p ∈ {−1, 1}, (4.31)

Sh(δ) := Oh,+1 ∩ Oh,−1. (4.32)

Then, (4.32) defines a smaller eye-shaped set centered around x̂i called inner
avoidance shell in the following, and

S/p := S(δ)∩{x∈Rn :pb⊤(x− x̂)≥0}, p ∈ {−1, 1} (4.33)

defines the lower and upper halves of the avoidance shell with respect to the
orientation b.

To account for multiple obstacles, we substitute p ∈ {−1, 1} used in the
previous section with the logic variable q ∈ Zβ and write

cq := x̂|q| − q

|q|δµ|q|b|q|, q ∈ Zβ \ {0}. (4.34)

Moreover, when referring to an obstacle centroid x̂i, i ∈ Nβ , we will use
the notation ·i, i ∈ Nβ , to refer to quantities corresponding to the i-th
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obstacle centroid x̂i, i ∈ Nβ . Using q we define the overall hybrid state as
ξ := [x⊤ q]⊤ ∈ Ξ := Rn × Zβ , and write the new feedback law as

u(ξ) :=
{

κs(x), if q = 0,
κs(x) + v

|q|
a (x), if q ∈ Zβ \ {0}. (4.35)

The jump dynamics, modeling the switching between nominal and modified
control law, can be written as

D+i :=
(
Si

h(δi) ∩ S/i
+1

)
× {0}, i ∈ Nβ

D−i :=
(
Si

h(δi) ∩ S/i
−1

)
× {0}, i ∈ Nβ

D0 := Rn \ ∪i∈Nβ Si(δi) × (Zβ \ {0})

q+ ∈ Gq(x, q) :=


i, if (x, q) ∈ D+i \ D−i, i ∈ Nβ

−i, if (x, q) ∈ D−i \ D+i, i ∈ Nβ

{i,−i}, if (x, q) ∈ D+i ∩ D−i, i ∈ Nβ

0, if (x, q) ∈ D0,

(4.36)

where the flow and jump sets are compactly written as

C := Ξ \ (∪q∈Zβ Dq), D := ∪q∈Zβ Dq, (4.37)

and the overall hybrid dynamical system can be written as

ξ̇ =
[
ẋ
q̇

]
=
[
f(x) + g(x)u(ξ)

0

]
, ξ ∈ C, (4.38)

ξ+ =
[
x+

q+

]
∈
[

x
Gq(x, q)

]
, ξ ∈ D. (4.39)

When the state ξ = [x⊤ q]⊤ enters the jump set D, the jump map (4.36)
updates q while keeping x constant. The variable q is responsible for the
selection of the nominal or modified control law, as it can be seen from (4.35).
When the x component of the state ξ enters the inner avoidance shell Si

h(δ), q
is set to either i or −i. When x leaves the avoidance shell Si(δ), q is reset to
0. Since the avoidance controller is activated once trajectories reach the inner
avoidance shell Si

h(δi), the avoidance requirement in item (ii) of Problem 4.1.1
is satisfied for the set hµiδi

2 B(x̂i) ⊂ Si
h(δi), and thus for χi = hµiδi

2 .
We are now ready to state the main result of this section.

Theorem 4.1.8. Let Assumption 4.1.2 be satisfied and h ∈ (0, 1), µi ∈ (0, 2),
i ∈ Nβ, be arbitrary. Then, there exist δi > 0, i ∈ Nβ, such that the hybrid
system (4.37), (4.38), (4.39), solves Problem 4.1.1 for χi = hµiδi

2 .
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Proof. For each obstacle centroid x̂i, i ∈ Nβ , consider δi defined from (4.27)-
(4.30). From the inclusion (4.13) we have Si(δi) ⊂ δiB(x̂i), and since the
modified control law is only used inside the avoidance shell Si(δi) of an
obstacle, this proves that the hybrid system satisfies item (i) of Problem 4.1.1
by taking δ = maxi∈Nβ δi.
Let us now focus on item (ii) of Problem 4.1.1. Consider an arbitrary obstacle
centroid x̂i, i ∈ Nβ , and let (t, j) 7→ ξ(t, j) be a solution of (4.37)-(4.39) such
that ξ(0, 0) /∈ D, which implies x(0, 0) /∈ ∪β

i=1δB(x̂i), with δ defined as above.
Assume that there exists a time (t0, j0) ∈ dom ξ at which the solution reaches
the inner avoidance shell of the obstacle x̂i, ξ(t0, j0) ∈ Di ∪ D−i. Then, the
solution will jump according to the jump map (4.36), with q+ set to either
−i or i, and, according to (4.35), the control law u(ξ) = κs(x) + vi

a(x) will
be selected to perform the avoidance maneuver.
Lemma 4.1.6 ensures that the x component of the state ξ never enters the
interior of the avoidance shell Si

hi
(δi) during the avoidance maneuver, thus

implying, using the inclusion (4.13), that x never enters the set hµiδi
2 B(x̂i),

proving (ii) of Problem 4.1.1.
We now focus on item (iii) of Problem 4.1.1. First, we observe that the hybrid
system (4.37)–(4.39) satisfies the Hybrid Basic Conditions in Definition 2.2.1.
Consider the Lyapunov function defined in Assumption 4.1.2(a). Since x̂i ≠ 0
and x̂i ∈ U for all i ∈ Nβ , it is always possible to scale the parameters δi to
ensure that 0 /∈ D and ∪β

i=1Si(δi) ⊂ U .
Then, the set ∪β

i=1Si(δi) is bounded away from the origin, and there exists
a neighborhood of the origin inside which the solutions evolve continuously
according to (4.2). Then, Lyapunov stability of the origin for (4.2) implies
Lyapunov stability of the origin for (4.37)–(4.39).
We proceed by proving pre-attractivity of the origin for (4.37)-(4.39).
Since V does not depend on q, we write V (ξ) = V (x). When the solution
jumps, one has V (ξ+) − V (ξ) = 0 for all ξ ∈ D.
By choosing δi small enough for all i ∈ Nβ so that δi ≤ δi, with δi defined
as in (4.30), and ∪β

