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Abstract

Existential rules, a.k.a. tuple-generating dependencies (TGDs), form a well-established
formalism for specifying ontologies, i.e., logical descriptions of a domain of interest.
One of the main tasks in this context is Ontology-Mediated Query (OMQ) Answering.
That is, given an Ontology-Mediated Query O = (q,Σ), comprising a TGD-based on-
tology Σ and a query q (usually a conjunctive query), find all the answers to q that
can be entailed from the logical theory D ∧ Σ, where D is a given database encoded as
a conjunction of facts. It is well-known that even checking if a tuple is an answer to
an OMQ O is undecidable, due to the high expressiveness of TGDs. Hence, different
classes of TGD-based ontologies have been introduced in the literature with the goal of
restoring decidability. Such classes can be categorized in two main groups, depending
on the strategy employed to obtain decidability. The first group comprises ontologies Σ
for which an explicit and finite materialization of the facts that can be derived using
the database and the TGDs in Σ can be constructed; such a materialization is usually
achieved by means of the well-known chase procedure. The second group comprises on-
tologies Σ guaranteeing that any OMQ O = (q,Σ) can be rewritten to a query q′ in
some other (decidable) query language such that for every database D, the answers of
O over D coincide with the answers of q′ over D.

From the second such a group, warded ontologies recently emerged as a well-behaved
class of TGD-based ontologies, striking a good balance between expressive power and
computational complexity of Ontology-Mediated Query Answering. The theoretical foun-
dations of OMQ Answering over warded ontologies are by now well-understood, where
the problem is known to be solvable in polynomial time, in data complexity, i.e., when
only the database is considered as part of the input. In particular, it is well-known that
OMQ Answering under warded ontologies is Datalog-rewritable, i.e., given an OMQ
over a warded ontology, it is possible to construct a query written in Datalog, a well
known database query language introduced in the 80’s, such that for every database, the
answers to the OMQ over the database coincide with the answers of the Datalog query
over the database alone. Unfortunately, very few efforts exist in the literature that ex-
ploit such a rich theory for building practical query answering algorithms under warded
ontologies.
The main contribution of this thesis is to fill the above gap by designing a novel Dat-
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alog rewriting algorithm for OMQs over warded ontologies which is more amenable to
practical implementations, as well as providing an implementation and an experimental
evaluation, with the aim of understanding which key input parameters affect the perfor-
mance of this approach, and what are its limits. Furthermore, the thesis will show how
to use the above analysis to draw key insights on the practical applicability of a rewriting-
based approach for query answering under warded ontologies, when using off-the-shelf
Datalog-based engines.

Keywords
[Tuple-generating dependencies, Ontology-mediated queries, Datalog rewriting, Warded
ontologies]

vi



Contents

1 Introduction 1
1.1 Background . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Research Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.3 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Roadmap . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 State of the Art 7

3 Preliminaries 13
3.1 Relational Databases . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.2 (Union of) Conjunctive Queries . . . . . . . . . . . . . . . . . . . . . . 15
3.3 Datalog and TGD-based Ontologies . . . . . . . . . . . . . . . . . . . . 16

3.3.1 Tuple-Generating Dependencies . . . . . . . . . . . . . . . . . . 17
3.4 Ontology-Mediated Queries . . . . . . . . . . . . . . . . . . . . . . . . 17
3.5 Ontology-Mediated Query Answering . . . . . . . . . . . . . . . . . . . 18

4 The Chase 21
4.1 Standard (Restricted) Chase . . . . . . . . . . . . . . . . . . . . . . . . 22
4.2 Oblivious Chase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
4.3 Semi-Oblivious Chase . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
4.4 Universality of the Chase and the Variation Used in the Thesis . . . . . 24

5 TGD-based Ontology Languages 27
5.1 Acyclicity-based Ontology Languages . . . . . . . . . . . . . . . . . . . 28
5.2 Rewriting-based Ontology Languages . . . . . . . . . . . . . . . . . . . 31

5.2.1 Linearity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
5.2.2 Stickiness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

5.3 Ad hoc Algorithmic-based Ontologies . . . . . . . . . . . . . . . . . . . 35
5.3.1 Guardedness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
5.3.2 Strongly Parsimonious and Shy Ontologies . . . . . . . . . . . . 37
5.3.3 Weakly-sticky Ontologies . . . . . . . . . . . . . . . . . . . . . . 38

5.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

6 Warded Ontologies 41
6.1 Warded Ontologies and Datalog Rewritability . . . . . . . . . . . . . . 42

vii



Contents

7 A Practical Datalog Rewriting Algorithm for Warded Ontologies 47
7.1 An Overview of the Theoretical Rewriting Algorithm and its Limitations 47
7.2 Setting the Ground . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
7.3 The Algorithm WardedRewrite . . . . . . . . . . . . . . . . . . . . . . . 53

8 Correctness of WardedRewrite 57
8.1 Termination of WardedRewrite . . . . . . . . . . . . . . . . . . . . . . . 57
8.2 Soundness of WardedRewrite . . . . . . . . . . . . . . . . . . . . . . . . 62
8.3 Completeness of WardedRewrite . . . . . . . . . . . . . . . . . . . . . . 65

9 Implementation Details 71
9.1 Computing Optimal Decompositions . . . . . . . . . . . . . . . . . . . 71
9.2 Constructing MGCUs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73
9.3 Reducing the Size of the Final Rewriting . . . . . . . . . . . . . . . . . 74

10 Experimental Evaluation 75
10.1 Experimental Infrastructure . . . . . . . . . . . . . . . . . . . . . . . . 76
10.2 Test Scenarios and Experimental Setup . . . . . . . . . . . . . . . . . . 78
10.3 Evaluating the Rewriting Algorithm . . . . . . . . . . . . . . . . . . . . 79
10.4 Impact of the Rewriting on Reasoning . . . . . . . . . . . . . . . . . . 84

11 Conclusions 95

Bibliography 97

viii



List of Tables

5.1 OMQ answering methodologies for different ontology languages. . . . . 39

6.1 Comparison between warded and the main ontology languages. . . . . . 44
6.2 Expressiveness of the warded fragment: example ontologies . . . . . . . 45

10.1 Efficiency ratio over the scenarios synthX[s], with X ∈ {A,B,C,D,E,F,G,H},
and s ∈ {10k, 30k, 50k, 70k, 90k}. A value of "O.M.E." (resp., "R.M.E.",
"B.M.E.") in a cell corresponding to a certain scenario synthX[s] and a
Datalog-based reasoning engine E means that E exceeded the system
memory, when evaluating the original OMQ (resp., the Datalog rewrit-
ing, or both). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

ix



List of Tables

x



List of Figures

2.1 Chase vs. query rewriting for OMQ Answering. . . . . . . . . . . . . . 9

5.1 TGD-based Ontology Languages. . . . . . . . . . . . . . . . . . . . . . 28

10.1 Average rewriting time versus number of left-right join recursions (global
averages). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

10.2 Average rewriting time versus number of left-right join recursions, grouped
by avg_recursion groups. . . . . . . . . . . . . . . . . . . . . . . . . . 81

10.3 Average rewriting time versus average recursion length (global averages). 82
10.4 Average rewriting time versus average recursion length, grouped by num_lrj

groups. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
10.5 Rewriting time over structural scenarios. . . . . . . . . . . . . . . . . . 84
10.6 Efficiency ratio over test scenarios S[i, j], with i, j ∈ {0, 20, 40, . . . , 200}. 88

xi



List of Figures

xii



Chapter 1

Introduction

1.1 Background

Ontological reasoning is a fundamental task in Knowledge Representation and Rea-
soning (KRR) and Artificial Intelligence in general, as it enables the development of
intelligent data management systems, where data is enriched with additional knowl-
edge that can be derived by means of an ontology, i.e., a logic-based formalization of
the domain of interest. A prominent formalism for encoding ontologies is the one of
existential rules, a.k.a. tuple-generating dependencies (TGDs), which allow to encode
knowledge by means of implication-like formulas, specifying how new knowledge can be
derived from existing knowledge known about the system. In this context, the key task
is Ontology-Mediated Query (OMQ) Answering. That is, given a database D, contain-
ing known facts about the system, and an OMQ O = (q,Σ), where Σ is a TGD-based
ontology, and q a conjunctive query (CQ), OMQ Answering is the task of finding the
so-called certain answers to O over the database D.

Example 1.1.1. Consider the TGD-based ontology Σ = {σ1, σ2, σ3, σ4}, where the
TGDs therein are defined as follows:

σ1 : ∀x∀y Follows(x, y) ∧ Follows(y, x)→ Friends(x, y),

σ2 : ∀x∀y Friends(x, y)→ Friends(y, x),

σ3 : ∀x∀y∀z Friends(x, y) ∧ Friends(y, z)→ Friends(x, z),

σ4 : ∀x∀y Friends(x, y)→ ∃z Likes(x, z) ∧ Likes(y, z).

The TGD σ1 states that if a person x follows another person y, and vice versa, then
x and y must be friends, while σ2 and σ3 specify that friendship is a symmetric and
transitive relationship. Finally, σ4 states that if two people x and y are friends, then
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1.1. Background

there must be some topic z which both like.

Assume now that the database D is the following set, which contains facts about
the system:

{Follows(alice, bob), Follows(bob, alice),

Follows(caterine, david), F riends(bob, caterine)},

and assume we want to find all people x that have some interest z in common with
some other person y. We can encode this query q as a conjunctive query (CQ):

Ans(x)← ∃y, z Likes(x, z) ∧ Likes(y, z),

where the predicate Ans is the output predicate of the query, which will collect the
answers.

Computing the answers of q means computing the answers of the OMQ O = (q,Σ)

over the database D. That is, the semantics are given in terms of models of the
knowledge base (D,Σ), i.e., sets of atomic statements that contain D and satisfy the
TGDs in Σ. Then, the answers of O over D are all the tuples that are answers to q in
every model of (D,Σ). Such answers are known as certain answers of O over D, which,
in the case of this example, coincide with the set:

{(alice), (bob), (caterine)}.

It is well-known that the problem of OMQ Answering is uncomputable, in general
(e.g., see [30]). In other words, there is no general procedure that, given a database D
and an OMQ O, is able to compute the certain answers of O over D. Such a negative
result holds even if the input database contains a single fact, and the CQ in the OMQ
is atomic, i.e., it mentions a single atom in its right-hand side. Hence, it is widely
recognized that the main source of complexity is the high expressive power of TGDs
for defining ontologies.

Thus, a long stream of literature has been developed in the last decades, devoted to
identify fragments of TGD-based ontologies that guarantee the computability of certain
answers. See for example acyclicity-based TGD languages [39, 48, 65, 25, 35, 21, 29, 22],
as well as UCQ-rewritable languages [31, 33]. More expressive languages are the ones
based on the notion of guardedness [31, 11, 19], and beyond [30]. We provide more
details in Chapters 2 and 5. Furthermore, we point out that some of the above works
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Chapter 1. Introduction

have been influenced by earlier works on Description Logics (DL), e.g., see [34, 61, 5]
for UCQ-rewritable DL ontologies, and [7, 56] for guarded-like DL ontologies. We refer
to [8] for a comprehensive overview.

1.2 Research Problem

Despite all the above efforts, each of the above TGD-based languages has at least one
of two downsides: they either have limited expressive power (e.g., UCQ-rewritable or
guarded-based ones), or they are highly expressive but OMQ Answering becomes com-
putationally challenging. Hence, most of the TGD-based ontology languages existing in
the literature either provide efficient certain answers computation, but lack expressive
power, or they are very expressive, but do not provide concrete means for developing
real-world systems, or further, they do not come with publicly available implementa-
tions. To remedy the above situation, warded TGDs have been introduced in [43],
striking a good balance between expressive power and computational complexity. In
particular, warded ontologies are expressive enough to capture the full power of Dat-
alog, meaning they can express important properties of data, such as the transitive
closure of graphs, but at the same time keep certain answers computation feasible in
polynomial time in data complexity, i.e., w.r.t. the size of the input database. The
above complexity result has been first shown in [43] by means of specialized alternating
algorithms, while more recent works have shown that warded ontologies are actually
Datalog-rewritable [20]. That is, every OMQ O = (q,Σ) with Σ warded can be rewrit-
ten to a Datalog query DO such that for every database D, the certain answers of O
over D coincide with the answers of DO over D. Thus giving hope for an alternative
means to implement OMQ Answering with warded ontologies in practice.

Although wardedness can be considered as the sweet spot between expressiveness
and complexity, we are not aware of any efforts from the literature that exploit such
a rich theory to develop practical implementations of OMQ Answering over warded
TGDs.1 One of the main reasons is that the results of [43, 20] are mostly theoretical in
nature. In particular, the Datalog rewriting algorithm of [20] constructs an equivalent
Datalog query via a naive brute force search over the (exponentially large) space of so-
called proof trees of the OMQ at hand. In fact, the only real-world system we are aware
of that supports, to some extent, warded ontologies, is the Vadalog system [17, 16, 15],
which supports a simpler version of OMQ Answering, where the CQ is atomic, and

1This is in contrast with other TGD-based ontology languages with similar goals to warded, such
as shy ontologies [55], for which concrete implementations exist.
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1.3. Contributions

uses a procedure different from the ones of [43, 20]. The latter, together with the fact
that Vadalog is available only after acquiring a license, severely limits the use of warded
TGDs in practice.

1.3 Contributions

The goal of this thesis is to rectify the above state of affairs by providing a new Datalog
rewriting algorithm for OMQs over warded ontologies, dubbed WardedRewrite, that is
more amenable to practical implementations, supporting OMQs O = (q,Σ), where
Σ is a warded TGD-based ontology, and q an arbitrary CQ, thus going beyond the
capability of existing systems that support the warded language. We then implement
WardedRewrite, and perform an experimental analysis that highlights the applicability of
our implementation, and provides key insights on the capability of different off-the-shelf
Datalog-based engines in computing certain answers over OMQs with warded ontologies,
via the evaluation of the Datalog query obtained using our algorithm WardedRewrite.

The full source code and the benchmark data are available at:
https://gitlab.com/hebahammad/warded-rewriting-thesis.

Published Results. We want to mention that the results presented in this thesis are
mainly based on the following two works which have been accepted for publication:

[18] Davide Benedetto, Marco Calautti, Hebatalla Hammad, Emanuel Sallinger,
Adriano Vlad-Starrabba. A Datalog Rewriting Algorithm for Warded Ontologies.
In the 34th International Joint Conference on Artificial Intelligence (IJCAI), 2025.

[68] Heba M. Wagih and Marco Calautti. Enhancing ontological query-rewriting
via parallelization. In SEBD, volume 3478, pages 401–409, 2023.

1.4 Roadmap

This thesis is organized as follows. Chapter 2 discusses the state of the art and related
work on Ontology-Mediated Query Answering and ontological reasoning in general.
Then, Chapter 3 introduces all the preliminaries that are used in our research study,
including the basic notions of relational databases, ontologies, and OMQ Answering.
Chapter 4 introduces the well-known Chase procedure as a canonical mean to produce
universal models, a key notion that will be useful for the technical development of the
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Chapter 1. Introduction

thesis. Then, tuple generating dependencies (TGDs) and well-known decidable classes
of TGD-based ontologies are presented in Chapter 5, followed by a complete overview of
warded ontologies in Chapter 6. In Chapter 7, our novel Datalog rewriting algorithm for
warded ontologies is introduced, while detailed proofs of its correctness are presented
in Chapter 8. Then, Chapter 9 presents a concrete implementation of the rewriting
algorithm, discussing the key implementation choices that have been made to make
the algorithm perform well in practice. Then, Chapter 10 discusses a comprehensive
experimental evaluation of the implementation, and we finally draw conclusions and
directions for future work in Chapter 11.
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Chapter 2

State of the Art

As already stated in the Introduction, the problem of OMQ Answering, i.e., the prob-
lem of constructing the certain answers of an OMQ O = (q,Σ) over a given database
is uncomputable, in general [30], and thus a long stream of literature has been devel-
oped in the last decades, devoted to identify fragments of TGD-based ontologies that
not only guarantee computability of certain answers, but also strike a good balance
between expressiveness of the ontology language, and the computational complexity
of computing certain answers. In what follows, we provide an overview of the most
notable attempts from the literature in restoring the computability of OMQ Answering
by means of restricted ontology languages.

Acyclicity-based Languages. It is well known that the certain answers of an
OMQ O = (q,Σ) over a database D can be equivalently defined as the set of tuples
of constants that are the answers of the query q over a special kind of models of the
knowledge base (D,Σ), known as universal models, which act as representatives of all
other models of (D,Σ). A well-known procedure for constructing a universal model of
(D,Σ) is the chase, which takes as input D and Σ, and outputs the universal model
denoted by chase(D,Σ). Clearly, since OMQ Answering is uncomputable, in general,
the instance chase(D,Σ) is not necessarily finite.

Example 2.0.1. Consider the database D = {Person(john)} and the TGD-based
ontology Σ = {σ1, σ2} with:

σ1 : ∀x Person(x)→ ∃y HasFather(x, y),
σ2 : ∀x∀y HasFather(x, y)→ Person(y).

The chase procedure iteratively "triggers" the rules in Σ that are not currently satisfied
by the facts from the database D and/or the facts produced in previous steps, in order
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to produce new facts that together with previous facts satisfy the rule. When a triggered
TGD has existential variables, then the chase "invents" a new value as witness for that
variable, called a labeled null. Hence, denoting with chasei(D,Σ), for some i ≥ 0, the
set of facts produced by the chase procedure at step i, with chase0(D,Σ) = D, the
chase procedure will perform the following steps:

1. The TGD σ1 is not satisfied by the facts in D, because no fact of the form
HasFather(john, ·) exists in D. Hence, the chase procedure triggers the TGD σ1

using the fact Person(john) fromD, and produces the new instance chase1(D,Σ) =
D ∪ {HasFather(john,⊥1)}, where ⊥1 is a labeled null.

2. Now, σ2 is not satisfied by the facts in chase1(D,Σ), and the chase triggers σ2,
producing chase2(D,Σ) = chase1(D,Σ) ∪ {Person(⊥1)}.

3. However, the presence of Person(⊥1) in chase2(D,Σ) forces the chase procedure
to trigger σ1 again, producing the fact HasFather(⊥1,⊥2), which will force trig-
gering σ2 again, producing the fact Person(⊥2), and so on.

It should be clear from the above example that the chase procedure does not termi-
nate when executed over the above database D and the TGD-based ontology Σ.

Given the above observations, a first attempt at restoring computability of the
OMQ Answering problem is to define TGD-based languages for which the chase pro-
cedure is always guaranteed to terminate, i.e., for every database D, there always
exists some i ≥ 0 such that chasei(D,Σ) = chasei+1(D,Σ). We call this family of
languages acyclicity-based, since they are all defined by restricting in some form the de-
gree of cyclic triggering of TGDs during the execution of the chase procedure. Among
these languages, the simplest is the one based on weakly-acyclic TGDs, which were
originally defined in the context of Data Exchange [39]. More advanced and expres-
sive acyclicity-based languages are based on stratification techniques [48], as well as
rewriting-based approaches such as the ones of [65]. More recent contributions in
this context are acyclicity-based languages that employ TGDs together with other on-
tological constructs, such as equality-generating dependencies, or extended forms of
TGDs [25, 35], as well as languages that guarantee the termination of the chase, as-
suming that the underlying ontology already satisfies some well-behaved property, e.g.,
see [21, 29, 22, 54, 28]. A comprehensive overview of the chase can also be found
in [48, 46].

8



Chapter 2. State of the Art

Figure 2.1: Chase vs. query rewriting for OMQ Answering.

All the above languages not only guarantee the computation of the certain answers,
but also guarantee that the chase instance can be constructed efficiently, i.e., in polyno-
mial time w.r.t. the size of the input database, and thus OMQ Answering can be solved
efficiently. Some acyclicity-based languages in the literature provide more expressive
power at the expense of efficiency. For example, the work of [49] provides a hierarchy
of languages with increasing expressive power, such that computing the certain answers
of OMQs using the language at level k of the hierarchy is in k-EXPTIME, w.r.t. the
size of the input database.

We point out that this line of research on acyclicity-based languages is also related to
the definition of well-behaved languages in logic programming, e.g., see [27, 23, 26, 24].
A key limitation of the above languages is that they do not allow reasoning over infinite
structures, which is a key feature of ontological modeling.

UCQ-rewritable Languages. To overcome the limitations of the acyclicity-based
languages discussed before, different contributions from the literature have focused on
designing so-called UCQ-rewritable ontology languages. That is, for a given OMQ
O = (q,Σ), if the ontology Σ falls in the language, the guarantee is that the OMQ
O can be rewritten to a first-order query q′, and in particular, a union of conjunctive
queries (UCQ), such that for every database D, the certain answers of O over D can
be retrieved by simply evaluating q′ over D, without involving the ontology Σ. UCQs
encode the fragment of first-order logic corresponding to the select-from-where-union
fragment of SQL (more details on UCQs will be given in Chapter 3). Hence, the query
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rewriting approach allows the implementation of OMQ Answering by exploiting existing
relational database systems, and thus achieve efficient evaluations, without requiring
the finiteness of the chase instance. In particular, the certain answers of OMQs over
a UCQ-rewritable ontology can be computed using no more than logarithmic space,
w.r.t. the size of the input database, i.e., in the data complexity. Figure 2.1 highlights
the difference in strategy between answering an OMQ (q,Σ) over a database D via the
chase procedure, and a query rewriting approach.

The technique of query rewriting has its roots in answering OMQs over Description
Logics-based ontologies [60, 34, 3, 66, 62]. Description Logics are an ontology formalism
based on first-order logic that allow to reason about abstract concepts such as People,
Animals, etc, and their relationships (roles). The work of [34] is one of the first to
propose a query rewriting algorithm for one of the simplest and most widespread De-
scription Logics: DL-Lite. DL-Lite is a lightweight Description Logic that forms the
logical underpinning of the OWL2 QL profile of the W3C. The output of the algo-
rithm is a UCQ that can be evaluated alone on the original database, and retrieves
the certain answers of the original OMQ. In [60], the authors provide an overview of
different query rewriting algorithms for different Description Logic-based OMQs, and
also introduce their own query rewriting algorithm, dubbed REQUIEM. The difference
with other rewriting approaches is that, although the considered Description Logics
are UCQ-rewritable, REQUIEM uses Datalog as the target query language in order to
build small queries (more details on Datalog queries will be given in Chapter 3). An-
other promising approach for query rewriting under Description Logics was introduced
in [3]. The authors proposed a versatile approach that can deal with both Description
Logic-based languages and TGD-based languages.

Inspired by the above results on Description Logics, similar results have been proved
for OMQs over TGD-based ontologies. Current approaches to tackle this issue focused
on identifying fragments of TGD-based ontologies that are UCQ-rewritable. Recall that
an ontology Σ is UCQ-rewritable if for any conjunctive query q, it is possible to rewrite
the OMQ (q,Σ) to a UCQ q′ such that, for every database D, the answers of (q,Σ)
over D coincide with the answers of q′ over D alone. Different fragments of TGD-based
ontologies have been introduced in the literature that guarantee the above property.
Among the main UCQ-rewritable languages from the literature, we recall the linear [31]
and sticky [32] ontology languages. Implementations of the rewriting techniques for the
above languages have been developed in the literature and have proved to behave well in
practice, e.g., see [41, 70] for linear and its variations, while see [41] for sticky. Finally,
generic algorithms have also been developed that can construct a UCQ-rewriting of
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a given OMQ O = (q,Σ), whenever Σ is UCQ-rewritable [52], i.e., the algorithms
do not rely on any specific syntax of Σ, but only require Σ to be UCQ-rewritable.
Implementations of these generic approaches also exist, which have also been shown to
behave well in practice [10].

