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Abstract

We study interacting Fermionic fields on globally hyperbolic spacetimes in the con-

text of dynamical C∗-algebras. Our focus is on a particular class of interactions, that

of kinetic perturbations; we provide their definition and we show that these induce,

in the fermionic dynamical C∗-algebra, symbols that obey the canonical anticommu-

tation relation in a locally perturbed spacetime. We also study the adjoint action on

the CAR algebra, a C∗-subalgebra of the fermionic dynamical C∗-algebra, induced

by symbols associated with functionals that are compactly supported, self-adjoint,

gauge-invariant, quadratic, and which induce normally hyperbolic operators (these

are objects which can be interpreted as quadratic perturbations of the free Dirac La-

grangian); we show that this amounts to a Bogoliubov transformation of the CAR

algebra. Said Bogoliubov transformation is shown to satisfy the Shale-Stinespring

criterion for every gauge-invariant, quasifree, Hadamard state on the CAR algebra in

a globally hyperbolic spacetime with compact Cauchy surfaces, and for the Minkowski

vacuum; therefore the Bogoliubov transformation is implemented via unitary oper-

ators on the associated representation Fock space. In the case of the Minkowski

vacuum, we also show that the phases of the unitary implementers can be chosen so

that these satisfy the Bogoliubov causal factorization, provided that the representa-

tion of the perturbed CAR algebra satisfies twisted Haag duality.
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1. Introduction

1 Introduction

Recently, D. Buchholz and K. Fredenhagen [14] developed a novel C∗-algebraic framework
to describe interacting quantum fields, that of dynamical C∗-algebras. Starting from a
Lagrangian L for the scalar field on Minkowski spacetime Md, they consider a family of
abstract symbols {S(F )}F∈Floc(M), which the authors regard as local scattering matrices,
labeled by local, polynomial functionals (i.e. interactions). The free group of these
S-symbols is then quotiented by the ideal generated by two relations, both proven for
S-matrices in the context of perturbative algebraic quantum field theory (see [36] and
[20]):

(i) Bogoliubov’s causal factorization, which encodes the causal structure of the back-
ground spacetime;

(ii) an integrated version of Schwinger-Dyson’s equation (see [14, Appendix] and [12,
Section 7]), which encodes the dynamical features of the chosen Lagrangian L , i.e.
the field equations.

Starting from this group, one constructs a complex ∗-algebra (where the involution is
defined as to make the S-symbols unitary) which is then endowed with a C∗-seminorm;
the dynamical C∗-algebra AL is then its enveloping C∗-algebra [34, Definition 10.1.10].
In [14], the authors construct a net of local algebras complying with Haag-Kastler axioms;
moreover, they show that given the Lagrangian of the free-field, the associated dynamical
C∗-algebra contains as a subalgebra the Weyl C∗-algebra. Finally, they show that given
a Lagrangian L and considering the perturbed Lagrangian L + V , it is possible to find,
given a bounded, causally closed region O ⊆ Md, a region Ô containing its closure such
that AL +V (O) is isomorphic to a subalgebra of AL (Ô).
In [15], the same authors enlarge the class of functionals they consider by allowing for
kinetic perturbations, that is, compactly supported perturbations of the kinetic term of
the free Lagrangian for the scalar field on Minkowski spacetime which mimic local per-
turbations due to gravity. They show that given a kinetic perturbation K, the relative
S-symbols of the Weyl operators satisfy a modified version of the canonical commutation
relations, which takes into account the metric deformation whose information is contained
in K. In the same reference, the authors moreover show that the S-symbols associated
to quadratic functionals (which include the kinetic perturbations) give rise to Bogoliubov
transformations of the Weyl algebra; when considering the Minkowski vacuum state on
the Weyl algebra, these are shown to satisfy Shale’s criterion [41], and thus can be unitar-
ily implemented on the representation Fock space. Finally, assuming that the perturbed
Weyl operators on the bosonic Fock space satisfy Haag duality, the authors show that the
phases of the unitary implementers of the Bogoliubov transformations can be chosen so
that these operators obey Bogoliubov’s causal factorization.
The framework of dynamical C∗-algebras was subsequently extended to Fermionic fields
in [12]. A straightforward extension is however impossible: indeed, in the Fermionic case,
only a certain class of functionals (the gauge-invariant ones) admits a physical interpre-
tation as the class of interactions, and thus as a family of labels of the S-symbols when
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1. Introduction

these are understood as local S-matrices. The issue is that if one were to consider only
these functionals in the construction of a dynamical C∗-algebra, one would be unable
to incorporate the Schwinger-Dyson equation which requires linear (and thus non-gauge
invariant) functionals. To solve this issue, the authors construct a functorial version of
the so-called “η-trick” [20], called covariant Grassmann multiplication, which is used to
alter the combinatorics of fermionic functionals to the bosonic case in a functorial way.
This enables them to construct a functor which assign to each real, finite-dimensional
Grassmann algebra G and abstract Z2-graded, complex ∗-algebra AG; this algebra is con-
structed using SG-symbols labeled by fermionic functionals tensored with the Grassmann
variables and it incorporates the causal factorization (i) and the dynamics (ii). Due to the
functoriality of the assignment, it is possible to extract a Z2-graded, complex ∗-algebra
A; in [12, Section 5] the authors show that in the case of the Lagrangian of the free Dirac
field on Minkowski spacetime M4, the algebra A contains a C∗-CAR-subalgebra, i.e. the
canonical anticommutation relations.

1.1 Outline of the thesis

This last paper is the starting point of this thesis. Our goal was first of all to extend the
construction provided by [12] to the free Dirac field on a globally hyperbolic, Lorentzian
spin manifold; then among the functionals labeling the S-symbols our goal was to single
out and study the behaviour of kinetic perturbations. On curved-spacetimes these are
highly non-trivial as both the Dirac operator and the spinor bundles, whose space of
sections is the configuration space for the Dirac field, depend on the metric. Finally, my
goal was to study the behaviour of a certain class of quadratic perturbations and possibly
prove that the S-symbols associated to them can be unitarily implemented on Fock space.

Chapter 2: geometric and analytic preliminaries

In Chapter 2 we review some of the necessary geometric and analytic notions, in order to
also fix the notations used throughout the thesis. In Section 2.1 we briefly describe spin
manifolds, spinor bundles and Dirac operators; in Section 2.2 we review two topologies one
can endow the spaces of sections of spinor bundles with, the Fréchet topology (Section
2.2.1) and the Whitney C∞-topology (Section 2.2.2). The first one is used to define
fermionic functionals (see the brief review in Section 2.3), while the second one is used to
show well-posedness of kinetic perturbations.

Chapter 3: different metrics and spinors

In Chapter 3 we begin by showing that if two globally hyperbolic metrics g0 and g1 are
such that

(i) g1 is a compact perturbation of g0;

(ii) the gradient of the Cauchy temporal function of g0 is timelike for g1 and that the
Cauchy slices {t0 = k} are spacelike hypersurfaces for g1;
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1. Introduction

then these can be joined by a smooth one-parameter curve of Lorentzian metrics (see
Section 3.1). In Section 3.2 we then use this fact together with some tools presented in
[5] (which we describe in detail in Section 3.2.1 and 3.2.2) to define an invertible, linear
map τ1

0 which allows to relate sections of spinor bundles associated with the two different
metrics.

Chapter 4: the dynamical C∗-algebra for the Fermi field

In Chapter 4 we then generalize the contents of [12] to the globally hyperbolic case. In
Section 4.1 we provide a brief review of enriched category theory, which is used to refor-
mulate the definition of covariant Grassmann multiplication and results of [12, Section
3]. In Section 4.2 we consider the free Dirac lagrangian and define fermionic kinetic per-
turbations (see Definition 4.2.1), which we show to be well-defined fermionic functionals
(Lemma 4.2.2). We then construct, using S-symbols, a functor and a natural transforma-
tion which we show to be a covariant Grassmann multiplication in the sense of Definition
4.1.6. These objects are the foundations of fermionic dynamical C∗-algebras. In Section
4.3 we show that a universal algebra A, obtained from the covariant Grassmann multipli-
cation thanks to Theorem 4.1.8, contains a subalgebra generated by self-adjoint, R-linear
symbols which obey the canonical anticommutation relations; we then use this fact to
endow a ∗-subalgebra of A with a C∗-seminorm in Section 4.4. Finally, in Section 4.5
we show how kinetic perturbations act on the algebra of the canonical anticommutation
relations; in particular we show that they give rise to “perturbed” symbols in A (akin to
the perturbed Weyl operators) obeying a modified version of the canonical anticommu-
tation relations which takes into account the modified geometry of spacetime induced by
the kinetic perturbation.

Chapter 5: automorphisms of the CAR algebra and their unitary implemen-
tation

In Chapter 5 we study the behaviour of the adjoint action of S-symbols associated to
gauge-invariant, self-adjoint quadratic fermionic functionals, and in particular we show
that they give rise to Bogoliubov transformations of the CAR algebra. In Section 5.3
we show that these Bogoliubov transformations satisfy the Shale-Stinespring criterion
(see [42] and [8]) in two cases: for any given quasifree, Hadamard, gauge-invariant state
in a globally hyperbolic spacetimes with compact Cauchy surfaces, and for the vacuum
state on Minkowski spacetime. In Section 5.4 we also point out that using tools similar
to those used in [15, Section 6] it is possible to prove that, in the case of the vacuum
state on Minkowski spacetime, the phases of the unitary implementers of the Bogoliubov
transformation can be chosen so that these unitary operators on Fock space satisfy the
Bogoliubov causal factorization, provided that twisted Haag duality for the perturbed CAR
algebra holds.
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2.1. Basic notions in spin geometry on pseudo-riemannian manifolds

2 Geometric and analytic preliminaries

2.1 Basic notions in spin geometry on pseudo-riemannian manifolds

We begin the exposition by recalling some definitions and results in order to fix the no-
tation used throughout the paper, borrowing some of the content from [1]. We refer the
reader to [46], [29], [26] and [32] for more details.
We shall work on n-dimensional spacetimes, that is, couples (M, g) consisting of a con-
nected, orientable, time-orientable smooth manifold1 M and a non-degenerate, pseudo-
riemannian metric g. We shall further suppose that two additional conditions hold:

(i) we assume (M, g) is globally hyperbolic: as pointed out in [6], this entails that given a
normally hyperbolic operator, this admits retarded and advanced Green operators;

(ii) we also assume that the second Stiefel-Whitney class w2(TM) vanishes: this enables
us to consider spin structures on TM . This will be explained in depth later.

On the manifold M modelling our spacetime, we shall consider fiber bundles, i.e., quadru-
ples (B,M, π, F ) where π : B → M is a smooth, surjective map and such that there
exists an open cover {Uα}α∈A of the base manifold M (generally given by the domain
of an atlas {(Uα, φα)}α) and an associated collection {Φα : π−1(Uα) → Uα × F}α∈A of
diffeomorphisms, called trivialization of the bundle, such that

π1 ◦ Φα = π|π−1(Uα) for every α ∈ A . (2.1)

Notice that given a point p ∈ M , the fiber Bp
·= π−1(p) is diffeomorphic to F ; this is the

reason F is called typical fiber. We can consider the transition functions of the bundle,
that is, the maps

Φαβ : (Uα ∩ Uβ) × F → (Uα ∩ Uβ) × F

(p, f) 7→ Φα

(
Φ−1
β (p, f)

)
.

By the condition (2.1), we have that Φαβ(p, f) = (p, gαβ(p)(f)) for some gαβ : Uα ∩Uβ →
Aut(F ); the collection {gαβ}α,β∈A is called cocycle. We also define the composition

ϕα
·= (φα × idF ) ◦ Φα : π−1(Uα) 7→ φα(Uα) × F

In the context of quantum field theory, one usually deals with two kinds of fiber bundles:

(i) vector bundles, that is, fiber bundles whose typical fiber is a vector space and whose
cocycle is such that gαβ(p) ∈ GL(F ) for every α, β ∈ A, p ∈ Uα ∩ Uβ;

(ii) principal G-bundles, that is, fiber bundles whose typical fiber is a Lie group G,
whose total space PG is a right G-manifold with right action Rg : PG → PG and
whose trivialization {Φα : π−1(Uα) → Uα×G} consists of right G-equivariant maps.
This entails that the cocycle {gαβ : Uα ∩Uβ → Aut(G)} consists of left-translations
[46, Lemma 27.7].

1We always assume that manifolds are Hausdorff and second-countable, and thus paracompact.
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2.1. Basic notions in spin geometry on pseudo-riemannian manifolds

Given a principal G-bundle π : PG → M and a representation ρ : G → GL(V ) of the
group on a finite-dimensional vector space V , we can construct the associated vector
bundle π : PG ×ρ V → M with typical fiber V , where

PG ×ρ V = PG × V/ ∼, (p, v) ∼ (Rg(p), ρ(g)−1v) ∀g ∈ G

[46, Theorem 31.9] shows that there exist linear isomorphisms

·♭ : Ωq
ρ(PG, V ) → Γ

(
∧qT ∗M ⊗ PG ×ρ V

)
·♯ : Γ

(
∧qT ∗M ⊗ PG ×ρ V

)
→ Ωq

ρ(PG, V )
(2.2)

between the spaces Ωq
ρ(PG, V ) of V -valued, tensorial q-forms of type2 ρ on PG and the

space of q-forms on M with values in PG ×ρ V .
Let g be the Lie algebra of the Lie group G; Ehresmann connection 1-forms ω ∈ Ω1(PG, g)
can be used to induce an exterior covariant differentiation D : Ωq

ρ(PG, V ) → Ωq+1
ρ (PG, V ),

Dφ
·= dφ+ ω ·ρ φ (2.3)

where

(ω ·ρ φ)p(v1, . . . , vq+1) = 1
q!

∑
σ∈Sq+1

sgn(σ)ρ∗(ωp(vσ(1)))φp(vσ(2), . . . , vσ(q+1))

and ρ∗ : g → gl(V ) is the Lie algebra representation induced by the group representation
ρ.
We can then use the exterior covariant derivative to endow the associated vector bundle
PG ×ρ V with a connection ∇ : X(M) × Γ(PG ×ρ V ) → Γ(PG ×ρ V ),

∇vs
·= (D(s♯))♭(v) .

This section of the associated vector bundle can be expressed locally as

(∇vs)(p) =
[
σ(p), v(p)

(
s♯ ◦ σ

)
+ ρ∗

(
ωσ(p)

(
σ∗p(vp)

))
s♯(σ(p))

]
(2.4)

where σ : U → PGU
·= π−1(U) is a local section of the principal G-bundle π : PG → M ,

usually deemed local gauge choice. The pullback σ∗ω ∈ Ω1(U, g), which is such that

(σ∗ω)(v)|p = ωσ(p)
(
σ∗p(vp)

)
,

is called local gauge potential.
An important construction which can be carried out in the case of complex vector bundles
is that of the conjugate bundle. Let us recall that given a complex vector space V , the

2These are V -valued q-forms ω on PG such that R∗
gω = ρ(g)−1ω for all g ∈ G and such that, given

vector fields {Xi}1≤i≤q on PG, it holds that ω(X1, . . . , Xq) = 0 if π∗(Xi) = 0 for some i ∈ {1, . . . , q}.
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2.1. Basic notions in spin geometry on pseudo-riemannian manifolds

conjugate vector space V is a vector space which is real-isomorphic to V and whose com-
plex structure is the conjugate complex structure. The antilinear isomorphism between
V and V shall be denoted with C : V → V , and it can be used to induce, starting from a
linear map L : V → V , a linear map L : V → V by defining

L
·= C−1 ◦ L ◦ C .

Given a basis {ei}i∈I of V , the components {Lij}i,j∈I of L are the complex conjugates of
the components of L in the basis {Cei}i∈I , i.e.

L
i
j = Lij .

If V is endowed with a sesquilinear form, then one can show that V ≃ V ∗, where V ∗

denotes the dual space to V . These facts can be extended to the case of complex vector
bundles in the following way: first of all, consider a vector bundle E π→ M with typical
fiber V , whose cocycle is given by {gαβ}α,β∈A; then one can construct another vector
bundle with typical fiber V and whose cocycle is given by {gαβ}α,β∈A; this vector bundle
is the conjugate vector bundle E π→ M . The conjugation map C : V → V can be extended
to a vector bundle anti-isomorphism C : E → E, and if E is endowed with a hermitian
metric h, then

(i) h, which assigns to every point p ∈ M a sesquilinear form hp on Ep, can be under-
stood as a map assigning to each p ∈ M a bilinear map hp : Ep × Ep → C;

(ii) we have an isomorphism E ≃ E∗.

Let us now consider the tangent bundle π : TM → M on our spacetime; by the assump-
tions on (M, g) this is an oriented vector bundle endowed with a Lorentzian structure, and
we can thus consider its oriented, pseudo-orthonormal frame bundle, that is, a principal
SO0

r,1-bundle πP : PSO0
r,1

(M) → M naturally associated to it3. As the second Stiefel-
Whitney class w2(TM) of M vanishes, we can consider a spin structure on TM , that is,
a principal Spin0

r,1-bundle πP ′ : PSpin0
r,1

(M) → M coupled with a 2-sheeted covering

ξ : PSpin0
r,1

→ PSO0
r,1

(2.5)

such that ξ
(
Rg(p)

)
= Rξ0(g)

(
ξ(p)

)
for every p ∈ PSpin0

r,1
, g ∈ Spin0

r,1, with ξ0 : Spin0
r,1 →

SO0
r,1 being the double covering map. This entails in particular that the cocycle {gαβ : Uα∩

Uβ → Aut(SO0
r,1)} of the principal SO0

r,1-bundle is given by {ξ0(sαβ)}, where {sαβ : Uα ∩
Uβ → Aut(Spin0

r,1)} is a cocycle for the principal Spin0
r,1-bundle.

Remark 2.1.1. We point out a few important dimensional considerations: if r ̸= 1 then
Spinr,1 is non-trivial, i.e. connected, over each connected component of SOr,1, while for

3Here, SO0
r,1 denotes the identity component of SOr,1. The same notation is used for the identity

component of Spinr,1.
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2.1. Basic notions in spin geometry on pseudo-riemannian manifolds

r = 1 we have Spin1,1 ≃ SO1,1 × Z2 [29, §I, Proposition 2.10]. In particular, ξ0 is the
universal covering map of SO0

r,1 if r ≥ 3, as in this case Spin0
r,1 is simply connected [29, §I,

(2.35)]. If r = 2 we have π1(Spin0
2,1) ≃ Z, while if r = 1 we instead have π1(Spin0

1,1) ≃ C1
and Spin0

1,1 ≃ SO0
1,1 × {0}. Notice that in this case we don’t have a double covering

map ξ0 : Spin0
r,1 → SO0

r,1 between the identity components of the Spin(1, 1) and special
orthogonal groups. This can be solved by considering instead the 2-sheeted covering
ξ0 : SO0

1,1 × Z2 → SO0
1,1. 


By the Fundamental Theorem of Riemannian geometry, there exists a unique torsion-
free, metric compatible connection ω ∈ Ω1(PSO0

r,1
, so0

r,1), the Levi-Civita connection; using
the covering map (2.5) and the Lie algebra isomorphism ξ0∗ : spin0

r,1 → so0
r,1, this connec-

tion can be pulled back to a connection 1-form ωs ∈ Ω1(PSpin0
r,1
, spin0

r,1), usually called
spin connection.
We can then consider the following: depending on the dimension r + 1 of our spacetime
M , there exists a complex representation of the Spin group ∆C

r,1 : Spin0
r,1 → GL(V,C)

which is irreducible in the odd dimensional case and reducible in the even dimensional
one [29, §I, Proposition 5.15]. In both cases, the representation descends from a complex
representation ρ : Cℓr,1 → End(V,C) of the Clifford algebra Cℓr,1. [29, §I, Theorem 5.7]
shows that there exists a unique Clifford algebra representation if r + 1 is even, while
there exist two inequivalent representations if r + 1 is odd; the induced Spin representa-
tion in the latter case doesn’t depend on the choice of the chosen representation. These
representations can be used to carry out the following construction:

(i) given a complex Spin representation ∆C
r,1 : Spin0

r,1 → GL(V,C), we can consider the
complex spinor bundle

S(M) ·= PSpin0
r,1

×∆C
r,1
V ; (2.6)

(ii) we can also consider the Clifford algebra bundle

Cℓ(M) ·= PSO0
r,1

×cℓ Cℓr,1 (2.7)

where cℓ : SO0
r,1 → Aut(Cℓr,1) denotes the unique extension to the Clifford algebra

Cℓr,1 of the action of SO0
r,1 on (Rr+1, qr,1). It can be shown that the fiber of Cℓ(M)

at p ∈ M is isomorphic to Cℓ(TpM, gp).

These two bundles are related by means of the Clifford module multiplication

µ : Cℓ(M) ⊗ S(M) → S(M)

which explicitly uses the fact that ∆C
r,1 descends from an algebra representation of Cℓr,1.

Thanks to the spin structure, this map can then be extended to yield a Clifford module
multiplication

·Γ : X(M) ⊗ Γ(S(M)) → Γ(S(M)) (2.8)

7



2.1. Basic notions in spin geometry on pseudo-riemannian manifolds

between vector fields and sections of the spinor bundle.
We shall indicate with

∇s : X(M) ⊗ Γ(S(M)) → Γ(S(M)) (2.9)

the covariant derivative induced as of (2.4) on the spinor bundle by the spin connection
ωs. This connection behaves well with respect to the Clifford multiplication, in the sense
that it is a module derivation: given s ∈ Γ(S(M)) and v, u ∈ X(M) we have

∇s
u(v ·Γ s) = (∇uv) ·Γ s+ v ·Γ ∇s

us . (2.10)

The Clifford multiplication can be combined with the covariant derivative ∇s and with
the musical isomorphism induced by the metric to yield a partial differential operator
acting on sections of the spinor bundle, the Dirac operator

D : Γ(S(M)) → Γ(S(M))

s 7→ D(s) ·= i
(
·Γ(∇s(s))

)
+m

(2.11)

where m ∈ [0,+∞) is the mass of the Dirac field.
Given a local orthonormal frame {ej} ⊂ Γ(TM) and its dual {ej} ⊂ Γ(T ∗M) and con-
sidering the local section σ : Uα → PSpin0

r,1
(M), (2.11) can be written locally as

D(s)(p) =
∑
j

iej(p)·Γ
[
σ(p), ej(p)

(
s♯ ◦ σ

)
+ ∆C

r,1∗

(
ωsσ(p)(σ∗pej(p))

)
s♯(σ(p)) +ms♯(σ(p))

]
.

The local expression above can be written even more explicitly as

D(s)(p) = iej(p) ·Γ

σ(p), ej(p)
(
s♯ ◦ σ

)
+ 1

2
∑
k<l

Γlkjek(p) ·V el(p) ·V s♯(σ(p)) +ms♯(σ(p))


(2.12)

where Γljk denote the (non-holonomic) Christoffel symbols of the Levi-Civita connection
on M inducing the spin connection ωs. We present the derivation of the explicit form of
the Dirac operator in three different spacetimes.

Example 2.1.2. We provide three explicit examples of the Dirac operator computed
using (2.12).

(i) Let us consider (flat) Minkowski spacetime (M, g) = (R4, η) and the embedding
of X(R4) into Γ(Cℓ(R4)) given by ej 7→ γj ,γj(p) ≡ γj where {γj}1≤j≤4 are the
usual Gamma matrices in the Dirac representation. By choosing the global pseudo-
orthonormal frame {∂i}1≤i≤4 one can write, for a function s ∈ Γ(S(R4)) ≃ C∞(R4,C4)

D(s) = iγj∂js+m

which is the usual expression of the (massless) Dirac operator.

8



2.1. Basic notions in spin geometry on pseudo-riemannian manifolds

(ii) A more poignant example is that of the Dirac operator in Schwarzschild spacetime,

M = R × (rg,+∞) × S1 g = −
(

1 − rg
r

)
dt⊗ dt+

(
1 − rg

r

)−1
dr ⊗ dr + r2gS2

To carry out the computations, one considers a (in this case global) pseudo-orthonormal
frame {ej}1≤j≤4,

e1 =
(

1 − rg
r

)−1/2
∂t e2 =

(
1 − rg

r

)1/2
∂r e3 = 1

r
∂θ e4 = 1

r sin(θ)∂φ

and the associated embedding ej 7→ γj where, as before, {γj}1≤j≤4 are the Gamma
matrices in the Dirac representation. In this non-holonomic, pseudo-orthornormal
frame the Christoffel symbols are given by

Γijk = 1
2η

im
(
cmjk + cmkj − cjkm

)
where η is the flat metric and

[ei, ej ] = cmjkem, cjkp = ηpmc
m
jk

One can also exploit the properties of Christoffel symbols and of the Clifford module
multiplication to write

1
4
∑
k,l

Γmkjek(p) ·V ej(p) = 1
8
∑
k,l

Γmkj [γk, γj ]

A lengthy but straightforward computation then leads to

D(s) = iγ1
(

1 − rg
r

)−1/2
∂ts+ iγ2

(
1 − rg

r

)1/2
(
∂rs− rg

4r2

(
1 − rg

r

)−1
s− 1

r
s

)

+ iγ3
(

1
r
∂θs− 1

2
cot(θ)
r

s

)
+ iγ4 1

r sin(θ)∂φs+m .

(iii) Another interesting example is that of Friedman-Lemaitre-Robertson-Walker space-
time,

M = I × J × S2 g = S(t)2
(
−dt⊗ dt+ dr ⊗ dr + f(r)2gS2

)
.

Proceeding in the same way as in the Schwarzschild case, a rather obnoxious com-
putation leads to

D(s) = iγ1
(

1
S(t)∂ts− 3

2
Ṡ(t)
S(t)2 s

)
+ iγ2

(
1

S(t)∂rs− f ′(r)
S(t)f(r)s

)

+ iγ3
(

1
S(t)f(r)∂θs− cot(θ)

S(t)f(r)s
)

+ iγ4 1
S(t)f(r) sin(θ)∂φs+m .

6
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2.2. Topologies on spaces of sections of vector bundles

As one can see from the local expression presented above, the Dirac operator is a first-
order partial differential operator; moreover, from the Weitzenböck formula [6, Example
4.3.3], D2 = 2∇s + R

4 + m2 is a normally hyperbolic, second-order partial differential
operator. Therefore, D admits unique advanced and retarded Green operators

S± : Γc(S(M)) → Γ(S(M)) (2.13)

i.e.

D ◦ S± = idΓ(S(M)) S± ◦ D|Γc(S(M)) = idΓc(S(M)) Supp(S±(s)) ⊆ J∓(Supp(s)) ,
(2.14)

where J−(U) and J+(U) denote respectively the causal past and the causal future of
U ⊂ M according to the casual structure induced by the Lorentzian metric.
By [32, Proposition 12.1.65], we know that S(M) admits a Hermitian metric such that
the Clifford multiplication by α ∈ X(M) is an Hermitian automorphism of S(M). We
shall denote this Hermitian metric by ⟨·, ·⟩.

2.2 Topologies on spaces of sections of vector bundles

2.2.1 The Fréchet topology

Throughout this Section, π : E → M is a smooth, complex vector bundle of rank r over
the base manifold M of dimension n, and the space of its smooth sections is Γ(E).

Definition 2.2.1. Let us consider a (maximal) atlas {(Uα, φα)}α for M inducing local
trivializations {Φα : π−1(Uα) → Uα × Cr} for E; then given two integers 1 ≤ j ≤ r
and m ∈ N, an index α and a compact subset K ⊂ Uα, define the following family of
seminorms on Γ(E):

∥s∥j,α,K,m
·= sup
k∈Nn

|k|≤m

sup
x∈φα(K)

∣∣∣∂k(ϕα ◦ s ◦ φ−1
α )j(x)

∣∣∣ (2.15)

Notice that if K ⊆ Uα ∩ Uβ, then we know that

∥s∥j,α,K,m = sup
k∈Nn

|k|≤m

sup
x∈φα(K)

∣∣∣∂k(ϕα ◦ s ◦ φ−1
α )j(x)

∣∣∣
= sup

k∈Nn

|k|≤m

sup
x∈φα(K)

∣∣∣∂k(ϕα ◦ ϕ−1
β )jk ◦ (ϕβ ◦ s ◦ φ−1

β )k ◦ (φβ ◦ φ−1
α )(x)

∣∣∣
By using Faà di Bruno’s formula [21], it is possible to expand the derivative of the com-
position into the sum of various terms, involving the partial derivatives of order up to m
of the (local expression of the) cocycle of the trivialization, which we recall is a smooth
map

gαβ : Uα ∩ Uβ → GL(Cr) ,

10



2.2. Topologies on spaces of sections of vector bundles

derivatives up to order m of the transition function

φβα : φα(Uα ∩ Uβ) 7→ φβ(Uα ∩ Uβ)

and derivatives up to order m of ϕβ ◦ s ◦ φ−1
β . Thus

∥s∥j,α,K,m ≤ sup
k∈Nn

|k|≤m

sup
x∈φα(K)

∥∥∥∂k(ϕα ◦ ϕ−1
β )
∥∥∥ sup
k∈Nn

|k|≤m

sup
x∈φα(K)

∥∥∥∂k(φβ ◦ φ−1
α )
∥∥∥

︸ ︷︷ ︸
kα,β,K,m

∥s∥k,β,K,m

i.e. the various seminorms are equivalent on the intersection of the domains Uα and Uβ.
Notice that as the manifolds we consider are always second-countable, the atlas {(Uα, φα)}α
can be assumed countable; moreover, as the various Uα are locally compact and second
countable, they admit an exhaustion by compact sets, i.e. a countable family {Kα

i }i∈N
of compact subsets such that Kα

i ⊆ IntKα
i+1 and

⋃
i∈NK

α
i = Uα. These two conditions

imply that by considering the family{
∥·∥j,α,Kα

i ,m
, 1 ≤ j ≤ r α ∈ A, Kα

i ⊆ Uα, m ∈ N
}

we have a countable basis for the locally convex topology τ induced by the seminorms of
Definition 2.2.1.
Let us denote with E(E) the locally convex topological vector space (Γ(E), τ), where τ is
the topology described above; then,

Lemma 2.2.2. E(E) is a complete, metrizable, locally convex topological vector space,
and hence a Fréchet space.

Proof. The fact that it is metrizable is an immediate consequence of the existence of the
countable basis {

∥·∥j,α,Kα
i ,m

, 1 ≤ j ≤ r α ∈ A, Kα
i ⊆ Uα, m ∈ N

}
of seminorms. For completeness, we argue as follows: consider a Cauchy sequence {sn} ⊆
E(E), and given (Uα, φα) consider as a compact subset K = {p}, any 1 ≤ j ≤ r and
m = 0. We then have that for every ε > 0 t.e. nε ∈ N such that∣∣∣(ϕα ◦ sn)j(p) − (ϕα ◦ sm)j(p)

∣∣∣ < φ if n,m > nε

As C is complete, then (ϕα ◦ sn)j(p) → (p, sj(p)) for some sj(p) ∈ C; proceeding in a
similar fashion as before one can easily show that the r-uple (s1(p), . . . , sr(p)) behaves
well under a local trivialization change, thus yielding a map s : M → E which is such
that π ◦ s = idM . In order to show completeness, we just need to show that s is smooth;
as smoothness is a local property, given any p ∈ M we can fix any local chart (Uα, φα)
such that p ∈ Uα, and then check the smoothness of (ϕα ◦ s ◦ φ−1

α )j at p. We proceed by

11



2.2. Topologies on spaces of sections of vector bundles

induction on the order m of derivatives: by hypothesis we know that given any compact
K ⊆ Uα star-shaped with respect to p = φ−1

α (x) we have

sup
k∈Nn

|k|≤m

sup
y∈φα(K)

∣∣∣∂k(ϕα ◦ sn ◦ φ−1
α )j(y) − ∂k(ϕα ◦ sl ◦ φ−1

α )j(y)
∣∣∣ < ε if n, l > nε

Thus ∂k(ϕα ◦ sn ◦ φ−1
α )j converges to some continuous function vk uniformly on φα(K).

Then by applying Taylor’s formula with integral remainder,

(ϕα ◦ sn ◦φ−1
α )(y) = (ϕα ◦ sn ◦φ−1

α )(x) +
n∑
k=1

(y− x)k
∫ 1

0
∂k(ϕα ◦ s ◦φ−1

α )j(tx+ (1 − t)y) dt

and by taking the limit, thanks to uniform convergence we arrive at

(ϕα ◦ s ◦ φ−1
α )(y) = (ϕα ◦ s ◦ φ−1

α )(x) +
n∑
k=1

(y − x)k
∫ 1

0
vk(x+ t(y − x)) dt

By considering y = x+ λek, dividing by λ and taking the limit we arrive at

∂k(ϕα ◦ s ◦ φ−1
α )j(x) = vk(x)

Then by induction on m we have the desired smoothness. Thus sn → s with s ∈ Γ(E),
i.e. E(E) is complete.

Remark 2.2.3. It is possible to give an alternative description of the Fréchet topology
on Γ(E). Let ∇E : Γ(E) → Γ(T ∗M ⊗E) and h be a connection and an hermitian metric
on the vector bundle E, and let g be a Riemannian metric on M inducing the Levi-Civita
connection ∇. Given a compact subset K ⊂ M and an integer m ∈ N we define the
following family of seminorms on Γ(E):

∥s∥K,m,∇E ,h,g
·= sup

0≤j≤m
sup
x∈K

∥∥∥∥∇Ejs(x)
∥∥∥∥
h,g

.

The topology induced by this family of seminorms is equivalent to the one previously
described: indeed, given any local chart (Uα, φα) inducing a local trivialization Φα we
can locally write, given a section s ∈ Γ(E) and a vector field v ∈ X(M),

(∇E
∂i
s)k(x) = ∂is

k(x) + ωkij(x)sj(x) (∇∂i
v)t(x) = ∂iv

t(x) + Γtis(x)vs(x)

with ωkij and Γtis smooth. We now proceed by induction on m: given a compact set K, we
can cover it with a finite number of coordinate charts {(Uα, φα)}1≤α≤n. It is then possible
to find a collection of compact sets {Kα}1≤α≤n such that Kα ⊆ Uα and K =

⋃
αKα. Then

using the local trivializations and the local charts associated to the chart domains we have,
for m = 0,

sup
x∈K

∥∥s(x)
∥∥
h,g = max

1≤α≤n
sup
x∈Kα

∥∥s(x)
∥∥
h,g = max

1≤α≤n
sup
x∈Kα

√
hkαlα(x)skα(x)slα(x)

≤ ch,K max
1≤α≤n

max
1≤kα≤r

sup
x∈Kα

∣∣∣skα(x)
∣∣∣︸ ︷︷ ︸

∥s∥kα,α,Kα,0

.

