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Abstract

In this thesis, two novel quantum algorithms are developed and presented, both
of which focus on practical feasibility for near-term quantum hardware and the
physics of many-body systems. The first project exploits the Hubbard-Stratonovich
transformation to obtain an estimate for many-body quantum observables, propos-
ing a method that could lead to a simplification of quantum circuits by reducing
the need for multi-qubit gates. This approach is particularly suited to devices
with limited qubit coherence times and gate fidelity, though its applicability is
mainly limited to observables that can be mapped onto quadratic forms. The sec-
ond project implements a Givens rotation-based decomposition for the Quantum
METTS (Minimally Entangled Typical Thermal States) algorithm, trying to ex-
tend its applicability beyond finite-range Hamiltonians. This method is applied to
a small test system of 4 supernovae neutrinos and demonstrates potential for effi-
cient thermal state sampling in systems with high entanglement growth. Although
neither method outperforms existing techniques, both contribute new perspectives
and emphasize the importance of mathematical decomposition in optimizing quan-
tum algorithms for near-term devices.
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Introduction

During recent years, great interest in the field of quantum computing has developed
across both academic and industrial areas, motivated by the growing recognition
that quantum mechanical systems could be at the base of new paradigms of com-
putation. While classical computers rely on deterministic operations over binary
variables, known as bits, quantum computers manipulate information that is en-
coded in quantum bits (qubits), these being two-level quantum systems governed
by the laws of quantum mechanics. The quantum nature of qubits enables access
to phenomena such as superposition, entanglement, and interference, which gives
quantum computers the potential to outperform classical machines for a broad
class of computational problems.

The advantages that quantum computing offers are far-reaching and can be of help
in many different disciplines. Some of the main applications are the following:

e Quantum simulation, in particular of many-body quantum systems, chem-
ical compounds and complex materials;

e Cryptanalysis, the most relevant result consisting of Shor’s algorithm [1],
a theoretically efficient way of factoring large integer numbers, which, if it
could be efficiently implemented, would threaten the security of the best
cryptography schemes used nowadays;

e Optimization problems, typically mapped on analog quantum computers
and tackled by quantum heuristic algorithms;

¢ Quantum machine learning, which promises to help with the acceleration
of high-dimensional data analysis.

Despite quantum computing today still being at a developmental stage, there is
strong evidence that it could contribute to speeding up the best classical algo-
rithms even exponentially, especially when dealing with problems characterized by
state spaces having an exponentially large dimension or involving explicit quantum
dynamics.

It was Richard Feynman (1982) [2] and David Deutsch (1985) |3] that for the first
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time proposed the idea that quantum systems could be more efficiently simulated
by another quantum system, rather than a classical computer, so to exploit the fact
that both systems obeyed the same rules of quantum mechanics. This key insight
gave rise to the field of quantum information theory, which soon introduced quan-
tum bits as the fundamental unit of quantum information [4]. The next decade
saw the development of the most famous and outstanding results in quantum com-
puting: in 1994 Shor’s algorithm [1] for the factorization of prime numbers was
developed, which demonstrated an exponential speedup over classical algorithms,
while in 1996 Grover published his search algorithm [5], achieving a quadratic im-
provement for unstructured search problems over classical alternatives.

To these results followed the formulation of the quantum circuit model, as well
as the introduction of quantum error correction codes and the theoretical proof of
fault tolerance with the assumption of realistic noise models [6{-§]. All these results
together contribute to giving strong evidence that large-scale quantum computa-
tion is indeed physically realizable, at least in principle. More recently, a great
variety of quantum computing architectures and platforms were explored, among
which superconducting qubits 9], trapped ions [10], photonic systems [11], and
neutral atoms |12], each demonstrating different (yet always increasing) levels of
control over qubit coherence and gate fidelity.

Despite these incredibly noticeable results, there is still much to improve in nowa-
days quantum computing and milestones to achieve: just to mention some ex-
amples, qubit coherence times must be improved and gate error rates reduced,
in order to guarantee for meaningful and reliable computations; quantum hard-
ware have to reach bigger scales and a more complete connection topology, so
that enough resources become available; also, fault-tolerant quantum computation
should be achieved. Furthermore, lots of efforts must be put into finding new
classes of problems that can be efficiently mapped and solved by quantum means.
With this thesis, I offer my own contribution to this ongoing scientific effort, as [
investigate two distinct yet related approaches to quantum algorithm development.
Both these projects have a focus on the context of many-body system physics, and
specifically address the problem keeping in mind practical feasibility on near-term
quantum hardware.

The first project is based on the exploitation of the Hubbard-Stratonovich transfor-
mation |13} 14] as a way of estimating many-body quantum observables. Hubbard-
Stratonovich transformation is an exact mathematical identity usually employed
in many-body statistical physics to separate the contributions of different inter-
acting terms appearing in the system Hamiltonian [15]. Here, it is exploited in a
similar fashion, but with the novel intent of re-expressing the expectation value
of certain observables as an average over auxiliary fields and possibly few-qubit
gates only, removing the need for the execution of costly multi-qubit operators.



This approach is not fully universal, but can be applied to all those observables
that can be mapped onto quadratic forms, and proposes as a method to reduce
the complexity of the circuit required for the computation. These properties make
the method particularly suitable to those devices characterized by more limited
qubit coherence times and gate fidelity. Despite the applicability limitations of
the developed algorithm and the fact that it may not offer particular advantages
in performance when compared to other standard methods, it still constitutes a
distinct route to the measurement strategy and can claim a rather simple quantum
implementation, making it a useful tool for exploring alternative formulations of
quantum estimation techniques.

The second project consists of a specific implementation of the Quantum METTS
(Minimally Entangled Typical Thermal States) algorithm [16], which is a method
allowing for the efficient sampling of thermal expectation values through the con-
struction of a statistically representative ensemble made of low-entanglement pure
states. The main idea is that of decomposing the unitaries involved in the QMETTS
procedure on a basis of Givens rotations, which are a class of two-level unitary
transformations known to be universal for decomposing number-conserving uni-
taries |[17]. The motivation behind the development of this approach is that of
extending the applicability of QMETTS beyond the class of finite-range k-local
Hamiltonians: we tested the method following an heuristic perspective, applying
it to a small system of interacting neutrinos in the plane wave approximation,
described by the usual all-to-all Hamiltonian (see Eq. and [18]) and charac-
terized by an high entanglement growth, properties which makes them challeng-
ing for traditional analyses. The Givens rotations formulation relies on the neu-
trino Hamiltonian symmetries to circumvent the scalability issues associated with
densely interacting Hamiltonians, and its formulation associated to the employ-
ment of the SWAP network provides an adaptable way to implement the algorithm
on hardware having arbitrary qubit connectivity. The small size of the test system
was mainly chosen to simplify the computation, since it only serves as a minimal
benchmark for the method’s feasibility, with no intent of discovering new physical
insights or testing model limits. I stress that we do not seek to give a deep analysis
of the algorithm performance, rather we try to show that Givens-rotation-based
decompositions can have a useful impact for thermal state sampling in systems
beyond locally interacting models.

Together, these two projects contribute novel perspectives on the design and imple-
mentation of quantum algorithms for observable estimation and system simulation.
While neither method claims superiority over existing approaches, both expand the
repertoire of available techniques and highlight the importance of mathematical
structure and decomposition strategies in optimizing quantum computation for
near-term devices.
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Chapter 1

Quantum computing basics

1.1 Quantum computing introduction

Quantum computing proposes itself as an extension to classical computation, be-
ing formulated for the exploitation of phenomena which are intrinsic of quantum
mechanics, like superposition and entanglement, so to enable the processing of in-
formation beyond what can be achieved with traditional bits. Classical computers,
in fact, manipulate binary states which are deterministic, while quantum comput-
ers operate on qubits: these are two-level quantum systems whose states can be
used to represent multiple classical states simultaneously, potentially offering ex-
ponential speedups for certain specific problems.

Today, applications of quantum computing are very broad and various, including
quantum simulation of complex physical systems, optimization, cryptography, and
machine learning. The main challenges of this computation paradigm include the
development of efficient algorithms, managing noise influence and errors in hard-
ware implementations, as well as designing efficient measurement protocols for the
extraction of useful information.

This chapter outlines the fundamental principles of quantum computation, con-
trasts them with classical approaches, and discusses core topics relevant to this
thesis, including quantum algorithms, circuit models, and observable estimation
techniques.

1.1.1 Comparison with classical computing

To give a basic understanding of the new aspects introduced by quantum com-
puting and appreciate its potential, it is essential to first compare it with the
well-established paradigm of classical computation.

The fundamental working principle of the latter consists of the manipulation of
binary variables called bits, the basic units of information in all conventional com-
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puting devices, each of which can be in one of two possible states, either 0 or 1,
implying that the single-bit state belongs to the space Zs = {0,1}. A string of N
classical bits can represent one out of 2" possible configurations at any time, the
ensemble of these possible realizations constituting the set of possible states for
the collection of N bits. Computations are then performed by applying sequences
of logical operations, some of the most frequent being the AND, OR, and NOT
operations, on these bitstrings, where each operation is mathematically described
by a Boolean function f taking a bitstring of a certain length i as an input and
transforming it to a new bitstring, possibly having a different length j

f:{0,1}" — {0,1}. (1.1)

These operations are called logical gates, and are usually implemented by decom-
posing them on a set of elementary and possibly universal logic gates, which are

represented by different graphic symbols connected by lines representing input and
output bits (an example in Fig. .

Inl —
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Figure 1.1: Examples of typical elementary classical logic gates: On the left, an AND
gate is represented, characterized by two input bits and a single output: it acts by setting
the output bit state to 1 whenever both input bits states are 1, otherwise it sets the
output bit state to 0. On the right, there is a NOT gate, having only one input and one
output bits: it acts by setting the output bit state to the opposite value than the input
one.

Complex classical algorithms are consequently realized as compositions of such
gates, forming digital circuits: these are represented by a collection of the symbols
corresponding to the involved logic gates, connected by lines representing input
and output bits (an example is given in Fig. .

Inl —
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Figure 1.2: Example of the representation of a generic random classical logic circuit,
realized as a composition of the elementary AND, OR and NOT gates, having four
input bits and one output bit.
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Quantum computation instead employs qubits, i.e. two-level quantum systems that
can individually exist in a coherent linear superposition of the two states |0) and
1) (see Section [L.2.1). The state of a single qubit is represented by a unit vector
in a two-dimensional complex Hilbert space (see Fig. for a graphical represen-
tation), and the state space of a set of N qubits resides in a 2"-dimensional space.
It is evident that the number of classical resources needed for a full description
of the state of a group of qubits scales exponentially with the number of qubits
included in the group: this exponential scaling is exactly the main difference be-
tween quantum and classical computing, and what enables, in principle, quantum
computers to represent and process information in ways that are fundamentally
inaccessible to classical devices.

Quantum gates are the generalization to the quantum realm of classical gates,
corresponding to operations which map an initial state to a final one: as such,
they correspond to unitary transformations and are realized by letting the qubits
evolve under controlled interactions (see Section . Importantly, quantum op-
erations must preserve coherence and allow for the development of many purely
quantum phenomena like interference and entanglement, which can be regarded
as resources enabling quantum algorithms to outperform their classical counter-
parts for specific computational tasks. In general, in fact, quantum computers do
not accelerate all problems indiscriminately, rather they offer computational ad-
vantages when addressing specific classes of problems, particularly those involving
linear algebra, quantum simulation, and high-dimensional optimization.

1.1.2 Quantum computers advantages for simulating com-
plex many-body quantum systems

Classical computers face an exceptional challenge in simulating the dynamics of
complex quantum systems, since the needed computational resources, both in time
and memory, for addressing such problems scale exponentially with the number of
particles in the system and soon become unmanageable. This exponential scaling
issue becomes more and more critic the more entangled are the states of the system
under analysis [19].

This consideration lies at the ground of the motivations behind quantum comput-
ing, which is exactly suited to deal with this exponential scaling by relying on
intrinsic quantum resources. Neutrino flavor evolution in dense astrophysical envi-
ronments like supernovae and neutron star mergers is a typical example of such a
highly entangled quantum many-body system: these systems are characterized by
nonlinear interactions, which contribute to a fast and wide entanglement growth
and to the build-up of intricate quantum correlations, making their simulation

7
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extremely challenging for classical computers.

Similarly, thermal quantum systems require the realization and handling of mixed
quantum states, a task that becomes quickly intractable on classical machines as
system size starts to increase.

On the contrary, quantum computers propose themselves as a natural platform to
address these challenges 2], 20], since they encode information directly into quan-
tum states, which are naturally subject to the same behavior of the systems to
be simulated: in principle, one could map the state of each particle to that of a
suitable group of qubits, so that the needed quantum resources would scale just
linearly with the number of particles to be simulated. For example, an N %—spin
particle system can be represented with exactly N qubits, whereas a classical com-
puter must handle 2V bits to represent the corresponding full state space.
Furthermore, the realization of specific operations can be intrinsically easier on
quantum computers. Let’s go back to the context of neutrino flavor evolution:
this system is characterized by a Hamiltonian involving many contributions (see
Eq. (3.19)), among which the most commonly considered ones are vacuum mixing,
matter effects, and neutrino self-interactions, and it gives rise to complex quantum
phenomena like neutrino flavor oscillations. On quantum hardware, the time evo-
lution of this system can be performed by decomposing it in an efficient sequence
of quantum gates acting on the mapped qubit states (see Section , relying
on multi-qubit operations to directly generate entanglement and complex correla-
tion in the system. Another relevant example concerns once again thermal system
evolution: quantum algorithms can rely on methods like the Quantum Imaginary-
Time Evolution (QITE) (see Section[3.3), which allows for an efficient preparation
of the needed mixed states, while classical approaches face an exponential over-
head when dealing with the sampling of thermal distributions or the computation
of partition functions.

It is important to notice that, to the best of my knowledge, today there is yet no ev-
idence of a classical algorithm that can tackle the simulation of generic many-body
quantum physical systems characterized by states showing high levels of entangle-
ment. This is for sure one of the principal fields where quantum supremacy is
expected to emerge and where quantum computers have the highest probability to
prove their exponentially better performances with respect to classical machines.

1.1.3 Challenges in QC: noise and decoherence

We just saw some of the main motivations that support the theoretical quantum
computing exponential advantage over classical computation, but we didn’t focus
much on their limitations yet, which is indeed a particularly relevant and deli-
cate topic. The principal sources of potential limitations to quantum computing
capabilities are noise, decoherence, limited qubit connectivity, and imperfect gate

8
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realization: all of these phenomena contribute to limit the scalability gain of quan-
tum algorithms and reduce the results fidelity.

The main source of problems to quantum computation is the noise due to coupling
with the environment. Due to their nature, a complete isolation of quantum sys-
tems from external interactions is practically impossible to achieve, so that these
influences will modify in a more or less random and for sure uncontrollable way
the operations performed on the qubits, leading to an unavoidable decoherence of
their state. This means that the different components of the quantum superpo-
sitions acquire spurious phases, disrupting the same intended superposition [21].
Generating correct entanglement and superposition is crucial to a good quantum
algorithm, so that a limitation to their realization puts strong constraints to the
maximum level of accuracy that can be achieved.

Different architectures may show different levels of coupling with the environment,
but usually the role of noise is always non-negligible, and typically the most noise-
resistant technologies have different drawbacks, like for example much longer times
needed for the gate realization. There is no universally acknowledged best archi-
tecture for qubits; rather, choosing the best one is usually part of the problem,
and algorithms tipically have to be specifically optimized for each choice: some
possible alternatives include superconducting circuits, trapped ions, photons and
neutral atoms.

Another sore topic affecting ideal computation is the imperfection of the gate real-
ization: rather than performing the ideal desired quantum operation, real hardware
will be affected by fluctuations in electronics and loss of control over the generated
pulses, which spoils the correct implementation of a quantum circuit. The longer
the circuit, the more these imperfections will add up and become relevant, with
the consequence that algorithms relying on many iterations or longer circuits will
be more affected by this kind of error source.

Especially relevant to this discussion is also the topic of qubit connectivity in
quantum hardware: oftentimes, the machine infrastructure only allows for gate
operations between neighboring qubits on specific graphs, rather than allowing
complete freedom in the choice of qubits onto which performing a given operation.
The full connectivity is usually effectively restored by moving around qubit states
through the application of SWAP instruction sequences |22, which theoretically
allow for arbitrary long-range entanglement generation at the price of substantially
increasing the number of operations required, i.e. the total circuit depth.

This is fundamental to the practical feasibility of many quantum simulations, since
lots of the most interesting physical systems are characterized by extremely non-
local interactions (collective neutrino flavor oscillations are a typical example).
Hardware architectures with richer connectivity graphs, or techniques to compile
circuits that minimize qubit movement, are thus vital for scalable and accurate
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simulations.

An ideal cure to many of these problems would consist of quantum error correc-
tion [23-25], which expands from its classical formulation and promises to equip
quantum computing with extreme resilience to errors. Nowadays though, it is not
a reliable approach, since it usually requires far more quantum resources than the
ones typically available.

The alternative, already vastly employed and consisting of a great number of dif-
ferent techniques, is what’s known under the name of noise mitigation: this is an
always increasing collection of procedures which can be safely realized on NISQ
(Noisy Intermediate-Scale Quantum) devices available today that employ a limited
amount of quantum resources to obtain relevant advantages in the limitation of the
effect of noise on quantum algorithms. As an example, Dynamical decoupling |26,
27| is one of the most common methodologies, consisting of the application of care-
fully timed control pulses on idle qubits, to suppress certain types of decoherence.
Overall, despite the current generation of available quantum hardware not being
yet sufficient for large-scale and high-fidelity quantum simulations, noise mitiga-
tion, improvements in connectivity, and control fidelity are rapidly improving the
range of problems that can be tackled effectively. Each of these efforts contributes
to extending the reach of quantum simulation, bringing within grasp a class of
problems that remain fundamentally intractable for classical computation.

1.2 QC building blocks

There exist several paradigms for quantum computation, including analog quan-
tum computing 28], where the system evolves under a Hamiltonian controlled via
continuous parameters, and digital, or gate-based, or also circuit-based quantum
computing [29], which is based on the sequential application of discrete unitary
operations. Other less common models are also possible, like the measurement-
based [30] or adiabatic quantum computing [31]. In this thesis though, the focus
will exclusively be on the digital, gate-based paradigm, which has been proven
to be universal [3] and constitutes the most commonly considered framework for
developing general-purpose quantum algorithms.

As already introduced, quantum computing is based on the manipulation of infor-
mation that is stored at the quantum level, mapped to the state of controllable
systems. These states are modified by the action of quantum operations, which
rely on the laws of quantum mechanics to exploit non-classical resources like en-
tanglement and superposition of states, aiming to reach better computational per-
formances and to overcome classical computer limits.

The typical steps in a quantum computation are essentially three:

e the initialization of the system in a well-determined quantum state;

10



1.2. QC BUILDING BLOCKS

e the transformation of the initial state through the application of a cer-
tain set of quantum operators called gates, analogous to the logical gates in
classical computing;

e the measurement of some observables on the final state, allowing for the
recovery of the processed information stored in the quantum system.

In this section, I'll introduce the main aspects of these three fundamental proce-
dures.

1.2.1 Qubits and quantum states

Quantum computation fundamental characteristic is that of manipulating the
states of a quantum system, which encode the relevant information. In the fol-
lowing, I introduce the mathematical framework suitable for the description of
the state of a set of qubits, I discuss the state representation both in state-vector
and density-matrix formalisms, and distinguish pure from mixed states. I'll also
comment on the Bloch sphere picture.

Single-qubit pure states

First of all, I recall that the typical fundamental building block of a universal
quantum computer is the qubit, a two-level quantum system whose state can be
identified as a ray in a two-dimensional Hilbert space H = C?, where a ray is a unit
vector having an arbitrary global phase. This means that any two unit elements
of C? differing only by a global phase factor describe the same qubit state.

The typical notation used to represent a state is called Dirac notation [32] and
employs the ket symbol |-), so that a general state of a qubit can generically be
written down as [)).

To further characterize qubit states, they are usually represented in the so-called
computational basis, consisting of the eigenstates of the Pauli Z operator, better
introduced in the next Section [[.2.2]

(- () -0

The states of this basis are called |0) and |1) and are defined by the following
relations

Z10)y=10)  Z|1)=-1) (1.3)
On this basis, the general qubit state can be expressed as the following
a 2 2
w=alo o= (5) leveClafrpf-n

11
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where a and b are probability complex amplitudes, their modulus squared repre-
senting the probability of finding the qubit in states |0) and |1) after performing
a measurement in the computational basis (for the measurement procedure see
Section [1.2.3)). Written in this form, the state of a qubit is evidently different with
respect to that of a classical bit: the first in fact can in principle be any possible
(normalized) complex linear superposition of the two computational basis states,
while the latter is only either one or the other, at any time. This superposition is
an intrinsic quantum property, which is exploited to gain advantages with respect
to classical computations.

Thanks to the global phase invariance of [¢), parameter a in Eq. can always
be taken to be real and positive: in this case usually the following parametrization
of 1), involving two real angles 6 and ¢, is used to express the state

) = cos(g) |0) + €' sin (g) |0 €0,7), ¢ € [0,2n), (1.5)

where 7 is the imaginary unit.

Eq. suggests that a qubit state can also be represented as the oriented radius
of a unit tridimensional sphere: such a sphere is called Bloch sphere, where 6 and
¢ represent the polar and azimuthal angles on it, respectively.

This parallelism between unit vectors in R?® and qubit states is possible because
there is a one-to-one mapping between the two, which is evident by looking at the
general form for a unit 3D real vector 7" in cartesian coordinates

7=A{ry, ry, 12}

= {sin(0) cos(¢), sin(f) sin(¢), cos(#)} | 6 € [0,7), ¢ € [0,27). (1.6)

This relation between R3 unit vectors and single-qubit states [¢)) is even more
striking when looking at the density matriz p, associated to the state |¢), which
can be defined as the outer product of |¢) with itself: this quantity is then an
operator, which can be written in the following way

1 /. . . .
po=10) (Wl = 5 (T+nX + 1, +7.2), (L7)

where I introduced the identity operator [ and the Pauli X and Y/ operators, which
will be better described in the next Section and that on the computational
basis have the following representation

SO () () w

In Eq. (1.7) I also used the symbol (:|, called bra in Dirac notation: this symbol
associates any element [¢) of the qubit Hilbert space H to a functional, belonging

12
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Figure 1.3: Bloch vector visualization of a general single-qubit state |1))

to the dual space H*, such that when it acts on a ket, it gives the internal product
with that element. To be more clear, the following relation defines the bra of any
element belonging to the Hilbert space ‘H

(0] : [9) = (oY) Vo), [¥) e H, (1.9)

with (¢[¢) being the internal product between the two elements [¢) and |¢).
From Egs. , and one can easily check that r,, r, and r, in Eq.
correspond to the expectation values of the respective Pauli operators on the quan-
tum state [¢)) (see Section[1.2.3)). Harvesting from this parallelism, one can deduce
that any general unitary operator transforming the state of a single qubit can al-
ways be seen as a rotation on the Bloch sphere surface, which can always be
decomposed as a combination of rotations around the three orthogonal directions,
each generated by the appropriate Pauli operator (see Section .