Guarded-based Languages. The high efficiency of UCQ-rewritable languages comes
at the cost of limited expressive power. In particular, all UCQ-rewritable languages
lack the ability to express basic data properties that are crucial for effective ontolog-
ical modeling. Hence, more expressive, computable TGD-based languages emerged
that try to overcome these limitations. Examples of these languages are the guarded
language [31], and its extension frontier-guarded [11]. These languages are proper ex-
tensions of linear, that still guarantee data-efficient computation of certain answers, i.e.,
certain answers can be computed in polynomial time w.r.t. the size of the database.
One way of obtaining the above complexity results is to show, as done in [44, 4], that
(frontier-)guarded ontologies are Datalog-rewritable, i.e., every OMQ O = (q,Σ), with
Σ (frontier-)guarded, can be rewritten to a Datalog query DO, such that for every
database D, the certain answers of O over D can be retrieved by simply evaluating DO

over D, without involving the ontology Σ. It is well-known that Datalog queries can be
evaluated in polynomial time w.r.t. the size of the database, e.g. see [37], and different
Datalog-based engines exist in the literature that have proven to be quite efficient at
evaluating Datalog queries in practice, e.g. see [67, 2, 51]. Some implementations exist
of the Datalog rewriting algorithm for OMQs O = (q,Σ), where Σ is guarded, assuming
that q is an atomic query [19].

Languages Beyond Guardedness and UCQ-rewritability. Although guarded-
based languages provide higher expressive power, while preserving tractability of cer-
tain answers, they still lack critical features for expressing important properties of data.
Among such features, the main ones are transitive closure-based properties over graphs,
such as finding all pairs of nodes in a graph that are connected by a path. Expressive
TGD-based ontology languages with this capability have been defined in the litera-
ture, which also preserve computability of the certain answers, such as the language
of weakly-guarded TGD-based ontologies [30]. However, such languages increase ex-
pressiveness to the point that computing certain answers is not tractable anymore. In
the case of weakly-guarded ontologies, computing certain answers is EXPTIME-hard,
in data complexity. Such a high data complexity implies that no Datalog rewriting
algorithms exist for weakly-guarded ontologies, and thus specialized query answering
procedures are required. However, we are not aware of any practical implementations of
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these procedures. More efficient TGD-based languages that support the above features
include shy [55, 13, 40] and warded [43, 20]. While these two languages are uncompa-
rable from the expressiveness point of view [12], they both guarantee that the certain
answers can be computed in polynomial time w.r.t. the size of the input database. How-
ever, only for shy there exist procedures that go beyond theoretical complexity results,
and that have been implemented in practice.
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Chapter 3

Preliminaries

In what follows, we recall notions of relational databases, ontologies and the OMQ
Answering problem.

3.1 Relational Databases

A schema S is considered the blueprint that defines concrete databases. It consists of a
finite set of predicates R/n (relation names), each with a specific arity n. A (predicate)
position of S is a pair (R, i), where R/n ∈ S and i ∈ [n], that essentially identifies
the i-th argument of R. We write pos(S) for the set of positions of S, that is, the set
{(R, i) | R/n ∈ S and i ∈ [n]}. We use C, N, and V to denote countably infinite sets
of constants, nulls and variables. A term is a constant, null, or variable. An atomic
formula (or simply atom) over a schema S is an expression of the form R(t̄), where R is
a predicate of S with arity n, and t̄ = t1, . . . , tn is a tuple of n terms. An atom with only
constants is called a fact. In a sequence of atoms α1, . . . , αn, a variable is a join variable
if it appears more than once in the sequence. An instance is a (possibly infinite) set
of atoms over constants and nulls. A database D over S is a finite set of facts, i.e., a
finite instance mentioning only constants. The active domain of an instance I, denoted
dom(I), is the set of terms occurring in I.

Example 3.1.1. Consider the database schema S containing the relations shown below.
For clarity, we write a relation R/n of S as R(A1, . . . , An) where each Ai is a name we
give to the i-th position of R in order to describe its meaning in R.
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Employee(EmployeeID,Name,Department, Project, P laceOfBirth)

Department(DepartmentNO,DepartmentName)

Project(ProjectID, ProjectName)

City(CityID,CityName,Country)

The schema consists of four relations: Employee, Department, Project, and City,
where Employee has arity 5, Department and Project have arity 2, and City has arity 3.
The following depicts a database D over the schema S, which we graphically represent
as a set of tables, one for each relation of S, where each row (tuple) t̄ in the table of a
relation R corresponds to the fact R(t̄) of D.

Employee EmployeeID Name Department Project PlaceOfBirth
101 Alice 1 V22 VR
102 Bob 2 V22 RM
103 Andrea 1 AI TN
104 Martha 1 HZ TN

Department DepartmentNO DepartmentName
1 Computer Science
2 Engineering
3 Finance

Project ProjectID ProjectName
V22 Vision22
HZ Horizon
AI CoolAI

City CityID CityName Country
MI Milan Italy
TN Trento Italy
RM Rome Italy
BZ Bolzano Italy
VR Verona Italy

14



Chapter 3. Preliminaries

3.2 (Union of) Conjunctive Queries

A substitution from a set of terms T to a set of terms T ′ is a function h : T → T ′.
A homomorphism from a set of atoms A to a set of atoms B is a substitution h from
the set of terms in A to the set of terms in B such that h is the identity on C, and
R(t1, . . . , tn) ∈ A implies h(R(t1, . . . , tn)) = R(h(t1), . . . , h(tn)) ∈ B. For an integer
k ≥ 0, a k-ary conjunctive query (CQ) q over a schema S with output variables x̄,
denoted q(x̄), is an expression of the form

Q(x̄)← ∃ȳ R1(x̄1) ∧ . . . ∧Rn(x̄n),

where, for each i ∈ [n], x̄i is a tuple of variables, and x̄, ȳ form a partition of the set
of variables

⋃
i∈[n] x̄i. Moreover, x̄ is a tuple of k (not necessarily distinct) variables,

and Q(x̄) and Ri(x̄i), for i ∈ [n], are atoms with Ri ∈ S, while Q ̸∈ S. Note that,
by abuse of notation, we treat a tuple of variables as a set of variables. For conve-
nience, we may use comma in place of the symbol ∧, and we may omit the existential
quantifier. The body (resp., head) of q, denoted body(q) (resp., head(q)) is the set of
atoms {R1(x̄1), . . . , Rn(x̄n)} (resp., the atom Q(x̄)). We use headPred(q) to denote the
predicate Q. For an instance I over S, we write q(I) for the answers of q over I, which
is defined as the set of tuples

{t̄ ∈ (dom(I) ∩C)k | there is a homomorphism h from body(q) to I with h(x̄) = t̄}.

Example 3.2.1. Consider the schema S and the database D of Example 3.1.1 above. A
conjunctive query q over S can be used to ask different questions about the database D.
For example, to find all the pairs of employees that were born in the same country, we
can write the following CQ; we use _ to denote a variable whose name is not important
and it is different from all the other variables occurring in the query.

Ans(x, x′) : −Employee(x,_,_,_, y), Employee(x′,_,_,_, y′),

City(y,_, z), City(y′,_, z).

A union of conjunctive queries (UCQ) is a generalization of a CQ that allows to
return the union of the answers of more than one CQ. Formally, for an integer k ≥ 0,
a k-ary UCQ q is a set of k-ary conjunctive queries q1(x̄1), . . . , qn(x̄n) all sharing the

same head predicate. The set of answers of q over an instance I is q(I) =
n⋃

i=1

qi(I).
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3.3 Datalog and TGD-based Ontologies

Datalog is a prominent rule-based language that was originally introduced as a more
expressive query language than simple UCQs [42]. The higher expressiveness of Dat-
alog is due to the ability to express recursive constructs. In recent years, there has
been a renowned interest in using Datalog for other data management tasks, including
modeling ontologies.

Consider a schema S. A Datalog program Σ over S is a set of (Datalog) rules over
S. A Datalog rule ρ over S is an expression of the form:

∀x̄1, . . . , x̄nR1(x̄1) ∧ . . . ,∧Rn(x̄n)→ R0(x̄0)

where each Ri(x̄i) is an atom over S, x̄i is a tuple of variables, and each variable of x̄0
occurs in some x̄i.

Example 3.3.1. Consider the Datalog program Σ consisting of the following rules:

ρ1 : ∀x, y Edge(x, y)→ Path(x, y),

ρ2 : ∀x, y, z Edge(x, y) ∧ Path(y, z)→ Path(x, z).

The above rules encode the definition of path in directed graphs. Such a property can
be expressed thanks to recursive statements, and in this particular case, via rule ρ2,
stating that if there exists an edge from a node x to a node y in the graph, and we
know there is a path from y to another node z, we can conclude that a path from x to
z must also exist.

Although Datalog provides a good basis for an ontological language, its main lim-
itation in this context is the inability to reason about entities, i.e., terms, that are
explicitly mentioned in a given database. This leaves a critical challenge in ontology
modeling, where ontologies are required to represent data that might not exist in the
database. For this reason, extensions of Datalog have been considered in the literature
as more expressive ontology languages. The prominent example are tuple generating
dependencies (TGDs), that add existential quantification to the head of Datalog rules,
increasing its expressiveness.1

1Historically, TGDs have been employed as relational database integrity constraints, while in our
setting, they are employed as logical rules for ontology specification.
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3.3.1 Tuple-Generating Dependencies

A tuple-generating dependency (TGD) σ over a schema S is a (constant-free) expression
of the form ∀x̄∀ȳ (ϕ(x̄, ȳ)→ ∃z̄ ψ(x̄, z̄)) , where x̄, ȳ and z̄ are tuples of variables of V,
and ϕ(x̄, ȳ) and ψ(x̄, z̄) are non-empty conjunctions of atoms over S that only mention
variables from x̄ ∪ ȳ and x̄ ∪ z̄, respectively. We may write σ as ϕ(x̄, ȳ) → ∃z̄ ψ(x̄, z̄),
and use comma instead of ∧ for joining atoms. We refer to ϕ(x̄, ȳ) and ψ(x̄, z̄) as the
body and head of σ, denoted body(σ) and head(σ), respectively. We say that σ is full if z̄
is empty, and we say it is single-head if ψ(x̄, z̄) contains a single atom. Note that a full,
single-head TGD corresponds to a Datalog rule. The frontier of the TGD σ, denoted
fr(σ), is the set of variables x̄, i.e., the variables that appear both in the body and the
head of σ. We use exvar(σ) and expos(σ) to denote the set of all existential variables of
σ, and the set of all positions in which an existential variable of σ occurs. An ontology
Σ over a schema S is a finite set of TGDs over S. The schema of an ontology Σ, denoted
sch(Σ), is the set of predicates occurring in Σ. Moreover, we assume w.l.o.g. that no
two TGDs in Σ share a variable. We use TGD to denote the class of all ontologies.

An instance I satisfies a TGD σ as the one above, written I |= σ, if whenever there
exists a homomorphism h from ϕ(x̄, ȳ) to I, then there is an extension of h that is
a homomorphism from ψ(x̄, z̄) to I; we may treat a conjunction of atoms as a set of
atoms. The instance I satisfies an ontology Σ, written I |= Σ, if I |= σ for each σ ∈ Σ.

Example 3.3.2. The set Σ = {σ1, σ2, σ3, σ4} presented in Example 1.1.1 is an ontology
containing 4 TGDs, where the TGD σ1 encodes when two persons are friends, while σ2
and σ3 specify that friendship is a symmetric and transitive relationship. Finally, σ4
states that if two people x and y are friends, then there must be some topic z which
both like. Note how σ4 employes existential quantification to talk about an unknown
topic that connects two friends.

3.4 Ontology-Mediated Queries

The main task we are interested in is query answering under TGDs. Consider a database
D over a schema S and an ontology Σ over S. A model of D and Σ is an instance I
over S such that D ⊆ I and such that I |= Σ. We use models(D,Σ) to denote the set
of all models of D and Σ.

Example 3.4.1. Consider the database D = {Person(a)} and the ontology Σ =

{Person(x) → ∃y Ancestor(y, x)}, stating that every person must have some an-
cestor. Several (actually infinitely many) models of D and Σ exist, For example,
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M1 = {Person(a), Ancestor(b, a)} is a model, since it contains D, and satisfies the
only TGD in Σ. Another example is M2 = {Person(a), Ancestor(b, a), Ancestor(c, a)},
where the presence of Ancestor(c, a) indicates that there can be more ancestors to a.
Another model is M3 = {Person(a), Ancestor(⊥, a)} where ⊥ is a null from N, which
we interpret as an unknown value.

Hence, the models of D and Σ encode all possible states in which the real-world
system that Σ is describing can be, that also agree on the ground knowledge stated in
D.

For an integer k ≥ 0, a k-ary ontology-mediated query (OMQ) over a schema S is
a pair O = (q,Σ), where q is a k-ary CQ over S, and Σ is an ontology over S. For
a database D over S, the certain answers of O over D is the set of tuples ans(O, D)

defined as
{t̄ ∈ dom(D)k | t̄ ∈ q(I) for all I ∈ models(D,Σ)}.

In other words, the certain answers of O over D collect only the answers that are
true in every model, and thus are true, no matter the actual state of the underlying
real-world system encoded by Σ.

Example 3.4.2. Consider the database D and the ontology Σ of Example 3.4.1, and
consider the OMQ O = (q,Σ), with q of the form:

Ans(x)← ∃y Ancestor(y, x)

returning all people with an ancestor. We have that ans(O, D) contains the tuple (a),
while for the OMQ O′ = (q′,Σ), with q′ of the form:

Ans(y)← ∃x Ancestor(x, y)

finding all the ancestors, we have that ans(O′, D) is empty, since we cannot be certain
who are the ancestors of a.

3.5 Ontology-Mediated Query Answering

For a class C of ontologies, we define CQAns[C] as the (decision) problem that, given
a database D, a k-ary OMQ O = (q,Σ) with Σ ∈ C, and a tuple t̄ ∈ dom(D)k, asks
whether t̄ ∈ ans(O, D).
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Since TGD-based ontologies are characterized by the addition of existential quan-
tifiers in the head of the rules, which allow to express knowledge about unknown in-
dividuals, that with standard Datalog would not be possible, this on the other hand
causes computational issues. In particular, the problem CQAns[TGD], where we recall
TGD denotes the class of all ontologies, is known to be undecidable. That is, given
a database D, a k-ary OMQ O = (q,Σ), with Σ ∈ TGD, and a tuple t̄ ∈ dom(D)k,
there is no algorithm that is always able to check whether t̄ ∈ ans(O, D), for example,
see [41]. The latter implies that it is not possible to devise a generic algorithm that can
always construct the set of certain answers of a given OMQ over a given database, in a
finite amount of time.

The main research endeavour has then been to identify fragments of TGD-based
ontology languages that guarantee the decidability of the OMQ Answering problem.
This aspect will be discussed in the next two chapters.

19



3.5. Ontology-Mediated Query Answering

20



Chapter 4

The Chase

The Chase Procedure. The chase procedure is an algorithm that can be used to
produce a so-called universal model of a database D and ontology Σ, which in turn can
be used to provide an alternative definition of certain answers of OMQs. Consider an
instance I and an ontology Σ over a schema S. A trigger for Σ on I is a pair (σ, h),
where σ ∈ Σ and h is a homomorphism from body(σ) to I. The result of (σ, h), denoted
result(σ, h), is the set µ(head(σ)), where µ : var(head(σ))→ C ∪N is defined as:

µ(x) =


h(x) if x ∈ fr(σ)

⊥x
σ,h otherwise

where ⊥x
σ,h is a null value from N. The trigger (σ, h) is active if result(σ, h) ̸⊆ I.

Observe that in the definition of result(σ, h) above each existentially quantified vari-
able x of head(σ) is mapped by µ to a null value of N whose name is uniquely determined
by the trigger (σ, h) and x itself. This means that, given a trigger (σ, h), we can unam-
biguously write down the set of atoms result(σ, h). An application of (σ, h) on I is the
expression I⟨σ, h⟩J , where J = I ∪ result(σ, h).

At the high level, the chase procedure performs exhaustive applications of triggers
on a given database D, in order to construct a model of D and Σ. Since not all triggers
are required to be applied in order to build such a model, different variations of this
basic procedure exist, which only differ on the criterion used to decide when a trigger
should be applied, i.e., when a trigger is considered active.

There are three main variations of this basic procedure: the standard (a.k.a. re-
stricted) chase, the semi-oblivious (a.k.a. skolem) chase, and an oblivious chase. All
such variations are defined in the same way, with the difference of what we mean by
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active trigger, that we will clarify later.

Definition 1. Consider a database D, and an ontology Σ of TGDs.

• A finite sequence (Ii)0≤i≤n of instances, with D = I0 and n ≥ 0, is a chase
derivation of D w.r.t. Σ if, for each i ∈ {0, . . . , n−1}, there is an "active" trigger
(σ, h) for Σ on Ii with Ii⟨σ, h⟩Ii+1, and there is no active trigger for Σ on In. The
result of such a chase derivation is the instance In.

• An infinite sequence (Ii)i≥0 of instances, with D = I0, is a chase derivation of
D w.r.t. Σ if, for each i ≥ 0, there is an "active" trigger (σ, h) for Σ on Ii such
that Ii⟨σ, h⟩Ii+1. Moreover, (Ii)i≥0 is fair if, for each i ≥ 0, and for every active
trigger (σ, h) for Σ on Ii, there exists j > i such that (σ, h) is not an active trigger
for Σ on Ij. The result of such a chase derivation is the instance

⋃
i≥0 Ii.

A chase derivation is valid if it is finite, or infinite and fair.

Let us stress that infinite but unfair chase derivations are not considered valid ones
since they do not serve the main purpose of the chase, that is, to build a model of the
database D and ontology Σ. Indeed, given the ontology Σ consisting of the TGDs

σ = R(x, y)→ ∃z R(y, z) σ′ = R(x, y)→ P (x, y),

the result of the unfair chase derivation of D = {R(a, b)} w.r.t. Σ that involves only
triggers of the form (σ, ·), i.e., only the TGD σ is used, does not satisfy σ′, and thus
does not satisfy Σ.

We now move to discuss the three different variations of chase mentioned before: the
standard chase, semi-oblivious, and oblivious chase. Each variation has advantages and
disadvantages depending on the application where they are involved. In what follows,
fix an instance I, an ontology Σ, and a trigger (σ, h) for Σ on I.

4.1 Standard (Restricted) Chase

The emergence of the first chase procedure known as the restricted or standard chase
goes back to the late 70s and early 80s [57, 14], when the database community was
studying the implication problem for data dependencies. The restricted chase requires
that triggers (σ, h) for Σ on I are applied only if the TGD σ is not satisfied by I. In
other words, in the case of the standard chase, (σ, h) is active if I ̸|= σ. Hence, the
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standard chase is a very conservative version of the chase, where a TGD is applied only
when necessary.

Example 4.1.1. Consider applying the restricted chase on a database D = {R(a)}
and the ontology Σ containing the following TGDs:

σ1 : R(x)→ ∃y S(x, y)
σ2 : S(x, y)→ T (y).

Then, we have that (σ1, h1), with h1 = {x 7→ a} is a trigger for Σ on I0 = D, and it
is active, since R(a) ∈ D, but no atom of the form S(a, ·) occurs in D. Hence, the
instance I1 = D∪ result(σ1, h1) = D∪{S(a,⊥y

σ1,h1
is constructed by the standard chase,

where I0⟨σ1, h1⟩I1. Then, (σ2, h2), with h2 = {x 7→ a, y 7→⊥y
σ1,h1
} is a trigger for Σ on

I1, which is also active since no atom with relation T occurs in I1, and then the instance
I2 = I1 ∪ result(σ2, h2) = I1 ∪ {T (⊥y

σ1,h1
} is constructed. No other active triggers exist,

and I2 is the result of the (valid) standard chase derivation I0, I1, I2.

4.2 Oblivious Chase

The oblivious chase [39] is the simplest among the three variations we consider in this
thesis, as it deems a trigger (σ, h) for Σ on I as active simply if its result result(σ, h)

does not appear in I, thus disregarding whether the TGD σ is already satisfied by I or
not. This makes the oblivious chase much simpler to implement in real-world systems,
but at the same time, it incurs higher redundancy in the number of generated facts.

Example 4.2.1. Consider the database D = {R(a), S(a, b)}, and the ontology Σ of
Example 4.1.1. The only trigger for Σ on I0 = D is (σ1, h1) with h1 = {x 7→ a}.
However, although I0 |= σ1, according to the oblivious chase, the trigger is active,
since result(σ1, h1) ̸⊆ I0. Hence, the oblivious chase applies the trigger, producing
I1 = I0 ∪ {S(a,⊥y

σ1,h1
)}. Then, there are two triggers (σ2, h2) and (σ2, h

′
2) for Σ on

I1, where h2 = {x 7→ a, y 7→ b} and h′2 = {x 7→ a, y 7→⊥y
σ1,h1
}. Both are active, and

assuming the oblivious chase applies (σ2, h2) first, obtaining I2, we can see that (σ2, h′2)
is still active, and it is also applied on I2, producing I3 of the form:

{R(a), S(a, b), S(a,⊥y
σ1,h1

), T (b), T (⊥y
σ1,h1

)}.

Hence, I0, I1, I2, I3 is a valid oblivious chase derivation.
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4.3 Semi-Oblivious Chase

The semi-oblivious chase is a refined version of the oblivious chase [46], where the results
of two triggers (σ, h) and (σ, h′) over the same TGD are indistinguishable as far as h and
h′ map the frontier variables of σ to the same terms. That is, their results result(σ, h)

and result(σ, h′) are considered to be the same, modulo renaming the fresh nulls used
for the existential variables of σ. This is a more selective version of the oblivious chase
and less restrictive than the standard chase, and it is the version of the chase that is
mostly preferred for implementations.

Example 4.3.1. Consider the database D = {R(a, b), R(a, c)} and the ontology Σ =

{σ} with σ being the TGD R(x, y) → ∃z S(x, z). There are two triggers (σ, h) and
(σ, h′) for Σ on I0 = D, with h = {x 7→ a, y 7→ b} and h′ = {x 7→ a, y 7→ c}. Both
triggers are active according to the semi-oblivious chase. However, if (σ, h) is applied,
producing I1 = I0 ∪ result(σ, h) = I0 ∪ {S(a,⊥z

σ,h)}, the trigger (σ, h′) for Σ on I1 is
not active anymore, since result(σ, h′) and result(σ, h) produce the same set of atoms,
modulo the name of the null assigned to the existential variable z. Hence, I0, I1 is a
(valid) semi-oblivious chase derivation.

4.4 Universality of the Chase and the Variation Used

in the Thesis

Regardless of the version of the chase considered, every valid chase derivation of a
database D and an ontology Σ is guaranteed to produce as a result, an instance I that
is a model of D and Σ. Moreover, I is guaranteed to be a universal model of D and
Σ. That is, for every model M ∈ models(D,Σ), there exists a homomorphism from I

to M . The above universality property implies the following well-known result (e.g.,
see [46], [46]):

Theorem 1. For a k-ary OMQ O = (q,Σ) and a database D over a schema S, it holds
that

ans(O, D) = {t̄ ∈ dom(D)k | t̄ ∈ q(I) with I the result of

some (standard/oblivious/semi-oblivious) chase derivation of D and Σ}.

Given that any chase variation can be used for OMQ Answering purposes, as stated
by Theorem 1, for simplicity, in our technical analysis starting from Chapter 6, we will
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employ the oblivious chase. In particular, it is well-known, and it is not difficult to
verify, that for the oblivious chase, for every database D and ontology Σ, every valid
oblivious chase derivation of D and Σ produces exactly the same instance, which can be
equivalently defined as follows. For a database D and an ontology Σ over a schema S,
the (oblivious) chase of D w.r.t. Σ is the set chase(D,Σ) of atoms inductively defined
as follows. We define chase0(D,Σ) = D, and for each i > 0, we define chasei(D,Σ) as
the set

chasei−1(D,Σ) ∪ {result(σ, h) | (σ, h) is a trigger for Σ on chasei−1(D,Σ)}.