i=1Si(δi) ⊂ U , we have that the decrease property in (4.8)
holds for all x ∈ Si(δi), and, together with the decrease (4.3) guaranteed
by the nominal control law u(ξ) = κs(ξ), this shows that V̇ < 0 for every
ξ ∈ C ∩ (U × Zβ) with x ̸= {0}.
Thus, we have that the Lyapunov function V does not increase when solutions
to (4.37)-(4.39) jump or flow for all ξ ∈ U × Zq. Recalling that U is defined in
Assumption 4.1.2 as an open sublevel set of V , for any solution (t, j) 7→ ξ(t, j)
to (4.37)-(4.39) starting in U × Zβ there exists a finite µ ∈ R≥0 such that
ξ(0, 0) ∈ Γ × Zβ , with Γ := {x ∈ U : V (x) ≤ µ} being a sublevel set of V
contained in U .
Since V is non-increasing along all solutions to (4.37)-(4.39), we have that ξ
remains inside this set for all (t, j) ∈ dom ξ. Boundedness of Γ × Zβ , coming
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from the fifth requirement on V in Definition 2.4.1, implies that ξ is bounded.
Since the above argument applies to all solutions starting in U × Zβ , we
can conclude that all solutions starting in U × Zβ are bounded. Due to
the definition of the jump sets (4.37) one has G(D) ∩ D = ∅, and therefore
Theorem 2.2.6 implies that all solutions starting in U × Zβ have a non-zero
dwell-time.
Since V is always decreasing when solutions flow with x ̸= {0}, and after a
jump solutions must flow, we can conclude that the only complete solutions
ξ(t, j) along which V remains constant must satisfy V (ξ(t, j)) = 0 for all
(t, j) ∈ dom ξ, and thus x(t, j) = {0} for all (t, j) ∈ dom ξ. The invariance
principle for hybrid systems stated in Corollary 2.4.6 allow us to conclude
convergence of all complete solutions starting in U × Zβ to the origin. This
proves that the origin is pre-attractive with basin of pre-attraction Bp

A ⊇
U × Zβ . From Lyapunov stability and pre-attractivity of the origin, we can
conclude pAS of the origin with Bp

A ⊇ U × Zβ .
Robustness and uniformity follow from Theorem 2.3.9, thus proving item (iii)
of Problem 4.1.1.
Completeness of all maximal solutions starting in U ×Zβ follows from Theorem
2.2.5 by observing that, (i) as a consequence of uniform stability of the origin,
all solutions starting in U ×Zβ are bounded, that (ii) G(D) ⊂ C ∪ D, and that
(iii) all points ξ ∈ C \ D are also in the interior of C, therefore TC(ξ) = Rn.

4.1.5 NUMERICAL SIMULATIONS
To illustrate the effectiveness of the proposed avoidance architecture, we
consider the input-affine nonlinear system[

ẋ1
ẋ2
ẋ3

]
= f(x) + g(x)u =

[
x2 + x2

1
x2

1 + x3
0

]
+

[0 0
1 0
0 1

][
u1
u2

]
,

which is a modified version of the nonlinear system presented in [123, Sec. 3.3].
We assume that the stabilization task has to be performed by u2, while u1 is
an additional input that can be used during avoidance. Through backstepping,
the stabilizing controller us = [0 un]⊤,with

un = −3x1 − 5x2 − 3x3 − 8x1x2 − 2x1x3 − 8x2
1x2 − 8x2

1 − 10x3
1 − 2x2

2 − 6x4
1,

and the Lyapunov function

V (x) = 1
2x

2
1 + 1

2 (x2 + x1 + x2
1)2 + 1

2 (2x1 + 2x2 + x3 + 2x1(x2
1 + x2) + 3x2

1)2

are obtained. To illustrate the properties of our hybrid redesign, in Figure
4.2 and 4.3 we show numerical simulations obtained by considering three
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obstacle centroids, x̂1 = [0.54,−0.42,−0.6]⊤, x̂2 = [0.5, 0.3,−0.8]⊤, x̂3 =
[0.54,−0.22,−1.2]⊤. The parameters used for the construction of the shells
are hi = 0.75, µi = 1, for i ∈ N3, and δ1 = 0.3, δ2 = 0.5, δ3 = 0.15. In
Figure 4.2 one can see three trajectories, two encountering more than one
obstacle along their path. The dashed line is used to indicate when the
avoidance controller is active. In Figure 4.3 one can see the time evolution
of V , confirming that stability of the origin is preserved, and u = [u1 u2]⊤
along one of the trajectories shown in the right plot (comparable plots can be
obtained for the other two trajectories).

Figure 4.2: State trajectories (blue) avoiding the interior of avoidance shells Sh(δi).
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Figure 4.3: Time evolution of the input u and Lyapunov function V along one
trajectory. The colored patches indicate when the avoidance controller is active.
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4.2 INPUT AVOIDANCE

We now address the problem of stabilizing a given plant while ensuring that
the control input never takes an unwanted value. We formulate our redesign
solution first for single-input linear system, and then extend it to the class of
input-affine nonlinear systems. Let us start by considering the strictly proper
linear plant {

ẋp = Apxp +Bpun

y = Cpxp,
(4.40)

with xp ∈ Rnp , un ∈ R, y ∈ Rmp , in feedback interconnection with a linear
dynamic controller {

ẋc = Acxc +Bcy
un = Ccxc +Dcy,

(4.41)

with xc ∈ Rnc . Defining the full state x := [x⊤
p x⊤

c ]⊤ ∈ Rn, with n = np + nc,
the output un can be written as

un = DcCpxp + Ccxc = K

[
xp

xc

]
(4.42)

and the linear feedback interconnection becomes

ẋ = Ax+Bun = (A+BK)x, (4.43)

with A =
[
Ap 0
BcCp Ac

]
, B =

[
Bp

0

]
,K =

[
DcCp Cc

]
.

Any linear stabilizing control design (such as H∞ or linear quadratic control)
yields a controller of the form (4.41), thus making our redesign technique
broadly applicable.
Problem 4.2.1. Under the assumption that A + BK is Hurwitz, define
a hybrid controller modifying the closed-loop (4.40)-(4.41) such that the
following properties hold:

(i) RUGAS: the origin is robustly uniformly globally asymptotically stable.

(ii) Unit input avoidance: the redesigned input u never takes the value 1
along solutions.

(iii) Local preservation: the redesigned controller preserves the nominal
linear closed-loop dynamics (4.43) in a neighborhood of the origin.

(iv) Output feedback: the redesigned controller only uses the knowledge of
xc and y, namely, only quantities available to the linear controller.