Single-qubit mixed states

The states considered until now are known as pure states, but they are not the
only kind of states possible for a quantum system: some processes characterized
by an intrinsic random nature, may in fact evolve a system to a configuration
corresponding to a statistical mixture of pure states, rather then to a single, fixed,
well-determined, pure state. This situation can be interpreted as if the considered
process projects the system in a state that has the probability p; of being |¢;): this
kind of state is called mized state, since it is a statistical mixture of pure states,

13
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and can be described by a density matrix p written in the following form

P=D pibi =D pil) (Wl [ peR 1>p;>0V4, > pj=1. (1.10)
j J j
The density matrices of pure and mixed states are not identical: both have unit
trace, are positive semidefinite and Hermitian, but while a pure density matrix p,
can always be written as the outer product of a single pure state |¢;) with itself
and is such that ﬁ? = p, the same is not true for a mixed density matrix p, which
instead satisfies 0 < Tr[p?] < 1.
In general, the computational basis in Eq. can always be used to decompose
any single-qubit density matrix, which takes the following form

1
Z pij |1) | pij €C, p=p", p=0, T[] =1 (1.11)

The Bloch sphere representation is also still valid for mixed states, with the slight
difference that they correspond to vectors starting from the sphere center and
having norm smaller than 1

1 A —
=3 (]I+F-&> 1Al < 1, (1.12)

where T introduced the Pauli vector &

5= (XYZ) . (1.13)

Many-qubit states

The generalization to the description of a system of many qubits, let’s say N, is
quite standard. First of all, let’s introduce the notion of separable states |1s)
these are pure states of the full system such that each n-th single particle is in
a well-defined pure state |¢,,). The full separable state can then be built as the
Kronecker product of the single-particle ones and belongs to the Hilbert space
obtained by taking the tensor product of all the single-particle Hilbert spaces

()™ 5 )y ® [} - (1.14)

The elements of the computational basis for a system of N qubits are separable
states such that each qubit is in a computational basis state, |0) or |1): the sequence
of single-qubit states constituting the system can then be represented by a bitstring

14
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of zeros and ones, which can also be interpreted as a binary number and thus
converted to the corresponding decimal integer, which is comprised between 0 and
2V — 1. Here I present a simple example

5), =10101) = [0) ® |[1) ® |[0) ® |1). (1.15)

The full set of computational basis states for a system of N qubits can then be
written in the following way

{In)y | nef0,....27 —1}}. (1.16)
A general pure state of a system of N qubits is then a ray in the space ((C2)®N
built by the tensor product of the Hilbert spaces C? of the single-qubit states and
as such can always be represented as a complex linear combination of states from
the computational basis state

2N71 2N71
Wy =D alndy I €T Y feal’ =1 (1.17)
n=0 n=0

If the state |¢)y cannot be written in the form of Eq. (1.14)), than it is called
entangled state: this kind of states are characterized by some intrinsically non-
classical correlations between qubits, which are an important resource exploited
in quantum computation to try to overcome classical limitations.

The generalization of mixed states to the case of N qubits is still obtained through
to the introduction of density matrices py, which can still be decomposed in the
many-qubit computational basis of Eq. (1.16), but also as a linear combination of
tensor products of all the possible Pauli strings:

2N 1
pn =Y pijli) (il | pij €C, py =Py, pv >0, Trfpy] =1, (1.18)
i.j=0
1 2N _1 N
LT Al - T { ,X,Y,Z}, (1.19)
=0 j=1

where ¢; = Tr [[)N}A’Z-(N)].

1.2.2 Operations

Having established the mathematical framework used for the description of quan-
tum states, let’s now turn to the study of quantum operations, also referred to
as quantum gates. The closed-system (unitary) model of quantum computation
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describes these objects as transformations changing a quantum state of a system
to a new, usually different, quantum state of the same system. Consequently, they
correspond to unitary transformations, which in finite dimensions can always be
represented by matrices acting on the Hilbert space of one or more qubits. These
operations must preserve the inner product structure of the state space and are
therefore constrained to be linear and norm-preserving.

Quantum gates can be distinguished depending on the number of qubits onto which
they act: later we will see how usually gates acting on single and two qubits are
considered to be enough for allowing the implementation of a generic operation,
so now I'll move to present the most important gates of these types.

Single-qubit gates

Single-qubit gates are represented by elements of the unitary group #(2) and there-
fore act on a two-dimensional Hilbert space H = C2, U(2) grouping all possible
2x2 unitary matrices.

In the following I'll refer to gates both as operators and matrices, having in mind
the fact that I'm considering quantum operations acting on a well-defined number
of qubits, which means that their representation in matrix form is also well defined
and only depends on the choice of the basis.

Whenever the specific information about the global phase of the state after the
action of the operation is not relevant, meaningful single-qubit gates reduce to the
elements of the special unitary group SU(2), which is the group of all 2x2 unitary
matrices having determinant equal to 1.

Thanks to this parallelism with group theory, it is possible to deduce that all
single-qubit operations can be fully characterized by analyzing a small set of fun-
damental gates, which can be taken to consist of the already rapidly introduced
Pauli operators (see Section and Eq. (L.8)), all of which are Hermitian and
therefore associated with physical observables.

The identity and Pauli gates. Pauli gates are three operators usually called
X = O, Y = o, and 7= 0., which certainly are among the most important and
common single-qubit gates. They possess lots of useful properties, among which I
list the following ones: they are

o Traceless: Trio;|=0 Vje{z,y, z};

e Hermitian: AJT- =0; Vje{ry 2}

e Involutory: A]2- =1 Vje{z,y, 2}
- : 5t =1 '

e Unitary: 0,05 = I Vje{zy =z}
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In the definitions above I made use of yet another extremely important operator,
the identity operator I: this operator is defined regardless of the dimension of the
Hilbert space H onto which it acts and corresponds to the trivial transformation,
the one which does not change the state onto which it is applied

) =) V) e, (1.20)

Sometimes, when explicitly identifying the identity operator as acting on a Hilbert
space of a given dimension d, the following notation is used: I — I,

The identity and Pauli operators together constitute a basis for the decomposition
of any 2x2 complex matrix M € C*2 even those which are not Hermitian or
unitary

M =mi+m,X +m,Y +m,Z VYM e C>? (1.21)

where the coefficients of the expansion are given by the following formula
1 R : :
Com; = §Tr [ajM} Vie{i,x,y,z}, (1.22)

and where I defined 6; = 1. )
This can be further generalized to represent any complex 2¥x2¥ matrix My

4N
N A N 1 n A
My =Y mP vy e [ Camy = T PVN], (129)
i=1

where in this case the basis is constituted by all the possible different Kronecker
products of N operators taken from the set of Pauli operators plus the identity

N
PN e (Q P | Pe {1,X,YV,Z}}. (1.24)
k=1

The matrix representation of the Identity and Pauli operators on the computa-
tional basis was already introduced in Eq. .

Another extremely significant result consists in the fact that the three Pauli oper-
ators also constitute a basis for the generators of the SU(2) group (formally up to
a constant scalar rescaling factor), which is directly connected to the rotations on
a 3D-sphere: a generic rotation around the axis identified by the tridimensional
unit vector 7 can in fact always be represented in the following way

R (0 — 5% — cos Q [+ isin Q ﬁ-g, 1.25
( 2 2
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where & is the Pauli vector introduced in Eq. (T.13).
This means that each Pauli operator generates a rotation of the qubit state around
one out of three orthogonal axes

N

R.(0) = ¢'2%, R, (0) = ¢'2", R.(0) = ¢'57. (1.26)

Particularly relevant is also the realization that the Pauli X gate corresponds to the
generalization of the classical NOT gate (see Fig. : recalling its representation
given in Eq. (1.8]) in fact, it is straightforward to verify the following identities

X10) = 1), X|1) =10). (1.27)

The Hadamard gate. The Hadamard gate is often called H, possibly gener-
ating some confusion with the symbol usually used for the Hamiltonian operator,
and on the computational basis it is represented by the following matrix

H= % G _11) . (1.28)

This gate plays a central role in the generation of quantum interference, because
it transforms single-qubit computational basis states into an equal superposition
of them:

1 1
V2 V2
|[+) and |—) states together constitute another possible basis for the single-qubit

Hilbert space, usually called X-basis since these states are the eigenvalues of the
Pauli X operator

HI0)=—=(0)+)) =1+,  H)=—72(0)-[1))=|-).  (1.29)

X|+) =1+, X|=)=~1-). (1.30)

The phase gate. The phase gate is usually called S and its effect is that of
introducing a phase on the |1) component of a single-qubit state. It is therefore
represented on the computational basis by the following matrix.

S = ((1) 3) , (1.31)

corresponding to a /2 rotation about the z-axis on the Bloch sphere and therefore
satisfying S% = Z.
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Two-qubit gates

Two-qubit gates are operators acting on the Hilbert space of two qubits, therefore
corresponding to the elements of the unitary U(4) group, the group of unitary
4x4 matrices. These gates are fundamental in quantum algorithms, as they are
responsible for the generation of entanglement in the qubit system, which is an
extremely valuable resource to approach quantum exponential advantage.

Let’s see a few of the typical gates belonging to this category

The CNOT gate CNOT gate, the Controlled-NOT gate, is also sometimes
called C'X, as it corresponds to the application of the X gate on a qubit, con-
ditioned to another qubit being in the state |1). Usually, it is assumed that the
controlling qubit is the first one, meaning the one that would appear more on the
left in the Kronecker product of separable states (refer to Eq. (1.14)): in this case,
the CNOT gate is represented on the computational basis by the following matrix

100 0

- 0100

CX=100 0 1 (1.32)
0010

As I will better introduce later, a sequence of quantum gates is usually represented
graphically via some circuit, similarly to what happens in classical computing (see
Fig. : each horizontal line represents a qubit, while gates are represented by
precise symbols appearing along these lines. The symbol corresponding to the
CNOT gate is the one reported in Fig. [[.4] where the top qubit is the first, the
controlling one, while the bottom qubit is the one conditionally subject to the X
operation.

_69_

Figure 1.4: Symbol used for the representation of the CNOT gate on quantum circuits:
the top line corresponds to the controlling circuit, the bottom one to the qubit condi-
tionally subject to the X gate.

The SWAP gate The swap gate is another very relevant two-qubit gate, as
it allows for exchanging the state of two qubits: this is of key importance for
quantum computers with limited connectivity, as it can be exploited to shuffle the
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stored information around, moving it to a spot where it can be processed.
On the computational basis, the SWAP gate is represented by the following matrix

1000
swap = |
0
0

010
Lo o (1.33)
00 1

As a side note, I stress here the fact that the SWAP gate is evidently a special

case of a Givens rotation (see Section and compare with Eq. (3.74))).
The quantum circuit symbol associated to the SWAP gate is illustrated in Fig.

Figure 1.5: Symbol used for the representation of the SWAP gate on quantum circuits.

Universality, gate decomposition and quantum circuits

As I briefly pointed out previously, one-qubit and two-qubit gates are generally
enough to implement an arbitrary quantum operation Uel (2V), acting on any
number N of qubits.

This important result is implied by the Solovay-Kitaev theorem [33, [34], which
states that any unitary operation can always be accurately approximated by a
limited and ‘short’ sequence of operations taken from a certain set, which can be
chosen to consist of only one-qubit and two-qubit operations. More precisely, the
theorem states that for any positive real number ¢ > 0 and unitary Uelu (d), d
being a positive integer, there will always exist a real positive constant ¢ such that
there exists at least one product P of O(log®(2)) operators taken from a given set

that will be at least e-close to U in operatorial norm, i.e. such that the following
inequality holds

P—U <eg

—_ Y
op

(1.34)

where the operatorial norm of a quantum operator O is defined in the following
way through the usual Hilbert space 2-norm

. Jow]
= sup . (1.35)

10,
op ) | ylzo | )

There are several different sets which constitute a universal set in this sense, as
an example the one made by arbitrary rotations about the z-axis and y-axis plus
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the CNOT, {R.(0), R,(¢),CX}, but many more exist. Operations in quantum
hardware are realized by exploiting this principle: there usually is just a small
set of few-qubits native gates that can be physically implemented on the qubits.
All other more complex operations are decomposed on this set of native gates and
implemented as a sequence of these operations. Finding the optimal decomposition
is quite a big problem yet, and often times a lot of effort in the formulation of a
new quantum algorithm is put into this task.

A general sequence of gates, native or not, is usually represented graphically with
a scheme inspired to the classical logic circuits, which is therefore called quantum
circuit: this is constituted by many horizontal lines, each one representing a qubit,
while the gates are inserted as specific symbols, drawn on the lines corresponding
to the qubits onto which they act, starting from the left with the gates acting first.
Generic squares represent generic gates, usually specified by writing the gate name
inside the square, while more common gates are associated to specific symbols (see
Figs. [L.4 [L.5). At the starting point, on the far left of the circuit, a system of
N qubits is assumed to be in the |0), computational basis state (see Eq. (1.16])),
with the first qubit at the top corresponding to the left-most in the Kronecker
product of separable states (refer to Eq. ) An example of a quantum circuit
is represented in Fig. [I.6]

fan)
A\

Figure 1.6: Example of a quantum circuit, corresponding to one of the easiest alternatives
to produce a maximally entangled state on two qubits: to the left I represented the circuit
as a generic operator O applied on two qubits, while to the right I decomposed it as an
Hadamard operator applied on the first qubit followed by a CNOT gate controlled on
the first qubit.

Exponential operator and time evolution

The state of any physical quantum system naturally changes with time, in a way
that directly depends on the specific interactions among its constituents. If His
the Hamiltonian describing these interactions and [tg) is the system state at time
t = 0, then according to quantum mechanics the system state evolution will be
governed by the following equation

[(t)) = e Jahy) (1.36)

where [1)()) is the system state at time ¢ € R.
Since the Hamiltonian is an Hermitian operator, H = HT, it follows that the ex-
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ponential operator U(t) = ¢~ must be unitary: it is called Real-Time Evolution
(RTE) operator and it lies at the base of the way that native gates are typically
implemented in quantum hardware. Quantum computers are in fact realized by
allowing a certain degree of control over the system Hamiltonian, so that certain
terms can be modified or switched on or off: by carefully selecting and controlling
these terms as well as the duration of the evolution, it is possible to engineer the
real-time evolution operator so that it effectively implements the desired native
gate G on the target qubits

G = e teHo, (1.37)
This is also the practical reason why only unitary operations are physically allowed
on a real quantum computer.

In principle though, one could also be interested in realizing some non-unitary
operations: as some examples, these operations are necessary to build thermal
states, which I will show in Chapter [3| but they could also be useful for extracting
the ground state of a system.

In general, non-unitary operations are described by an Imaginary-Time Fvolution
(ITE) operator, obtained by substituting the real time ¢ in Eq. with a
completely imaginary time: this is called Wick rotation [35], as it corresponds to
a /2 rotation on the complex plane of the time axis

R>t— —ir | TER = RTE ¢ " - ¢ ITE. (1.38)

In order to implement non-unitary operations on quantum computers, one has to
rely on different tricks: a possibility is that of performing intrinsic non-unitary
operations like measurements [36], which, due to their projective nature, do not
conserve the information stored in the state. An alternative consists in increasing
the Hilbert space of the problem by relying on more qubits than the ones needed for
the non-unitary gate action: these additional qubits are called ancillas and their
role is to allow the application of a unitary gate on the full system, which reduces
to the desired non-unitary gate on the original subspace [37]. In Chapter I will
also introduce the QITE algorithm, which is a way of generating approximate
imaginary-time evolved states by only acting with unitary operators and that
does not rely on the introduction of ancillas: the idea is to construct the unitary

generating the normalized time evolved state e H |Y) /N, with N = He”g |@Z)>‘

and at the same time find an estimate of N

As a last note, I state that RTE and ITE can be put together by defining a complex
time C 3 t =t — i7: the exponential operator generated by a given Hamiltonian
H will be then generically called Time Evolution (TE) operator

b

e |te C TE (1.39)

22



1.2. QC BUILDING BLOCKS

1.2.3 Measurements

In this thesis, all quantum measurements are performed in the computational ba-
sis (see Eq. and [32]), which means that after the measurement, the system
is found in one of the computational pure states, with probability depending on
the decomposition in such basis of the system state before the measurement (see
Eq. ) More explicitly, considering a system of N particles in the state de-
scribed by the density matrix gy, the probability for the measurement to produce
state |j) is given by the following expression

P(j) = Te[15) Gl ] = py3 Vi € {0,..., 2"}, (1.40)

where I recall that density matrices have unit trace, Zjio_ ! pj; = 1.

The nature of quantum measurement is then inherently probabilistic: single mea-
surements yield stochastic outcomes, which individually are not sufficient to fully
characterize the diagonal components on the computational basis of the quantum
state. Let’s consider an operator O that is diagonal in the computational basis,
and as such can be written in the following form

0= Z O, i) (i , (1.41)

with O; being the eigenvalue of O corresponding to eigenvector |i), one of the
computational basis elements.

Its expectation value (O),, on the density matrix py is the following

PN
R R 2N —1 . 2N —1
(O =T [ O] = D~ (il Op i) = >~ Ospilid il i) =
i=0 i,4,kl=1
. N (1.42)
= Z O;pri0ij0x01 = Z Oipii,
i,k l=1 =1

where I used the definitions given in Egs. and and exploited the fact
that computational basis states are orthonormal, so that (i|j) = J;; with ¢;; the
Kronecker delta, having value 1 when its arguments are identical and 0 otherwise.
In order to get a faithful estimate of (O) ons the measurement procedure must be
repeated many times under identical and independent state preparations, so that
enough statistics can be collected.

Each repetition of the same measurement is called a shot, and, as already said,
projects the system in one computational basis state |7), which corresponds to the

O eigenvalue O;. Performing a measurement can then be interpreted as taking a
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sample from (O) o~ Which can be estimated as the sample average OpN of all the
measurements. If Ng is the total number of shots and N; is the number of shots
producing state |j), then the expectation value is estimated as the following

oN_1

o _ 1
<O>PN = OPN - N_S Z NjOj‘ (143)

j=0

As Ng — oo, this sample average converges to the true expectation value due to
the law of large numbers. For a finite number of samples instead, the error on
such quantity is estimated as the standard error o (O, )

_ R _
o (OPN) = FS Z Nj (O] — OPN)Q. (144)
7=0

In experimental implementations, typical values of N range from a few thousands
to tens of thousands to achieve sufficient statistical precision.

Let’s now consider the estimation of expectation values of operators that are
not diagonal in the computational basis, starting from the two Pauli operators X
and Y. In this case one exploits the following identities

AAAAA

X=HZH Y = SHZHSH, (1.45)

where I exploited the Hadamard gate H and the phase gate S introduced in

Eqgs. (L28) and (1:31).
The identities in Eq. (|1.45)) imply in fact that these two Pauli operators expectation
values can be obtained as the Z expectation value on a rotated state

(W X o) = W HZH ) = @' Z|¢), (1.46)
(WY ) = W SHZHS[Y) = (W' Z|v"), (1.47)
where [¢)) is a generic one-qubit state and I defined |¢) = H |)) and [¢") =

HSt|g).

The expectation value estimations for X and Y are then obtained as previously
described for the case of observables that are diagonal in the computational basis,
with the only difference that the correct transformation must be added to the cir-
cuit before taking each measurement.

The generalization to the measurement of strings of Pauli operators on many-qubit
states is trivial: everything works as already described, where each qubit corre-

sponding to the measurement of an X or Y operator must be properly transformed
before the measurement is performed.
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This is at the base of the procedure to get estimations of expectation values of
generic operators: if ON is a random Hermitian operator acting on N qubits, it
can always be decomposed in the Pauli basis, i.e. as a real linear combination of
all the possible strings of Pauli operators on the N qubits

2N 1
ON = Z Cij(N), (148)
j=0

where ¢; € R and lf’j(N) are the Pauli operator strings defined in Eq. (1.19).

This means that the expectation value of Oy on a given state can always be ob-
tained as the proper linear combination of the expectation values of all the Pauli
operator strings on the same state.

To reduce experimental overhead, mutually commuting Pauli operator strings are
usually grouped into common measurement settings, each requiring only a sin-
gle basis rotation, minimizing in this way the number of distinct circuits while
preserving unbiased estimation of (Ox),, -
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Chapter 2

Hubbard-Stratonovich
transformation for quantum
observables

2.1 Introduction

In this chapter, I present a method that relies on the Hubbard-Stratonovich trans-
formation (HST, see Eq. ) to recast the action of the exponential of an operator
into combinations of possibly simpler gates. Rather than allowing for the direct
gate implementation, I argue that this formulation is more suitable for decompos-
ing observables and estimating their expectation values.

This idea draws inspiration from the use of HST in statistical mechanics and
condensed matter physics [38-40], where it is exploited to decouple non-linear,
higher-order interaction terms by introducing an auxiliary classical field which
couples linearly with the original fields: thanks to this classical field, the action
becomes quadratic in the original fields so that they can be integrated out.

At the beginning of the chapter, in Section [2.2] the HST is introduced in its most
generic form, while in Section 2.3 I explicitly show how to use it to formulate op-
erator exponentials, arguing that the implementation of operators in these terms
is generally not efficient, as it requires building linear combinations of operators.
In Section 2.4 I propose an alternative way of exploiting the HST, as a procedure
to estimate the expectation value of operators which can be written as exponen-
tials of squared Hermitian operators: in the section, I show how this is indeed a
viable possibility, but I also point out that there are severe limitations to a general
formulation of observables by means of this transformation, reducing the range of
applicability of the proposed algorithm to small systems or cases where symme-
tries can be efficiently exploited. In Sections and [2.4.2 T focus on the case
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of completely real and imaginary exponential observables, respectively, showing
some simple examples.

2.2 The Hubbard-Stratonovich transformation (HST)

The Hubbard-Stratonovich transformation (HST) was developed by the Russian
physicist R. L. Stratonovich [13] and popularized by the British physicist J. Hub-
bard [14], who applied it to the evaluation of the grand partition function of a
system with a general pairwise interaction.