Finally, chase(D,Σ) =
⋃

i≥0 chase
i(D,Σ).
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Chapter 5

TGD-based Ontology Languages

In this chapter, we provide more details on the main TGD-based ontology languages
introduced in the literature to restore decidability of OMQ Answering. Tuple-generating
dependencies (TGDs) have originally been employed in database theory as a formalism
for enforcing constraints over the schema of a relational database, such as inclusion
dependencies [1]. In recent years, TGDs have seen a resurgence of interest as a rich
formalism for modeling domain knowledge in the form of ontologies. The rich expressive
power of TGDs as an ontology language in turn allows to infer complex knowledge from
a system by answering Ontology-Mediated Queries (OMQs).

As discussed in Chapters 1 and 2, the major challenge in leveraging TGDs for
OMQ Answering is that the high expressive power of TGDs makes OMQ Answering
undecidable in general. Hence, different attempts exist in the literature that try to
identify TGD-based languages that restore computability.

We categorize such attempts in three large families: acyclicity-based, rewriting-
based, and ad hoc algorithmic-based. We point out that although each of the languages
we are going to discuss below was originally defined with the intent to employ only one
of the above three main techniques, it later turned out that for some of them, OMQ
Answering can be solved via different approaches, falling in more than one of the above
categories. Hence, for historical reasons, we will include each language in the category
it was originally designed for, but we will also give hints on how other techniques from
the other categories can be applied to these languages.
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Figure 5.1: TGD-based Ontology Languages.

5.1 Acyclicity-based Ontology Languages

We start by focusing on the first family of languages that restores computability, i.e.,
the acyclicity-based ones, which, as discussed in Chapter 2, guarantees the termination
of (some variation of) the chase procedure. In particular, when we say that a chase
variation terminates with input a database D and ontology Σ, we mean that every valid
derivation of D and Σ is finite. The latter allows the construction of a finite universal
model that can be employed for OMQ Answering purposes, thanks to Theorem 1.

There are mainly two aspects that in combination can cause some variation of the
chase to not terminate:

1. The ontology allows the construction of new values (nulls) during the evaluation
of the chase procedure.

2. The set of TGDs creates a cyclic dependency between different predicates.

Example 5.1.1. Consider the database D and the ontology Σ of Example 2.0.1. It
is not difficult to see that any variation of the chase discussed in Chapter 4 does not
terminate with input D and Σ, because the first TGD σ1 produces a fresh null due to
the existential variable y, while the second TGD σ2 propagates this null back to the
body of σ1.

The simplest way to prevent the chase to produce an infinite instance, no matter
the input database, is to consider so-called acyclic ontologies. Acyclic ontologies, also
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known as non-recursive ontologies, ensure that no cycles can ever be formed between
the predicates of the ontology. Formally, the predicate graph of an ontology Σ is the
directed graph (V,E), where the set of nodes V = sch(Σ) is the set of predicates in Σ,
and there is an edge (R,P ) ∈ E iff there is a TGD σ ∈ Σ with R occurring in body(σ)

and P occurring in head(σ). We say that Σ is acyclic iff the predicate graph of Σ is
acyclic.

It is easy to verify that for an acyclic ontology Σ, for every database D, every
variation of the chase discussed in Chapter 4 terminates producing a finite universal
model.

Example 5.1.2. Consider the ontology Σ = {σ} where:

σ : Employee(x)→ ∃z Manager(x, z),

Stating that every employee must have a manager. The predicate graph of Σ consists
of the single edge Employee → Manager, which is acyclic. Hence, even if σ allows
the construction of new nulls, there is no way for these nulls to trigger in turn the
construction of infinitely many nulls.

Although acyclic ontologies guarantee the decidability of OMQ Answering, they
form a very limited ontology language, as they completely disregard the use of recursion,
which is an important feature in knowledge modeling. Hence, a more sensible strategy is
to allow the combination of recursive rules and value invention but in a controlled way.
This is what the class of weakly-acyclic ontologies achieves [39]. Weakly-acyclic ontolo-
gies is a more relaxed version of acyclic ontologies which allow the creation of recursive
loops where the number of nulls that could be possibly created remains bounded, no
matter the database. The definition of weakly-acyclic ontologies is heavily based on the
concept of dependency graph [39]. Intuitively, the dependency graph of an ontology
Σ, denoted dg(Σ), is a graph that describes how nulls are propagated via the positions
of the predicates of Σ, and we call Σ weakly-acyclic if no cycle in dg(Σ) exists that
witnesses the propagation of a null. We now formalize the above notion.

Definition 2 (Dependency Graph). Consider an ontology Σ. The dependency graph
dg(Σ) of Σ, is a directed multigraph (V,E), where V = pos(sch(Σ)), i.e., V is the set
of all positions of predicates in Σ, and E contains only the following edges. For each
TGD σ ∈ Σ with head(σ) = {α1, . . . , αk}, for each x ∈ fr(σ), and for each position π

of body(σ) in which x occurs:
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- For each i ∈ [k], and for each position π′ in αi in which x occurs, there exists a
normal edge (π, π′) ∈ E.

- For each existentially quantified variable z in σ, i ∈ [k], and position π′ in αi in
which z occurs, there is a special edge (π, π′) ∈ E.

Roughly, if an edge is created between a universal variable in the body and an
existential variable in the head of the same TGD, this edge, which we call special,
witnesses the creation of a new null because of the presence of a term mapped to the
universal variable. On the other hand, a normal edge simply denotes that a term is
propagated from a position in the body to a position in the head. We say that an
ontology Σ is weakly-acyclic if there is no cycle in dg(Σ) mentioning a special edge [39].

Example 5.1.3. Consider the schema

S = {Employee(Name,Manager), Department(DeptName,Manager)}

mentioning employees with their manager, and departments with their manager, and
consider the ontology Σ = {σ1, σ2} with:

σ1 : Employee(x, y)→ ∃z Department(z, y),
σ1 : Department(x, y)→ ∃z Employee(z, y).

The TGD σ1 states that if an employee x exists with a manager y, then y must be
the manager of some department, while σ2 states that if a department x exists with a
manager y, an employee must exist having y as the manager. The dependency graph of
Σ contains the edges Employee[2]→ Department[2], Employee[2] 99K Department[1],
Department[2]→ Employee[2], and Department[2] 99K Employee[1], where a dashed
arrow denotes a special edge, and a non-dashed arrow denotes a normal edge. Although
a cycle exists in the dependency graph of Σ, no such a cycle goes via a special edge,
and thus Σ is weakly-acyclic.

It is known that for a weakly-acyclic ontology Σ, both the standard and the semi-
oblivious chase terminate, for every input database [39, 36]. A variation of the depen-
dency graph also exists which leads to so-called richly-acyclic ontologies, that guarantee
that the oblivious chase terminates, for every input database [50].

Based on the above ideas, a portfolio of more refined acyclicity-based notions have
been defined in the literature that guarantee the termination of one or more variants
of the chase procedure. Among these notions, we recall stratification [38], safety [59],
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joint acyclicity [53], super-weak acyclicity [58], model-faithful acyclicity and model-
summarizing acyclicity [47].

Interestingly, all the above notions not only guarantee that (some variation of) the
chase always terminates, for every input database, but such a chase procedure can
construct a universal model in polynomial time w.r.t. the size of the input database,
i.e., in data complexity. Hence, they form well-behaved TGD-based ontology languages
that can potentially be used in practice for OMQ Answering.

5.2 Rewriting-based Ontology Languages

One of the key limitations of acyclicity-based ontologies is that they cannot reason
about infinite structures, since by design, they only allow the introduction of a bounded
number of new terms. In this section, we focus on a family of ontology languages
that guarantee decidability of OMQ Answering by means of a different property; these
languages usually do not force the chase to terminate, but instead limit the language in
other ways. The general idea in defining a so-called rewriting-based ontology language
is to guarantee that an ontology Σ falling in the language enjoys a property of the
following form, for a query language L.

For every CQ q, the OMQ O = (q,Σ) can be rewritten to a query q′ over L such
that, for every database D, ans(O, D) = q′(D), where q′(D) denotes the answers to
q′, when evaluated over D. The idea is that, generally, L is a query language for
which q′(D) is computable, for every database, and thus one reduces the problem of
answering O over D to the problem of answering q′ over D. We note that with the above
approach, nothing is said on whether any variation of the chase is actually guaranteed
to terminate, for every input database.

The most common instantiations of L include UCQs, which form a very efficient
query language that can be evaluated over standard relational databases, and Datalog,
which can be evaluated efficiently with state-of-the-art engines. In the rest of this
section we recall some of the main rewriting-based ontology languages.

5.2.1 Linearity

The simplest rewriting-based ontology language is the class of linear ontologies [30, 31].
A TGD σ is linear if body(σ) contains only one atom. Then, an ontology Σ is linear if
each TGD σ ∈ Σ is linear. The main property of linear ontologies is that they are all
UCQ-rewritable. That is, for every OMQ O = (q,Σ), where Σ is linear, then O can be
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rewritten to a UCQ q′ such that ans(O, D) = q′(D), for every database D.
Linear ontologies are powerful enough to capture other ontology languages from the

Description Logics literature, and in particular the Description Logic DL-Lite, which is
the logical underpinning of one of the most popular profiles of the OWL2 specification
by the W3C, i.e., OWL2 QL.

Simple-Linear Ontologies. Actually, linear ontologies generalize DL-Lite even when
restricted to have each body variable of a TGD to appear only once in the body. We
call linear TGDs of this form simple-linear, and ontologies containing only simple-linear
TGDs are called simple-linear ontologies.

Example 5.2.1. The ontology Σ = {σ}, where:

σ : Employee(x, y, z)→ ∃k Department(z, k)

is simple-linear since its only TGD σ contains only one atom in its body, and each
variable in body(σ) occurs only once in body(σ).

Multi-Linear Ontologies. Linear Ontologies have been further extended to the class
of multi-linear ontologies, where the body of each TGD can now contain more than one
atom, as far as all the body atoms share the exact same set of variables. The class of
multi-linear ontologies has been defined to capture extensions of DL-Lite (i.e., DL-Lite
with conjunctions) [31]. Also multi-linear ontologies are UCQ-rewritable.

Example 5.2.2. Consider the ontology Σ = {σ}, where:

σ : WorksIn(x, y),Manages(x, y)→ ∃zSupervises(x, y, z),

stating that if an employee x works in a department y that she also manages, then x

must supervise some employee z in that department. The ontology Σ is not linear, but
it is multi-linear.

Non-termination of the Chase. We remark again that (multi-)linear, or even simple-
linear ontologies do not necessarily guarantee the termination of (any) variation of the
chase.

Example 5.2.3. Consider the database D = {R(a, a)}, and the ontology Σ = {σ},
where:

σ : R(x, y)→ ∃z R(y, z).
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The ontology Σ is linear (actually, simple-linear), however chase(D,Σ) is infinite.1 In
particular, chase(D,Σ) is the infinite instance:

{R(a, a), R(a,⊥1), R(⊥1,⊥2), R(⊥2,⊥3), . . .},

where ⊥1,⊥2, . . . are (simplified) names for the labeled nulls produced via triggers.

5.2.2 Stickiness

A key limitation of (multi-)linear ontologies is that they highly restrict the ability to
combine knowledge from multiple atoms in order to derive new facts. In other words,
they mostly disallow the use of "joins". A novel class of ontologies, dubbed sticky
have been defined in [32] that provides more freedom on how variables are joined in
the body of TGDs. We point out that, however, also in this case, this "freedom"
is controlled in a way to preserve decidability of OMQ Answering, and thus sticky
ontologies are uncomparable to (multi-)linear ones, but they generalize simple-linear
ontologies. Nonetheless, sticky ontologies are UCQ-rewritable, just like (multi-)linear
ontologies.

The key syntactic constraint that sticky ontologies enforce is thus a special struc-
tural constraint on the "join" variables of the TGDs, i.e., variables that have multiple
occurrences in the TGD bodies.

This constraint is defined on an ontology Σ by means of a recursive marking proce-
dure defined as follows [32]:

• Base case: For each TGD σ ∈ Σ and each variable x in the body of σ, if x does
not occur in all the head atoms of σ, then we mark each occurrence of x in the
body of σ.

• Inductive case: For each TGD σ ∈ Σ, if a variable x in the body of σ occurs
at some position (R, i) in the body of σ and this occurrence is marked, then for
every TGD σ′ ∈ Σ, we mark each occurrence of the variables in the body of σ′

that also appear in the head of σ′ at position (R, i).

Then, a sticky ontology, roughly, prevents joins among variables whose occurrences
are marked. Formally, an ontology Σ is sticky if, after applying the marking procedure
above to Σ, a variable x in the body of some TGD σ ∈ Σ that occurs as marked in σ

occurs only once in the body of σ.
1Actually, any variation of the chase we considered in Chapter 4 does not produce a finite valid

derivation.
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Example 5.2.4. Consider the ontology Σ = {σ1, σ2, σ3}, where:

σ1 : AssignsTask(x, y, z), AssignsTask(x′, y′, z)→ WorkTogether(y, y′, z),

σ2 : Manages(x, y)→ ∃z AssignsTask(x, y, z),
σ3 : WorksOn(x, y, z)→ ∃w Manages(x,w),Monitors(z, w).

The TGD σ1 states that if x assigns to y a task z, and somebody else x′ assigns to
somebody else y′ the same task z, then y and y′ work together on task z. Then, σ2
states that if x manages employee y, then x must assign a task z to y. Finally, σ3 states
that if x works on task y in a project z, then there must be somebody w that manages
the employee x, and monitors the project z.

After applying the base case of the marking procedure on Σ, we get:

σ1 : AssignsTask(x, y, z), AssignsTask(x’, y′, z)→ WorkTogether(y, y′, z),

σ2 : Manages(x, y)→ ∃z AssignsTask(x, y, z),
σ3 : WorksOn(x,y, z)→ ∃w Manages(x,w),Monitors(y, w),

where variables occurrences in boldface are marked. In particular, the (only) occur-
rences of x and x′ in the body of σ1 are marked, since they do not appear in the head
of σ1, while no variables occurrences are marked in the body of σ2, and all variable
occurrences in the body of σ3 are marked.

Then, due to the inductive case, we find that the occurrence of x in the body of σ2
is marked, because x appears in the head in position (AssignsTask, 1), which contains
a marked variable in the body of σ1. No other variables are marked during this step,
and no further variables can be marked, obtaining:

σ1 : AssignsTask(x, y, z), AssignsTask(x’, y′, z)→ WorkTogether(y, y′, z),

σ2 : Manages(x, y)→ ∃z AssignsTask(x, y, z),
σ3 : WorksOn(x,y, z)→ ∃w Manages(x,w),Monitors(y, w),

Since each marked variable appears only once in the body of the TGD where it
appears, the ontology Σ is sticky. Note that the ontology is not even multi-linear.

.
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5.3 Ad hoc Algorithmic-based Ontologies

In this section, we discuss the last family of ontology languages defined in the literature
that guarantee the decidability of OMQ Answering. Such languages have been intro-
duced with the goal of increasing the expressive power of rewriting-based languages (in
particular, UCQ-rewritable ones), and still overcome the limitations of acyclicity-based
ones, by allowing to reason about infinite structures.

For most of these languages, the decidability of OMQ Answering is obtained by
means of dedicated algorithms that directly exploit the key features of the language
restrictions. We point out, however, that for some of such languages, such as guarded
ontologies, it later turned out that a rewriting-based approach can also be employed,
by using Datalog as the target language L for the rewriting.

5.3.1 Guardedness

Guarded ontologies [31] form one of the most studied fragments of TGD-based ontologies
in the literature, and it is inspired by the guarded fragment of first-order logic. A TGD
σ is guarded if there is an atom in the body of σ, called the guard of σ, that mentions
all body variables.2 An ontology Σ is guarded if every TGD in Σ is guarded.

Example 5.3.1. Consider the ontology Σ = {σ1, σ2}, where:

σ1 : Manager(x)→ Employee(x),

σ2 : Employee(x), Supervises(x, y)→Manager(x).

The TGD σ1 states that every manager is an employee, and σ2 states that every em-
ployee that supervises some project is a manager. The ontology Σ is guarded because
the body of σ1 contains a single atom, which is trivially the guard of σ1, and the body
of σ2 contains the atom Supervises(x, y) mentioning all the body variables x and y of
σ2, and thus Supervises(x, y) is the guard of σ2.

Clearly, by definition of guardedness, (multi-linear) ontologies are a special case of
guarded ontologies, and thus guarded ontologies strictly generalize multi-linear ontolo-
gies. Guarded ontologies are also able to capture the Description Logic EL, the logical
underpinning of the OWL2 EL profile of the W3C. However, guarded ontologies are
incomparable to other languages such as sticky and acyclicity-based ones.

2If more than one such an atom exist, by convention, we pick left-most such an atom as the guard.
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It was shown in [31] that OMQ Answering under guarded ontologies is decidable,
and in particular, solvable in polynomial time, in data complexity. The above result
heavily relies on the notion of guarded chase forest. Roughly, for a database D and
a guarded ontology Σ, the guarded chase forest is a forest (i.e., a collection of trees),
where nodes are the facts in chase(D,Σ), and an edge α→ β in the guarded chase forest
exists if there is a trigger (σ, h) that was used during the construction of chase(D,Σ)
such that h maps the guard of σ to α, and β ∈ result(σ, h,).

Then, it is shown that given a databaseD, and an OMQO = (q,Σ), with Σ guarded,
the answers to O over D can be retrieved by evaluating just q over a finite portion of
the guarded chase forest of D and Σ, whose size only depends on q and Σ. Then, they
show that this portion can be constructed in polynomial time in the size of D, and the
claim follows.

Hence, in order to solve OMQ Answering for guarded ontologies, a specialized pro-
cedure that builds the finite portion of the guarded chase forest is needed.

We point out that in subsequent works [45], it has been shown that guarded on-
tologies are Datalog-rewritable, and thus one can reduce the OMQ Answering problem
over guarded ontologies to the problem of evaluating a Datalog query.

Weakly-Guarded Ontologies. Although guarded ontologies extended the expres-
siveness of other languages such as multi-linear TGDs, they are not expressive enough
to capture the full power of Datalog rules. Hence, similar to what has been done with
sticky ontologies, a "weak" version of guarded ontologies has been introduced [30], to
overcome the limitation. Roughly, a TGD σ is weakly-guarded if there is an atom in
the body of σ that mentions all the body variables of σ that might unify with a null
during the construction of chase(D,Σ). An ontology Σ is weakly-guarded if each TGD
in Σ is weakly-guarded.

Clearly, weakly-guarded ontologies generalize guarded ones, and are even able to
capture the full power of Datalog, since with Datalog rules, no variables can ever be
unified with a null, and thus any body atom is the (weak) guard. However, the complex-
ity of OMQ Answering increases dramatically. In particular, OMQ Answering under
weakly-guarded ontologies is EXPTIME-complete in data complexity, making the lan-
guage difficult to employ in practice. The above complexity result is obtained by means
of a specialized procedure [30].

Frontier-Guarded Ontologies. A milder extension of guarded ontologies is the one
of frontier-guarded [9]. A TGD σ is frontier-guarded if there is an atom in the body of
σ that mentions all the frontier variables of σ, i.e., the body variables that also occur in
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the head of σ. An ontology Σ is frontier-guarded if every TGD in Σ is frontier-guarded.

Example 5.3.2. Consider the ontology Σ = {σ}, where:

σ : Directs(x, y), Collaborates(y, z)→Manager(x, y).

The ontology Σ is frontier-guarded because the frontier variables of σ are x and y, and
the body atom Directs(x, y) mentions both.

Frontier guarded ontologies strictly generalize guarded ontologies by still preserving
good computational properties. In particular, OMQ Answering under frontier-guarded
ontologies remains polynomial-time solvable in data complexity [11]. The upper bound
can be obtained by a simple extension of the specialized procedure introduced in [31] for
guarded ontologies. However, frontier-guarded ontologies are still not general enough
to capture the full power of Datalog. For example, the Datalog rule R(x, y), P (y, z)→
T (x, z) is not frontier-guarded.

5.3.2 Strongly Parsimonious and Shy Ontologies

The last language we consider is the one of shy ontologies, defined in [55]. Shy ontologies
are a syntactic subset of a more general class of ontologies called strongly parsimonious.
Roughly, when an ontology Σ is strongly parsimonious, it means that a special variant
of the chase, called parsimonious chase with resumption, can be employed for OMQ
Answering purposes, in the same vein of Theorem 1. The parsimonious chase with
resumption is a special variant of the chase procedure, where multiple executions of
a particular chase procedure are performed (resumed). Although the parsimonious
chase with resumption can be generally infinite, it is shown in [55] that for strongly
parsimonious ontologies, it only needs to be resumed a finite number of times, and
overall, it can be constructed in polynomial time, in the size of the database. Hence,
OMQ Answering over strongly parsimonious ontologies can be solved in polynomial
time in the size of the input database. We point out that the parsimonious chase with
resumption might not be constructible in a finite number of steps in general. However,
it always constructs a universal model [55], and thus, it can be employed whenever it
is finite, thanks to Theorem 1.

Since deciding whether an ontology is strongly parsimonious is undecidable [55],
a simpler syntactic fragment of strongly parsimonious ontologies, called shy, has also
been defined in [55], which is easy to recognize. Shy ontologies are, to the best of our
knowledge, one of the very few TGD-based ontology languages that provide a good

37



5.4. Conclusion

balance between expressiveness and complexity. In fact, shy ontologies fully capture
Datalog and preserve polynomial time data complexity. The only other language that
we are aware of with similar properties is warded, which is the main focus of this thesis.

5.3.3 Weakly-sticky Ontologies

An extension of sticky ontologies has been introduced in [32], called weakly-sticky. The
idea of this extension is to further loosen the restriction on the join variables. In par-
ticular, in weakly-sticky ontologies multiple occurrences of a body variable are allowed,
even when marked, as far as at least one such an occurrence can, roughly, only unify
with a constant during the construction of the chase.

Weakly-sticky ontologies extend the expressive power of sticky ontologies making
them capture the full power of Datalog, which standard sticky ontologies, or (multi-
)linear ontologies are not able to do, while keeping the complexity of OMQ Answering
tractable, i.e., polynomial time w.r.t. the size of the input database. However, the
increase of expressive power makes the new language not UCQ-rewritable anymore and
dedicated procedures are instead employed to solve OMQ Answering.

5.4 Conclusion

In this section, we have seen different TGD-based ontology languages that guaran-
tee the decidability of OMQ Answering providing different levels of expressiveness and
computational complexity. Most of the languages provide efficient means for OMQ
Answering, being either acyclicity-based, or rewriting-based. However, their expressive
power is generally limited. More expressive languages instead incur in a complexity
increase that make them unsuitable for practical applications, with the exclusion of
shy ontologies, which also have existing implementations of the underlying algorith-
mic solutions for OMQ Answering [55]. Table 5.1 provides a summary of the various
OMQ answering methodologies, illustrating how each ontology language supports and
performs the OMQ answering process.