12



2.2. Topologies on spaces of sections of vector bundles

We proceed in a similar fashion for m = 1: notice that due to the smoothness of h, g and
the connection coefficient we have

sup
x∈K

∥∥∥∇Es(x)
∥∥∥
h,g

= max
1≤α≤n

sup
x∈Kα

√
(∂iαskα + ωkα

iαjα
sjα(x))(∂lαsvα + ωvα

lαjα
sjα(x))giαlαhkαvα

≤ ch,g,K,∇E max
1≤α≤n

max
1≤jα≤r

sup
k∈Nn

|k|≤1

sup
x∈Kα

∣∣∣∂ksjα(x)
∣∣∣

︸ ︷︷ ︸
∥s∥jα,α,Kα,1

.

Proceeding by induction one can show that similar results hold for higher order covariant
differentiation, i.e.

sup
x∈K

∥∥∥∥∇Ejs(x)
∥∥∥∥
h,g

≤ ch,g,K,∇E ,j max
1≤α≤n

max
1≤jα≤r

sup
k∈Nn

|k|≤j

sup
x∈Kα

∣∣∣∂ksjα(x)
∣∣∣

︸ ︷︷ ︸
∥s∥jα,α,Kα,j

.

Thus the topology induced by the new collection of seminorms is finer than that induced
by the seminorms in Definition 2.2.1. The converse implication also holds, and the proof
is entirely analogous to the previous one; thus the two topologies are equivalent. This
procedure also shows that the topology induced by {∥·∥K,m,∇E ,h,g} is independent on the
choice of ∇E , h and g. 


Remark 2.2.4. If the base space M of the vector bundle is compact, then the Fréchet
topology whose seminorms are defined in Definition 2.2.1 can be described in the follow-
ing way: first of all, notice that if M is compact then we can restrict to a finite atlas
{(Uα, φα)}1≤α≤n; secondly, proceeding as in Remark 2.2.3 we can cover K with a finite
number of compact sets {Kα}1≤α≤n such that Kα ⊆ Uα. Then given a sequence {sn}n∈N
such that sn → s in E(E), we have that

sup
x∈M

sup
k∈Nn

|k|≤m

∣∣∣∂k (ϕα ◦ (sn − s)
)j (x)

∣∣∣ = max
1≤α≤n

sup
k∈Nn

|k|≤m

sup
x∈φα(Kα)

∣∣∣∣∂k (ϕα ◦ (sn − s) ◦ φ−1
α

)j
(x)
∣∣∣∣ < ε

if n > nε. Thus we see that if M is compact sn → s in the Fréchet topology on Γ(E) if sn
and all the partial derivatives of its components converge uniformly to s and the partial
derivatives of its components. 


2.2.2 The Whitney C∞-topology

We shall now briefly recall some facts and results about another class of topologies on the
spaces of sections of vector bundles, namely the Whitney Ck-topologies. The key result
which will be used later is Theorem 2.2.15; we refer the reader to [31] and [25] for more
details.
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2.2. Topologies on spaces of sections of vector bundles

Definition 2.2.5. Let M,N be smooth manifolds, and let us consider two Ck maps
f : U → N , g : V → N defined on U, V open neighbourhoods of a point x ∈ M . We say
that f and g are k-tangential at x if f(x) = g(x) and if given two local charts (Uα, φα)
and (Vβ, ψβ) centered at x and f(x) respectively we have

Dj(ψβ ◦ f ◦ φ−1
α )
∣∣∣∣∣
0

= Dj(ψβ ◦ g ◦ φ−1
α )
∣∣∣∣∣
0

∀1 ≤ j ≤ k .

This condition is easily seen to be independent of the chosen local charts.
Given the notion of k-tangentiality, we define the following equivalence relation: given
x ∈ M , y ∈ N and f, g ∈ Ck(M,N) we say that f ∼k g if f(x) = g(x) = y and f and
g are k-tangential at x. The quotient Ck(M,N)/ ∼k shall be denoted with Jk(M,N)x,y;
the equivalence classes are called k-jets with source x and target y; given a representative
f of the equivalence class z ∈ Jk(M,N)x,y, we write

z = jk(f)[x] .

Let us define

Jk(M,N)x =
⊔
y∈N

Jk(M,N)x,y Jk(M,N) ·=
⊔
x∈M

Jk(M,N)x .

We will show that these spaces can be endowed with a (finite-dimensional) manifold
structure; to do so, we first prove some ancillary results.

Lemma 2.2.6. Let U ⊆ Rn, V ⊆ Rm be open subsets, and let us consider the Ck maps
f1, f2 : U → V and g1, g2 : V → Rk such that g1 ◦ f1 and g2 ◦ f2 are well-defined, f1 ∼k f2
at x ∈ U and g1 ∼k g2 at f1(x) ∈ V . Then g1 ◦ f1 ∼k g2 ◦ f2 at x.

Proof. By hypothesis we have f1(x) = f2(x) = y and g1(y) = g2(y); thus g1(f1(x)) =
g2(f2(x)). Consider now the case k = 1: we have

D1(g1 ◦ f1)(x) = D1(g1)(y) ◦D1(f1)(x) = D1(g2)(y) ◦D1(f2)(x) = D1(g2 ◦ f2)(x) .

The same holds for k > 1: this can be easily seen by using Faà di Bruno’s formula and
the k-tangentiality of g1 ∼k g2 and f1 ∼k f2.

Using local charts, the previous result applies without effort to Ck maps between
smooth manifolds.

Corollary 2.2.7. Let us consider x ∈ M , y ∈ N , x′ ∈ M ′, and two smooth maps
φ : U ′ → U and ψ : V → V ′, with x′ ∈ U ′, x = φ(x′) ∈ U , y ∈ V and y′ = ψ(y) ∈ V ′.
These two maps induce two maps

φ∗ : Jk(M,N)x → Jk(M ′, N)x′ ψ∗ : Jk(M,N)x,y → Jk(M,N ′)x,y′

jk(f)[x] 7→ jk(f ◦ φ)[x′] jk(f)[x] 7→ jk(ψ ◦ f)[x] .
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2.2. Topologies on spaces of sections of vector bundles

Moreover, given another manifold M ′′, a point x′′ ∈ M ′′ and a smooth function φ′ : U ′′ →
U ′ such that φ′(x′′) = x′, we have

φ′∗ ◦ φ∗ = (φ ◦ φ′)∗ .

Analogously, given N ′′, a point y′′ ∈ N ′′ and ψ′ : V ′ → V ′′ such that ψ′(y′) = y′′, we have

ψ′
∗ ◦ ψ∗ = (ψ′ ◦ ψ)∗ .

Proof. By Lemma 2.2.6, the maps φ∗ and ψ∗ are well-defined: indeed, given f and g two
representatives of the k-jet jk(f)[x], then by the aforementioned Lemma we have that
f ◦ φ ∼k g ◦ φ at x′; thus it maps the equivalence class jk(f)[x] to the equivalence class
jk(f ◦ φ)[x′]. The same applies to ψ∗.
Consider now

φ′∗ : Jk(M ′, N)x′ → Jk(M ′′, N)x′′ .

We know that φ∗(Jk(M,N)x) ⊆ Jk(M ′, N)x′ , and therefore the composition φ′∗ ◦ φ∗ is
well-defined. Now, given an equivalence class jk(f)[x] we have

jk(f)[x] φ
∗

7→ jk(f ◦ φ)[x′] φ
′∗

7→ jk((f ◦ φ) ◦ φ′)[x′′] = jk(f ◦ (φ ◦ φ′))[x′′] = (φ ◦ φ′)∗jk(f)[x] .

The proof proceeds similarly for (ψ′ ◦ ψ)∗ = ψ′∗ ◦ ψ∗.

Notice that if φ = idM then φ∗ = idJk(M,N)x
. Thus in particular if φ is a diffeomor-

phism then φ∗ is a bijection.
Consider now two open subsets U ⊆ Rn, V ⊆ Rm, and consider the set Jk(U, V ); on it
we define the map

jk(f)[x]
ΦU,V7→ (x, f(x), D1f(x), . . . , Dkf(x)) ∈ U × V × SL1(Rn,Rm) × · · · × SLk(Rn,Rm)

where SLj(Rn,Rm) denotes the set of j-linear, symmetric maps from Rn to Rm. This map
is clearly well-defined: by the definition of k-tangentiality it doesn’t depend on the choice
of the representative of jk(f)[x], and it is injective: indeed, if given the representatives f
of jk(f)[x] and g of jk(g)[x] we have

(x, f(x), D1f(x), . . . , Dkf(x)) = (x, g(x), D1g(x), . . . , Dkg(x))

then f ∼k g and thus jk(f)[x] = jk(g)[x]. Moreover, the maps is clearly surjective:
indeed, given any object (x0, y, s1, · · · , sk) in U × V × SL1(Rn,Rm) × · · · × SLk(Rn,Rm)
one can consider the Ck function p : U → V ,

p(x) = y + s1(x− x0) + · · · + sk(x− x0, · · · , x− x0︸ ︷︷ ︸
k times

)

and its k-jet jk(p)[x0]. Notice that the spaces SLj(Rn,Rm) are finite-dimensional R-vector
spaces; therefore U × V × SL1(Rn,Rm) × · · · × SLk(Rn,Rm) is an open subset of some
euclidean space.
The maps {ΦU,V }U⊆Rn,V⊆Rm have the following property:
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2.2. Topologies on spaces of sections of vector bundles

Lemma 2.2.8. Consider U,U ′ ⊆ Rn, V, V ′ ⊆ Rm, and two diffeomorphisms φ : U → U ′

and ψ : V → V ′. Then the map

ΦU ′,V ′ ◦ φ−1∗ ◦ ψ∗ ◦ Φ−1
U,V : U × V ×

k∏
j=1

SLj(Rn,Rm) → U ′ × V ′ ×
k∏
j=1

SLj(Rn,Rm)

is smooth.

Proof. Consider a point P = (x0, y0, s1, . . . , sk) ∈ U×V×SL1(Rn,Rm)×· · ·×SLk(Rn,Rm);
by the previous observation we have that Φ−1

U,V (P ) = jk(p)[x0]. Then

φ−1∗ ◦ ψ∗j
k(p)[x0] = jk(ψ ◦ p ◦ φ−1)[φ(x0)] .

Then

ΦU ′,V ′(jk(ψ◦p◦φ−1)[φ(x0)]) = (φ(x0), ψ(y0), D1ψ◦p◦φ−1(φ(x0)), . . . , Dkψ◦p◦φ−1(φ(x0)) .

As φ and ψ are smooth by hypotheses, it suffices to show that P 7→ Djψ ◦ p ◦φ−1(φ(x0))
is smooth for every 1 ≤ j ≤ k. Consider j = 1: we have

D1ψ ◦ p ◦ φ−1(φ(x0)) = D1ψ(y0) ◦ s1 ◦D1φ−1(φ(x0)) .

This is clearly smooth in x0, y0 and s1. Proceeding by induction on j one can see that
the higher order derivatives are sum of compositions of derivatives of ψ and φ−1 and of
sj ’s up to the considered order; these objects are all smooth in P .

Corollary 2.2.9. Given M and N smooth manifolds, given local charts φ : U → φ(U) ⊆
Rn and ψ : V → ψ(V ) ⊆ Rm, define the bijection

τU,V = Φφ(U),ψ(V ) ◦ ψ∗ ◦ φ−1∗ : Jk(U, V ) → φ(U) × ψ(V ) ×
k∏
j=1

SLj(Rn,Rm) .

Then the collection {(Jk(U, V ), τU,V )}U,V is an atlas for Jk(M,N), making it a finite-
dimensional manifold.

Proof. Consider two local charts φ′ : U ′ → φ(U ′) and ψ′ : V ′ → ψ(V ′) such that U ∩U ′ ̸=
∅, V ∩ V ̸= ∅. Then we can consider

τU,V : Jk(U ∩ U ′, V ∩ V ′) → φ(U ∩ U ′) × ψ(V ∩ V ′) ×
k∏
j=1

SLj(Rn,Rm)

τU ′,V ′ : Jk(U ∩ U ′, V ∩ V ′) → φ′(U ∩ U ′) × ψ′(V ∩ V ′) ×
k∏
j=1

SLj(Rn,Rm)
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and the composition

τU,V ◦ τ−1
U ′,V ′ = Φφ(U),ψ(V ) ◦ ψ∗ ◦ φ−1∗ ◦ φ′∗ ◦ ψ′

∗
−1 ◦ Φ−1

φ′(U),ψ′(V )

= Φφ(U),ψ(V ) ◦ ψ∗ ◦ ψ′
∗

−1 ◦ φ−1∗ ◦ φ′∗ ◦ ◦Φ−1
φ′(U),ψ′(V )

= Φφ(U),ψ(V ) ◦ (φ′ ◦ φ−1)∗ ◦ (ψ ◦ ψ′−1)∗ ◦ Φ−1
φ′(U),ψ′(V ) .

Notice that

ψ ◦ ψ′−1 : ψ′(V ∩ V ′) → ψ(V ∩ V ′) φ′ ◦ φ−1 : φ(U ∩ U ′) → φ′(U ∩ U ′)

are diffeomorphisms; then by Lemma 2.2.8 we have that τU,V ◦ τ−1
U ′,V ′ is smooth.

The topology on M is then the one whose basis is given by

⋃
U,V

τ−1
U,V (O), O open in φ(U) × ψ(V ) ×

k∏
j=1

SLj(Rn,Rm)

 .

As M and N are second countable, Hausdorff manifolds then so is Jk(M,N).

Remark 2.2.10. On Jk(M,N) one can define a map π : Jk(M,N) → M ×N : we know
that each equivalence class z belongs to some Jk(M,N)x,y; then

π(z) ·= (x, y) .

This map is smooth: indeed, its given (U,φ) and (V, ψ) local charts for M and N its local
expression can be written

(φ× ψ) ◦ π ◦ τ−1
U,V = (φ× ψ) ◦ π ◦ φ∗ ◦ ψ−1

∗ ◦ Φ−1
φ(U),ψ(V ) .

When acting on the point P = (x0, y0, s1, . . . , sk) the expression on the right acts as

(φ× ψ) ◦ π
(
jk(ψ−1 ◦ p ◦ φ)[φ−1(x0)]

)
= (x0, y0) .

This local expression shows that π is smooth and surjective as stated.
Notice that given a function g ∈ Ck(M,N), we can define the map

jk(g) : M → Jk(M,N)
x 7→ jk(g)[x] .

Given local charts (U,φ) and (V, ψ) its local expression is then given by

τU,V ◦ jk(g) ◦ φ−1(x0) = τU,V
(
jk(g)[φ−1(x0)]

)
= ΦU,V ◦ ψ∗ ◦ φ−1∗ (

jk(g)[φ−1(x0)]
)

= ΦU,V

(
jk(ψ ◦ g ◦ φ−1)[x0]

)
=

= (x0, ψ ◦ g ◦ φ−1(x0), D1ψ ◦ g ◦ φ−1(x0), . . . , Dkψ ◦ g ◦ φ−1(x0)) .

This function is clearly Ck with respect to x0. 
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2.2. Topologies on spaces of sections of vector bundles

Definition 2.2.11. LetM,N be smooth manifolds; given any open subset U ⊆ Jk(M,N),
define

Mk(U) ·=
{
f ∈ Ck(M,N) s.t. jk(f)[M ] ⊆ U

}
.

The collection {Mk(U)}, where U runs over all open subsets of Jk(M,N), constitutes
a basis for a topology on Ck(M,N): indeed,⋃

U⊆Jk(M,N) open
Mk(U) = Ck(M,N)

and Mk(U)∩Mk(V ) = Mk(U ∩V ), as is easily seen from Definition 2.2.11. Said topology
is called Whitney Ck topology. Notice that C∞(M,N) ⊆ Ck(M,N), and we can endow it
with the subspace topology (let it be W k) for every k. Then the Whitney C∞ topology
on C∞(M,N) is defined as the topology whose basis is

W∞ ·=
⋃
k∈N

W k .

This is well-defined, as W k ⊆ W l if k ≤ l: indeed, consider the projection

πlk : J l(M,N) → Jk(M,N)
jl(f)[x] 7→ jk(f)[x]

which in local coordinates is given by

τkU,V ◦ πlk ◦ τ lU,V
−1 : φ(U) × ψ(V ) ×

l∏
j=1

SLj(Rn,Rm) → φ(U) × ψ(V ) ×
l∏

j=1
SLk(Rn,Rm)

(x0, y0, s1, . . . , sl) 7→ (x0, y0, s1, . . . , sk) .

This map is evidently smooth; moreover, we have that given U ⊆ Jk(M,N) open,

M l(πlk
−1(U)) ={f ∈ C∞(M,N) s.t. jl(f)[M ] ⊆ πlk

−1(U)}
= {f ∈ C∞(M,N) s.t. πlk(jl(f)[M ]) ⊆ U} = Mk(U) .

Remark 2.2.12. Given a function f ∈ C∞(M,N), a neighbourhood of f in the Whitney
Ck topologyW k can be given in the following way: consider a continuous function δ : M →
R+, and consider a metric d : Jk(M,N) × Jk(M,N) → R+, which exists because every
finite-dimensional smooth manifold is metrizable. Now, define

Bδ(f) ·=
{
g ∈ C∞(M,N) s.t. d(jk(f)[x], jk(g)[x]) ≤ δ(x) ∀x ∈ M

}
.

This set is open. To show this, we proceed in the following way: define the mapping

∆: Jk(M,N) → R
z 7→ δ(π1 ◦ π(z)) − d(z, jk(f)[π1 ◦ π(z)]) .

18



2.2. Topologies on spaces of sections of vector bundles

This function is clearly continuous, being the composition and difference of continuous
functions. Now, ∆−1(R+) is clearly open in Jk(M,N) by continuity of ∆; moreover, we
have that

Mk(∆−1(R+)) =
{
g ∈ C∞(M,N) s.t. ∀x ∈ M jk(g)[x] ∈ ∆−1(R+)

}
=
{
g ∈ C∞(M,N) s.t. ∀x ∈ M δ(x) − d(jk(g)[x], jk(f)[x]) ≥ 0

}
= Bδ(f) .

The collection of {Bδ(f)}δ is actually a neighbourhood basis for f in the Whitney Ck

topology: let O be an open neighbourhood of f , and let U be open in Jk(M,N) and such
that f ∈ Mk(U) ⊆ O. Define

m(x) ·= inf
{
d(jk(f)[x], z), z ∈ (π1 ◦ π)−1(x) ∩ (Jk(M,N) \ U)

}
with m(x) = ∞ if (π1 ◦ π)−1(x) ⊆ U , and notice that m : M → R+ ∪ {∞} is lower-
semicontinuous: indeed, consider the interval (a,+∞) for a > 0, and considerm−1(a,+∞);
this is the set{

x ∈ X | ∃z ∈ (π1 ◦ π)−1(x) ∩ (Jk(M,N) \ U) s.t. d(jk(f)[x], z) > a
}
.

Fix x ∈ X; then by the continuity of d(·, ·), we know that there exist V,W ⊆ Jk(M,N)
open neighbourhoods of jk(f)[x] and z respectively such that d(zv, zw) > a for zu ∈ U ,
zv ∈ V . By considering (π1 ◦ π)V ∩ (π1 ◦ π)W , which is nonempty and open as π1 ◦ π is
open and continuous, we then have that m−1(a,+∞) contains an open neighbourhood of
x, i.e. it is open.
As m is lower-semicontinuous, it admits a (necessarily positive) minimum on each compact
subset K of M , and it is possible to find a continuous function δK : K → R+ such that
δK(x) < m(x). By considering a partition of unity it is then possible to construct a
globally defined object δ : M → R+ such that δ(x) < m(x) for all x ∈ M . Then if we
consider Bδ(f) it holds that Bδ(f) ⊆ Mk(U): indeed,

Bδ(f) =
{
g ∈ C∞(M,N) s.t. ∀x ∈ M d(jk(f)[x], jk(g)[x]) < δ(x) < m(x)

}
.

But if d(jk(f)[x], jk(g)[x]) < δ(x) < m(x) for all x ∈ M then it must hold that jk(g)[x] ∈
(π1 ◦ π)−1(x) ∩ U , i.e. jk(g)[M ] ⊆ U .
Finally, it easily holds that given Bδ(f) and Bγ(f), if we define the continuous function
η(x) ·= min{δ(x), γ(x)} and consider Bη(f) then Bη(f) ⊆ Bδ(f) ∩Bγ(f). 


Notice that if M were compact, then every δ : M → R+ would admit a global
minimum, and we could bound it from below by 1

n for n ∈ N large enough; that is,
B 1

n
(f) ⊆ Bδ(f). Thus every f ∈ C∞(M,N) admits a countable neighbourhood basis{

B 1
n

(f)
}
n∈N

, i.e. (C∞(M,N),W k) is first-countable if M is compact, and thus sequen-
tial: we can charachterize its topology via sequences. In particular, it follows that a
sequence {fn}n∈N converges to f in (C∞(M,N),W k) if and only if {fn}n∈N and all the
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2.2. Topologies on spaces of sections of vector bundles

partial derivatives of order at most k converges uniformly to f . Thus in the case of M
compact, the Fréchet topology described in Definition 2.2.1 and the Whitney C∞-topology
coincide (see Remark 2.2.4).
On the other hand, for non-compact M we have the following:

Lemma 2.2.13. A sequence {fn}n∈N ⊆ C∞(M,N) converges to f in (C∞(M,N),W k)
if and only if there exists a compact subset K of M such that jk(fn) → jk(f) uniformly
on K and all but a finite number of fn’s equal f outside of K.

Proof. Let us first prove the direct implication by contradiction: suppose that fn → f in
(C∞(M,N),W k) but that there exists no K ⊂⊂ M with the property described above.
Let us consider a sequence {Ki}i∈N of compact subsets of M such that Ki ⊆ Int(Ki+1)
and M =

⋃
i∈NKi. We know that there exist x0 ∈ M \ K0 and n0 ∈ N such that

fn0(x0) ̸= f(x0); as the sequence of compact sets is invading, x0 ∈ Kl0 for some l0. In
particular it holds that

d(jk(fn0)[x0], jk(f)[x0]) > a0 .

Define a function δ : Kl0 → R+ by δ(x) ≡ a0. We proceed by induction now: suppose
that we have constructed the sequences x0, . . . , xk, n0, . . . , nk and l0, . . . , lk such that

fnk
(xk) ̸= f(xk) xk ∈ Klk

and that we have a continuous function δ : Klk → R+ with δ(x) = aj if x ∈ Klj \ Klj−1 .
As by hypothesis there exists no K ⊂⊂ M with the properties described in the Lemma,
there exist nk+1 > nk, lk+1 > lk + 1 and xk+1 ∈ Klk+1 \Klk+1 such that

fnk+1(xk+1) ̸= f(xk+1) and thus d(jk(fnk+1)[xk+1], jk(f)[xk+1]) > ak+1

We then extend by continuity δ from Klk to Klk+1 by requiring that δ ≡ ak+1 on Klk+1 \
Klk . Notice that as lk+1 > lk + 1, this extension is possible. Then if we consider Bδ(f),
there exists a subsequence {fni}i∈N such that fni /∈ Bδ(f) for every i; but this is a
contradiction, as fn → f in (C∞(M,N),W k).
The other implication follows easily.

We are shall now state and prove the most important result of this Section; before
that, we need an ancillary Lemma.

Lemma 2.2.14. Let A,B, P be first-countable, Hausdorff topological spaces with P locally
compact and paracompact; further suppose that there exist πa : A → P and πb : B → P
continuous mappings. Consider the set

A×P B
·= {(a, b) ∈ A×B s.t. πa(a) = πb(b)}

and endow it with the subspace topology. Let K ⊆ A, J ⊆ B such that πa|K and πb|J are
proper maps, and let U be an open neighbourhood of K ×P J in A×P B; then there exist
open neighbourhoods UA of K in A and UB of J in B such that UA ×P UB ⊆ U .
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2.2. Topologies on spaces of sections of vector bundles

Proof. (i) First of all, notice that if f : X → Y is a continuous, proper map between
Hausdorff topological spaces and Y is locally compact, then f is closed. Indeed,
suppose that Z ⊆ X is closed, and consider y ∈ f(Z). As Y is locally compact,
there exits a compact neighbourhood V of y, and by construction there exists a
sequence {yi}i∈N in f(Z) which converges to y and which we can suppose is contained
in V . By the hypotheses on f , we have that S = Z ∩ f−1(V ) is compact and
non-empty; in particular there exist {xi}i∈N ⊆ S such that f(xi) = yi. As X
is first-countable, we then have that S is sequentially compact, i.e. the sequence
{xi}i∈N admits a subsequence {xik}k∈N converging to x in S. But then by continuity
f(x) = limk→∞ f(xik) = limk→∞ yik = y, i.e. y ∈ f(Z).

(ii) Notice that
A×P B = (πa × πb)−1(∆p)

and thus it is closed in A × B; thus its complement C = A × B \ A ×P B is open,
and so is U ∪ C. Given any p ∈ P , consider

Kp
·= K ∩ π−1

a (p) Jp
·= J ∩ π−1

b (p)

which are compact as πa|K and πb|J are proper, and Kp × Jp = Kp ×P Jp ⊆ U ∪C.
As Kp and Jp are compact, there exists Vp ⊇ Kp and Wp ⊇ Jp open and such that

Kp × Jp ⊆ Vp ×Wp ⊆ U ∪ C .

By (i), πa|K and πb|J are closed maps; therefore πa(K \ Vp) and πb(K \ Wp) are
closed; thus

Pp
·= P \ (πa(K \ Vp) ∪ πb(K \Wp))

is open, and the collection {Pp}p∈P constitutes an open cover of P . By the para-
compactness of P , there exists a locally finite open refinement {Pα}α of said cover;
in particular for a given α let p(α) be such that Pα ⊆ Pp(α). We then define

Vα
·= Vp(α) ∪ π−1

a (P \ Pα) Wα
·= Wp(α) ∪ π−1

a (P \ Pα)

and UA = ∩αVα, UB = ∩αWα.

(iii) To conclude the proof, we need to show that K ⊆ UA, J ⊆ UB, that UA and UB are
open and that UA×P UB ⊆ U . The first two inclusions are easily shown by showing
that actually K ⊆ Vα and J ⊆ Wα for all α. Indeed, given k ∈ K we can have that
k ∈ Vp(α) or k /∈ Vp(α); in the second case k lies in K \ Vp(α), and so πa(k) /∈ Pp(α).
Therefore πa(k) ∈ P \ Pp(α) ⊆ P \ Pα. The same applies to J .
To show that UA and UB are open, consider the following: since the cover {Pα}α is
locally finite, given x ∈ UA there exist a finite collection {Pα1 , . . . , Pαn} such that
πa(x) ∈ Pαj . As these sets are open, there exists an open neighbourhood Ux of
πa(x) contained in their intersection. Consider now the open set

U ′ ·= π−1
a (Ux) ∩ Vα1 ∩ · · · ∩ Vαn .
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We claim that U ′ ⊆ UA, that is, U ′ ⊆ Vα for all α. Clearly by its definition U ′ ⊆ Vαi

for all 1 ≤ i ≤ n. On the other hand, for α /∈ {α1, . . . , αn} we have that Ux ⊆ P \Pα,
and thus π−1

a (Ux) ⊆ Vα. The same holds for UB.
Finally, we show that UA ×P UB ⊆ U . Let (x, y) ∈ UA ×P UB, and let p = πa(x) =
πb(y). As {Pα}α covers P , there exists Pα containing p, and as x ∈ UA, then
x ∈ Vα. Now, as p ∈ Pα, then necessarily x ∈ Vp(α). Analogously, y ∈ Wp(α). Then
as πa(x) = πb(y), the couple (x, y) ∈ Vp(α) ×Wp(α) is necessarily in U .

Theorem 2.2.15. Let M,N,P be smooth manifold with M compact; then the composition
mapping

◦ : C∞(M,N) × C∞(N,P ) → C∞(M,P )
(f, g) 7→ g ◦ f

is continuous with respect to the Whitney Ck topology for every k ∈ N ∪ {∞}.

Proof. In order to show that the result holds for k = ∞ it suffices to show it holds for finite
k’s. Thus let us consider the following: let π : Jk(M,N) → N and π′ : Jk(N,P ) → N be
the (smooth) projections described in Remark 2.2.10. Consider the fiber product

D
·= Jk(M,N) ×N Jk(N,P )

and define the map

c : D → Jk(M,P )
(jk(f1)[x], jk(f2)[f1(x)]) 7→ jk(f2 ◦ f1)[x] .

By Lemma 2.2.6 this maps doesn’t depend on the choice of the representatives f1 and f2,
and moreover it is continuous. Let us now consider f ∈ C∞(M,N) and g ∈ C∞(N,P );
notice that by definition of c,

jk(g ◦ f)[x] = c
(
jk(f)[x], jk(g)[f(x)]

)
∀x ∈ M

i.e. jk(g ◦ f)[M ] = c(jk(f)[M ] ×N jk(g)[N ]). Moreover, as jk(f) : M → Jk(M,N) is
continuous and M is compact, then π : jk(f)[M ] → N is proper; the same holds for
π′ : jk(g)[N ] → N , as π′ ◦ jk(g) : N → N is the identity as can be inferred from Remark
2.2.10.
Consider now an open neighbourhood U of jk(g ◦ f)[M ] in Jk(M,P ); by the continuity
of c, the compactness of M and the previous properties,

jk(f)[M ] ×N jk(g)[N ] ⊆ c−1(U)

with π : jk(f)[M ] → N and π′ : jk(g)[N ] → N proper, and c−1(U) open. Therefore by
Lemma 2.2.14 there exist V and W open neighbourhoods of jk(f)[M ] in Jk(M,N) and
of jk(g)[N ] in Jk(N,P ) respectively such that

V ×N W ⊆ c−1(U) .
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Thus given any open neighbourhood Mk(U) of g ◦ f in (C∞(M,P ),W k), there exists
an open neighbourhood Mk(V ) × Mk(W ) of (f, g) such that ◦(Mk(V ) × Mk(W )) ⊆
Mk(U).

2.3 Fermionic functionals and Lagrangians

We shall now present a brief introduction to fermionic functionals, as presented in [12]
and [37], in order to fix the notation. First of all, let us recall that the algebras associated
to the Dirac field need to account for both the spinor and cospinor field, that is, sections
of both the vector bundle Sr,1(M) and its conjugate bundle Sr,1(M). In order to do so,
one considers the Whitney sum of the two vector bundles Sr,1(M) ⊕ Sr,1(M), which we
shall denote with S⊕

r,1(M). A section u of S⊕
r,1(M) can be then understood as a couple

(u1, u2) with u1 ∈ E(Sr,1(M)) and u2 ∈ E(Sr,1(M)). The hermitian metric on Sr,1(M),
which induces a (bilinear) pairing

E(Sr,1(M)) × E(Sr,1(M)) ∋ u, v 7→ ⟨v, u⟩ ∈ E(M) ,

can be used to induce a symmetric and bilinear map (denoted with the same symbol)

E(S⊕
r,1(M)) × E(S⊕

r,1(M)) ∋ u, v 7→ ⟨v, u⟩ ·= ⟨v2, u1⟩ + ⟨u2, v1⟩ ∈ E(M) .

One can also define an involution on the space of sections E(S⊕
r,1(M)) by using the con-

jugation maps C : Sr,1(M) → Sr,1(M) and C−1 : Sr,1(M) → Sr,1(M):

E(S⊕
r,1(M)) ∋ u =

(
u1
u2

)
7→ u∗ ·=

(
C−1u1
Cu2

)
∈ E(S⊕

r,1(M)) .

Using the Dirac operator D : E(Sr,1(M)) → E(Sr,1(M)) and its adjoint D∗ = C−1 ◦ D ◦C
as well as the causal propagators S : D(Sr,1(M)) → E(Sr,1(M)) and S∗ : D(Sr,1(M)) →
E(Sr,1(M)) we construct the operators

D⊕ ·= D ⊕ −D∗ S⊕ ·= S ⊕ −S∗ .

Notice that S⊕, which is the causal propagator for D⊕, is formally self-adjoint: indeed,
given u, v ∈ D(S⊕

r,1(M)) we have∫
M

⟨v, S⊕u⟩ dµg =
∫
M

⟨v2, Su1⟩ − ⟨S∗u2, v1⟩ dµg =
∫
M

− ⟨S∗v2, u1⟩ + ⟨u2, Sv1⟩ dµg

=
∫
M

⟨S⊕v, u⟩ dµg .

Let E π→ M be a vector bundle with typical fiber V (in our case it will mostly be
S⊕
r,1(M)) endowed with a symmetric bilinear metric ⟨·, ·⟩; let us consider the space E(E)

of sections of said vector bundle, equipped with the Fréchet topology described in Section
2.2.1. By [45, Theorem 51.5 and Corollary] we know that E(E) is nuclear, and therefore
its projective and inductive tensor products coincide. We shall then consider the tensor
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products E(E)⊗̂p; notice that by [10, Proposition III.8] we have that as topological vector
spaces E(E)⊗̂p ≃ E(E⊠p), where ⊠ denotes the external tensor product of vector bundles.
Now consider, given σ ∈ Sp, the linear operator Uσ : E(E)⊗p → E(E)⊗p such that

Uσ(u1 ⊗ · · · ⊗ up) = uσ(1) ⊗ · · · ⊗ uσ(p) .

For each σ ∈ Sp, this map is continuous with respect to the projective topology: indeed,
we know that said topology is given by the collection of seminorms {p1 ⊗ · · · ⊗ pp} with
pi a seminorm of E(E) and

(p1 ⊗ · · · ⊗ pp)(u) = inf
∑
n

p1(u1,n) · · · pp(up,n)

where the infimum is taken over all the finite linear combinations∑
n

u1,n ⊗ · · · ⊗ up,n = u .

Now, consider, given u, any finite linear combination such that

u =
∑
n

u1,n ⊗ · · · ⊗ up,n .

Then we get a finite linear representation of Uσu, given by

Uσu =
∑
n

uσ(1),n ⊗ · · ·uσ(p),n .

This entails in particular that given any seminorm p1 ⊗ · · · ⊗ pp,

(p1 ⊗ · · · ⊗ pp)(Uσ(u)) ≤ inf
∑
n

p1(uσ(1),n) · · · pp(uσ(p),n)

where the infimum is taken over all finite representations of u. Now,∑
n

p1(uσ(1),n) · · · pp(uσ(p),n) =
∑
n

pσ−1(1)(u1,n) · · · pσ−1(p)(up,n)

and so
(p1 ⊗ · · · ⊗ pp)(Uσ(u)) ≤ (pσ−1(1) ⊗ · · · ⊗ pσ−1(p))(u)

thus showing the continuity of Uσ. We then consider its continuous extension to E(E)⊗̂p,
which shall be denoted with the same symbol, and we then consider the map A : E(E)⊗̂p →
E(E)⊗̂p, defined by

A
·= 1
p!
∑
σ∈Sp

sgn(σ)Uσ .