The HST is an exact mathematical identity, whose most straightforward definition
is the following

e = h ieixydy (2.1)
oo V2mt ’ '

where ¢ € RT is a real parameter, that must be positive to ensure the integral
convergence, x is a real scalar field, y is another auxiliary scalar field, coupling
linearly to x, and the + sign makes the independence of the integral from this sign
explicit, since it can be chosen at will. This identity is very easily demonstrated
by completing the square at the exponent inside the integral and by solving the
resulting Gaussian integral.
The HST can also be formulated in a Fourier-like form, though, which is more
suitable to deal with complex quantities and more general mathematical objects

y2

e—i% _ oo e TGii\/’Twydy - ] [eii\/’?twy} (2 2)
—oo V2T I ’ '

where y € R is again an introduced auxiliary real scalar field, t = ¢t —i7 € C
is a complex parameter (with ¢, 7 being real quantities), z may be equivalently
interpreted as both a field or, as it is the case in the context of quantum computing,
a Hermitian operator, and I introduced the notation I, [A] to represent the integral
of quantity A with Gaussian weight g(y) = e ¥*/2/\/2r.

With these premises, Eq. can be interpreted as a way of reformulating time-
evolution operators, or more generally complex exponential operators, which we
saw in Eq. is the standard way that native operators are implemented in
quantum hardware: by exploiting the reduction on the z order induced by the HST,
one could in principle think of relying on it to replace the direct implementation
of Eq. LHS with a series of operators parametrized by v, e VY which
may be individually easier to implement. In principle, & could also be a sum of
commuting terms, which would decouple thanks to the HST, possibly reducing
many-qubit gates into combinations of fewer-qubit gates.
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2.3 HST formulation of quantum operators

Let’s consider a generic quantum many-body operator G ~(t) acting on N qubits
that can be written as a complex-time exponential of a Hermitian operator Sy in
the following way

Gu() =e ™2 | teC, 8y =Sl (2.3)

Operators of this kind may be arbitrarily difficult to implement or to decompose
as products of simpler, one-qubit and two-qubit operators. If Sy can be written
as the square of a Hermitian operator, Sy = j}fv, then the HST would be a valid
alternative way of formulating G (t) by introducing a continuously parametrized
set of complex exponential operators in Ly

[

o L

A —i@ . e A . ~
GN<t) =€ - . \/ﬂoN(ta y)dy - Ig [ON(t> y)] ) (24)

where I defined the parametrized operators ON(t, y) as the following

On(t,y) = eXiVitlny, (2.5)

In principle, operators O ~(t,y) may be easier to implement than G ~ (%), especially
if Ly can be written as a sum of commuting operators, each acting on a fewer
number of particles: in this case ON(’(, y) separates into a product of few-qubit
operators, which is typically much simpler to realize than a general many-qubit
operator.

One drawback of this formulation concerns unitarity: as it was briefly pointed out
at the end of Section , only unitary operators may formally be executed on
quantum hardware. If Gy(t) is taken to be a unitary operator, though, Eq.
requires the parameter t to be real, C 3 t — t € R, which in turn implies that
On(t,y) is not a unitary operator

teR= On(t,y) = eEVillny = EBVINY _ i/GInyotin/3lny (2.6)

This makes the HST formulation of unitary operators much more delicate to ap-
proach from a realistic perspective than it would be for the non-unitary operators
defined by setting the t parameter in Eq. to a completely imaginary value
C>t— —it | 7 € R: in this second case, possibly less common in typical quan-
tum simulation algorithms, all the operators ON(—iT, y) would in fact be unitary
and therefore more easily implementable on quantum machines

7€ R = Opn(—ir,y) = e=V7INy, (2.7)
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For the time being, I won’t elaborate more on this topic, but I will pick it up again
later in Section

A second highly relevant drawback of the HST resides in its integral structure.
While products of operators may be straightforwardly implemented by consecu-
tively applying the terms appearing in the product to the qubits onto which they
act, integrals of operators are much more difficult to realize, since they can be
approximately regarded as operator sums, or in general linear combinations of op-
erators.

A naive Monte Carlo-inspired approach to the implementation of the HST formula-
tion of operators would be that of sampling several values {y;}; from the Gaussian
weight ¢(y) in Eq. (2.8), building for each sample a different quantum circuit im-
plementing the corresponding operator O ~(t,9;), computing the expectation value
of some observable on the generated state and finally taking the average over the
estimates from all the circuits

Yy

Mwi¢%-

This algorithm would not work in general, though, since it only considers expec-
tation values over states evolved by diagonal terms in the linear combination of
operators ON(t, y), neglecting the contributions coming from all the mixed terms.
To be more clear, let us analyze what the action of the general operator G(t) (I
drop the N index, to favor readability) on the system density matrix pp = p(t = 0)
would be

(2.8)

po = plt) = GORGTO) = I, [0 )| poly [0t 12)] =

s (2.9)
I

O(t, y1)poO' (¢, yo)dyrdy».

Eq. (2.9) is the properly evolved density matrix, correctly featuring all possible
combinations of operators O( y). Differently, each operator O(t y;), built from
the sample g, obtained through the previously described Monte Carlo-like strategy,
would generate the state O(t, yj)ﬁOOT(t, yj), so that averaging over all samples
would correspond to estimating the expectation value computed on the density
matrix p'(t) defined below, which lacks all the terms involving couples of operators
with different values of the y parameter

m%dmi@kme@Gw

N

(2.10)

— Ot 9)peO' (. y)dy.
/WV% (t,4)poO' (4, y)dy
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This means that in general the HST formulation of quantum gates cannot be easily
implemented on quantum computers, and one should rely on more complicated and
resource-demanding methods like Linear Combination of Unitaries (LCU) [41],
which allow approximate realizations of the full linear combination of operators
O(t,y) appearing inside the integral in Eq. ([2-4): these methods in general require
considerable qubit overhead and problematic circuit depths, which unfortunately
renders them not viable for present day quantum computers.

2.4 HST formulation of quantum observables

If the HST appears particularly problematic to be realistically exploited as a way
of implementing quantum operators, due to the reasons presented in the last Sec-
tion [2.3] it is still possible to recast it as a way of estimating the expectation
value of quantum observables. Eq. in fact, states that, in order to faithfully
evolve a state through a gate implemented with the HST formulation, it is not
enough to act separately with the individual Oy (t,y) operators (see Eq. (2:6)),
rather the combined action of all of them must be realized on the system. This
issue is avoided when the focus is moved from the evolution of a quantum state
via the HST formulation of an operator to the task of computing the expectation
value on a given state of an observable expressed by means of the HST formula
(see Eq. (2.4)). X

Let us consider the expectation value of the observable G(t) in Eq. (I drop
the N subscript, to favor readability) evaluated on an arbitrary density matrix p:
this can be expressed as the trace over the system of the product between é(t)
and p, and by expanding the observable with the HST I get the following formula

[

_Yy
> e

- —oo V2T

where I made use of the linearity of the trace to bring it inside the integral.

The expectation value in Eq. is now expressed in a form that only con-
tains one instance of the O(t, y) operators, which means that it can be correctly
approximated by the algorithm proposed in the previous section: by taking a
set of M samples {y;}jcq1,..my from the Gaussian probability distribution g(y)

(see I?q. (2.8))), the observable expectation value (G (1)) , may be approximated by
w({(0; (t)),};), i.e. by the average over the expectation values on state p of the
set of operators {0;(8)}; = {O(t,7,)};

uﬁ@wmhwwm)iﬁfﬁ@mn- (2.12)

Jj=1

(G), = T[G7] = 1, [0t y),] Ot y),dy,  (211)
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In the limit of a large number of samples M we then obtain

(G, = lm [u({(0,0),})]. (213)
This formulation in principle requires applying each operator in the set {O;(t)};
to the qubit system and evaluating the correspondent expectation values: this op-
eration is quite delicate, since Oj(t) is in general not Hermitian, and we also saw
that it may even be non-unitary.

In the following section, I present some examples of different possible typical sit-
uations and describe the HST performances in estimating observable expectation
values.

2.4.1 HST estimation of non-unitary observables

Let us start by specifying the general operator G (t) in Eq. to be a non-unitary
observable, which is more suitable for an HST formulation, as it is described in
such terms by an integral over unitary operators. More specifically, let’s define as
an example such an operator to be the following purely real two-body exponential
operator o

G(t) = G(—ir) = e 3N+ (2.14)

where 7 € R and Py, P, are two identical Pauli operators (see Section [1.2.2) acting
on qubits 1 and 2 respectively. Operators of this kind can be easily obtained from
the well-known “o-¢” interaction in Eq. (2.15))

- o

o016 _ T pe(x v,y P12 H 6—7151152 _
Pe{X,Y,Z} (2 15)
(L (P )i 3 b 1) )
_ H e T(Z(P1+P2) H) — e 27 H e—%(Pl-i-Pz) 7
Pe{X,Y,Z} Pe{X,Y,Z}

where I defined the Pauli vector 6 = {X Y. Z } and exploited both the fact that
the square of each Pauli operator is the identity operator and the following com-
mutation property

[P\P,, PP =0 Y P,P e€{X)Y,Z}. (2.16)
Specifying Eq. (2.11) for the operator G(—ir) in Eq. ([2.14) we get the following

formula

2

_y
o0 2

[<e—iﬁ<ﬁ1+ﬁz>y> } — | (e PPy gy
P

- oo V27 g (2.17)
= / g(y) (7 VTPV VTRY) |y,

o0

<e_%(ﬁ1+ﬁ2)2>p =1,
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where I introduced the Gaussian weight g(y) defined in Eq. (2.8)), I separated the
exponential operator O(—ir,y) = e~ V71 +12)Y exploiting the fact that [Py, Py] =
0, since these act on different particles, and I explicitly chose the symbol + to be

The implementation of Eq. (2.17) through the Monte Carlo-like algorithm de-
scribed in the last section is straightforward: a set of M samples {7;}jcq,..m}
is taken from the Gaussian weight ¢g(y) and for each sample different quantum

circuits are built, measuring the unitary operators O;(r) = O(—ir, ;) on some
density matrix state p. With the retrieval of these expectation values, the Monte
Cark? est%mate w({{O0; (7)),};) (see Eq. (2.12)) can be computed, obtaining an ap-
proximation to Eq. (2.17)).

Among these steps, particular attention has to be paid to what concerns the mea-

surement of operators O;(7): these operators are unitary but not necessarily Her-
mitian, which means that their expectation value is, in general, complex. The
standard way to compute these expectation values would consist in decomposing
each operator in the Pauli basis (see Eq. ), but this would in principle require
an exponential number of measurements in the dimension of the system. As an

alternative, it is possible to exploit the unitarity of the operators Oj(r) to set up
a circuit known as Hadamard test (HT): this exactly allows for estimating the real
or imaginary part of the expectation value of generic unitary operators and only
requires the addition of a single qubit to the system, called ancilla.

Figs. and show the circuit to compute the real and imaginary part, re-
spectively, of the expectation value (U ) 2 with U a generic unitary operator acting

A A~

on N qubits. Both Re[(U) ] and Im[(U) ] are obtained by measuring, as described
in Section m, the Pauli Z operator on the ancilla at the end of the circuit.

A A~

Z A
0) —A A~ ) —aHs i~
N N N N N ~
p —* U p — U

(a) HT for measuring Re[(éj (1)) (b) HT for measuring Im[(éj(7)>p].

p]'
Figure 2.1: The two Hadamard test (HT) circuits used to measure the real and imaginary
part of the expectation value of a generic unitary operator U on the state p of a system
of N qubits. H and S' are the Hadamard gate and the adjoint of the phase gate,
respectively (see Egs. (1.28) and (1.31)).

In the simple cases like the one considered here, where each operator 5j(7) can be
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written as the real-time evolution of a sum of K Hermitian operators A% acting
each on a different, smgle qubit, so that it can be separated as a product of K

commuting operators O ( )
B K
A — /T A(k) A (k
Oy(r) = e VI AY Z TT OV (), (2.18)
k=1

where égk) (1) = e~ VT8 A% then the controlled operators in the Hadamard tests

can be realized as K consecutive O](-k) (1) gates acting each on a different qubit k
and all controlled on the ancilla, so that only K two-qubit controlled operators
are required.

Keeping in mind this HST perspective, Eq. can be explicitly formulated by
separating the real and imaginary part of the expectation values to be measured

o]
(2.19)
where the two terms in the RHS can be individually approximated by the sample

(e = 1, [Rel(e VPPve- /7Py 1] i 1, [Im{(e VP ve VPP

averages ug({(0;(t )),};) and w1 ({{0;(r )),}), obtained through the previously
described Monte Carlo like algorithm

A

ur({(0;(r = Z Re[(0;()),); (2.20)

pur({(0;(r N Zlm (O;(r (2.21)

At this point, let us address the problem of understanding how to choose the
number M of samples needed to be able to get a meaningful Monte Carlo approxi-
mation of the correct integral. To simplify the notation, let us define the following
quantities

[e.9]

I,[f(y)] = /_oo 9(y) f(y)dy, = % Z fis (2.22)

where g(y) is a probability distribution, f(y) a real function, and f; = f(y;), with
{7;}ieqr,...my a set of M samples taken from the probability distribution g(y).
Primarily, the choice of the value of M depends on the desired relative error r
of the Monte Carlo estimate, this being defined as the ratio between o [u], the
standard deviation of the Monte Carlo estimate u, and the absolute value of the
full integral, |I,[f(y)]|
.oyl
" M 229
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where the standard deviation o[u| of the Monte Carlo estimate is defined through
the following formula

o= DL o) = RO LW @2

I note here that, for the time being, I'm considering the simplified picture in which
samples f; do not carry any measurement error: in the more realistic case where
the samples { f]}] are measures performed on a quantum device, each of them will
be characterized by an error o,,[f;] due to the finite number of shots performed for
estimating the measurement (see Section[1.2.3)), so that o[u] will take the following
form

- ol WP+ E {oml )]
alu] \/ v | E {omlfil’}] —MZam fil?. (2.25)

Collecting these relations, one finds that the value of M corresponding to a certain
relative error r can be obtained with the following relation

() (el Y
v RU[()H H (ugwym) Rl F)) (2:26)

The ratio R,(f(y)) is critical to the HST formulation of observable measurements:
when the observable G(t) is an exponential operator with completely imaginary
parameter t = —i7, its operator norm will typically decay exponentially in 7, so

<é(—i7’)>p I, [<O(—i7’, y))” will have the same behavior.

On the contrary, operators O(—iT, y) are unitary, which means that their operator

that usually also

norm will be of order unity, and therefore that the error o, |:<O(—’i7', Y)) p] should
behave differently, making this Monte Carlo approach effectively unfeasible for
realistic 7 values. This would lead to the ratio R, ((O(—iT, Y)) p> being exponen-

tial in 7, which in turn means that the number M of samples needed to estimate
(G(—iT)) , up to a desired precision will also scale exponentially in 7.

This scenario is quite general, and would limit the applicability of the HST-based
algorithm to small values of 7 only, but it can still be avoided when the observ-
able is the exponential of an operator S whose smallest eigenvalues, among those
associated with eigenvectors that have non-zero overlap with the state p used in
the measurement, are zero: in such a case, the exponential of such eigenvalues are
1 and do not decay as 7 — oo, which means that the HST and the proposed algo-
rithm would in principle be able in this case to extract from p the superposition
with these eigenstates.

35



CHAPTER 2. HUBBARD-STRATONOVICH TRANSFORMATION FOR
QUANTUM OBSERVABLES

As an example, let us consider again the observable G (—i7) in Eq. , specifying
now the Pauli operator P as Y
G(—ir) = e 2(MH¥2)?, (2.27)
Since the computational state |00) can be written in terms of the S = (371 + )72)2
eigenstates [1);) as the following
1
V2

with the following definitions for the S eigenstates |4;) and associated eigenvalues
Aj

100) = —= ([vo) + [¥1)) (2.28)

1
o) = [+) = —= ([00) + [11)) , Ao =0,

\? (2.29)
1) = [=) = —=(100) = [11)), A1 =4,

V2

according to the reasoning made before, measuring G(—i7) on state p = [00) (00|
will produce at greater 7 values the overlap between p and [i)g)

LTV 4V5)2 i (Y +Y T—00 1 2 1
(e Z(Yi4Y2) >p =1, [<€ W(YﬁYz)y)p] —oo, (E) =3 (2.30)
and the error o, [(e_i\E(YHYQ)y) p] should also remain constant. As a note, I point

out here that in this case all expectation values are real, so that there is no need
to consider separately the imaginary part.

The described features are correctly reproduced in Fig. , where I, [(e‘iﬁ(?ﬁ%)y)p]

and o, [(eﬁﬁ(yﬁg)y) p] are represented as function of 7.

The ratio R, <e_iﬁ(%+%>y) p> calculated from these results is represented in
Fig. [2.3; it is manifestly convergent, implying that the Monte Carlo estimate
of I, <e_iﬁ(yl+y2)y> p} can be obtained with a number of samples M which is

T—00

constant at large 7 values. More precisely, R, <<€—i\ﬁ(Y1+Y2)y>p> —— 0.5, which
implies that M = (27?)~! samples are needed to approximate the exact value up
to a relative error r (neglecting the error on the samples due to the finite statistics
of the quantum measurements).

As soon as the operator S is modified so that its spectrum doesn’t include zero
eigenvalues anymore, the general exponential behavior predicted for R, is correctly
recovered. To show this, let us consider, for instance, the following operator S

N N N A\ 2
§=(Ni+¥p+1) (2.31)
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6(_i Ty) = e_iﬁ(Y1+Y2)y, 6 = | 00)(00'

1.0

08;
06—
04—

—— L[ (O Ty, ]
gl (O Ty, ]

02

T

Figure 2.2: Exact values computed for I, [(e_iﬁ(yl‘*%)y)p] (solid blue, see Eq. (2.2))
and o, <e_iﬁ(y1+y2)y>p (dashed orange, , see Eq. (2.24])), with p = |00) (00| and YJ
being the Pauli operator Y acting on qubit j.

where I is the identity operator acting on both qubits. The spectrum of this
operator consists of the following eigenstates |¢§> and eigenvalues A}

[0o) = |to) = [+), X, =4,
N .
1) = = (1100) +[10)). N =1
A= L G100y 4 o1) v (2.32)
) = =l , =4
94 = 5 (11) ~00) — i (o) + [10))), X =9.

When computing (6_5§'>p =1, [(eiiﬁ(yﬁ?ﬁﬁ)y%} on the state p = |00) (00
then, the expectation value is expected to decay exponentially fast in 7, unlike
the error o, [(e_iﬁ(yl+yg+ﬂ)y> p] which should always converge to a fixed value.

In Fig. these two quantities are represented, showing exactly the described
behavior, which would prevent an efficient observable estimation through the HST
formulation.
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6(_i T,y) = e—i*/_r(\;m):z)y, ,3 = | 00)(00'

04

Ry O(-i 7,y)),)
T

02—

T

Figure 2.3: Exact computation of the ratio R, <<e_iﬁ(?1+372)y>p> (see Eq. (2.25)), with
p = |00) (00| and Y] being the Pauli operator Y acting on qubit j.

2.4.2 HST estimation of unitary observables

In the last Section I presented an explicit way of implementing the HST for-
mulation of observables written as completely imaginary-time evolutions of squared
Hermitian operators. Here, I will instead focus on observables G(t € R) that are
real-time evolutions of squared Hermitian operators, and as such also unitary

GteC) = Gt eR) =85 =¢2l” | [ =]T (2.33)

This case is less suitable for an HST formulation, since I already showed how
the transformation reduces to a linear combination of non-unitary gates, which in
principle cannot be applied on a real quantum device: specifying Eq. to this
case in fact, we get the following identity

[

G(t)) = I, 10) t, = ®et e~ Vituly gy —
(G, O[o< (), A m@< oy (2.34)
- / gly) (eVireVarE) dy,

—0o0

g(y) being the zero-mean and unit-variance Gaussian probability density and where

~

I defined O(t,y) = e~Vitsk — eVivke—iV/Eul - Ou(t,y)Om(t,y), explicitly sep-
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e (Ve

O-ity)=e " ’, b=|oo)oo]
0.1 H
—— IO Ty ]
g (O Ty ]

T

Figure 2.4: Exact values computed for I, {(e_iﬁ(yl"‘y?“Lﬁ)y}p} (solid blue, see Eq. (2.2))
and o, [(e_iﬁ(?ﬁ?ﬁﬁ)y)p} (dashed orange, see Eq. (2.24)), with p = |00) (00| and YJ
being the Pauli operator Y acting on qubit j.

arating the unitary contribution Oy(t,y) = e VL from the non-unitary one

On(t,y) = Vvl , and where I also arbitrarily chose the £ sign to be — and
Vi=(1+1)/V2.

I already explained how to deal with measuring the expectation values of unitary
operators Ou(t, y) (see Fig , but now there is the additional complication of the
presence of the non-unitary term Onu(t, y): this in general is extremely non trivial,
and, at the best of my knowledge, there isn’t any efficient solution to compute the
expectation value (O(t,y)) , for a generic operator L.

Despite this strong limitation, I continue my analysis by proposing a method that
allows the estimation of such expectation value when operator [A/Ais a real linear

combination of N commuting Hermitian involutory operators, i.e. L = Zﬁle anAn,

such that fln = /AXL, fli = ﬁ, a, € R and [fln, flm] =0 Vn,m: this is useful as it
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allows to rephrase the non-unitary part Onu(t, y) into the following form

N N
Onu(t,y) - Eeﬁyamn = HCOSh (y an\/§> I+ |sinh (y an\/§> A; =
N
H DI+ s, (y, t) A%,
"~ (2.35)
where I defined ¢, (y,t) = cosh <y an\/g), Sn(y,t) = |sinh (y an\/§> and A/ =

sgn [sn (y, 1)] Ay

At this point, by extracting the factor NV, (y,t) = ¢,(y,t) + s, (y,t) from each term
in the product, it is possible to identify the coefficients in front of the operators as
probabilities

Ot ) = [T Ny, t) (penly, 01+ psaly, DA, ) =

n=1
N (2.36)

= N, t) [ [ pealy, DT+ psaly, 1) Ay,

n=1

where N (y,t) = [[2_, Na(y, t) and both pe, (y, 1) = ca(y, t)/Nou(y, t) and ps,(y,t) =
$n(y,t)/No(y, t) take real values between 0 and 1 and are such that pe,(y,t) +
psp(y,t) =1 Vn.

It is useful to further expand Eq. by explicitly multiplying all the N pairs
of terms, so that it reduces to the following

2N
Oun(t,y) = N(y,1) Y puly, ) Bn, (2.37)
n=1

where pa(y, ) = [T @m |2 € {pem(y, ) psm(y, 1)} and By = Ty & | & €
{I, A, }. With these definitions, {p,(y, t)}, are still real numbers in the range [0, 1]
and such that the following holds

oN N

since pe, (y,t) + psa(y,t) =1 Vn € {1, ..., N}, so that the set can be interpreted
as a discrete probability distribution with 2V possible outcomes, while {Bn}n are
still commuting Hermitian involutory operators.