In the rest of the thesis we will focus on the only other language we are aware of that
strikes a very good balance between expressiveness and complexity, like what shy does,
i.e., warded. However, we recall that warded ontologies effective algorithmic solutions
for OMQ Answering that can be implemented in practice, and rectifying this state of
affairs is the main goal of this thesis.
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Ontology Language OMQ Answering Methodology
Acyclic Chase termination
Weakly-acyclic Chase termination
Linear UCQ rewriting
Sticky UCQ rewriting
Weakly-sticky Datalog rewriting
Guarded Datalog rewriting / finite portion of the guarded

chase forest
Shy Parsimonious chase with resumption

Table 5.1: OMQ answering methodologies for different ontology languages.
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Chapter 6

Warded Ontologies

As discussed in previous chapters, most of the TGD-based ontology languages existing
in the literature either provide efficient certain answers computation, but lack expressive
power, or they are very expressive, but do not provide concrete means for developing
real-world systems, or further, they do not come with publicly available implementa-
tions. This is the case, in particular, for the TGD-based ontology language warded,
which has been recently introduced in [43], striking a good balance between expressive
power and computational complexity. In particular, warded ontologies are expressive
enough to capture the full power of Datalog, meaning they can express important prop-
erties of data, such as the transitive closure of graphs, but at the same time keep certain
answers computation feasible in polynomial time in data complexity. The above com-
plexity result has been first shown in [43] by means of a specialized algorithm, while more
recent works have shown that warded ontologies are actually Datalog-rewritable [20],
thus giving hope for an alternative mean to implement OMQ answering with warded
ontologies in practice.1 As for existing implementations, a simpler version of the spe-
cialized query answering procedure defined in [43] for OMQs based on warded ontologies
has been implemented in the commercial system Vadalog [17]. Vadalog is a system that
is able to compute certain answers of OMQs O = (q,Σ), where Σ is a warded ontology,
assuming that q is an atomic CQ, and extends the warded language with additional
features, such as the use of arithmetic and aggregate operators, to make the language
more ergonomic in practice; we refer the reader to [17, 16] for further details.

1We point out that the theoretical Datalog rewriting algorithm presented in [20] cannot be imple-
mented as is which will be discussed later in the thesis, and thus further development is required.
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6.1 Warded Ontologies and Datalog Rewritability

In the presented thesis, we are interested in the warded fragment of TGD-based ontolo-
gies. As we have already discussed, it is well-known that for arbitrary OMQs, OMQ
Answering is undecidable, that is, the problem CQAns[TGD] is undecidable; the latter
implies that it is not possible to devise a generic algorithm that can always construct
the set of certain answers of a given OMQ over a given database, in a finite amount of
time.

Hence, different fragments of TGD-based ontologies have been considered in the
past in order to restore decidability. One such a prominent language is warded.

At the high level, a warded ontology Σ applies restrictions on how some of the
variables of its TGDs, called "dangerous" variables, are used. Roughly, a variable of
a TGD in Σ is dangerous if it can be unified with a null during the construction of
the chase and it is also propagated to the head of the TGD. We recall that from now
on, we focus on the oblivious chase, which is the unique instance chase(D,Σ), for every
database D and ontology Σ.

Example 6.1.1. Consider the following schema

S = {Employee(EmpName,Dept), P roject(ProjId,Dept),

WorksOn(EmpName, ProjId, Task), Task(Name)},

mentioning Employees with their name, the department they work in, as well as projects
with the department they are run in, and assigning tasks to employees for a specific
project, and collecting tasks in a Task predicate. Consider now the ontology Σ =

{σ1, σ2}, with:

σ1 : Employee(x, y), P roject(z, y)→ ∃w WorksOn(x, z, w),

σ2 : WorksOn(x, y, z)→ Task(z).

The TGD σ1 in Σ states that if an employee x works in a department y in which a
project z is running, then x must work at the project z in a certain task w. The TGD
σ2 that if an employee x works in a project y at some task z, then z is a task.

Intuitively, the variable z occurring in σ2 is dangerous (in σ2), because it might take
a null value produced by σ1, which is then propagated to the head of σ2. No other
variables are dangerous.

Then, roughly, an ontology Σ is warded if for each TGD σ of Σ, all dangerous

42



Chapter 6. Warded Ontologies

variables of σ occur together in a single body atom of σ, called the "ward" of σ, and
all the variables that the ward of σ shares with other body atoms can only unify with
a constant during the construction of the chase.

Example 6.1.2. The ontology Σ of Example 6.1.1 is warded, because no dangerous
variables appear in the body of σ1, and the the body of σ2, which mentions the dangerous
variable z contains a single atom, which acts as the ward of σ2.

We now formally define the above notions. In what follows, fix an ontology Σ.

Affected Positions. First, we need the notion of affected positions. For a position
(R, i) ∈ pos(sch(Σ)), we inductively say that (R, i) is an affected position of Σ as follows:
there exists a TGD σ ∈ Σ with (R, i) ∈ expos(σ), or there exists a TGD σ ∈ Σ and a
variable x ∈ fr(σ) occurring at (R, i) in the head of σ such that x occurs in body(σ)

only at affected positions. We use aff(Σ) to denote the set of all affected positions of Σ,
and notaff(Σ) = pos(sch(Σ)) \ aff(Σ) to denote the set of all position of Σ that are not
affected. Intuitively, when a position (R, i) of Σ is not affected, it is guaranteed that
for every database D, every atom of the form R(t1, . . . , tn) ∈ chase(D,Σ) is such that
ti is a constant.

Wardedness. Consider a variable x occurring in the body of some TGD σ of Σ. We say
that x is harmless (in σ) if it occurs in body(σ) at some position of notaff(Σ); harmful
if it is not harmless, i.e., it occurs in body(σ) only at positions of aff(Σ); dangerous
if it is harmful and it is a frontier variable of σ. We say that Σ is warded if for each
TGD σ ∈ Σ there exists an atom α ∈ body(σ), called the ward of σ2, such that (i) all
dangerous variables of σ occur in α, and (ii) each variable in var(α)∩var(body(σ)\{α})
is harmless. We use WARDED to denote the set of all warded ontologies.

Datalog Rewritability of Warded Ontologies. It is well-known that the problem
CQAns[WARDED] is decidable. In particular, it is P-complete in data complexity, i.e.,
when assuming only the databaseD and the tuple t̄ are part of the input, while the OMQ
O is fixed, and EXPTIME-complete in combined complexity, i.e., when the database,
the OMQ and the tuple are all part of the input.

The above decidability results were originally obtained in [43] via dedicated alternat-
ing procedures that exploit the key property of wardedness, and that run in logarithmic
space in data complexity, and in polynomial space in combined complexity. An alter-

2If more than one such an atom exists in the body of the TGD, we consider the left-most one as
the ward.
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Feature Warded Guarded Linear Weakly-acyclic
Syntactic restriction All dangerous vari-

ables of a TGD appear
in a single body atom
called ward, and all
variables the ward
shares with other
body atoms are harm-
less

All body variables of a
TGD appear in a sin-
gle body atom called
guard

Only one atom can ex-
ist in the body of a
TGD

No cycles with a spe-
cial edge in the depen-
dency graph

OMQ Answering
Methodology

Datalog-rewriting/ad
hoc procedure

Datalog-
rewriting/finite
portion of the chase
graph

UCQ-rewriting Chase termination

Modeling features Full power of Datalog
+ controlled reasoning
on infinite structures

Full power of EL on-
tologies + part of Dat-
alog (guarded Datalog
rules)

Full power of DL-Lite
+ part of Datalog (lin-
ear Datalog rules)

Full power of Data-
log + value invention
without reasoning on
infinite structures)

Table 6.1: Comparison between warded and the main ontology languages.

native way to prove the above results has been given in [20], where it is shown that
warded OMQs are Datalog-rewritable.

Formally, a Datalog program is an ontology Σ containing only full, single-head TGDs,
which we also call (Datalog) rules. A k-ary Datalog query is a pair D = (R,Σ), where Σ
is a Datalog program, and R/k ∈ sch(Σ). A predicate occurring in Σ is an intensional
predicate (of D) if it occurs in the head of some rule of Σ, otherwise, it is extensional.
We use idb(D) and edb(D) to denote the set of all intensional and extensional predicates
of D, respectively. For a Datalog query D = (R,Σ), and a database D over edb(D),
the answers of D over D is the set D(D) = {t̄ ∈ dom(D)k | R(t̄) ∈ chase(D,Σ)}.
We say that a class C of ontologies is Datalog-rewritable if for every OMQ O = (q,Σ)

over a schema S, with Σ ∈ C, there exists a Datalog query DO = (RO,ΣO) with
edb(DO) = S, called a Datalog rewriting of O, such that for every database D over S,
ans(O, D) = DO(D); WARDED is Datalog-rewritable [20].

We conclude this section by referring the reader to Table 6.2, where we highlight
some of the key differences between warded ontologies and the main ontology languages
discussed in Chapter 5. Furthermore, in Table 6.2 we provide examples of ontologies
that are expressible only in the warded language and not in any of the other ontology
classes.
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Ontology Example Why Warded Why not in other
Class

Warded but not Shy σ1: P(x,y),U(y) →
L(x)
σ2: T(x) → ∃y U(y)
σ3: U(x) → ∃y P(y,x)

Warded: The only
dangerous variable x
in σ1 appears only in-
side the ward atom
P(x,y) which controls
null propagation.

Not Shy: (P,2) and
(U,1) in σ1 are in-
vaded by the same ex-
istential variable orig-
inated from σ2.

Warded but not
Frontier-guarded

σ: A(x), B(y) → ∃z
R(x,y,z)

Warded: No join on
dangerous variables;
ward trivially satisfied
(no reuse of existen-
tial).

Not Frontier-guarded:
Frontier variables x,y
both appear in the
head, but no single
atom in the body con-
tains them together →
frontier not guarded.

Warded but not
Weakly-guarded

σ1: G(m,z)→ ∃x T(x)
σ2: P(x) → ∃y R(x,y)
σ3: R(x,y), T(z) →
S(x,y)

Warded: Dangerous
variable y is contained
in the ward R(x,y) in
σ3, so null propaga-
tion is controlled and
finite.

Not Weakly-guarded:
In σ3, variables y and
z are in affected posi-
tions however no sin-
gle body atom that
contains all affected
variables of the rule.

Table 6.2: Expressiveness of the warded fragment: example ontologies
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Chapter 7

A Practical Datalog Rewriting
Algorithm for Warded Ontologies

In this chapter, we provide the high-level idea of how the theoretical rewriting algorithm
to Datalog for warded ontologies was originally obtained in [20], and then discuss why
directly implementing such an algorithm is not feasible in practice. Then, we introduce
a new algorithm that is able to produce a Datalog rewriting of a given OMQ O = (q,Σ)

with Σ ∈ WARDED that is more amenable to practical implementations.

7.1 An Overview of the Theoretical Rewriting Algo-

rithm and its Limitations

Consider a k-ary OMQ O = (q,Σ) with Σ ∈ WARDED. The main idea from [20] to
construct a Datalog rewriting ofO is to exploit the so-called proof trees ofO. Intuitively,
a proof tree T of O is a finite node-labeled tree, whose nodes are labeled with CQs,
and describes one of the possible sequences of CQs generated during the unfolding of
the query q using the TGDs in Σ. Roughly, the root of T is labeled with (a slight
modification of) the query q, and if there is a node u of T labeled with some query
q′ and with n > 0 children u1, . . . , un, where ui is labeled with a CQ qi, for i ∈ [n],
then it means there is a way to rewrite q′ to a new CQ q′′ using one of the TGDs in
Σ, and q1, . . . , qn forms a decomposition of q′′ into n smaller queries that can be later
unfolded independently. The CQs labeling the leaves of T induce a k-ary CQ qT which
is shown in [20] to enjoy the following property: for every database D, and every tuple
t̄ ∈ dom(D)k, t̄ ∈ ans(O, D) iff there exists a proof tree T of O such that t̄ ∈ qT (D).

The key result from [20] that allows to show that WARDED is Datalog-rewritable is
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that Σ ∈ WARDED implies that for every database D, and every tuple t̄ ∈ dom(D)k,
t̄ ∈ ans(O, D) iff there exists a proof tree T of O with t̄ ∈ qT (D) such that each node
of T is labeled with a CQ whose body contains at most fWARD(q,Σ) atoms, where

fWARD(q,Σ) = 2 ·max{|body(q)|,max
σ∈Σ
{|body(σ)|}}.

The above result leads to the following rewriting algorithm, which we describe in-
formally. Given a k-ary OMQ O = (q,Σ) with Σ ∈ WARDED, the algorithm constructs
a Datalog rewriting DO = (RO,ΣO) of O as follows: for each proof tree T of O whose
labels have a body with at most fWARD(q,Σ) atoms, and for each node u of T with n

children, add to ΣO a full, single-head TGD σu with n body atoms, where the head of
σu is obtained from the CQ labeling u, and the i-th atom in the body of σu is obtained
from the CQ labeling the i-th child of u, for i ∈ [n]. Moreover, if u is the root of T ,
and RT is the predicate in the head of σu, then also add the full, single-head TGD of
the form RT (x1, . . . , xk)→ RO(x1, . . . , xk).

We identify two key practical limitations of the above theoretical rewriting algo-
rithm:

• The theoretical algorithm naively explores every possible proof tree having nodes
labeled with a CQ whose body has at most fWARD(q,Σ) atoms. However, not
all such proof trees may need to be considered, since they could lead to a set of
Datalog rules that are subsumed by the set of Datalog rules obtained from other
proof trees.

• Besides the bound on the size of the body of the CQs labeling the nodes of a
proof tree, the theoretical algorithm does not exploit any further properties of
warded ontologies. In particular, while constructing a proof tree T , the algorithm
needs to make some arbitrary assumptions on which positions will only contain
constants during the construction of the chase, in order to guide the decomposition
of a CQ labeling a node to smaller independent queries; this is required for the
completeness of the algorithm. However, considering all such combinations leads
to a large number of proof trees to consider, which might instead be safely ignored,
as they do not contribute in adding new rules to the final rewriting.

In the rest of this chapter, our goal is to define an alternative rewriting algorithm
that does not explicitly rely on proof trees and further exploits the key properties of
warded ontologies to both guarantee correctness and efficiency.
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7.2 Setting the Ground

In this section, we introduce the basic build blocks of our rewriting algorithm. At the
high-level, given an OMQ O = (q,Σ), with Σ ∈ WARDED, our algorithm exhaustively
applies, starting from the query q, one of the following two basic steps to the current
query being processed: decomposition and resolution. The decomposition step is in
charge of decomposing the query being processed into the smallest possible, indepen-
dently processable queries. This is required for the termination of the algorithm, as we
will later show that wardedness guarantees that such small queries never contain more
than fWARD(q,Σ) atoms, and thus the algorithm will eventually terminate. We point
out that the decomposition step we employ in our algorithm is different than the one
employed in the theoretical algorithm of [20], in that our decomposition step constructs
an "optimal" decomposition of a query, i.e., the subqueries obtained by this step cannot
be decomposed any further. This has then an effect not only on termination, but also
on efficiency, as it allows to minimize the time required by the algorithm to unfold the
obtained subqueries by means of the resolution step. The resolution step is in charge
of unfolding the smaller queries using the TGDs of the ontology. The latter step is the
same employed by other algorithms from the literature that deal with UCQ-rewritable
OMQs. We recall that a union of conjunctive queries (UCQ) is a Datalog query (R,Σ)

containing only rules having R as their head predicate, and R does not occur in their
body. It is well-known that warded ontologies are not UCQ-rewritable, since ontolo-
gies made of full TGDs are trivially warded, and OMQs using only full TGDs are not
UCQ-rewritable (e.g., see [1]).

Remark: The fact that our algorithm WardedRewrite exhaustively applies resolution
and (optimal) decomposition steps means that the queries produced during its execution
essentially correspond to nodes of the proof trees used by the theoretical algorithm.
Thus, our algorithm does not construct and evaluate every possible proof tree whose
nodes are labeled with CQs of size at most fWARD(q,Σ) explicitly, but instead it encodes
them compactly, by reusing the query labels of a proof tree for another proof tree.
Furthermore, the use of an optimal decomposition step means that such query labels
remain as small as possible. We now proceed to formally define the two main steps of
our algorithm.

Chunk-based Resolution. We start discussing the notions needed to implement
the resolution step of our algorithm. These notions are somehow standard in query
rewriting algorithms under TGDs. For this, we first need to recall the notion of chunk-
based resolution. We first illustrate the notion via an example borrowed from [20].
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Example 7.2.1. Consider the following CQ q and TGD σ:

Q(x)← R(x, y), S(y) σ : P (x′)→ ∃y′R(x′, y′), S(y′), T (y′).

With a chunk-based resolution step we want to simulate the fact that during the con-
struction of the chase of some database D w.r.t. Σ = {σ}, triggering the TGD σ pro-
duces some atoms to which a portion (chunk) of q can be homomorphically mapped.
Indeed, it should be clear that R(x, y), S(y) is such a chunk, since for every database
D, if σ can be triggered during the construction of chase(D,Σ), three atoms of the form
R(t,⊥), S(⊥), T (⊥) can be produced, where t ∈ C ∪ N, and ⊥ is a fresh null that
is different from t. Hence, one can map R(x, y), S(y) to the atoms R(t,⊥), S(⊥) via
the homomorphism h = {x 7→ t, y 7→⊥}. The above is reflected in the chunk-based
resolution step of q with the TGD σ, where we consider the substitution (actually a
unifier)

µ = {x 7→ x′, y 7→ y′, x′ 7→ x′, y′ 7→ y′},

which we can exploit to rewrite q to a new CQ q′ where we first replace the atoms
R(x, y), S(y) in q with the body of σ, and then apply the unifier µ to the result,
obtaining the CQ

Q(x′)← P (x′).

On the other hand, the single atom R(x, y) cannot be considered a chunk of q that
can be mapped to some atoms produced by σ, even if R(x, y) and R(x′, y′) unify via
the unifier µ. Indeed, if we were to replace R(x, y) in q with the body of σ, and then
apply µ, we would obtain the CQ

Q(x′)← P (x′), S(y′)

losing the fact that the atomsR(x, y) and S(y) in q were in a join (they share the variable
y). This happens because the variable y is mapped to y′, which is an existential variable
of σ. Hence, when a variable y of the query unifies with an existential variable y′ of the
TGD, then no atom of the query mentioning y must be left out of the chunk of q.

We now recall the formal definition of chunk-based resolution. Let A and B be
non-empty sets of atoms that mention only variables. The sets A and B unify if there
is a substitution γ, called unifier for A and B, such that γ(A) = γ(B). A most general
unifier (MGU) for A and B, denoted mgu(A,B), is a unifier for A and B such that for
each unifier γ for A and B, γ = γ′ ◦ mgu(A,B), for some substitution γ′. It is well-
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known that if two sets of atoms unify, then there is always a MGU, which is unique
(modulo variable renaming). Given a CQ q(x̄) and a set of atoms S ⊆ body(q), we say
that a variable y ∈ var(S) is shared in q (w.r.t. S), if y ∈ x̄ or y ∈ var(body(q) \S). We
use shared(q, S) to denote the set of all variables in S that are shared in q w.r.t. S.

We are now ready to recall the notion of chunk unifier.

Definition 3 (Chunk unifier). Consider a CQ q(x̄) and a TGD σ having no variables
in common with q. A chunk unifier of q with σ is a triple (S1, S2, γ), where

• ∅ ⊊ S1 ⊆ body(q) and ∅ ⊊ S2 ⊆ head(σ);

• γ is a unifier for S1 and S2;

• for each x ∈ var(S2) ∩ exvar(σ), and for each variable y ̸= x, γ(x) = γ(y) implies
that y occurs in S1 (and thus y ̸∈ var(S2)) and that y ̸∈ shared(q, S1).

We say that a chunk unifier (S1, S2, γ) is most general (MGCU) if γ is an MGU for S1

and S2.

In other words, an MGCU describes a way to match a portion of the query q, i.e.,
the set S1, with a portion of the head of a TGD σ, i.e., the set S2, in a "safe" way.
That is, the MGCU takes into account the fact that a variable y of S1 unifying with
an existential variable x of σ must not occur anywhere else in q (i.e., no atoms of q
mentioning y are left out of the chunk S1), and that y unifies with no other variable of
S2, or an output variable of q. These conditions are required to take into account that
the null witnessing the existential variable x in S2 is always going to be different from
a term witnessing a frontier variable of σ or from another null produced by σ, or from
the term witnessing an output variable (as this is always going to be a constant), and
thus x cannot unify with another existential variable, or a frontier variable of σ, or an
output variable of q.

With the above notion, we are now finally ready to define the chunk-based resolution.

Definition 4 (Chunk-based resolution). Consider a CQ q(x̄), with headPred(q) = Q,
a TGD σ, and a MGCU M = (S1, S2, γ) of q with σ. The σ-resolvent of q (via
M), denoted by resolvσ,M(q), is the CQ q′ with head(q′) = Q(γ(x̄)), and body(q′) =

γ((body(q) \ S1) ∪ body(σ)).

The following, which is implicit in [20], is the key property of chunk-based resolution
which we will exploit to prove the correctness of our rewriting algorithm later in the
thesis.

51



7.2. Setting the Ground

Proposition 1 (Implicit in [20]). Consider an ontology Σ, a CQ q, and a TGD σ ∈ Σ.
For every σ-resolvent q′ of q, and for every database D, the following holds:

ans((q′,Σ), D) ⊆ ans((q,Σ), D).

Query Decomposition. Now we define the notions we need to implement the other
step of our rewriting algorithm: the decomposition step. We start with the notion of
existential-join decomposition, which we adapt from [41].

Definition 5. Consider a CQ q(x̄) with headPred(q) = Q, and an ontology Σ. An
existential-join decomposition of q w.r.t. Σ, or simply decomposition, is a set of n > 1

CQs
S = {q1(x̄1), . . . , qn(x̄n)}

where {body(q1), . . . , body(qn)} is a partition of body(q), headPred(qi) = Qi for i ∈ [n],
and S is such that for each i ∈ [n]:

1. x̄i = shared(q, body(qi)), and

2. for every two atoms α, β ∈ body(q), if α ∈ body(qi) and α and β both mention a
variable y ̸∈ x̄ that occurs only in affected positions of body(q), then β ∈ body(qi)

as well.

Among all existential-join decompositions, we are interested in "optimal" ones, i.e.,
decompositions whose queries cannot be decomposed further. Formally,

Definition 6 (Optimal decomposition). Consider a CQ q(x̄) and an ontology Σ. An
optimal decomposition of q w.r.t. Σ is an existential-join decomposition of the form
S = {q1(x̄1), . . . , qn(x̄n)} of q w.r.t. Σ such that, for each i ∈ [n], there is no existential-
join decomposition of qi w.r.t. Σ.

Example 7.2.2. Consider again the CQ q(x) and the TGD σ of Example 7.2.1. It
is not difficult to verify that (R, 2), (S, 1), (T, 1) are all the affected positions of
Σ = {σ}, while (P, 1) and (R, 1) are not affected. By definition of existential-join
decomposition, it is not possible to decompose the body of q in two subqueries, since
body(q) = {R(x, y), S(y)}, and the two atoms both mention a variable, i.e., y, that is
not an output variable of q, and occurs only in affected positions, i.e., (R, 2) and (S, 1).
Hence, no existential-join decomposition of q w.r.t. Σ exists.
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If instead we consider the TGD σ′ = P (x′)→ ∃y′R(x′, y′), S(x′), T (y′), the affected
positions of Σ′ = {σ′} are only (R, 2) and (T, 1), while (P, 1), (R, 1), and (S, 1) are non-
affected. Hence, the atoms R(x, y) and S(y) in the body of q both mention a non-output
variable, i.e., y, which occurs in at least one non-affected position, i.e., (S, 1). Hence,
an existential-join decomposition of q w.r.t. Σ′ is the set {q1(x, y), q2(x)}, where q1 is
the CQ Q1(x, y)← R(x, y) and q2 is the CQ Q2(y)← S(y). Clearly, the decomposition
is optimal, since both q1 and q2 have only one atom in their body.

The main idea behind an optimal decomposition of a CQ q(x̄) is to factorize the
body of q into the smallest, independent subqueries, where by independent we mean
that the certain answers of (q,Σ) can be equivalently constructed by combining the
certain answers of each OMQ (qi,Σ), for i ∈ [n]. We now formalize the above idea.

Consider a CQ q(x̄), with headPred(q) = Q, an ontology Σ, and assume S is an
existential-join decomposition {q1(x̄1), . . . , qn(x̄n)} of q w.r.t. Σ, with headPred(qi) =

Qi, for i ∈ [n]. The reconciliation rule of S and q is the (full) TGD of the form
Q1(x̄1), . . . , Qn(x̄n)→ Q(x̄). In other words, the reconciliation rule of S and q performs
the inverse of the decomposition, i.e., it combines the answers of each member of S as
the original CQ q does.