Notice that A is continuous with respect to the projective topology on E(E)⊗p, being a
finite linear combination of continuous maps; it is also idempotent: indeed, we have that

A2 = 1
p!
∑
σ∈Sp

sgn(σ)UσA .
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Now, let us compute UσA:

UσA = 1
p!
∑
τ∈Sp

sgn(τ)UσUτ = 1
p!
∑
τ∈Sp

sgn(τσ)sgn(σ)Uτσ = sgn(σ) 1
p!
∑
τ∈Sp

sgn(τσ)Uτσ

where the second equality follows from properties of permutations. Again, by properties
of the permutations it follows that Sp ∋ τ 7→ τσ ∈ Sp is a bijection; thus

UσA = sgn(σ)A

and we conclude that
A2 = 1

p!
∑
σ∈Sp

sgn(σ)2A = A .

Using A, we define the space of p-antisymmetric sections

Ea(Mp, E⊠p) ·= A

(
E(E)⊗̂p

)
.

Notice that if we define ∧pE(E) ·= A(E(E)⊗p), we then have

Ea(Mp, E⊠p) = ∧pE(E)

where · denotes the closure. Given {ui}1≤i≤p ⊂ E(E), we shall use the notation

u1 ∧ · · · ∧ up = A(u1 ⊗ · · · ⊗ up)

The configuration space for the Dirac field is then given by the (algebraic) direct sum

C(E) ·=
⊕

p∈N
Ea(Mp, E⊠p) .

In the case E = S⊕
r,1(M), the involution previously defined on E(E) can be extended to

an involution ·∗ : C(E) → C(E) in the following way: first of all, we define

(u1 ∧ · · · ∧ up)∗ ·= u∗
p ∧ · · · ∧ u∗

1

and we extend it by linearity to ∧pE(E). Noticing that continuity easily follows from an
analogous reasoning as to that of Uσ, the involution can be extended to Ea(Mp, E⊠p) and
finally in an obvious way to C(E).
We are interested in antisymmetric functionals on the space of sections E(E), that is,
elements of the strong dual of C(E):

F(E) ·= C(E)′ =
(⊕

p∈N
Ea(Mp, E⊠p)

)′
=
∏
p∈N

Ea′(Mp, E⊠p) ·=
∏
p∈N

Fp(E) .

Its elements can be regarded as sequences {Fp}p∈N with Fp ∈ Fp(E). The duality pairing
between F(E) and C(E) is given by

F (u) ·=
∑
p∈N

Fp(up) for all F ∈ F(E), u = {up}p∈N ∈ C(E)

where the sum is finite and thus always well-defined, C(E) being an algebraic direct sum.
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Example 2.3.1. We propose here a few examples of elements of F2(E) for the simple
vector bundle S3,1(M4) = M4 × C4 over the 4-dimensional Minkowski spacetime M4:

(i) Given a compactly supported, smooth map M4 ⊃ K ∋ p 7→ A(p) ∈ L(C4,C4) such
that A⊺ = −A, we define on E(S3,1(M4))

F (u, v) =
4∑

i,j=1

∫
M4
ui(p)Aij(p)vj(p) d4p .

Clearly F (v, u) = −F (u, v) and F (λ1u1 + λ2u2, v) = λ1F (u1, v) + λ2F (u2, v); by
the universal property of the exterior product then there exists a unique linear map
F : ∧2 E(E) → C such that F (u ∧ v) = F (u, v). Now, given u =

∑
n u

n ∧ vn, we
have ∣∣∣F (u)

∣∣∣ ≤
∑
n

4∑
i,j=1

∫
M4

∣∣∣uni (p)Aij(p)vnj (p)
∣∣∣ d4p

≤
∑
n

4∑
i,j=1

sup
p∈K

∣∣uni (p)
∣∣ sup
p∈K

∣∣∣vnj (p)
∣∣∣ sup
p∈K

∣∣Aij(p)∣∣|K|

≤ 8|K| max
1≤i<j≤4

sup
p∈K

∣∣Aij(p)∣∣∑
n

max
1≤i≤4

sup
p∈K

∣∣uni (p)
∣∣ max

1≤j≤4
sup
p∈K

∣∣∣vnj (p)
∣∣∣

= 8|K| max
1≤i<j≤4

sup
p∈K

∣∣Aij(p)∣∣∑
n

pi,K,0(un)pj,K,0(vn)

.

By considering the infimum over the finite representations of u we then have∣∣∣F (u)
∣∣∣ ≤ 8|K| max

1≤i<j≤4
sup
p∈K

∣∣Aij(p)∣∣ (pi,K,0 ⊗ pj,K,0)(u)

and thus F is continuous on ∧2E(E) with respect to the (subspace) projective topol-
ogy; its continuous extension therefore yields a functional F ∈ F2(E).

(ii) Given a skew-symmetric matrix A ∈ M4(C), a function f ∈ D(M4), and k ∈
{1, . . . , 4} fixed, let us consider

F (u, v) =
4∑

i,j=1

∫
M4
f(x)∂iuk(p)Aij∂jvk(p) d4p

As before, we have that F (v, u) = −F (u, v) and F (λ1u1 + λ2u2, v) = λ1F (u1, v) +
λ2F (u2, v), and thus there exists a linear map F : ∧2E(E) → C such that F (u∧v) =
F (u, v). Again, considering u =

∑
n u

n ∧ vn we have∣∣∣F (u)
∣∣∣ ≤

∑
n

4∑
i,j=1

∫
M4

∣∣f(x)∂iunk(p)Aij∂junk(p)
∣∣ d4p

≤ 8
∣∣Supp(f)

∣∣ sup
p∈M4

∣∣f(p)
∣∣ max

1≤i<j≤4

∣∣Aij∣∣∑
n

max
1≤i≤4

sup
p∈Supp(f)

∣∣∂iunk(p)
∣∣ max

1≤j≤4
sup

p∈Supp(f)

∣∣∂jvnk (p)
∣∣
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Again, by taking the infimum over all the finite representations of u we get∣∣∣F (u)
∣∣∣ ≤ 8

∣∣Supp(f)
∣∣ sup
p∈M4

∣∣f(p)
∣∣ max

1≤i<j≤4

∣∣Aij∣∣ (pi,Supp(f),1 ⊗ pj,Supp(f),1)(u)

and continuity of F follows; its continuous extension to Ea(M4 × M4, E⊠2) is then
a well-defined object in F2(E). 6

We define the support of a fermionic functional as

Supp(F ) ·=
{
x ∈ M s.t. for all U ⊆ M open neighbourhood of x

∃p ∈ N, {ui}1≤i≤p ⊆ E(E) with Supp(ui) ⊆ U and

Fp(u1 ∧ · · · ∧ up) ̸= 0
}
.

We endow F(E) with the strong topology, that is, the topology given by the family of
seminorms

pB(F ) ·= sup
u∈B

∣∣F (u)
∣∣

where B ⊆ C(E) is a bounded subset. From [39, p. 33] it follows that B is bounded in
C(E) if and only if it is given by a set of the form∏

p∈S
S⊂N finite

Bp × {0}, Bp ⊆ Ea(Mp, E⊠p) bounded.

Lemma 2.3.2. F(E) endowed with the strong topology is a locally convex, nuclear topo-
logical vector space.

Proof. We have already observed that E(E) equipped with the Fréchet topology is nu-
clear, and so in particular is E(Mp, E⊠p) ≃ E(M)⊗̂p. Let us now consider the space
Ea(Mp, E⊠p); this is a closed subspace of a nuclear Fréchet space, and so it is nuclear
and Fréchet [45, Proposition 50.1]. The algebraic direct sum C(E) is then a direct sum
of nuclear, Fréchet topological vector spaces; it is therefore nuclear [45, Proposition 50.1]
and Fréchet [39, p. 33]. By [45, Proposition 50.6] we then know that its strong dual is
nuclear.

F(E) can be endowed with an antisymmetric, pointwise product; we start by defining,
given F,G ∈ F(E),

(F ∧G)p(u1 ∧ · · · ∧ up)
·=
∑
σ∈Sp

sgn(σ)

p∑
k=0

1
k!(p− k)!Fk(uσ(1) ∧ · · · ∧ uσ(k))Gp−k(uσ(k+1) ∧ · · · ∧ uσ(p))
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and then by extending by linearity to ∧pE(E). Notice that the fermionic functional F ∧G
is then a sequence {(F ∧G)p}p∈N of continuous functionals with respect to the projective
topology: indeed,

∣∣(F ∧G)p(u1 ∧ · · · ∧ up)
∣∣ ≤

∑
σ∈Sp

p∑
k=0

1
k!(p− k)!∣∣∣Fk(uσ(1) ∧ · · · ∧ uσ(k))

∣∣∣∣∣∣Gp−k(uσ(k+1) ∧ · · · ∧ uσ(p))
∣∣∣

and by exploiting the continuity of {Fk}0≤k≤p and {Gp−k}0≤k≤p we then have

∣∣(F ∧G)p(u1 ∧ · · · ∧ up)
∣∣ ≤

∑
σ∈Sp

p∑
k=0

CF,kCG,p−k
k!(p− k)!

pF1 (uσ(1)) · · · pFk (uσ(k))pG1 (uσ(k+1)) · · · pGp−k(uσ(p)) .

By considering the maximum over the two sums, which is well-defined as both are finite,
we then have that ∣∣(F ∧G)p(u1 ∧ · · · ∧ up)

∣∣ ≤ Cp1(u1) · · · pp(up)

for certain seminorms {pi}1≤i≤p on E(E). Then given any u ∈ ∧pE(E), by representing
it as a finite linear combination u =

∑
n u1,n ∧ · · · ∧ up,n we have∣∣(F ∧G)p(u)

∣∣ ≤ C
∑
n

p1(u1,n) · · · pp(up,n)

and by taking the infimum over all the representation on the right we have the desired
seminorm on the projective tensor product. One can then extend (F ∧G)p by continuity
to Ea(Mp, E⊠p). This product is associative and graded commutative.
Moreover, the product is also continuous with respect to the topology on F(E): consider
a bounded set B =

∏
p∈S Bp × {0} in C(E), and consider

pB(F ∧G) = sup
u∈B

∣∣(F ∧G)(u)
∣∣ = sup

u∈B

∣∣∣∣∣∣
∑
p∈S

(F ∧G)p(up)

∣∣∣∣∣∣ ≤|S| sup
up∈Bp

∣∣(F ∧G)p(up)
∣∣ .

As F ∧ G is continuous, the supremum over Bp is equal to the supremum over a dense
subset of Bp, which we can take to be the intersection of Bp with ∧pE(E). Notice that
Bp is bounded in E(E)⊗̂p, that is, there exist a seminorm p1 ⊗ · · · ⊗ pp and a constant
r > 0 such that

(p1 ⊗ · · · ⊗ pp)(u) < r ∀u ∈ Bp .

By [45, Proposition 43.1] we then know that elements in Bp ∩ ∧pE(E) can be written as

n∑
k=1

λku
k
1 ∧ · · · ∧ ukp,

n∑
k=0

|λk| < r and pi(uki ) ≤ 1 ∀i ∈ {1, . . . , p} . (2.16)
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Now, notice that given any up ∈ Bp ∩ ∧pE(E) we then have

∣∣(F ∧G)p(up)
∣∣ ≤

n∑
k=0

|λk|
∑
σ∈Sp

sgn(σ)
p∑
l=0

1
l!(p− l)!∣∣∣Fl(ukσ(1) ∧ · · · ∧ ukσ(l))

∣∣∣∣∣∣Gp−l(ukσ(l+1) ∧ · · · ∧ ukσ(p))
∣∣∣

By (2.16), we can bound∣∣∣Fl(ukσ(1) ∧ · · · ∧ ukσ(l))
∣∣∣∣∣∣Gp−l(ukσ(l+1) ∧ · · · ∧ ukσ(p))

∣∣∣ ≤ sup
ul∈Bσ

l

∣∣Fl(ul)∣∣ sup
up−l∈Bσ

p−l

∣∣∣Gp−l(up−l)
∣∣∣

with Bσ
l and Bσ

p−l bounded sets in Ea(M l, E⊠l) and Ea(Mp−l, E⊠p−l) respectively, de-
scribed by (pσ(1) ⊗ · · · pσ(l))(ul) ≤ 1 and (pσ(l+1) ⊗ · · · pσ(p−l))(up−l) ≤ 1. By taking a
suitable maximum over l ∈ {1, . . . , p}, p − l ∈ {1, . . . , p}, and σ ∈ Sp (which is well-
defined as all these sets are finite), we conclude that for all up ∈ Bp ∩ ∧pE(E)∣∣(F ∧G)p(up)

∣∣ < r2ppBσ

l

(F )pBσ̃
p−l̃

(G) .

Thus we have
pB(F ∧G) ≤|S| r2ppBσ

l

(F )pBσ̃
p−l̃

(G)

and continuity of the antisymmetric product follows. F(E) can also be endowed with an
involution ·∗ : F(E) → F(E),

{Fp}p∈N 7→
{
F ∗
p

}
p∈N

, (F ∗
p )(up)

·= (−1)pFp(u∗
p) . (2.17)

The involution is continuous with respect to the topology on F(E): indeed, we have,
given a bounded set B =

∏
p∈S Bp × {0}

pB(F ) = sup
u∈B

∣∣F ∗(u)
∣∣ = sup

u∈B

∣∣∣∣∣∣
∑
p∈S

(−1)pFp(u∗
p)

∣∣∣∣∣∣ ≤ sup
u∈B

∑
p∈S

∣∣∣Fp(u∗
p)
∣∣∣

Now, notice that as ·∗ : C(E) → C(E) is continuous it maps bounded sets to bounded
sets; thus we can consider B∗ which would then yield

pB(F ) ≤ sup
u∈B∗

∑
p∈S

∣∣Fp(up)∣∣ ≤|S| max
p∈S

 sup
p∈B∗

p

∣∣Fp(up)∣∣
 = |S| pB∗

p
(F )

as desired. These two operations make F(E) into a Z-graded, topological ∗-algebra.
One can consider derivatives of fermionic functionals in the following way: given Fp ∈
Fp(E), the left derivative of Fp in the direction h ∈ E(E) is defined as 0 if p = 0, and if
p ≥ 1 it is defined on ∧p−1E(E) as

dhFp(u) ·= Fp(h ∧ u) .
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It is then extended by continuity to Ea(Mp−1, E⊠p−1), thus yielding a linear and contin-
uous map dhFp : Ea(Mp−1, E⊠p−1) → C, i.e. dhFp ∈ Fp−1(E). One can then extend the
map dh : Fp(E) → Fp−1(E) to the whole algebra F(E) by considering

dh : F = {Fp}p∈N 7→ dhF
·= {dhFp}p∈N .

Now,

Lemma 2.3.3. For any h ∈ E(E), dh is a graded derivation.

Proof. Due to linearity and continuity, it is sufficient to show the result holds on elements
of the form

u1 ∧ · · · ∧ up+q−1, {ui}1≤i≤p+q−1 ⊂ E(E) .

Let us consider, given F ∈ Fp(E), G ∈ Fq(E), and h ∈ E(E),

dh(F ∧G)(u1 ∧ · · · ∧ up+q−1) = F ∧G(h ∧ u1 ∧ · · · ∧ up+q−1) =
∑

σ∈Sp+q

sgn(σ)
p!q!

F (σ(h) ∧ σ(u1) ∧ · · · ∧ σ(up−1))G(σ(up) ∧ · · · ∧ σ(up+q−1))

where σ(h) acts on h by moving it to the spot indexed by σ(1) and on ui by moving it to
the spot indexed by σ(i+ 1). Now, we can decompose the set Sp+q into the two disjoint
subsets

S1 = {σ ∈ Sp+q s.t. σ(1) ∈ {1, . . . , p}} S2 = {σ ∈ Sp+q s.t. σ(1) ∈ {p+ 1, . . . , p+ q}}

and then consider

dh(F ∧G)(u1 ∧ · · · ∧ up+q−1) =∑
σ∈S1

sgn(σ)
p!q! F (σ(h) ∧ σ(u1) ∧ · · · ∧ σ(up−1))G(σ(up) ∧ · · · ∧ σ(up+q−1))

+
∑
σ∈S2

sgn(σ)
p!q! F (σ(h) ∧ σ(u1) ∧ · · · ∧ σ(up−1))G(σ(up) ∧ · · · ∧ σ(up+q−1)) .

Let us consider the first sum: as σ(1) ∈ {1, . . . , p}, thanks to the properties of the
antisymmetric product we can write

F (σ(h) ∧ σ(u1) ∧ · · · ∧ σ(up−1)) = (−1)σ(1)−1F (h ∧ σ(u1) ∧ · · · ∧ σ(up−1))
= (−1)σ(1)−1(dhF )(σ(u1) ∧ · · · ∧ σ(up−1))

where σ ∈ Sp+q is the permutation originating from the composition of the permutation
τ that sends σ(1) to 1 by pairwise exchanging elements in the wedge product and σ,
i.e. σ = τ ◦ σ. Notice then that sgn(σ)(−1)σ(1)−1 = sgn(σ), that σ is, for each σ, a
permutation of the last p + q − 1 elements of {1, . . . , p + q}, and that as σ runs over all
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permutations in S1 we get that σ runs over all permutations of {2, . . . , p + q} p times.
Thus ∑

σ∈S1

sgn(σ)
p!q! F (σ(h) ∧ σ(u1) ∧ · · · ∧ σ(up−1))G(σ(up) ∧ · · · ∧ σ(up+q−1))

=
∑
σ∈S1

sgn(σ)
p!q! (dhF )(σ(u1) ∧ · · · ∧ σ(up−1))G(σ(up) ∧ · · · ∧ σ(up+q−1))

=
∑

σ∈Sp+q−1

sgn(σ)
(p− 1)!q! (dhF )(σ(u1) ∧ · · · ∧ σ(up−1))G(σ(up) ∧ · · · ∧ σ(up+q−1))

=((dhF ) ∧G)(u1 ∧ · · · ∧ up+q−1)

As for the second sum, one can reason in an identical fashion; the only difference in this
case is that by considering the permutation τ that sends σ(1) to p, we get

sgn(σ)(−1)σ(1)−p = (−1)psgn(σ)

where σ leaves 1 invariant. As we sum over all elements of S2, we get all possible permu-
tations σ of {1, . . . , p+ q} of the last p+ q − 1 terms q times; therefore

∑
σ∈S2

sgn(σ)
p!q! F (σ(h) ∧ σ(u1) ∧ · · · ∧ σ(up−1))G(σ(up) ∧ · · · ∧ σ(up+q−1))

=(−1)p(F ∧ (dhG))(u1 ∧ · · · ∧ up+q−1) ,

that is,
dh(F ∧G) = (dhF ) ∧G+ (−1)pF ∧ (dhG)

One can also consider higher order derivatives by iterating the left derivative: given
Fp ∈ Fp(E), k ≤ p and h1, . . . , hk ∈ E(E), we define for u ∈ ∧p−kE(E)

dkhk,...,h1Fp(u) = Fp(hk ∧ · · · ∧ h1 ∧ u)

and then proceed by continuity as before, obtaining for each F ∈ F(E) a jointly contin-
uous map

dkF : E(E)k × C(E) → C

which is easily seen to be multilinear and alternating in the first k entries, that is, equiv-
alently, a continuous map

F (k) : Ea(Mk, E⊠k) × C(E) → C

which is linear in the first entry. In particular, notice that these can be considered as an
F(E)-valued, compactly supported, antisymmetric distributional section of E∗⊠k → Mk,
that is, an object of Ea′(Mk, E⊠k)⊗̂F(E); notice that as both Ea′(Mk, E⊠k) and F(E)
are nuclear (by [45, Theorem 51.5 and Corollary] and Lemma 2.3.2 respectively), the
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topological tensor product is uniquely defined.
We will be particularly interested in a peculiar subset of the graded algebra of fermionic
functionals, namely local fermionic functionals Floc(E) ⊆ F(E). These are those func-
tionals F ∈ F(E) such that:

(i) for every u ∈ C(E) their wavefront set satisfies

WF(F (n)
u ) ⊆ Ξn

·= T ∗ ·
Mn \

⋃
(p1,...,pn)∈Mn

(
V +
p1 × · · · × V +

pn

)
∪
(
V −
p1 × · · · × V −

pn

)
,

where T ∗
·

Mn denotes the cotangent bundle minus the image of the zero section, and
V

±
pi

denotes the closure of the future/past causal cone at pi;

(ii) the distributional support of F (n)
u lies in the thin diagonal ∆n ↪→ Mn of Mn;

(iii) WF(F (n)
u ) ⊥ T∆n for every u ∈ C(E).

We refer the reader to [27] for an introduction to wavefront sets and their properties.
Having defined the local fermionic functionals, a fermionic Lagrangian is then a map
L : D(M) → Floc(E) such that

(i) L (f1 + f2 + f3) = L (f1 + f2) − L (f2) + L (f2 + f3) for every f1, f2, f3 ∈ D(M)
such that Supp(f1) ∩ Supp(f3) = ∅;

(ii) Supp(L (f)) ⊆ Supp(f) for every f ∈ D(M).
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3 Different metrics and spinors

3.1 Connecting different Lorentzian metrics

Given a manifold M of dimension r+ 1, consider the vector bundle π : Sym2(T ∗M) → M
of rank 2 symmetric tensors, and let π : Lor(M) → M be its subbundle of indefinite
quadratic forms of signature (r, 1). Its smooth sections Γ(Lor(M)) are the Lorentzian
metrics on M .
We are interested in the case in which we are given two sections g0, g1 ∈ Γ(Lor(M)) which
satisfy three assumptions: first of all,

(i) (M, g0) and (M, g1) are globally hyperbolic;

(ii) Supp(g1 − g0) is a compact subset of M , i.e. there exists a compact set K ⊂ M
such that g1 ≡ g0 on M \K.

We wish to determine whether there exists a curve gλ : [0, 1] → Γ(Lor(M)) joining the
two metrics. To do so, we proceed as follows: first of all, by (i) and [7] we know that
there exist isometries

(M, g0)
ψ0≃ (R × Σ0,−β0(t0, p0)dt0 ⊗ dt0 + gt0)

(M, g1)
ψ1≃ (R × Σ1,−β1(t1, p1)dt1 ⊗ dt1 + ht1)

(3.1)

with βi : R × Σi → (0,+∞) being the smooth lapse functions, ht1 and gt0 being smooth
riemannian metrics on Σ1 and Σ0 respectively depending smoothly on t1 and t0. We
can also choose ψ0 and ψ1 in the following way: given a spacelike Cauchy hypersurface
Σi ↪→ Si ⊂ M for gi, we can choose ψi so that they map to R × Σi and so that Si =
ψ−1
i

(
{0} × Σi

)
. Now, requirement (ii) means that if we consider a spacelike Cauchy

surface Σ ↪→ S ⊂ M \ K for g0, it will also be a spacelike Cauchy hypersurface for g1;
therefore the isometries in (3.1) can be chosen so that

(M, g0)
ψ0≃ (R × Σ,−β0(t0, p0)dt0 ⊗ dt0 + gt0)

(M, g1)
ψ1≃ (R × Σ,−β1(t1, p1)dt1 ⊗ dt1 + ht1) .

Moreover, if we consider the smooth pseudo-riemannian manifolds (M \K, g0) and (M \
K, g1), these two are equal, i.e. we have an isometry between

(R × Σ \ ψ0(K),−β0(t0, p0)dt0 ⊗ dt0 + gt0)

and
(R × Σ \ ψ1(K),−β1(t1, p1)dt1 ⊗ dt1 + ht1) .

That is, there exists a diffeomorphism

ψ : R × Σ → R × Σ
(t0, p0) → (t1, p1)
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given by ψ = ψ1 ◦ ψ−1
0 , such that, denoting with K0 the set ψ0(K),

ψ : R × Σ \K0 → R × Σ \ ψ(K0)

is an isometry, i.e.

ψ∗ (−β1(t1, p1)dt1 ⊗ dt1 + ht1
)

|R×Σ\K0 =
(
−β0(t0, p0)dt0 ⊗ dt0 + gt0

)
|R×Σ\K0 .

Given local coordinate neighbourhoods U and V on Σ, inducing local coordinates xi and
yj respectively, the above requirement reads

−(β1 ◦ ψ)
(
∂ψt1

∂t0

)2

+ (hij ◦ ψ)∂ψ
yi

∂t0

∂ψy
j

∂t0
= −β0

−(β1 ◦ ψ)∂ψ
t1

∂t0

∂ψt1

∂xk
+ (hij ◦ ψ)∂ψ

yi

∂t0

∂ψy
j

∂xk
= 0

−(β1 ◦ ψ)∂ψ
t1

∂xl
∂ψt1

∂xk
+ (hij ◦ ψ)∂ψ

yi

∂xl
∂ψy

j

∂xk
= glk

on R × Σ \K0. We can now state our third assumption:

(iii) we assume that the vector field ∂t0 (which is, modulo a positive factor, the gradient
of the Cauchy temporal function ∇t0) is timelike for ψ∗ (−β1(t1, p1)dt1 ⊗ dt1 + ht1

)
,

that ∂t0 has the same time-orientation as ψ−1
∗
(
∂t1
)

and that the spacelike, Cauchy
slices {t0 = k}, k ∈ R, are spacelike hypersurfaces for ψ∗ (−β1(t1, p1)dt1 ⊗ dt1 + ht1

)
.

Assumption (iii) then implies that on K0 we have

−(β1 ◦ ψ)
(
∂ψt1

∂t0

)2

+ (hij ◦ ψ)∂ψ
yi

∂t0

∂ψy
j

∂t0
< 0

∂ψt1

∂t0
> 0−(β1 ◦ ψ)∂ψ

t1

∂xk
∂ψt1

∂xl
+ (hij ◦ ψ)∂ψ

yi

∂xk
∂ψy

j

∂xl


kl

is positive definite .

Under these requirements and thanks to Sylvester’s law of inertia, which tells us that the
signature of the metric is preserved under coordinate transformations, it follows that (R×
Σ, ψ∗(−β1dt1 ⊗ dt1 + ht1)) is a pseudo-riemannian manifold of signature (r, 1); moreover,
the same holds for convex combinations of −β0dt0 ⊗ dt0 + gt0 and ψ∗(−β1dt1 ⊗ dt1 +ht1).
Therefore, we consider the manifold R × Σ endowed with the family of metrics

[0, 1] ∋ λ 7→ gλ
·= (1 − λ)

(
−β0dt0 ⊗ dt0 + gt0

)
+ λψ∗ (−β1dt1 ⊗ dt1 + ht1

)
.

Using the diffeomorphism ψ0 : M → R × Σ, we then consider the pseudo-riemannian
manifold (M, gλ

·= ψ∗
0(gλ)), and notice the following things:
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3.2. Generalized cylinders in spin geometry

(i) for λ = 0 we have that g0 = −β0dt0⊗dt0+gt0 , and thus ψ∗
0
(
−β0dt0 ⊗ dt0 + gt0

)
= g0;

(ii) for λ = 1 we have that g1 = ψ∗ (−β1dt1 ⊗ dt1 + ht1
)
. But as ψ∗ = (ψ1 ◦ ψ−1

0 )∗, we
have that ψ∗

0ψ
∗ = ψ∗

1, and therefore ψ∗
0g1 = ψ∗

1
(
−β1dt1 ⊗ dt1 + ht1

)
= g1;

(iii) the curve λ 7→ gλ is smooth, and thus so is λ 7→ gλ; moreover, as −β0dt0 ⊗ dt0 +
gt0 and ψ∗ (−β1dt1 ⊗ dt1 + ht1

)
coincide outside of K0, we have that the curve is

constantly equal to g0 ≡ g1 outside of K.

To summarize the results of this Section, we state the following Proposition:

Proposition 3.1.1. Let g0 and g1 be two Lorentzian metrics on M satisfying the as-
sumptions (i), (ii) and (iii). Then there exists a smooth curve [0, 1] ∋ λ 7→ gλ such that
gλ ≡ g0 outside of Supp(g0 − g1).

We remark that the requirements on the two metrics g0 and g1 are essentially equal
to those reported in [15].

3.2 Generalized cylinders in spin geometry

Following [5], we now present a construction which allows us to relate spinors associated
to two different pseudo-riemannian metrics g0 and g1.
The starting point is to note that the following result holds:

Proposition 3.2.1 ([29, §I, Theorem 3.7]). There exists an algebra isomorphism

Cℓ0r+1,s ≃ Cℓr,s

where Cℓ0r+1,s denotes the even subalgebra of the Clifford algebra Cℓr+1,s.

Proof. Let us consider a pseudo-orthornormal basis {ei}1≤i≤r+s+1 of Rr+1+s; we consider
the set

Rr+s = ⟨ei, i ̸= r + 1⟩

and construct an action of Rr+s on Cℓ0r+1,s by defining, on the basis elements,

f(ei) = er+1 ·Cℓ ei

and then extending it by linearity to the whole Rr+s. Notice that

f(v) ·Cℓ f(v) = vivjf(ei) ·Cℓ f(ej) = vivjer+1 ·Cℓ ei ·Cℓ er+1 ·Cℓ ej
= −vivjer+1 ·Cℓ er+1 ·Cℓ ei ·Cℓ ej = vivjei ·Cℓ ej .

Thus by the universal property of Clifford algebras [29, §I, Proposition 1.1] there exists a
unique algebra homomorphism f̃ : Cℓr,s → Cℓ0r+1,s which restricts to f on Rr+s ⊆ Cℓr,s.
Now, consider the action of f̃ on the basis{

ei1 ·Cℓ · · · ·Cℓ eim , i1, . . . , im ∈ {1, . . . , r + s+ 1} \ {r + 1}, m ∈ N
}
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3.2. Generalized cylinders in spin geometry

of Cℓr,s; it can be shown that this is mapped to{
ei1 ·Cℓ · · · ·Cℓ eim , i1, . . . , im ∈ {1, . . . , r + s+ 1}, m = 2k, k ∈ N

}
that is, f̃ maps a basis of Cℓr,s to a basis of Cℓ0r+1,s, i.e. it is an algebra isomorphism.

Notice that the algebra isomorphism given by Proposition 3.2.1 satisfies f̃(Spinr,s) ⊆
Spinr+1,s. Indeed, given s ∈ Spinr,s and v ∈ Rr+s+1 we have that Ãdf̃(s)(v) ∈ Rr+s+1, as

Ãdf̃(s)(v) = f̃(s) ·Cℓ v ·Cℓ f̃(s)−1 = s ·Cℓ v ·Cℓ s−1 = s ·Cℓ (v + vr+1er+1) ·Cℓ s−1

= s ·Cℓ v ·Cℓ s−1 + vr+1s ·Cℓ er+1 ·Cℓ s−1 = s ·Cℓ v ·Cℓ s−1︸ ︷︷ ︸
∈Rr+s

+vr+1er+1

where v denotes the projection of v onto Rr+s ⊂ Rr+s+1. The spinor norm4 of f̃(s) is
equal to one:

N(f̃(s)) = er+1 ·Cℓ s ·Cℓ st ·Cℓ (−er+1) = N(s) = 1 .

Therefore, given a spinor representation ∆C
r+1,s : Spin0

r+1,s → GL(V,C), we can define a
spinor representation of Spin0

r,s,

Spin0
r,s ∋ s 7→ f̃(s) 7→ ∆C

r+1,s(f̃(s))

which can be understood as a restriction to Spin0
r,s ⊆ Cℓr,s ≃ Cℓ0r+1,1 of the Clifford

multiplication given on x ∈ Rr+s by

V ∋ v 7→ (er+1 ·Cℓ x) ·V v

where ·Cℓ denotes the Clifford algebra multiplication in Cℓr+1,s and ·V denotes the Clifford
module multiplication of Cℓr+1,s.
Consider now a manifold M whose second Stiefel-Whitney class w2(TM) is trivial, and
consider a smooth one-parameter family I ∋ t 7→ gt of pseudo-riemannian metrics of
signature (r, 1). Using this family, we construct the pseudo-riemannian manifold

Z = I ×M gZ = dt⊗ dt+ gt

whose metric gZ has signature (r + 1, 1). Notice that the globally defined vector field
∂t ∈ X(Z) is such that gZ(∂t, ∂t) = 1 and gZ(∂z, v) = 0 for every v ∈ X(M) ⊆ X(Z);
therefore the normal bundle NM of M in Z is trivial. We shall denote the hypersurface
({t} ×M, gt) ≃ (M, gt) with Mt. The following holds:

Proposition 3.2.2. Z is a spin manifold iff M is such, i.e. spin structures on Z and
spin strucutres on M are in 1-to-1 correspondence.

4The spinor norm of an object in Cℓr,s is defined to be N(ϕ) ·= ϕ ·Cℓ α̃(ϕt), where α̃ is the unique
extension of α : Rr+s ∋ v 7→ −v to Cℓr,s and ·t : Cℓr,s → Cℓr,s is the restriction of v1⊗· · ·⊗vk 7→ vk⊗· · ·⊗v1
to Cℓr,s.
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3.2. Generalized cylinders in spin geometry

Proof. Let us show the two implications hold.