To show this, consider two operators & and B satisfying the following properties

a=at, f=4t, a2==1, [aﬂ] —0, (2.39)
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then, the operator 4 = &B will also satisfy the same properties:

it = (aB) = Blal = pa=ab =4, (2.40)
A =44 =afaf=aapf =T =1 (2.41)

Substituting Eq. (2.37)) into Eq. (2.34) and introducing the following definition

g{p}ifn( —/ an ) fn(y)dy, (2.42)

the identity reported below is obtained
oo 2N
Ge), = [ oINS pulnt) (BaOut0)) dy =
- n=1

— [ N0 Sl OL, (1. 0)), -
= Ig.(py [N(y,t) (O{ln(t,y»p],

(2.43)

where the operators OA{ln (t,y) = B,Oy(t,y) are still unitary and therefore measur-
able through the Hadamard test described in last Section (always separating
the estimation of the real and imaginary parts of the expectation value)

O, (t,9)0, (t.y)' = B,Ou(t,y)Ou(t.y)' B} = B,B, =1, (2.44)

having used the fact that operators O (t,y) are unitary, O. (t,y)~ 1= Ou(t, y)" and
operators B, are Hermitian B, = BJr and involutory, B2 =1

At this point, Eq. (2.43) can be approximated by two different Monte Carlo algo-
rithms, sharing the same average but differing in their expected variance.

The first alternative consists of sampling a set of M values {y;};cq1,.. my from
the Gaussian distribution g(y), using each y; sample to build the corresponding

.....

valued, discrete probability distrlbutlons a single sample n; is extracted, Wthh

is then used to build the unitary operator O;j (t) = O{lﬁ,(t,gjj), whose expecta-
J

tion value on state p is measured on the quantum computer by means of the

Hadamard test, separating the real and imaginary part if needed. The Monte
Carlo approximation is finally obtained by taking the average of the product be-

tween each measurement sample (O;j(t)}p and the corresponding normalization
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factor N (t) = N (g, t)

(G0), = Lo [N (,8) (O, (£9), | = Jim u({N CICAOIN S M}) B

M—oo

= Iy rals ) = T ({50} y)
(2.45)
with p(+) = pr(-)+ipr(-), pr(-) and w;(-) being defined in Egs. (2.20)) and (2.21), re-

spectively, and where I simplified the notation by defining z,,(y, t) = N (y,t) (O, (t, y))p
and 7;(t) = Nj(t) (O, (¢ ),
Adapting Eq. ( - to the described algorithm, the standard deviation on this
Monte Carlo estimate is the following, always assuming the simplified picture of
no error coming from the quantum measurements

. Ogqp} [Tn(y, 1)]
o = g{p}m | gty [2a(y,1) \/ (o [ — Loy [on(y, 1))

(2.46)
Going back to Eq. , as already anticipated it is possible to devise a second
Monte Carlo algorithm for the approximation of such an expectation value, dif-
fering in the expected error: everything works the same way as the first proposed
alternative, with the only difference that the {y;}; samples are taken from the
following normalized continuous probability distribution d(y,t) rather than from
the Gaussian g(y)

g(yj)\//;/é@)/, t) | M(t) = / h 9N (y, t)dy, (2.47)

o0

d(y,t) =

where I introduced the normalization term M(t). Eq. (2.43)) can in fact be formu-
lated in terms of this probability distribution d(y,t) by explicitly extracting the
factor M(t) from the integral

Gon,= [ sVt an 0. (0L, (), dy =
- [ M <) >an<y,t><é;n<t,y>>pdy= -

— /Oo M(t)d(y,t) an(y, t) <O{ln (t, y)>p dy =
~ e [M<t) <O;” (t y»p] = lagpy [7(y. )],
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where for conciseness I introduced the new quantity z/ (y,t) = M(t) <OA]’ln (t, y)>p.

The Monte Carlo estimate of Eq. (2.48) in this case can be easily written as the
following

(G0, = Loy [y, D) = Tim 1 ({50} any) (2.49)

where I also introduced the samples 7’;(t) = M(t) (é;] (t)>p.

This time, the standard deviation on the Monte Carlo approximation of (G(t)) , 18
given by the following identity

oaim |20 (y,t
o2 = d{p}\[/ﬁ(‘y ) | Oafp} [z \/Id o 22y 0] = Lagpy [0, (v, )]
(2.50)
Despite this possibly rather appealing formulation, both of these implementations
are plagued by the same exponential curse which was already faced in the previous
section, and therefore shares the same strong limitations: this time the expectation
value (G(t)) , 1s expected to be of order unity, since G/(t) is a unitary operator, but
the terms N, (y, t) are instead exponentially increasing in ¢, which would typically
reflect in diverging errors on the Monte Carlo estimates.
To show this behavior more explicitly, I present in the following the results com-
puted for a case analogous to the one studied in the last section, specifying the
described algorithm for a two-qubit system where I set L=Y;+Y,in Eq. -
with Y, the Y Pauli operator acting on particle k, so that the studied observable
is the following unitary operator

Gt € R) = e 517 — ~i(T1+72)” (2.51)

The expectation value of such an observable on the state p = |00) (00] is easily
found to be the following
(G(t)), = e " cos(t), (2.52)

which, being complex, requires separating each quantum measurement performed
on the system into real and imaginary parts. To present the two contributions
together, Fig. shows the absolute value of Eq. in green, together with
the exact standard deviations computed with the two different proposed methods
(see Eqs. and (2.50))).

The exponentlal behavior is clearly evident: both standard deviations soon com-
pletely dominate the observable expectation value by several orders of magnitude,
making the Monte Carlo approach practically unfeasible for the general case, as it
would require an exponential number of samples to give meaningful estimates.
Despite this, the two methods differ substantially in the expected error, with
the standard deviation corresponding to the sampling of the probability density
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L=Y,+Y,, p =| 0000

100—

""" Ug(p)[ | x,,(y,t) | ]
ad(p)[ | Xln(th) I ]

a2
it
[{e 2" )|

t

Figure 2.5: Exact values computed for <67’%ﬁ2) p‘ (solid green, see Eq. (2.52))),
0g.p} [17n(y, t)|] (dot-dashed blue, see Eq. (2.46)) and og.(py [|27,(y, )| ] (dashed orange,
see Eq. ([2.50)), where L = Y7 4 Y3, 5 = |00) (00| and the quantities x,(y,t) and 2/, (y, t)
are as defined in Section W

d(y,t) in Eq. being evidently smaller than the one obtained through the
other method, i.e. by sampling only the Gaussian g(y). To better clarify this
point, I recall Eq. , where the number of needed Monte Carlo samples M
was given, depending on the relative error r of the approximation: the same quan-
tity, formulated for the two algorithms proposed in this section, takes the following
form

M= Ug~{P}A[ |xn(y, t)l ] - 9g-{r} Uxﬂ(y’ t)l ] = Rg{p}<|x’rb<y7 t)|)7
(G, |r G,
(2.53)
Y KA AT A O Y AT R
(G0, | (G,

(2.54)

In Fig. [2.6[the two R ratios given in Egs. (2.53) and (2.54)) are represented, demon-
strating both the exponential scaling of M in the ¢ parameter and the greater
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efficiency obtained by sampling the probability density d(y,t) rather than g(y).

L=Y+Y, p =| 00){oo|

1012

""" Rg(p)[ | Xn(Yrt) | ]
Rapl 1 Xn(y,t) |

N
104 — SN S

t

Figure 2.6: Exact values computed for Ry [|2n(y,t)|] (dot-dashed blue, see Eq. (2.53))

and Rgpy [|27,(y,1)]] (dashed orange, see Eq. (2.54)), where L =Y1 4 Ya, p = |00) (00|
and the quantities z,(y,t) and ,(y,t) are as defined in Section m

2.5 Final remarks

In this chapter, I have explored some of the possible applications of the Hubbard-
Stratonovich transformation in the context of quantum computing. This powerful
exact identity enables the reformulation of exponential quantum operators as linear
combinations of different exponential gates, which may, in some cases, be more eas-
ily realizable on quantum hardware. Although direct implementation of quantum
gates via this approach is impractical, the transformation holds greater promise
for recasting observables and facilitating the estimation of their expectation val-
ues through Monte Carlo—based methods. While the proposed implementation is
neither optimal nor particularly efficient in the most general case, it remains for-
mally correct and may prove useful in specific scenarios, in particular for smaller
systems, selected observables, or tailored quantum states. The main limitation
lies in the exponential scaling of the number of Monte Carlo samples required to
obtain accurate estimates of the exact expectation values.

Possible further developments to this work include a more focused investigation
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of the principal and most practical applications of this approach, as well as quan-
titatively testing its performance against other well-established deterministic and
stochastic methods.

46



Chapter 3

Thermal quantum simulation of
neutrino systems

3.1 Introduction

Neutrinos are among the most elusive and fundamental particles in the Standard
Model. Electrically neutral and extremely light, they interact only via the weak
force and gravity, making them difficult to detect yet crucial to a wide array of
physical processes (see e.g. [42] for a review). They play key roles in beta decay,
the dynamics of the early universe, and the energy transport mechanisms in as-
trophysical events such as core-collapse supernovae and neutron star mergers. In
these high-energy environments, neutrinos interactions and their collective behav-
ior can significantly influence the overall evolution of the system [43-49).

A particularly rich feature of neutrino physics is their flavor oscillation, i.e. the
phenomenon whereby neutrinos switch between different flavor states (electron,
muon, tau) as they propagate. This process arises from the mismatch between
flavor and mass eigenstates and is a purely quantum mechanical effect. In dense
astrophysical media, such as the neutrino-spheres of supernovae or the early uni-
verse plasma, the evolution of neutrino flavors becomes highly nonlinear due to
neutrino-neutrino interactions: these interactions give rise to collective flavor os-
cillations, self-induced coherence, and potentially chaotic dynamics, all of which
are encoded in an effective flavor Hamiltonian |18 |50-57].

Importantly, the effective neutrino flavor Hamiltonian in such environments is
known to exhibit features of quantum chaos, including level repulsion and broad,
bell-shaped energy spectra [57]. As a result, the long-time dynamics of the system
can resemble thermalization, even though the underlying evolution is unitary. In
such chaotic regimes, a generic initial state, one that overlaps significantly with
many energy eigenstates, is expected to evolve in such a way that the long-time
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average of few-body observables matches their thermal expectation values at some
effective temperature. This is consistent with the predictions of the Eigenstate
Thermalization Hypothesis (ETH), a central idea in quantum statistical mechan-
ics [5§].

This leads to what we refer to as the neutrino problem: the challenge of identifying,
for a given initial quantum state evolving under the chaotic neutrino Hamiltonian,
the effective temperature that characterizes the long-time behavior of few-body ob-
servables. More precisely, the problem involves finding the temperature for which
the thermal expectation value of an observable matches its long-time average in
the unitary evolution. Conceptually, this is justified by the assumption that the
initial state is a superposition of “typical” states, and statistically, such a superpo-
sition should behave thermally for simple, few-body observables. However, due to
the complex structure of the Hamiltonian and the inaccessibility of full eigenspec-
tra in realistic models, this inverse problem is both analytically and numerically
challenging.

Further complicating the situation is the fact that thermal states are fundamentally
non-unitary. While flavor oscillations in vacuum or coherent media are described
by unitary time evolution, thermalization requires imaginary-time evolution or
other forms of statistical averaging, which lie outside the standard unitary frame-
work: this makes the computation of thermal expectation values especially difficult
in many-body quantum systems such as those describing dense neutrino gases |16,
59, 60].

In this context, quantum algorithms offer new tools for simulating and under-
standing thermal behavior in strongly correlated quantum systems. One such
method is the Quantum METTS (Minimally Entangled Typical Thermal States)
algorithm [16] exploited in this work, which provides a way to estimate thermal
expectation values by sampling over a sequence of pure states with low entangle-
ment. These states can be generated through repeated measurements and unitary
approximation to imaginary-time evolutions, and their ensemble average approxi-
mates the thermal state at a specified temperature. Avoiding full density matrix
evolution and leveraging typicality, QMETTS is in principle scalable to larger sys-
tems.

In this work, the QMETTS algorithm is applied, as a proof of concept, to a
small two-flavor neutrino system consisting of four particles, where the thermal
evolution of the system is expanded on a basis of Givens rotations. Givens ro-
tations constitute in fact a basis for number-conserving operators [17] like the
neutrino Hamiltonian, and their local nature combined with the SWAP network
(see e.g. [22, 61, [62]) is particularly suitable to the QMETTS approach. The goal
is not to exploit the sampling efficiency of QMETTS, but rather to test whether
the procedure correctly reproduces thermal expectation values in a well-controlled
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setting and for a non-local Hamiltonian. Since the system is small, thermal ob-
servables are extracted via full two-body quantum state tomography rather than
relying on statistical sampling from the METTS ensemble. Despite the simplicity
of the implementation, we believe this serves as a foundational step toward vali-
dating quantum thermalization techniques in neutrino contexts.

While the neutrino problem itself is not solved here, the methods explored may
contribute to future strategies for addressing it. In larger systems, where classi-
cal approaches become infeasible, the QMETTS algorithm and related quantum
techniques may offer a practical path for extracting thermal observables and esti-
mating effective temperatures from chaotic flavor dynamics.

This chapter starts with the introduction in Section of the considered neu-
trino Hamiltonian in the two-flavor approximation, which main symmetries are
presented and explained in detail in Section [3.1.2] In Section basic concepts
about quantum system thermal evolution are treated, including integrability, ther-
mal density matrices and imaginary-time evolution. The QMETTS algorithm for
the quantum computation of observable thermal expectation values is described
in Section [3.3] specifically its formulation in terms of Givens rotations. The spe-
cific details of the quantum simulation implementation for the neutrino system are
given in Section [3.4 Finally, the results of both noiseless and noisy simulations
performed with Qiskit software are presented in Section

3.1.1 Neutrino Hamiltonian

Much of the structure of this section follows [63].

A complete description of a neutrino system must account for the fact that neu-
trinos can exist in three distinct flavor states, each corresponding to a different
lepton generation: the electron neutrino (v), the muon neutrino (v,), and the tau
neutrino (v,). In the environment of a core-collapse supernova, electrons are vastly
more abundant than muons or tauons, leading to significantly different behavior
for electron neutrinos compared to the other two flavors |64} 65]. In such scenarios,
it is often convenient to adopt a simplified two-flavor approximation, where neu-
trinos are classified as either electron neutrinos (v.) or a collective ”"other” flavor,
commonly denoted as v,.

This simplification proves particularly advantageous when formulating the prob-
lem on a quantum computer, as it enables a direct mapping between the two
neutrino flavors and the two states of a qubit. In this framework, the neutrino
flavor state can be represented as an SU(2) spinor, which naturally corresponds
to the su(2) algebra of qubits. Consequently, each qubit can be utilized to encode
the flavor state of a neutrino. Encoding the state of a three-flavor neutrino system
on a qubit-based quantum computer is also feasible in principle, at the price of
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loosing the correspondence with the simulator algebra: an ideal system suitable
for a similar treatment would be a quantum processor based on qutrits rather than
qubits. The interested reader can find more information in [66].

Calling a. and a, the complex probability amplitudes for a neutrino of having fla-
vor v, and v, respectively, the spinor describing its state |v), written in the flavor

basis, will simply be
Qe
= (5): 1)

It’s also possible to write the state |v) in the different basis made by the 2 eigen-
states of the mass (or vacuum energy) operator {|v) , |vo)}, where these will differ
from the flavor eigenstates {|ve), |v,)} since the two operators do not commute:
each eigenstate will be a linear combination of the two eigenstates belonging to the
other basis and the relation between them can be expressed by a one-parameter

matrix U: ‘

(ae> O (al) - < Co§9y Sln9y> (al) 7 (3.2)

Qg as —sinf, cosb, as

where 0, € [O, %} is known as the mizing angle and aq,as can be interpreted as
the probability amplitudes for the neutrino of having either mass m; or mo, re-
spectively.
The U matrix can be generalized to the case of three neutrino flavors, in which
case it’s known as the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix and it
will be characterized by four distinct parameters.
Given that the aim is to describe ultra-relativistic neutrinos emitted from a core-
collapse supernova at a distance of the order of 100 km from the surface of the
proto-neutron star, where the neutrino density is high enough for neutrino flavor
oscillation to be relevant, the relevant contribution to the Hamiltonian will come
from three main terms: the one-body vacuum evolution H,,., the one-body mat-
ter interaction H,,,; and the two-body v — v interaction H,, originating from the
neutrino-neutrino forward scattering.
As a note, I hereby clarify that the role of anti-neutrinos will be neglected in the
following derivation. While they are indeed very important for realistic simula-
tions, the current work aims to establish foundational methods, and incorporating
them is planned for future extensions. Importantly, adding anti-neutrinos does
not introduce any fundamentally new theoretical or computational challenges; it
primarily increases the system size and complexity, which can be handled once the
basic framework is fully validated.

— Evolution in vacuum, H,,,

The first term to consider in the Hamiltonian regulating neutrino flavor evolution
is the one-body vacuum term H,,.: this is the simplest term giving rise to neutrino
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flavor oscillation and it’s due to the differences between flavor and mass eigenstates.
As already introduced, mass eigenstates |v1) and 1) are also eigenstates of the
vacuum energy, and as such they will have a well-defined value for the vacuum
energy: this means that they satisfy the following equation

.0 . - . .
i (7)) = Hoe |v(7,0)) = B 1,(7,0) (3.3)

where I'm describing a neutrino in a three-dimensional space parametrized by the
variable 7, t is the time, 7 is the imaginary unit, j € {1,2} is an index for the
specific mass eigenstate and F; is the vacuum energy associated to the eigenvalue
lvj). I specify that the same does not hold for the neutrino eigenstates |v.) and
|v), since each of these is a linear combination of states having different vacuum
energy eigenvalues.

A solution to Eq. is given by plane waves, each of which is characterized by
a well-defined value for its momentum: this means that each mass eigenstate at
any given position 7 and time ¢ can be expressed in terms of its original state in
the origin position in the following way

(&, 1)) = e BB 114(0,0)), (3.4)

where now p; is the momentum associated to the mass eigenstate |v;).

In general, a possibly more realistic solution to Eq. would consist of a wave
packet, which would introduce in the description a distribution of momenta for
every state rather than a single value: despite being more complete, I do not
consider such solution here and limit the analysis by considering mass eigenstates
as plane waves, since they do form a complete basis we could use to describe
wave-packets. The interested reader can refer to references [67-69] for a deeper
exploration of the wave packet formulation.

Having introduced the concept of momentum in the picture, it’s now possible to
express the relativistic vacuum energy eigenvalues in the following form

. 2 2 m? m;l
Ej = Pj+mjzpj+§+0 o) (3.5)
J

J

where p; = |p;| is the modulus of the momentum of the mass eigenstate |v;)
and m; is its mass value, and where the full formula can be expanded in powers
and truncated after the second term since the task is to describe very relativistic
neutrinos, i.e. particles such that m;/p; < 1.

At this point one can simplify the picture by assuming all mass eigenstates sharing
the same value for the momentum modulus, i.e. p; = p Vj € {1,2} with p which
can be taken to be the momentum modulus of a massless neutrino (therefore also
equal to its energy) generated by the considered process: this is in principle wrong
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since in general the energy and momentum of a particle produced in any process
will both depend on its mass and both are uniquely determined by conservation
laws, but from a more in-depth study (|68, 69]) one could show that at this order
of approximation this choice would not change the flavor transition probabilities.
Under these assumptions and discarding terms of order mj/p? and greater, the

2-flavor vacuum energy operator written in mass A basis will take the following
form

2 2 2
o (B0 +2 0 . (5 0 % 0
Hggg:(ol E2>:<p 02p p+m_%>:p]l+<25’ m_)%’<25’ m_g),(i%-ﬁ)

2p

where, since Hamiltonian terms which are proportional to the identity operator
I only introduce global phases and are not relevant to the time evolution of the
system or to the evaluation of observables, I have dropped the term pﬁ.

Now, the previous operator can be recast in flavor basis by transforming it with

the matrix U defined in Eq. (3.2)

a0 pimpt — L ¢Sy (mi 0 (e =) _
vac vac 2p \—s ¢ 0 mi)\s ¢

1 (Em+Pm3 es(md—mi)\ L 0m® (7 cs o (3.7)
2p \es(mi—mi) s*mi+cPmi) T 2p \es &) '
~ 0m? (—cos(26,) sin(26,)

~ dp \ sin(26,) cos(26,))’

where for the sake of conciseness I used the definitions ¢ = cos(6,), s = sin(6,),

dm? = m3 — m? and like before I ignored terms proportional to the identity.

It is customary now to recall the Pauli matrices definitions

. (01 o (0 . (10
X:%_(l 0> Y:@—(i O) Z_UZ_(O _1>. (3.8)

With these operators, Eq. (3.7)) can be easily recast in the following simple form

HD = Ab- 6, (3.9)
where I defined the vacuum potential A = %, a three-dimensional vector b =

(sin(26,),0, — cos(26,)), lying in the z-2 plane, and the Pauli vector 6 = (&, Gy, 02),
already introduced in Eq. .

In this form the Hamiltonian is equivalent to that of a 2-level quantum system in
an external static magnetic field: one can identify b as the direction of the mag-
netic field and interpret the flavor as a spin, which will evolve on the Bloch sphere
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=>

lvg) = —2

Figure 3.1: z-z plane cut of the Bloch sphere for the flavor state of a neutrino. The
generic pure state [¢)) evolves under the action of the vacuum term of the Hamiltonian
by precessing with Larmor frequency w = %ﬁ around a unit vector b oriented as the
mass eigenstate |v2), at an angle 26, with respect to the —Z direction.

by undergoing a precession around b (which points at an angle 26, with respect to
the —2 axis and on the z-z plane) with Larmor frequency w = 2A (see Fig. [3.1]).

This derivation was performed considering just one neutrino, but since the vac-
uum evolution of any particle is completely independent of the others, it can be
easily extended to the case of a system of N neutrinos simply by summing the
different contributions: the complete vacuum energy operator for a system of N
neutrinos is a one-body operator with different terms acting each on a different
particle and on an N-dimensional Hilbert space.

— Evolution in matter, H,,,

Despite neutrino interaction with matter being very feeble, being mediated by the
weak force, it can be particularly relevant when considering collective interactions,
i.e. interactions involving all particles and adding up in a coherent fashion: this
holds when considering elastic scattering with leptons. The main contribution
to this process arises from coherent forward scattering, which preserves particle
momentum and can have two different origins: it may be due to charged-current
interaction, mediated by boson W=, or to neutral-current interaction, mediated
by boson Z°.