7.3 The Algorithm WardedRewrite

In the following, for a CQ q(x̄) of the form Q(x̄)← R1(x̄1), . . . , Rn(x̄n), we use rule(q)

to denote the (full) TGD of the form R1(x̄1), . . . , Rn(x̄n)→ Q(x̄). Moreover, for a full
TGD σ of the form R1(x̄1), . . . , Rn(x̄n)→ Q(x̄), with Q different from each Ri, we use
cq(σ) to denote the CQ of the form Q(x̄)← R1(x̄1), . . . , Rn(x̄n). We extend the above
notations to sets in the natural way. We now have all the notions we need to present
our rewriting algorithm, dubbed WardedRewrite, which we report in Algorithm 1.

Consider an OMQ O = (q,Σ) with Σ ∈ WARDED. We start with a general overview
of the algorithm, and then proceed to describe it in more details. Recall that the main
idea behind the algorithm WardedRewrite is to iteratively apply, starting from q, one of
two steps: decomposition and resolution. The goal is to first decompose the query q into
smaller subqueries, if possible, otherwise we keep q as it is; this is the decomposition
step. Then, each query q′ obtained at the decomposition step is unfolded by constructing
all possible σ-resolvents of q′, for all TGDs σ ∈ Σ; this is a single resolution step, which
produces a set of new queries. Then, the process repeats where each new query is
first decomposed optimally, if possible, and then its subqueries are unfolded again.
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Algorithm 1: WardedRewrite

Input: An OMQ O = (q,Σ) with Σ ∈WARDED
Output: A Datalog rewriting of O

1 Qcurrent := {can(q)}; Qexplored := ∅; Qdec := ∅; R := ∅;
2 while Qcurrent ̸= ∅ do
3 Qnew := ∅;
4 foreach q′ ∈ Qcurrent do
5 if a decomposition of q′ w.r.t. Σ exists then

// Decomposition step
6 S := decomposeOptimal(q′,Σ);
7 ρ := reconciliationRule(q′,S);
8 foreach q′′ ∈ S do
9 if there is qalt ∈ Qdec with qalt ≈ q′′ then

10 Replace headPred(q′′) with headPred(qalt) in body(ρ);
11 else
12 Qdec := Qdec ∪ {can(q′′)};
13 Qnew := Qnew ∪ {can(q′′)};

14 R := R∪ {ρ};
15 else

// Resolution step
16 foreach σ ∈ Σ do
17 foreach MGCU M of q′ with σ do
18 q′′ := resolvσ,M (q′);
19 Qnew := Qnew ∪ {can(q′′)};

20 R := R∪ {rule(q′)};
21 Qexplored := Qexplored ∪ {q′};
22 Qcurrent := Qnew \ Qexplored;

23 return (headPred(q),R);

Whenever a query can be decomposed, the connection between the queries produced
by the decomposition step is kept by means of the corresponding reconciliation rule.
The process stops when no new queries (up to variable renaming) can be produced. The
final Datalog rewriting is made of all reconciliation rules together with all the unfoldings
of the queries considered.

We now describe the algorithm WardedRewrite in more details. In what follows, for a
CQ q, we use can(q) to denote the canonical form of q, i.e., the CQ obtained from q where
each variable x of q that appears, from left to right in q, as the i-th variable, is replaced
with the fresh variable wi. For example, if q is the CQ Q(x, y, y)← R(y, z, x), S(x, z),
then can(q) is the CQ Q(w1, w2, w2) ← R(w2, w3, w1), S(w1, w3). Clearly, two CQs q1
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and q2 which are the same, up to variable renaming, are such that can(q1) = can(q2).
Furthermore, given two CQs q1 and q2 in canonical form, we write q1 ≈ q2 iff q1 and
q2 are the same up to head predicate renaming, i.e., assuming we replace the head
predicate of q1 and q2 with the same predicate, we have q1 = q2.

Initialization. The algorithm WardedRewrite takes as input an OMQ O = (q,Σ) with
Σ ∈ WARDED. It first initializes (line 1) the sets Qcurrent = {can(q)}, Qexplored = ∅,
Qdec = ∅, R = ∅. In particular, at the beginning of each iteration of the algorithm,
Qcurrent contains the canonical version of all the queries that need to be processed at the
current iteration, and thus it initially contains can(q); Qexplored contains the canonical
version of all queries that have already been processed up to this iteration, and thus
do not need to be considered again; Qdec collects the canonical version of all subqueries
constructed during the past decomposition steps, and we will give more details on its
role later in the discussion; R contains all the rules of the final Datalog rewriting up to
this iteration.

Main Loop. The while loop between lines 2-22 is the main loop of the algorithm, and
at each iteration is in charge of processing (lines 4-21) all queries in Qcurrent, if there
are any. At the end of one iteration of the while loop, the set Qnew contains all the
queries obtained by processing the queries in Qcurrent using either a decomposition or
a resolution step. The set of current queries is updated with the queries in Qnew that
have never been considered yet, i.e., Qcurrent := Qnew \Qexplored (line 22).1 If at the next
iteration, no queries need to be processed, i.e., Qcurrent = ∅, the main loop terminates,
and the final Datalog rewriting is returned in line 23 (more details on this later).

Query Processing. We now discuss how each query q′ ∈ Qcurrent is processed by the
algorithm in lines 4-21

Decomposition Step. First, the algorithm verifies whether q′ can be decomposed into
smaller, independent subqueries (line 5). If this is the case, then the algorithm computes
an optimal decomposition S of q′, together with the corresponding reconciliation rule ρ,
using procedures decomposeOptimal and reconciliationRule (lines 6-7). The reconciliation
rule ρ, together with all queries in S, play the role of the single query q′, and thus, it
is the queries in S that actually need to be unfolded at later iterations.

From the above discussion, one might expect that at this point, it is enough to add
all the CQs in S to the set Qnew for later processing, and add ρ to R. However, this
might make the algorithm not terminate, since each time a query q′ is decomposed,

1Note that by considering the canonical version of the CQs, performing the set-theoretic difference
is enough to exclude from Qnew all queries that have already been considered, up to variable renaming.
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the algorithm produces a set S of new queries with a fresh new head predicate, and
thus these CQs will necessarily be unfolded at later iterations of the while loop via
a resolution step. Thus, when decomposing at later iterations any of the unfoldings
of such queries, we might construct again new subqueries with fresh head predicates,
and so on. To prevent this, the algorithm keeps (the canonical version of) all queries
produced by all decomposition steps up to the current iteration in the set Qdec. Then,
for each CQ q′′ of the decomposition, the algorithm first checks whether any previous
decomposition step has already produced a query qalt ∈ Qdec which, except for the
head predicate, is identical to q′′, i.e., qalt ≈ q′′ (line 9). If this is the case, we do not
need to unfold q′′ later, and we can safely reuse the CQ qalt in place of q′′ by simply
replacing the occurrence of headPred(q′′) in the body of ρ with headPred(qalt) (line 10).
Otherwise, the CQ q′′ is really new and its canonical version is added to the set Qnew

for later processing, as well as to the set Qdec, in order to remember that q′′ has been
produced by a decomposition step (line 12). Then, the (modified) rule ρ is added to
the set R of all rules of the Datalog rewriting (line 14).

Resolution Step. If the query q′ cannot be decomposed, then the algorithm proceeds
with a resolution step, where it exhaustively unfolds q′ by considering all TGDs of
Σ via MGCUs (lines 16-19). That is, for each TGD σ ∈ Σ, and for each MGCU
M = (S1, S2, µ) of q′ with σ, it constructs the σ-resolvent q′′ of q′ via M , and then adds
the canonical version of q′′ to the set of new queries Qnew. After the resolution step,
the algorithm adds the full TGD corresponding to the current CQ q′ to the rules of the
final Datalog rewriting (line 20).

Mark Current Query as Explored. Once a decomposition or a resolution step is ex-
ecuted, the processing of q′ concludes at line 21 by adding q′ to the set Qexplored of
processed queries.

Constructing the Datalog Rewriting. Once the main while loop of the algorithm
terminates, the set R contains all the rules of the Datalog rewriting of O. Then, the
algorithm outputs the Datalog query (headPred(q),R), where the head predicate of the
original query q will collect all the answers.
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Correctness of WardedRewrite

The goal of this chapter is to prove that, for a given OMQ O = (q,Σ), with Σ ∈
WARDED, the algorithm WardedRewrite always terminates, and produces a Datalog
rewriting DO of O. That is, we prove the following result:

Theorem 2. For every OMQ O = (q,Σ), with Σ ∈ WARDED, WardedRewrite termi-
nates with input O, and outputs a Datalog rewriting of O.

The proof of the above theorem is somehow involved, and we split it into three
main steps, where each step proves one key property of the Datalog query produced by
the algorithm. We discuss each step separately in the following subsections. For the
readers who would first like to move to the implementation details and experimental
evaluation, they may choose to skip this chapter and proceed directly to Chapter 9, as
the current chapter is dedicated solely to the proofs.

8.1 Termination of WardedRewrite

In this section, we prove that when considering warded ontologies, WardedRewrite always
terminates. Towards this end, we first establish an auxiliary result.

Lemma 1. Consider an ontology Σ ∈ WARDED, a TGD σ ∈ Σ, and a CQ q(x̄).
For every MGCU M of q with σ, the σ-resolvent q′ of q via M is such that either
|body(q′′)| ≤ |body(q)|, or q′ admits an existential-join decomposition S w.r.t. Σ such
that, for each query q′′ ∈ S, |body(q′′)| ≤ max{|body(q)|, |body(σ)|}.

Proof. It is enough to prove that when |body(q′)| > |body(q)|, then q′ admits an
existential-join decomposition S w.r.t. Σ such that, for each query q′′ ∈ S, |body(q′′)| ≤
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max{|body(q)|, |body(σ)|}. Assume |body(q′)| > |body(q)|, and let M = (S1, S2, γ),
with S1 ⊆ body(q), and S2 ⊆ head(σ), and assume q(x̄) is of the form:

Q(x̄)← R1(x̄1), . . . , Rn(x̄n).

Since |body(q′)| > |body(q)|, it must be the case that body(σ) contains at least two
atoms, one of which is the ward of σ. Hence, let body(σ) = {P1(ȳ1), . . . , Pm(ȳm)}, with
m > 1, and assume, w.l.o.g., that P1(ȳ1) is the ward of σ, and that S1 contains the
atoms R1(x̄1), . . . , Rk(x̄k), for some k ∈ [n]. Then, the σ-resolvent q′ of q via M is of
the form:

Q(γ(x̄))← P1(γ(y1)), . . . , Pm(γ(ym)), Rk+1(γ(xk+1)), . . . , Rn(γ(x̄n)).

Consider the following subsets of the body of q′:

B1 = {P1(γ(ȳ1)), Rk+1(γ(xk+1)), . . . , Rn(γ(x̄n))},

B2 = {P2(γ(ȳ2)), . . . , Pm(γ(ȳm))}.

Assuming x̄1 = shared(q′, B1) and x̄2 = shared(q′, B2), we claim that the set S =

{Q1(x̄1) ← B1, Q2(x̄2) ← B2} is an existential-join decomposition of q′ w.r.t. Σ where
the body of each query therein contains at most max{|body(q)|, |body(σ)|} atoms.
Clearly, |B1| and |B2| are both smaller or equal than max{|body(q)|, |body(σ)|}, by
construction. Moreover, B1 is non-empty by construction, while B2 is not empty be-
cause m > 1. We are only left to prove that S is an existential-join decomposition of
q′ w.r.t. Σ. For the latter, it is enough to show that for every atom α ∈ B1, and every
variable z ∈ var(α) that also occurs in B2, either z ∈ γ(x̄), or z occurs in at least one
non-affected position in body(q′). We distinguish two cases, depending on the shape of
the atom α ∈ B1.

Assume first that α = P1(γ(ȳ1)), and assume, towards a contradiction, that there
is a variable z ̸∈ γ(x̄) in α that also occurs in B2, and occurs only in affected positions
in body(q′). Since P (ȳ1) is the ward of σ, by definition of warded TGD, we know that
all the variables that P (ȳ1) shares with the atoms P2(ȳ2), . . . , Pm(ȳm) must appear in
at least one non-affected position in body(σ). Hence, if α and B2 share the variable z
occurring only in affected positions of body(q′), this is necessarily because z = γ(z1) =

γ(z2), where z1 and z2 are two distinct variables such that z1 occurs in P1(ȳ1), and z2

is a harmful variable of σ that occurs in Pj(ȳj), for some j ∈ {2, . . . ,m}. Moreover,
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if γ unifies z1 and z2 to z, it must be the case that both z1 and z2 occur in the head
of σ. The fact that z2 is harmful in σ and that z2 occurs in the head of σ implies, by
wardedness of σ, that z2 must also appear in P (ȳ1). However, this means that P1(ȳ1)

and Pj(ȳj) share the harmful variable z2. But since the ward cannot share harmful
variables with the other atoms in the body of σ, we obtain a contradiction.

Assume now that α = Rj(γ(x̄j)), for some j ∈ {k + 1, . . . , n}, and assume, towards
a contradiction, that there exists a variable z ̸∈ γ(x̄) in α that also occurs in B2,
and occurs only in affected positions in body(q′). Recall that we assume that CQs
and TGDs do not share any variable, when constructing MGCUs. Hence, the atoms
P2(ȳ2), . . . , Pm(ȳm) do not share any variable with the atoms Rk+1(x̄k+1), . . . , Rn(x̄n).
Hence, if z occurs in both α = Rj(γ(x̄j)) and in some atom of B2, this is because
there are two distinct variables z1 and z2, with z = γ(z1) = γ(z2), such that z1 occurs
in Rj(x̄j), and z2 occurs in one or more atoms in {P2(ȳ2), . . . , Pm(ȳm)}, and also in
the head of σ. Since z occurs only in affected positions of body(q′), by hypothesis, z2
must be harmful in σ. The latter, together with the fact that z2 occurs in the head of
σ, and the wardedness of σ, implies that z2 must occur in the ward of σ, i.e., P1(ȳ1).
However, by wardedness again, the ward cannot share harmful variables with the atoms
in {P2(ȳ2), . . . , Pm(ȳm)}, obtaining a contradiction.

With the above lemma in place, we can prove that when we focus on warded on-
tologies, WardedRewrite always terminates.

Theorem 3. For every input OMQ O = (q,Σ), with Σ ∈ WARDED, WardedRewrite

terminates.

Proof. Assume O = (q,Σ) is the OMQ, with Σ ∈ WARDED, given as input to the
algorithm WardedRewrite, and consider now the i-th iteration of the while loop of
WardedRewrite when executed with O as input, for some i > 0. We use Qi

current, Qi
new,

and Qi
explored to denote the content of the sets Qcurrent, Qnew, and Qexplored respectively,

at the very end of iteration i of the while loop (i.e., just after line 22). We note that
Q1

explored = {can(q)}, and for each iteration i > 1,

Qi
explored = Qi−1

explored ∪Q
i−1
new.

That is, the set of all queries explored by the algorithm up to iteration i contains the
canonical version of the input query q, and all queries produced by the algorithm up
to the previous iteration. Since Qi

current = Qi
new \ Qi

explored, and since WardedRewrite
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terminates iff there exists an iteration i such that Qi
current = ∅, we can show that

WardedRewrite terminates by showing the following lemma:

Lemma 2. There exists an integer kO, which depends only on O, such that for each
iteration i > 0 of the while loop of WardedRewrite, |Qi

explored| ≤ kO.

Indeed, by the above lemma, and from the fact that Qj
new ⊆ Qi

explored, for each
1 ≤ j ≤ i− 1, there must be an iteration ℓ > kO, such that Qℓ

new ⊆ Qℓ
explored, otherwise

|Qℓ
explored| > kO. However, the fact that Qℓ

new ⊆ Qℓ
explored implies that Qℓ

current = Qℓ
new \

Qℓ
explored = ∅, and thus WardedRewrite terminates after the ℓ-th iteration.

The rest of the proof is devoted to prove Lemma 2. Towards this end, we introduce
some auxiliary notation. Consider an iteration i > 0 of the while loop of WardedRewrite.
Note that at iteration i, a query can be added to the set Qi

new only during a decom-
position step in lines 12-13, or during a resolution step in line 19. We use Qi,d

new and
Qi,r

new to denote the set of queries in Qi
new obtained during a decomposition step and a

resolution step, respectively. If a query q′ is added more than once, at iteration i, to the
set Qi

new, e.g., because a resolution step adds q′ after a decomposition step of the same
iteration already added q′, then we assume the query q′ belongs to the set correspond-
ing to the step that added q′ to Qi

new first. Hence, the two sets Qi,d
new and Qi,r

new form
a partition of Qi

new. We are now ready to prove Lemma 2. In what follows, we recall
that fWARD(q,Σ) = 2 ·max{|body(q)|,maxσ∈Σ{|body(σ)|}}, and we use gWARD(q,Σ) to
denote the number max{|body(q)|,maxσ∈Σ{|body(σ)|}}. To prove the lemma, we prove
the following two properties, for each iteration i > 0:

1. There are no two queries q1, q2 ∈ Qi
explored \ {can(q)} with q1 ≈ q2.

2. For each query q∗ ∈ Qi
new:

(a) if q∗ ∈ Qi,d
new, then |body(q∗)| ≤ gWARD(q,Σ) and q∗ does not admit an

existential-join decomposition w.r.t. Σ;

(b) if q∗ ∈ Qi,r
new, then |body(q∗)| ≤ fWARD(q,Σ) and q∗ is such that either

|body(q∗)| ≤ gWARD(q,Σ), or q∗ admits an existential-join decomposition
S w.r.t. Σ, where the body of each query in S has size at most gWARD(q,Σ).

Items (1) and (2), together with the fact that gWARD(q,Σ) ≤ fWARD(q,Σ), and
that Qi

explored = Qi−1
explored ∪ Qi−1

new, for i > 1, immediately imply that for each i > 0,
|Qi

explored| is bounded by 1 + k, where k is the total number of sets of atoms with at
most fWARD(q,Σ) atoms that can be formed using predicates from sch(Σ), up to variable
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renaming. Hence, Lemma 2 holds with kO = 1 + k. We are only left to prove item (1)
and item (2).

Item (1). This item follows immediately from the fact that a query q∗ with a fresh head
predicate becomes part of Qi

explored only if q∗ = can(q′′) is added to Qi−1
new, at iteration

i − 1, where q′′ is obtained at lines 12-13, i.e., q∗ ∈ Qi,d
new. However, the latter is done

only if no other query qalt has already been considered with qalt ≈ q∗.

Item (2). We prove the claim by induction on the iteration i. Assume first that i = 1.
Thus, at the beginning of iteration i, Qcurrent contains only the query can(q). Thus, the
queries in Qi

new are obtained either all via a decomposition step over can(q), or all via a
resolution step over can(q). If can(q) admits an existential-join decomposition w.r.t. Σ,
then, each query q∗ in Qi

new actually belongs to Qi,d
new, and |body(q∗)| ≤ gWARD(q,Σ) by

the fact that an optimal decomposition of can(q) w.r.t. Σ can only produce queries that
are smaller than can(q). The fact that q∗ has no existential-join decomposition w.r.t.
Σ follows from the optimality of the decomposition constructed by WardedRewrite, and
the claim follows. If instead can(q) does not admit an existential-join decomposition
w.r.t. Σ, then each query q∗ in Qi

new actually belongs to Qi,r
new. In particular, each query

q∗ ∈ Qi,r
new is such that q∗ = can(q′′), where q′′ is the σ-resolvent of can(q) viaM , for some

TGD σ ∈ Σ, and MGCU M of can(q) with σ. Hence, the body of q′′ can contain at most
a number of atoms equal to |body(q)|+|body(σ)|−1 ≤ fWARD(q,Σ). We are left to show
that either |body(q′′)| ≤ gWARD(q,Σ), or q′′ admits an existential-join decomposition S
w.r.t. Σ with each query in S having a body of size at most gWARD(q,Σ). The latter
follows from the fact that q′′ is the σ-resolvent of can(q) via M , and by Lemma 1.

Assume now that i > 1, and consider a query q∗ ∈ Qi
new. We distinguish two cases,

depending on whether q∗ ∈ Qi,d
new or q∗ ∈ Qi,r

new. If q∗ ∈ Qi,d
new, then q∗ = can(q′′),

where q′′ is a query of the optimal decomposition S of q′ w.r.t. Σ, where q′ is a query
from Qi−1

current. Since, Qj
current = Qj

new \ Q
j
explored, for each iteration j > 0, we conclude

that actually q′ ∈ Qi−1
new. Since q′ admits an existential-join decomposition w.r.t. Σ, and

q′ ∈ Qi−1
new, it must be the case, by inductive hypothesis, that q′ ∈ Qi−1,r

new , and each query
of the optimal decomposition of q′ w.r.t. Σ has a body of size at most gWARD(q,Σ). The
latter, together with the definition of optimal decomposition, implies that q∗ does not
admit an existential-join decomposition w.r.t. Σ, and |body(q∗)| ≤ gWARD(q,Σ), and
the claim follows. If q∗ ∈ Qi,r

new, then q∗ = can(q′′), where q′′ is the σ-resolvent of q′ via
M , for a query q′ ∈ Qi−1

current, TGD σ ∈ Σ, and MGCU M of q′ with σ. We recall again
that Qj

current = Qj
new \ Q

j
explored, for each iteration j > 0, and thus q′ ∈ Qi−1

new. Since q′

does not admit an existential-join decomposition w.r.t. Σ, we conclude, by inductive
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hypothesis, that either q′ ∈ Qi−1,r
new and |body(q′)| ≤ gWARD(q,Σ), or q′ ∈ Qi−1,d

new , and
|body(q′)| ≤ gWARD(q,Σ).

Hence, in both cases, the body of the query q∗, which is the canonical version of the
σ-resolvent q′′ of q′ via M can contain at most gWARD(q,Σ)+ |body(σ)|−1 atoms, which
is smaller than fWARD(q,Σ). We are left to prove that either |body(q∗)| ≤ gWARD(q,Σ),
or q∗ admits an existential-join decomposition S w.r.t. Σ where the body of each query
in S contains at most gWARD(q,Σ) atoms. From the fact that q′′ is the σ-resolvent
of q′ via M , and by Lemma 1, we conclude that either |body(q′′)| ≤ gWARD(q

′,Σ) =

max{|body(q′)|,maxσ∈Σ{|body(σ)|}}, or q′′ admits an existential-join decomposition S
w.r.t. Σ, where the body of each query in S contains at most gWARD(q

′,Σ) atoms. Since
we have already shown that |body(q′)| ≤ gWARD(q,Σ), we note that gWARD(q

′,Σ) ≤
max{gWARD(q,Σ),maxσ∈Σ{|body(σ)|}} ≤ gWARD(q,Σ). Hence, we conclude that either
|body(q′′)| ≤ gWARD(q,Σ), or q′′ admits an existential-join decomposition S w.r.t. Σ
such that each query in S has no more than gWARD(q,Σ) atoms, and the claim follows.

With item (1) and item (2) in place, Lemma 2 follows, and from previous discussions,
Theorem 3 follows as well.

8.2 Soundness of WardedRewrite

We now focus on the soundness of the algorithm WardedRewrite. That is, given an
OMQ O, it always produces a Datalog query DO such that DO(D) ⊆ ans(O, D), for
every database D. In order to prove the above result, we first need to introduce some
notions.