Remark 19. Item (ii) of Problem 4.2.1 can be generalized to any nonzero
value by properly rescaling un and Bp.
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4.2.1 LINEAR REDESIGNED CONTROLLER ARCHITECTURE
A logic variable q ∈ {−1, 1} is introduced to model a switch between the
nominal feedback interconnection (4.40)-(4.41) (q = 1), and a modified feed-
back interconnection obtained by rescaling the output of the control system
(q = −1). The redesigned output selection induced by q is given by

u = 1 − 2qε
1 − 2ε un =

{
un, if q = 1,
1 + 2ε
1 − 2εun, if q = −1, (4.44)

where ε ∈ (0, 1
2 ) is a tuning parameter determining the trade-off between

robustness to measurement noise and preservation of the nominal closed-loop
performance. The resulting feedback interconnection is shown in Figure 4.4.
The logic defining the value of q is implemented using the function

ϕ(u, q) = (q + 2ε)u− q − ε, (4.45)

which induces the flow and jump sets

C :={(x, q) ∈ Rn × {−1, 1} | ϕ(u, q) ≤ 0}
D :={(x, q) ∈ Rn × {−1, 1} | ϕ(u, q) ≥ 0}.

(4.46)

The jump set D generated by the inequality ϕ(u, q) ≥ 0, shown in Figure 4.5,
can be expressed as

ϕ(u, q) ≥ 0 ⇔

 u ≥ 1 − ε

1 + 2ε for q = 1,

u ≤ 1 + ε

1 − 2ε for q = −1.
(4.47)

Defining the augmented state z = (x, q) ∈ Rn × {−1, 1} and the jump map
toggling the value of q and leaving x unchanged, the hybrid system describing

Figure 4.4: Redesigned plant/controller feedback interconnection.
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u(t, j)

t

1

φ(u, 1) ≥ 0

φ(u,−1) ≥ 0
q = 1

q = −1

q = 1

ε
1−2ε

ε
1+2ε

Figure 4.5: Example of input evolution generated by the hybrid architecture with
jump sets generated by the function ϕ(u, q).

the dynamics of z can be written as
ż =

[
ẋ
q̇

]
=
[
Ax+Bu

0

]
, z ∈ C

z+ =
[
x+

q+

]
=
[
x

−q

]
, z ∈ D.

(4.48)

The closed-loop hybrid dynamical system is then given by (4.44), (4.45),
(4.46), (4.48). Exploiting expression (4.47), Figure 4.5 illustrates a possible
trajectory of the input and how the switching logic ensures that it never
crosses the line u = 1.

4.2.2 MAIN RESULTS AND TUNING METHOD

In accordance with Figure 4.5, to ensure ε
1−2ε

> 0 and ε
1+2ε

> 0, we constrain
ε ∈ (0, 1

2 ), which also guarantees that u = 0, q = 1 is not in the jump set and
that the scaling factor in equation (4.44) is not unbounded. More specifically,
we show next that there exists ε∗ ∈ (0, 1

2 ) such that, for any ε ∈ (0, ε∗), hybrid
system (4.44), (4.45), (4.46), (4.48) solves Problem 4.2.1. We also provide a
computationally attractive way to estimate ε∗.
First note that A+BK being Hurwitz implies that there exists α > 0 and
P = P⊤ > 0 such that

He(P (A+BK)) ≤ −2αP, (4.49)

where α is any value less than or equal to the spectral abscissa of A+BK. To
simplify the notation in the following equations, we introduce the additional
variable η = 1−2ε

2ε
> 0, which maps (0, 1

2 ) to (0,∞) with ε = (2(1 + η))−1.
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It is then possible to select ε∗ = (2(1 + η∗))−1, where η∗ ∈ [0,+∞) is any
number satisfying

He(PBK) ≤ η∗αP. (4.50)

We emphasize that a large enough η∗ solving (4.50) always exists, which will
lead to a small enough ε∗ = (2(1 + η∗))−1. We observe that the smaller the
value of ε∗, the closer the nominal controller will get to the unit value before
jumping (see Figure 4.5), which reduces the margin around the value u = 1.
For this reason, it is of interest to solve the following quasi-convex generalized
eigenvalue problem:

η∗ = min
η,P

η subject to (4.49), (4.50). (4.51)

Remark 20. Given the relations η = 1−2ε
2ε

∈ (0,+∞), since ε ∈ (0, 1
2 ), and

ε = 1
2(1+η) , we have that maximizing ε is equivalent to minimizing η. Thus,

the best selection for η is the solution of the optimization problem in (4.51).

Theorem 4.2.2. For any plant-controller interconnection (4.40)-(4.41) such
that A + BK is Hurwitz, pick any α in (4.49) smaller than or equal to the
spectral abscissa of A+BK, and select η∗ as in (4.51) and ε∗ = (2(1+η∗))−1.
For any ε ∈ (0, ε∗), hybrid system (4.44), (4.45), (4.46), (4.48) solves Problem
4.2.1.

Remark 21. Following the steps of [110, Theorem 2] it is possible to prove
uniform global exponential stability in the t-direction for (4.44), (4.45), (4.46),
(4.48), thus showing a guaranteed t-exponential decrease induced by the redesign
law.

Remark 22. As illustrated in Figure 4.5, the proposed hybrid redesign
(4.44), (4.45), (4.46), (4.48) ensures that the input u never enters the interval
(1 − ε

1+2ε
, 1 + ε

1−2ε
). Therefore, item (ii) of Problem 4.2.1 can be generalized

to the avoidance of a sufficiently small bounded interval around the value 1.

The following corollary gives an alternative way to compute a suitable matrix
P for the tuning of ε, which is more conservative than the solution of (4.51)
but can be used when the minimization problem is too computationally
expensive.

Corollary 4.2.3. Consider an arbitrary plant-controller interconnection
(4.40)-(4.41) such that A + BK is Hurwitz. Given the matrix P = P⊤ > 0
resulting from solving the Lyapunov equation He(P (A+BK)) = −I, select
η∗ = 2λM (PBK+(PBK)⊤) and ε∗ = (2(1+η∗))−1. Then, the hybrid system
(4.44), (4.45), (4.46), (4.48) solves Problem 4.2.1 for any ε ∈ (0, ε∗).
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Under mild controllability conditions, the next corollary shows that using
linear quadratic control to tune the gain matrix K guarantees that the hybrid
system (4.44), (4.45), (4.46), (4.48) solves Problem 4.2.1 for any ε in the
admissible range.

Corollary 4.2.4. Given any R = R⊤ > 0 and Q = Q⊤ ≥ 0 and assuming
(A,B) stabilizable and (A,Q1/2) detectable, when selecting K = −R−1B⊤P
with P = P⊤ > 0 being the unique solution to the algebraic Riccati equation
He(PA)+Q−PBR−1B⊤P = 0, then the hybrid system (4.44), (4.45), (4.46),
(4.48) solves Problem 4.2.1 for any ε ∈ (0, 1

2 ).