(i) Suppose Z is a spin manifold, i.e. it admits a spin structure θ : PSpin0
r+1,1

(Z) →
PSO0

r+1,1
(Z) with

θ(Rs(p)) = Rθ0(s)(θ(p))

where θ0 : Spin0
r+1,1 → SO0

r+1,1 denotes the double covering map. Given the inclu-
sion map i : Mt ↪→ Z, one can consider the pullback bundles on Mt

i∗PSO0
r+1,1

(Z) =
{

((t, x), f) ∈ Mt × PSO0
r+1,1

(Z) : (t, x) = π′
Z(f)

}
and

i∗PSpin0
r+1,1

(Z) =
{

((t, x), s) ∈ Mt × PSpin0
r+1,1

(Z) : (t, x) = πZ(s)
}

and notice that the map id × θ : i∗PSpin0
r+1,1

(Z) → i∗PSO0
r+1,1

(Z) is a spin structure:
indeed,

(id × θ)Rs((t, x), p) = (id × θ)((t, x), Rsp) = ((t, x), θ(Rs(p))) = ((t, x), Rθ0(s)(θ(p))
= Rθ0(s)(id × θ)((t, x), p)

and clearly id × θ is a 2-fold covering.
Consider now the following: given a pseudo-orthonormal, time-oriented frame at
x ∈ M with respect to gt, be it {e1, . . . , er+1}, we can define the map

f : {ei}1≤i≤r+1 7→ {∂t, ei}1≤i≤r+1

which maps it to a pseudo-orthonormal, time-oriented frame at (t, x) ∈ Mt. One
can use this map to embed the space of pseudo-orthonormal, time-oriented frames
at x ∈ M into the space of pseudo-orthonormal, time-oriented frames of Z at
(t, x) ∈ Mt; thus we have a map which embeds each fiber PSO0

r,1
(M)

x
of the frame

bundle into the fiber i∗PSO0
r+1,1

(Z)
(t,x)

and which extends to a principal bundle
morphism f : PSO0

r,1
(M) → i∗PSO0

r+1,1
(Z). At this point, if we define

PSpin0
r,1

(M) ·= (id × θ)−1(f(PSO0
r,1

(M)))

this is a principal Spin0
r,1-bundle (where Spin0

r,1 is embedded into Spin0
r+1,1 via the

isomorphism given by Proposition 3.2.1). Then, the restriction of the spin structure
on i∗PSpin0

r+1,1
(Z) gives a spin structure on PSO0

r,1
(M): indeed, given s ∈ Spin0

r,1

and denoting with s̃ = f̃(s) (see the proof of Proposition 3.2.1 for the definition of
f̃) we have, given ((t, x), p) ∈ PSpin0

r,1
(M),

(id × θ)Rs̃((t, x), p) =
(
(t, x), θ(Rs̃(p))

)
=
(
(t, x), Rθ0(s̃)(f(q))

)
.
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3.2. Generalized cylinders in spin geometry

As s̃ = f̃(s), it follows that θ0(s̃) ∈ id ⊗ SO0
r,1; thus in particular there exists ξ0(s),

where ξ0 : Spin0
r,1 → SO0

r,1 is the covering map, such that θ0(s̃) = id ⊗ ξ0(s); then
we have (

(t, x), Rθ0(s̃)(f(q))
)

=
(
(t, x), f(Rξ0(s)(q))

)
= f

(
x,Rξ0(s)(q))

)
which is the proper behavior of a spin structure on M .

(ii) Suppose now thatM is a spin manifold, i.e. it admits a spin structure ξ : PSpin0
r,1

(M) →
PSO0

r,1
(M) such that

ξ(Rs(q)) = Rξ0(s)(ξ(q)) .

We have a map π2 : Z → M by which we can consider the pullback bundles

π∗
2PSpin0

r,1
(M) =

{
((t, x), q) ∈ Z × PSpin0

r,1
(M) : x = π(q)

}
and

π∗
2PSO0

r,1
(M) =

{
((t, x), f) ∈ Z × PSO0

r,1
(M) : x = π(f)

}
.

They are a principal Spin0
r,1-bundle and a SO0

r,1-bundle on Z respectively. Now, by
Proposition 3.2.1 we have an embedding

f̃ : Spin0
r,1 ↪→ Spin0

r+1,1

and we can thus consider the bundle

π∗
2PSpin0

r,1
(M) ×Spin0

r,1
Spin0

r+1,1

which is a principal Spin0
r+1,1-bundle on Z, as well as the bundle

π∗
2PSO0

r,1
(M) ×SO0

r,1
SO0

r+1,1

where in this case the embedding is given by SO0
r,1 ∋ s 7→ id⊗s. Let us now consider

the restriction of the map

(id × ξ × θ0) : π∗
2PSpin0

r,1
(M) × Spin0

r+1,1 → π∗
2PSO0

r,1
(M) × SO0

r+1,1

to the quotient spaces above; this is well-defined thanks to the properties of the
maps ξ : PSpin0

r,1
(M) → PSO0

r,1
(M) and f̃ ; moreover, it is clearly a double covering

morphism between principal bundles, and it satisfies

(id × ξ × θ0)Rs[((t, x), q, g)] = Rθ0(s)(id × ξ × θ0)[((t, x), q, g)]

for every choice of s ∈ Spin0
r+1,1, i.e. it provides a spin structure on Z.
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Remark 3.2.3. This theorem can be proved via techinques from differential topology;
namely, given the Künneth formula

Hk(I ×M,TI ⊠ TM) ≃
⊕

p+q=k
Hp(I, T I) ⊗Hq(M,TM)

and the Poincaré lemma we know that

w2(I ×M) = w0(I) ⊗ w2(M) = w2(M) .

From this formula one can conclude that as w2(M) vanishes, M being spin, we have that
w2(I ×M) vanishes as well; the converse assertion also holds. 


Consider now the standard complex representation for Spin0
r,1. This is given by the

restriction of a complex representation of Cℓr,1, which can be determined by considering
[29, Theorem 4.3]:

Cℓr,1 ⊗ C ≃ Mat(2⌊(r+1)/2⌋,C) if r + 1 = 0 mod 2
Cℓr,1 ⊗ C ≃ Mat(2⌊(r+1)/2⌋,C) ⊕ Mat(2⌊(r+1)/2⌋,C) if r + 1 = 1 mod 2

An irreducible C-module for Cℓr,1 descends from an irreducible module for Cℓr+1⊗C; thus
from the above property one can understand that in the case when r+ 1 is even we have
an irreducible complex module, be it Sr,1, while when r+1 is odd we have two irreducible
modules, S+

r,1 and S−
r,1, which can be distinguished by the action of the complex volume

element ωC. Moreover,

(i) if r+ 1 is even, we have that if one restricts the module Sr,1 to the even subalgebra
Cℓ0r,1 ⊆ Cℓr,1, then the module is reducible, Sr,1 = S0

r,1⊕S1
r,1, and the two irreducible

components can again be distinguished by the action of the complex volume element
ωC;

(ii) if r+ 1 is odd, then the two inequivalent irreducible modules S+
r,1 and S−

r,1 give rise
to the same module when restricted to the even subalgebra Cℓ0r,1 ⊆ Cℓr,1, which
shall be denoted with Sr,1.

Therefore we have that the complex representation space of Spin0
r,1 has dimension 2⌊(r+1)/2⌋,

and moreover if r + 1 is even said representation space is reducible, while if r + 1 is odd
it is irreducible. This, combined with Proposition 3.2.1, gives rise to an interesting effect:
we can embed Spin0

r,1 into Spin0
r+1,1, and then according to the parity of r + 1 we have

different behaviors of the restriction. Namely, if r+ 1 is even then r+ 2 is odd, and thus
we have two inequivalent Cℓr+1,1-modules which give rise to the same Cℓ0r+1,1-modules
whose complex dimension is

2⌊(r+2)/2⌋ = 2⌊(r+1)/2⌋

i.e. Sr+1,1 = Sr,1. In this case the representation space of Spin0
r,1 induced by the Cℓr,1-

module coincides with that induced by the Cℓ0r+1,1-module, although in the second case
Spin0

r,1 acts on Sr,1 via the action

Rr+1 ⊗ Sr,1 ∋ (v ⊗ z) 7→ (er+1 ·Cℓ v) ·Sr,1 z .
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In the case when r+ 1 is odd, then r+ 2 is even, and thus we have an irreducible complex
Cℓr+1,1-module Sr+1,1 of complex dimension

2⌊(r+2)/2⌋ = 2⌊(r+1)/2⌋+1 .

Recall moreover that when restricted to Cℓ0r+1,1 this module is reducible, with Sr+1,1 =
S0
r+1,1 ⊕ S1

r+1,1 and

dim(S0
r+1,1) = dim(S1

r+1,1) = dim(S+
r,1) = dim(S−

r,1) = 2⌊(r+1)/2⌋ .

Due to the action of ωC ∈ Spin0
r,1 on S0

r+1,1 via the embedding f̃ , it then follows that

S0
r+1,1 ≃ S+

r,1 S1
r+1,1 ≃ S−

r,1

as Cℓr,1-modules.
Given these representations ∆C of the Spin groups, one can proceed as in Section 2.1,
constructing the associated vector bundles Sr,1(M) and Sr+1,1(Z). Consider then the
pullback bundle along i : Mt ↪→ Z,

i∗Sr+1,1(Z) =
{
((t, x), v) ∈ Mt × Sr+1,1(Z) : π(v) = (t, x)

}
.

This is a vector bundle with typical fiber Sr+1,1 and base Mt, whose cocycle is given by{
∆C
r+1,1(gαβ) : {t} × (Uα ∩ Uβ) → GL(Sr+1,1,C)

}
α,β

where gαβ is a cocycle for PSpin0
r+1,1

(Z). It turns out that if r + 1 is even then

i∗Sr+1,1(Z) ≃ Sr,1(M)

while if r + 1 is odd we have

S0
r+1,1(Z) ≃ Sr,1(M) and S1

r+1,1(Z) ≃ Sr,1(M)

where the choice between the two subbundles depends on whether the chosen Cℓr,1-module
is S+

r,1 or S−
r,1. Indeed, consider the following in the case r+1 even: if one fixes a principal

Spin0
r+1,1-bundle on Z with cocycle given by {gαβ : I × (Uα ∩ Uβ) → Spin0

r+1,1}α,β, then
the procedure depicted in the proof of Proposition 3.2.2 describes a way to construct a
principal Spin0

r,1-bundle on M . Using this procedure, one can construct, as stated above,
the bundle Sr,1(M), with cocycle given by{

∆C
r,1(g̃αβ) : Uα ∩ Uβ → GL(Sr,1,C)

}
α,β

.

In order to show that the bundles are isomorphic, it sufficies to show that the two cocycles
are equivalent. But recall that PSpin0

r,1
(M) is defined as

(id × θ)−1(f(PSO0
r,1

(M)) ⊆ i∗PSpin0
r+1,1

(Z)
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and thus the cocycle g̃αβ is just the restriction of gαβ to PSpin0
r,1

(M), that is, gαβ(t, x) ∈
θ−1

0 (id⊗SO0
r,1) for every x ∈ Uα∩Uβ. Thus we have that ∆C

r+1,1(gαβ) is a representation of
θ−1

0 (id⊗SO0
r,1) ≃ Spin0

r,1 onto a complex vector space of dimension 2⌊(r+2)/2⌋ = 2⌊(r+1)/2⌋.
As for r+1 even we have a unique representation of Spinr,1 we have the desired equivalence
of cocycles, and thus the vector bundles i∗Sr+1,1(Z) and Sr,1(M) are isomorphic. This
property is of the utmost importance, as we can now interpret sections of Sr,1(Mt) (i.e.
spinors on M when the spinor bundle is constructed using the metric gt) as sections of the
pullback bundle i∗Sr+1,1(Z) = Sr+1,1(Z)

∣∣∣∣
Mt

. Thus, by a well-known extension procedure

one can consider them as sections of Sr+1,1(Z) defined in a neighbourhood of Mt.

Remark 3.2.4. The construction in the proof of Proposition 3.2.2 also describes a way
to relate the different Clifford multiplications on Mt and Z. We show the results holding
for the case of even r + 1, the one in the case r + 1 odd following suit. Thanks to
Proposition 3.2.2, we can focus on the case in which we have a spin structure on Z,
θ : PSpin0

r+1,1
(Z) → PSO0

r+1,1
(Z). Then the Clifford multiplication

µM : Cℓ(Mt) ⊗ Sr,1(Mt) → Sr,1(Mt)

is defined in the following way: we know that there exists a Clifford multiplication

µZ : Cℓ(Z) ⊗ Sr+1,1(Z) → Sr+1,1(Z)

which descends from the restrictions to quotients of the map, denoted with the same
name,

µZ : PSpin0
r+1,1

(Z) ×
(
Cℓr+1,1 ⊗ Sr+1,1

)
→ PSpin0

r+1,1
(Z) × Sr+1,1

(p, ϕ⊗ v) 7→ (p, ϕ ·Sr+1,1 v) .

Now, recall that PSpin0
r,1

(Mt) ⊆ PSpin0
r+1,1

(Z) and that Cℓr,1
f̃
≃ Cℓ0r+1,1, thanks to Propo-

sition 3.2.1; therefore, as Sr+1,1 = Sr,1 in the even case, we can consider the composition

∈PSpin0
r,1

(Mt)×(Cℓr,1⊗Sr,1)︷ ︸︸ ︷
(p, ϕ⊗ v) 7→ (p, f̃(ϕ) ⊗ v)︸ ︷︷ ︸

∈PSpin0
r+1,1

(Z)|Mt ×(Cℓr+1,1⊗Sr+1,1)

µZ7→

∈PSpin0
r,1(Mt)×Sr,1︷ ︸︸ ︷(

p, f̃(ϕ) ·Sr+1,1 v
)
.

This map is well-defined on the quotients with respect to the group actions defining the
associated vector bundles, and thus descends to a map which is the Clifford multiplication
µM . 


3.2.1 The Dirac operator in generalized cylinders

We now wish to explore the relation between the connection on Z and the Dirac operator
on Sr+1,1(Z) and those on Mt and Sr,1(Mt). We refer the reader to [6] and [35] for further
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details.
Consider, given a fixed t ∈ I, the hypersurface Mt ↪→ Z; its normal bundle is trivial,
being spanned by the unit vector field ∂t ∈ X(Z). We shall denote ∂t with ν. The second
fundamental form on Mt is the bilinear, symmetric map defined as

II(x, y) ·= gZ(∇Z
x ν, y), x, y ∈ X(Mt) .

Notice that
g(∇Z

x ν, ν) = 1
2∇Z

x (g(ν, ν)) = 0

i.e. ∇Z
x ν ∈ X(Mt); this property allows us to define a C∞(M)-linear map called the shape

operator or Weingarten map

S : X(Mt) → X(Mt)
x 7→ −∇Z

x ν .

Notice that using the shape operator it follows that

II(x, y) = −I(S(x), y)

where I(x, y) denotes the first fundamental form, i.e. the restriction of gZ to Mt. More-
over, given any x, y ∈ X(Mt),

∇Z
x y = ∇Z

x y − gZ(∇Z
x y, ν)ν + gZ(∇Z

x y, ν)ν
= ∇Z

x y + II(x, y)ν︸ ︷︷ ︸
∇Mt

x y

+I(S(x), y)ν .

Let us focus on the highlighted term: this is indeed the covariant derivative with respect
to the Levi-Civita connection on Mt. As a matter of fact,

∇Mt
x y − ∇Mt

y x = ∇Z
x y − ∇Z

y x+
(
II(x, y) − II(y, x)

)
ν = [x, y]

as ∇Z is torsion-free and II(·, ·) is symmetric; moreover, given any x, y, z ∈ X(Mt)

(∇Mt
x gt)(y, z) = ∇Mt

x (gt(y, z)) − gt(∇Mt
x y, z) − gt(y,∇Mt

x z)
= ∇Z

x (gZ(y, z)) − gZ(∇Z
x y + II(x, y)ν, z) − gZ(y,∇Z

x z + II(x, z)ν)
= (∇Z

x gZ)(y, z) = 0 .

This entails the following: given a pseudo-orthonormal, local frame {ei}1≤i≤n for (Mt, gt),
let us complete it to a local pseudo-orthornormal frame for Z by adding ν in position 0;
then

ΓZ
ij
k = (∇Z

ei
ej)k = (∇Mt

ei
ej)k = ΓMt

ij

k

ΓZ
ij
ν = (∇Z

ei
ej)ν = I(S(ei), ej)

ΓZ
iν
j = (∇Z

ei
ν)j = gZ

(
∇Z
ei
ν,
ej
εj

)
= −εjgZ(ν,∇Mt

ei
ej) = −εjΓZ

ij
ν = −εjI(S(ei), ej)

(3.2)
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where εj = gZ(ej , ej) = ±1. Notice that in our case the expression (S(x), y) can be
written in a more elegant and explicit way if the vector fields x, y ∈ X(Mt) are coordinate
vector fields: indeed, using the Koszul formula we get

I(S(x), y) = −gZ(∇Z
x ν, y) = −1

2

(
x(gZ(ν, y)) + ν(gZ(x, y)) − y(gZ(x, ν))

− gZ([ν, x], y) − gZ([x, y], ν) − gZ([ν, y], x)
)

= −1
2ν
(
gt(x, y)

) ·= −1
2 ġt(x, y) .

Equations (3.2) allow us to use (2.12) to write a local expression for ∇s,Z
ei
s when s ∈

Γ(Sr,1(Mt)): given a local section σ : U → PSpin0
r+1,1

(Z) and the previously defined local
pseudo-orthornormal frame, for p ∈ Mt

∇s,Z
ei
s(p) =

σ(p), ei(p)
(
s♯ ◦ σ

)
+ 1

2
∑
k<l

ΓZ
ik
l
εkek(p) ·Z el(p) ·Z (s♯ ◦ σ)(p)


=
[
σ(p), ei(p)

(
s♯ ◦ σ

)
+ 1

2

r+1∑
l=1

ΓZ
iν
l
ν(p) ·Z el(p) ·Z (s♯ ◦ σ)(p)

+ 1
2

∑
1≤k<l≤r+1

ΓZ
ik
l
εkek(p) ·Z el(p) ·Z (s♯ ◦ σ)(p)

]

=
[
σ(p), ei(p)

(
s♯ ◦ σ

)
− 1

2ν(p) ·Z S(ei) ·Z (s♯ ◦ σ)(p)

− ν(p) ·Z ν(p) ·Z
1
2

∑
1≤k<l≤r+1

ΓMt
ik

l
εkek(p) ·Z el(p) ·Z (s♯ ◦ σ)(p)

]

=
[
σ(p), ei(p)

(
s♯ ◦ σ

)
− 1

2ν(p) ·Z S(ei) ·Z (s♯ ◦ σ)(p)

+ 1
2

∑
1≤k<l≤r+1

ΓMt
ik

l
εkek(p) ·Mt el(p) ·Mt (s♯ ◦ σ)(p)

]

= ∇̃s,Mt
ei

s(p) − 1
2ν ·Z ·S(ei) ·Z s(p)

where

∇̃s,Mt
ei

·=


∇s,Mt
ei

, r + 1 even(
∇s,Mt
ei

0
0 ∇s,Mt

ei

)
, r + 1 odd .
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3.2. Generalized cylinders in spin geometry

The Dirac operators DZ applied to a section s ∈ Γ(Sr,1(Mt)) satisfies then the following:

DZs(p) = iν ·Z ∇s,Z
ν s(p) + i

r+1∑
i=1

εiei ·Z ∇s,Z
ei
s(p)

= iν ·Z ∇s,Z
ν s(p) + i

r+1∑
i=1

εiei ·Z
(

∇̃s,Mt
ei

s(p) − 1
2ν ·Z ·S(ei) ·Z s(p)

)

= iν ·Z ∇s,Z
ν s(p) − ν ·Z

i r+1∑
i=1

ei ·Mt ∇̃s,Mt
ei

s(p)


+ i

2ν ·Z
r+1∑
i=1

εiei ·Z S(ei) ·Z s(p) .

Now, if {ei}1≤i≤r+1 is a pseudo-orthonormal basis given by the eigenvectors of S with
associated eigenvalues (principal curvatures) {κi}1≤i≤r+1, then

r+1∑
i=1

εiei ·Z S(ei) ·Z s(p) =
r+1∑
i=1

εiκiei ·Z ei ·Z s(p) = −
r+1∑
i=1

κiε
2
i s(p) = (r + 1)Hs(p)

where H denotes the mean curvature of Mt in Z; therefore we have

DZs(p) = iν ·Z ∇s,Z
ν s(p) − ν ·Z D̃Mt − i

r + 1
2 Hν ·Z s(p)

where

D̃Mt

·=


DMt r + 1 even(

DMt 0
0 −DMt

)
r + 1 odd .

3.2.2 Parallel transport in generalized cylinders

Consider a vector field V ∈ X(Mt) and a section s ∈ Γ(Sr,1(Mt)); as previously stated,
we can view both of them as objects in X(Z) and Γ(Sr+1,1(Z)) respectively. The same
can be done with the section V ·ΓMt

s; due to the way the Clifford module multiplication

·Mt
: X(Mt) ⊗ Sr,1(Mt) → Sr,1(Mt)

is defined (see Remark 3.2.4), we have that

V ·Mt s

∣∣∣∣
Mt

= ν ·Z V ·Z s

∣∣∣∣
Mt

.

At this point, consider, for any fixed x ∈ M and t0, t1 ∈ I the curve γx : [t0, t1] ∋ t 7→
(t, x) ∈ Z, and the parallel transport in Z along γx, that is, we consider the Cauchy
problem ∇s,Z

γ̇ s = 0
s(t0, x) = v

(3.3)
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3.2. Generalized cylinders in spin geometry

for a given v ∈ Sr+1,1(Z)(t0,x) ≃ Sr,1(Mt0)x. The sections s1, s2 ∈ Γ(Sr+1,1(Z)) which are
the unique solutions of (3.3) associated to the initial data v1, v2 ∈ Sr+1,1(Z)(t0,x) satisfy
the following important properties:

(i) (s1(t, x), s2(t, x))Sr+1,1(Z) = (s1(t0, x), s2(t0, x))Sr+1,1(Z) = (v1, v2)Sr+1,1(Z)(t0,x) =
(v1, v2)Sr,1(M)x

: indeed, as the connection ∇s,Z on Sr+1,1(Z) is hermitian we know
that

ν(s1, s2) = (∇s,Z
γ̇ s1, s2) + (s1,∇s,Z

γ̇ s2) = 0 ,

i.e.
(s1(t, x), s2(t, x)) = (s1(t0, x), s2(t0, x)) ;

(ii) parallel transport is well-behaved with respect to Clifford multiplication: indeed,
consider the Cauchy problem∇s,Z

γ̇ s = 0
s(t0, x) = v ·Mt0

v = ν|(t0,x) ·Z ·v ·Z ·v

where v ∈ TxM ⊆ T(t0,x)Z and v ∈ Sr,1(Mt0)x ≃ Sr+1,1(Z)(t0,x). We claim that the
solution s is given by

s = ν ·Z V ·Z ·sv
where V is the parallel transport of v ∈ T(t0,x)Z along γx and sv is the parallel trans-
port of v ∈ Sr+1,1(Z)(t0,x) along γx. Indeed, as the connection ∇s,Z is compatible
with the Clifford multiplication we have

∇s,Z
γ̇ (ν ·Z V ·Z ·sv) =

(
∇Z
γ̇ ν
)

·Z V ·Z sv + ν ·Z
(
∇Z
γ̇ V

)
·Z sv + ν ·Z V ·Z

(
∇s,Z
γ̇ sv

)
.

This is equal to 0 as ∇Z
ν ν = 0: indeed, given x ∈ X(Mt) a local coordinate vector

field,

0 = gZ(ν, x) = ν(gZ(ν, x)) = (∇Z
ν gZ)(ν, x) + gZ(∇Z

ν ν, x) + gZ(ν,∇Z
ν x)

= gZ(∇Z
ν ν, x) + gZ(ν,∇Z

x ν)︸ ︷︷ ︸
=0

= gZ(∇Z
ν ν, x) .

At the same time, as gZ(ν, ν) = 1,

0 = ν(gZ(ν, ν)) = (∇Z
ν gt)(ν, ν) + 2gZ(∇Z

ν ν, ν) = gZ(∇Z
ν ν, ν) .

The two equalities above mean ∇Z
ν ν = 0.

Combining these two results, the linearity of (3.3) as an ODE and the fact that parallel
transport is invertible we have, if we evaluate the solution s of (3.3) at t1, an isometric
isomorphism

τ t1t0 : Sr+1,1(Z)(t0,x) → Sr+1,1(Z)(t1,x) ⇐⇒ τ t1t0 : Sr,1((M, gt0))x → Sr,1((M, gt1))x
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3.2. Generalized cylinders in spin geometry

which is such that
τ t1t0

(
v ·Mt0

v
)

=
(
τ t1t0 v

)
·Mt1

(
τ t1t0 v

)
.

Let us now consider a local expression of (3.3): in particular given a local section σ : U →
PSpin0

r+1,1
(Z) we can write s(p) = [σ(p), s♯ ◦ σ(p)]; then by defining φ

·= s♯ ◦ σ(p), by
considering a local pseudo-orthonormal frame on M (and extending it to a local pseudo-
orthonormal frame on Z) we then have, disregarding the local section of PSpinr+1,1(Z),

∇s,Z
γ̇ s(t, x) = ∂tφ(t, x) + 1

2
∑
k<l

ΓZ
νk
l
εkek(t, x) ·Z el(t, x) ·Z φ

(3.2)= ∂tφ(t, x) + 1
4

∑
1≤k<l≤r+1

(
εlġtkl + εlgZ([ν, ek], el)

)
εkek(t, x) ·Z el(t, x) ·Z φ

Thus the local expression of (3.3) can be written as
φ̇(t, x) = −1

4
∑

1≤k<l≤r+1

(
εlġtkl + εlgZ([ν, ek], el)

)
ġtskεkek(t, x) ·Z el(t, x) ·Z φ

φ(t0, x) = v .

(3.4)

Notice how the right-hand side of the differential equation depends smoothly on t and x
via the smooth family I ∋ t 7→ gt and its derivative. Thus by the existence of solutions
of equations depending on parameters (see [16, Theorem 10.2.3, 10.7.3] and [19, Theorem
B.3]) we know that there exist open neighbourhoods I of t0, U of x and V of v, and a
smooth function s : I×U ×V → C2⌊(r+1)/2⌋ which is a solution of (3.4). For each choice of
v ∈ V , these local solutions behave well with respect to a coordinate change, and thus give
a global object in Γ(Sr+1,1(Z)). Consider now a section σ ∈ Γ(Sr,1(Mt0)); this induces a
smooth map

fσ : M ∋ x 7→ (t1, σ(x)) ∈ I × Sr,1(Mt0)

whose local expression is given by U ∋ x 7→ (t1, x, σ(x)) ∈ I × U × C2⌊(r+1)/2⌋ . We can
then consider the composition

U
fσ−→ I × U × C2⌊(r+1)/2⌋ s−→ C2⌊(r+1)/2⌋

.

This locally defined map behaves well with respect to coordinate changes; notice that this
map is akin to evaluating a section in Γ(Sr+1,1(Z)) at t = t1, and thus defines a smooth
section in Γ(Sr,1(Mt1)). Thus we have a map

τ t1t0 : Γ(Sr,1(Mt0)) → Γ(Sr,1(Mt1))
σ 7→ s ◦ fσ .

Remark 3.2.5. The previous constructions and results can be carried out in the same way
for Sr,1(M), thus yielding a way to map sections of S⊕

r,1(M, gt0) to sections S⊕
r,1(M, gt1);

said map will be again denoted with τ t1t0 . 
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Taking into account Proposition 3.1.1, we summarize the results of this Section with
the following:

Proposition 3.2.6. Given two metrics g0 and g1 on M satisfying the assumptions (i),
(ii) and (iii) in Section 3.1, there exists an invertible map

τ1
0 : Γ(Sr,1(M, g0)) → Γ(Sr,1(M, g1))

which allows us to relate spinors associated to the metrics.

47



4.1. Basic notions in enriched categories

4 The dynamical C∗-algebra for the Fermi fields

4.1 Basic notions in enriched categories

We provide here a brief introduction to categories, functors and natural transformations
enriched over a monoidal category; these notions are necessary in the case of fermionic
dynamical C∗-algebras because they are needed to prove Theorem 4.1.8 (see [12, Section
3]). We refer the reader to [28] for further details.

Definition 4.1.1. A symmetric monoidal category (V,⊗, e) is a triple consisting of a
category V, a bifunctor ⊗ : V × V → V called the monoidal product and an object
e ∈ V called the unit object. Such a cateogory is also equipped with natural isomorphism
expressing symmetry, associativity and the behaviour of the unit object:

V ⊗W ≃ W ⊗ V V ⊗ (W ⊗ Z) ≃ (V ⊗W ) ⊗ Z e⊗ V ≃ V ≃ V ⊗ e

for all V,W,Z ∈ V.

We are mainly interested in the case of (VecR,⊗R,R), where VecR denotes the category
of R-vector spaces with linear maps as morphisms and ⊗R denotes the tensor product of
R-vector spaces.

Definition 4.1.2. Given a (symmetric) monoidal category (V,⊗, e), a category enriched
over V (for short V-category) C consists of:

(i) a collection of objects, which we shall indicate with C;

(ii) for each pair x, y ∈ C of objects, a hom-object C(x, y) ∈ V;

(iii) for each object x ∈ C a morphism in V

idx : e → C(x, x)

(iv) for each triple x, y, z ∈ C a morphism in V

◦ : C(y, z) ⊗ C(x, y) → C(x, z)

such that

C(z, w) ⊗ C(y, z) ⊗ C(x, y) C(z, w) ⊗ C(x, z)

C(y, w) ⊗ C(x, y) C(x,w)

◦⊗1

1⊗◦

◦

◦

and

C(x, y) ⊗ e C(x, y) ⊗ C(x, x) C(y, y) ⊗ C(x, y) e⊗ C(x, y)

C(x, y) C(x, y)

1⊗idx

◦≃ ≃

idy⊗1

◦
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In our case, we are mainly interested in the following: first of all, we consider two
categories, Grass and AlgZ2 , whose objects are finite dimensional, real Grassmann algebras
and Z2-graded unital, associative complex algebras, and whose morphisms are unital
algebra homomorphisms of even degree and Z2-graded, unital algebra homomorphisms
respectively.
Starting from these two categories, we consider the Vec-categories RGrass and RAlgZ2

defined in the following way:

(i) the objects of RGrass and RAlgZ2 are the objects of Grass and AlgZ2 , respectively;

(ii) for each pair G,H ∈ RGrass, the R-vector space RGrass(G,H) is the R-vector
space generated by the morphisms in Grass(G,H) using the linear structure of the
Grassmann algebras, and analogously for RAlgZ2(A,B) with A,B ∈ RAlgZ2 ;

(iii) given G ∈ RGrass, the morphism idG in VecR is given by

idG : R ∋ λ 7→ λ1 ∈ RGrass(G,G)

and analogously for A ∈ RAlgZ2 and idA;

(iv) for each triple G,H,F ∈ RGrass, the composition morphism

◦ : RGrass(H,F ) ⊗ RGrass(G,H) → RGrass(G,F )

is the linear extension of the usual composition of morphisms (notice that this
exploits the linear structure of the Grassmann algebras), and the same goes for
A,B,C ∈ RAlgZ2 and

◦ : RAlgZ2(B,C) ⊗ RAlgZ2(A,B) → RAlgZ2(A,C) .

Definition 4.1.3. Given a V-category C, the underlying category C0 is a category whose
objects are given by the same objects of C, and whose home-sets are given by

C0(x, y) = V(e,C(x, y)) = Hom(e,C(x, y)) .

with composition of f ∈ C0(x, y) and g ∈ C0(y, z) given by

e e⊗ e C(y, z) ⊗ C(x, y) C(x, z)≃ g⊗f ◦

Following the above example of the Vec-categories RGrass and RAlgZ2 , the underlying
categories Grass0 and AlgZ2

0 have as objects the same objects as Grass and AlgZ2 , while
the hom-sets are

Grass0(G,H) = HomR(R,RGrass(G,H)) AlgZ2
0 (A,B) = HomR(R,RAlgZ2(A,B))

respectively. Notice that we can identify

HomR(R,RGrass(G,H)) ≃ RGrass(G,H) HomR(R,RAlgZ2(A,B)) ≃ RAlgZ2(A,B) .

Thus the hom-sets in Grass0 and AlgZ2
0 are respectively the R-vector spaces generated by

morphism in Grass and AlgZ2 exploiting the linear structure on Grass and AlgZ2 .
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Definition 4.1.4. A functor enriched over V (for short V-functor) F : C → D between
V-categories C and D is given by a map

C ∋ x 7→ F(x) ∈ D

together with morphisms Fx,y : C(x, y) → D(F(x),F(y)) in V for each x, y ∈ C such that

C(y, z) ⊗ C(x, y) C(x, z) e C(x, x)

D(F(y),F(z)) ⊗ D(F(x),F(y)) D(F(x),F(z)) D(F(x),F(x))

◦

◦

Fy,z⊗Fx,y Fx,z idF(x)

idx

Fx,x

Given a V-functor F : C → D between the V-categories C and D, one can define the
underlying functor F0 : C0 → D0 between the underlying categories in the following way:
as a map, it behaves as

Obj(C0) = Obj(C) ∋ x 7→ F0(x) = F(x) ∈ Obj(D) = Obj(D0)

while on a morphism χ ∈ C0(x, y) we have that F0(χ) ∈ D0(F0(x),F0(y)) is given by

Fx,y ◦ χ : e → D(F(x),F(y)) .

Definition 4.1.5. Given two V-functors F and G bewteen the V-categories C and D, a
natural transformation enriched over V (for short V-natural transformation) α : F ⇒ G
consists of a family {αx : e → D(F(x),G(x))}x∈C of morphisms in V such that

C(x, y) D(F(x),F(y))

D(G(x),G(y)) D(F(x),G(y))

(αy)∗

(αx)∗

Fx,y

Gx,y

where the maps {(αx)∗ : D(G(x),G(y)) → D(F(x),G(y))} and {(αy)∗ : D(F(x),F(y)) →
D(F(x),G(y))} are defined via the following diagrams:

D(G(x),G(y)) D(G(x),G(y)) ⊗ e D(G(x),G(y)) ⊗ D(F(x),G(x))

D(F(x),G(y))

≃ 1⊗αx

◦
(αx)∗
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and

D(F(x),F(y)) e⊗ D(F(x),F(y)) D(F(y),G(y)) ⊗ D(F(x),F(y))

D(F(x),G(y))

≃ αy⊗1

◦
(αy)∗

Also in the case of a V−natural transformation α : F ⇒ G it is possible to consider
the underlying natural transformation α0 : F0 ⇒ G0. We recall that this is given by a
collection of morphisms {(α0)x : F0(x) → G0(x)}x∈C0 in D0 such that given a morphism
χ : x → y in C0 we have

F0(x) F0(y)

G0(x) G0(y)G(χ)

F(χ)

(α0)y(α0)x

In this case, we define

Hom(e,D(F(x),G(x))) ∋ (α0)x
·= αx .

Using Definitions 4.1.3 and 4.1.5 it is then easy to see that the above diagram commutes.
We are now in a position to give the following definition:

Definition 4.1.6. Let
C : RGrass → RAlgZ2

be the Vec-functor which acts as

RGrass ∋ G 7→ GC
·= G⊗ C

where GC is understood as a Z2-graded algebra, the grading coming from the graded struc-
ture ofG, and which is such that for eachG,H ∈ RGrass, the map CG,H : RGrass(G,H) →
RAlgZ2(GC, HC) is given by the complexification of R-linear maps.
A covariant Grassmann multiplication consists of a couple (G, ι) given by a Vec-functor

G : RGrass → RAlgZ2

and a Vec-natural transformation
ι : C ⇒ G

such that for every G ∈ RGrass, the morphism ιG ∈ HomR(R,RAlgZ2(GC,G(G))) ≃
RAlgZ2(GC,G(G)) (which we recall is the R-vector space generated by the morphisms in
AlgZ2(GC,G(G))) is such that for all homogeneous elements η ∈ G and a ∈ G(G) we have

ιG(η ⊗ 1)a = (−1)deg(η)deg(a)aιG(η ⊗ 1) .
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Remark 4.1.7. We can consider the underlying functor G0 : Grass0 → AlgZ2
0 and the

underlying natural transformation ι0 : C0 ⇒ G0. The first is given by a functor

G0 : Obj(Grass0) = Obj(RGrass) ∋ G 7→ G0(G) = G(G) ∈ Obj(RAlgZ2) = Obj(AlgZ2
0 )

such that given G,H ∈ Grass0 and a morphism χ ∈ Grass0(G,H) ≃ RGrass(G,H),
which can be thus written as

χ =
∑
i∈I

λiχi, {λi}i∈I ⊆ R, {χi}i∈I ⊆ Grass(G,H) ,

we have

G(χ) = GG,H

∑
i∈I

λiχi

 =
∑
i∈I

λiGG,H(χi)

as we recall that GG,H is a morphism in VecR and thus R-linear.
The underlying natural transformation ι0 is given by the family of maps {(ι0)G : C0(G) →
G0(G)}G∈Grass0 which are defined as

(ι0)G = ιG .