Consider an OMQ O = (q,Σ), with headPred(q) = Q, and for which WardedRewrite

terminates and outputs the Datalog query DO = (Q,R). For each predicate P occurring
in the head of some rule in R, the root rule of P is the first rule ρ added to R by
WardedRewrite with head predicate P . Moreover, we use refq(ρ) to denote the query
q′, which we call the reference query of ρ, that WardedRewrite has used to construct
ρ. In particular, note that when the algorithm WardedRewrite adds ρ to R during its
execution, it does so by taking a CQ q′ from the set Qcurrent, at line 4, and by either
letting ρ = rule(q′) (line 20), i.e., ρ is nothing else than q′ in rule form, or by letting ρ be
the reconciliation rule (after some modifications) of q′ and the optimal decomposition
of q′ w.r.t. Σ (line 14). Regardless of how ρ has been obtained, we use refq(ρ) to denote
the query q′. With an abuse of notation, for a rule ρ′ ∈ R with head predicate P which
is not necessarily a root rule of P , we use refq(ρ′) to denote refq(ρ), where ρ is the root
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rule of P . Finally, for a rule ρ ∈ R of the form R1(x̄1), . . . , Rn(x̄n) → P (x̄), we use
freshcq(ρ) to denote the CQ P ′(x̄)← R1(x̄1), . . . , Rn(x̄n), where P ′ a fresh predicate of
the same arity of P , which is different from Ri, for i ∈ [n].

With the above notation in place, we start by proving the following auxiliary result.

Lemma 3. Consider an OMQ O = (q,Σ), with headPred(q) = Q, and such that
WardedRewrite terminates with input O, producing the Datalog query DO = (Q,R).
Then, for every database D, and every rule ρ ∈ R, the following holds:

ans((freshcq(ρ),Σ ∪R), D) ⊆ ans((refq(ρ),Σ), D).

Proof. Let D be a database, and let ρ ∈ R. We prove the claim by distinguishing
on how ρ has been produced by WardedRewrite. Observe that ρ can only be of two
possible forms, where body(ρ) either mentions only predicates in sch(Σ), i.e., it has
been produced in line 20, or mentions only predicates from sch(R) \ sch(Σ), i.e., it has
been produced in line 14 as the result of computing the reconciliation rule of a CQ. We
prove the claim by distinguishing the above two cases.

Case 1. Assume that ρ has been produced in line 20. Note that the body of ρ
mentions only predicates in sch(Σ), and thus freshcq(ρ) and cq(ρ) are the same, up to
head predicate renaming. We say that a rule ρ′ ∈ R, with head predicate P , is at level
0 if ρ′ is the root rule of P , otherwise, ρ′ is at level i for some i > 0 if cq(ρ′) is obtained
in line 18, during some iteration of the while loop, as the resolvent of cq(ρ′′), for some
rule ρ′′ ∈ R at level i− 1, and ρ′ did not yet appear in Qexplored, during that iteration.
Note that all rules in R that are produced in line 20 have a well-defined level. We now
prove the claim by induction on the level of ρ.

Assume that ρ is at level 0, and assume there exists a tuple t̄ ∈ ans((freshcq(ρ),Σ∪
R), D). Since ρ has been produced in line 20, the body of freshcq(ρ) mentions only
predicates from sch(Σ). Moreover, since only the TGDs in Σ have predicates from
sch(Σ) in their head, and no head predicates from R occur in Σ, we conclude that
t̄ ∈ ans((freshcq(ρ),Σ ∪ R), D) implies t̄ ∈ ans((freshcq(ρ),Σ), D). However, since ρ
is at level 0, we have that freshcq(ρ) is the same as refq(ρ), modulo head predicate
renaming, and the claim follows.

Assume now that ρ is at some level i > 0, and assume there exists a tuple t̄ ∈
ans((freshcq(ρ),Σ ∪ R), D). As done in the base case, since the body of freshcq(ρ)

mentions only predicates from sch(Σ), we have that t̄ ∈ ans((freshcq(ρ),Σ ∪ R), D)

implies t̄ ∈ ans((freshcq(ρ),Σ), D). Moreover, since ρ is at level i > 0, there must be
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a rule ρ′ ∈ R at level i − 1 such that cq(ρ) = q′′ is the σ-resolvent of cq(ρ′) = q′ via
some MGCU M of q′ with σ. By Proposition 1, and from the fact that freshcq(ρ) is the
same as cq(ρ), modulo head predicate renaming, we conclude that t̄ ∈ ans((q′,Σ), D),
which in turn implies that t̄ ∈ ans((q′,Σ ∪R), D), by monotonicity of certain answers.
Since, again, q′ is the same as freshcq(ρ′) modulo head predicate renaming, by inductive
hypothesis, we conclude that t̄ ∈ ans((refq(ρ′),Σ), D). Since both ρ and ρ′ have the same
head predicate, refq(ρ) = refq(ρ′), and the claim follows.

Case 2. Assume now that ρ has been produced in line 14. Then, ρ is (a modification
of) the reconciliation rule of some CQ q′ and its optimal decomposition w.r.t. Σ. Note
that the body of ρ mentions only predicates in sch(R)\ sch(Σ), which only occur in the
head of rules in R, and do not occur anywhere in Σ. Assuming qρ = freshcq(ρ), and
qr = refq(ρ), we show the claim by proving that for every tuple t̄ ∈ dom(D)k, with k the
arity of qρ, and for every i > 0, t̄ ∈ qρ(chasei(D,Σ ∪ R)) implies t̄ ∈ qr(chasei(D,Σ)),
for each i > 0; the case i = 0 is trivial, as no facts in D mention predicates in the body
of qρ. The proof is by induction on i. In what follows, assume qρ is of the form:

Qρ(x̄)← R1(x̄1), . . . , Rn(x̄n).

Assume i = 1, and assume that t̄ ∈ qρ(chase
i(D,Σ ∪ R)). Then, there exists a

homomorphism h from body(qρ) to chasei(D,Σ ∪ R) with h(x̄) = t̄. We conclude that
Rj(h(x̄j)) ∈ chasei(D,Σ∪R), for each j ∈ [n]. The latter means that there must be rules
ρ1, . . . , ρn, with Rj the head predicate of ρj, and such that there exist a homomorphism
hj from body(ρj) to chasei−1(D,Σ ∪R), with t̄j = hj(x̄j) = h(x̄j), for each j ∈ [n]. We
note that by definition of optimal decomposition, t̄j necessarily mentions only constants,
and since i = 1, ρj can only be a rule produced in line 20, whose body only mentions
predicates from sch(Σ), i.e., ρj falls in Case 1, for which have already proved the claim.
Hence, we conclude that for each j ∈ [n], t̄j ∈ ans((refq(ρj),Σ), D). By construction of
ρ, and by definition of optimal decomposition, the fact that t̄j ∈ ans((refq(ρj),Σ), D),
for each j ∈ [n] implies that t̄ ∈ ans((refq(ρ),Σ), D) as needed.

Assume now that i > 0, and assume that t̄ ∈ qρ(chasei(D,Σ∪R)). Then, there exists
a homomorphism h from body(qρ) to chasei(D,Σ∪R) with h(x̄) = t̄. We conclude that
Rj(h(x̄j)) ∈ chasei(D,Σ∪R), for each j ∈ [n]. The latter means that there must be rules
ρ1, . . . , ρn, with Rj the head predicate of ρj, and such that there exists a homomorphism
hj from body(ρj) to chasei−1(D,Σ ∪R), with t̄j = hj(x̄j) = h(x̄j), for each j ∈ [n]. We
observe again that t̄j can only contain constants, for each j ∈ [n], and thus, for each
j ∈ [n], if ρj falls in Case 1, we immediately conclude that t̄j ∈ ans((refq(ρj),Σ), D),
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while if ρj falls in Case 2, since hj maps the body of ρj to chasei−1(D,Σ ∪ R), by
inductive hypothesis, we also conclude that t̄j ∈ ans((refq(ρj),Σ), D).

Thus, by definition of optimal decomposition, and of refq(ρ), we conclude that
t̄ ∈ ans((refq(ρ),Σ), D), and the claim follows.

With the above lemma in place, we can now prove the soundness of the algorithm
WardedRewrite.

Theorem 4. Consider an OMQ O = (q,Σ), with Σ not necessarily warded. If the
algorithm WardedRewrite terminates with input O, producing the Datalog query DO,
then for every database D, it holds that:

DO(D) ⊆ ans(O, D).

Proof. Consider a database D, and a tuple t̄ ∈ dom(D)k, with k the arity of q. We
prove that t̄ ∈ DO(D) implies t̄ ∈ ans(O, D). Assume DO = (Q,R), where Q is the
head predicate of q, and assume t̄ ∈ DO(D). Then, there must be a rule ρ ∈ R
such that t̄ ∈ ans((freshcq(ρ),R), D). Thus, by monotonicity of certain answers, t̄ ∈
ans((freshcq(ρ),Σ ∪ R), D). By Lemma 3, we conclude that t̄ ∈ ans((refq(ρ),Σ), D).
Moreover, since the head predicate of ρ is the head predicate of q, refq(ρ) coincides
with q, up to variable renaming, and thus t̄ ∈ ans((q,Σ), D) = ans(O, D) as needed.

8.3 Completeness of WardedRewrite

In this last section, we prove that the Datalog query DO produced by WardedRewrite,
with input an OMQ O = (q,Σ), when evaluated over a database D, provides all certain
answers of O over D. Towards this goal, we first establish the following auxiliary result.

Lemma 4. Consider an OMQ O = (q,Σ), with headPred(q) = Q, and such that
WardedRewrite terminates with input O, producing the Datalog query DO = (Q,R).
Then, for every database D, and every predicate P occurring in the head of some rule
of R, the following holds:

P (t̄) ∈ chase(D,Σ ∪R) implies P (t̄) ∈ chase(D,R).

Proof. To prove the claim, we assume w.l.o.g. that Σ contains only TGDs having only
one atom in the head; the set R already satisfies this property by construction. It
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is well-known that for an ontology Σ′, a TGD σ ∈ Σ′ with multiple atoms in the
head can be replaced in Σ′ with a linear number of TGDs with a single head atom,
obtaining an ontology Σ′′ such that P (t̄) ∈ chase(D,Σ′) iff P (t̄) ∈ chase(D,Σ′′), for
every database D, and every predicate P ∈ sch(Σ′). We prove the claim by showing
that P (t̄) ∈ chasei(D,Σ∪R) implies P (t̄) ∈ chase(D,R), for each i > 0; the case i = 0

is trivial, since no atoms can occur in D with predicate P . The proof is by induction
on i.

Assume i = 1. Then, there exists a rule σ ∈ R, and a homomorphism h from
body(σ) to chasei−1(D,Σ ∪ R) = D with h(head(σ)) = P (t̄). Since D ⊆ chase(D,R),
and σ ∈ R, P (t̄) ∈ chase(D,R) as needed.

Assume instead i > 1. Then, there exists a rule σ ∈ R such that σ is of the form
P1(x̄1), . . . , Pn(x̄n)→ P (x̄), and a homomorphism h from body(σ) to chasei−1(D,Σ∪R)
with h(x̄) = t̄. Note that, since σ ∈ R, the predicates P1, . . . , Pn either all belong to
sch(Σ), or none of them does. We complete our proof by distinguishing these two cases.

Case 1. Assume that Pj ̸∈ sch(Σ), for each j ∈ [n]. In this case, each Pj occurs in the
head of some rule σj ∈ R, and Pj(h(x̄j)) ∈ chasei−1(D,Σ∪R). By inductive hypothesis,
Pj(h(x̄j)) ∈ chase(D,R), for each j ∈ [n], and thus h is also a homomorphism from
body(σ) to chase(D,R) with h(x̄) = t̄, and the claim follows.

Case 2. Assume that Pj ∈ sch(Σ), for each j ∈ [n]. Since Pj(h(x̄j)) ∈ chasei−1(D,Σ ∪
R), there must exist n TGDs σ1, . . . , σn, and n substitutions h1, . . . , hn, such that for
each j ∈ [n], hj maps each variable occurring in σj to a constant or null, hj(body(σj)) ⊆
chasei−2(D,Σ ∪ R), and hj(head(σj)) = Pj(h(x̄j)) (recall that we assumed Σ contains
only single-head TGDs). Now, assume w.l.o.g. that P1(h(x̄1)), . . . , Pk(h(x̄k)) are all the
atoms in h(body(σ)) occurring in chasei−1(D,Σ ∪ R) \ chasei−2(D,Σ ∪ R). We prove
that P (t̄) ∈ chase(D,R) by another induction on k.

Assume k = 1. Hence, P1(h(x̄1)) is the only atom in h(body(σ)) that occurs in
chasei−1(D,Σ∪R)\chasei−2(D,Σ∪R). By the existence of the homomorphism h1 with
the properties discussed above, by definition of chunk unifier, and from the fact that
P1(h(x̄1)) is the only atom in h(body(σ)) occurring in chasei−1(D,Σ∪R)\chasei−2(D,Σ∪
R), there must be a σ1-resolvent q′ of cq(σ) via some MGCU M , and a homomorphism
h′ from body(q′) to chasei−2(D,Σ ∪ R) with h′(head(q′)) = P (t̄). Moreover, since
σ ∈ R, by construction of WardedRewrite, q′ must occur (modulo variable renaming)
in the set Qcurrent at some iteration of WardedRewrite with input O. We distinguish
two cases w.r.t. q′. If q′ does not admit an existential-join decomposition, then the
fact that q′ occurs (modulo variable renaming) in the set Qcurrent at some iteration of
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WardedRewrite, must imply that rule(q′) occurs in R, modulo variable renaming. Thus,
since h′(body(q′)) ⊆ chasei−2(D,Σ ∪ R) and h′(head(q′)) = P (t̄), we conclude that
P (t̄) ∈ chasei−1(D,Σ ∪ R). Hence, by inductive hypothesis on i, we conclude that
P (t̄) ∈ chase(D,R) as needed. If instead q′ admits an existential join decomposition,
since q′ occurs inQcurrent (modulo variable renaming) at some iteration of WardedRewrite

with input O, R must also contain the modified version of the reconciliation rule of S
and q′, where S is an optimal decomposition of q′ w.r.t. Σ, together with all the root
rules of each query in S. More formally, there must be a rule ρ in R of the form

P ′
1(ȳ1), . . . , P

′
m(ȳm)→ head(q′),

where for each predicate P ′
ℓ, with ℓ ∈ [m], a rule ρℓ with P ′

ℓ in its head occurs in
R, and cq(ρ1), . . . , cq(ρm) form an existential-join decomposition of q′ (modulo head
predicate renaming). By definition of existential-join decomposition, and by the ex-
istence of the homomorphism h′ from body(q′) to chasei−2(D,Σ ∪ R), there must be
a homomorphism h′′ from body(ρ) to chasei−1(D,Σ ∪ R) with h′′(head(ρ)) = P (t̄).
Since each predicate P ′

1, . . . , P
′
m in the body of ρ occurs in the head of a rule in R,

and since h′′(body(ρ)) ⊆ chasei−1(D,Σ ∪ R), the inductive hypothesis on i implies
that h′′(body(ρ)) ⊆ chase(D,R). Hence, h′′ is also a homomorphism from body(ρ)

to chase(D,R) with h′′(head(ρ)) = P (t̄), and since ρ ∈ R, we conclude that P (t̄) ∈
chase(D,R).

Assume instead that k > 1. Consider again the atom P (h1(x̄1)) ∈ chasei−1(D,Σ ∪
R) \ chasei−2(D,Σ ∪ R). As for the base case with k = 1, the existence of h1 implies
that there exists a σ1-resolvent q′ of cq(σ) via some MGCU M . Moreover, q′ must
be such that there is a homomorphism h′ from body(q′) to chasei−1(D,Σ ∪ R) with
h′(head(q′)) = P (t̄), and h′(body(q′)) contains at most k−1 atoms from chasei−1(D,Σ∪
R) \ chasei−2(D,Σ ∪R).

Moreover, since σ ∈ R, by construction of WardedRewrite, q′ must occur (modulo
variable renaming) in the set Qcurrent at some iteration of WardedRewrite with input O.
We distinguish two cases w.r.t. q′. If q′ does not admit an existential join decomposition,
then the fact that q′ occurs (modulo variable renaming) in the set Qcurrent at some
iteration of WardedRewrite implies that rule(q′) occurs in R, modulo variable renaming.
However, we have that h′(body(q′)) contains at most k− 1 atoms from chasei−1(D,Σ∪
R)\chasei−1(D,Σ∪R). The latter, together with the fact that h′(head(q′)) = P (t̄), and
by induction on k, implies that P (t̄) ∈ chase(D,R) as needed. If instead q′ admits an
existential join decomposition, then the fact that q′ occurs in Qcurrent (modulo variable
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renaming) at some iteration of WardedRewrite with input O implies that R must also
contain the modified version of the reconciliation rule of S and q′, where S is an optimal
decomposition of q′ w.r.t. Σ, together with all the root rules of each query in S. More
formally, there must be a rule ρ in R of the form

P ′
1(ȳ1), . . . , P

′
m(ȳm)→ head(q′),

where refq(P ′
1), . . . , refq(P

′
m) all occur in R, and form an existential-join decomposition

of q′ (modulo head predicate renaming).
By definition of existential-join decomposition, and by the existence of the homo-

morphism h′ from body(q′) to chasei−1(D,Σ ∪ R), there must be a homomorphism h′′

from body(ρ) to chasei(D,Σ ∪ R) with h′′(head(ρ)) = P (t̄). We now observe that
the atoms P ′

1(h
′′(ȳ1)), . . . , P

′
m(h

′′(ȳm)) all belong to chase(D,R). Indeed, for each
ℓ ∈ [m], if P ′

ℓ(h
′′(ȳℓ)) ∈ chasei−1(D,Σ ∪ R), P ′

ℓ(h
′′(ȳℓ)) ∈ chase(D,R) by the induc-

tive hypothesis on i. If instead P ′
ℓ(h

′′(ȳℓ)) ∈ chasei(D,Σ ∪ R), due to the existence
of the homomorphism h′, then the body of refq(P ′

ℓ) can be mapped homomorphically
to chasei−1(D,Σ ∪ R), with some homomorphism µ, such that µ(head(refq(P ′

ℓ))) =

P ′
ℓ(h

′′(ȳℓ)), and µ(body(refq(P ′
ℓ))) ⊆ h′(body(q′)). Since h′(body(q′)) contains no more

than k−1 atoms from chasei−1(D,Σ∪R)\chasei−2(D,Σ∪R), so does µ(body(refq(P ′
ℓ))).

Hence, by inductive hypothesis on k, we conclude that P ′
ℓ(h

′′(ȳℓ)) ∈ chase(D,R).
Hence, h′′ is a homomorphism from body(ρ) to chase(D,R), with h′′(head(q′)) =

P (t̄), and thus P (t̄) ∈ chase(D,R) as needed.

With the above lemma in place, we can now prove the main claim of this section.

Theorem 5. Consider an OMQ O = (q,Σ), with Σ not necessarily warded. If the
algorithm WardedRewrite terminates with input O, producing the Datalog query DO,
then for every database D, it holds that:

ans(O, D) ⊆ DO(D).

Proof. Assume that headPred(q) = Q, and that DO = (Q,R). We prove the claim
by showing that Q(t̄) ∈ chase(D,Σ ∪ {rule(q)}) implies Q(t̄) ∈ chase(D,R). Assume
Q(t̄) ∈ chase(D,Σ ∪ {rule(q)}). We distinguish two cases.

Case 1. The rule rule(q) occurs inR, modulo variable renaming. Thus, by monotonicity
of the chase over TGDs, chase(D,Σ ∪ {rule(q)}) ⊆ chase(D,Σ ∪ R). By Lemma 4, we
conclude that Q(t̄) ∈ chase(D,Σ ∪ {rule(q)}) implies Q(t̄) ∈ chase(D,R) as needed.
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Case 2. The rule rule(q) does not occur inR, even up to variable renaming. If this is the
case, then, by definition of WardedRewrite, it must mean that q admits an existential-
join decomposition w.r.t. Σ. Assume S = {q1, . . . , qn} is the optimal decomposition of
q w.r.t. Σ. Then, R contains the reconciliation rule ρ of S and q, as well as the rules
rule(qi), for i ∈ [n], up to variable renaming. Since Q(t̄) ∈ chase(D,Σ ∪ {rule(q)}),
then, there exists a homomorphism h from body(q) to chase(D,Σ) with h(head(q)) =

Q(t̄). By definition of optimal decomposition, the existence of h implies there for
each i ∈ [n], there must be a homomorphism hi from body(qi) to chase(D,Σ) with
hi(head(qi))) = Pi(t̄i) ∈ chase(D,Σ ∪ R), such that another homomorphism h′ from
body(ρ) to {P1(t̄1), . . . , Pn(t̄n)} ⊆ chase(D,Σ ∪ R) exists with h′(head(ρ)) = Q(t̄) ∈
chase(D,Σ ∪R). By Lemma 4, we conclude that Q(t̄) ∈ chase(D,R), as needed.

Our main result on the correctness of WardedRewrite, i.e., Theorem 2, simply follows
from Theorems 3, 4, and 5.
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Chapter 9

Implementation Details

In this chapter we discuss how we concretely implemented the algorithm WardedRewrite.
We point out that the general structure of the algorithm remains the same, and we
simply discuss how certain parts of the algorithm are optimized. In particular, we focus
on the implementation of the most expensive aspects of the algorithm: 1) the procedure
decomposeOptimal; 2) the construction of an MGCU M of a given CQ q with a given
TGD σ as well as the construction of the σ-resolvent of q via M ; 3) reducing the size
of the set R of rules of the final rewriting during the execution of the algorithm. We
observe that item 3) does not actually appear in the algorithm, as it is not crucial for
its correctness.

The rest of the algorithm, such as constructing the reconciliation rule of a decompo-
sition S and a CQ q, or computing the canonical version of a CQ, is trivial to implement.

9.1 Computing Optimal Decompositions

We start by discussing how we implement the procedure decomposeOptimal. That is,
given a CQ q(x̄) and an ontology Σ, compute an optimal decomposition S of q w.r.t. Σ.
We recall that in order to compute an optimal decomposition, we first need to compute
the set aff(Σ) of all affected positions of Σ. Since the procedure decomposeOptimal is
executed at each iteration of the algorithm WardedRewrite, computing the set aff(Σ)

each time decomposeOptimal is called would be very inefficient. Thus, our implemen-
tation of WardedRewrite computes the set aff(Σ) once, at the beginning, and makes it
globally available to the rest of the code. Then, the procedure decomposeOptimal is
implemented by accessing the globally available set aff(Σ).

The set aff(Σ) is computed by simply following the definition of affected position in
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a bottom-up fashion: first a set S is initialized as the empty set ∅. Then, in an initial
pass, each TGD σ of Σ is scanned, and each head position of σ containing an existential
variable is added to S. Then, in a second pass, each TGD σ of Σ is scanned, and all
head positions of σ containing a variable that occurs in body(σ) only at positions of
S are collected in a temporary set S ′. If after the second pass, S ′ is not empty, the
positions of S ′ are added to S, and the second pass is executed again; otherwise, the
procedure stops, and S contains the set of all affected positions aff(Σ).

Assume now a CQ q(x̄), and an ontology Σ are given. We discuss how we implement
the construction of an optimal decomposition of q w.r.t. Σ, exploiting the already
computed set aff(Σ). The implementation is reported in Algorithm 2. Assuming q

is of the form Q(x̄)← R1(x̄1), . . . , Rn(x̄n), the idea is to initially assume that q can be
optimally decomposed into n queries, each having a single atom from body(q) as their
body; such bodies are stored in the set C (line 1). Then, the set V of all "problematic"
variables is computed (line 2), i.e., all the variables that cannot be mentioned by two
different queries of the decomposition (cf. Definition 5). Then, for each variable x ∈ V ,
the set C is "fixed" by merging together the CQ bodies of C that all mention the
variable x; the set C is updated by removing all CQ bodies that have been merged, and
by adding the new merged body (lines 3-6). After all variables of V are considered, no
two distinct sets in C mention a variable of V , and each set in C corresponds to the body
of a CQ of the final decomposition. The rest of the procedure (lines 9-12) is in charge of
constructing the actual CQs corresponding to each set in C, by computing the correct
head atom, according to Definition 5. The set S will contain the final decomposition,
which is returned at the end of the procedure. It is not difficult to verify that the
returned set is always an optimal decomposition of q w.r.t. Σ.