The proof follows immediately by noting that linear quadratic control guar-
antees a gain margin in the range [−6dB,+∞), which implies that the
corresponding closed-loop system is uniformly robustly GAS for any ε ∈ (0, 1

2 )
such that 1+2ε

1−2ε
≥ 1

2 , which holds ∀ε ∈ (0, 1
2 ).

Remark 23. The control scheme in Figure 4.4 can be interpreted as a
feedback interconnection of an open loop plant with input u and output un

connected to a memoryless time-varying gain in the sector [1, 1+2ε
1−2ε

]. Input-
Output stability arguments based on the circle criterion can then be exploited
to develop generalized dynamical output feedback schemes.

To rule out rapid repeated jumps, we also prove uniform semiglobal dwell-
time, namely for each r > 0 there exists τ > 0 such that, for any solution z
satisfying |z(0, 0)| ≤ r, tj+1 − tj ≥ τ for all consecutive jump times tj , tj+1
with j ≥ 1, and (t, j) ∈ dom z.

Proposition 4.2.5. System (4.44), (4.45), (4.46), (4.48) enjoys a uniform
semiglobal dwell-time property.

4.2.3 LINEAR EXAMPLE STUDY
Consider the linearized vertical dynamics of a quadrotor UAV with mass m

ż = v, mv̇ = mg − Tc + d (4.52)

for which we consider the goal of asymptotically stabilizing a desired altitude
setpoint zd in the presence of an unknown constant disturbance d and with
the input constraint Tc ̸= 0, which is needed in hierarchical control strate-
gies to avoid singularity conditions [103]. Hierarchical control strategies for
quadcopters achieve asymptotic tracking of a reference position trajectory by
ensuring that the total thrust vector generated by the propellers converges
to a desired thrust vector. This is implemented by matching the norm of
the desired thrust vector with the thrust force generated by the propellers,
and by steering the orientation of the quadcopter so that the thrust axes of
the propellers are aligned to the direction of the desired thrust vector. Since
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propellers can usually spin in one direction only, the control architecture
should guarantee that the thrust force required from the propellers never
crosses the zero value (so that it is always either positive, as is the case
in [103, Equation (5)], or negative, depending on the convention used for
the z direction). In this simplified example, |Tc| can be interpreted as the
thrust generated by the propellers, while the sign of Tc can be interpreted as
the direction of the desired thrust vector. A jump of Tc from a positive to
negative value, or vice versa, can therefore be interpreted as an instantaneous
change in the direction of the desired thrust vector, from pointing upwards
to downwards, or vice versa. Since the jump logic ensures |Tc| > 0 along
all solutions, the thrust generated by the propellers is guaranteed to remain
positive. The transient needed to steer the quadcopter attitude, so that the
thrust axes of the propellers are aligned to the direction of the desired thrust
vector after a jump, is not accounted for in this simplified example.
To solve this task, select Tc = mg(1−u), where u is the output of the following
PID control law with feedforward gravity compensation

ẋi = e, ẋd = − 1
τd

(xd + e)

u = −kpe− kdxd − kixi (4.53)

In (4.53) e := z − zd represents the stabilization error and kp = kp + kd

and kd = kd
τd

. Defining xp := [e v]⊤, xc := [xi − d
mgki

xd]⊤, the closed-loop
error system associated with (4.52)-(4.53) has the same form as (4.43) with
Ap = [ 0 1

0 0 ], Bp = [0 g]⊤, Cp = [1 0] and Dc = −kp, with the constraint u ≠ 1.
We consider a quadcopter with mass m = 0.5 kg that has to reach a desired
altitude of zd = −0.1 m and is subject to a constant disturbance force d = −2.8
N (which pushes the drone upwards against the gravity). Assigning the gains
kp = 1.05, kd = 0.75 and ki = 0.45 and the time constant as τd = kd

10kp
, we

get the successful simulation results in Figure 4.6. To tune the value of ε we
used the approach of Theorem 4.2.2, which results in ε = 0.0439.

4.2.4 PROOFS
We begin with some preliminary results. The following Lemma, which will be
used in the proofs of Theorem 4.2.2 and Proposition 4.2.5, ensures that after
a jump from D solutions can not immediately jump again but must first flow.

Lemma 4.2.6. Across jumps of (4.45)-(4.48) we have ϕ(u+, q+) − ϕ(u, q) ≤
−2ε.

Proof. Assume z ∈ D, which implies ϕ(u, q) ≥ 0. From (4.46) we have
ϕ(u, q) = (q + 2ε)u− q − ε ≥ 0, namely

q + ε ≤ (q + 2ε)u. (4.54)
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Substituting (4.54) in the expression of ϕ(u+, q+) gives

ϕ(u+, q+) = (−q + 2ε)u+ + q − ε = (−q + 2ε)u+ + q − 2ε+ ε

≤ (−q + 2ε)u+ + (q + 2ε)u− 2ε

= (−q + 2ε)1 + 2qε
1 − 2ε un + (q + 2ε)1 − 2qε

1 − 2ε un − 2ε

= −2ε,

which concludes the proof.

Let us now proceed with the proof of Theorem 4.2.2.
Proof of Theorem 4.2.2. To show RUGAS in item (i) of Problem 4.2.1,
accounting for the new logical state q, we prove global asymptotic stability of
the compact set A0 = {0} × {1} for the hybrid system (4.44), (4.45), (4.46),
(4.48), and invoke Theorem 2.3.9 to conclude uniformity and robustness.
Consider the output signal defined in (4.44). For q = 1, the control law
returns the nominal state feedback u = Kx. Since η∗ is selected according
to (4.51), then the closed-loop flow dynamics ẋ = (A+BK)x satisfies (4.49),
(4.50) for a suitable α > 0 and P = P⊤ > 0. Consider now q = −1. The

Figure 4.6: Closed-loop solution of (4.52)-(4.53). Altitude error time evolution
(Top). PID output with zoom around u = 1, showing the boundary of D with dashed
lines (Bottom).
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control law (4.44) reads

u = 1 + 2ε
1 − 2εKx = 1 − 2ε+ 4ε

1 − 2ε Kx = Kx+ 4ε
1 − 2εKx, (4.55)

and the resulting closed-loop flow dynamics reads

ẋ =
(
A+BK + 4ε

1 − 2εBK
)
x. (4.56)

Given P = P⊤ > 0 and η∗ solving (4.51), consider an arbitrary ε ∈ (0, ε∗)
and define η = 1−2ε

2ε
. For dynamics (4.56) we obtain, using the bounds (4.49),

(4.50)

He(P (A+BK + 4ε
1 − 2εBK))