The neutral-current interaction being identical for all neutrino flavors means that
it affects the Hamiltonian with a term which is proportional to the identity and
as such can be neglected, as already discussed. On the other hand, charged-
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current interaction differs depending on the considered neutrino flavor: this is true
because neutrinos of a given flavor interact with the leptons of the same flavor,
but the environment inside a core-collapse supernova is characterized by a great
abundance of electrons with respect to the other leptons. The thermal energies in
a collapsing supernova core are in fact of the order of tens of MeV, much lower
than the hundreds and thousands needed for the production of mu and tau leptons.
This introduces an imbalance between the behavior of the electronic neutrino with
respect to the other flavors and is part of the reason why it’s possible to effectively
treat such particle as having only two different flavors in this specific environment.
The interaction among neutrinos and charged particles has been deeply studied
and is responsible for the well-known MSW effect [70-72],

The forward scattering effective potential V' between an electron neutrino and an
electron must be proportional to the Fermi constant Gz and to the electron density
ne: more specifically, the Hamiltonian Hppat describing the interaction between a
neutrino and a lepton in the two flavor approximation can be written in the flavor
basis in the following way

() 1 0\ . Loy V1 0)_ V.,
Hmat_\/iGFne (0 O)—V(O o] — 5 \o0 -1 = 20'27 (310)

where I defined V' = v/2Grn. and as usual terms proportional to the identity were
neglected.

It is particularly interesting to notice that it’s possible to express the sum of the
vacuum and matter terms of the neutrino Hamiltonian in the same form as the
vacuum term alone by conveniently redefining the mass difference and the mixing
angle thanks to the introduction of a rescaling factor a. By recalling equation
Eq. it’s in fact possible to recast such sum in the following form

A+ 7Y, = o (—cos@@u) sin<29u>> V(l 0>:

vac mat = 4p \ sin(20,)  cos(26,) 2 \0 -1
om® (—(cos(26,) — ¥ 5L;) sin(26,)
S dp < sin(26,) cos(26,) — %6‘%) - (3.11)
_om? (=4 (cos(26,) — §5ks) Lsin(26,)
4p Lsin(26,) L (cos(26,) — LAz

2 6m?2
possible to define the new matter parameters dm'? and ¢, through the following
identities

By choosing now the rescaling factor o = \/ sin®(26,) + (cos(26,) — ¥ 52 )2 it’s

V 4p

1 1
2 - 2 N o _ . / s
om'* = om a, cos(20)) = - <cos(281,) 5 _5m2) ,  sin(20)) - sin(20,).

(3.12)
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Figure 3.2: x-z plane cut of the Bloch sphere for the flavor state of a neutrino. The
generic pure state [¢) evolves under the joint action of the vacuum and matter terms of
the Hamiltonian by preceeding with Larmor frequency w’ = a% around a unit vector
b oriented at an angle 20!, with respect to the —2 direction. Angle ¢/, is identified by

imposing relations in Eq. and is always closer to the Z direction than 6,,.

By identifying the terms of Eq. (3.12) in Eq. (3.11)), this last can be further sim-
plified and explicitly expressed in the same form of Eq. ({3.9))

2 / : /
g 4 g _ 0m” (—cos(20)) sin(20,)\ _ \p 2
Huaz  Hinat = 4p \ sin(20,) cos(260.)) Ao, (3.13)

where now A’ = % and V' = (sin(26’,), 0, — cos(26.,)).
Recalling the analogy with magnetic systems, it’s possible to say that the matter
effect on the vacuum Hamiltonian is that of both shifting upwards the axis around
which the flavor state of the considered neutrino processes, adding to b a contribu-
tion directed as Z (with respect to the orientation in Fig. and to modify the
Larmor frequency of such precession to the new value w’ = aw (see Fig. .
Once again the previous derivation only considered one neutrino: the vacuum
plus matter Hamiltonian for a system of many neutrinos will be a one-body oper-
ator with one term for each particle, each of which will have the form of Eq.[3.13
It is important to stress the fact that the terms A’ and v in Eq. depend on
the neutrino momentum p, so they will potentially be different for each considered
particle.
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— Evolution in neutrino dense environment, H,,

Neutrinos interact weakly also among themselves via the neutral current, i.e. by
exchanging Zy bosons. At the range of 10 — 100 km from the center of the collaps-
ing supernova the neutrino density is so high that also this interaction becomes
relevant and even dominates over the other two contributions treated before. This
term comes from the forward scattering among neutrinos and introduces the much
relevant feature of non-linearity in the evolution, as well as giving rise to various
phenomena like collective oscillations, synchronization, bipolar oscillations and
spectral swaps 73| [74]: all of these effects are associated to a coherent evolution
of the states of a great number of neutrinos.

A peculiarity of this term, compared with the matter forward scattering contri-
bution, is that it has a non-diagonal structure, allowing for flavor mixing among
neutrinos.

In order to treat this term it is common to assume that the energies into play are
far smaller than the Z; boson mass: the value of the latter is in fact approximately
90 GeV, while we already stated that supernovae neutrinos have energies of the
order of tens of MeV, which justifies the assumption. This allows for the use of
the four-fermion contact interaction of Fermi’s effective theory, according to which
the neutrino-neutrino term H,, in the Hamiltonian, considering now a system of
N interacting particles, takes the following form [18| |75]

. _ Gy ( pﬁj)~ .
H,, =—— 1l——F—=—10;-0; 3.14
= o 2\ Tl ) 7o (8.14)
where ||-]| is the Euclidean norm.
As expected, once again this term is proportional to the Fermi constant G and
to the density of interacting particles, in this case the neutrino density n, = %,
where V is the volume of the system. Furthermore, in Eq. p; is the i-th
neutrino momentum vector and &; the Pauli vector acting on such particle

i—1 N
g=QRLoaw X)L Vo e {X,Y, 7}, (3.16)
j=1 j=i+1

where I, is the two-dimensional identity operator.

The operatorial form of this term corresponds to a spin-exchange interaction, co-
herently with the fact that under this interaction either the neutrinos exchange
their own momenta or they do not. The angular factor J;;, defined as the following

LB 1 cos(ey), (3.17)

Jij=1— 55— =
’ 121111251
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encodes the dependence of the interaction strength from the neutrino directions of
propagation, where ¢;; is the angle among these directions: the more the neutrinos
are counter-propagating, the more the interaction is intense, while when they move
in parallel, the interaction becomes null.

It is important to note that this term describes an all-to-all interaction, which is
in general exponentially difficult to treat classically and much better suited for a
quantum computing approach. The all-to-all nature descends from both the choice
of treating the neutrinos as plane waves and the approximation of contact effective
interaction.

By defining the neutrino-neutrino interaction energy pu = v2Gpn, = Np it is
possible to rewrite Eq. in a somewhat more elegant form

A

N
o p Z z oz
H,/l, = ﬁ Jijo-i *0j. (318)

i<j=1

Thanks to the global SU(2) invariance which characterizes this term I could remove
from the notation the information about the basis used: the operatorial form of
H,, will in fact be the same regardless of the specific basis chosen, as long as the
different bases are connected by an SU(2) rotation, which is indeed the case for
the mass and flavor bases (see Eq. (3.2))).

— Full many-body Hamiltonian, Hy

Let’s now combine the single terms just introduced into the full many-body neu-
trino Hamiltonian that was used for this work. As already stated, this is done by
applying the single-particle term in Eq. to each of the N particles in the
system and summing to this the all-to-all interaction of Eq. (3.18)). The result is
the following expression

N N
A =S A6+ iN Z Jii65 - 65, (3.19)
i=1 7j=1

with the definitions of the various quantities given previously in this chapter.

More specifically, I decide to focus on a monochromatic beam of neutrinos propa-
gating outwards from the supernova core in a narrow cone: this means that all the
particles share the same momentum modulus (i.e. p; =p Vi € {1,..., N}), which
implies all matter potentials Al and vectors l;; also being identical, so that their ¢
index can be dropped and A’ collected in front of the first sum in Eq. (3.19). This,
in turn, allows to express the energies in units of A by redefining the Hamiltonian
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2 ()
as H](Vf)iHA#
N " N
() A [ z
HN =A Zb 02+ﬁ2 JijO'Z"O'], (320)
=1 1<j=1
v AL BY s ~ = -
. 7 A ~ ~
HN _>HN :T:Zb.ai—i_’yz(]ijai'o-j’ (321)
=1 i<j=1

where I defined v = 7.
Since in this work I'll use a Hamiltonian written in these terms, I remove the tilde
and single quote marks from the notation, to reduce its complexity

N N
]:[J(\f) :ZE-(%—F’V Z Jijgi'gj. (3-22)
=1

1<j=1

As already done in previous works [61-63], I consider for the computations an an-
gular distribution of the momenta consisting of a grid of equally spaced angles on
a plane, i.e. I choose the angles ¢;; in Eq. in accordance with the following
relation

Gij = arccos(0.9)u. (3.23)

N -1

This is a bit different from the popular choice of using the geometrical average for
such angle (single-angle approximation): the reason is that, thanks to this simple
not-isotropic assumption, one does not introduce any spurious symmetries into the
system description.

3.1.2 Neutrino Hamiltonian properties and symmetries

The neutrino Hamiltonian defined in Eq. possesses a lot of useful symme-
tries that can be conveniently exploited in different ways, for example to reduce
the number of operations that a quantum computer has to execute when perform-
ing the simulation of the system. In the following chapter I will address the most
relevant among these symmetries, which will be particularly important to my work.

— H,, Global Sl{(2) invariance

As already stated, it’s good to recall that the two-body term introduced in Eq. (3.18))
is invariant under a global SU(2) transformation, meaning that the following iden-
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tity holds

~

H,, = Ul(a,@)H,,Uf(a,) V Ula, i) € SU(2)

o o amE (3.24)
= eiam o [, gl e VaeR, i eR || =1,

with 7 = {n,,ny,n.} a real tridimensional unit vector and the total Pauli vector
operator ;. of the system defined as the following

N N N N
Utot = {Xtotay;fotaztot} = {Z Z ZZ } = Z&i- (3.25)

A consequence of this is that such term will always have the same form in every
basis, simplifying for example the task of moving between the mass and flavor
representation.

It is straightforward to prove this property: just check that H,, commutes with
GSU(Q) (77), the generators of the SU(2) group

—
/\

GASL[(Q)(_’) =1 - Otot = nxXtot + ny}A/tot + nzZtot- (326>

With this definition, and by recalling the H,, definition given in Eq. (3.18), the
aforementioned commutator satisfies the following relation

N
|, G ()] o [ N T it &m] , (3.27)

j<k=1

where, exploiting Eq. (3.25), the RHS may be re-written in the following way

N
Lz oy iG] = 3 a3 [ ] -

j<k=1 j<k=1 i=1

N N
= E ij E [aj-ak,n-ai] + E [Uj-ak,n-ai] s

j<k=1 i=j.k i=

(3.28)
having used the commutator linearity with respect to its arguments. All terms in
Eq. (3.28) with i # j, k vanish, since the commutator between operators acting on
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different particles is always null. T can then continue with the following

N
N TGy Gt G| = § T 3 |65 66 =

j<k=1 j<k=1 i=j,k

N i
= 3 T X [ X+ ViV + 22 n, X4 ny Vi 0.2 =
j<k=1 i=jk
N ) (3.29)
= Z ij Z Xij,nx)AQ
j<k=1 i=j,k jA A .
+ I 7 k‘any Z:|

+ j k,nZZZ:| + [ZA] k,nxf(i ‘l‘?’l,yf/;:| .
Given that any commutator trivially commutes with itself, all terms involving only

one single kind of Pauli operator can be discarded, and by recalling the following
commutation relations between Pauli operators (i here is the imaginary unit)

A

[XY] — 27, [Y, Z] — 92X, [ZX] — %Y, (3.30)

Eq. (3.29) can be further reduced to the following

N
E ijUj *Ok, M- Otot | =
J

j<k=1

j<k=1 ~ A~
—n, (Zij + szk) +n, (X Vi + YXk> +

where also here the letter ¢ now stands for the imaginary unit.

Since all terms in the last equation cancel two-by-two, finally the expected result
is recovered from Eq. (3.27)

[ﬁw, G’su(z)m)] = 0. (3.32)
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— One-body and two-body terms commutation

Let’s define H,p the one-body term of the full many-body neutrino Hamiltonian
(i.e. the first summation in Eq. (3.22)), the contribution from vacuum and matter)

Q>1

(3.33)

N
i) = Z

and HQB the two-body term (i.e. the second summation, the contribution from
interaction among neutrinos)

N
HQB = Y Z Jl]é'l . 5']', (334)
i<j=1

where I wrote H;p in the flavor representation, Ifll({g), while Hyp does not depend

on the chosen basis thanks to the global SU(2) invariance.

I'll now show that these two terms commute one with the other, which is a very
useful property since it allows to separate the evolution of the system under the
two contributions (see Section . This will come in particularly handy when
dealing with the estimation of observables, as will become clearer in the following
chapters.

Let us start by noticing that by applying a unitary transformation U to two com-
muting operators A and B, the two new operators A’ = UAUT and B’ = UBU'

still commute. This is evident from Eq. -, where setting [A, B} = 0 implies
[A’, B’] — 0.

where I used the unitarity property UUt =00 =1 R
This simplifies the problem, since I'm allowed to represent H;p in the mass basis,
where it is diagonal. Neglecting terms proportional to identity as they do not
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influence neutrino flavor oscillation, I can write the following

A

[ﬁ137ﬁ23] = [ﬁf?,Hzg} =7

N
> i) - o

N
=7 Z Jij

1<j=1 Lk=1
N N
= -7 E Jij [ZM—ZJ,&Z&J —+ E [Zk,&zﬁj] s
1<j=1 k=1
k#i,5

but all the terms in the last sum are always 0, since they are commutators among
operators acting on different particles. Continuing Eq. (3.36)) by using the defini-

tion of Pauli vector &; given in Egs. (3.15)), (3.16))
N
[HlByHQB] = - Z Jij [Zi + Z;,0 - 6]‘] =
i<j=1

== ) Jy [Z + 7, X, X; + VY, + Z]] = (3.37)

Once again, the last commutator can be discarded: this time the reason is that
any operator trivially commutes with itself.
It is also straightforward to show that the first commutator must vanish as well

where I used the Pauli operators commutation relations given in Eq. (3.30)).
With this result I concluded that all terms in Eq. (3.37) vanish, which in turn
implies that indeed the one-body and two-body terms of the Hamiltonian commute

[ﬁlg,ﬁw} —0. (3.39)
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— H,, U(1) invariance

The neutrino-neutrino interaction H,, in Eq. is also U(1) invariant under the
action of transformations generated by the total Pauli Z operator Ztot = vazl Z-,
meaning that ) )

H,, = ¢ "%t [l ei0Zo Vo € R. (3.40)
This is simply evident from the already discussed H,, SU(2) invariance: by setting
1= (0,0,1) in fact, Eq. reduces exactly to Eq. (3.40)).

This is also a property of the computational basis states, which is the usual basis
used to represent the state of a set of N qubits, defined as the following set

{é\m | z; €{0,1} Vie€ {1,...,N}} with [0) = (é) and |1) = ((1)) .

i=1

(3.41)
Together, these two facts imply that, if the system is initially in a computational
basis state and is evolved in complex time under the action of ﬁ,,,,, at any moment
during evolution the full density matrix of the system will always remain invariant
under the said symmetry. Since symmetries of the global state are inherited by
its reduced states under the corresponding local action of the symmetry group,
in such case it’s always possible to represent at any time 7 the two-body reduced
density matrix p;; in the following form

Pij (1) = Triggi gy [0(7)]

= (L4 200200 + 20230

+ 2,2, T[22, i (7)) (3.42)
(KX 4 V) TR,y ()
LY, - ViR TR, %UQ,

where p(7) is the full system density matrix at complex time 7 € C, defined as the

following

’LTHVV it Hyy

~ . Po€
p(r) = -
Tr efz‘rHWpoez‘r*Hm,]

, (3.43)

with pg the initial full density matrix at 7 = 0 that, as stated above, must cor-
respond to a computational basis state (or at least must be itself ¢(1) invariant
under the action of Ztot).

Eq. (3.42)) is simply obtained by considering the two-body reduced density matrix
pi;(T) as a general two-body operator and expanding it on the Pauli operatorial
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basis, neglecting in the decomposition all not /(1) invariant terms. I also exploited
the fact that the expectation values of X, X and X; Y are equal to those of YY
and —Y; X ; respectively: this happens because in each couple the operators are
connected by transformations belonging to the considered U(1) symmetry group.
Furthermore, since operators ﬁ4, Z-, Zj and ZAzZ] all commute among themselves,
Eq. implies that only three independent measures on the system are needed
to fully reconstruct the reduced two-body reduced density matrix. This can be
further simplified when the evolution is performed in fully imaginary (real) time:
in this case the off-diagonal term of the evolved two-body reduced density matrix
will necessarily be completely real (imaginary), which in turn means that the ex-
pectation value of X;Y; (X;X;) must be zero and therefore that two independent
measurements are enough for determining completely the reduced density matrix.
More explicitly, the two operators to be measured can be taken to be X, X j ()A(,f/})
and ZiZj, from which all the non-zero terms in Eq. can be deduced.

This will be central for the estimation of two-body observables on thermal states,
described in Section [3.4.2]

A

— H,, conservation of particle number

Let’s consider the particle number operator N, which can be defined as the fol-
lowing

N A A
-z _
Z N]I + Zioy).- (3.44)

Pay attention to the fact that N is the particle number operator, while N is the
number of neutrinos in the system, which is not connected to the eigenvalues
of the former operator: the name “particle number operator” is misleading in
this context, since it is borrowed from a framework where a qubit in state |1) is
interpreted as if a particle was present at a specific site, opposite to the state |0)
that would represent the absence of such particle. In our context instead, the
number of neutrinos is fixed for every initial state and it’s equal to the number of
considered qubits: operator N in this case measures the number of neutrinos in
the non-electronic flavor |v,), represented by a qubit in state |1).

From its definition it is clear that the N operator is diagonal in the computational
basis and such that the eigenvalue corresponding to each basis state is its Hamming
weight, i.e. the number of single-qubit states |1) in its representation according to
Eq. (8.41).

It is very easy to realize that N must commute with H,,: writing down explicitly
the commutator in fact, it reads

N N 1 ~ ~ ~ ~
|:HI/V7N:| - 5 <N [HVWH] + [Hw/aZtot:|> (345)
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but since every operator always commutes with the identity I and it was just
discussed in the previous sections that []:IW, ZAtot} = 0, necessarily the desired

result follows
[H N} — 0. (3.46)

This means that H,, is a number-conserving Hamiltonian, which will have many
interesting implications in what will be presented in the following sections. Clearly,
this also means that if the initial state of the system has a well-defined Hamming
weight, this will be conserved during the evolution.

— Invariance under particle ordering inversion

With the parameter choices made at the end of previous Section (see Egs.
and (3.23)), it can be shown that both the one-body (Hyp defined in Eq. (3-33))
and the two-body (Hap defined in Eq. (3.34)) terms must be invariant under the
order reversal of particles, i.e. that the following relations hold:

N N
E b- g; = E b- ON—i+1; (347)
i=1 i=1
N N
E Jijai c 05 = E JijO-Nfi+1 *ON—j+1, (348)
i<j=1 1<j=1

where the first equation is for H, 5 and the second for Hop.

It must be noted that this invariance is not intrinsic to the general neutrino in-
teraction in Eq. , rather it is due to having chosen an angle distribution
which is itself invariant for the reversal of the particle order (check Eq. (3.23)):
such choice inserts this spurious symmetry in the problem, allowing on one hand
for some simplification of the observable measurement process (as it is presented
in Section , while still not generating relevant modifications to the overall
system physics.

The proof for the first identity in Eq. is pretty trivial: since the coupling
with the external field is the same for all particles, any permutation of these ones
won’t have any effect. It is enough to change the summation index in the RHS to
i’ = N —i+1 to recover H,p.

In order to show the validity of Eq. , one starts again by redefining in the
RHS the summation indexes to i/ = N —j+ 1 and j' = N — i+ 1 (notice that ¢
is defined in terms of j and j’ in terms of ) and then continues by exploiting the
facts that operators acting on different particles commute and that the parameter
Ji; is proportional to |i — j| (and therefore also symmetric under the exchange
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i <> j). More explicitly, the steps are as follows:

N N
E JijON=i+1 - ON—jt1 = E =gy =it41) 0 - Oir =

1<j=1 ir<j'=1
N
= D Jv-rryw-gendi - 6y = (3.49)
'<j'=1
N
== E Ji/j/a-i/ . OA'j/’
i <j'=1

and result in Eq. simply follows by arbitrarily renaming {7, j'} as {i,j}.
This result implies that if two initial states differ only for the reversal of the order
of the particle, this property will be maintained also during the flavor evolution:
one can then rely on such property to reduce the number of needed measurements
to be performed on the system in order to extract specific information, as we will
see in the context of estimating two-body observables in Section [3.4.2]

A

— H,, global Pauli-X invariance

The neutrino-neutrino interaction term H,, in Eq. possesses yet another use-
ful symmetry: it is invariant under the transformation which flips all the neutrino
flavor states, this transformation corresponding to the Pauli-X operator acting on
all the particles, Uy = Hfil X, = U)T(

H,, =UxH,,Uy. (3.50)

This result comes straightforwardly when considering the action of an X transfor-
mation on each Pauli operator

KXX=%  XVX—-V  X2%--2Z (3.51)
Expanding the RHS of Eq. (3.50) by using the definitions of Ux and H,, and
exploiting identities in Eq. (3.51]), the desired result is soon obtained

L R N R N L N .
UxH,,Ux = (H Xz-> (% > ijaj&k> (Hm) =
i=1 =1

j<k=1

N
ILL A~ ~ ~ ~ A A A A A ~
— e > Kk (XK Vet 2,2) KiXo= (3.52)

j<k=1
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Like the previous result, also this symmetry helps in reducing the number of needed
measurements for the estimation of expectation values of observables (see Sec-

tion [3.4.2)).

3.2 Finite temperature simulation and neutrino
thermalization

There is general consensus in considering the general neutrino flavor Hamiltonian
described in Section (see Eq. (3.19)) as being non-integrable, where this
statement has several implications about its spectrum and the expectation value
of local observables.
The topic of Hamiltonian integrability is rather ample and complex (see for exam-
ple |76} [77]) and in general many different non-equivalent definitions may be found
in literature for such a property: here, by not-integrable, I mean that the differ-
ences A between sequential eigenstate energies in the spectrum do not follow a
Poisson distribution e, rather they show repulsion between states (see Fig. .
This behavior is strongly connected with the symmetry properties of the system,
which may contribute to increasing the number of degenerate states in the spec-
trum: Ref. [57] shows how the neutrino-neutrino interaction term of Eq.
indeed possesses a non-integrable character in the most general formulation, but
this property is soon lost when a symmetric momenta distribution is considered
rather than a more random one.
Non-integrable systems are also known to thermalize for the vast majority of pos-
sible initial states (possible exceptions are treated in [78]), meaning that the long-
time average (i.e. the time average performed after a characteristic relaxation
time) of the expectation value of few-body observables becomes insensitive to the
specific initial state and can be estimated by considering the appropriate thermal
ensemble (the interested reader may look for “Eigenstate Thermalization Hypoth-
esis”, ETH [58] ).
Given these premises, I decide to describe the system as being in thermal equi-
librium, using a density matrix p computed from the canonical ensemble, which
therefore can be written in the following form

p(B) = , (3.53)

where € R is the generalized inverse temperature (which specific value can be
chosen by fixing an observable expectation value, for example the system energy),

H the Hamiltonian describing the system (see Eq. (3.22)) and Z the canonical
partition function, defined as the following

Z=Tr[p]. (3.54)
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Figure 3.3: Comparison between the typical distribution of A between integrable (solid
line) and non-integrable (dashed line) systems, with A being the difference between se-
quential energy eigenvalues. In integrable systems A is Poisson distributed, meaning that

its probability is Pi(A) = e~2, while non-integrable systems show repulsion between con-
- 2
secutive energy eigenvalues, making the distribution more similar to Pyx1(A) = gAe_%.