Remark. We point out that an implementation of the procedure decomposeOptimal

already exists in the literature, and has been employed in the context of parallelizing
rewriting algorithms for UCQ-rewritable OMQs, e.g., see [41]. However, in this case, an
optimal decomposition needed to be constructed only once throughout the execution of
the whole UCQ-rewriting algorithm, and thus the efficiency of the implementation was
not a concern. In our case, however, an optimal decomposition must be constructed
quite often: once for each query processed by the algorithm WardedRewrite. Hence, we
required a much more efficient implementation that, from preliminary experiments, has
shown to be orders of magnitude faster than the one from [41].
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Algorithm 2: decomposeOptimal

Input: A CQ q of the form Q(x̄)← R1(x̄1), . . . , Rn(x̄n), and an ontology Σ
Output: An optimal decomposition of q w.r.t. Σ

1 C := {{R1(x̄1)}, . . . , {Rn(x̄n)}};
2 V = {x ∈ var(q) \ x̄ | x occurs in body(q) only at positions of aff(Σ)};
// Compute the body of each CQ of the optimal decomposition

3 foreach x ∈ V do
4 Cx := {C ∈ C | x ∈ var(C)};
5 Cmerged :=

⋃
C∈Cx C;

6 C := (C \ Cx) ∪ {Cmerged};

// Finalize the decomposition
7 S := ∅;
8 i := 1;
9 foreach C ∈ C do

10 ȳ = var(C) ∩ (x̄ ∪ shared(C, C));
11 S := S ∪ {Qi(ȳ)← C};
12 i := i+ 1;

13 return S;

9.2 Constructing MGCUs

We now discuss how we construct, given a CQ q and TGD σ, all MGCUs of q with σ. As
already discussed in previous sections, the notion of (most general) chunk unifier (and
equivalent notions thereof) is well-established in the literature, and has been extensively
used and implemented for a plethora of scenarios, mostly related to the design and
implementation of rewriting algorithms for UCQ-rewritable OMQs, e.g., see [69, 52, 41].
Hence, different efficient implementations already exist for the construction of MGCUs
in the literature, and we decided to employ the implementation of [41]. The reason
is mostly of practical nature, as the implementation is part of a larger library1 of
convenient algorithms and utilities for dealing with the syntax of ontologies that we
exploit for the rest of the implementation of WardedRewrite, such as parsing ontologies
from files, computing the canonical form of a CQ, computing reconciliation rules, and
other similar simple tasks.

1https://bitbucket.org/giorsi/nyaya/
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9.3 Reducing the Size of the Final Rewriting

The ultimate goal of constructing a Datalog rewriting DO for an OMQ O = (q,Σ) is
to provide a mean to perform query answering. That is, given a database D, we can
retrieve the certain answers ans(O, D) by simply evaluating the query DO over D, i.e.,
computing the set DO(D). The latter can be achieved by exploiting well-established
and well-optimized Datalog engines from the literature. However, for this approach to
be effective, the resulting Datalog query DO should contain as few rules as possible,
in order to not hinder the performance of query answering. In this regard, techniques
such as the one introduced in [63], which aims at minimizing Datalog programs by
eliminating redundant rules and atoms while preserving equivalence, can be employed
to reduce the size of the final rewriting and improve efficiency. Currently, WardedRewrite

simply collects all produced rules of the Datalog rewriting in the set R, without further
optimization. In this section, we discuss how to improve WardedRewrite so to keep the
set R small.

We recall that given two Datalog queries D1 and D2, D1 is contained in D2 if for
every database D, D1(D) ⊆ D2(D). Moreover, D1 and D2 are equivalent if D1 is
contained in D2, and D2 is contained in D1. Clearly, when D1 and D2 are equivalent,
they return the exact same set of answers, for every database.

Thus, ideally, we would like to extend WardedRewrite so that whenever a new rule is
added to the setR (lines 14 and 20 in Algorithm 1), then rules fromR are removed so as
to obtain the smallest subset R′ of R such that (headPred(q),R′) and (headPred(q),R)
are equivalent. However, this requires checking whether two Datalog queries are equiv-
alent, which is known to be undecidable, e.g., see [64]. Hence, we rely on a simpler, yet
effective, way to reduce the size of the set R which we describe next.

Rather than trying to reduce the size of R as a whole, we first consider all the pred-
icates Q1, . . . , Qn occurring in the head of some rule of R, and for each i ∈ [n], consider
the maximal subset RQi

of TGDs with head predicate Qi occurring in R such that
(Qi,RQi

) is a UCQ. Then, we minimize each set RQi
independently by constructing,

for each i ∈ [n], the smallest subset R′
Qi

of RQi
such that (Qi,R′

Qi
) and (Qi,RQi

) are
equivalent; the latter is performed by checking for equivalence between UCQs, which is
decidable (e.g., see [1]). Clearly, replacing in R the set of rules RQi

with the set of rules
R′

Qi
, for each i ∈ [n], obtaining the set of rules R′ leads to an equivalent Datalog query,

i.e., (headPred(q),R′) and (headPred(q),R) are equivalent. For the equivalence check
between UCQs we again rely on the implementation provided by the library developed
in [41].
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Experimental Evaluation

The goal of this chapter is to experimentally evaluate different aspects of our implemen-
tation of WardedRewrite. In particular, we are interested to answer two key questions.

Question 1: Given an OMQ O = (q,Σ) with Σ ∈ WARDED as input to our
implementation of WardedRewrite, how do key parameters of O affect its running time

and scalability?

Answering the above question will allow us to provide insights on the practical
applicability of our implementation and its limits, as well as providing conclusions on
the expected behavior of the algorithm depending on the input OMQ.

The next natural question is whether the Datalog rewriting produced by our im-
plementation can be actually used for query answering purposes by exploiting existing
Datalog-based reasoning systems.

Question 2: Given a database D, an OMQ O = (q,Σ) with Σ ∈ WARDED, and the
Datalog rewriting DO produced by WardedRewrite with input O, how feasible is for the
different Datalog-based reasoning engines from the literature to evaluate the query DO

over D?

In the rest, Section 10.1 discusses the tools that we used to generate our benchmarks,
while Section 10.2 describes how our benchmark is generated using the tools discussed
in the previous section, and presents our experimental setup. Then, in Sections 10.3
and 10.4 we discuss the experimental evaluations regarding Question 1 and Question 2,
respectively.
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10.1 Experimental Infrastructure

Towards answering our key experimental questions, we need a way to stress test both
our rewriting algorithm WardedRewrite, as well as the Datalog-based reasoning engines
we consider. For this, we require a way to generate a large pool of synthetic database-
OMQ pairs (D,O), where O = (q,Σ) and Σ ∈ WARDED, having different properties
that affect the behaviour of our rewriting algorithm and the reasoning engines; we call
a database-OMQ pair a scenario. To the best of our knowledge, the only existing tool
from the literature that allows to generate such scenarios, and specifically scenarios
(D,O) where the ontology of O is warded is the iWarded benchmark generator, or
simply iWarded, from [6]. Such a generator allows to generate scenarios (D,O), with
O = (q,Σ) and Σ ∈ WARDED, by considering a wide range of parameters. In order
to explain how iWarded works and the meaning of such parameters, we first need to
recall some auxiliary notions.

For an ontology Σ, the predicate graph of Σ, denoted pg(Σ), is the directed graph
(V,E) where the set of nodes V coincides with the set of predicates occurring in Σ,
and E contains an edge (R, S) iff there exists a TGD σ ∈ Σ such that R occurs in
the body of σ, and S occurs in the head of σ. We say that a predicate occurring in
Σ is recursive iff it appears in a cycle of pg(Σ). We are now ready to recall how the
iWarded benchmark generator works.

Overview of iWarded. When generating a scenario (D,O) with O = (q,Σ), the
bulk of the work of iWarded is in the construction of the ontology Σ; the database
D and the query q are generated in a simple way, which we are going to discuss later.
iWarded controls the structure of Σ by acting on the form of all the simple non-
overlapping paths of its predicate graph, each corresponding to a sequence of TGDs
σ1, . . . , σn, where the atom produced during the construction of chase(D,Σ) by the TGD
σi contributes to trigger the TGD σi+1, for each i ∈ [n−1]. Such sequences are generated
according to different parameters that affect different aspects of the sequences, e.g.,
whether the sequences induce a cycle in the dependency graph, and the length of this
cycle.

Due to the large number of parameters supported by iWarded, and in order to keep
our experimental evaluation manageable, we will focus only on few, key parameters that
mostly affect either the size of the databaseD, or the sequences of TGDs discussed above
in a way that they have a higher impact on the efficiency of our rewriting algorithm
WardedRewrite. All other parameters were conceived to mainly affect the efficiency of
specialized algorithms designed to compute the certain answers of OMQs with warded
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ontologies directly, i.e., without relying on a Datalog rewriting (e.g., see the "structural
scenarios" from [6]) and thus are less relevant for our analysis. For such parameters,
we let iWarded adapt their value so to satisfy the desiderata w.r.t. the parameters we
consider.

We point out that, regardless of the chosen parameters, iWarded always constructs
TGDs with at most 2 atoms in their body and one atom in the head; this is done
w.l.o.g. since an arbitrary ontology can always be rewritten to an ontology having these
properties, and with only a linear increase in the size of the ontology.

In the following, we discuss the main parameters we consider and then explain how
we use iWarded to generate scenarios according to those parameters; we categorize
the parameters on whether they affect the generated database D, the CQ q, or the
ontology Σ.

Ontology Parameters. Regarding the parameters supported by iWarded that affect
the shape of the generated ontology Σ, and in particular the shape of the sequences of
its TGDs, we focus on two crucial parameters.

The number of left-right-join recursions, denoted num_lrj, specifies the number
of TGDs that iWarded will add to Σ that mention two recursive predicates in their
body. Such a parameter essentially affects how many TGDs in Σ participate to multiple
recursive sequences of TGDs. Intuitively, such TGDs are more challenging than other
TGDs of Σ, since in order to trigger such TGDs, one first needs to follow two recursive
sequences of TGDs in order to produce the needed body atoms.

The average recursion length, denoted avg_recursion, specifies the average length
of a cycle in the predicate graph of Σ. In particular, for each recursive predicate R of
Σ, iWarded will construct a sequence of n TGDs σ1, . . . , σn in Σ, where n is chosen
using a Gaussian distribution with avg_recursion as the mean, and variance 1.0, and
such that the sequence induces a path in the dependency graph of Σ starting from R

and ending in R. In other words, the parameter avg_recursion affects "how deep"
one has to follow the TGDs of Σ in order to recursively produce atoms with predicate
R.

Database Parameters. As for the database-related parameters, we focus on the num-
ber of facts per predicate, denoted db_facts: iWarded will add db_facts randomly
generated facts to the database D for each predicate of D; the number of predicates
of D is chosen automatically by iWarded so to guarantee the desiderata w.r.t. the
ontology-related parameters discussed above. Clearly, the parameter db_facts is not
relevant towards answering our first experimental question, since it has no effect on
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the behavior of the rewriting algorithm WardedRewrite, which constructs a database-
independent Datalog rewriting of a given OMQ. On the other hand, such a parameter,
and thus the generated database D, will have an impact when we will focus on our
second experimental question regarding query answering using existing Datalog-based
reasoning engines.

Query Parameters. There are no parameters that we can control regarding the
construction of the CQ q. In particular, iWarded only supports the construction of
CQs q of the form Q(x̄) ← R(x̄), i.e., CQs with a single body atom whose tuples are
propagated as output of the query; iWarded automatically adds auxiliary TGDs to
Σ so that all the TGD sequences added to Σ "feed" the predicate R with tuples. This
guarantees that the certain answers of q are never empty, and that there are no parts
of Σ that do not affect the answers of q.

Although the CQs constructed by iWarded are of a limited form, we point out
that these kinds of queries are very common in practice, especially in the context of the
so-called fact entailment problem, i.e., a special version of the certain query answering
problem where the goal, given a predicate R, a database D, and an ontology Σ, is to
find all facts R(t̄) ∈ chase(D,Σ). Clearly, for an OMQ O = (q,Σ) having q of the
form above, the certain answers of O over a database D coincide with all tuples of
constants t̄ such that R(t̄) ∈ chase(D,Σ). Indeed, different works have focused on the
fact entailment problem, both from a theoretical, and an experimental point of view,
and for different ontology languages, e.g., see [19, 17]. In fact, among the reasoning
engines we are going to consider in our experimental evaluation, Vadalog exclusively
supports fact entailment as its main reasoning task. Hence, for practical reasons, and
in order to be able to consider a wide variety of reasoning engines from the literature,
in our experimental evaluation we will focus on CQs as generated by iWarded.

10.2 Test Scenarios and Experimental Setup

In this section we discuss how we generated our main benchmark using iWarded and
provide additional details on our experimental setup.

Test Scenarios. In generating our scenarios, we consider 21 different values for the
number of left-right-join recursions num_lrj and the average recursion length avg_recursion,
spanning from 0 to 400 with steps of 20 each. That is, we consider the values in the set
{0, 20, 40, . . . , 400} for the above two parameters. We point out that the largest values
in this set are quite extreme for an average real-world ontology, and we consider such
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a large interval in order to stress test our rewriting algorithm, and assess its practical
applicability. Regarding the database generation, we consider a fixed value of 100k

facts per predicate db_facts. Then, for each combination i, j ∈ {0, 20, 40, . . . , 400}, we
generated a scenario, denoted S[i, j], of the form (D,O) with O = (q,Σ), by running
iWarded with input num_lrj = i, avg_recursion = j, and db_facts = 100k, ob-
taining a total of 441 scenarios; all other parameters supported by iWarded are left
to their default as discussed in the previous section.

Experimental Setup. Regarding our experimental setup, for all our experiments
we used an Amazon Elastic Compute Cloud (EC2) instance type c5.2xlarge with an
Intel(R) Xeon(TM) Platinum 8000-series @3.6 GHz, 16 GB of RAM, running Amazon
Linux 2 LTS Candidate.1 Each scenario (D,O) generated by iWarded is stored on disk
as simple text files, where the database is encoded as a set of CSV files, for compatibility
with the different Datalog-based engines we consider. For the experimental evaluation
related to Question 1, we implemented the algorithm WardedRewrite in Java 22, and used
openJDK 22 for its execution. Regarding Question 2, each Datalog-based reasoning
engine we considered has been executed in its default configuration.

10.3 Evaluating the Rewriting Algorithm

In this section, we address our first experimental question, related to the behavior of
our implementation of the WardedRewrite algorithm. For each of the 441 scenarios
S[i, j] = (D,O) with O = (q,Σ) and with i, j ∈ {0, 20, 40, . . . , 400}, we executed our
implementation of WardedRewrite with input the OMQ O. For each execution, we
collected the end-to-end running time of the algorithm, i.e., the total time required
by the algorithm to both parse the OMQ and produce the Datalog rewriting DO of
O. We point out that the time of parsing the OMQ never required more than 250
ms, and thus, as expected, most of the time is spent actually constructing the Datalog
rewriting. We present the results of the above experimental evaluation in Figure 10.1,
Figure 10.2, Figure 10.3 and Figure 10.4, where Figure 10.1 and Figure 10.2 focus on
the impact that num_lrj has on the efficiency of our implementation, while Figure 10.3
and Figure 10.4 focus on the relationship with the parameter avg_recursion.

Impact of the Number of Left-Right-Join Recursions. We start by discussing
how the parameter num_lrj affects the running time of our implementation, i.e., Fig-
ure 10.1 and Figure 10.2. In particular, Figure 10.1 shows how the end-to-end run-

1https://aws.amazon.com/ec2/instance-types/c5/
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Figure 10.1: Average rewriting time versus number of left-right join recursions (global
averages).

ning time of our implementation of WardedRewrite evolves as the num_lrj parame-
ter increases; each point on the plot corresponding to a value i ∈ {0, 20, 40, . . . , 400}
of num_lrj is computed as the average of the running times collected in all sce-
narios of the from S[i, j], with j ∈ {0, 20, 40, . . . , 400}, i.e., across all values j ∈
{0, 20, 40, . . . , 400} for the parameter avg_recursion. For a more fine-grained anal-
ysis, we also partitioned our scenarios in 4 groups, denoted AR[0−100], AR[100−200],
AR[200−300], AR[300−400], according to the value of avg_recursion, i.e., for each k ∈
{[0, 100], [100, 200], [200, 300], [300, 400]}, ARk contains all scenarios of the form S[i, j]

where j belongs to the interval k. Figure 10.2 shows the end-to-end running time of
our implementation of WardedRewrite w.r.t. the num_lrj parameter, where each line
corresponds to one of the 4 groups ARk, and each point on each line that corresponds
to a value i ∈ {0, 20, 40, . . . , 400} of num_lrj is computed as the average running time
across all scenarios of the form S[i, j] ∈ ARk.

As we can see from Figure 10.1, the number of left-right-join recursions indeed has
an impact on the running time of our implementation of WardedRewrite, with the higher
values of num_lrj leading to an average running time of just over a minute. The trend
can be explained by the fact that every time a TGD of the input OMQ is used to
compute an MGCU w.r.t. a CQ being processed by WardedRewrite, this leads to a new
CQ containing at least two atoms, each over a recursive predicate, e.g., say R and S.
The latter means that both such atoms will need to be unfolded in subsequent iterations
of the algorithm, and that subsequent unfoldings of both atoms are likely to lead to
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Figure 10.2: Average rewriting time versus number of left-right join recursions, grouped
by avg_recursion groups.

a query having again two atoms over the same predicates R and S, which is likely
to trigger again further unfoldings. However, we can see that the increase in running
time is mostly linear as num_lrj increases, on average, suggesting that the number of
left-right-join recursions does not severely impact the efficiency of our implementation.
The latter can be explained from the fact that, assuming a fixed average recursion
length, increasing the number of TGDs with a left-right-join recursion means essentially
increasing the number of "disjoint" TGD sequences in the underlying ontology, i.e.,
sequences of TGDs leading to disconnected cycles in the underlying predicate graph.
Hence, the running time of WardedRewrite linearly depends on the number of such
sequences, since they do not interact with each other. This is confirmed by Figure 10.2,
where we plot the running time as num_lrj increases, by considering different intervals
for the average recursion length avg_recursion. We can see that for lower intervals
of avg_recursion, even the highest value of 400 left-right-join recursions (num_lrj)
leads to quite fast executions on average; e.g., 5 seconds for the lower average recursion
length interval [0-100], and 33 seconds for [100-200].

Impact of the Average Recursion Length. We now focus on the parameter
avg_recursion. The results of running our implementation of WardedRewrite are shown
in Figure 10.3 and Figure 10.4. In particular, Figure 10.3 and Figure 10.4 are obtained
similarly to Figure 10.1 and Figure 10.2, with the difference that we now vary the
parameter avg_recursion, and compute the average running time across all (resp., 4
groups of) values of the parameter num_lrj. We observe from Figure 10.1 that also the
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Figure 10.3: Average rewriting time versus average recursion length (global averages).

average recursion length affects the running time of our implementation, on average.
However, differently from the case of the number of left-right-join recursions, here we
see a steeper increase in the running time on average, as the parameter avg_recursion
increases, with the highest average running time at almost 1.5 minutes, corresponding
to avg_recursion = 400. Hence, the average recursion length has a higher impact
on the efficiency of our implementation; we can explain this behavior as follows. As-
suming we fix a certain value k for the parameter num_lrj, the higher the parameter
avg_recursion, the higher the average length of a cycle in the predicate graph of the
ontology. The latter implies that, when some query q is being processed by the al-
gorithm by means of a resolution step, this is likely to produce a new CQ that will
require a large number of further resolution steps, and this number is proportional to
avg_recursion. Moreover, depending on the value of k, in each of these resolution
steps, there is a certain chance that a new CQ q′ with two body atoms, both having a
recursive predicate, is produced. Each time this happens, at the next iteration either
q′ will be decomposed into at least two queries, each containing one of the two atoms,
for which later all MGCUs need to be computed in a resolution step, or q′ (or one
of the subqueries of its decomposition) contains the two atoms in its body, and will
go through a new resolution step, which will lead to the construction of all MGCUs
w.r.t. each TGD of the ontology. In both cases, the number of queries produced by the
algorithm that originated directly or indirectly from q′ is at least twice w.r.t. to the

82



Chapter 10. Experimental Evaluation

Average Recursion Length

R
ew

rit
in

g 
tim

e 
(s

)

0
20
40
60
80

100
120
140
160
180

0 100 200 300 400

num_lrj [0-100] num_lrj [100-200] num_lrj [200-300] num_lrj [300-400]

Figure 10.4: Average rewriting time versus average recursion length, grouped by
num_lrj groups.

case whether q′ did not contain two recursive atoms; the latter then causes the steep
increase observed in the plot.

We can confirm this behavior with the more detailed plot in Figure 10.4, where we
group the average running time w.r.t. 4 different intervals of the parameter num_lrj,
similarly to what we have done in Figure 10.2 when analyzing the impact of num_lrj.

We conclude this section by observing that in terms of absolute running times,
the most demanding scenario is S[400, 400], as expected, requiring almost 4 minutes
for building the rewriting. Considering that S[400, 400] is a rather extreme scenario
that would hardly appear in practice, this is quite encouraging. In comparison, for
more reasonable scenarios, such as the ones in {S[i, j] | i, j ∈ {0, 20, 40, . . . , 140}}, the
rewriting time is 5 seconds in the worst case.

Validation with Other Benchmarks. To place our analysis above in perspective,
we also executed our implementation of WardedRewrite on a set of 8 OMQs from the
literature that use warded ontologies. In particular, we considered the set of 8 sce-
narios, i.e., database-OMQ pairs, called structural scenarios, that have been used to
stress test the Datalog-based reasoning engine Vadalog [6]. The scenarios are named
as synthX, with X ∈ {A,B,C,D,E,F,G,H}, each having a database with 10k facts per
predicate, and an OMQ with a warded ontology with different characteristics, meant
to stress test different aspects of a Datalog-based reasoning engine; we are not aware
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Figure 10.5: Rewriting time over structural scenarios.

of other existing benchmarks collecting OMQs whose ontologies are warded.2 We exe-
cuted WardedRewrite over the OMQ of each structural scenario and the running times
are reported in Figure 10.5; the time is measured in milliseconds. As we can see, for
the structural scenarios, the Datalog rewriting can be constructed very efficiently, with
the worst case requiring about 250 ms.

Remark: We point out that warded is a relatively new TGD-based language, and
thus very few real-world OMQs which use warded ontologies exist, all of which are, to
the best of our knowledge, not publicly available. The latter is due to the fact that
they have been developed for internal use by private companies. This further suggests
that an open source alternative for reasoning over Warded ontologies, such as the one
proposed in this thesis, would further foster the use and publication of OMQs based on
warded ontologies.

10.4 Impact of the Rewriting on Reasoning

In this section we move to our second experimental question, i.e., how existing Datalog-
based reasoning engines behave when they evaluate the Datalog query produced by our
implementation of WardedRewrite.

Datalog-based Reasoning Engines. We start by briefly discussing the different
engines that we consider from the literature.