= He(P (A+BK)) + 2
η

He(PBK)

≤ He(P (A+BK)) + 2
η
η∗αP

≤ −2αP + 2η
∗

η
αP = 2αP (η

∗

η
− 1) < 0 (4.57)

where we use the fact that, for ε ∈ (0, ε∗), we have η∗ = 1−2ε∗

2ε∗ < 1−2ε
2ε

= η,
which implies η∗

η
< 1. Thus, we have that P defines a common quadratic

Lyapunov function for the nominal and modified closed-loop dynamics.
Consider now the candidate Lyapunov function V = 1

2x
⊤Px, which is positive

definite with respect to A = A0 ∪A1 = {x = 0, q = 1}∪{x = 0, q = −1}. Due
to (4.49) and (4.57), via (4.56) we have that the Lyapunov function decreases
when the solution flows, i.e., V̇ (z) < 0, ∀z ∈ C \ A. It is immediate to see
from (4.48) that V is also constant across jumps, since x+ = x. This implies
uniform global stability of A according to Theorem 2.4.3, and, in particular,
that all solutions are bounded. Lemma 4.2.6 shows that G(D) ∩ D = ∅, since
after a jump from D solutions must flow. Then, since (4.44), (4.45), (4.46),
(4.48) satisfies the Hybrid Basic Conditions in Definition 2.2.1, by applying
Theorem 2.2.6 we can conclude that all solutions have a non-zero dwell-time.
The Invariance Principle for hybrid dynamical systems, stated in Corollary
2.4.6, let us then conclude convergence of all complete solutions to A. Uniform
global pre-asymptotic stability of A then follows from stability, boundedness
of all solutions, and convergence of all complete solutions to A, according to
Definition 2.3.3 and Theorem 2.3.9. Completeness of solutions follows from
Theorem 2.2.5, since G(D) ⊂ C and all points x ∈ C \ D are in the interior of
C, and therefore condition (2.2) holds trivially.
Since A is the union of the two points A0,A1, then solutions either converge
to A0 or to A1. Assume now that there exists a solution z(t, j) that asymptot-
ically converges to A1. Uniform global attractivity of A implies that for any
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δ > 0 there exist T > 0 such that |z(t, j)|A1 ≤ δ, ∀(t, j) ∈ dom z s.t. t+j ≥ T .
Pick a small enough δ such that |z|A1 ≤ δ implies |u| ≤

∣∣ 1+2ε
1−2ε

Kx
∣∣ < 1 − ε

1+2ε
.

Such a δ always exists since u = 1−2qε
1−2ε

Kx = 0 for x = 0 and |x| ≤ |z|A1 .
Then, |u| < 1− ε

1+2ε
∀(t, j) ∈ dom z such that t+j ≥ T . From the expression

of D in (4.47) it follows that the solution must, at some point, jump to q+ = 1
and can never jump again, which means that no solution can asymptotically
converge to {x = 0, q = −1}. This, together with the fact that solutions from
A1 = {x = 0, q = −1} ∈ D jump to A0, proves global attractivity of A0.
Lyapunov stability of A0 follows from Lyapunov stability of A and the fact
that A0,A1 are two disjoint points. Finally, robust uniform global asymptotic
stability of A0 follows from global attractivity and Lyapunov stability of
A0 and the fact that system (4.48) satisfies the Hybrid Basic Conditions in
Definition 2.2.1, which allows using Theorem 2.3.9.
Let us now continue with the proof that item (ii) of Problem 4.2.1 is also
satisfied. Consider a generic solution (t, j) → z(t, j) to system (4.48) and
assume that z(0, 0) is such that u(0, 0) ̸= 1. Observe from the definition of
C that the solution can only flow for ϕ(u, q) ≤ 0. This implies that z(t, j)
can not flow with the value u = 1 while z ∈ C, due to the definition of D in
(4.47). What is left to check is that, after a jump of z, u is guaranteed to
be not unitary. With a slight abuse of notation, we will express the jump in
the control law generated by the jump map as u+ = 1+2q+ε

1−2q+ε
u. For q = 1 we

have u+ = 1+2ε
1−2ε

u ≥ 1+2ε
1−2ε

(1 − ε
1+2ε

) = 1+ε
1−2ε

> 1. For q = −1 instead we have
u+ = 1−2ε

1+2ε
u ≤ 1−2ε

1+2ε
(1 + ε

1−2ε
) = 1−ε

1+2ε
< 1. Thus, u is guaranteed not to land

on the value u = 1 after a jump from D.
To prove item (iii) of Problem 4.2.1, it is enough to show that the controller
never switches to q = −1 when u = 0. Substituting u = 0, q = 1 in (4.47)
and recalling that ε > 0 gives 0 ≥ 1 − ε

1+2ε
⇔ ε ≥ 1 + 2ε, which is never true

for ε ∈ (0, 1
2 ), thus leading to a contradiction. Then, the hybrid controller

never switches to the modified control law in a neighborhood of the origin.
Additionally, the jump dynamics only depends on the knowledge of u and q,
and does not require knowledge of the plant state, which proves item (iv) of
Problem 4.2.1. □

Proof of Corollary 4.2.3. Select P = P⊤ > 0 satisfying the Lyapunov equation
He(P (A+BK)) = −I and η > 2λM (PBK + (PBK)⊤). The same steps as
those in the proof of Theorem 4.2.2 can be followed, with (4.57) replaced by

He(P (A+BK)) + 4ε
1 − 2εHe(PBK)

= −I + 2
η

He(PBK) < −I + 1
λM (He(PBK))He(PBK),

where the last term is negative semi-definite. Following the proof of Theo-
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rem 4.2.2, the four items of Problem 4.2.1 follow. □

We now prove a uniform dwell-time result, which is of independent interest
and is only based on a Uniform Global Boundedness (UGB) assumption (also
known as Lagrange stability), namely for each r > 0, ∃Mr > 0 such that all
solutions z with |z(0, 0)| ≤ r satisfy |z(t, j)| ≤ Mr for all (t, j) ∈ domz. Its
proof is inspired by [124, §2].

Lemma 4.2.7. For a well-posed hybrid system with hybrid data (F,G, C,D),
if D ∩G(D) = ∅ and solutions are uniformly globally bounded, then solutions
enjoy a uniform semiglobal dwell-time property.