Here and in what follows we choose units such that H is dimensionless, which
implies that also the inverse temperature f is.

3.2.1 Thermal expectation values

As usual in quantum mechanics, the expectation value (O) ; of an observable 0]
computed on a system being in a state described by the density matrix p is obtained
by taking the trace of the product of the two operators

(O), = Tr [Oﬁ] . (3.55)

If the system is divided into two distinct parts A and B, so that its Hilbert space
‘H decomposes as the tensor product of the two correspondent subspaces, H =
H ® Hp, and the observable O only acts on one of such subsystems, say A, then
Eq. can be simplified by using the reduced density matrix p4 in place of p,
where p4 is obtained by taking the partial trace of p over subsystem B.

Eq. clearly also holds when the system is in a thermal state, in which
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case the density matrix takes the form of Eq. - ) and a dependence on the
inverse temperature (3 is expected. By calling p Ps such density matrix and <O) the
correspondent expectation value of operator O, this latter will take the following
form

<O)5 = %Tr [OAe’BH} = %Tr [engOAefg } -
(3.56)

where I exploited the cyclic property of the trace and introduced an arbitrary
orthonormal basis {|j)| j € {1,...,d}}, d being the dimension of the system
Hilbert space. In this basis, the canonical partition function Z defined in Eq.
can be expressed as follows

Z= zd: —BH |5 (3.57)

Jj=1

3.2.2 Imaginary-time evolution connection with thermal-
ization

Eq. at the end of last section seems to suggest a procedure for evaluating
observable thermal expectation values: if it would be possible to efficiently imple-
ment in a quantum computer the operator e BH one could in prmmple prepare the
states |7), apply e~ ~3H to them and then measure the observable O, reconstructing
the thermal expectation by computing Z and combining all the results.

There is a major problem with this: since  is a real number and H is Hermitian,

5

it follows that the operator e 2" is not unitary

. N ; ; o
o3l <€_§H> = 3He 3H = PH # I, (3.58)

which means that it will modify the norm of the states onto which it is applied
and that cannot be decomposed as a product of unitary operators.

Operators like this one are called Imaginary-Time Evolution (ITE) operators, since
they clearly have the form of a time evolution (TE) operator with the time pa-
rameter being imaginary rather than generically complex

Usually, operations are realized on actual hardware via switching on a controlled
potential between the involved qubits and by letting them evolve for a specific
time under such interaction: this exactly corresponds to a real-time evolution,

69



CHAPTER 3. THERMAL QUANTUM SIMULATION OF NEUTRINO
SYSTEMS

though, and as such, cannot allow by itself for the implementation of non-unitary
operators, which are intrinsically more complex to be dealt with.

There are several alternatives which can lead to an effective implementation of
non-unitary operators on a quantum machine, e.g. by exploiting additional qubits
known as ancillas or also performing measurements on the systems [34]. In the
following sections I'll show how to use an algorithm known as Quantum Imaginary-
Time Evolution (QITE) to estimate the value of (O)s, which only requires to
execute unitary operations.

3.3 Unitary quantum estimation of thermal ob-
servables

As anticipated in Section [3.2.2] computing finite-temperature expectation values
of observables is closely related to an evolution in imaginary time of the system,
this last being quite a sophisticated operation to perform on a quantum computer
given its non-unitary nature.

Despite this, it is still possible to write the expression for the thermal expectation
value of an observable O, ie. (O)s (see Eq. (3-56)), in a form which makes it
explicit how it is enough to only act with unitary operators in order to get to
the result: the core of the issue consists in interpreting the non-unitary objects
generated by the action of the imaginary-time evolution on the states |j), as unit-
norm states |¢;) 8 generated by acting with a certain unitary operator Uj7ﬁ (yet to
be determined) again on states |j), times a weight N g taking care of the norm
difference. More explicitly, the steps are as follows

(O)s =3 D tile #1047y =

1 -y e i
:z; <.7| '/\/;5 M,B U>: (360)
d
Z 75<¢]‘50|¢J>

where the following quantities were introduced

Nis e 31 |j)

Nig =3 13)||, P =222 1o, = Uislid = 2L (3.61)
J J z J Js -/V‘j,ﬁ
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the norm here being the L?-norm, defined as |||¢)|| = /(¢|¢)). With these defini-
tions, by recalling Eq. (3.57)) one also realizes the following relation

d
_ 2
2= N (3.62)
j=1

which makes evident that the quantity IP; s can be interpreted as a probability.

If it is possible to determine and implement the unitary operator Ujs and to
estimate the probabilities IP; g, then Eq. is a valid prescription about how
to get thermal expectation values of observables on a quantum computer.
Quantum Imaginary-Time Evolution (QITE) algorithm [16] exactly describes how
to obtain good estimates for these two quantities: the starting point consists in
choosing a general parametrized form for ijg, call it Ug (g), where § = {01,...,0,}
is a set of g real parameters to be determined by equating the action of U 3 (5 ) on
the |7) state to that of the normalized imaginary-time evolution.

Considering an example that will prove useful later, imagine representing U 3 (5 ) as
a product of g unitary operators, each of which I write as the imaginary exponential
of an Hermitian operator Gy,

Us(0) = [ e 2%, (3.63)
k=1

where [ is the dimensionless inverse temperature and ¢ the imaginary unit.
Let’s now apply Eq. (3.63) on the state |j) and expand the result |¢); (9)>ﬁ in
powers of 5 up to the first order

00, = Us(0) i) = 13) — 5 S 0Galiy + O(). (364

k=1

Compare now this with [¢;),, i.e. with the action of the normalized imaginary-
time evolution on the same state |j), always expanded up to the first order in

B

_ B,
e 21 |5)
(j| e=BH |5)

The correct values éj for U, 3 (5 ) are chosen so that they minimize the norm of the

— )= SH S G DO, (369

|¢j>,3 = 9

difference (divided by g) between these two objects

03 (8))5 — 167
g

5;. = argfnin [ ] =
Z (3.66)
= argfnin [f] + <g]>k O + 0% (Sj>kl 0 +0(B)],
g
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where summation over repeated symbols is implied and with the following defini-
tions

fi = GLER ) = GLAL (8), =i Gl G| 1), (S = GGG
(3.67)

¢ being here the imaginary identity.
Neglecting O(5) terms, Eq. (3.66) corresponds to solving the following system

A (), == (0), (3.68)

where again, summation over repeated symbols is implied and matrix A; is defined
as follows

(A = (1{Gr G} 1), (3.69)
with {A, B} = AB + BA the anticommutators between two operators A and B.
By solving Eq. (3.68)), one finds up to O(f3) the parameters with which to build a
good approximation for the unitary operator U; 3 in Eq. (3.61).

At this point, parameters N 5 in Eq. (3.60) are easily estimated up to order O(f3)
by measuring the energy of the system on the state before the evolution:

Ny = ||e57 13| = Ul e 1) = /1 = BGLEL) +0(B2). (370)

This also allows for the estimation of Z, obtained by summing the Nj g estimates
over all j € [1,d] and therefore one is finally able to estimate IP; 3 by exploiting its
definition in Eq. .

To increase the accuracy of these estimates, one could proceed similarly to the
Trotter expansion and divide the evolution in smaller steps, implementing the
product of unitary approximations of the individual shorter operators rather than
the full evolution: this would reduce the error of the estimates by a factor equal
to the number of steps taken

—
A~

Us(6;) = [T Uas(@im), (3.71)

m=1

with Ag = §/M. More details on this procedure are given in Section m

3.3.1 Minimally entangled typical thermal states (METTS)

Let us reconsider states |¢;) 5 and their associated probabilities P; g, defined in
Eq. (3.61)

_ﬁff . . _Bﬁ .

Le 27 p -l )

(| e=BH ) 2 k=1 (k[P k)

(3.72)
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These states are quite special when the basis {[j)},cq1,..q) is chosen so that each
state belonging to it is a separable state, i.e. a classical product state (CPS), which
are states that can be written as a Kronecker product of single particle states: for
a system consisting of NV particles, any of these states can therefore be written in
the following way

1J) = ® |J%) » (3.73)

Where each |j) is a single particle state. A basis of this kind is the computational
basis, (see Eq. (3.41)).
With this choice, one could think of a process allowing the sampling of states from
{l9;) 5}je[1,d}, each taken with probability P, 5. The states sampled in this way are
called Minimally Entangled Typical Thermal States (METTS) [59,|60] and possess
lots of nice properties:

e at high temperatures METTSs reduce to CPSs, which are easy to generate in
quantum computers and to treat, given that they don’t have entanglement,

e if a many-body system is divided into non-interacting parts, any METTS
describing it will be separable as a product of METTSs for the different
parts,

e at any temperature, this states should possess the minimum entanglement
and entropy possible, compared to states generated by choosing any basis

{|7)} different from Eq. (3.73),

e observables expectation values on them do not differ much from the thermal
average, computed with Eq. (3.56)),

e when the system shows long-range order, these states naturally break the
Hamiltonian symmetry.

Ref. [60] discusses different alternatives to efficiently implement the sampling pro-
cedure, known as “pure state algorithm” which would allow for a reliable estimate
of thermal expectation values on bigger system. Given that in this work I'll focus
on a smaller system though, these techniques are not strictly needed (they become
advantageous typically for systems with 8 or more particles) and I’ll just expand
the system thermal density matrix in the basis constituted by all the METTS,
exploiting symmetries to reduce the number of needed measurements (see Sec-

tion (3.4.2)).

73



CHAPTER 3. THERMAL QUANTUM SIMULATION OF NEUTRINO
SYSTEMS

3.3.2 Number-conserving unitaries and Givens rotations

In Section I showed how the neutrino-neutrino interaction term fIW intro-
duced in Eq. conserves the Hamming weight of the initial state (when this
is well defined), this meaning that H,, is a number-conserving Hamiltonian (see
Eq. (3.46)). This can be efficiently exploited to find a good parametrization of the
unitaries {U i.8}ief1,...dy approximating the normalized imaginary-time evolution of
the system under ﬁ,,l,.

In the literature, it is known in fact that there is a set of operators forming a basis
for all particle-conserving unitary operators; this basis is composed of controlled
single-excitation gates [17], which are particle-conserving generic unitary transfor-
mations acting only in the subspace of the system spanned by two computational
basis states (see Eq. (3.41])) sharing the same Hamming weight and having Ham-
ming distance equal to 2, which means that they are represented by bitstrings
differing in only two bits.

Single-excitation gates are Givens rotations acting on the two differing qubits,
mixing only the components |01) and |10) of their state: considering for simplicity
real gates, the general Givens rotation G of this kind acting on two qubits can be
written in the following way

0 0
cos (f) sin(0)
—sin (0) cos (0)
0 0

G(0) =

S O O
_ o O O

(3.74)

_ 6—1‘%()2@?—?@)2)7
where parameter 6 € [0, 27) regulates how much this operator mixes the two states.
When the aim is to build a parametrized circuit for the generation of a state, it
is also known [17] that the controls are not needed, since removing them allows
for the exploration of a wider portion of the Hilbert space: when looking for
a parametrized operator Us(0) to approximate the unitaries {U; Blie(i,..4y in the
QITE algorithm (see Sectlon it is therefore possible to choose it as the product
of Givens rotations acting on all possible couples of different qubits in the system

N(N=1)/2 NV-D2
Us(0)= J[ Gisoy= [] e=, (3.75)
j=1 j=1

N(N-1)

where N is the number of neutrinos in the system, the number of different
couples of neutrinos and the index j addresses each couple. Introducing the indices
k; and [;, addressing the specific qubits belonging to the j-th couple, operators O;
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can be defined with the following identity
(3.76)

It is important to notice that the neutrino-neutrino Hamiltonian term ]:IW is com-
pletely real: this means that also the imaginary-time evolution generated by it
will be completely real and this in turn implies that the real Givens rotations
given in Eq. are indeed sufficient to effectively approximate the unitaries
Ujs}ier,...ay-

A nice consequence of implementing Uﬁ(g ) with Givens rotations is that the sys-
tem is still /(1) invariant (conserves flavor number): this means that one can still
rely on such property to mitigate possible hardware errors happening during the
simulation. In particular, it also means that the two-body reduced density ma-
trix of the system initially in a computational basis state is always in the form of
Eq. (3.42), even when the evolution is implemented with Givens rotations.

In order to realize Givens rotations on a quantum machine, one can decompose
them in terms of basic single-qubit operators and CNOTs: a possible realization
is given by the following circuit

G (6;)

L, — -

b= A 1 2(6) aHs
—s]

fan)
A\
@';U
—
S
S~—
o
A\
nn

Lk

Figure 3.4: Quantum circuit implementing a real Givens G rotation of an angle 0; on
the j-th couple of qubits, more precisely qubit k; and ;. S is the phase gate, H the
Hadamard gate and R,(f) a rotation about the y-axis of an angle 6.

where H is here the Hadamard gate, S the phase gate and Ry the rotation gener-

atedbyf/:
.1 /1 1 A - 10
i=5( L) sevE=(p )
(3.77)

The full parametrized circuit implementing the unitary operator U 3 (5 ) for a sys-
tem of four particles (N = 4) can then be represented in the following way
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Go(66,) Gs(B95)

Us(0)| = |Gi(By) GLa(304)

Gs(605) G(B%)

Figure 3.5: Quantum circuit implementing the QITE operator UB (5) in Eq. (3.75)).

G j(0;) is a real Givens rotation of angle 6; acting on the j-couple of qubits, implemented
with the circuit in Fig.

where I recall the following SWAP operator introduced in Eq. (1.33)), which effect
is that of exchanging the states of the qubits onto which it acts

o O O =
O = OO
o O = O
_— o O O

I point out that the SWAP gates are not needed in general, but only in case
the topology of the quantum hardware chosen for the simulation only allows for
two-qubit gates acting on neighboring qubits. Furthermore, the last three SWAP
gates in the two rightmost layers of the circuit are only needed to restore the
original associations between neutrinos and qubits: these three gates could always
be avoided in principle by an adequate remap of the particle states to the physical
qubits, regardless of the specific hardware connectivity topology.

3.4 QMETTS algorithm implementation

Having introduced in the previous sections all the topics relevant to the performed
study, T'll explain here more thoroughly the details of the QMETTS algorithm
employed to study the thermal expectation values of a system of neutrinos relying
on the QITE algorithm and, more specifically, its Givens rotations implementation.
Since the purpose of this work is that of presenting and qualitatively study the
performances of the QMETTS algorithm, rather than gaining novel insights about
a complex physical system, I chose to apply it on a very simple toy model consisting
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of just four neutrinos, with their interaction modeled as described in Section [3.1.1

) =aY) 4 Hyp = ZE G+ Z Jij0 - 65, (3.78)

1<j=1

where ﬁ{Q and Hap are the one-body and two-body terms respectively, defined
in Egs. (3.33)) and (3.34)), and with the following already discussed, choices for the
parameters
i — J
Jij =1 —cos(@y;), ¢ij = arccos(O.9)T (3.79)

—

b = (sin(26.),0, — cos(26.)) .

The ratio v between the strength of the two-body and one-body terms varies a lot
along the evolution of a usual supernova neutrino: I will therefore consider a range
of values for this parameter rather than fixing a single number, more specifically
all the integer values comprised between 0 and 10.

3.4.1 Effective ﬁgB-only evolution

Rather than considering Eq. as is, I add some slight formal modifications
to it, so to exploit some of the symmetries introduced in Section [3.1.2]

The first thing to consider is that, as it was demonstrated in Section 3.1.2] the
one-body and two-body terms commute: this turns out to be very useful for sep-
arating the respective effects in the computation of thermal expectation values of

observables. Imposing [I—All(g, H, B] = 0 in Eq. (3.56) for the evaluation of these
expectation values, one gets the following relation

(J\ BH(f>O -y |j>_
LY (k| et k)

6 <]‘ e—g(ﬁig-&-ﬁzB) Oe” §(H{§+H23) ‘]>

(O)s =

||'P1M

J

—_

(3.80)

16 (k] e PUIE )

~ (ile” H’ “3f Qe M s |j)

1 <k‘ _ﬁHlBe 5H2B |k>

.
Il
MR

'M“

J

This form would be very convenient if one could chose the basis {|j)} so that it
diagonalizes H 1(2): in this case the one-body evolution could be extracted from the
bracket and would contribute to each term in the sum just as a weight, while the

only actual evolution remaining would be due to the two-body term, i.e. to the
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neutrino-neutrino interaction term.

Actually, I will proceed in a slightly different way: since Hop is SU (2) invariant (see
discussion in Section , one could also apply a global SU(2) transformation
Uto H if ) and move to a reference where the diagonal basis for f[l B is known.
More specifically, I choose the transformation so that the new representation of
the one-body term is exactly the operator Ztot

4
]:f% — UH1B[A] de) = Ziot = ZZ (3.81)

This representation is analogous to the mass representation, and like this last
is diagonal in the computational basis defined in Eq. , which we also saw
possesses many useful properties relative to the evolution under Hyp.

With this substitution and by choosing {|j)} as the computational basis, Eq.
becomes

<O> _ i <j’e*§H£GJQe’§HQBOAe*§H§B)e QHQB |]> _
TS T (e B i

16

¢ (jleBnOe S |j)

~ L e

kle

(3.82)

16

—BE} (| »—BH2p |; .
= Z 1§ e |J> <¢j|g O |¢j>5 ~

j=1 2ak=1 e PEL (k| e=PM2s |k)
e (1= 5| Has 1))

~ : (W5 (0,)], O105(0,)) 5
ST (1-skl e lry) " ’

with Ej being H %) eigenvalue on state |j), |¢;) ; being the normalized state evolved
in imaginary time from state |j) under the action of Hyp alone, rather than all H 4(d),

and |;(6;)) 5 is the correspondent QITE approximated state, where the angles 0,
are found by solving Eqs. (3.67) with H,p in place of H

e~ 5tz |j)
(j] e=0H25 |5)

As explained at the end of Section [3.3] in order to reduce the error of the QITE
estimates for the computation of thermal expectation values, I separate the thermal
evolution in several steps, starting from § = 0 and reaching step by step the desired

El = GIHB) o), = (3.83)
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value. This implies that I'll have to generate multiple QITE states, one for every
state in the computational basis at every step, and evaluate observable expectation

values at each step Thanks to Eq. - though, I can consider exphc1t1y only the

evolution due to H2 g and compute instead the contribution due to H 1( E; just once

(for every basis state) at the beginning of the simulation, since this will remain
constant throughout all the evolution.

3.4.2 Observable expectation values on QITE states

Now I move on to explain how to actually compute each term appearing in the sum
of Eq. (3.82)). Having already treated the estimation of the weights P; 5 defined as

e 5 (j| ePlhen |j)

P]',ﬁ E1 B
Sy € 2P (k| ePTs |k)

(3.84)

in Section , here I'll focus on the evaluation of the terms (O); 3 = (95 0] 95) 55

with £ the inverse temperature of an arbitrary step of the total evolution and 0]
either a one-body or two-body observable.

The procedure consists in generating all the approximating states {]w]( )) Yieq,. 16

with the QITE algorithm and then measuring on each of them all the strings P
of Pauli operators (including the identity) needed to be able to reconstruct every
possible one-body and two-body reduced density matrices ﬁfﬁ and ﬁflﬁ (indices k
and [ identify the specific particles included in the reduced density matrix). These
matrices are then generated as solutions of the following convex optimization that
uses the measurements

s = argmin [[|aF () - 755]]] (3.85)
p

Here, ﬁ?ﬁ represents either a one-body or two-body reduced density matrix, ﬁ]’“ﬂ
being the vector of measurements on state [i;) g of all the possible Pauli strings

acting on the qubits included in ,6;C 5 and Eif (') being the vector which elements
are the expectation values of these Pauli strings on the density matrix p’

A

@Ifﬁ:{(@%ﬁ) (%WD |¥y) } ) (3.86)
it () = {(@ (@), =T [P ”m (3.87)

The solutions to the optimization problem in Eq. (3.85)) are constrained to both
have unit trace and being positive semi-definite. This is implemented numerically
using the CVXPY Python script 79} 80] with MOSEK solver [81]. The reduced

79



CHAPTER 3. THERMAL QUANTUM SIMULATION OF NEUTRINO
SYSTEMS

density matrices obtained in this way are then used to evaluate the expectation
values of any one-body or two-body observable of interest by taking the trace of
their product with the desired observable

(Ohis = (5(0;)], O 195(6,)), = T [5,0] (3.89)

Due to the finite number of shots taken for every measurement, each ﬁfﬁ element

(ﬁakﬁ)m carries an error o (ﬁ]kﬁ)m , estimated as the standard error computed from
the measurement outcomes (see Section and Eq. (1.44))). In order to transfer
this uncertainty to (O) ;.8, the followmg procedure is followed M samples of p’ p] 5
are taken and for each of them Eq. | is solved, giving a set of M reduced
density matrices. Each of these matrlces is used to compute the expectation value
of operator O through Eq. and the final value for (O); 4 is obtained by
taking the sample mean O; 5 of these values.

J
m

||z
M S

(0), 5 (3.89)

m=1

.....

on the (O) 5 estimation O; 5 is computed as the standard dev1at10r1 of the sarnples

Zi\fzr (O%’B) - Ojﬁ>2

M )
so that in the end we estimate the observable as (0); 5 =2 O, 5 & 60, .
How many Pauli strings measurements are needed to achieve such result? In
general in fact, any N-body reduced density matrix can always be fully determined
by measuring every possible Pauli string of length NV, i.e. by measuring in principle
4N operators consisting of all the possible combinations of Pauli operators (and
identity) acting on the N qubits.
In this neutrino case though, I recall that in Section [3.1.2] it was shown how any
two-body reduced thermal density matrix of the system evolved under H,p starting
from a computational basis state can always be written in the following form (see
Eq. (3.42)), thanks to the &/(1) symmetry and the thermal evolution being a real
operator

60; 5 = (3.90)

Pii (1) = Triggijy [0(7)]

(3.91)
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which only needs the measurements of two distinct independent Pauli strings to
be determined.