Vadalog. This is a reasoning engine that, given an OMQ (q,Σ) with Σ ∈ WARDED

and q of the form Q(x̄) ← R(x̄), and a database D, is able to compute the certain
2Other benchmarks mostly contain either OMQs with ontologies falling in much simpler fragments,

e.g., UCQ-rewritable ontologies, for which more specialized rewriting algorithms can be employed, or
OMQs falling in other fragments that are incomparable to WARDED, such as guarded TGDs.
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answers of O over D, i.e., the set ans(O, D) [17]. Hence, Vadalog supports warded
ontologies, but focuses solely on the task of fact entailment, i.e., computing all facts
R(t̄) ∈ chase(D,Σ).3 Moreover, although Vadalog focuses on warded ontologies, we
point out that it does not employ any Datalog rewriting technique as the one we have
developed in the thesis. Rather, to compute the set of all facts R(t̄) ∈ chase(D,Σ), for
a given database D, ontology Σ ∈ WARDED, and predicate R, it first constructs the
finite, isomorphically-closed portion, here denoted ichase(D,Σ), of the (possibly infinite)
instance chase(D,Σ), and then collects all facts R(t̄) ∈ ichase(D,Σ). It is shown in [16]
that Σ ∈ WARDED implies that for every fact α, α ∈ chase(D,Σ) iff α ∈ ichase(D,Σ).
The latter implies the correctness of the fact entailment procedure employed by Vadalog
for warded ontologies. Note that this technique does not support computing certain
answers over OMQs with warded ontologies having an arbitrary CQ. Obviously, since
Vadalog supports fact entailment over warded ontologies, it is implicitly able to evaluate
standard Datalog queries as well, since every ontology without existential variables (i.e.,
a Datalog program) is trivially warded.

VLog. The reasoning engine VLog, developed in [67], computes the certain answers
of a given OMQ O = (q,Σ) over a database D by exploiting Theorem 1. That is,
it first constructs the instance chase(D,Σ), it then computes all the answer tuples in
q(chase(D,Σ)). Clearly, since chase(D,Σ) can be infinite in general, the only inputs
VLog supports are OMQs (q,Σ) and databases D such that chase(D,Σ) is finite; the
latter implies that VLog also supports evaluating Datalog queries, since chase(D,Σ) is
always finite, when Σ contains only TGDs without existential variables, regardless of
the database D. The key technological aspect of VLog is the use of a column-based
internal representation of the atoms produced during the construction of the instance
chase(D,Σ). Such an encoding generally reduces the amount of memory used and
makes the construction of atoms in chase(D,Σ) that are obtained via simple copy or
permutation-based TGDs, such as R(x, y, z)→ S(y, z, z), very fast.

DLV. DLV is a Datalog-based reasoning engine that has its roots in the logic pro-
gramming field; an overview of the system can be found in [2]. In particular, DLV
supports computing the so-called cautious answers of a given logic program P over a
given database D. Although DLV does not natively support OMQs, we can exploit
a well-known translation from an OMQ O to a logic program P , such that for every
database D, ans(O, D) coincides with the cautious answers of P over the database
D. When given as input a logic program P obtained as the translation of an OMQ

3More specifically, Vadalog supports a slightly more general notion of fact entailment, where nulls
can also appear as part of the output tuples. However, this goes beyond the scope of our work.
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O = (q,Σ), and a database D, DLV will essentially construct a structure that coin-
cides with the instance chase(D,Σ), and thus employs the same approach as the one
of VLog. However, the optimization techniques it implements differ from the ones of
VLog. Clearly, DLV supports evaluating standard Datalog queries as well.

DLV-E. DLV-E is an extension of DLV that natively supports computing the cer-
tain answers of a given OMQ over a database D, and has been developed in [55]. The
ontology language that DLV-E supports is called shy. It is well-known that shy ontolo-
gies and warded ontologies are incomparable, i.e., there are shy ontologies that are not
warded, and vice versa (e.g., see [12]). Certain answers over OMQs with shy ontologies
can always be constructed by relying on a variation of the chase instance, called the
parsimonious chase with resumption; DLV-E employs this variant for certain answering.
However, it is implicit in [55] that when the input OMQ O = (q,Σ) and database D are
such that chase(D,Σ) is finite, the parsimonious chase with resumption is finite, and
can still be used to compute the certain answers ans(O, D). Hence, DLV-E implicitly
supports OMQs for which the chase instance is finite, and Datalog queries as well.

InteGraal. This is the recent reimplementation of the Datalog-based reasoning en-
gine Graal, e.g. see [10]. Although the main focus of InteGraal is on OMQs with
UCQ-rewritable ontologies, and thus performs certain answering using a UCQ rewrit-
ing algorithm in such cases, it also provides a chase-based reasoning module which
exploits once again the construction of the chase instance to compute the certain an-
swers, whenever the chase instance is finite. As a consequence, InteGraal also supports
evaluating Datalog queries. In our experimental analysis, we employ the chase-based
module of InteGraal.

Measuring Engine Efficiency. We remark that our goal is not a comparison of the
above engines, as this would go beyond the scope of our work. Rather, we want to
assess, for each reasoning engine we consider, whether the Datalog rewriting produced
by our implementation of WardedRewrite can be evaluated efficiently. Moreover, this
analysis should be performed by taking into account the capabilities and the limits of
the engine itself. Clearly, in order to perform such an analysis, when taking each engine
in isolation, measuring running times in absolute terms would not be very helpful. In
order to provide useful insights that take into account the capabilities and the limits of
each individual engine, we propose the following analysis.

For each engine E ∈ {Vadalog,VLog,DLV,DLV-E, InteGraal}, we consider each test
scenario S[i, j] = (D,O), with i, j ∈ {0, 20, 40, . . . , 400}, and then measure the running
times tcertain and trew required by E to compute (i) the certain answers of O over D,
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i.e., the set ans(O, D), and (ii) the set of answers DO(D) of the Datalog rewriting DO

constructed by our implementation of WardedRewrite with input O, respectively. Then,
we report the efficiency ratio of E w.r.t. S[i, j], i.e., the fraction

RE,S[i,j] =
trew
tcertain

.

As it is customary in evaluating reasoning over OMQs rewritings (e.g., see [19, 10]), we
do not include in trew the time required to construct the Datalog rewriting, as this is
a database-independent task that can be generally performed offline. The idea of the
efficiency ratio RE,S[i,j], for some engine E and scenario S[i, j], is to allow to understand
how efficient is E in evaluating our Datalog rewriting, using as reference the time
required by E to compute the same set of answers by directly evaluating the original
OMQ O over the database D, assuming S[i, j] = (D,O). An efficiency ratio smaller
than 1 implies that evaluating the Datalog rewriting is even faster than evaluating
the original OMQ, and thus it is "relatively" efficient for E to evaluate the Datalog
rewriting. On the other hand, an efficiency ratio larger than 1 indicates that, relative
to how E would deal with the original OMQ itself, evaluating the Datalog rewriting
is not that efficient. Finally, an efficiency ratio of exactly 1 means that evaluating the
Datalog rewriting is as efficient as evaluating the original OMQ. Hence, for each engine
E, the distribution of the efficiency ratios of E w.r.t. our pool of test scenarios will
allow us to understand how effective is for E the evaluation of the Datalog rewriting
produced by our implementation w.r.t. the evaluation of the original OMQ directly.
This is precisely the kind of analysis we are going to perform in the rest of this section;
but first we need to provide some clarifications.

A Common Ontology Language. All the Datalog-based reasoning engines we con-
sider in our work support the evaluation of standard Datalog queries. However, their
ability in computing the certain answers of a given OMQ O over a database D varies
considerably. This is due to different factors, but the most crucial one being that, as
discussed in chapter 1 and chapter 4, the problem CQAns[TGD] is undecidable, and thus
each engine can only support OMQs whose ontology falls in some decidable fragment.
Among all the engines we are going to consider, only Vadalog supports warded TGDs,
and as discussed above, its support is limited to fact entailment, i.e., OMQs (q,Σ) with
q of the form Q(x̄) ← R(x̄). All the other engines we consider either support other
ontology fragments that are incomparable to warded ontologies, and thus cannot, in
general, compute the certain answers of an OMQ O = (q,Σ) over a database D, when
Σ ∈ WARDED, or rely on the finiteness of the chase instance. Hence, in order to per-
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Figure 10.6: Efficiency ratio over test scenarios S[i, j], with i, j ∈ {0, 20, 40, . . . , 200}.

form our analysis using the efficiency ratio, we need to consider ontologies Σ falling in a
fragment that is the intersection of the ontology fragments supported by each engine we
consider. It turns out that all the test scenarios S[i, j] with i, j ∈ {0, 20, 40, . . . , 400},
that we generated with iWarded mention a OMQ (q,Σ) where Σ falls in a fragment
supported by all the Datalog-based reasoning engines we mentioned above. In partic-
ular, all such ontologies Σ are such that, for every database D, chase(D,Σ) is finite.
Since all engines we consider support this family of OMQs, it follows that every Datalog-
based reasoning engine we consider is able to take as input a scenario S[i, j] = (D,O),
with i, j ∈ {0, 20, 40, . . . , 400}, and effectively compute the set ans(O, D). Hence, we
can carry out our experimental analysis using the efficiency ratio, and the rest of this
section is devoted to do exactly this.

Answering Question 2. We are now ready to perform the experimental analysis
needed to answer our second experimental question. For each Datalog-based reasoning
engine E ∈ {Vadalog,VLog,DLV,DLV-E, InteGraal}, and each pair of integers i, j ∈
{0, 20, 40, . . . , 200}, we executed E with input the scenario S[i, j] = (D,O), i.e., we
asked E to compute the certain answers ans(O, D) of O over D, and collected the
time tcertain required by the engine. Then, we asked E to compute the answers DO(D)

of the Datalog rewriting DO of O we previously computed using WardedRewrite in
Section 10.3, over the database D, and collected the time trew required by the engine.
Finally, we computed the corresponding efficiency ratio RE,S[i,j] =

trew
tcertain

. Note that

we only considered the test scenarios with num_lrj and avg_recursion in the range
{0, 20, 40, . . . , 200}, since the scenarios with higher values are quite demanding, with
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most of the engines running out of memory. Finally, each time an engine was executed,
it was given a timeout of 5 minutes.

The efficiency ratiosRE,S[i,j], for eachE ∈ {Vadalog,VLog,DLV,DLV-E, InteGraal},
and each pair i, j ∈ {0, 20, 40, . . . , 200}, are reported in Figure 10.6, expressed as per-
centages. For example, a value of 50% corresponds to an efficiency ratio equal to 0.5,
meaning engine E evaluates the Datalog rewriting in half the time required by the
same engine to evaluate the original OMQ. Figure 10.6 also groups the efficiency ra-
tios by engine, where for each engine E, we report all the efficiency ratios RE,S[i,j],
for i, j ∈ {0, 20, 40, . . . , 200} in a violin plot. In each violin plot corresponding to an
engine E, the bottom and the top borders of the inner box denote the first and third
quartile, i.e., the efficiency ratio under which 25% and 75% of all the efficiency ratios
RE,S[i,j] with i, j ∈ {0, 20, 40, . . . , 200} occur, respectively. The line inside the box
denotes the median efficiency ratio. Moreover, the area surrounding the box denotes
the distribution (i.e., the kernel density estimation) of all the efficiency ratios RE,S[i,j],
with i, j ∈ {0, 20, 40, . . . , 200}: the wider a certain portion of the area, the more test
scenarios fall in that portion.

Regarding DLV, DLV-E, and InteGraal, we can see that most of the efficiency ratios
are below 100%, with DLV-E and InteGraal having most of them around 50%. This
indicates that the Datalog rewriting produced by our implementation of WardedRewrite

can be evaluated efficiently by these systems, and in most cases, the rewriting is even
desirable w.r.t. evaluating the original OMQ itself. The main reason for this trend is
that all these engines implement certain answering by means of an explicit construction
of the chase instance (or a variant of it). This means that when considering the original
OMQ O of a test scenario, the presence of existential variables in O forces the engine
to introduce a large number of nulls, while constructing the chase, and thus results in a
large chase instance. On the other hand, the Datalog rewriting avoids the construction
of all such intermediate atoms, reducing the size of the constructed chase instance
considerably. Surprisingly, although DLV-E supports OMQs natively, while DLV does
not, DLV-E benefits the most from the use of the rewriting against the original OMQ.
This might be due to the fact that DLV-E employs a more complex version of the chase,
i.e., the parsimonious chase, which is more affected by the introduction of nulls.

On the opposite side, VLog is not very efficient, in most cases, when evaluating the
Datalog rewriting w.r.t. evaluating the original OMQ directly, with almost 75% of the
scenarios having an efficiency ratio over 100%, with the worst efficiency ratio around
480%. The reason for this is that, differently from DLV, DLV-E, and InteGraal, VLog
is less affected by the size of the chase instance, when evaluating the original OMQ, due
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to the column-based representation employed, and thus it does not usually gain much
in computing the certain answers via the Datalog rewriting, which, on the other hand,
tends to contain more rules than the original ontology.

We conclude with the Vadalog engine, which appears to be in a middle ground
between the two extreme cases discussed before. Indeed, we have that for roughly 80%
of the test scenarios we considered, Vadalog efficiently evaluates the Datalog rewriting
w.r.t. evaluating the original OMQ, with most of the efficiency ratios below 50%. This
is somehow surprising, considering that Vadalog is specialized on fact entailment over
warded ontologies. On the other hand, for the remaining 20% of the test scenarios
we considered, the Datalog rewriting performs poorly, compared to the original OMQ,
with extremely high efficiency ratios up to 830%. This could be due to the fact that for
some of the scenarios, when Vadalog evaluates the original OMQ of the scenario, it is
able to stop much earlier in the construction of the chase instance, due to focusing only
on atoms of the isomorphim-closed part of the chase. On the other hand, our rewriting
algorithm WardedRewrite cannot take advantage of this property when constructing the
Datalog rewriting, as it has been designed to work with OMQs over warded ontologies
with arbitrary CQs. Nonetheless, we can conclude that the Datalog rewriting produced
by our implementation of WardedRewrite can be efficiently evaluated by the Vadalog
engine, in most cases.

Validation and Scalability Analysis. We conclude this section by employing once
again the structural scenarios from [6] in order to validate our analysis performed above.
Moreover, since such structural scenarios have been designed to stress test Datalog-
based reasoning engines, we also use these scenarios to understand how the efficiency in
evaluating the Datalog rewriting produced by WardedRewrite scales w.r.t. the size of the
database. We recall that for each X ∈ {A,B,C,D,E,F,G,H}, the scenario synthX =

(D,O) is such that D contains 10k facts of the form P (i, . . . , i), with i ∈ [10k], for each
each predicate P occurring in D. In order to assess the scalability of evaluating the
Datalog rewriting produced by WardedRewrite w.r.t. the size of the database, we extend
each scenario synthX into 5 scenarios, denoted synthX[10k], synthX[30k], synthX[50k],
synthX[70k], and synthX[90k], where synthX[s] = (Ds,O) is the scenario where the
database Ds contains s facts of the form P (i, . . . , i), with i ∈ [s], for each predicate P
occurring in D; clearly, the scenario synthX[10k] coincides with the scenario synthX.

For each Datalog-based reasoning engine E ∈ {Vadalog,VLog,DLV,DLV-E, InteGraal},
each X ∈ {A,B,C,D,E,F,G,H}, and for each s ∈ {10k, 30k, 50k, 70k, 90k}, assuming
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synthX[s] = (Ds,O), we let E compute the certain answers of O over Ds
4, as well as

compute the answers of the Datalog rewriting DO, produced by WardedRewrite, over
Ds. We collected the runtime of the above two tasks, and computed the corresponding
efficiency ratio RE,synthX[s]; in both cases, we set a timeout of 5 minutes. All the effi-
ciency ratios are reported in Table 10.1, where a value of "O.M.E." (resp., "R.M.E.",
"B.M.E.") in a cell corresponding to a certain scenario synthX[s] and a Datalog-based
reasoning engine E means that E ran out of memory when evaluating the original OMQ
(resp., the Datalog rewriting, or both).

We can observe that regarding DLV, DLV-E, and InteGraal, the results of Table 10.1
are coherent with our conclusions made on the test scenarios, for the same engines. In-
deed, when the execution does not run out of memory, almost all the efficiency ratios
are below 100%, while in case of running out of memory, this happens either for the
OMQ evaluation only, or for both the OMQ and the rewriting, but never for the rewrit-
ing alone. Interestingly, regarding the scalability of evaluating the Datalog rewriting,
we observe that for DLV, DLV-E, and InteGraal, the efficiency ratio improves as the
database size increases, and thus evaluating the Datalog rewriting is more and more
effective as the database becomes larger. This is further confirmation of the fact that
the main reason for such low efficiency ratios is the difference in size between the chase
instance constructed using the original ontology, which tends to contain much more
atoms as the database increases, and the one constructed using the TGDs of the Dat-
alog rewriting, which can only mention constants of the database.

Moving to VLog, we can see that for half of the scenarios, VLog evaluates the original
OMQ faster than evaluating the Datalog rewriting produced by our implementation of
WardedRewrite, which is in line with our analysis on the test scenarios. The increase in
the database size has a much milder effect on the efficiency of evaluating the Datalog
rewriting, confirming that VLog is less affected by the size of the chase instance being
built, and thus it is likely to not benefit from the use of our Datalog rewriting, even for
large databases.

Finally, Vadalog again exhibits a less regular behavior, where in the cases in which
the efficiency ratio is below 100%, this is usually quite low. On the other hand, for
efficiency ratios above 100%, we obtain quite varied results, with values even up to 200%.
Moreover, there are even a few cases where the evaluation of the Datalog rewriting runs
out of memory, while the one of the original OMQ did not. This is the only engine
where the latter happens, and further confirms that in some circumstances, Vadalog is

4We verified that for all structural scenarios, their ontology guarantees the finiteness of the chase
instance, regardless of the given database, and thus we can safely compute the certain answers.
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able to exploit the isomorphic-closed part of the chase instance to its advantage. In fact,
as the database size increases, we do not observe any consistent increase (or decrease)
of the efficiency ratio, as the efficiency of evaluating the original OMQ highly depends
on the internal structure (i.e., the isomorphic-closed part) of the chase instance being
constructed by Vadalog.
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Table 10.1: Efficiency ratio over the scenarios synthX[s], with X ∈
{A,B,C,D,E,F,G,H}, and s ∈ {10k, 30k, 50k, 70k, 90k}. A value of "O.M.E."
(resp., "R.M.E.", "B.M.E.") in a cell corresponding to a certain scenario synthX[s] and
a Datalog-based reasoning engine E means that E exceeded the system memory, when
evaluating the original OMQ (resp., the Datalog rewriting, or both).

Scenario Vadalog VLog DLV DLV-E InteGraal

synthA[10k] 14.29% 88.28% 30.59% 25.14% 47.87%
synthA[30k] 38.46% 119.08% 31.33% 19.88% 43.54%
synthA[50k] 38.10% 109.41% 35.47% 19.77% 40.32%
synthA[70k] 37.50% 85.02% 31.93% 19.57% 29.21%
synthA[90k] 45.16% 97.87% 28.83% 19.59% O.M.E.
synthB[10k] 5.88% 115.20% 86.35% 54.46% 76.53%
synthB[30k] 200% 142.17% 85.71% 53.82% 77.90%
synthB[50k] R.M.E. 135.24% 84.32% 54.52% 70.75%
synthB[70k] B.M.E. 123.77% 83.22% 53.75% O.M.E.
synthB[90k] B.M.E. 134.21% 83.40% 53.69% B.M.E.
synthC[10k] 5.56% 92.11% 46.44% 34.05% 54.51%
synthC[30k] 41.03% 113.30% 45.47% 32.33% 48.85%
synthC[50k] 52.46% 83.03% 44.18% 32.55% 45.37%
synthC[70k] 57.14% 86.21% 42.74% 32.18% O.M.E.
synthC[90k] O.M.E. 84.44% 43.44% 32.15% B.M.E.
synthD[10k] 175% 94.42% 78.32% 62.63% 86.90%
synthD[30k] 133.33% 120.31% 77.90% 59.81% 82.57%
synthD[50k] 136.84% 112.38% 75.99% 60.50% 78.41%
synthD[70k] 140% 89.33% 75.18% 61.28% 68.93%
synthD[90k] 106.67% 104.59% 75.95% 61.87% 62.91%
synthE[10k] 20% 91.46% 23.87% 17.60% 36.44%
synthE[30k] 11.76% 118.32% 21.32% 15.03% 23.60%
synthE[50k] 4.17% 95.51% 19.99% 15.11% 21.55%
synthE[70k] 15.15% 85.60% 18.45% 14.67% O.M.E.
synthE[90k] 13.33% 83.08% 18.57% 14.74% O.M.E.
synthF[10k] 14% 90.46% 35.82% 27.41% 42.25%
synthF[30k] 8.70% 120.28% 32.99% 24.01% 29.91%
synthF[50k] 10.53% 99.05% 31.53% 23.71% 28.13%
synthF[70k] 2.04% 85.60% 29.78% 23.60% 27.21%
synthF[90k] 1.56% 84.61% 30.45% 23.26% 27%
synthG[10k] 100% 101.46% 73.28% 41.86% 67.49%
synthG[30k] 152.63% 129.27% 81.90% 38.35% 62.80%
synthG[50k] 151.61% 107.88% 69.41% 39.74% 59.80%
synthG[70k] 153.49% 100.91% 67.81% 38.09% O.M.E.
synthG[90k] 129.63% 99.51% 65.20% 38.71% O.M.E.
synthH[10k] 110.53% 117.36% 109.66% 62.02% 88.24%
synthH[30k] 142.86% 149.70% 107.13% 62.11% 78.58%
synthH[50k] 159.26% 129% 106.46% 61.83% 80.68%
synthH[70k] R.M.E. 126.69% 105.63% 62.07% O.M.E.
synthH[90k] 1.22% 130.71% 106.90% 61.74% B.M.E.
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Conclusions

In this chapter we highlight the most significant findings of the study, its applicability,
its limitations, and the future lines of research.

Main Findings. Regarding our findings, our work is the first to provide a Datalog-
rewriting algorithm, dubbed WardedRewrite, for ontology-mediated queries over warded
ontologies which is amenable to practical implementations. We have shown that the
algorithm is able, given an ontology-mediated query O over a warded ontology, to
construct a Datalog rewriting DO of O, i.e., DO is such that, for every database D, the
certain answers of O over D coincide with the answers of DO over D. Moreover, we
provided a concrete implementation of the algorithm, and an experimental evaluation,
geared towards answering key questions related to the applicability of the algorithm in
practice. Our analysis revealed that our implementation is quite efficient in producing
Datalog rewritings which, in turn, can be effectively exploited for query answering
purposes by means of off-the-shelf Datalog-based engines. Our experimental analysis
has revealed that the technique of Datalog rewritability is an effective approach for
query answering in the context of warded ontologies, as we have shown that both the
construction of the Datalog rewriting, as well its evaluation via existing Datalog-based
engines are quite promising, performance-wise.

Applicability. Regarding the applicability of our approach in practice, our implemen-
tation of the Datalog rewriting algorithm WardedRewrite, proposed in this thesis, has
shown to perform reasonably well in the stress test scenarios which better resemble
real-world settings. Moreover, most of the existing engines are able, within the limits
of their capabilities, to efficiently compute certain answers via the Datalog rewriting.
Thus, we believe that ontology-mediated query answering with warded ontologies can
indeed be enabled by exploiting off-the-shelf tools, which, in our opinion, represents a
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promising alternative to ad-hoc and specialized implementations, which might not have
the same level of maturity of implementations of more standard reasoning techniques.

Limitations. Regarding limitations of our implementation, we found that the relevant
bottlenecks are related to the recursion depth of the TGDs of the input ontology. Thus,
we believe further improvements of the implementation should be towards mitigating
the dependency on this parameter.

Future Work. Regarding possible venues for future work, we would like to verify
whether the use of parallelism can improve the efficiency of our implementation of
WardedRewrite. This would exploit the fact that all intermediate queries produced by
the algorithm can be processed independently from each other, thanks to the optimal
decomposition employed by the algorithm. This should also help improve performance
for extremely demanding settings, with deep recursive chains of TGDs. Some prelimi-
nary results on this parallelization effort were published in [68].

Another interesting direction for future work is the incremental maintenance of the
produced Datalog rewriting, in settings where OMQs change frequently, e.g., during the
initial definition of the ontology. This would allow ontology designers to iteratively test
the validity of the ontology by being able to perform reasoning without major delays
due to constructing the rewriting from scratch, each time.
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