Proof. Due to UBG, all solutions satisfying |ϕ(0, 0)| ≤ r are uniformly
bounded. Then, applying Theorem 2.2.6, we obtain that each solution enjoys
a non-zero dwell-time. From the stated assumptions, to prove uniformity
we proceed by contradiction. Suppose that for some r > 0 there exist solu-
tions ϕk, k ∈ N and indices ik ≥ 1 with jump times tik and tik+1 satisfying
tik+1 − tik = τk and τk → 0 as k → ∞. Similar to [124, Lemma 1], define
shifted solutions ϕk as ϕk(t, j) = ϕk(tik−1 + t, ik + j − 1) (namely, ϕk is the
tail of ϕk with the shrinking dwell-time between its jump times t1 and t2).
Due to well-posedness [48, Def. 6.2] there exists a converging subsequence of
ϕk whose limit is a solution ϕ∞. By construction, the domain of ϕ∞ satisfies
t2 − t1 = limk→∞ τk = 0. However, this solution contradicts the dwell-time
property established by Theorem 2.2.6.

Proof of Proposition 4.2.5. First observe that system (4.44), (4.45), (4.46),
(4.48) satisfies the Hybrid Basic Conditions in Definition 2.2.1 and due to
[48, Theorem 6.8] it is well-posed. Moreover, the UGS property proven in
Theorem 4.2.2 implies uniform global boundedness, and D ∩G(D) = ∅ follows
from Lemma 4.2.6. Then the result follows from Lemma 4.2.7. □

4.2.5 NONLINEAR REDESIGNED CONTROLLER ARCHITEC-
TURE

We now extend the proposed hybrid architecture to a class of input-affine
nonlinear systems

ẋ = f(x) + g(x)u, (4.58)

where x ∈ Rn is the state and u ∈ R is the control input. For a compact set
A ⊂ Rn, assume that f and g are continuous functions of x and that there
exists a continuous selection u = un(x) and a Lyapunov function candidate
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V on Rn with respect to A for the closed-loop system, such that, for the
closed-loop system ẋ = f(x) + g(x)un(x), it holds that

V̇ (x) = ∇V (x)⊤f(x) + ∇V (x)⊤g(x)un(x)
=: −ψ(x) < 0, ∀x ∈ Rn \ A. (4.59)

Paralleling the reasoning in Figure 4.5, assume the following.

Assumption 4.2.8. There exists ε ∈ (0, 1
2 ] such that un(x) < 1 − ε

1+2ε
for

all x ∈ A.

Following the redesign presented for the linear case, we introduce a logic state
q ∈ {−1, 1} and define the full state z = (x, q) ∈ Rn × {−1, 1} and a modified
control law

u = 1 − 2qε(x)
1 − 2ε(x) un(x), (4.60)

where the constant ε used for the linear case in (4.44) is replaced by a globally
bounded function x 7→ ε(x) : Rn → [0, ε), to be defined, satisfying |ε(x)| < ε
for all x ∈ Rn, where ε comes from Assumption 4.2.8. Mimicking the linear
redesign, the flow set C and jump set D are induced by the function

ϕ(x, q) = (q + 2ε(x))u− q − ε(x), (4.61)

as in (4.45), (4.46). The redesigned system is given by (4.60) with

ż =
[
ẋ
q̇

]
=
[
f(x) + g(x)u

0

]
, z ∈ C

z+ =
[
x+

q+

]
=
[
x

−q

]
, z ∈ D,

(4.62)

where the function x 7→ ε(x) is selected as

ε(x) = µε
ψ(x)

2|∇V (x)⊤g(x)un(x)| + ψ(x) , (4.63)

and µ ∈ (0, 1) is a parameter determining the trade-off between avoidance
robustness and preservation of the nominal controller. Observe that (4.63)
implies 0 ≤ ε(x) < ε ≤ 1

2 , and that continuous differentiability of V and
continuity of f and g imply that ε is a continuous function of x.
The following theorem is a nonlinear extension of the linear results in Theorem
4.2.2 and Proposition 4.2.5.

Theorem 4.2.9. Under Assumption 4.2.8, the set A × {1} is robustly uni-
formly globally asymptotically stable for (4.46), (4.60)–(4.63). Additionally,
system (4.46), (4.60)–(4.63) satisfies items (ii) and (iii) of Problem 4.2.1 and
enjoys uniform semiglobal dwell-time.
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4.2.6 NONLINEAR EXAMPLE STUDY
Consider the plant from [123, Section 3.3][

ẋ1
ẋ2

]
= f(x) + g(x)u =

[
x2 + x2

1
x2

1

]
+
[

0
1

]
u, (4.64)

where x = [x1 x2]⊤ ∈ R2 is the state and u ∈ R is the control input. For the
selection

u = un = −2x1 − 2x2 − 3x2
1 − 2x1(x2 + x2

1), (4.65)

it is shown in [123] that V (x) = 1
2x

2
1 + 1

2 (x2 + x1 + x2
1)2 is a strong Lyapunov

function with respect to the origin, as its negative definite time derivative is

V̇ (x) = −x4
1 − 2x3

1 − 2x2
1x2 − 2x2

1 − 2x1x2 − x2
2 =: −ψ(x).

Since (4.65) is zero at the origin, we may select ε = 1
2 for (4.64). Additionally,

it is immediate to verify that ∇V (x)⊤g(x) = x2 + x1 + x2
1.

Applying the redesign to (4.64), Theorem 4.2.9 holds. Choosing µ = 0.1 and
initial conditions x1(0) = −0.5, x2(0) = −3 leads to the desirable simulations
shown in Figure 4.7.

Figure 4.7: Closed-loop solution of the hybrid redesigned feedback (4.46), (4.60),
(4.61), (4.62), (4.63) applied to (4.64),(4.65).
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4.2.7 PROOF OF THEOREM 4.2.9
We first show that the modified input (4.60), (4.63) ensures Lyapunov decrease
along solutions when they flow.

Lemma 4.2.10. Given plant (4.58), a stabilizer un and a function V satis-
fying (4.59), along the solutions of the hybrid system (4.46), (4.60), (4.61),
(4.62), (4.63) it holds that V̇ (z) < 0, ∀z ∈ C \ (A × {−1, 1}).

Proof. For q = 1, and any z = (x, q) with x /∈ A, we have u = un(x) and (4.59)
implies V̇ (z) = −ψ(x) < 0. For the non-trivial case q = −1, and z = (x, q)
with x /∈ A, first note that µ < 1 and ε ≤ 1

2 , together with (4.63) and the fact
that µε < 1

2 , imply that 4ε(x)|V (x)⊤g(x)un(x)| < ψ(x) − 2ε(x)ψ(x), which
can be rearranged to get

4ε(x)
1 − 2ε(x) |∇V (x)⊤g(x)un(x)| < ψ(x).