It is clear that that for each G ∈ Grass0 we have, on homogeneous elements η ∈ G and
a ∈ G0(G) (

(ι0)G(η ⊗ 1)
)
a = (−1)deg(η)deg(a)a

(
(ι0)G(η ⊗ 1)

)
.

Notice that this behaviour is exactly the one of [12, Definition 3.1]. 


Given Remark 4.1.7, we can then state the following Theorem, borrowing it from [12,
Theorem 3.2]:

Theorem 4.1.8. Consider a covariant Grassmann multiplication (G, ι) as of Definition
4.1.6; there exists a universal Z2-graded, unital complex algebra A such that, given the
functor

GA : RGrass0 → RAlgZ2
0

that acts on objects as RGrass0 ∋ G 7→ GA(G) ·= G⊗ A ∈ RAlgZ2
0 and on morphisms as

RGrass0(G,H) ∋ χ 7→ GA(χ) ∈ RAlgZ2
0 (GA(G),GA(H)),

GA(χ)(η ⊗ a) ·= (χ(η)) ⊗ a ∀η ∈ G, a ∈ A

there exists a natural transformation σ : G0 ⇒ GA, i.e. a collection of morphisms σG : G0(G) →
GA(G), σG ∈ RAlgZ2

0 (G0(G),GA(G)), such that

G0(G) G0(H)

GA(G) GA(H)

σG

G0(χ)

GA(χ)

σH

for each χ ∈ RGrass0(G,H).
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Proof. The proof is constructive; in the first part, we explicitly construct the universal
algebra A. As every object in Grass is isomorphic to ∧Rn for some n ∈ N, we shall deal
only with this case.

(i) Let us consider ∧Rn whose generators are {ηI}I⊆{1,...,n} with I = {i1 < · · · < i|I|}
and ηI = ηi1 · · · ηi|I| , and ∧Rm whose generators are {θJ}J⊆{1,...,m}. First of all,
notice that χ : ∧ Rn → ∧Rm is a morphism in RGrass0 if and only if

χ(ηI) =
∑

J⊆{1,...,m}
cIJθJ , cIJ ̸= 0 if |I| = |J | mod 2, |J | ≥|I| .

One implication is trivial: indeed, if χ ∈ RGrass0(∧Rn,∧Rm) then it can be written
as
∑n
i=1 ciχi, with χi : ∧ Rn → ∧Rm being a morphism in Grass(∧Rn,∧Rm). Thus

χ(ηI) =
n∑
i=1

ciχi(ηI) =
n∑
i=1

ciχi(ηi1) · · ·χi(ηi|I|) .

As by assumption χi is of even degree 2d for every 1 ≤ i ≤ n, then

χi(ηij ) =
∑

J⊆{1,...,m}
|J |=1+2d

cJijθJ .

Thus
χ(ηI) =

n∑
i=1

ci
∑

J1,...,J|I|⊆{1,...,m}
|J1|=···=|J|I||=1+d

cJ1
i1

· · · cJ|I|
i|I|

θJ1 · · · θJ|I|︸ ︷︷ ︸
degree |I|(1+2d)

and the implication immediately follows. On the other hand, we do the following:
we define the map EJI(ηI′) ·= δI,I′θJ with |I| = |J | mod 2 and |I| ≤|J |; then we can
write

χ(ηI′) =
∑

J⊆{1,...,m}
cI′JEJI′(ηI′) =

∑
I⊆{1,...,n}
J⊆{1,...,m}

cIJEJI(ηI′) .

We will now write the EJI ’s as linear combination of even degree homomorphisms
in Grass(∧Rn,∧Rm). To do so, we define, given any I ⊆ {1, . . . , n}, the projector
in Rn

PIηi
·=

ηi, i ∈ I

0, otherwise

and we extend it to ∧Rn. Notice that this gives rise to a zero-degree map. Using
these homomorphisms, we define another homomorphism

EI
·= PI ◦ (id∧Rn − PI\{i1}) ◦ · · · ◦ (id∧Rn − PI\{i|I|}) .

It can be easily seen that this projects onto the one-dimensional subspace generated
by ηI . As |I| < |J | and as |I| = |J | mod 2, we can partition J into |I| non-empty
subsets J1, . . . , J|I| such that

Jk ∋ jk > jl ∈ Jl if k > l and |Jk| = 1 mod 2 .
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Using this partition, we define the homomorphism χJI : ∧Rn → ∧Rm by its action
on the generators

χJI(ηi)
·=

θJi , i ∈ I

0, otherwise

and then extending it to ∧Rn. Notice that given η =
∑
I′⊆{1,...,n} c

I′
ηI′ ,

(χJI ◦ EI)(η) = χJI(aIηI) = aIχJI(ηI) = aIθJ =
∑

I′⊆{1,...,n}
δI,I′aI

′
θJ

=
∑

I′⊆{1,...,n}
aI

′
EJI(ηI′) = EJI(η) .

As χJI and EI are degree zero homomorphism in Grass(∧Rn,∧Rm), we have our
assertion.

Given the covariant Grassmann multiplication whose Vec-functor is G : RGrass → RAlgZ2 ,
we define

πK
·= G0(PK) ρK

·= G0(EK) .

Clearly it holds that

πKπJ = G0(PK)G0(PJ) = G0(PKPJ) = G0(PK∩J) = πK∩J

and

ρK = G0(EK) = G0
(
PK ◦ (id∧Rn − PK\{k1}) ◦ · · · ◦ (id∧Rn − PK\{k|K|})

)
= πK ◦ (idG0(∧Rn) − πK\{k1}) ◦ · · · ◦ (idG0(∧Rn) − πK\{k|K|}) .

(ii) The collection {ρK}K⊆{1,...,n} has the following properties:

ρKρJ = G0(EK)G0(EJ) = G0(EKEJ) = G0(δK,JEK) = δJKρK

∑
K⊆{1,...,n}

ρK =
∑

K⊆{1,...,n}
G0(EK) = G0

 ∑
K⊆{1,...,n}

EK

 = G0(id∧Rn) = idG0(∧Rn) .

Moreover,

ρK(ab) =
∑
J⊆K

ρJ(a)ρK\J(b) for any a, b ∈ G0(∧Rn) .

Indeed, consider, given any λ ∈ Rn, the homomorphism χλ : ∧ Rn → ∧Rn defined
by χλ(ηi)

·= λiηi. By its definition and the definition of EK it follows that

EKχλ = χλEK = λKEK =⇒ G0(χλ)ρK = ρKG0(χλ) = λKρK

54



4.1. Basic notions in enriched categories

which entails that

λKρK(ρJ(a)ρI(b)) = G0(χλ)ρK(ρJ(a)ρI(b))
= ρK(G0(χλ)(ρJ(a))G0(χλ)(ρI(b)))
= λJλIρK(ρJ(a)ρI(b))

As this holds for any λ ∈ Rn, we have that ρK(ρJ(a)ρI(b)) = 0 unless J ∩ I = ∅,
K = J ∪ I. Then

ρK(ab) = ρK


 ∑
I⊆{1,...,n}

ρI(a)


 ∑
J⊆{1,...,n}

ρJ(b)


 =

∑
I,J⊆{1,...,n}

ρK(ρI(A)ρJ(b))

=
∑

J⊆{1,...,n}
ρK(ρJ(a)ρK\J(b)) =

∑
J⊆{1,...,n}

ρJ(a)ρK\J(b)

(iii) Consider now the algebras G0(∧Rn) and G0(∧Rm); we define

An
·= ρ{1,...,n}G0(∧Rn) Am

·= ρ{1,...,m}G0(∧Rm)

and we also define the product

· : An × Am → Am+n

(a, b) 7→ a · b

by defining it on homogeneous elements in An in the following way:

a · b ·= (−1)m deg(a)G0
(
χm+n

{m+1,...,m+n}

)
(a)G0

(
χm+n

{1,...,m}

)
(b)

where given J ⊆ {1, . . . , n}, the map χnJ : ∧R|J | → ∧Rn is a homomorphism defined
on the generators as

χ(θi)
·= ηji .

The product is then extended by linearity in its first entry to the whole An. Notice
that this product is well-defined: indeed,

π{1,...,m+n}\{k}(a · b) = ±π{1,...,m+n}\{k}

(
G0
(
χm+n

{m+1,...,m+n}

)
(a)G0

(
χm+n

{1,...,m}

)
(b)
)

= ±G0
(
P{1,...,m+n}\{k} ◦ χm+n

{m+1,...,m+n}

)
(a)G0

(
P{1,...,m+n}\{k} ◦ χm+n

{1,...,m}

)
(b)

= ±G0
(
χm+n

{m+1,...,m+n} ◦ P{1,...,n}\{k−m}
)

(a)G0
(
χm+n

{1,...,m} ◦ P{1,...,m}\{k}
)

(b)

where

P{1,...,n}\{k−m} = id∧Rn if k ≤ m P{1,...,m}\{k} = id∧Rm if k > m .
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Notice that as a ∈ An = ρ{1,...,n}G0(∧Rn) then if k > m

G0
(
χm+n

{m+1,...,m+n} ◦ P{1,...,n}\{k−m}
)

(a) = 0 .

Analogously, if k ≤ m then

G0
(
χm+n

{1,...,m} ◦ P{1,...,m}\{k}
)

(b) = 0 .

Thus

ρ{1,...,m+n}(a · b) = π{1,...,m+n} ◦ (idG0(∧Rn) − π{1,...,m+n}\{1}) ◦ · · ·
◦ (idG0(∧Rn) − π{1,...,m+n}\{m+n})(a · b)

= π{1,...,m+n}(a · b) = a · b .

This product is also associative: indeed, given a ∈ An, b ∈ Am and c ∈ Ak all
homogeneous we have

(a · b) · c = (−1)m deg(a)G0
(
χm+n

{m+1,...,m+n}

)
(a)G0

(
χm+n

{1,...,m}

)
(b) · c

= (−1)m deg(a)+k(deg(a)+deg(b))G0
(
χm+n+k

{k+1,...,k+m+n} ◦ χm+n
{m+1,...,m+n}

)
(a)

G0
(
χm+n+k

{k+1,...,k+m+n} ◦ χm+n
{1,...,m}

)
(b)G0

(
χm+n+k

{1,...,k}

)
(c) .

Notice that
χm+n+k

{k+1,...,k+m+n} ◦ χm+n
{m+1,...,m+n} : θi 7→ ηk+n+i

i.e. χm+n+k
{k+1,...,k+m+n} ◦ χm+n

{m+1,...,m+n} = χm+n+k
{k+m+1,...,k+n+m}, and that

χm+n+k
{k+1,...,k+m+n} ◦ χm+n

{1,...,m} : θi 7→ ηk+i

i.e. χm+n+k
{k+1,...,k+m+n} ◦ χm+n

{1,...,m} = χm+n+k
{k+1,...,k+m} = χn+m+k

{1,...,k+m} ◦ χm+k
{k+1,...,k+m}; thus

(a · b) · c = (−1)m deg(a)+k(deg(a)+deg(b)G0
(
χm+n+k

{k+m+1,...,k+n+m}

)
(a)

G0
(
χn+m+k

{1,...,k+m} ◦ χm+k
{k+1,...,k+m}

)
(b)G0

(
χm+n+k

{1,...,k+m} ◦ χm+k
{1,...,k}

)
(c)

= (−1)(m+k) deg(a)G0
(
χm+n+k

{k+m+1,...,k+n+m}

)
(a)

G0
(
χn+m+k

{1,...,k+m}

)(
(−1)k deg(b)G0

(
χm+k

{k+1,...,k+m}

)
(b)G0

(
χm+k

{1,...,k}

)
(c)
)

= (−1)(m+k) deg(a)G0
(
χm+n+k

{k+m+1,...,k+n+m}

)
(a)G0

(
χn+m+k

{1,...,k+m}

)
(b · c)

= a · (b · c) .
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(iv) We now wish to define a directed system using the {An}n∈N. To this end, we define,
for k ≥ n, the linear maps ιk,n : An → Ak,

ιk,n(a) ·=

a, k = n

ι∧Rk (η1 · · · ηk−n ⊗ 1)G0
(
χk{k−n+1,...,k}

)
(a), k > n .

This is a well-defined directed system: indeed, ιk,n ◦ ιn,m = ιk,m. This follows from
the following computation:

ιk,n
(
ιn,m(a)

)
= ι∧Rk (η1 · · · ηk−n ⊗ 1)G0

(
χk{k−n+1,...,k}

)(
ι∧Rn (η1 · · · ηn−m ⊗ 1)

G0

(
χn{n−m+1,...,n}

)
(a)
)

= ι∧Rk (η1 · · · ηk−n ⊗ 1) ι∧Rk ◦ χk{k−n+1,...,k} (η1 · · · ηn−m ⊗ 1)

G0
(
χk{k−n+1,...,k} ◦ χn{n−m+1,...,n}

)
(a)

= ι∧Rk (η1 · · · ηk−m ⊗ 1)G0
(
χk{k−m+1,...,k}

)
(a) = ιk,m(a) .

(v) We will now show that the maps {ιk,n}k≥n behave well with respect to the product
defined in (iii), that is,

ιn,m(a) · ιl,k(b) = ιn+l,k+m(a · b) .

Let us consider a ∈ Am and b ∈ Ak homogeneous elements, and let us focus sepa-
rately on the two sides of the equality. The right-hand side can be written as

(−1)k deg(a)ι∧Rn+l (η1 · · · ηn+l−k−m ⊗ 1)G0
(
χn+l

{n+l−k−m+1,...,n+l} ◦ χk+m
{k+1,...,m}

)
(a)

G0
(
χn+l

{n+l−k−m+1,...,n+l} ◦ χk+m
{1,...,k}

)
(b)

= (−1)k deg(a)ι∧Rn+l (η1 · · · ηn+l−k−m ⊗ 1)G0
(
χn+l

{n+l−m+1,...,n+l}

)
(a)

G0
(
χn+l

{n+l−k−m+1,...,n+l−m}

)
(b)

while the left-hand side is given by

(−1)l(deg(a)+n−m)G0
(
χn+l

{l+1,...,n+l}

)(
ι∧Rn (η1 · · · ηn−m ⊗ 1)G0

(
χn{n−m+1,...,n}

)
(a)
)

G0
(
χn+l

{1,...,l}

)(
ι∧Rl (η1 · · · ηl−k ⊗ 1)G0

(
χl{l−k+1,...,l}

)
(b)
)

= (−1)l(deg(a)+n−m)ι∧Rn+l (ηl+1 · · · ηl+n−m ⊗ 1)G0
(
χn+l

{l+n−m+1,...,n+l}

)
(a)

ι∧Rn+l (η1 · · · ηl−k ⊗ 1)G0
(
χn+l

{l−k+1,...,l}

)
(b)

= (−1)l(deg(a)+n−m)+(l−k)(deg(a)+n−m)ι∧Rn+l (η1 · · · ηl−kηl+1 · · · ηl+n−m ⊗ 1)

G0
(
χn+l

{l+n−m+1,...,n+l}

)
(a)G0

(
χn+l

{l−k+1,...,l}

)
(b)
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where we have used the naturality of ι : C ⇒ G and its graded centrality (cfr.
Definition 4.1.6). Consider now the permutation σ ∈ Sn+l

σ(i) ·=


l − k + n−m+ (i− (l − k)), l − k + 1 ≤ i ≤ l

l − k + (i− l), l + 1 ≤ i ≤ l + n−m

i, otherwise

whose sign is sgn(σ) = (−1)k(n−m), and let χσ : ∧ Rn+l → ∧Rn+l be the associated
homomorphism. Notice that

G0(χσ)ρ{1,...,n+l} = G0
(
χσ ◦ E{1,...,n+l}

)
= (−1)sgn(σ)G0

(
E{1,...,n+l}

)
= (−1)sgn(σ)ρ{1,...,n+l} .

Thus

(−1)l(deg(a)+n−m)+(l−k)(deg(a)+n−m)ι∧Rn+l (η1 · · · ηl−kηl+1 · · · ηl+n−m ⊗ 1)

G0
(
χn+l

{l+n−m+1,...,n+l}

)
(a)G0

(
χn+l

{l−k+1,...,l}

)
(b)

= (−1)k deg(a)G0(χσ)
(
ι∧Rn+l (η1 · · · ηl−kηl+1 · · · ηl+n−m ⊗ 1)

G0
(
χn+l

{l+n−m+1,...,n+l}

)
(a)G0

(
χn+l

{l−k+1,...,l}

)
(b)
)

= (−1)k deg(a)ι∧Rn+l (η1 · · · ηl+n−m−k ⊗ 1)G0
(
χn+l

{l+n−m+1,...,n+l}

)
(a)

G0
(
χn+l

{l+n−k−m+1,...,l+n−m}

)
(b)

and we therefore see that the two sides coincide.

(vi) We are now in a position to define the universal algebra A: using the directed system
constructed in (iv), we define A as the limit of the directed system {An, ιn,m}, i.e.

A
·= lim

−→
A =

∐
n∈N

An/ ∼

where given an ∈ An and am ∈ Am we say that an ∼ am if there exists k ≥ n,
k ≥ m such that ιk,n(an) = ιk,m(am). The canonical homomorphism ιn : An → A
are then given by ιn : an 7→ [an]. The operations in A are defined in the following
way: given [a], [b] ∈ A, there exist am ∈ Am and bk ∈ Ak such that [a] = ιm(am)
and [b] = ιk(bk); then we define

[a] + [b] = ιm(am) + ιk(bk)
·= ιm+k(ιm+k,m(am) + ιm+k,k(bk))

λ[a] = λιm(am) ·= ιm(λam)

[a] · [b] = ιm(am) · ιk(bk)
·= ιm+k(am · bk) .
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Owing to (v) the product is well-defined. The algebra A can also be endowed with
a Z2-grading in the following way: first of all, an element [a] ∈ A is homogeneous if
there exists an ∈ An homogeneous such that [a] = ιn(an). Then we define

deg([a]) = deg(ιn(an)) ·= deg(an) + n mod 2 .

This is again well-defined; therefore A is a complex, unital, Z2-graded algebra.

We now turn to the construction of the natural transformation σ : G0 ⇒ GA; thus we
need to construct the family {σ∧Rn}n∈N. We proceed in the following way:

(vii) consider J ⊆ {1, . . . , n} with j1 < · · · < j|J |; then we define the homomorphism
χJn : ∧ Rn → ∧R|J | by its action on the generators:

χJn(ηk)
·=

ηi, k = ji for some i ∈ {1, . . . ,|J |}
0, otherwise .

Notice that
χn{j1,...,j|J|} ◦ χJn = PJ χJn ◦ χn{j1,...,j|J|} = id∧R|J| .

Using these maps, we define

σ∧Rn(a) ·=
∑

I⊆{1,...,n}
ηI ⊗

(
ι|I| ◦ G0

(
χIn

)
◦ ρI

)
(a) .

(viii) We need to show that the collection {σ∧Rn}n∈N is actually a natural transformation.
Thus let us consider χ ∈ RGrass0(∧Rn,∧Rm); by (i) we know that

χ(ηI) =
∑

J⊆{1,...,m}
cIJθJ cIJ ̸= 0 if |I| = |J | mod 2, |J | ≥|I| .

Therefore

GA(σ∧Rn(a)) =
∑

I⊆{1,...,n}

∑
J⊆{1,...,m}

cIJθJ ⊗
(
ι|I| ◦ G0

(
χIn

)
◦ ρI

)
(a) .

As |J | ≥|I| we can write ι|I| = ι|J | ◦ ι|J |,|I|; thus

GA(σ∧Rn(a)) =
∑

I⊆{1,...,n}

∑
J⊆{1,...,m}

cIJθJ ⊗
(
ι|J | ◦ ι|J |,|I| ◦ G0

(
χIn

)
◦ ρI

)
(a) .

Notice that G0
(
χIn

)
◦ ρI = G0

(
E{1,...,|I|},I

)
; then

ι|J |,|I| ◦ G0
(
E{1,...,|I|},I

)
= ι∧R|J|(η1 · · · η|J |−|I| ⊗ 1)G0

(
χ

|J |
{|J |−|I|+1,...,|I|} ◦ E{1,...,|I|},I

)
.
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As |J | = |I| mod 2 (cfr. the definiton of EJI in (i)) we then conclude that

GA(σ∧Rn(a)) =
∑

I⊆{1,...,n}

∑
J⊆{1,...,m}

cIJθJ ⊗
(
ι|J | ◦ G0

(
E{1,...,|J |},I

))
(a) .

On the other hand we have

σ∧Rm

(
G0(χ)(a)

)
=

∑
J⊆{1,...,m}

θJ ⊗
(
ι|J | ◦ G0

(
χJm

)
◦ ρJ ◦ G0(χ)

)
(a) .

Now, as shown in (i) we can write

χ =
∑

I⊆{1,...,n}
K⊆{1,...,m}

cIKEKI

and it follows that

G0
(
χJn

)
◦ ρJ ◦ G0(χ) = G0

χJm ◦ EJ ◦
∑

I⊆{1,...,n}
K⊆{1,...,m}

cIKEKI


= G0

χJm ◦
∑

I⊆{1,...,n}
cIJEJI

 .

Therefore

σ∧Rm

(
G0(χ)(a)

)
=

∑
J⊆{1,...,m}

∑
I⊆{1,...,n}

cIJθJ ⊗
(
ι|J | ◦ G0

(
χJm

)
◦ G0 (EJI)

)
(a) .

Now, recall that EJI = χJI ◦ EI (cfr. (i)); thus G0(EJI) = G0(χJI) ◦ ρI , and thus

σ∧Rm

(
G0(χ)(a)

)
=

∑
J⊆{1,...,m}

∑
I⊆{1,...,n}

cIJθJ ⊗
(
ι|J | ◦ G0

(
χJm ◦ χJI

)
◦ ρI

)
(a) .

Notice that
G0
(
χJm ◦ χJI

)
◦ ρI = G0

(
E{1,...,|J |},I

)
and thus

σ∧Rm

(
G0(χ)(a)

)
=

∑
J⊆{1,...,m}

∑
I⊆{1,...,n}

cIJθJ ⊗
(
ι|J | ◦ G0

(
E{1,...,|J |},I

))
(a)

and we see that the two coincide.
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(ix) Finally, we show that σ∧Rn is an algebra homomorphism. Linearity follows easily
from its definition; we thus need to show that given a, b ∈ G0(∧Rn) (which we
suppose to be homogeneous),

σ∧Rn(a · b) = σ∧Rn(a) · σ∧Rn(b) .

Let us start by examining the object on the right-hand side: we have

σ∧Rn(a) · σ∧Rn(b) =

 ∑
I⊆{1,...,n}

ηI ⊗
(
ι|I| ◦ G0

(
χIn

)
◦ ρI

)
(a)


·

 ∑
J⊆{1,...,n}

ηJ ⊗
(
ι|J | ◦ G0

(
χJn

)
◦ ρJ

)
(b)


=

∑
I,J⊆{1,...,n}

(−1)|J | deg(a)ηJηI

⊗ ι|I|+|J |

(
G0
(
χIn

)
◦ ρI(a) · G0

(
χJn

)
◦ ρJ(b)

)
.

Notice that ηIηJ ̸= 0 if and only if I ∩ J = ∅; in this case we define K = J ∪ I,
with k1 < · · · < k|K|. Then the object on the right-hand side of the tensor product
can then be written as

ι|K|

(
G0
(
χIn

)
◦ ρI(a) · G0

(
χJn

)
◦ ρJ(b)

)
= (−1)|J | deg(a)

ι|K|

(G0

(
χ

|K|
{|J |+1,...,|K|} ◦ χIn

)
◦ ρI

)
(a)

(
G0

(
χ

|K|
{1,...,|J |} ◦ χJn

)
◦ ρJ

)
(b)

 .

By considering the permutation σ ∈ Sn that maps {j1, . . . , j|J |, i1, . . . , i|I|} with
j1 < · · · < j|J | and i1 < · · · < i|I| to {k1, . . . , k|K|} while leaving the rest of the indices
untouched, we can consider the associated homomorphism χσ : ∧ Rn → ∧Rn; we
then have

χ
|K|
{|J |+1,...,|K|} ◦ χIn = χKn ◦ χσ χ

|K|
{1,...,|J |} ◦ χJn = χKn ◦ χσ .

Therefore

σ∧Rn(a) · σ∧Rn(b) =
∑

I,J⊆{1,...,n}
I∩J=∅

ηJηI ⊗
(
ι|K| ◦ G0

(
χKn ◦ χσ

))
(ρI(a)ρJ(b))

=
∑

I,J⊆{1,...,n}
I∩J=∅

(−1)sgn(σ)ηK ⊗
(
ι|K| ◦ G0

(
χKn ◦ χσ

))
(ρI(a)ρJ(b))

=
∑

K⊆{1,...,n}

∑
I⊆K

ηK ⊗
(
ι|K| ◦ G0

(
χKn

))
(ρI(a)ρK\I(b)) .
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The object on the left is instead given by

σ∧Rn(a · b) =
∑

K⊆{1,...,n}
ηK ⊗

(
ι|K| ◦ G0

(
χKn

)
◦ ρK

)
(a · b)

(ii)=
∑

K⊆{1,...,n}

∑
I⊆K

ηK ⊗
(
ι|K| ◦ G0

(
χKn

))
(ρI(a)ρK\I(b))

and we see that the two coincide.

(x) To complete the proof, we need to show the universality of A. Let A′ be another
unital, complex, Z2-graded algebra, and let σ′ : G0 ⇒ GA′ be the associated natural
transformation. We need to define a homomorphism τ : A → A′ such that

(id∧Rn ⊗ τ) ◦ σ∧Rn = σ′
∧Rn for all n ∈ N .

Consider now [a] ∈ A; then there exists an ∈ An = ρ{1,...,n}G0(∧Rn) such that
[a] = ιn(an). We then define τ by requiring that

η{1,...,n} ⊗ τ(a) = σ′
∧Rn(an) for all n ∈ N .

Consider now any bm ∈ G0(∧Rm); we have

(id∧Rm ⊗ τ) ◦ σ∧Rm(bm) = (id∧Rm ⊗ τ)

 ∑
J⊆{1,...,m}

ηJ ⊗
(
ι|J | ◦ G0

(
χJm

)
◦ ρJ

)
(bm)


=

∑
J⊆{1,...,m}

ηJ ⊗ τ

(
ι|J | ◦ G0

(
χJm

)
◦ ρJ

)
(bm)

=
∑

J⊆{1,...,m}
χmJ (η|J |) ⊗ τ

(
ι|J | ◦ G0

(
χJm

)
◦ ρJ

)
(bm)

=
∑

J⊆{1,...,m}
GA′ (χmJ )

(
η|J | ⊗ τ

(
ι|J | ◦ G0

(
χJm

)
◦ ρJ

)
(bm)

)

=
∑

J⊆{1,...,m}
GA′ (χmJ )σ′

∧R|J|

(
G0
(
χJm

)
◦ ρJ

)
(bm)

=
∑

J⊆{1,...,m}
GA′ (

χmJ ◦ χJm
)
σ′

∧Rm(ρJ(bm))

=
∑

J⊆{1,...,m}
σ′

∧Rm(ρJ(bm)) = σ′
∧Rm(bm) .
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4.2 The free algebra generated by formal S-matrices

First of all, let us fix a Lorentzian manifold (M, g0) and let us define the Dirac Lagrangian

L : D(M) → Floc(S⊕
r,1(M, g0))

f 7→ L (f)

with L (f) defined on ∧2E(S⊕
r,1(M, g0))

L (f)[u ∧ v] ·=
∫
M

⟨fu,D⊕
0 (fv)⟩ dµg0 .

This object is evidently antisymmetric and bilinear. Moreover, notice that L (f)∗ = L (f)
for every f ∈ D(M): indeed,

L (f)∗[u ∧ v] = L (f)[v∗ ∧ u∗] =
∫
M

⟨fv∗,D⊕
0 (fu∗)⟩ dµg =

=
∫
M

⟨fC−1v1,D0(fCu2)⟩ dµg −
∫
M

⟨D∗
0(fC−1u1), fCv2⟩ dµg

=
∫
M

⟨fv1,D0(fCu2)⟩ dµg −
∫
M

⟨D0(fu1), fCv2⟩ dµg

=
∫
M

⟨CC−1D0C(fu2), fv1⟩ dµg −
∫
M

⟨C(fv2),D0(fu1)⟩ dµg

= −
(∫

M
⟨−D∗

0(fu2), fv1⟩ dµg +
∫
M

⟨fv2,D0(fu1)⟩ dµg
)

= −
∫
M

⟨fv,D⊕
0 (fu)⟩ dµg = −L (f)[v ∧ u] = L (f)[u ∧ v] .

It is also gauge-invariant: that is, for every t ∈ R we have that L (f) ◦χt = L (f), where
χt is the antisymmetric extension to Ea(M2, S⊕

r,1(M)⊠2) of

χt : E(S⊕
r,1(M)) ∋

(
u1
u2

)
7→
(
eitu1
e−itu2

)
.

We then proceed as in [12], that is, we construct a Grassmann covariant multiplication
(A, ι) with A : RGrass → RAlgZ2 a Vec-functor and ι : C ⇒ A a Vec-natural tranforma-
tion. The construction of these objects explicitly uses fermionic functionals as depicted
in Section 2.3; among these, we point out a particular class of functionals which will be
widely used in Section 4.5:

Definition 4.2.1. Given a metric g1 such that g1 and g0 satisfy the assumptions of Section
3.1, consider then a smooth curve I ∋ t 7→ gt connecting the two. We can then construct
the map τ1

0 as in Section 3.2, and use it to map spinors in E(S⊕
r,1(M, g0)) to spinors in

E(S⊕
r,1(M, g1)). We then define an associated kinetic perturbation as the functional

K[u ∧ v] ·=
∫
M

⟨τ1
0 (fu),D⊕

1 τ
1
0 (fv)⟩1 dµg1 −

∫
M

⟨fu,D⊕
0 (fv)⟩0 dµg0

where f ∈ D(M) is any test function such that f ≡ 1 on Supp(g1 − g0).
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Lemma 4.2.2. K is a well-defined object in F2
loc(S

⊕
r,1(M)). Moreover, K∗ = K and it is

also gauge-invariant.

Proof. First of all, notice that K doesn’t actually depend on the choice of f , as outside of
Supp(g1 − g0) we have that g1 ≡ g0 and thus there D⊕

1 = D⊕
0 and dµg1 = dµg0 ; moreover,

due to the properties of the curve I ∋ t 7→ gt joining g0 and g1 we have that τ1
0 is actually

the identity outside of π−1(Supp(g1−g0)). This also shows that K is compactly supported
as desired. Clearly, K is also bilinear and antisymmetric; it is also continuous with respect
to the Fréchet topology. Indeed, as outside of π−1(Supp(g1 − g0)) the parallel transport
map τ1

0 acts as the identity, we have that∥∥∥τ1
0u
∥∥∥
D,n

=∥u∥D,n ∀D ⊂⊂ M \ Supp(g1 − g0) .

Thus we can focus our attention on the behaviour of the parallel transport on S =
Supp(g1 − g0). Thus, let us consider the map

τ1
0 : Γ

(
Sr,1(Mt0)

∣∣∣∣
S

)
→ Γ

(
Sr,1(Mt1)

∣∣∣∣
S

)
.

Notice, as pointed out in Section 3.2, that given a section σ, τ1
0σ = s ◦ fσ. It is easily

seen that if σn → σ in E(S, Sr,1(M0)), then fσn → fσ in E(S, I ×Sr,1(M0)). Then, by the
continuity (cfr. Theorem 2.2.15) of the composition

◦ : C∞
(
S, I × Sr,1(M0)

∣∣∣∣
S

)
× C∞

(
I × Sr,1(M0)

∣∣∣∣
S
, Sr,1(M1)

∣∣∣∣
S

)
→ C∞

(
S, Sr,1(M1)

∣∣∣∣
S

)

with respect to the Whitney C∞ topology and by the fact that the Fréchet topology and

the Whitney C∞ topology coincide on C∞
(
S, I × Sr,1(M0)

∣∣∣∣
S

)
and C∞

(
S, Sr,1(M1)

∣∣∣∣
S

)
thanks to the compactness of S (cfr. Section 2.2.2 after Remark 2.2.12), we infer that if
σn → σ in E(S, Sr,1(M0)) then τ1

0σn → τ1
0σ in E(S, Sr,1(M1)). Thus the desired continuity

of τ1
0 follows, and so of K.

The claim about the involution and the gauge invariance follow from a straightforward
computation.

Remark 4.2.3. In order to simplify the notation, in the following we will use the following
notation:

(u, v) ·=
∫
M

⟨u, v⟩ dµg

where u, v ∈ Γ(E), where E may be Sr,1(M) or S⊕
r,1(M). The context will make it clear

on which bundle we are working on.
Moreover, whenever needed, we shall specify with ⟨·, ·⟩0,1 whether the hermitian metric is
the one on S⊕

r,1(M, g0) or S⊕
r,1(M, g1), and with (·, ·)0,1 whether the integration is carried

out using the measure dµg0 or dµg1 . 
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Remark 4.2.4. Let us denote with K ⊆ F2
loc(S

⊕
r,1(M)) the subset of kinetic perturba-

tions. Notice that this is not a vector subspace, as in general given K1,K2 ∈ K it holds
that K1 +K2 /∈ K.
We examine two cases:

(i) suppose that K1 and K2 satisfy Supp(K1) ∩ Supp(K2) = ∅. Denoting with g1 and
g2 the associated metrics (which both satisfy the assumptions of Section 3.1), then
it follows easily that g1 + g2 − g0 also satisfies the assumptions of Section 3.1. One
can thus consider the curve joining g0 and g1 + g2 − g0, and the associated kinetic
perturbationK+. Due to the disjoint supports ofK1 andK2, the curve connecting g0
and g1 +g2 −g0 just restricts to the one joining g0 and g1 and g0 and g2 on Supp(K1)
and Supp(K2) respectively; this, combined with the same support properties of g1
and g2, the freedom in the choice of the cutoff function f in Definition 4.2.1, the way
that the Dirac operator is defined and the way integration on manifolds is carried
out, implies that in this case

K+ = K1 +K2

which entails in particular that K1 +K2 ∈ K.