This means that on any state |¢;) s it is sufficient to measure all the Pauli strings
having an even number of X operators and Z on all the remaining positions to

be able to fully reconstruct any desired one-body or two-body reduced density
matrix: more explicitly, the needed strings are the following 8 ones

P=202020Z P=2020X0X, PB=20X0Z%X,
P=70X0XQZ PB=XQZ0Z0X, P=X0ZX®Z (392
P=X®X®Z27Z B=X23X2XeX.

All of the other Pauli expectation values are either zero or can be directly inferred
from these. For instance

Tr{f/®2®f/®2f)} :Tr{X®Z®X®Zﬁ} :Tr{ﬁﬁﬁ}, (3.93)

due to the rotational symmetry. Furthermore, for estimating only one and two-
qubit observables only 6 measurement setups are required since we do not need P
nor .Lf)g.

actually needed to be physically measured in order to be still able to reconstruct
the needed one-body and two-body reduced density matrices fully.

I start by recalling that at the end of Section [3.1.2]it was shown that the neutrino-
neutrino interaction term H,, (and therefore also the 2-body interaction H, B) 18
invariant under two transformations: the flip of all particle flavors Ux and the
inversion of the particle order Uine

Ux = [ X;, (3.94)

4 4
Uinv ’ Uinv ® |¢j> = ® ’¢4*j+1> . (395>
=1 j=1

A very nice feature of these two transformations is that both belong to the Clifford
group [82], and, as such, they normalize the Pauli group, which means that they
map it to itself under conjugation, up to a phase. In other words, U x and Uinv both
transform Pauli operators into other Pauli operators times a constant ¢ € [+1, £,
¢ being the imaginary unit.

UPU' = cupP' | cup € {£1,+i}, PO = Q)P
J (3.96)
\V/ ﬁ € {UX’UinV)UXﬁiHV}y p() € {]ALX,Y,ZA} .

J
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This is very convenient for our case because, if |j) and |k) are two computational
states such that |j) = U|I<:> with U € {UX,UIHV,UXUHW}, then at any inverse

temperature [ all the possible Pauli expectation values evaluated on the state
|;) 5 evolved from |j) can be automatically obtained from those measured on
|@x) 5, 1.€. the state evolved from [k)

<¢j|gﬁ |¢j>5 = <¢k|/3 UTﬁU|¢k>5 = Cy,p <¢k|5if), |¢k>5a (3.97)
with P and P’ as in Eq (3-96)).

.....

I call independent onto which I measure the expectation Values of operators
in , while the Pauli expectation values on the remaining dependent states
are computed from the performed measurements by exploiting Eq. .

The specific independent states are somewhat arbitrary: I take those generated
starting from the following computational basis states

{/0000) , |0001) , |0010) ,|0011) , [0101) , [0110)}, (3.98)
while all the others can be obtained from these through the following symmetries:
10100) = Uiy [0010)  [0111) = Ux Upy [0001)  [1000) = Uiy |0001)
11001) = Ux [0110)  [1010) = Uy, |0101) 11011) = Ux Usny [0010)

11100) = Uiy [0011)  [1101) = Uy |0010) 11110) = Ux [0001)
11111) = Uy |0000) .

(3.99)

Actually, states [0000) and |1111) are eigenstates of Hyp, which means that there
is no need to measure Paulis on states evolved from them, rather all the needed
values can be computed once at the start of the computation and used throughout
all the evolution.

Summing up, in order to obtain the estimate (O)s given in Eq. for the
thermal expectation value of some generic observable O, the execution of 40 circuits
per evolution step are needed: 8 Pauli strings measures times 5 independent QITE
evolved states. If O is further only a one or two-qubit operator, then only 6 different

Pauli strings must be measured, reducing the total number of required circuits to
30.

3.4.3 QITE implementation: Givens parameter computa-
tion
As already stated in Section the QITE algorithm approximates states |¢;) ,

defined in Eq. (3.61) by finding the correct parameters éj for a given unitary
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ansatz Ug (5 ), which in this case consists of the product of all the possible real
Givens rotation on the system (see Eq. ( - These parameters are found by
solving Eq. -, where the elements of matrix A; and vector b are computed
as expectation values of commutators and anticommutators 1nvolv1ng the ansatz
generators and the Hamiltonian (see Egs. (3.67), (3.69)), evaluated on the state
before the QITE evolution step.

The procedure followed to obtain these expectation values is a bit different than
what was explained in previous Section [3.4.2, as it is not based on the recon-
struction of many reduced density matrices, since the needed computational time
would be too demanding, instead it directly relies on the measures p of the Pauli
strings performed on the system (see Eq. ( - ), where [ value here is that of the
inverted temperature before performing the QITE step evolution.

Each operator appearing in the elements of A; and gj is therefore decomposed as
a combination of Pauli operators, and the expectation value of the full operator
is obtained as the same combination of the measured expectation values of the
Pauli terms, following a procedure identical to the one explained at the end of
Section [L.2.3

At this point, to further propagate the error from matrix A; and vector gj to the

estimated Givens parameters éj, as well as to obtain a quite stable and reliable
estimate of these angles, I proceeded in the following way: Ny different samples of
both matrix A; and vector gj are taken, sampling each individual element from a
normal distribution centered on the measured value and having the same variance
as the element itself. Then, for each set of samples Eq. is solved, producing

Ny vectors of Givens parameters {9; bneqi,...npy: the final estimation 9~j is then re-
trieved as the circular mean of the Ny samples, with period 47 /5. More explicitly,

if (0 ) is the [-th element of 9 and (9 n) the same element of its n-th sample,
!
than the following identity is used

(@), - 2as

The error o (9}) on each element of 9~j is instead estimated as the circular standard
!
deviation of the samples

o (59)1 — % %M ( ) (3.101)

The rescaling factor % introduced both in Eq. (3.100)) and (3.101]) comes from the
QITE angles definitions given in Eq. (3.75)).

1 i2(d
FZ 2 ( ] (3.100)

=1
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3.4.4 QITE implementation: step merge procedure

Let’s discuss in more depth the QITE algorithm implementation via the division
of the full evolution into several steps. In this scenario, if every step evolves a
state for an inverse temperature Af, at step M the state |j) will have evolved to

the state [¢;) /1

165 00np = Uining |3) = Uy (AB) - U py ((AB) .- US(AB) i), (3.102)

where [¢;); and U, 3 were introduced in Eq. (8.61)), while Uj’m(AB) is the unitary
operator responsible for the m-th evolution step of size Aj

U (D8)165) m1yap = 193D mas (3.103)

As already discussed (see Section [3.3), for each m-th step of size A3 QITE gives

an approximation UAﬁ (éjm) to U]’-ﬁm(AB), which corresponds to the circuit in
Fig. implemented with parameters determined by the measurement of some
operators on the state just before the evolution step (see Eq. (3.67), where here
Wj(éjm,l))(m_lmﬁ would substitute [j)).

—

The state |¢;) ;5 is then approximated with [¢); (éjaM»MAB’ obtained on the quan-
tum computer by applying M copies of the circuit in Fig. (each with the ap-
propriate choice for the parameters) to the circuit generating the state |j). This
process soon becomes unsustainable, since it requires too many resources: each
copy of the circuit in Fig. requires 30 CNOTs to be implemented (counting 3
CNOTs for every SWAP gate and 2 for each Givens rotations), which means that
very few steps can be performed before the accuracy of the computation is lost.

To overcome this issue, I rely on the step merge procedure, a heuristicﬁapproach

which consists of the substitution of the products of the M circuits {U AB (é]m) Ymeqt,...m}
with a single circuit which parameters are each one the sum of the different values
that such a parameter would take in the different M circuits

= A = A~ pog A M pog
Ung(0501) - Ung(0500-1) - - - Ung(051) ~ Ung (Z ej,m> (3.104)
m=1

This approach keeps the circuit depth fixed at any g value and is correct for AS
being sufficiently small, but I do not further investigate the specific extent of its
accuracy. Part of the present work also concerns the testing of this procedure,
heuristically checking whether it can allow for reliable computations or not.
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3.5 Results

In this section I present the results we got from the different simulations.

First of all I introduce the analyzed observables and their properties, then I move
to the presentations of the actual computed expectation values. 1 show three
different simulation types:

e First of all, I compare the exact evolution, computed by means of an exact
diagonalization of the small 4-neutrino problem, with an ideal implemen-
tation of the QMETTS algorithm, simulated by computing up to machine
precision the true system state vector after each thermal evolution step;

e A second simulation type is performed by means of a noiseless QASM sim-
ulation of the QMETTS algorithm, which simulates the actual hardware
measurement, procedure by providing a measured bitstring for each run and
therefore allows for an estimation of the error coming from this source (see

Section |1.2.3));

e A last kind of simulation is always performed thanks to a QASM simulator,
this time mimicking a real IBM quantum device, considering also features
like connectivity, error rates, noise parameters and native gates. For this
type of simulation we equipped the implemented QMETTS algorithm with
two error mitigation techniques: dynamical decoupling and readout error
mitigation (see Section

3.5.1 Observables

The analysis is performed by mainly focusing on the estimation of some key few-
body observables and comparing the obtained values with the ideal ones, computed
by means of linear algebra. In the following I introduce the specific addressed
observables, which are the energy, the qubit purity and the mutual information
between qubit pairs: all together, these observables should give a rather informa-
tive description of the system evolution, quantifying the level of convergence and
the entanglement and correlation spread.

System energy

The first and principal observable is the system energy U, which corresponds to the
expectation value on the system thermal density matrix of the following operator

H=HY9+ My — U(p)=Tr [ﬁﬁ} (3.105)
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where the one-body term ]'—A[l(cg was introduced in Eq. while the two-body
term HQB in Eq. .

The thermal evolution effect on the system state is effectively that of filtering out
all contributions coming from excited states, leaving the system in the ground
state after a proper imaginary time, or inverse temperature, has been reached.
Checking the energy behavior as a function of 3 allows to understand whether or
not the system converges at all to a stable state, and comparing with the expected
evolution, the quality of the algorithm may be estimated.

The ground state of the neutrino system under analysis depends on the v param-
eter, the relative strength between the two-body and one-body contributions: we
will therefore perform different simulations changing such parameter, considering
all integers in the range [1, 10]. We expect to get results closer to the ideal value for
smaller v values, since the effective quantum evolution is only due to the two-body
contribution, which is proportional to 7.

It is relevant to notice that in the explored range of v values, the ground state of
the system changes between two different eigenstates, which eigenvalues are ex-
pected to cross for v = 3.81: this suggests that two different system states should
appear at system thermalization, depending on the value of ~.

Purity

The purity (P) is a quantity characterizing a quantum state and in particular it
is computed from the density matrix p associated to its state: it is defined as the
trace of the density matrix squared and it is constrained to be 1 for pure states,
while it decreases for mixed states, the smallest possible value being 1/d with d
the dimension of the Hilbert space of the state

<Tr[p?] <1 (3.106)

In particular, one can compute the purity of the reduced density matrices associ-
ated to single qubits: in this case, the purity is sensitive both to the ‘mixedness’
of the full quantum state, but also to the entanglement in the system. If the
full system state is pure (as should be for ground states, extracted by the ideal
thermal evolution) but characterized by entanglement among some qubits, the re-
duced density matrix of the single qubits participating in the entanglement will
be mixed, so that its purity will be smaller than 1. In particular, the smallest
possible value for single-qubit purity is P = 1/2, corresponding to the maximally
mixed single-qubit state.
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Mutual information

The mutual information (I) is another few-body observable sensitive to correla-
tions in the system, both quantum and classical. Its definition is based on the
von Neumann entropy S, which is the generalization to quantum systems of the
classical Shannon entropy and can be computed as follows from the system density
matrix p

S(5) = — T [plog, ()] (3.107)

Exploiting this definition of the von Neumann entropy and considering a quantum
system which can be divided into two parts A and B, mutual information can
be further defined as the relative entropy between the original state and the one
consisting of the two reduced states of the systems A and B

Tap = S(pa) + S(ps) — S(pas), (3.108)

where p4p is the density matrix that describes the state of the entire system and
pa and pp are the reduced density matrices that correspond to the subsystems A
and B, respectively.

From these definitions, it is quite evident that the mutual information on a system
of two qubits must be bounded between 0, if the two qubits are not correlated,
and 2, if the two qubits are maximally correlated.

3.5.2 Ideal simulations

Here I propose a comparison between the exact simulation of the system and the
ideal implementation of the QMETTS algorithm, obtained by generating the true
system state vectors at each evolution step.

The thermal evolution in inverse temperature (3 is studied by setting the initial
density matrix of the system as the identity, corresponding to 8 =0 (e %7 =1, H
as in Eq. ), and then performing an evolution until f = 10, dividing it in
20 equal steps of duration AS = 0.5.

In Fig. the computed energy U () expectation values for 10 different values of
the v parameter, more specifically the integers in the range [1,10], are reported,
as computed in three different ways:

¢ Dashed lines represent exact values, computed by diagonalizing the Hamilto-
nian H given in Eq. (3.105)) and using the obtained eigenvalues {U;}icq1,.. 16}
to compute thermal energies at a given v with the following formula

16 _BU;
e BUZ

Uex(’% 5) = Z

- U (3.109)
16 _ ]
— Zj:1€ BU;
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Figure 3.6: Colored plot showing the system energy expectation values, as a function
of the inverse temperature . Different colors correspond to different v € [1,10] values.
Dashed lines are the exact values. Dotted lines with triangular markers are the values
computed with Qiskit Aer StatevectorSimulator, corresponding to the ideal implementa-
tion of the complete QMETTS algorithm, omitting the step merge approximation. Solid
lines with dot markers are the values computed with Qiskit Aer StatevectorSimulator,
corresponding to the ideal implementation of the approximated QMETTS algorithm,
including the step merge approximation.

This line is represented considering [ as a continuous real parameter rather
than taking only the discrete set of values described before;

e Dotted lines with triangular markers are the values obtained by implementing
the QMETTS algorithm described in the previous sections, omitting the
step merge approximating procedure (see Section [3.4.4) and accessing the
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actual state vectors generated at each evolution step thanks to the Qiskit Aer
StatevectorSimulator: this is the ideal realization of the complete QMETTS
algorithm, obtained by dividing the full evolution from g = 0 to § = 10 in
20 identical steps;

e Solid lines with dot markers represent the values obtained by the implemen-
tation of the QMETTS algorithm including the step merge procedure (see
Section and accessing the actual state vectors generated at each evo-
lution step thanks to the Qiskit Aer StatevectorSimulator: this is the ideal
realization of the approximated QMETTS algorithm, always obtained by
dividing the full evolution from g =0 to # = 10 in 20 identical steps.

Fig. clearly shows that both the full and (step merge) approximated ideal real-
izations of the QMETTS algorithm would lead to the system convergence in energy
after a few iterations. Furthermore, the level of agreement of both these two sim-
ulation implementations with the exact system behavior is particularly satisfying,
meaning that the system thermal energy reached at the end of the simulations is
indeed the correct one, for all the considered values of v and regardless of whether
the step merge procedure is employed or not.

A clear description of the compatibility between the three results cannot be per-
formed though, as these expectation values are not associated with any error,
since they are not obtained through the usual quantum measurement procedure
described in Section [I.2.3] In order to give a clearer representation of the distance
between the results coming from the QMETTS algorithm and the ideal values,
the relative absolute distance between the two values are visually represented in
Fig. for all the considered values of 7, where this relative distance AUeys(53)
is defined as the following

AUersv(8) = (3.110)

Uex(ﬂ) - Usv(ﬁ)‘
Uex(ﬁ) ’

with U (f) the exact energy expectation value, and U, (8) the QMETTS esti-
mation obtained with the Qiskit Aer StatevectorSimulator, either with or without
the step merge approximation. As expected, lower v values show a lesser rel-
evance of the step merge approximation, since this impacts only the two-body
evolution, which is more suppressed at small gammas: as v grows, the difference
between lines referring to the step merge implementation and those referring to
the complete QMETTS implementation begin to differ more and more, with the
step merge simulations struggling in achieving the same level of accuracy as the
complete QMETTS implementation.

Furthermore, for nearly every value of 7, the complete QMETTS implementation
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Figure 3.7: Colored plot showing the relative distance between the exact values of the
energy and those obtained from the Qiskit Aer StatevectorSimulator of the QMETTS
algorithm (see Eq. ), as a function of the inverse temperature . Different colors
correspond to different v € [1,10] values. Dotted lines with triangular markers are the
values computed with Qiskit Aer StatevectorSimulator, corresponding to the ideal imple-
mentation of the complete QMETTS algorithm, omitting the step merge approximation.
Solid lines with dot markers are the values computed with Qiskit Aer StatevectorSimula-
tor, corresponding to the ideal implementation of the approximated QMETTS algorithm,
including the step merge approximation.

approximates better the exact thermal evolution the more [ increases: we hypoth-
esize that this is due to the good level of accuracy with which the algorithm is
able to construct the system ground state, to which the system state is always
closer the more the simulation progresses. The only exception to this behavior is
represented by the v = 4 curve, this possibly being related to the fact that, as
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briefly introduced in Section [3.5.1] the system ground state changes when the v
parameter crosses the 3.81 value: v = 4 may be close enough to this critical value
that the system struggles more to select the ground state, reducing the level of
accuracy that the QMETTS algorithm can achieve at a given /.
This “2-ground states” structure of the system in the explored v parameter range
of values is evident also in the other examined observables, as it can be seen in
Figs. and where the purity and mutual information are represented, re-
spectively: the system ground state for v < 3.81 is the completely separable state
) g1

|¢)g1 = [1111), (3.111)

which is correctly reflected by the convergence of purity to value 1 on all four
qubits and by the mutual information between any couple of qubits converging to
the value 0, as it must be for completely separable states.

For v > 3.8 the system ground state is instead |t) 2

), ~ 0.695(]1110) — [0111)) + 0.127(]1101) — [1011))

1 . (3.112)
~ 5 (1110) = 10111)) = [@.),, @ [11),

where I defined |®_) = \/Li (|10) — |01)) one of the maximally two-qubit entangled
state, known as Bell state, and where I added subscripts to states expressing the
qubits described by them.

According to Eq. , the ground state of the system at high v values is quite
close to a state where the inner qubits 2 and 3 are in a separable state, while the
external qubits 1 and 4 are maximally entangled. This feature is also well described
by the purities and mutual information reported in Figs. and 3.9} the purity of
the internal qubits is still pretty close to the maximum value 1, slightly decreasing
as 7 increases, while the purity of the external qubits rapidly reaches the value
1/2, reflecting the fact that they are in a maximally entangled state. Similarly, at
convergence mutual information between any pair of qubits is pretty low, just a
little higher than the low ~ case, with the exception of the qubits 1 and 4 couple,
for which it has a dramatic increase and approaches very closely the maximum
possible value of 2.

This behavior characterizes at convergence all the simulations but the one obtained
by setting v = 4, which is slower in reaching convergence: as already stated, this
is probably due to [¢),, and [¢),, being too close in energy at this v, so that a
longer evolution is needed to observe the same properties.

At the start of each computation, for 5 = 0, the observables correctly do not
depend on 7: the system is always in the maximally mixed state py = p(5 =0) =
%]AI and this is consistent with what is observed in the figures. The system internal
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energy at 8 = 0 must be proportional to Tr [H ], with H given in Eq. (3.105)), and

by recalling that Pauli matrices are traceless and that Tr [121 ® B} =Tr [fq Tr [B}

for any two quantum operators Aand B , it follows that U (5 = 0) = 0 for every 7.
Similarly, all the reduced density matrices at § = 0 are also maximally mixed and
proportional to the identity: this means that all single-qubit purities must start
from the minimum possible value P = 1/2; while the mutual information at the
start of each simulation is null, reflecting the absence of correlation among qubits
at high temperatures.

qubit 1
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Figure 3.8: Colored plots showing the purities expectation values of each qubit in the
system, as a function of the inverse temperature 3, qubits 1 and 4 being the external
ones while qubits 2 and 3 being the internal ones. Different colors correspond to different
v € [1,10] values. Dashed lines are the exact values. Dotted lines with triangular markers
are the values computed with Qiskit Aer StatevectorSimulator, corresponding to the
ideal implementation of the complete QMETTS algorithm, omitting the step merge
approximation. Solid lines with dot markers are the values computed with Qiskit Aer
StatevectorSimulator, corresponding to the ideal implementation of the approximated
QMETTS algorithm, including the step merge approximation. Legend is the same as in
Fig. omitted here to favor readability.

While the correct expectation values are retrieved with both the QMETTS sim-
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Figure 3.9: Colored plots showing the mutual information expectation values of each
qubit pair in the system, as a function of the inverse temperature 3, qubits 1 and 4
being the external ones while qubits 2 and 3 being the internal ones. Different colors
correspond to different € [1,10] values. Dashed lines are the exact values. Dotted lines
with triangular markers are the values computed with Qiskit Aer StatevectorSimulator,
corresponding to the ideal implementation of the complete QMETTS algorithm, omitting
the step merge approximation. Solid lines with dot markers are the values computed
with Qiskit Aer StatevectorSimulator, corresponding to the ideal implementation of the
approximated QMETTS algorithm, including the step merge approximation. Legend is
the same as in Fig. omitted here to favor readability.

ulations for § 2 5, the predictions at higher temperatures (smaller ) are quite
distant from the exact values, suggesting that the implemented algorithm is par-
ticularly suitable for the extraction of ground state properties, and that it requires
more resources to be applied for finite temperature estimations.

3.5.3 Noiseless simulations

A more realistic simulation of the results obtained with the proposed algorithm
is performed by exploiting the OpenQASM programming language through the
Qiskit Aer QasmSimulator, thanks to which we built a noiseless realization of
the QMETTS procedure: this simulator runs ideal gate operations but realistic
quantum measurements over perfectly generated, yet inaccessible, state vectors,
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so that observables are computed by relying on measurements of Pauli bitstrings
performed as explained in Section [1.2.3]

More specifically, each needed Pauli bitstring measure in Eq. is obtained
by running the corresponding circuit Ng = 10° times in order to collect enough
statistics (see Eqs. and (L.44)). From these measurements, observables are
estimated by proceeding as described in Section [3.4.2] (see Egs. and (3.90)),
generating for each needed observable measure M = 10 samples. As we did for
the Qiskit Aer StatevectorSimulator simulations, we performed different imple-
mentations, exploring the integer values of v in the range [1,10] and dividing the
thermal evolution from g = 0 to f = 10 in 20 steps. The QITE algorithm is imple-
mented by exploiting the step merge procedure (see Section and the needed
Givens angles are computed by sampling them Ny = 10* times (see Eqgs.
and (3.101)).