Then, proceeding as in (4.55), we obtain

V̇ (z) = ∇V (x)⊤f(x) + ∇V (x)⊤g(x)u = ∇V (x)⊤f(x)

+ ∇V (x)⊤g(x)un(x) + 4ε(x)
1 − 2ε(x)∇V (x)⊤g(x)un(x)

= −ψ(x) + 4ε(x)
1 − 2ε(x)∇V (x)⊤g(x)un(x) < 0,

as to be proven.

The following Lemma ensures that after a jump the solution must flow, unless
it jumps from A×{−1}. Its proof is the same as the one presented for Lemma
4.2.6, therefore it is omitted.

Lemma 4.2.11. Let z be a solution of (4.46), (4.60), (4.61), (4.62), (4.63).
Then, ϕ(x+, q+) − ϕ(x, q) ≤ −2ε(x) < 0 for all z ∈ D.

Proof of Theorem 4.2.9. Mimicking the proof of Theorem 4.2.2, we start
by showing that A × {−1, 1} is uniformly globally asymptotically stable for
(4.46), (4.60), (4.61), (4.62), (4.63). For z ∈ C, Lemma 4.2.10 guarantees the
decrease of V .
Consider now z ∈ D. Since the jump map in (4.62) toggles the value of
q and V only depends on x, we have that the Lyapunov function remains
constant across jumps. Then, uniform global stability of the set A follows
from Theorem 2.4.3, so that all solutions are bounded. Additionally, Lemma
4.2.11 ensures that after a jump the solution must flow, so that, by applying
Theorem 2.2.6, we have that all solutions have a non-zero dwell-time. Since
the Hybrid Basic Conditions hold, then uniform global asymptotic stability



108 CHAPTER 4. AVOIDANCE AUGMENTATION

of A × {−1, 1} follows from the Invariance Principle for hybrid dynamical
systems stated in Corollary 2.4.6 and Theorem 2.3.9. Following the remaining
steps of the proof of Theorem 4.2.2 we may prove robust uniform global
asymptotic stability of A × {1} and completeness of all maximal solutions.
Items (ii) and (iii) of Problem 4.2.1 can be proven exploiting at the structure
of C and D. Substituting ε = ε(x) into (4.47) and using the fact that ε(x)
is a continuous function of x, only zero for x ∈ A, we conclude that there
exists a neighborhood of A × {1} where the nominal controller is preserved.
Furthermore, u = 1 being in the interior of D implies that solutions never
flow with u = 1. Finally, u+ ̸= 1 can be proven by following the bounds on
u+ derived at the end of Theorem 4.2.2 with ε replaced by ε(x).
The semiglobal dwell-time property can be proven by following exactly
the same steps as those in the proof of Proposition 4.2.5, by exploiting
Lemma 4.2.7. □



CHAPTER 5

CONCLUSIONS AND FUTURE WORK

5.1 CONCLUSIONS

This thesis focused on two main problems: achieving stabilization of planar
unmanned vehicles using only relative measurements of position and pose,
coming from on-board sensors, and endowing it with specific avoidance
properties, either in the state-space, in terms of point-obstacles avoidance, or
in the input-space, in terms of avoidance of an unwanted input value.
Chapter 2 presented the framework of hybrid dynamical systems, which
proved to be an effective tool for addressing the problems outlined above.
Within this framework, we proposed hybrid control architectures capable of
overcoming known topological obstructions, thanks to their ability to generate
discontinuous control actions, while ensuring robustness of the resulting
stability properties.
In Chapter 3 we discussed how measurements from on-board sensors can be
modelled using a properly defined set of polar coordinates. We emphasized
that, due to the limited sensing capabilities of low-cost devices, multiple
sensors are generally required to achieve global stabilization for an unmanned
vehicle. In particular, we considered robots equipped with two cameras, one
facing forward and one facing backward, providing relative measurements of
the robot pose as long as the target is inside their respective fields of view.
Focusing on ground wheeled robots whose dynamics can be approximated
by the unicycle kinematic model, Section 3.2 proposed two Lyapunov-based
stabilizers for the front and rear camera, stabilizing the robot’s position and
pose in the polar coordinates, which we then hybridly combined to achieve
global results and completeness of solutions. We characterized robustness,
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as seen in the polar coordinates, in terms of measurement errors, external
perturbations, and uncertainties affecting the camera switch and the reset of
the robot orientation. Furthermore, we clarified how properties in the polar
coordinates translate to the Cartesian coordinates: although convergence
of the robot pose to the origin is preserved when moving from one set of
coordinates to the other, no stability-like bound holds in the Cartesian
coordinates. Moreover, convergence in the Cartesian coordinates is robust to
small external perturbations. In Section 3.3 we introduced a kinematic model
approximating the dynamics equations of a hovercraft model, for which the
control inputs are defined as the forward and angular velocities. Under the
assumption of slow-varying velocities, the control architecture developed for
the unicycle model naturally extends to this new setting. We proposed a
control law stabilizing the hovercraft position using the measurements coming
from two cameras, and discussed an extension to the full dynamic model,
where the overall force and torque generated by the actuators are used to
exponentially track a reference profile for the forward and angular velocities,
defined as the stabilizing input of the kinematic model. While no formal
guarantees are provided for the full dynamic model, numerical simulations
suggest that the kinematic model can be used as a valid approximation.
Chapter 4 addressed the problem of augmenting a given stabilizer with avoid-
ance properties. The key idea underlying the proposed approach is to preserve
the decrease of a given Lyapunov function, ensured by a nominal feedback
selection, while performing avoidance, thus preserving the stabilization task.
Section 4.1 focused on the avoidance of point-obstacles in the state space for
input-affine nonlinear systems. Our solution exploited a degree of freedom in
the selection of the control input that, under a mild controllability assumption,
allows reshaping trajectories without affecting the decrease of the Lyapunov
function. This is achieved by adding an avoidance term to the nominal input,
generating a velocity component orthogonal to the gradient of the Lyapunov
function, and hence not affecting the decrease of the Lyapunov function. In
this sense, stabilization and avoidance can be viewed as independent tasks in
our approach. We made use of a hybrid architecture, previously proposed for
continuous-time linear systems, which uses a suitably defined avoidance shell
to orchestrate the switch between nominal feedback and modified input. Fol-
lowing this approach we proved that an arbitrary number of point-obstacles,
arbitrarily placed in the state space, can be avoided. Section 4.2, instead,
focused on the problem of achieving stabilization while avoiding an unwanted
value of the input. For the class of single-input linear continuous-time systems,
we showed that it is always possible to rescale a nominal input, stabilizing the
origin, while preserving decrease of a given Lyapunov function. We then pro-
posed a simple hybrid architecture to switch between the nominal input and
its rescaled version, achieving avoidance of an unwanted value of the input. A
characterization of the admissible rescaling factor was given via a LMI-based
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optimization problem. A more conservative, but computationally cheaper,
estimate can be achieved by solving a Lyapunov matrix equation. Finally,
we extended the proposed control architecture to the class of single-input
control-affine nonlinear systems.