(ii) If Supp(K1)∩Supp(K2) ̸= ∅, then the situation is more delicate. First of all, notice
that outside of Supp(K1) ∩ Supp(K2) the situation is entirely analogous to case (i);
therefore the problem lies in the intersection of the supports. The first issue is that in
general given two metrics g1 and g2 which satisfy the assumption in Section 3.1, the
metric g1 +g2 −g0 (which corresponds to the perturbation of the metric g0 obtained
by adding to it the individual perturbations g1 − g0 and g2 − g0) doesn’t necessarily
satisfy the requirements of Section 3.1. Secondly and most importantly, due to
the definition of kinetic perturbations (and in particular owing to the differential
equations (3.4) of the parallel transport) it holds that K1 +K2 /∈ K.

Therefore, when dealing with sums of functionals possibly containing kinetic perturbations
one has to pay particular attention. 


Given a kinetic perturbation K, we have a corresponding globally hyperbolic metric
gK (this is just the metric denoted by g1 in Section 3.1, which is a compact perturbation of
g0). With J±

K we shall denote the causal structures computed with respect to said metric,
while with J±

0 we denote the causal structures computed with respect to the unperturbed
metric g0.
We are now in a position to carry out the following construction:

Definition 4.2.5. Given a real Grassmann algebra G ∈ RGrass, we construct the Z2-
graded algebra AG by considering the free algebra over C generated by the symbols
{SG(F )}f∈G⊗Floc(E) under the following conditions:

(i) {SG(F )}F∈(G⊗Floc(E))0 ⊆ A0
G;

(ii) the product is Z2-graded, i.e.

AαGA
β
G ⊆ Aα+β

G , α, β ∈ {0, 1} ;
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(iii) given P,Q,N ∈ (G⊗Floc(E))0 with P andQ such that Supp(P )∩J−
N (Supp(Q)) = ∅,

we have that

SG(P +Q+N) = SG(P +N)SG(N)−1SG(Q+N) . (4.1)

In order to impose the next requirements, we notice the following: any functional F ∈
Floc(S⊕

r,1(M)) gives rise to a family of maps {FG}G∈Grass defined by

FG : G⊗ C(E) ∋ η ⊗ u 7→ η ⊗ F (u) ∈ G⊗ C (4.2)

which commutes with any morphism χ : G → G′. By the even-rules-principle, we know
that knowledge of F ∈ Floc(S⊕

r,1(M)) is equivalent to the knowledge of FG ◦ exp on even
elements in (G⊗ C(S⊕

r,1(M)))0, in particular on elements of the form∑
i∈I

ηi ⊗ ui, ηi ∈ G1, ui ∈ E(S⊕
r,1(M)) ⊆ C(S⊕

r,1(M))1 .

Indeed,

exp

∑
i∈I

ηi ⊗ ui

 =
∏
i∈I

(
idG⊗C(E) + ηi ⊗ ui

)
and thus

FG ◦ exp

∑
i∈I

ηi ⊗ ui

 =
|I|∑
n=0

∑
i1<···<in

ηin · · · ηi1 ⊗ Fn(ui1 ∧ · · · ∧ uin) .

We then define the shift of a functional F ∈ Floc(S⊕
r,1(M)) by an element h =

∑
j∈J θj⊗vj

by considering, on any even element of the above form,

(FG ◦ exp)h

∑
i∈I

ηi ⊗ ui

 = FG ◦ exp

∑
i∈I

ηi ⊗ ui +
∑
j∈J

θj ⊗ vj

 .

The object on the left can be written as
|I|∑
n=0

∑
i1<···<in

ηin · · · ηi1 ⊗ (Fh
G)n(ui1 ∧ · · · ∧ uin)

where thanks to the right-hand side we can infer

(Fh
G)n(u1i ∧ · · · ∧ uin) =

|J |∑
k=0

∑
j1<···<jk

θjk · · · θj1 ⊗ Fn+k(ui1 ∧ · · · ∧ uin ∧ vj1 ∧ · · · ∧ vjk) .

The shift Fh ∈ G⊗Floc(S⊕
r,1(M)) is then defined as the collection of functionals {(Fh

G)n}n∈N.
Notice that if h = 0 ⊗ 0 we then have that

(FG ◦ exp)h

∑
i∈I

ηi ⊗ ui

 = FG ◦ exp

∑
i∈I

ηi ⊗ ui


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and so Fh = {idG ⊗ Fn}n∈N = idG ⊗ F .
We are interested in defining shifts of the Lagrangian when the shift h is constructed
using compactly supported functions ui ∈ D(S⊕

r,1(M)); these will be denoted by L (f)h

for every f ∈ D(M). Then we define the functionals

δLh
·= L (f)h − idG ⊗ L (f), f ≡ 1 on Supp(h) .

It can be easily shown that these objects don’t depend on the choice of f , and that
δLh ∈ (G⊗ Floc(S⊕

r,1(M)))0. We are now in a position to state the other requirement:

(iv) given F ∈ G⊗Floc(E) and h =
∑
h∈J θj ⊗ vj with θj ∈ G1 and vj ∈ D(S⊕

r,1(M)) we
require that

SG(δLh)SG(F ) = SG(F )SG(δLh) = SG(Fh + δLh) . (4.3)

Remark 4.2.6. Notice that if h = 0 ⊗ 0, then δLh = 0 ⊗ 0, and (4.3) entails that

SG(0 ⊗ 0) = idAG
.

Now, clearly 0 ⊗ 0 ∈ (G⊗ Floc(S⊕
r,1(M)))0, and by the previous equality and by (4.1) we

have that
SG(P +Q+ 0) = SG(P )SG(Q)

if Supp(P ) ∩ J−
0 (Supp(Q)) = ∅. Notice that if Supp(P ) and Supp(Q) are spacelike

separated then we can also write

SG(P +Q+ 0) = SG(Q+ P + 0) = SG(Q)SG(P )

and thus we have
SG(P )SG(Q) = SG(Q)SG(P ) . (4.4)




Remark 4.2.7. Consider a fixed η ∈ G0 and the constant functional Fc ∈ F0
loc(S

⊕
r,1(M)).

Then Supp(η⊗ Fc) = ∅, and so η⊗ Fc and P ∈ (G⊗ Floc(S⊕
r,1(M))

0 satisfy (4.4) for every

choice of P ∈
(
G⊗ Floc(S⊕

r,1(M))
)0

, i.e.

SG(η ⊗ Fc)SG(P ) = SG(P )SG(η ⊗ Fc)

and moreover

SG(η ⊗ Fc1)SG(η ⊗ Fc2) = SG(η ⊗ Fc1 + η ⊗ Fc2) = SG(η ⊗ Fc1+c2) .

Thus for any fixed η ∈ G0, {SG(η ⊗ Fc)}c∈C is a central subgroup. 


The Vec-functor A : RGrass → RAlgZ2 thus assigns to each G ∈ RGrass the Z2-graded
algebra AG; its behaviour on morphisms is then defined in the following way:

67



4.2. The free algebra generated by formal S-matrices

(i) first of all, given any morphism χ : G → H we can define a morphism χA : AG → AH
by defining it on the generators as

χA(SG(F )) ·= SH
(
χFloc(F )

)
,

with χFloc(η ⊗ F ) ·= χ(η) ⊗ F .

(ii) We can now define, for any given couple G,H ∈ RGrass, the morphism

AG,H : RGrass(G,H) → RAlgZ2(AG,AH)

by defining it on morphisms in Grass(G,H) and then extending it by R-linearity to
RGrass(G,H). In particular we define

AG,H(χ) ·= χA .

It is easily seen that the requirements of Definition 4.1.4 are satisfied.

In order to have a covariant Grassmann multiplication as of Definition 4.1.6, we then need
to exhibit a Vec-natural transformation

ι : C ⇒ A

that is, a family of morphisms {ιG}G∈RGrass ⊆ Hom(R,RAlgZ2(GC,AG)) ≃ RAlgZ2(GC,AG)
in VecR satisfying Definition 4.1.5 and 4.1.6.
We then proceed in the following way:

(i) we require that for any η ∈ G, the morphism ιG : GC → AG satisfies

ιG(ei(η⊗z)) = SG(η ⊗ Fz) ∀z ∈ C .

Observe that if η ∈ G1, noticing that F1 = idFloc , it then follows that ei(η⊗1) =
idG + η ⊗ i, and thus

SG(η ⊗ idFloc) = ιG(idG + η ⊗ i) = ιG(idG) + iιG(η ⊗ 1) = idAG
+ iιG(η ⊗ 1) .

Therefore we conclude that the above requirement entails that for every η ∈ G1

ιG(η ⊗ 1) = i(idAG
− SG(η ⊗ idFloc)) .

As we have defined ιG on G1 ⊗ 1, we have defined it on the generators of GC, and
thus on every element of GC: moreover, notice that ιG(GC) is a subalgebra of AG.

(ii) ιG also respects the grading: indeed, we know that given η1, η2 ∈ G1

A0
G ∋ SG(η1η2 ⊗ idFloc) =ιG(ei(η1η2⊗1)) = iSG(η1 ⊗ idFloc)SG(η2 ⊗ idFloc)

− iSG(η1 ⊗ idFloc) − iSG(η2 ⊗ idFloc) − (i− 1)idAG
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and decomposing the right side into the even and odd parts we arrive at

0 = SG(η1⊗idFloc)1(SG(η2⊗idFloc)0−idAG
)+SG(η2⊗idFloc)1(SG(η1⊗idFloc)0−idAG

) .

Thus, either
SG(η ⊗ idFloc)1 = 0 or SG(η ⊗ idFloc)0 = idAG

for every η ∈ G1. If SG(η ⊗ idFloc)1 = 0 were to hold, then one finds inconsistencies
when considering the fact that η1∧η2 = −η2∧η1 and carrying out the computations;
thus we conclude that SG(η ⊗ idFloc)0 = idAG

, and therefore

ιG(η ⊗ 1) ∈ A1
G if η ∈ G1

i.e. ιG is a (linear combination of) degree 0 maps between Z2-graded algebras as
required.

(iii) As far as the behaviour with respect to morphism is concerned, notice that for any
η ∈ G1,

(χA ◦ ιG)(η ⊗ 1) = χA

(
iidAG

− iSG(η ⊗ idFloc)
)

= iidAG′ − iSG(χFloc(η ⊗ idFloc))
= (ιG′ ◦ χC)(η ⊗ 1) .

As this holds for the generators, it holds for any object in G. But notice that this
is precisely the behaviour required by Definition 4.1.5.

Thus we have a covariant Grassmann multiplication (A, ι) in the sense of Definition 4.1.6,
and we can thus apply Theorem 4.1.8, which yields a universal unital, Z2-graded complex
algebra A as well as embeddings σG : AG → G⊗ A which are such that

σG′ ◦ χA = χ ◦ σG

for every morphism χ : G → G′. We want to endow this algebra with an involution; to do
so, we first define it on AG by first defining it on the generators as

(SG(F ))∗ ·= SG(F ∗)−1

where the involution on G⊗Floc is defined on the tensor product of homogeneous elements
by

(η ⊗ F )∗ ·= (−1)deg(η) deg(F )η∗ ⊗ F ∗ .

Notice that the involution on G is defined by η∗
i = ηi on the generators, and (η1∧· · · ηn)∗ =

η∗
n ∧ · · · ∧ η∗

1. One can then induce an involution on A via the maps σG : AG → G⊗ A by
requiring that

σG(SG(F ))∗ = σG(SG(F )∗) = σG(SG(F ∗))−1 .
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Remark 4.2.8. Given ηiηj ⊗ c ∈ G⊗ C with ηi, ηj generators of G, we consider

σG(SG(ηiηj ⊗ Fc)) .

We can write it as

σG(SG(ηiηj ⊗ Fc)) =
∑

I⊂{1,...,n}
ηIB

I(η1, . . . , ηn, c) .

Given a morphism χ : ∧ Rn → G, χ : ei 7→ ηi, we consider

σG(SG(ηiηj ⊗ Fc)) = σG
(
SG
(
χFloc(eiej ⊗ Fc)

))
= χ

(
σ∧Rn

(
S∧Rn

(
eiej ⊗ Fc

)))
.

Thus we can suppose that G = ∧Rn. Consider now, given λ ∈ Rn, χλ : ∧ Rn → ∧Rn,
χλ(ei) = λiei. We have∑

I⊂{1,...,n}
λIeIB

I(e1, . . . , en, c) =
∑

I⊂{1,...,n}
λIeIB

I(λ1e1, . . . , λnen, c)

that is,
BI(e1, . . . , en, c) = BI(λ1e1, . . . , λnen, c) ∀λ ∈ Rn .

This entails that BI doesn’t actually depend on {e1, . . . , en}; moreover, by considering
λ = 0 we get

id∧Rn ⊗B∅(c) = χλ

(
σ∧Rn

(
S∧Rn

(
eiej ⊗ Fc

)))
= σ∧Rn

(
S∧Rn

(
χλFloc

(
eiej ⊗ Fc

)))
= id∧Rn⊗A

i.e. B∅(c) = idA. Now, by considering that we can write

χλFloc(eiej ⊗ Fc) = eiej ⊗ Fλiλjc

we conclude that

BI(λiλjc) = λIB
I(c) for every I ⊂ {1, . . . , n} and λ ∈ Rn .

This implies that BI(c)(1 − λI) = 0 for every λ ∈ Rn such that λη = λθ = 1; thus
BI(c) = 0 if I ̸⊂ {η, θ}, i.e.

σ∧Rn(S∧Rn(eiej ⊗ Fc)) = id∧Rn⊗A + ei ⊗Bi(c) + ej ⊗Bj(c) + eiej ⊗Bij(c) .

By fixing now λi = 0 and λj = 1 one can show that Bi(c) = 0 for all c ∈ C, and the same
happens inverting the role of i and j, i.e. Bj(c) = 0; therefore

σ∧Rn(S∧Rn(eiej ⊗ Fc)) = id∧Rn⊗A + eiej ⊗Bij(c) .

As by definition we have

S∧Rn(eiej ⊗ Fc) = ι∧Rn(ei(eiej⊗c)) = idA∧Rn + ι∧Rn(eiej ⊗ ic)
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it also follows that

id∧Rn⊗A + eiej ⊗Bij(c) = id∧Rn⊗A + σ∧Rn(ι∧Rn(eiej ⊗ ic))

i.e.
eiej ⊗Bij(c) = icσ∧Rn(ι∧Rn(eiej ⊗ 1)) ,

that is, Bij(c) is C-linear, even in A and it holds that

−ieiej ⊗Bij(1) = σ∧Rn(ι∧Rn(eiej ⊗ 1)) .

From the fact that for every morphism χ : ∧Rn → G we have σG ◦ιG ◦χC = χ◦σ∧Rn ◦ι∧Rn

it follows that
Bij(1) = Bχ(ij)(1) ∀ei, ej ∈ ∧Rn and ∀χ : ∧Rn → G

that is,

(i) by considering any permutation σ ∈ Sn and the associated morphism χσ, we have
that Bij(1) doesn’t depend on the choice of i and j;

(ii) by considering the morphism χ : ∧Rn → ∧Rn+2,

χ(ek)
·=


ek ∧ en+1, k = i

−ek ∧ en+2, k = j

ek, otherwise

we have

eiejen+1en+2 ⊗Bij(1)B(n+1)(n+2)(1) = (−ieiej ⊗Bij(1))(−ien+1en+2 ⊗B(n+1)(n+2)(1))
= σ∧Rn+2(ι∧Rn+2(eiejen+1en+2 ⊗ 1)) = −ieiejen+1en+2 ⊗Bij(n+1)(n+2)(1)
= −ieiejen+1en+2 ⊗Bχ(ij)(1)

i.e., denoting with B = Bij(1) = B(n+1)(n+2)(1),

B2 = iB .

By the definition of the involution we also get B∗ = −B; moreover, as {S∧Rn(eiej ⊗
Fc))}c∈C is a central subgroup of A∧Rn we have that B ∈ Z(A). A non-trivial solution of
these equations is given by B = iidA, which then yields

σ∧Rn(S∧Rn(eiej ⊗ c)) = id∧Rn⊗A + ieiej ⊗ c .

There may be other solutions though; an analogous problem occurred in [14], where the
central subgroup {S(Fc)}c∈R of S-symbols associated to constant functionals was set to
{eicid}c∈R. Here we do the same: thus in the following we will use B = iidA when
needed. 
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4.3 The canonical anticommutation relations

We now wish to find a way to extend certain functionals in Floc(S⊕
r,1(M)), acting on

C(S⊕
r,1(M)), to objects in G ⊗ Floc(S⊕

r,1(M)) acting on G ⊗ C(S⊕
r,1(M)). Recall that

C(S⊕
r,1(M)) is Z-graded, and therefore has a natural Z2-grading; then we can consider,

given homogeneous elements η, θ ∈ G and u, v ∈ C(S⊕
r,1(M)),

(η ⊗ u)(θ ⊗ v) ·= (−1)deg(θ)deg(u)(ηθ) ⊗ (u ∧ v) .
Every functional F induces a map FG : G⊗ C(S⊕

r,1(M)) → G⊗ C given by
FG(η ⊗ u) = η ⊗ F (u) .

We thus define, given η, θ ∈ G and u, v ∈ E(S⊕
r,1(M)),

(θv, uη)G
·= θ(v, u)η

where we used the notation
ηu

·= (η ⊗ idC)(idG ⊗ u) = −(idG ⊗ u)(η ⊗ idC) ·= −uη .

Using this, we can extend the Lagrangian in the following way: given h =
∑
i∈I u

iηi =
−
∑
i∈I ηi ⊗ ui with {ηi}i∈I ⊂ G1 and {ui}i∈I ⊂ E(S⊕

r,1(M)) we consider, given f ∈
D(M), L (f)G

(
exp(h)

)
(because of the even-rules principle). Notice that as L (f) ∈

F2
loc(S

⊕
r,1(M)), using the extension (4.2) we have

L (f)G
(
exp(h)

)
= L (f)G

[
hh

2

]
and in particular it holds

L (f)G

1
2
∑
i,j

(uiηi)(ujηj)

 = 1
2
∑
i ̸=j

ηjηi ⊗ L (f)[ui ∧ uj ] = 1
2
∑
i ̸=j

ηj
(
fui,D⊕

0 (fuj)
)
ηi

= 1
2
∑
i ̸=j

ηj
(
−(D∗

0(fuj2), fui1) + (fui2,D0(fuj1))
)
ηi

= 1
2
∑
i ̸=j

(D∗
0(fuj2)ηj , (fui1)ηi)G + (fui2ηi,D0(fuj1ηj))G

=
(
fh2,D0(fh1)

)
G .

Given this extension, one can also compute the objects δLh with h =
∑
j∈J θjv

j :

δLh[h] = (L (f)G ◦ exp)h[h] − (L (f) ◦ exp)[h]
= (L (f)G ◦ exp)[h+ h] − (L (f)G ◦ exp)[h]
=
(
f(h2 + h2),D0(f(h1 + h1))

)
G − (fh2,D0(fh1))G

= (fh2,D0(fh1))G + (fh2,D0(fh1))G + (fh2,D0(fh1))G
= (h2,D0h1)G + (h2,D0h1)G + (h2,D0h1)G
= (h2,D0h1)G + (D∗

0h2, h1)G + (h2,D0h1)G
= DG(D̃⊕

0 h)[h] + (h2,D0h1)G
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where we have defined the smeared double Dirac field

DG(s)[h] ·= (h2, s1)G + (s2, h1)G

and where D̃⊕
0 = D0 ⊕ D∗

0 (notice the sign change with respect to D⊕
0 = D0 ⊕ −D∗

0).

Remark 4.3.1. If we define

ψ(s) : E(Sr,1(M)) → C
u 7→ (s, u)

and

ψ(s) : E(Sr,1(M)) → C
u 7→ (u, s)

and extend them in the same fashion as [12, Section 5] to objects in G⊗ E(Sr,1(M)) and
G⊗ D(Sr,1(M)), then we can make the following observation.
Notice that if ui ∈ E(S⊕

r,1(M)) and vj ∈ D(S⊕
r,1(M)) in h and h are given by

ui = (ui1, ui2) = (ui, C−1ui) vj = (vj1, v
j
2) = (vj , C−1vj)

for ui ∈ E(Sr,1(M)), vj ∈ D(Sr,1(M)) then

DG(D̃⊕
0 h)[h] =

∑
i,j

(
(uiηi,D0(θjvj)) + (D0(θjvj), uiηi)

)
=
∑
i,j

(
ψ(D0(θjvj))[uiηi] − ψ(D0(θjvj))[uiηi]

)
= ψ(D0h)[h] − ψ(D0h)[h]

with D0h =
∑
j θjD0v

j . Moreover, notice that

DG(D̃⊕
0 h)[h] = −(D⊕

0 h, h)G .




Proposition 4.3.2. Given s =
∑n
j=1 ηjs

j, ηj ∈ G1 generators of the Grassmann algebra
G of dimension n and sj ∈ D(S⊕

r,1(M)), we have the decomposition

σG
(
SG(DG(s))

)
=

n∑
k=0

ik

k!
∑

i1<···<ik
ηik · · · ηi1 ⊗Bk(si1 , . . . , sik)

with Bk : D(S⊕
r,1(M)) → A alternating, k-linear and R-linear.

73



4.3. The canonical anticommutation relations

Proof. We proceed as in Remark 4.2.8; as stated there, it suffices to prove the result in
the case G = ∧Rn; we will drop the subscript from now on.
We know that σ(S(D(s))) ∈ ∧Rn ⊗ A; thus we can write

σ(S(D(s))) =
∑

I⊂{1,...,n}
eI ⊗BI(s1, . . . , sn, e1, . . . , en)

with BI(s1, . . . , sn, e1, . . . , en) ∈ A. Consider now λ ∈ Rn, and the associated homo-
morphism χλ : ∧ Rn → ∧Rn which maps ei 7→ λiei. Applying that to σ(S(D(s))) we
have

χλ(σ(S(D(s)))) =
∑

I⊂{1,...,n}
λIeI ⊗BI(s1, . . . , sn, e1, . . . , en) .

On the other hand, we know that χλ ◦ σ = σ ◦ χλA, where σ now maps to the exterior
algebra ∧Rn transformed through χλ; thus we have∑
I⊂{1,...,n}

λIeI ⊗BI(s1, . . . , sn, e1, . . . , en) =
∑

I⊂{1,...,n}
λIeI ⊗BI(s1, . . . , sn, λ1e1, . . . , λnen)

i.e.

BI(s1, . . . , sn, e1, . . . , en) = BI(s1, . . . , sn, λ1e1, . . . , λnen) for every I ⊂ {1, . . . , n}, λ ∈ Rn .

Thus BI doesn’t actually depend on e1, . . . , en, i.e.

BI(s1, . . . , sn, e1, . . . , en) = BI(s1, . . . , sn) .

Now, notice that χλ(s) =
∑n
i=1(λiei) ⊗ si =

∑n
i=1 ei ⊗ (λisi), i.e. we can interpret χλ(s)

as an object in ∧Rn ⊗ C(S⊕
r,1(M)) where ∧Rn is not transformed by χλ; in this case we

have the equality∑
I⊂{1,...,n}

λIeI ⊗BI(s1, . . . , sn) =
∑

I⊂{1,...,n}
eI ⊗BI(λ1s1, . . . , λnsn)

i.e.
λIB

I(s1, . . . , sn) = BI(λ1s1, . . . , λnsn) .

This implies two things:

(i) BI(s1, . . . , sn) depends only on those si’s such that i ∈ I, i.e.

BI(s1, . . . , sn) = BI(si1 , . . . , si|I|) ;

(ii) BI is homogeneous of degree 1 in each of its entries with respect to R.

Notice moreover that if λ = 0 ∈ Rn, we then have χλ(s) = 0 ∈ G⊗ C(S⊕
r,1(M)), and thus

B∅(s1, . . . , sn) = χ0(σ(S(D(s)))) = σ
(
S(χ0Floc(D(s)))

)
= σ(S(D(0))) = σ(S(0)) = idG⊗A
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i.e.
B∅(s1, . . . , sn) = idA for every choice of s .

We now wish to show that BI is linear and antisymmetric in its entries. To do so, consider
a permutation p ∈ Sn, and the associated morphism χp : ∧ Rn → ∧Rn; we then have∑
I⊂{1,...,n}

ep(i1) · · · ep(i|I|) ⊗BI(si1 , . . . , si|I|) = χp(σ(S(D(s)))) = σ
(
S(χp(D(s)))

)
=

∑
I⊂{1,...,n}

eI ⊗BI(sp−1(i1), . . . , sp
−1(i|I|)) .

But as∑
I⊂{1,...,n}

ep(i1) · · · ep(i|I|) ⊗BI(si1 , . . . , si|I|) =
∑

I⊂{1,...,n}
sgn(p|I)eI ⊗BI(si1 , . . . , si|I|)

we then conclude that

sgn(p|I)BI(si1 , . . . , si|I|) = BI(sp−1(i1), . . . , sp
−1(i|I|))

i.e. BI is antisymmetric in its entries as desired. Finally, let us show that BI is R-linear
in each entry. To this end, let us consider the morphism χk : ∧Rn → ∧Rn defined on the
generators as

χk(ei) =

ei i ̸= k + 1
ek i = k + 1 .

We then have ∑
I⊂{1,...,n}

χk(eI) ⊗BI(si1 , . . . , si|I|) = σ(S(D(s̃)))

where s̃ =
∑n
i=1 eis̃

i,

s̃i =


si i ̸= k

sk + sk+1 i = k

0 i = k + 1 .

Moreover,

χk(eI) =


eI k + 1 ̸= I

ei1 · · · ek · · · ei|I| k + 1 ∈ I, k /∈ I

0 k, k + 1 ∈ I .

These two entail that if k + 1 ∈ I, k /∈ I, denoting with Ĩ = {i1, . . . , k, . . . , i|I|} we have

BĨ(si1 , . . . , sk, . . . , si|I|) +BĨ(si1 , . . . , sk+1, . . . , si|I|) = BĨ(si1 , . . . , sk + sk+1, . . . , si|I|) .

As k was generic, we have verified that BI is actually R-linear in each entry.
Finally, consider the following: as a function on |I| entries, the dependence of BI on I is

75



4.3. The canonical anticommutation relations

due to the elements si1 , . . . , si|I| acting as its arguments. BI doesn’t actually depend on
the chosen entries of I. Thus we can define, for each k ∈ N,

Bk(sk, . . . , s1) ·= k!
ik
B{1,...,k}(s1, . . . , sk)

and we can thus write

σ(S(D(s))) =
n∑
k=0

ik

k!
∑

i1<···<ik
eik · · · ei1 ⊗Bk(si1 , . . . , sik)

with Bk an alternating R- and k-linear map on D(S⊕
r,1(M))

Remark 4.3.3. Consider now s = θu, with u ∈ D(S⊕
r,1(M)) and θ ∈ G1 a generator;

according to Proposition 4.3.2 we have

σG(SG(DG(s))) = idG⊗A + iθ ⊗B1(u) .

Notice that in this case the functional DG(s) ∈ (G⊗Floc)0; therefore we necessarily have
B1(u) ∈ A1. We now apply the involution on both sides: we then have

idG⊗A − i(θ ⊗B1(u))∗ = idG⊗A − i(−1)(θ∗ ⊗B1(u)∗) = idG⊗A + i(θ ⊗B1(u)∗) .

On the other hand, due to the properties of the involution we have

σG(SG(DG(s)))∗ = σG(SG(DG(s))∗) = σG(SG(DG(s)∗)−1) = σG(SG(DG(s)∗))−1 .

We need to compute DG(s)∗: notice that

DG(θu)[vη] = (v2η, θu1)G + (θu2, v1η)G = θ((u2, v1) − (v2, u1)︸ ︷︷ ︸
D(u)[v]

)η

and that

D(u)∗[v] = (−1)D(u)[v∗] = (−1)
(
(u2, Cv2) − (C−1v1, u1)

)
=

= (−1)
(
(v2, Cu2) − (C−1u1, v1)

)
= −D(−u∗)[v] .

Therefore

DG(s)∗ = (θ ⊗ D(u))∗ = (−1)(θ∗ ⊗ D(u)∗) = θ ⊗ D(−u∗) = DG(−θu∗) ;

if we consider the expansion for σG(SG(DG(s)∗)) we have

σG(SG(DG(s)∗)) = idG⊗A − iθ ⊗B1(u∗)

whose inverse is given by
idG⊗A + iθ ⊗B1(u∗) .
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Comparing the two expression we conclude that

B1(u)∗ = B1(u∗) for ever u ∈ D(S⊕
r,1(M)) .

In particular, if u = uf
·=
(

f
C−1f

)
for some f ∈ D(Sr,1(M)) we then have u∗

f = uf and

thus
B1(uf )∗ = B1(uf )

i.e. for every f ∈ D(Sr,1(M)) B1(uf ) ∈ A is a R-linear, self-adjoint element. 


Remark 4.3.4. Using a procedure analogous to that of Proposition 4.3.2, it is possible
to show that given an even functional F ∈ Floc(S⊕

r,1(M))0, it holds that

σG(SG(idG ⊗ F )) = idG ⊗AF

for some AF ∈ A0. Indeed, as previously pointed out we can stick to the case G = ∧Rn;
it then follows that

σG(SG(idG ⊗ F )) =
∑

I⊆{1,...,n}
eI ⊗AIF , {AIF }I⊆{1,...,n} ⊆ A .

Consider now any λ ∈ Rn, and the morphism χλ : ∧ Rn → ∧Rn which acts on the
generators as ei 7→ λiei. Clearly

χλ(id ⊗ F ) = id ⊗ F

and
χλ
(
σ(S(id ⊗ F ))

)
=

∑
I⊆{1,...,n}

λIeI ⊗AIF .

But due to the properties of the natural transformation σ and to the definition of the
morphism χλA it then follows that∑
I⊆{1,...,n}

λIeI ⊗AIF =
∑

I⊆{1,...,n}
eI ⊗AIF ⇐⇒

∑
I⊆{1,...,n}

eI ⊗ (λI − 1)AIF = 0 ∀λ ∈ Rn .

As {eI}I⊆{1,...,n} is a basis of ∧Rn, it follows that

(λI − 1)AIF = 0 ∀I ⊆ {1, . . . , n}, ∀λ ∈ Rn .

If I ̸= ∅ then it must hold that AIF = 0; on the other hand, if I = ∅ then it may be that
AIF ̸= 0. Thus it follows that

σ(S(id ⊗ F )) = id ⊗A∅
F .

As id ⊗ F ∈ (∧Rn ⊗Floc(S⊕
r,1(M)))0, by definition S(id ⊗ F ) ∈ A0

∧Rn , and due to the fact
that σ∧Rn is a Z2-graded algebra homomorphism it follows that A∅

F ∈ A0. 
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Theorem 4.3.5. The family of self-adjoint, R-linear objects {B1(uf )}f∈D(Sr,1(M)) ⊂ A
satisfies the canonical anticommutation relations,

{B1(uf ), B1(ug)} = 2Re(f, iS0g) .

Proof. Let us consider s =
∑n
i ηis

i and t =
∑n
i θjt

j with {si}i, {tj}j ⊂ D(S⊕
r,1(M)) and

{ηi}i, {θj}j ⊂ G1. It is possible to decompose

s = s′ + D̃⊕
0 h

by considering a Cauchy surface Σ ⊂ M such that Σ ∩ J−(Supp(t)) = ∅ and a smooth
function χ ∈ E(M) such that χ ≡ 1 on the past Cauchy development D−

0 (Σ) and χ ≡ 0
on the future Cauchy development D+

0 (Σ) of Σ minus an open neighbourhood of Σ, and
defining

h
·= χS̃−

0
⊕
s .

Then clearly Supp(h) ⊆ J+
0 (Supp(s)) ∩ D−(Σ) = J+

0 (Supp(s)) ∩ J−
0 (Σ ∩ J+

0 (Supp(s))),
and as Σ ∩ J+

0 (Supp(s)) is compactly supported because of the global hyperbolicity of
(M, g0) and of the properties of Cauchy surfaces we have that

J+
0 (Supp(s)) ∩ J−

0 (Σ ∩ J+
0 (Supp(s))) ⊂⊂ M

because of global hyperbolicity; thus h is a compactly supported smooth section of
S⊕
r,1(M). Then if we define

s′ ·= s− D̃⊕
0 h

we have that s′ ∈ D(S⊕
r,1(M)) and that

s′ = s− D̃⊕
0 h = D̃⊕

0 S̃
−
0

⊕
s− D̃⊕

0 h = D̃⊕
0

(1 − χ)S̃−
0

⊕
s︸ ︷︷ ︸

Supp⊂D+(Σ)


i.e. Supp(s′) ∩ J−

0 (Supp(t)) = ∅. Now, recall that

DG(D̃⊕
0 h) = δLh − (h2,D0h1)G

and thus
DG(s) = DG(s′) + DG(D̃⊕

0 h) = DG(s′) + δLh − (h2,D0h1)G .

Then it follows that

SG(DG(s)) = SG(DG(s′) + δLh − (h2,D0h1)G)
(4.3)= SG(δLh)SG(DG(s′)−h − (h2,D0h1)G) .

Now, notice that

DG(s′)−h[uη] = DG(s′)[uη − h] = DG(s′)[uη] − (h2, s
′
1)G − (s′

2, h1)G
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and thus

SG(DG(s)) = SG(δLh)SG(DG(s′) − (h2, s
′
1)G − (s′

2, h1)G − (h2,D0h1)G︸ ︷︷ ︸
constant functionals=c

) .

Consider now

SG(DG(s))SG(DG(t)) = SG(δLh)SG(DG(s′) − c)SG(DG(t))
(4.1)= SG(δLh)SG(DG(s′) + DG(t) − c)
= SG(δLh)SG(DG(s′ + t) − c) .

Notice that

DG(s′ + t) = DG(s− D̃⊕
0 h+ t) = DG(s+ t) + DG(D̃⊕

0 (−h))
= DG(s+ t) + δL−h − (h2,D0h1)G

and using again (4.3) we have

SG(DG(s))SG(DG(t)) = SG(DG(s+ t)h + δL h
−h + δLh − (h2,D0h1)G − c) .