Furthermore, in order to show plots of observable estimates, the following proce-
dure is followed: each run producing the desired observables is performed Nz = 15
times, varying for each of them the simulator seed; then 1000 samples are taken
from each of these 15 estimates originating from different runs and the values cor-
responding to the 15, 50 and 85 percentiles of all the distribution are collected,
with the caveat that the samples for strictly positive quantities (i.e. purity and
mutual information) are kept only if they are positive, otherwise they are resam-
pled.

In Figs. [3.10} [3.11] [3.12 and [3.13| I report the internal energy Uqa(5), its relative
error AUgy qa(f) with respect to the values obtained from Qiskit Aer Statevector-
Simulator with the step merge approximation, the single-qubit purities and the
mutual information for all the qubit couples, respectively. To favor readability, I
decided to report only v € {2,4,7,10} values: images with all the computed ~
values are reported in Appendix [A] in Figs. [A.T] [A.2] and [A.4] In Fig.
I reported as an example all the 15 runs obtained by changing the Qiskit Aer
QasmSimulator seed for the simulation of the system with v = 10.

These results show a good level of agreement with the expectations described
in previous Section [3.5.2} the two different behaviors arising from the distinct
v-dependent system ground states [¢),, and i), (see Eqgs. (3.111)), (3.112)) are
clearly evident in the purity and mutual information plots (Figs. |3.12 and [3.13]),
well recognizable despite the predicted uncertainty. Energy levels are also correctly
extracted for about all the explored v values, where the relative error with respect
to the Qiskit Aer StatevectorSimulator predictions settles at about 1072 for the
higher v values, while maintaining a decreasing behavior for the smaller ones.
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Figure 3.10: Colored plot showing the estimated system energy expectation values, as
a function of the inverse temperature . Different colors correspond to different v €
{2,4,7,10} values. Solid lines with dot markers are the values computed with Qiskit
Aer StatevectorSimulator, corresponding to the ideal implementation of the QMETTS
algorithm, including the step merge approximation. Dashed lines with ‘X’ markers are
the 50th percentile values (see Section computed with Qiskit Aer QasmSimulator,
corresponding to the noiseless implementation of the QMETTS algorithm, including the
step merge approximation. Shaded regions correspond to the values between the 85th
and 15th percentiles.

3.5.4 Noisy simulations
In order to get a more representative estimate of the algorithm behavior on real

hardware and observe the expected influence of noise, we run the simulation on
a Qiskit fake backend, this consisting in a simulator built so that it mimics the
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Figure 3.11: Colored plot showing the relative distance between the estimated system
energy obtained from the Qiskit Aer StatevectorSimulator and QasmSimulator, as a func-
tion of the inverse temperature /3. Different colors correspond to different v € {2,4,7,10}
values. The reference values are those computed with Qiskit Aer StatevectorSimulator,
corresponding to the ideal implementation of the QMETTS algorithm, including the step
merge approximation. Dashed lines with ‘X’ markers are the relative errors of the 50th
percentile energy values (see Section computed with Qiskit Aer QasmSimulator,
corresponding to the noiseless implementation of the QMETTS algorithm, including the
step merge approximation. Shaded regions correspond to the values between the 85th
and 15th percentiles of the energy relative error.

snapshot of a specific hardware: such kind of simulators are equipped with lots
of information, including noise parameters, qubit coupling maps and native gates,
which are included in the QASM simulation and effectively modify the ideal in-
structions so that the implemented operations resemble more the not-ideal ones
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Figure 3.12: Colored plot showing the purities expectation values of each qubit in the
system, as a function of the inverse temperature 3, qubits 1 and 4 being the external
ones while qubits 2 and 3 being the internal ones. Different colors correspond to different
v € {2,4,7,10} values. Solid lines with dot markers are the values computed with Qiskit
Aer StatevectorSimulator, corresponding to the ideal implementation of the QMETTS
algorithm, including the step merge approximation. Dashed lines with ‘X’ markers are
the 50th percentile values (see Section computed with Qiskit Aer QasmSimulator,
corresponding to the noiseless implementation of the QMETTS algorithm, including
the step merge approximation. Shaded regions correspond to the values between the
85th and 15th percentiles. Legend is the same as in Fig. [3.10] omitted here to favor
readability.

usually performed on real devices. More specifically, we run the simulations on a
Qiskit Aer simulator built from the 7 qubit FakeJakartaV2 Qiskit fake backend.
To suppress the effects of the introduced noise, we added two error mitigation
steps to the algorithm: first of all we patched all the executed quantum circuits
with dynamical decoupling sequences, then we also performed read-out mitigation
after the measurement step, in order to correct for possible errors.
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Figure 3.13: Colored plot showing the mutual information expectation values of each
qubit pair in the system, as a function of the inverse temperature 3, qubits 1 and 4 being
the external ones while qubits 2 and 3 being the internal ones. Different colors corre-
spond to different v € {2,4,7,10} values. Solid lines with dot markers are the values
computed with Qiskit Aer StatevectorSimulator, corresponding to the ideal implementa-
tion of the QMETTS algorithm, including the step merge approximation. Dashed lines
with ‘X’ markers are the 50th percentile values (see Section computed with Qiskit
Aer QasmSimulator, corresponding to the noiseless implementation of the QMETTS
algorithm, including the step merge approximation. Shaded regions correspond to the
values between the 85th and 15th percentiles. Legend is the same as in Fig. [3.10] omitted
here to favor readability.

Dynamical decoupling Dynamical decoupling [26, [27] is a very common er-
ror mitigation technique that aims at reducing the decoherence effects due to the
coupling with the environment. The idea is to act with a sequence of rapid qubit
state flips on idling particles, with the intent of averaging out the slow-noise com-
ponents.

Several different sequences of operations may be chosen, depending on the charac-
teristics of the noise to suppress, some of the most common being the Carr-Purcell,
the Carr-Purcell-Meiboom-Gill (CPMG) or the Uhrig schemes. Since we do not
intend to perform a detailed analysis of the effects of such a technique, we decided
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Figure 3.14: Colored plot showing the estimated system energy expectation values for
the v = 10 simulation, as a function of the inverse temperature 5. Dotted lines in differ-
ent colors are different realizations obtained by changing the Qiskit Aer QasmSimulator
seed. The solid line with dot markers is the reference simulation computed with Qiskit
Aer StatevectorSimulator, corresponding to the ideal implementation of the QMETTS
algorithm, including the step merge approximation. The dashed line with ‘X’ markers
represents the 50th percentile values (see Section computed with Qiskit Aer Qasm-
Simulator, corresponding to the noiseless implementation of the QMETTS algorithm,
including the step merge approximation. The shaded region corresponds to the values
between the 85th and 15th percentiles.

to simply divide every idle qubit time in four blocks, adding an X gate at the
center of every block. A visual representation of this implementation on a generic

circuit is given in Figs. and
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Figure 3.15: Generic quantum circuits of three qubits, where the sequence of operations
on every qubit is represented as a function of time expressed in system cycles. Different
colors correspond to different gates. Top and bottom qubits remain idle for some periods,
during which they may be affected by decoherence due to coupling with the environment.
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Figure 3.16: Same circuit of Fig. [3.15, but now with dynamical decoupling: idle times
are divided into four identical intervals, at the center of which an X pulse is added
(represented in green), to compensate for the noise influence.

Readout error mitigation When performing a measurement on a real quan-
tum device, this may be subject to a certain error, which effect is that of modifying
the correct output bitstring, thereby affecting the collected probabilities. This can
be modeled with a matrix A multiplying the vector p;; with the ideal probabilities
and producing the noisy measured probabilities py,.

Pme = A Pia- (3.113)

To be able to correct p,,. and retrieve the right values, one should apply the in-
verse matrix A~! to the vector of measurements. In principle the matrix A may be
built by preparing and measuring all the possible basis states, which is extremely
demanding for bigger systems though, since the number of needed measurements
scales exponentially with the number of qubits. One then relies on different ap-
proximations which allows to approximate A and to perform a partial correction
on the measurement outcomes.

Also in this case, we do not focus on the details of the procedure, and we exploit
the basic functionalities of the IBM Mthree software to perform this step.
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Figure 3.17: Colored plot showing the estimated system energy expectation values, as
a function of the inverse temperature . Different colors correspond to different v €
{2,4,7,10} values. Solid lines with dot markers are the values computed with Qiskit
Aer StatevectorSimulator, corresponding to the ideal implementation of the QMETTS
algorithm, including the step merge approximation. Dashed lines with ‘X’ markers are
the 50th percentile values (see Section computed with Qiskit Aer simulator built
from the 7 qubit FakeJakartaV2 Qiskit fake backend, corresponding to the noiseless
implementation of the QMETTS algorithm, including the step merge approximation.
Shaded regions correspond to the values between the 85th and 15th percentiles.

Noisy simulations results
We repeated the same simulations described in the previous section for the Qiskit

Aer QasmSimulator (see Section , keeping the same parameter value choices
and only changing the Qiskit simulator by building it from the 7 qubit FakeJakar-
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Figure 3.18: Colored plot showing the relative distance between the estimated system
energy obtained from the Qiskit Aer StatevectorSimulator and QasmSimulator, as a func-
tion of the inverse temperature /3. Different colors correspond to different v € {2,4,7,10}
values. The reference values are those computed with Qiskit Aer StatevectorSimulator,
corresponding to the ideal implementation of the QMETTS algorithm, including the step
merge approximation. Dashed lines with ‘X’ markers are the relative errors of the 50th
percentile energy values (see Section computed with Qiskit Aer simulator built
from the 7 qubit FakeJakartaV2 Qiskit fake backend, corresponding to the noiseless
implementation of the QMETTS algorithm, including the step merge approximation.
Shaded regions correspond to the values between the 85th and 15th percentiles of the
energy relative error.

ta V2 Qiskit fake backend. The only difference is that we decided to set the number
of different seeds run for each simulation generating an observable thermal expec-
tation value estimate to Nz = 10 rather than keeping Ny = 15: this choice was
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Figure 3.19: Colored plot showing the purities expectation values of each qubit in the
system, as a function of the inverse temperature 3, qubits 1 and 4 being the external
ones while qubits 2 and 3 being the internal ones. Different colors correspond to different
v € {2,4,7,10} values. Solid lines with dot markers are the values computed with Qiskit
Aer StatevectorSimulator, corresponding to the ideal implementation of the QMETTS
algorithm, including the step merge approximation. Dashed lines with ‘X’ markers are
the 50th percentile values (see Section computed with Qiskit Aer simulator built
from the 7 qubit FakeJakartaV2 Qiskit fake backend, corresponding to the noiseless
implementation of the QMETTS algorithm, including the step merge approximation.
Shaded regions correspond to the values between the 85th and 15th percentiles. Legend
is the same as in Fig. omitted here to favor readability.

motivated by the smaller variance observed on the observable expectation values
estimates.

Results are reported in Figs. [3.17] 3.18] [3.19] and for the internal energy,
its relative error with respect to the values obtained from Qiskit Aer Statevector-
Simulator with the step merge approximation, the single-qubit purities and the
mutual information for all the qubit couples, respectively. As done for the noiseless
case, to favor readability, I decided to report only v € {2,4,7,10} values: images

with all the computed v values are reported in Appendix [A]in Figs. [A.5] [A.6] [A.7]
and In Fig. I reported as an example all the 10 runs obtained by chang-
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Figure 3.20: Colored plot showing the mutual information expectation values of each
qubit pair in the system, as a function of the inverse temperature 3, qubits 1 and 4 being
the external ones while qubits 2 and 3 being the internal ones. Different colors corre-
spond to different v € {2,4,7,10} values. Solid lines with dot markers are the values
computed with Qiskit Aer StatevectorSimulator, corresponding to the ideal implementa-
tion of the QMETTS algorithm, including the step merge approximation. Dashed lines
with ‘X’ markers are the 50th percentile values (see Section computed with the
Qiskit Aer simulator built from the 7 qubit FakeJakartaV2 Qiskit fake backend, cor-
responding to the noisy implementation of the QMETTS algorithm, including the step
merge approximation. Shaded regions correspond to the values between the 85th and
15th percentiles. Legend is the same as in Fig. omitted here to favor readability.

ing the seed of the Qiskit simulator built from the 7 qubit FakeJakartaV2 Qiskit
fake backend for the simulation of the system with v = 10.

All these noisy simulations start by closely following the predictions computed
with the Qiskit Aer StatevectorSimulator, but depending on the specific value =,
they break down after a critical inverse temperature [ is reached, greatly and
rapidly drifting away from the expectations. Before this effect is triggered, all
quantities are correctly behaving as expected, showing the two regimes presented
in Section [3.5.2] At higher (3 values, a new trend is induced, apparently common
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Figure 3.21: Colored plot showing the estimated system energy expectation values for
the v = 10 simulation, as a function of the inverse temperature 3. Dotted lines in
different colors are different realizations obtained by changing the Qiskit Aer simulator
seed. The solid line with dot markers is the reference simulation computed with Qiskit
Aer StatevectorSimulator, corresponding to the ideal implementation of the QMETTS
algorithm, including the step merge approximation. The dashed line with ‘X’ mark-
ers represents the 50th percentile values (see Section computed with the Qiskit
Aer simulator built from the 7 qubit FakeJakarta V2 Qiskit fake backend, corresponding
to the noisy implementation of the QMETTS algorithm, including the step merge ap-
proximation. The shaded region corresponds to the values between the 85th and 15th
percentiles.

to all the realizations with v > 4: this behavior is not yet well understood and we
reserve to clarify on it in future works.
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Conclusions

In this thesis, I address some central topics in the context of quantum computing
and many-body physics, in particular following an approach based on the digital,
or circuit-based, quantum computing paradigm.

After introducing the basic concepts of this paradigm in Chapter [1, I move on to
the description of two main different projects.

The first one, presented in Chapter [2| has a more mathematical and functional
nature and consists of the proposal of a novel approach to the representation of
quantum operators and observables, which draws inspiration from the properties
of the Hubbard-Stratonovich transformation [13]|14]. This is an exact mathemati-
cal identity, well known in the context of statistical physics, that helps in reducing
the complexity of exponentials by introducing a coupling with an external auxil-
iary real scalar field. Through this transformation, both real and imaginary-time
evolution operators generated by squared Hermitian operators are decomposed as
an integral over a Gaussian distributed continuous set of new exponentials, which
depend only linearly on the original generators. This may often lead, in principle,
to a decoupling of different terms, possibly simplifying the implementation of the
single elements of the set. The integral may then be approximately realized by
relying on a Monte Carlo formulation. I argue that while this method appears
impractical for a direct implementation of quantum gates, it may still prove useful
as an alternative technique for measuring observable expectation values. The pri-
mary issue of this approach is that the number of required resources typically scales
exponentially with the dimensions of the considered system, strongly reducing the
range of applicability of such a technique. Despite the proposed algorithm not
being particularly optimal or efficient, it still offers a new perspective from which
quantum operations may be approached, and could be exploited for test cases,
smaller systems, or specific settings where symmetry properties play a key role in
reducing the system’s degrees of freedom. Relevant directions for future studies
include a more focused analysis aimed at finding the most useful application of
the proposed formulation and a quantitative comparison of the performances with
the main alternative approaches.

The second presented project, described in Chapter [3] is more oriented to specific
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physical systems simulation and consists of an algorithm for the estimation of few-
body observables thermal expectation values on many-particle systems character-
ized by all-to-all, number-conserving interactions. The basic idea is that of relying
on the QMETTS [16] algorithm for performing the approximation of the expec-
tation values, where the ansatz to the QITE [16] step is built on a set of Givens
rotations. These are known to be universal for representing number-conserving
unitaries with a quadratic resource cost in the number of particles, which would
therefore extend the applicability of the QMETTS algorithm to a wider range of
systems than finite-range k-local Hamiltonian systems. The algorithm is applied
as a test case to a small system of four neutrino flavors in the two-flavor approx-
imation, which is very easily mapped onto a system of four qubits. The neutrino
flavor Hamiltonian is notably characterized by long-range, all-to-all interactions,
which give rise to distinctive phenomena such as flavor oscillations and chaotic
dynamics. These features drive the system toward rapid thermalization, thereby
making it amenable to a thermal description. The contained system dimensions
and the exploitation of its symmetry properties allow, in this simple application,
for a complete reconstruction of all the two-body reduced density matrices, but the
method is more generally suitable to be applied to bigger systems by relying on an
efficient sampling procedure which approximates the complete system description.
In this work, the algorithm’s theoretical ideal predictions are computed and a sim-
ulation of its implementation is performed through the Qiskit software. Results
are promising, but noise seems to have a strong impact on the performances, which
suggests that future developments should include some efforts into building noise
resilience and more targeted error mitigation steps. A more quantitative analysis
of the actual performance of the proposed algorithm and the specific impact of
the exploited approximations (e.g. the step merge procedure) is also left to future
development. The final aim is to perform real simulations on existing quantum
hardware and quantitatively comparing the performances with other alternative
techniques, both quantum and quantum-classical hybrid.
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Complete neutrino results

In Sections [3.5.3] and [3.5.4] T presented only the neutrino simulation results com-
puted for a reduced subset of the explored range of v values, to allow for better
readability. For completeness, I hereby report the plots including all performed
computations, considering all integer values in the range [1,10]. Simulation pa-
rameters are described in Section 3.5.3
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Figure A.1: Colored plot showing the estimated system energy expectation values, as
a function of the inverse temperature 5. Different colors correspond to different v €
[1,10] N Z values. Solid lines with dot markers are the values computed with Qiskit
Aer StatevectorSimulator, corresponding to the ideal implementation of the QMETTS
algorithm, including the step merge approximation. Dashed lines with ‘X’ markers are
the 50th percentile values (see Section computed with Qiskit Aer QasmSimulator,
corresponding to the noiseless implementation of the QMETTS algorithm, including the
step merge approximation. Shaded regions correspond to the values between the 85th

and 15th percentiles.
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Figure A.2: Colored plot showing the relative distance between the estimated system
energy obtained from the Qiskit Aer StatevectorSimulator and QasmSimulator, as a func-
tion of the inverse temperature /3. Different colors correspond to different v € [1,10]NZ
values. The reference values are those computed with Qiskit Aer StatevectorSimulator,
corresponding to the ideal implementation of the QMETTS algorithm, including the step
merge approximation. Dashed lines with ‘X’ markers are the relative errors of the 50th
percentile energy values (see Section computed with Qiskit Aer QasmSimulator,
corresponding to the noiseless implementation of the QMETTS algorithm, including the
step merge approximation. Shaded regions correspond to the values between the 85th
and 15th percentiles of the energy relative error.
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Figure A.3: Colored plot showing the purities expectation values of each qubit in the
system, as a function of the inverse temperature 3, qubits 1 and 4 being the external
ones while qubits 2 and 3 being the internal ones. Different colors correspond to different
v € [1,10] NZ values. Solid lines with dot markers are the values computed with Qiskit
Aer StatevectorSimulator, corresponding to the ideal implementation of the QMETTS
algorithm, including the step merge approximation. Dashed lines with ‘X’ markers are
the 50th percentile values (see Section computed with Qiskit Aer QasmSimulator,
corresponding to the noiseless implementation of the QMETTS algorithm, including the
step merge approximation. Shaded regions correspond to the values between the 85th
and 15th percentiles. Legend is the same as in Fig. omitted here to favor readability.
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Figure A.4: Colored plot showing the mutual information expectation values of each
qubit pair in the system, as a function of the inverse temperature 3, qubits 1 and 4
being the external ones while qubits 2 and 3 being the internal ones. Different colors
correspond to different v € [1,10]NZ values. Solid lines with dot markers are the values
computed with Qiskit Aer StatevectorSimulator, corresponding to the ideal implementa-
tion of the QMETTS algorithm, including the step merge approximation. Dashed lines
with ‘X’ markers are the 50th percentile values (see Section computed with Qiskit
Aer QasmSimulator, corresponding to the noiseless implementation of the QMETTS
algorithm, including the step merge approximation. Shaded regions correspond to the
values between the 85th and 15th percentiles. Legend is the same as in Fig. omitted
here to favor readability.
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Figure A.5: Colored plot showing the estimated system energy expectation values, as
a function of the inverse temperature 5. Different colors correspond to different v €
[1,10] N Z values. Solid lines with dot markers are the values computed with Qiskit
Aer StatevectorSimulator, corresponding to the ideal implementation of the QMETTS
algorithm, including the step merge approximation. Dashed lines with ‘X’ markers are
the 50th percentile values (see Section computed with Qiskit Aer simulator built
from the 7 qubit FakeJakartaV2 Qiskit fake backend, corresponding to the noiseless
implementation of the QMETTS algorithm, including the step merge approximation.
Shaded regions correspond to the values between the 85th and 15th percentiles.
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Figure A.6: Colored plot showing the relative distance between the estimated system
energy obtained from the Qiskit Aer StatevectorSimulator and QasmSimulator, as a func-
tion of the inverse temperature (. Different colors correspond to different v € [1,10]NZ
values. The reference values are those computed with Qiskit Aer StatevectorSimulator,
corresponding to the ideal implementation of the QMETTS algorithm, including the step
merge approximation. Dashed lines with ‘X’ markers are the relative errors of the 50th
percentile energy values (see Section computed with Qiskit Aer simulator built
from the 7 qubit FakeJakartaV2 Qiskit fake backend, corresponding to the noiseless
implementation of the QMETTS algorithm, including the step merge approximation.
Shaded regions correspond to the values between the 85th and 15th percentiles of the
energy relative error.
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Figure A.7: Colored plot showing the purities expectation values of each qubit in the
system, as a function of the inverse temperature 3, qubits 1 and 4 being the external
ones while qubits 2 and 3 being the internal ones. Different colors correspond to different
v € [1,10] N Z values. Solid lines with dot markers are the values computed with Qiskit
Aer StatevectorSimulator, corresponding to the ideal implementation of the QMETTS
algorithm, including the step merge approximation. Dashed lines with ‘X’ markers are
the 50th percentile values (see Section computed with Qiskit Aer simulator built
from the 7 qubit FakeJakartaV2 Qiskit fake backend, corresponding to the noiseless
implementation of the QMETTS algorithm, including the step merge approximation.
Shaded regions correspond to the values between the 85th and 15th percentiles. Legend
is the same as in Fig. omitted here to favor readability.
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Figure A.8: Colored plot showing the mutual information expectation values of each
qubit pair in the system, as a function of the inverse temperature 3, qubits 1 and 4
being the external ones while qubits 2 and 3 being the internal ones. Different colors
correspond to different v € [1,10]NZ values. Solid lines with dot markers are the values
computed with Qiskit Aer StatevectorSimulator, corresponding to the ideal implementa-
tion of the QMETTS algorithm, including the step merge approximation. Dashed lines
with ‘X’ markers are the 50th percentile values (see Section computed with the
Qiskit Aer simulator built from the 7 qubit FakeJakartaV2 Qiskit fake backend, cor-
responding to the noisy implementation of the QMETTS algorithm, including the step
merge approximation. Shaded regions correspond to the values between the 85th and
15th percentiles. Legend is the same as in Fig. omitted here to favor readability.
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