5.2 FUTURE WORK

The extension of the hybrid control architecture developed for mobile ground
robots in Section 3.2 to the kinematic model of the hovercraft, as presented
in Section 3.3, suggests that this control design can likely be generalized to
other unmanned vehicles. However, several aspects specific to the hovercraft
were not addressed in Section 3.3. First, the proposed control law stabilizes
only the position, but not the orientation. Deriving a stabilizer for the
full pose is then the next natural step. Secondly, unlike the study carried
out in Section 3.2 for mobile ground robots, we have not yet provided a
detailed analysis of the behavior of the hovercraft, driven by the camera-based
stabilizers, in the Cartesian coordinates. In particular, it remains to be seen
whether robustness results similar to those obtained for the unicycle model
also hold for the hovercraft model. Third, while the heuristic extension of
the control strategy to the full dynamic model, based on the idea of tracking
the reference inputs of the kinematic model, seems to perform reasonably
well in numerical simulations, establishing theoretical guarantees for the full
model should be the focus of future works. Lastly, it would be valuable to
quantitatively characterize the conditions under which the proposed kinematic
model is a good approximation of the full dynamic model, and to what degree.
To properly extend the control architecture proposed in Section 3.2 to other
types of unmanned vehicles, constraints on the direction of motion should also
be accounted. Such constraints are relevant for some marine and air vehicles,
for which only forward motion is possible. While this is not immediately
compatible with the proposed control architecture, which relies on switching
between forward and backward motion, via the use of front and rear cameras,
an extension in this direction may be the subject of future works.
While the redesign we propose to achieve simultaneous stabilization and
obstacle avoidance is quite general, in that it applies to input-affine nonlinear
systems and arbitrarily placed obstacles, it also presents some noteworthy
limitations. The first main limitation is that the size of the avoidance
neighborhood is not a design parameter. This is a consequence of the fact that
the orthogonality condition, involving the gradient of the Lyapunov function
and the velocity component generated by the avoidance input, is enforced only
at the center of the obstacle. Negative definiteness of the Lyapunov derivative
is then preserved in a sufficiently small neighborhood of the center thanks
to continuity of the dynamics and smoothness of the Lyapunov function.
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Moreover, estimating the size of the admissible avoidance shell, for which
the avoidance controller is well-defined and the decrease of the Lyapunov
function is preserved during the avoidance maneuver, requires solving the
nonlinear, non-convex, optimization problems defined in Sections 4.1.1 & 4.1.3.
In particular, on-line estimation of the size of the avoidance shell, for possibly
moving obstacles, would come at significant computational cost. In the
proposed construction the direction of the avoidance input remains constant
during the avoidance maneuver and depends only on the obstacle position.
Allowing the direction of the avoidance input to change along solutions, as a
function of the state, so that the orthogonality condition is always satisfied
during the avoidance maneuver, could potentially allow to arbitrarily enlarge
the avoidance shell, since the nominal decrease of the Lyapunov function
would be preserved, removing the need to estimate the admissible size of
the avoidance shell. However, this would also lead to a non-fixed avoidance
shell, as its orientation would change with the direction of the avoidance
input, therefore increasing the complexity of all the related computations and
making it more difficult to ensure that the avoidance input is always well-
defined. The second main limitation is that the proposed redesign is directly
applicable only when obstacles are modeled as bounded neighborhoods of
some points in the state space. One possible generalization would be to
introduce an output in the system model and define obstacles as points in
the output space. This approach could be suited, for example, to achieve
position-only obstacle avoidance in autonomous navigation. Indeed, in the
case of planar robots, obstacles are usually defined in terms of positions to be
avoided, regardless of the orientation. Thus, obstacles are not points in the
state space (position and orientation), but rather in the position space. Given
a model of the robot dynamics, the avoidance condition can be formulated
by introducing an output, similar to the Cartesian output introduced in
Section 3.2.5, representing the position of the robot along trajectories, and
requiring that such output never takes undesired values. An avoidance shell
can then be defined in the output space, where the obstacle is a point, and
the proposed avoidance construction may then be applied. What role the
output map would play in this modified construction is to be determined.
As a final observation, we point out that, while we made use of the hybrid
architecture introduced in [91] to implement obstacle avoidance, the idea of
generating velocities orthogonal to the gradient of a Lyapunov function to
reshape trajectories is not inherently tied to this control architecture, nor to
the obstacle avoidance problem, and could potentially be exploited in different
applications.
When it comes to the input avoidance problem, the motivating examples,
such as the control of a quadcopter UAV, involve multidimensional control
inputs. Thus, extending the proposed redesign from single-input to multi-
input systems is the next natural step. Depending on the specific application,



5.2. FUTURE WORK 113

particular attention may be required in defining the switching logic. For
instance, in the case of quadcopter UAVs, hierarchical control strategies
often use the force input to define a reference attitude to be tracked, so that
the overall force generated by the propellers aligns with the desired force
asked by the control law. This coupling between translational and rotational
dynamics makes it nontrivial to characterize the effect that a discontinuity in
the force input selection has on the overall dynamics of the system, and thus
a careful analysis is required. In the context of single-input avoidance, it may
be possible to extend the hybrid redesign architecture (4.44), (4.45), (4.46),
(4.48) to the avoidance of a finite number of values for the inputs. The result
stated in Theorem 4.2.2 provides an upper bound for the selection of the
parameter ε, which, in turns, defines an upper bound to the scaling factor in
(4.44), such that global asymptotic stability is preserved under the modified
input for any value of the scaling factor smaller than this upper bound.
Given a set of unwanted values, one way to achieve avoidance may be to use
different scaling factors, such that their products is smaller than the admissible
upper bound. Once the input reaches a suitably defined neighborhood of one
unwanted value, avoidance may be achieved by rescaling the input by one of
these scaling factors, in the same way as it is done in the current redesign
architecture for the unit value. Multiple consecutive rescalings of the input,
to avoid multiple unwanted values, would then be allowed, as the product of
the scaling factors would be smaller than its admissible upper bound, and
global asymptotic stability would be preserved under the resulting modified
input.
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