Consider now

DG(s+ t)h − (h2,D0h1)G − c = DG(s+ t) + (h2, s1 + t1)G + (s2 + t2, h1)
− (h2, s

′
1)G − (s′

2, h1)g − 2(h2,D0h1)G
= DG(s+ t) + (h2, t1)G + (t2, h1)G

and

δL h
−h[uη] = δL−h[uη + h] =

(
L (f)G ◦ exp

)−h [uη + h] − (L (f)G ◦ exp)[uη + h]
= (L (f)G ◦ exp)[uη] − (L (f)G ◦ exp)[uη + h] = −δLh .

We therefore conclude that

SG(DG(s))SG(DG(t)) = SG(DG(s+ t) + (h2, t1)G + (t2, h1)G) .

Recall that h = χS̃−
0

⊕
s and thus

h2 = χS−
0

∗
s2 h1 = χS−

0 s1

and as χ ≡ 1 on Supp(t) we have

(h2, t1)G + (t2, h1)G = (S−
0

∗
s2, t1)G + (t2, S−

0 s1)G
·= E(s, t)

and we have
SG(DG(s))SG(DG(t)) = SG(DG(s+ t))SG(E(s, t)) .
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From this we have

SG(DG(s))SG(DG(t))SG(−E(s, t)) = SG(DG(s+ t)) = SG(DG(t+ s))
= SG(DG(t))SG(DG(s))SG(−E(t, s))

i.e.
SG(DG(s))SG(DG(t)) = SG(DG(t))SG(DG(s))SG(E(s, t) − E(t, s))

with

E(s, t) − E(t, s) = (S−
0

∗
s2, t1)G + (t2, S−

0 s1)G − (S−
0

∗
t2, s1)G − (s2, S

−
0 t1)G

= (s2, S
+
0 t1)G + (t2, S−

0 s1)G − (t2, S+
0 s1)G − (s2, S

−
0 t1)G

= −(s2, S0t1)G + (t2, S0s1)G .

Let us now consider the particular case s = ηuf and t = θug, with η, θ ∈ G1 generators;
then by Remark 4.3.3 we have

σG(SG(DG(s))) = idG⊗A + iη ⊗B1(uf ) σG(SG(DG(t))) = idG⊗A + iθ ⊗B1(ug)

and thus

σG(SG(DG(s))SG(DG(t))) = idG⊗A + iθ ⊗B1(ug) + iη ⊗B1(uf ) + ηθ ⊗B1(uf )B1(ug)

and

σG(SG(DG(t))SG(DG(s))) = idG⊗A + iθ ⊗B1(ug) + iη ⊗B1(uf ) + θη ⊗B1(ug)B1(uf ) .

Moreover, notice that in this case we have that

E(s, t) − E(t, s) = −(ηC−1f, θS0g)G + (θC−1g, ηS0f)G = η(f, S0g)θ + η(g, S0f)θ .

By considering Remark 4.2.8 we then have

σG(SG(ηθ ⊗ c)) = idG⊗A + iηθ ⊗ c .

We thus have that

idG⊗A + iθ ⊗B1(ug) + iηB1(uf )+ηθ ⊗B1(uf )B1(ug) = idG⊗A + iθ ⊗B1(ug) + iηB1(uf )

+ ηθ ⊗
(
−B1(ug)B1(uf ) + i

(
(f, S0g) + (g, S0f)

))
from which it follows that

{B1(uf ), B1(ug)} = (f, iS0g) + (g, iS0f) = 2Re(f, iS0g) ·= 2Re ⟨f, g⟩S0
.
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4.4 A C∗-norm on a ∗-subalgebra of the universal algebra A

We now wish to endow a ∗-subalgebra of A with a C∗-norm. We first consider the unital
∗-subgalgebra Ae generated by

Ae
·=
{
AF , F ∈ Floc(S⊕

r,1(M))0 s.t. F ∗ = F
}

⊆ A0

where AF ∈ A0 is obtained as described in Remark 4.3.4. Notice that as

SG(idG ⊗ F )∗ = SG(idG ⊗ F ∗)−1 = SG(idG ⊗ F )−1

we have

idG ⊗A∗
F = σG(SG(idG ⊗ F ))∗ = σG(SG(idG ⊗ F )−1) = idG ⊗A−1

F

i.e. AF is unitary. Now, we consider the set {B1(uf )}f∈D(Sr,1(M)); notice that given any
C∗-seminorm on the ∗-algebra generated by it we have, if Re(f, iS0f) = 1, B1(uf )2 = idA;
then if Re(f, iS0f) ̸= 0 it follows that∥∥∥B1(uf )

∥∥∥2
=
∥∥∥B1(uf )∗B1(uf )

∥∥∥ =
∥∥∥B1(uf )2

∥∥∥ Th. 4.3.5= Re (f, iS0f) .

Moreover, if Re(f, iS0f) = 0 then f = D0ψ for some ψ ∈ D(Sr,1(M)): indeed, we know
that (·, iS0·) : D(Sr,1(M))×D(Sr,1(M)) → C is positive semidefinite as shown in [17], and
therefore (f, iS0f) ≥ 0 for every f ∈ D(Sr,1(M); this in turn implies that

0 ≤
∣∣(g, iS0f)

∣∣ ≤
√

(g, iS0g)
√

(f, iS0f) =
√

(g, iS0g)
√

Re(f, iS0f) = 0 ∀g ∈ D(Sr,1(M)) .

Thus (g, iS0f) = 0 for every g ∈ D(Sr,1(M)), i.e. S0f = 0. But one can show that
ker(S0) = D0D(Sr,1(M)). Indeed, clearly D0D(Sr,1(M)) ⊂ ker(S0); on the other hand,
suppose that f ∈ ker(S0). Then S0f = 0 entails that S−

0 f = S+
0 f

·= ψ; then we know
that

Supp(ψ) ⊆ J+(Supp(f)) ∩ J−(Supp(f))
where the last set is compact due to the global hyperbolicity of M . Thus ψ ∈ D(Sr,1(M)),
and we have D0ψ = D0S

−
0 f = f , i.e. f ∈ D0D(Sr,1(M)). So in particular if we consider

f to be a representative of

[f ] ∈ D(Sr,1(M))/D0D(Sr,1(M))

we have that [f ] = 0 , i.e. the positive semidefinite inner product (·, iS0·) is actually
positive definite on it; thus if we restrict the family {B1(uf )}f∈D(Sr,1(M)) to the above
quotient space we have that Re(f, iS0f) = 0 entails thatB1(uf ) = 0, and the C∗-seminorm
defined by ∥∥∥B1(uf )

∥∥∥ ·=
√

Re(f, iS0)

is actually a C∗-norm.
Consider now the ∗-subalgebra B of A generated by{

B1(uf )
}
f∈D(Sr,1(M))/D0D(Sr,1(M))

∪ Ae .

We have the following result (cfr. [12, Theorem 6.2]):

81



4.4. A C∗-norm on a ∗-subalgebra of the universal algebra A

Proposition 4.4.1. Every C∗ seminorm on B is bounded from above.

Proof. Notice that any element A ∈ B can be written as

A =
n∑
i=1

ciB
1(uf1) · · ·B1(ufji

)AF1 · · ·AFki
{ji}1≤i≤n, {ki}1≤i≤n ⊆ N .

In order to ease the notation we write

ciB
1(uf1) · · ·B1(ufji

) ·= Cjii AF1 · · ·AFki

·= Uki
i

and
A =

n∑
i=1

Cjii U
ki
i .

Notice that Cjii belongs, for every i ∈ N, to the ∗-algebra generated by {B1(uf )}, while
Uki
i is unitary, being the product of unitary objects. Then consider any C∗-seminorm

p : B → R+: we have

p(A) = p

 n∑
i=1

Cjii U
ki
i

 ≤
n∑
i=1

p
(
Cjii U

ki
i

)
≤

n∑
i=1

p
(
Cjii

)
p
(
Uki
i

)
≤

n∑
i=1

p
(
Cjii

)
.

Then by the previous observation we know that we can write

p(Cjii ) =
∥∥∥Cjii ∥∥∥

where∥·∥ is the C∗-norm on the ∗-algebra generated by {B1(uf )} obtained previously.

Definition 4.4.2. Let A ∈ B; we define the map ∥·∥0 : B → R as

∥A∥0
·= sup

p
p(A)

where the supremum is taken over all C∗-seminorms p : B → R.

In the general case, ∥·∥0 is a function with values in the extended real numbers; how-
ever, in our case ∥A∥0 < +∞ for every A ∈ B as shown in Proposition 4.4.1. In this
case we call ∥·∥0 the Gelfand-Naimark seminorm. This is indeed a C∗-seminorm, as [34,
Proposition 10.1.2, Theorem 9.5.14, Theorem 10.1.3] show.
Notice that the Gelfand-Naimark seminorm is well-defined, as the set of C∗-seminorms is
non-empty: indeed, consider the trace state ω0 : B → C,

ω0(A) =

1, A = idA

0, otherwise .

This state can be used to induce a C∗-seminorm on B by

p0(A) ·=
√
ω0(A∗A)

82



4.5. Kinetic perturbations and the canonical anticommutation relations

which is easily seen5 to actually be a C∗-seminorm.

Definition 4.4.3. Let us consider the reducing ideal of B (usually denoted with BR),
that is, the ∗-stable two-sided ideal given by BR =

{
A ∈ B such that ∥A∥0 = 0

}
. Consider

then the quotient B/BR, which is again a ∗-algebra; on said algebra define the norm∥∥[A]
∥∥ ·=∥A∥0 .

Then the completition of (B/BR,∥·∥), which we shall simply denote with B, is a C∗-algebra
(cfr. [34, Theorem 10.1.11]).

Remark 4.4.4. One may wonder whether B is trivial. That this is not the case follows
from the fact that

p(B1(uf )) =
√

Re(f, iS0f)

for every seminorm p : B → R+; thus given any f ∈ D(Sr,1(M))/D0D(Sr,1(M)) we have
that [B1(uf )] ̸= 0. Moreover, in the seminorm p0 we have

p0(AF ) =
√
ω0(A∗

FAF ) = 1

for every AF ∈ Ae; thus ∥AF ∥0 ̸= 0, and the associated classes are thus different from
zero in B. 


4.5 Kinetic perturbations and the canonical anticommutation relations

Given a kinetic perturbationK as of Definition 4.2.1, that is, an object in F2
loc(S

⊕
r,1(M, g0)),

we can consider its extension to an even functional in G⊗Floc(S⊕
r,1(M)) given by idG⊗K.

Then, we define the objects in AG

SKG (F ) ·= SG(idG ⊗K)−1SG(F + idG ⊗K) . (4.5)

Notice that these objects satisfy an analogous version of the requirements in Definition
4.2.5, indeed

(i) clearly if F ∈ (G ⊗ Floc)0 then F + idG ⊗ K ∈ (G ⊗ Floc)0; thus by (i) in Defini-
tion 4.2.5 we have that SG(idG ⊗ K)−1SG(F + idG ⊗ K) ∈ A0

G. This entails that
{SKG (F )}F∈(G⊗Floc)0 ⊆ A0

G;

(ii) given SKG (F ) ∈ AαG, SKG (H) ∈ AβG we have that

SKG (F ) = SG(idG⊗K)−1SG(F+idG⊗K) SKG (H) = SG(idG⊗K)−1SG(H+idG⊗K)
5Subadditivity follows from the Cauchy-Schwarz property of states, [9, Lemma 2.3.10]; as shown in

[40], submultiplicativity actually follows from the C∗-property which is easily deduced from the definition
of ω0.
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and thus SG(F + idG ⊗K) ∈ AαG, SG(H + idG ⊗K) ∈ AβG. This entails that

SKG (F )SKG (H) = SG(idG⊗K)−1 SG(F + idG ⊗K)SG(idG ⊗K)−1︸ ︷︷ ︸
∈Aα

G

SG(H + idG ⊗K)

︸ ︷︷ ︸
∈Aα+β

G

and thus SKG (F )SKG (H) ∈ Aα+β
G .

(iii) Given a morphism χ : G → G′, we have that the morphism χA : AG → AG′ acts on
SKG (F ) in the following way:

χA(SKG (F )) = χA

(
SG(idG ⊗K)−1

)
χA

(
SG(F + idG ⊗K)

)
= SG′(idG′ ⊗K)−1SG′(χFloc(F ) + idG′ ⊗K)
= SKG′(χFloc(F )) ;

(iv) Given P,Q,N ∈ (G ⊗ Floc)0 with N such that N + K is a well-defined kinetic
perturbation, then

SKG (P +Q+N) = SG(idG ⊗K)−1SG(P +Q+N + idG ⊗K)

and if Supp(P ) ∩ J−
N+K(Supp(Q)) = ∅ we then have

SKG (P +Q+N) (4.1)= SG(idG ⊗K)−1

SG(P +N + idG ⊗K)SG(N + idG ⊗K)−1SG(Q+N + idG ⊗K)
= SKG (P +N)SKG (N)−1SKG (Q+N) .

Notice that if N = 0 then it follows that if Supp(P ) ∩ J−
K(Supp(Q)) = ∅ then

SKG (P +Q) = SKG (P )SKG (Q)

and thus if P and Q are spacelike separated with respect to the causal structure
induced by K we have

SKG (P )SKG (Q) = SKG (Q)SKG (P ) ;

(v) Let us define the functional

δLK
h

·= δLh + (idG ⊗K)h − (idG ⊗K)
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where (idG ⊗K)h is defined according to the same procedure as before; then

SKG (δLK
h )SKG (F ) = SG(idG ⊗K)−1SG(δLh + (idG ⊗K)h)

SG(idG ⊗K)−1SG(F + idG ⊗K)
(4.3)= SG(idG ⊗K)−1SG(δLh)SG(F + idG ⊗K)
= SG(idG ⊗K)−1

SG(Fh + δLh + (idG ⊗K)h − idG ⊗K + idG ⊗K)
= SKG (Fh + δLK

h ) .

The same goes for SKG (F )SKG (δLK
h ).

Notice thus that the symbols {SKG (F )}F∈G⊗Floc ⊆ AG generate a subalgebra AKG in AG
which obeys the same rules as the algebra AG, only for an altered version of spacetime
(the metric g0 is replaced with gK) and the Lagrangian considered in the dynamical
relation is given by L + K. We can also define another family of injective morphisms
{ιKG : GC → AKG}G∈Grass, by requiring that

ιKG (eiη⊗z) = SKG (η ⊗ Fz) ∀z ∈ C

for every G ∈ G. By repeating the same steps carried out after Definition 4.2.5 one gets
the correct behaviour with respect to morphisms.
Consider now s =

∑n
i=1 ηis

i, with {ηi} ⊆ G1 generators of the Grassmann algebra G of
dimension n and {si} ⊆ D(S⊕

r,1(M, g0)); we wish to study

SKG (DG(s)) and SKG (DG(s))SKG (DG(t)) ,

with t =
∑n
j=1 θjt

j . The first result is a decomposition similar to that of Proposition
4.3.2: indeed, as SKG (DG(s)) ∈ AG, we can map it to G⊗ A using σG, and we obtain:

Proposition 4.5.1.

σG
(
SKG (DG(s))

)
=

n∑
k=0

ik

k!
∑

ik<···<ii
ηik · · · ηi1 ⊗Bk

K(si1 , . . . , sik)

with Bk : D(S⊕
r,1(M, g0)) → A alternating, k-linear and R-linear.

Proof. The proof is the same as that of Proposition 4.3.2.

Remark 4.5.2. Consider s = ηu, with η ∈ G1 generator and u ∈ D(S⊕
r,1(M, g0)); then

by Proposition 4.5.1 we have

σG(SKG (DG(s))) = idG⊗A + iη ⊗B1
K(u)

with B1
K(u) ∈ A1 as DG(u) ∈ (G ⊗ Floc(S⊕

r,1(M, g0)))0. By applying the involution on
both sides we have

σG(SKG (DG(s)))∗ = idG⊗A − i(η ⊗B1
K(u))∗ = idG⊗A + iη ⊗B1

K(u)∗ .
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On the other hand, we know that

σG(SKG (DG(s)))∗ = σG
(
(SKG (DG(s)))∗

)
= σG

(
(SG(idG ⊗K)−1SG(DG(s) + idG ⊗K))∗

)
= σG

(
SG(DG(s)∗ + (idG ⊗K)∗)−1SG((idG ⊗K)∗)

)
= σG

(
SG(DG(s)∗ + idG ⊗K∗)−1SG(idG ⊗K∗)

)
.

Recall that by Lemma 4.2.2 it holds that K∗ = K, and thus

σG(SKG (DG(s)))∗ = σG
(
SG(DG(s)∗ + idG ⊗K)−1SG(idG ⊗K)

)
= σG(SKG (DG(s)∗))−1 .

We have already shown that DG(s)∗ = DG(−ηu∗); therefore

σG(SKG (DG(s)∗))−1 =
(
1 − iη ⊗B1

K(u∗)
)−1

= 1 + iη ⊗B1
K(u∗)

and thus it follows that B1
K(u)∗ = B1

K(u∗), and again, if u = uf then

B1
K(uf )∗ = B1

K(uf ) .




Theorem 4.5.3. The family of self-adjoint, R-linear objects {B1
K(uf )}f∈D(Sr,1(M,g0)) ⊂ A

satisfies the perturbed canonical anticommutation relations,

{B1
K(uf ), B1

K(ug)} = 2Re(τ1
0 f, iSKτ

1
0 g)1 .

Proof. As in the proof of Theorem 4.3.5, let us start by considering s =
∑n
i ηis

i and
t =

∑n
j θjt

j , and studying
SKG (DG(s))SKG (DG(t)) .

In the following, we denote with µ the Radon-Nikodym derivative of dµg1 with respect to
dµg0 , which in this case is a smooth, non-vanishing function given by

µ =
√

det g1
det g0

.

As in the previous case, given a Cauchy surface Σ such that Σ ∩ J−
K(Supp(t)) = ∅ and a

smooth function χ such that χ ≡ 1 on D−
K(Σ) and χ ≡ 0 on D+

K(Σ) \ UΣ, we consider a
decomposition

s = s′ + µτ0
1 D̃⊕

Kτ
1
0 h

with h and s′ given by h = χτ0
1 S̃

−
K

⊕
τ1

0 (sµ−1) and

s′ ·= µ(sµ−1) − µτ0
1 D̃⊕

Kτ
1
0 h = µτ0

1 (D̃⊕
K S̃

−
K

⊕)τ1
0 (sµ−1) − µτ0

1 D̃⊕
Kτ

1
0

(
χτ0

1 S̃
−
K

⊕
τ1

0 (sµ−1)
)

= µτ0
1 D̃⊕

K (1 − χ) S̃−
K

⊕
τ1

0 (sµ−1)
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The first equality shows that s′ ∈ G⊗D(S⊕
r,1(M)), while the last one shows that Supp(s′)∩

J−
K(Supp(t)) = ∅. Notice that this equality follows from the fact that for each x ∈ M

the map
τ1

0 : S⊕
r,1(M, g0)x → S⊕

r,1(M, g1)x

is linear, and thus τ1
0 : E(S⊕

r,1(M, g0)) → E(S⊕
r,1(M, g1)) is tensorial. Therefore,

SKG (DG(s)) = SKG (DG(s′ + µτ0
1 D̃⊕

Kτ
1
0 h)) = SKG (DG(s′) + DG(µτ0

1 D̃⊕
Kτ

1
0 h)) .

We now need to understand DG(µτ0
1 D̃⊕

Kτ
1
0 h). To do so, recall that we consider δLK

h in
the dynamical relation; therefore, let us examine that object. Recall that

δLK
h [h] = δLh + (idG ⊗K)h − (idG ⊗K)

and therefore we need to understand (idG ⊗K)h. This is given by

((idG ⊗K)◦ exp)h[h] = ((idG ⊗K) ◦ exp)[h+ h]
= (τ1

0 (f(h+ h))2,DKτ
1
0 (f(h+ h))1)1G − (f(h+ h)2,D0(f(h+ h)1))0G

with f ∈ D(M) such that f ≡ 1 on Supp(gK − g0). We can in particular pick f ≡ 1 on
Supp(gK − g0) ∪ Supp(h), which then yields

((idG ⊗K)◦ exp)h[h] = ((idG ⊗K) ◦ exp)[h] + (τ1
0h2,DKτ

1
0 h1)1G + (τ1

0 h2,DKτ
1
0h1)1G︸ ︷︷ ︸

DG(µτ0
1 D̃⊕

Kτ
1
0 h)[h]

+ (τ1
0 h2,DKτ

1
0 h1)1G −(h2,D0h1)0G − (h2,D0h1)0G︸ ︷︷ ︸

−DG(D̃⊕
0 h)[h]

−(h2,D0h1)0G

= DG(µτ0
1 D̃⊕

Kτ
1
0 h)[h] + ((idG ⊗K) ◦ exp)[h] + (τ1

0 h2,DKτ
1
0 h1)1G − δLh[h]

i.e.
δLK

h = DG(µτ0
1 D̃⊕

Kτ
1
0 h) + (τ1

0 h2,DKτ
1
0 h1)1G .

Thus

SKG (DG(s)) = SKG

(
DG(s′) + δLK

h − (τ1
0 h2,DKτ

1
0 h1)1G

)
= SKG (δLK

h )SKG (DG(s′)−h

− (τ1
0 h2,DKτ

1
0 h1)1G) .

Now,
DG(s′)−h[h] = DG(s′)[h− h] = DG(s′)[h] − (h2, s

′
1)0G − (s′

2,h1)0G

and we conclude that

SKG (DG(s)) = SKG (δLK
h )SKG

(
DG(s′)

− (h2, s
′
1)0G − (s′

2,h1)0G − (τ1
0 h2,DKτ

1
0 h1)1G︸ ︷︷ ︸

constant functional c

)
.
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Thus

SKG (DG(s))SKG (DG(t)) = SKG (δLK
h )SKG (DG(s′ + t) − c)

= SKG (δLK
h )SKG (DG(s+ t) − DG(τ0

1 D̃⊕
Kτ

1
0h) − c)

= SKG (δLK
h )SKG (DG(s+ t) + δLK

−h − (τ1
0 h2,DKτ

1
0 h1)1G − c)

= SKG (DG(s+ t)h + δLK
−h

h − (τ1
0 h2,DKτ

1
0 h1)1G − c+ δLK

h ) .

Now, notice that

δLK
−h

h = δL h
−h + (K−h)h −Kh = −δLh +K −Kh = −δLK

h

and that

DG(s+ t)h − c− (τ1
0 h2,DKτ

1
0 h1)1 = DG(s+ t) + (h2, t1)0G + (t2,h1)0G .

These imply that

SKG (DG(s))SKG (DG(t)) = SKG (DG(s+ t) + (h2, t1)0G + (t2,h1)0G) .

Now, recall that h = χτ0
1 S̃

−
K

⊕
τ1

0 (sµ−1) with χ ≡ 1 on Supp(t). Therefore

(h2, t1)0G + (t2,h1)0G = (S−
K

∗
τ1

0 s2, τ
1
0 t1)1G + (τ1

0 t2, S
−
Kτ

1
0 s1)1G

·= EK(s, t) .

Then we can show that

SKG (DG(s))SkG(DG(t)) = SKG (DG(t))SKG (DG(s))SKG (EK(s, t) − EK(t, s))

with

EK(s, t) − EK(t, s) = (S−
K

∗
τ1

0 s2, τ
1
0 t1)1G + (τ1

0 t2, S
−
Kτ

1
0 s1)1G − (S−

K
∗
τ1

0 t2, τ
1
0 s1)1G

− (τ1
0 s2, S

−
Kτ

1
0 t1)1G

= −(τ1
0 s2, SKτ

1
0 t1)1G + (τ1

0 t2, SKτ
1
0 s1)1G .

By considering s = ηuf and t = θug with η, θ ∈ G1 generators of the Grassmann algebra
and f, g ∈ D(Sr,1(M, g0)), thanks to Remark 4.5.2 we have that

σG(SKG (DK
G (s))) = idG⊗A + iη ⊗B1

K(uf ) σG(SKG (DK
G (t))) = idG⊗A + iθ ⊗B1

K(ug)

which imply that

σG(SKG (DK
G (s))SKG (DK

G (t))) = idG⊗A + iη⊗B1
K(uf ) + iθ⊗B1

K(ug) + ηθ⊗B1
K(uf )B1

K(ug)

and

σG(SKG (DK
G (t))SKG (DK

G (s))) = idG⊗A + iη⊗B1
K(uf )+ iθ⊗B1

K(ug)+θη⊗B1
K(ug)B1

K(uf ) .
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Moreover, by Remark4.2.8 we know that

σG

(
SKG (EK(s, t) − EK(t, s))

)
= idG⊗A

+ iηθ ⊗
(
(τ1

0 f, SKτ
1
0 g)1 + (τ1

0 g, SKτ
1
0 f)1

)
.

Therefore

idG⊗A + iη ⊗B1
K(uf ) + iθ ⊗B1

K(ug) + ηθ ⊗B1
K(uf )B1

K(ug)
= idG⊗A + iη ⊗B1

K(uf ) + iθ ⊗B1
K(ug) + θη ⊗B1

K(ug)B1
K(uf )

+ ηθ ⊗
(

−B1
K(ug)B1

K(uf ) + i
(
(τ1

0 f, SKτ
1
0 g)1 + (τ1

0 g, SKτ
1
0 f)1

))
that is,

{B1
K(uf ), B1

K(ug)} = (τ1
0 f, iSKτ

1
0 g)1 + (τ1

0 g, iSKτ
1
0 f)1 = 2Re(τ1

0 f, iSKτ
1
0 g)1

·= 2Re ⟨f, g⟩SK
.
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5.1. Transformations induced by quadratic functionals

5 Automorphisms of the CAR algebra and their unitary
implementation

5.1 Transformations induced by quadratic functionals

We now wish to analyze, given a gauge-invariant functional Q ∈ F2
loc(S

⊕
r,1(M, g0)) such

that Q∗ = Q, the behavior of the adjoint action of objects SG(idG ⊗ Q) ∈ AG on the
symbols of the form SG(DG(s)), with s =

∑n
i ηis

i, {ηi}i generators of the n-dimensional
Grassmann algebra G and {si} ⊂ D(S⊕

r,1(M, g0)).
The first result is the following one:

Lemma 5.1.1. Given F ∈ (G⊗ Floc)0, then

SG(DG(s))SG(F ) = SG(DG(s) + F S̃
−
0

⊕
s) SG(F )SG(DG(s)) = SG(DG(s) + F S̃

+
0

⊕
s) .

Proof. As in the proofs of Theorems 4.3.5 and 4.5.3, consider a decomposition

s = s′ + D̃⊕
0 h

with Supp(s′) ∩ J+
0 (Supp(F )) = ∅. Then we know that

DG(s) = DG(s′ + D̃⊕
0 h) = DG(s′) + δLh − (h2,D0h1)G

and that

SG(DG(s)) = SG(DG(s′) + δLh − (h2,D0h1)G) = SG(δLh)SG(DG(s′)−h − (h2,D0h1)G)
= SG(δLh)SG(DG(s′) − (h2, s

′
1)G − (s′

2, h1)G − (h2,D0h1)G︸ ︷︷ ︸
constant functional=c

) .

Then

SG(DG(s))SG(F ) = SG(δLh)SG(DG(s′) − c)SG(F ) = SG(δLh)SG(DG(s′) + F − c)
= SG(DG(s′)h + F h − c+ δLh) = SG(DG(s′)h + F h − c+ DG(D̃⊕

0 h) + (h2,D0h1)G)
= SG(DG(s) + F h + (h2, s

′
1)G + (s′

2, h1)G + (h2,D0h1)G − c) = SG(DG(s) + F h) .

Now, recall that h = χS̃−
0

⊕
s, with χ ≡ 1 on Supp(F ); therefore F h = F S̃

−
0

⊕
s, i.e.

SG(DG(s))SG(F ) = SG(DG(s) + F S̃
−
0

⊕
s) .

The second equality follows from similar computations and by considering the decompo-
sition

h
·= χS̃+

0
⊕
s s′ ·= s− D̃⊕

0 h

with χ ∈ E(M) such that χ ≡ 1 on the future Cauchy development D+(Θ) of a Cauchy
surface Θ with Θ ∩ J+

0 (Supp(F )) = ∅ and χ ≡ 0 on D−(Θ) \ U , with U an open
neighbourhood of M .
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5.1. Transformations induced by quadratic functionals

Corollary 5.1.2. If s = ηu, then it follows that for any F ∈ (G⊗ Floc)0

SG(DG(s))SG(F )SG(DG(s))−1 = SG(F S̃⊕s) .

Proof. Notice that by the proof of Theorem 4.3.5 we have

SG(DG(s))SG(DG(t)) = SG(DG(s+ t))SG(E(s, t))

with E(s, t) = (S−
0

∗
s2, t1)G + (t2, S−

0 s1)G. Now, notice that if t = −ηu then we have
s+ t = 0 and thus DG(s+ t) = DG(0) = 0 ∈ G⊗Floc(S⊕

r,1(M, g0)). At the same time, we
have E(s, t) = 0 due to it containing objects of the form ηη with η ∈ G1; thus

SG(DG(s))SG(DG(−s)) = SG(DG(−s))SG(DG(s)) = idAG
.

This entails, together with Lemma 5.1.1,

SG(DG(s))SG(F )SG(DG(s))−1 = SG(DG(s) + F S̃
−
0

⊕
s)SG(DG(−s))

= SG(DG(−s) + DG(s)−S̃+
0

⊕
s︸ ︷︷ ︸

=DG(s) because of ηη terms

+F S̃
−
0

⊕
s−S̃+

0
⊕
s)

= SG(DG(−s) + DG(s) + F S̃
⊕
0 s) = SG(F S̃

⊕
0 s) .

We wish now to compute, given Q ∈ F2
loc(S

⊕
r,1(M, g0)),

SG(idG ⊗Q)−1SG(DG(s))SG(idG ⊗Q) .

By Lemma 5.1.1 we have

SG(idG ⊗Q)−1SG(DG(s))SG(idG ⊗Q) = SG(idG ⊗Q)−1SG(DG(s) + (idG ⊗Q)S̃
−
0

⊕
s) .

We thus need to compute (idG ⊗Q)S̃
−
0

⊕
s: this is given by, on elements h =

∑
i θi ⊗ hi,

((idG ⊗Q)◦ exp)S̃
−
0

⊕
s[h] = ((idG ⊗Q) ◦ exp)[h+ S̃−

0
⊕
s]

= (idG ⊗Q)
[1

2
(
hh+ (S̃−

0
⊕
s)(S̃−

0
⊕
s) + (h(S̃−

0
⊕
s) + (S̃−

0
⊕
s)h)

)]
= ((idG ⊗Q) ◦ exp)[h] + 1

2(idG ⊗Q)[(S̃−
0

⊕
s)(S̃−

0
⊕
s)]

+ 1
2(idG ⊗Q)[(S̃−

0
⊕
s)h+ h(S̃−

0
⊕
s)] .

For the last term, notice that both h and S̃−
0

⊕
s are even, and thus they commute: we

thus have
1
2(idG ⊗Q)[h(S̃−

0
⊕
s) + (S̃−

0
⊕
s)h] = (idG ⊗Q)[h(S̃−

0
⊕
s)] .
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Notice that if s = ηu we have
(S̃−

0
⊕
s)(S̃−

0
⊕
s) = 0

and thus in this case

((idG ⊗Q) ◦ exp)S̃
−
0

⊕
s[h] = ((idG ⊗Q) ◦ exp)[h] + (idG ⊗Q)[h(S̃−

0
⊕
s)] .

Recall that h =
∑
i θi ⊗ hi; we thus have

(idG ⊗Q)[h(S̃−
0

⊕
s)] = −

∑
i

θiη ⊗Q[hi ∧ S̃−
0

⊕
u] .

Now, notice that Q ∈ F2
loc(S

⊕
r,1(M, g0)), i.e. Q ∈ Ea′(M2, Sr,1(M)⊕ ⊠ Sr,1(M)⊕); thus by

the Schwartz kernel Theorem (see for instance [44, Theorem 1.5.1]) we know that there
exists a continuous linear operator P⊕

Q : E(S⊕
r,1(M)) → E(S⊕

r,1(M)) such that

Q[hi ∧ S̃−
0

⊕
u] = (hi, P⊕

Q S̃
−
0

⊕
u) .

Clearly P⊕
Q is a partial differential operator with smooth, compactly supported coeffi-

cients; moreover, the following holds:

Lemma 5.1.3. Given Q ∈ F2
loc(S

⊕
r,1(M, g0)) such that Q = Q∗ and Q is gauge-invariant,

then
P⊕
Q = PQ ⊕ −P ∗

Q P ∗
Q = C−1 ◦ PQ ◦ C .

Proof. Notice that we can write the operator P⊕
Q : E(S⊕

r,1(M)) → E(S⊕
r,1(M)) as

P⊕
Q =

(
P 11
Q P 12

Q

P 21
Q P 22

Q

)

with the operators P 11
Q : E(Sr,1(M)) → E(Sr,1(M)), P 12

Q : E(Sr,1(M)) → E(Sr,1(M)),
P 21
Q : E(Sr,1(M)) → E(Sr,1(M)) and P 22

Q : E(Sr,1(M)) → E(Sr,1(M)).

(i) We know that Q is gauge-invariant; therefore for any t ∈ R

(u, P⊕
Q v) = Q[u ∧ v] = Q[χtu ∧ χtv] = (χtu, P⊕

Qχtv) = (e−itu2, e
itP 11

Q v1)
+ (e−itu2, e

−itP 12
Q v2) + (eitP 21

Q v1, e
itu1) + (e−itP 22

Q v2, e
itu1)

= (u2, P
11
Q v1) + (P 22

Q v2, u1) + e−i2t(u2, P
12
Q v2) + ei2t(P 21

Q v1, u1) .

In order for gauge-invariance to hold we thus need P 12
Q = P 21

Q = 0.

(ii) We know that Q is skew-symmetric; therefore

(u2, P
11
Q v1) + (P 22

Q v2, u1) = Q[u ∧ v] = −Q[v ∧ u] = −(v2, P
11
Q u1) − (P 22

Q u2, v1)
= (−P 11

Q
∗
v2, u1) + (u2,−P 22

Q
∗
v1)

which entails P 22
Q = −P 11

Q
∗ and P 11

Q = −P 22
Q

∗.
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5.1. Transformations induced by quadratic functionals

(iii) Finally, we know that Q = Q∗; therefore,

(P 11
Q

∗
u2, v1) + (v2, P

22
Q

∗
u1) = (u2, P

11
Q v1) + (P 22

Q v2, u1) = Q[u ∧ v] = Q∗[u ∧ v] =

= (C−1v1, P 11
Q Cu2) + (P 22

Q C−1u1, Cv2)
= (C−1P 11

Q Cu2, v1) + (v2, CP
22
Q C−1u1)

i.e. P 11
Q

∗ = C−1P 11
Q C and P 22

Q
∗ = CP 22

Q C−1.

Therefore,

(idG ⊗Q)[h(S̃−
0

⊕
s)] = −

∑
i

θiη ⊗ (hi, P⊕
Q S̃

−
0

⊕
u) = (h2, PQS

−
0 s1)G + (P ∗

QS
−
0

∗
s2, h1)G

= DG(P̃QS̃−
0

⊕
s)[h]

with P̃⊕
Q = PQ ⊕ P ∗

Q (notice the sign change with respect to P⊕
Q ). Therefore,

DG(s)[h]+(idG⊗Q)[h(S̃−
0

⊕
s)] = DG(s)[h]+DG(P̃QS̃−

0
⊕
s)[h] = DG

(
(D̃⊕

0 + P̃⊕
Q )S̃−

0
⊕
s
)

[h]

and

SG(idG ⊗Q)−1SG(DG(s) + (idG ⊗Q)S̃
−
0

⊕
s)

= SG(idG ⊗Q)−1SG

(
DG

(
(D̃⊕

0 + P̃⊕
Q )S̃−

0
⊕
s
)

+ idG ⊗Q

)
= SQG

(
DG

(
(D̃⊕

0 + P̃⊕
Q )S̃−

0
⊕
s
))

.

We can assume the operator D0 +PQ is Green hyperbolic6; then there exist retarded and
advanced propagators S̃±

Q
⊕ : D(S⊕

r,1(M, g0)) → E(S⊕
r,1(M, g0)) such that

(
D̃⊕

0 + P̃⊕
Q

)
S̃±
Q

⊕ = S̃±
Q

⊕ (D̃⊕
0 + P̃⊕

Q

) ∣∣∣∣
D(S⊕

r,1(M))
= idD(S⊕

r,1(M)) .

Notice that given u ∈ D(S⊕
r,1(M)),

D̃⊕
0 S̃

±
Q

⊕
u = u− P̃⊕

Q S̃
±
Q

⊕
u︸ ︷︷ ︸

Supp⊂⊂M

.

Now, consider that

DG(s) = DG

(
(D̃⊕

0 + P̃⊕
Q )S̃+

Q
⊕
s
)

= DG

(
(D̃⊕

0 + P̃⊕
Q )S̃+

0
⊕D̃⊕

0 S̃
+
Q

⊕
s
)

6This is the case whenever Q is a kinetic perturbation for instance, or when Q represents the interaction
with an external potential.
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5.1. Transformations induced by quadratic functionals

where the equality is due to the fact that propagators map compactly supported sections
to spacelike compact sections, and the fact that the identity (2.14) for propagators can
be extended to spacelike compact sections. Then, given s = ηu,

DG(s) + idG ⊗Q = DG

(
(D̃⊕

0 + P̃⊕
Q )S̃−

0
⊕D̃⊕

0 S̃
+
Q

⊕
s
)

+ idG ⊗Q

= DG(D̃⊕
0 S̃

+
Q

⊕
s) + DG(P̃⊕

Q S̃
+
0

⊕D̃⊕
0 S̃

+
Q

⊕
s) + idG ⊗Q

= DG(D̃⊕
0 S̃

+
Q

⊕
s) + (idG ⊗Q)S̃

+
0

⊕D̃⊕
0 S̃

+
Q

⊕
s .

(5.1)

By Lemma 5.1.1 we then have

SQG(DG(s)) = SG(idG ⊗Q)−1SG(DG(s) + idG ⊗Q)

= SG(idG ⊗Q)−1SG(DG(D̃⊕
0 S̃

+
Q

⊕
s) + (idG ⊗Q)S̃

+
0

⊕D̃⊕
0 S̃

+
Q

⊕
s)

= SG(idG ⊗Q)−1SG(idG ⊗Q)SG(DG(D̃⊕
0 S̃

+
Q

⊕
s))

= SG(DG(D̃⊕
0 S̃

+
Q

⊕
s)) .

(5.2)

With this we conclude that whenever s = ηu,

SG(idG ⊗Q)−1SG(DG(s))SG(idG ⊗Q) = SG(DG(D̃⊕
0 S̃

+
Q

⊕(D̃⊕
0 + P̃⊕

Q )S−
0

⊕
s)) .

Notice that the operator T⊕
Q

−1 ·= D̃⊕
0 S̃

+
Q

⊕(D̃⊕
0 + P̃⊕

Q )S−
0

⊕ admits an inverse given by

T⊕
Q

·= D̃⊕
0 S̃

−
Q

⊕ (D̃⊕
0 + P̃⊕

Q

)
S̃+

0
⊕

and both of these are linear operators acting on D(S⊕
r,1(M)). Notice that clearly T⊕

Q has
values in D(S⊕

r,1(M)): indeed, we know that D̃⊕
0 S̃

−
Q

⊕ maps compactly supported functions
to compactly supported functions as shown before, and(

D̃⊕
0 + P̃⊕

Q

)
S̃⊕

0 = idD(S⊕
r,1(M)) + P̃⊕

Q S̃
+
0

⊕︸ ︷︷ ︸
maps to D(S⊕

r,1(M))

We can thus rewrite

SG(idG ⊗Q)SG(DG(s))SG(idG ⊗Q)−1 = SG(DG(T⊕
Q s)) . (5.3)

Proposition 5.1.4. Given a quadratic perturbation Q ∈ F2
loc(S

⊕
r,1(M, g0)), there exists

an object AQ ∈ A0 such that

AQB
1(u)A−1

Q = B1(T⊕
Q u) .
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5.1. Transformations induced by quadratic functionals

Proof. Let us apply σG : AG → G⊗ A to (5.3) in the case s = ηu: it yields

σG(SG(idG ⊗Q))σG(SG(DG(s)))σG(SG(idG ⊗Q))−1 = σG(SG(DG(T⊕
Q s))) .

By Proposition 4.3.2 we have

σG(SG(idG ⊗Q))
(
idG⊗A + iη ⊗B1(u)

)
σG(SG(idG ⊗Q))−1 = idG⊗A + iη ⊗B1(T⊕

Q u)

i.e.
σG(SG(idG ⊗Q))η ⊗B1(u)σG(SG(idG ⊗Q))−1 = η ⊗B1(T⊕

Q u) .

By Remark 4.3.4 we know that

σG(SG(idG ⊗Q)) = idG ⊗AQ

with AQ ∈ A0; it then clearly holds that

σG(SG(idG ⊗Q))−1 = idG ⊗A−1
Q .

Then

η ⊗B1(T⊕
Q u) = σG(SG(idG ⊗Q))η ⊗B1(u)σG(SG(idG ⊗Q))−1 = η ⊗ (AQB1(u)A−1

Q ) .

From this we conclude that there exists AQ ∈ A0 such that

AQB
1(u)A−1

Q = B1(T⊕
Q u) .

The operators T⊕
Q induced by quadratic functionals Q ∈ F2

loc(S
⊕
r,1(M, g0)) have a

particular behaviour:

Proposition 5.1.5. Given P,Q,N ∈ F2
loc(S

⊕
r,1(M)) such that

Supp(P ) ∩ J−
N (Supp(Q)) = ∅

then
T⊕
P+NT

⊕
N

−1
T⊕
N+Q = T⊕

N+P+Q

(provided that the objects P +N , N +Q and N + P +Q are well-defined as functionals
in K).

Proof. We prove the result in the following way: first of all, let us define

TNP
⊕ ·= T⊕

N
−1
T⊕
N+P .

We will show that under the hypothesis, the relation

TNP
⊕
TNQ

⊕ = TNP+Q
⊕
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5.1. Transformations induced by quadratic functionals

holds. Now, notice that on test functions it holds that

TNQ
⊕(D̃⊕

0 S̃
+
N

⊕) = D̃⊕
0 S̃

+
N

⊕(D̃⊕
0 + P̃⊕

N )

S̃−
N+Q

⊕︷ ︸︸ ︷
S̃−

0
⊕D̃⊕

0 S̃
−
N+Q

⊕(D̃⊕
0 + P̃⊕

N + P̃⊕
Q ) S̃+

0
⊕D̃⊕

0 S̃
+
N

⊕︸ ︷︷ ︸
S̃+

N

⊕

= (D̃⊕
0 S̃

+
N

⊕)
[
(D̃⊕

0 + P̃⊕
N )S̃−

N+Q
⊕(D̃⊕

0 + P̃⊕
N + P̃⊕

Q )S̃+
N

⊕]
.

(5.4)

As Supp(P ) ∩ J−
N (Supp(Q)) = ∅, there exist a Cauchy hypersurface Σ and an open

neighbourhood U ⊂ M of it such that

U ∩ J+
N (Supp(P )) = U ∩ J−

N (Supp(Q)) = ∅ .

Let us consider a smooth function χ such that χ ≡ 1 on J−
N (Σ) \ U and χ ≡ 0 on J+

N (Σ).
Now, let us consider a function f ∈ D(S⊕

r,1(M)) such that Supp(f) ⊂ U , and let us study
TNQ

⊕
f . We define

g = (D̃⊕
0 + P̃⊕

N + P̃⊕
Q )S̃+

N
⊕
f = f + P̃⊕

Q S̃
+
N

⊕
f .

Using χ and g, we define hQ
·= χ(S̃−

N+Q
⊕
g). Notice how hQ is supported in (J−

N (Σ) ∩
J+
N+Q(Supp(g)) which is compact. Then we consider

gQ
·= g − (D̃⊕

0 + P̃⊕
N + P̃⊕

Q )hQ

which is a smooth, compactly supported function whose support lies in U . Thus we have
a decomposition

g = gQ + (D̃⊕
0 + P̃⊕

N + P̃⊕
Q )hQ

for gQ, hQ ∈ D(S⊕
r,1(M)) with Supp(gQ) ⊂ U and Supp(hQ) ∩ J+

N (Supp(P )) = ∅. This
entails that

(S̃−
N+Q

⊕ − S̃−
N

⊕)gQ = S̃−
N+Q

⊕(D̃⊕
0 + P̃⊕

N )S̃−
N

⊕
gQ − S̃−

N+Q
⊕(D̃⊕

0 + P̃⊕
N + P̃⊕

Q )S̃−
N

⊕
gQ︸ ︷︷ ︸

S̃−
N

⊕
gQ is past compact

= −S̃−
N+Q

⊕
P̃⊕
Q S̃

−
N

⊕
gQ = 0

where the last term vanishes because J+
N (Supp(gQ)) ∩ Supp(Q) = ∅, as Supp(gQ) ⊂ U ;

therefore
(D̃⊕

0 + P̃⊕
N )S̃−

N+Q
⊕
gQ = (D̃⊕

0 + P̃⊕
N )S̃−

N
⊕
gQ = gQ

which yields

(D̃⊕
0 + P̃⊕

N )S̃−
N+Q

⊕(D̃⊕
0 + P̃⊕

N + P̃⊕
Q )S̃+

N
⊕
f

= (D̃⊕
0 + P̃⊕

N )S̃−
N+Q

⊕(gQ + (D̃⊕
0 + P̃⊕

N + P̃⊕
Q )hQ)

= gQ + (D̃⊕
0 + P̃⊕

N )hQ .
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This yields
TNQ

⊕(D̃⊕
0 S̃

+
N

⊕)f = (D̃⊕
0 S̃

+
N

⊕)(gQ + (D̃⊕
0 + P̃⊕

N )hQ) .

Now we consider

TNP
⊕
TNQ

⊕(D̃⊕
0 S̃

+
N

⊕)f = TNP
⊕(D̃⊕

0 S̃
+
N

⊕)(gQ + (D̃⊕
0 + P̃⊕

N )hQ)

= (D̃⊕
0 S̃

+
N

⊕)
[
(D̃⊕

0 + P̃⊕
N )S̃−

N+P
⊕(D̃⊕

0 + P̃⊕
N + P̃⊕

P )S̃+
N

⊕] (gQ + (D̃⊕
0 + P̃⊕

N )hQ)

= (D̃⊕
0 S̃

+
N

⊕)(D̃⊕
0 + P̃⊕

N )S̃−
N+P

⊕ [
gQ + P̃⊕

P S̃
+
N

⊕
gQ + (D̃⊕

0 + P̃⊕
N )hQ + P̃⊕

P hQ
]
.

By the way hQ is constructed and by the properties of Σ, we have that Supp(P ) ∩
Supp(hQ) = ∅, and thus P̃⊕

P hQ = 0; moreover, as Supp(gQ) ⊂ U and as J+
N (Supp(P )) ∩

U = ∅, we also have that P̃⊕
P S̃

+
N

⊕
gQ = 0. Thus we have

TNP
⊕
TNQ

⊕(D̃⊕
0 S̃

+
N

⊕)f = (D̃⊕
0 S̃

+
N

⊕)(D̃⊕
0 + P̃⊕

N )S̃−
N+P

⊕ [
gQ + (D̃⊕

0 + P̃⊕
N )hQ

]
= (D̃⊕

0 S̃
+
N

⊕)
[
(D̃⊕

0 + P̃⊕
N )S̃−

N+P
⊕
gQ + (D̃⊕

0 + P̃⊕
N )hQ

]
.

By definition, gQ = g − (D̃⊕
0 + P̃⊕

N + P̃⊕
Q )hQ, which can be written as

gQ = (D̃⊕
0 + P̃⊕

N + P̃⊕
Q )
(
S̃+
N

⊕
f − hQ

)
.

As Supp(f) ⊂ U , we have that S̃+
N

⊕
f is supported in J−

N (U); thus P̃⊕
P S̃

+
N

⊕
f = 0. There-

fore we can actually write

gQ = (D̃⊕
0 + P̃⊕

N + P̃⊕
Q + P̃⊕

P )
(
S̃+
N

⊕
f − hQ

)
.

Moreover, we also have(
S̃−
N+P+Q

⊕ − S̃−
N+P

⊕)
gQ = S̃−

N+P+Q
⊕(D̃⊕

0 + P̃⊕
N + P̃⊕

P )S̃−
N+P

⊕
gQ

− S̃−
N+P+Q

⊕(D̃⊕
0 + P̃⊕

N + P̃⊕
P + P̃⊕

Q )S̃−
N+P

⊕
gQ

= −S̃−
N+P+Q

⊕
P̃⊕
Q S̃

−
N+P

⊕
gQ = 0

where the last equality follows from the fact that Supp(gQ) ⊂ U and that Supp(Q) ∩
J+
N+P (U) = ∅. These relations yield

TNP
⊕
TNQ

⊕(D̃⊕
0 S̃

+
N

⊕)f = (D̃⊕
0 S̃

+
N

⊕)
[
(D̃⊕

0 + P̃⊕
N )S̃−

N+P
⊕
gQ + (D̃⊕

0 + P̃⊕
N )hQ

]
= (D̃⊕

0 S̃
+
N

⊕)
[
(D̃⊕

0 + P̃⊕
N )S̃−

N+P+Q
⊕
gQ + (D̃⊕

0 + P̃⊕
N )hQ

]
= (D̃⊕

0 S̃
+
N

⊕)
[
(D̃⊕

0 + P̃⊕
N )S̃−

N+P+Q
⊕(D̃⊕

0 + P̃⊕
N + P̃⊕

P + P̃⊕
Q )S̃+

N
⊕
f
]
.

But notice that the last expression is equal to

TNP+Q
⊕(D̃⊕

0 S̃
+
N

⊕)f .
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We therefore have our assertion if Supp(f) ⊂ U , where U is a neighbourhood of the
Cauchy surface Σ separating P and Q. But any function f ∈ D(S⊕

r,1(M)) can be written
as f = fU + (D̃⊕

0 + P̃⊕
N )gU , with Supp(fU ) ⊂ U and fU , gU ∈ D(S⊕

r,1(M)). Then this
decomposition yields

TNP
⊕
TNQ

⊕(D̃⊕
0 S̃

+
N

⊕)f = TNP
⊕
TNQ

⊕(D̃⊕
0 S̃

+
N

⊕)(fU + (D̃⊕
0 + P̃⊕

N )gU ) = TNP+Q
⊕(D̃⊕

0 S̃
+
N

⊕)fU
+ TNP

⊕
TNQ

⊕(D̃⊕
0 S̃

+
N

⊕)(D̃⊕
0 + P̃⊕

N )gU .

If we consider the last term, we have

TNP
⊕
TNQ

⊕(D̃⊕
0 S̃

+
N

⊕)(D̃⊕
0 + P̃⊕

N )gU
= TNP

⊕(D̃⊕
0 S̃

+
N

⊕)
[
(D̃⊕

0 + P̃⊕
N )S̃−

N+Q
⊕(D̃⊕

0 + P̃⊕
N + P̃⊕

Q )S̃+
N

⊕] (D̃⊕
0 + P̃⊕

N )gU

= TNP
⊕(D̃⊕

0 S̃
+
N

⊕)(D̃⊕
0 + P̃⊕

N )gU
= (D̃⊕

0 S̃
+
N

⊕)
[
(D̃⊕

0 + P̃⊕
N )S̃−

N+P
⊕(D̃⊕

0 + P̃⊕
N + P̃⊕

P )S̃+
N

⊕] (D̃⊕
0 + P̃⊕

N )gU

= (D̃⊕
0 S̃

+
N

⊕)(D̃⊕
0 + P̃⊕

N )gU = TNP+Q
⊕(D̃⊕

0 S̃
+
N

⊕)(D̃⊕
0 + P̃⊕

N )gU

which yields the result

TNP
⊕
TNQ

⊕(D̃⊕
0 S̃

+
N

⊕)f = TNP+Q
⊕(D̃⊕

0 S̃
+
N

⊕)f .

Now, notice that given any function f ∈ D(S⊕
r,1(M)) we can define the function gf ∈

D(S⊕
r,1(M)),

gf
·= (D̃⊕

0 + P̃⊕
N )S̃+

0
⊕
f

which is such that

(D̃⊕
0 S̃

+
N

⊕)gf = D̃⊕
0 ◦ S̃+

N
⊕(D̃⊕

0 + P̃⊕
N )︸ ︷︷ ︸

id on future-compact functions

◦ S̃+
0

⊕
f = f .

It therefore holds that
TNP

⊕
TNQ

⊕
f = TNP+Q

⊕
f

for any f ∈ D(S⊕
r,1(M)). But this yields

T⊕
N

−1
T⊕
N+PT

⊕
N

−1
T⊕
N+Q = T⊕

N
−1
T⊕
N+P+Q ⇐⇒ T⊕

N+PT
⊕
N

−1
T⊕
N+Q = T⊕

N+P+Q .

Remark 5.1.6. Notice that if Supp(P ) ∩ J−
0 (Supp(Q)) = ∅, then Proposition 5.1.5

simply yields
T⊕
P T

⊕
Q = T⊕

P+Q .
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5.2. The self-dual CAR algebra and its quasifree states

We now wish to understand the behaviour of T⊕
Q more thoroughly. To do so, we need

to expand on the construction of the complex Clifford algebra (see [4] and [30]) and on
Bogoliubov transformations, and for the sake of convenience we will use the self-dual CAR
algebra, as introduced by [3].

5.2 The self-dual CAR algebra and its quasifree states

First we restate that the inner product ⟨·, ·⟩S0
, which we recall is given by

⟨f, g⟩S0
= (f, iS0g)

is positive semidefinite on D(Sr,1(M)) [17]. As ⟨·, ·⟩S0
is positive semidefinite, we then

have
0 ≤

∣∣∣⟨f, g⟩S0

∣∣∣ ≤∥f∥S0
∥g∥S0

.

Thus if∥g∥S0
= 0 ⟨f, g⟩S0

= 0 for every f ∈ D(Sr,1(M)), i.e. S0g = 0. But this entails that
g ∈ D0D(Sr,1(M)) (cfr. 4.4). Thus Re ⟨·, ·⟩S0

is positive definite, symmetric, R-bilinear
on the quotient space

V
·= D(Sr,1(M))/D0D(Sr,1(M)) Q : D(Sr,1(M)) → V

which is a real vector space endowed with the scalar product Re ⟨·, ·⟩S0
. We can then

consider its completion
H ·= V

Re⟨·,·⟩S0

which yields a real, infinite dimensional Hilbert space. The family of R-linear operators
{B1(uf )}f∈D(Sr,1(M,g0)) can then be restricted to V to yield an R-linear map defined on a
dense subset of H,

V ∋ f 7→ B1(uf ) ∈ A .

Thus A contains a family of self-adjoint, real-linear objects {B1(uf )}f∈V defined on a
dense subset of the real Hilbert space (H,Re ⟨·, ·⟩S0

) and which satisfy{
B1(uf ), B1(ug)

}
= 2Re ⟨f, g⟩S0

.

This can be used to define a norm on the ∗-subalgebra of A generated by {B1(uf )}f∈V ;
its completion is the so-called Clifford algebra C(H,Re ⟨·, ·⟩S0

) built on (H,Re ⟨·, ·⟩S0
).

As mentioned, the self-dual CAR algebra is better suited to study Bogoliubov transfor-
mations. Notice that the spaceuf =

(
f

C−1f

)
, f ∈ D(Sr,1(M, g0))


is the real space ReΓ of the complex vector space D(S⊕

r,1(M, g0)) ≃ D(Sr,1(M, g0)) ⊕
D(Sr,1(M, g0)) endowed with the conjugation

u =
(
u1
u2

)
Γ7→
(
Cu2
C−1u1

)
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5.2. The self-dual CAR algebra and its quasifree states

We can endow D(S⊕
r,1(M, g0)) with the positive semidefinite inner product

⟨u, v⟩⊕
·= 1

2
(
(u1, iS0v1) + (u2,−iS∗

0v2)
)

which is such that the restriction of ⟨·, ·⟩⊕ to ReΓ is given by Re ⟨·, ·⟩S0
. By an argument

analogous to the previous one, if we consider

V ⊕ = D(Sr,1(M, g0))/D0D(Sr,1(M, g0)) ⊕ D(Sr,1(M, g0))/D∗
0D(Sr,1(M, g0))

with projection Q : D(Sr,1(M, g0)⊕D(Sr,1(M, g0)) → V ⊕, then ⟨·, ·⟩⊕ is a positive definite
hermitian inner product. Notice that Γ descends to a well-defined map on V ⊕. On such
quotient space, we can consider the symbols

ψ(u) ·= 1√
2

(
B1(Reu) + iB1(Imu)

)
Reu = 1

2 (u+ Γu) Imu = 1
2i (u− Γu)

where both Reu and Imu belong to ReΓ. Then define also

ψ(u)∗ ·= 1√
2

(
B1(Reu) − iB1(Imu)

)
.

Notice that ψ(u)∗ = ψ(Γu) and that{
ψ(u)∗, ψ(v)

}
= ⟨u, v⟩⊕ .

Thus the symbols {ψ(u)}u∈V ⊕ generate a ∗-subalgebra of A deemed self-dual CAR algebra
and usually denoted with ASDC(H⊕,Γ), where H⊕ = V

⟨·,·⟩⊕ .
Following [2], a state ω : ASDC(H⊕,Γ) → C is said to be quasi-free if

ω(ψ(u1) · · ·ψ(u2n+1)) = 0

ω(ψ(u1) · · ·ψ(u2n)) = (−1)n(n−1)/2 ∑
p∈Ŝ2n

sgn(p)
n∏
i=1

ω(ψ(up(i))ψ(up(i+n)))

where Ŝ2n denotes the subset of S2n consisting of those permutations such that p(1) <
· · · < p(n) and p(i) < p(i + n) for all i ∈ {1, . . . , n}. As pointed out in [2, Lemma 3.2],
there exists a bijection between quasi-free states on ASDC(H⊕,Γ) and the set

Q(H⊕) =
{
A ∈ B(H⊕) s.t.0 ≤ A = A∗ ≤ id, A+ ΓAΓ = id

}
.

This bijection is given explicitly by

ωA(ψ(u)∗ψ(v)) = ⟨u,Av⟩⊕ .

If A2 = A, then A is called a basis projection and the state ωA is a Fock state. These
correspond to the pure states, as pointed out in [30]. A state ω is deemed gauge invariant
if it holds that

ω ◦ αλ = ω, αλ : ψ((u1, u2)) 7→ ψ
(
(eiλu1, e

−iλu2)
)
.
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5.3. Quadratic functionals and the associated Bogoliubov transformations

A quasi-free state is gauge invariant if and only if A = A1 ⊕C−1(id−A1)C for some oper-
ator 0 ≤ A1 = A∗

1 ≤ id on the Hilbert space D(Sr,1(M, g0))⟨·,·⟩S0 . The GNS representation
(πP ,HP ,ΩP ) associated to a gauge invariant Fock state ωP is then given by

πP (ψ(u)) = a(Pu)∗ + a(Γ(id − P )u)

where a(·)∗ and a(·) denote the creation and annihilation operators on the Fock space
F(PH⊕), which can be written as

F
(
P1D(Sr,1(M, g0))⟨·,·⟩S0 ⊕ C−1(id − P1)CD(Sr,1(M, g0))

⟨·,·⟩−S0

)
.

The group of unitary operators on H⊕ commuting with Γ, which shall be denoted with
O(H⊕,Γ) preserves the defining relations of ASDC(H⊕,Γ); therefore if one defines a right-
action of O(H⊕,Γ) on {ψ(u)}u∈V ⊕ via

αT : ψ(u) 7→ ψ(Tu)

the maps αT are ∗-endomorphisms of ASDC(H⊕,Γ) named Bogoliubov transformations.
Notice that O(H⊕,Γ) acts on the right also on Q(H⊕), via

RT : A 7→ T ∗AT .

It is easy to see that
ωA ◦ αT = ωRTA .

The Shale-Stinespring criterion [42] (see also [8] for the criterion in the context of self-
dual CAR algebras) states that given a gauge invariant, Fock state ωP , a Bogoliubov
transformation αT is unitarily implementable in the representation πP if and only if
P − T ∗PT ∈ B2(H⊕), i.e. if it is an Hilbert-Schmidt operator.
It is often convenient to adopt an equivalent formulation of the self-dual CAR algebra in
terms of Cauchy data on a Cauchy surface Σ ↪→ M . It is possible to show (see [17] and
[24]) that there exists a unitary transformation

UΣ : (V ⊕, ⟨·, ·⟩⊕) →
(
C∞

0 (Σ, Sr,1(M)|Σ) ⊕ C∞
0 (Σ, Sr,1(M)|Σ), ⟨·, ·⟩Σ

)
explicitly given by

V ⊕ ∋ (u, v) 7→
(
S0u|Σ, S∗

0v|Σ
)

and where
⟨u, v⟩Σ =

∫
Σ

(u1, νΣ ·Γ v1) dµΣ
g −

∫
Σ

(u2, νΣ ·Γ∗ v2) dµΣ
g .

This unitary transformation induces a ∗-algebra isomorphism between the self-dual CAR
algebra ASDC(H⊕,Γ) and the self-dual CAR algebra ASDC(HΣ,ΓΣ) where HΣ denotes
the completion

HΣ = C∞
0 (Σ, Sr,1(M)|Σ) ⊕ C∞

0 (Σ, Sr,1(M)|Σ)
⟨·,·⟩Σ

and ΓΣ = UΣΓU−1
Σ . Moreover, notice that if T ∈ O(H⊕,Γ), then TΣ = UΣTU

−1
Σ ∈

O(HΣ,ΓΣ); these objects have the same behaviour as that of their counterpart in the
self-dual algebra ASDC(H⊕,Γ), including the Shale-Stinespring condition.
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5.3 Quadratic functionals and the associated Bogoliubov transforma-
tions

In Proposition 5.1.4 we have shown that given an allowed quadratic functional Q ∈
F2

loc(S
⊕
r,1(M, g0)), the adjoint action of the even elements AQ ∈ A associated to it on the

generators of the Clifford algebra {B1(uf )}f∈V is given by

AQB
1(uf )A−1

Q = B1(T⊕
Q uf ) .

Now, notice that due to its particular form, T⊕
QΓ = ΓT⊕

Q . Moreover, we have that T⊕
Q ≡ id

on D̃⊕
0 D(S⊕

r,1(M)): indeed,

T⊕
Q D̃⊕

0 f = D̃⊕
0

id︷ ︸︸ ︷
S̃−
Q

⊕ (D̃⊕
0 + P̃Q

)
S̃+

0
⊕D̃⊕

0︸ ︷︷ ︸
id

f = D̃⊕
0 f

and thus it descends to a well-defined, linear, invertible operator T⊕
Q : V ⊕ → V ⊕. More-

over, due to Proposition 5.1.4 and Theorem 4.3.5 we have

Corollary 5.3.1. For each Q ∈ F2
loc(S

⊕
r,1(M)), the operator T⊕

Q : V ⊕ → V ⊕ is isometric
with respect to the inner product ⟨·, ·⟩⊕.

Proof. Given the family {B1(uf )}f∈V of R-linear, self adjoint objects in A, we know by
Proposition 5.1.4 that for each Q ∈ F2

loc(S
⊕
r,1(M)) there exists an object AQ ∈ A0 such

that
AQB

1(uf )A−1
Q = B1(T⊕

Q uf ) .

Now, consider {ψ∗(T⊕
Q u), ψ(T⊕

Q v)}: by Theorem 4.3.5 it follows that

⟨T⊕
Q u, T

⊕
Q v⟩⊕ = {ψ∗(T⊕

Q u), ψ(T⊕
Q v)}

= 1
2
{
B1(T⊕

QReu) + iB1(T⊕
Q Imu), B1(T⊕

QReu) − iB1(T⊕
Q Imu)

}
= 1

2AQ
{
B1(Reu) + iB1(Imu), B1(Reu) − iB1(Imu)

}
A−1
Q

= AQ ⟨u, v⟩⊕A
−1
Q = ⟨u, v⟩⊕ .

Therefore, T⊕
Q : V ⊕ → V ⊕ can be extended by continuity to a unitary operator

T⊕
Q : H⊕ → H⊕ which commutes with Γ, i.e. T⊕

Q ∈ O(H⊕,Γ); this entails that T⊕
Q

induces a Bogoliubov endomorphism of the self-dual CAR algebra ASDC(H⊕,Γ). The
subsequent question is whether given a gauge invariant, Hadamard Fock state ωP on
ASDC(H⊕,Γ), this Bogoliubov transformation is unitarily implementable; as previously
stated, this amounts to show that

P − T⊕
Q

∗
PTQ

⊕ ∈ B2(H⊕) .
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To show this, let us consider the bidistribution on D(Sr,1(M, g0) ⊕D(Sr,1(M)) defined by

K(u, v) ·= ⟨Qu, (P − T⊕
Q

∗
PT⊕

Q )Qv⟩⊕ = ⟨Qu,PQv⟩⊕ − ⟨QT⊕
Q u, PQT

⊕
Q v⟩⊕ .

Notice that we can write T⊕
Q in the following way:

T⊕
Q = D̃⊕

0 S̃
−
Q

⊕(D̃⊕
0 + P̃⊕

Q )S̃+
0

⊕ = (id − P̃⊕
Q S̃

−
Q

⊕)(id + P̃⊕
Q S̃

+
0

⊕) .

By recalling that T⊕
Q is invertible and that

T⊕
Q

−1 = D̃⊕
0 S̃

+
Q

⊕(D̃⊕
0 + P̃⊕

Q )S̃−
0

⊕ = (id − P̃⊕
Q S̃

+
Q

⊕)(id + P̃⊕
Q S̃

−
0

⊕)

one can see that

(id − P̃⊕
Q S̃

+
Q

⊕)(id + P̃⊕
Q S̃

+
0

⊕) = (id + P̃⊕
Q S̃

+
0

⊕)(id − P̃⊕
Q S̃

+
Q

⊕) = id ,

(id − P̃⊕
Q S̃

−
Q

⊕)(id + P̃⊕
Q S̃

−
0

⊕) = (id + P̃⊕
Q S̃

−
0

⊕)(id − P̃⊕
Q S̃

−
Q

⊕) = id .

We can exploit this property to write

K(u, v) = K̃
(
(id + P̃⊕

Q S̃
+
0

⊕)u, (id + P̃⊕
Q S̃

+
0

⊕)v
)

where

K̃(u, v) ·=

D1(u,v)︷ ︸︸ ︷
⟨Q(id − P̃⊕

Q S̃
+
Q

⊕)u, PQ(id − P̃⊕
Q S̃

+
Q

⊕)v⟩⊕

− ⟨Q(id − P̃⊕
Q S̃

−
Q

⊕)u, PQ(id − P̃⊕
Q S̃

−
Q

⊕)v⟩⊕︸ ︷︷ ︸
D2(u,v)

.

Now, suppose that both u and v have their support outside that of J+
0 (Supp(Q)); then

it follows that
(id − P̃⊕

Q S̃
+
Q

⊕)u = u (id − P̃⊕
Q S̃

+
Q

⊕)v = v

and thus D1(u, v) = ⟨Qu,PQv⟩⊕ = ωP (ψ∗(Qu)ψ(Qv)), that is, outside of the future of
the support of the quadratic functional Q, D1(u, v) is just the value of the two-point
function of a Hadamard state, i.e. it is of Hadamard form. The same can be shown to
hold for D2(u, v) outside of the past of the support of the functional Q; by [22], D1(u, v)
and D2(u, v) are Hadamard over all of M × M . Therefore, the bidistribution K̃(u, v)
is regular, being the difference of two Hadamard bidistributions, and it is induced by a
smooth section k̃ ∈ Γ(M×M,S⊕

r,1(M, g0)⊠S⊕
r,1(M, g0)). From this it follows that K(u, v)

is a regular distribution as well. To show this one could argue in the following way: notice
that the composition of K̃ and id + P̃⊕

Q S̃
+
0

⊕ is well-defined; moreover, as K̃ is a regular
bidistribution, its wavefront set is empty, WF(K̃) = ∅. Therefore, by [27, Theorem 8.2.14]
it follows that WF(K) = ∅, and thus K is a regular distribution as well. Moreover, notice
that the integral kernel of K, denoted by k ∈ Γ(M × M,S⊕

r,1(M, g0) ⊠ S⊕
r,1(M, g0)) is a
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5.3. Quadratic functionals and the associated Bogoliubov transformations

bisolution of the Dirac operator D⊕
0 , and that K(u, v) = 0 if both u and v have support

outside of J0(Supp(Q)).
Using the equivalent formulation in terms of initial data on any Cauchy surface Σ ↪→ M ,
it is possible to write, for u, v ∈ C∞

0 (Sr,1(M)|Σ) ⊕ C∞
0 (Sr,1(M)|Σ),

K(U−1
Σ u, U−1

Σ v) = ⟨U−1
Σ u, U−1

Σ UΣ(P − T⊕
Q

∗
PT⊕

Q )U−1
Σ v⟩⊕

= ⟨u, UΣ(P − T⊕
Q

∗
PT⊕

Q )U−1
Σ v⟩Σ

·= KΣ(u, v) .

Then asK is induced by a smooth bisolution of the Dirac operator in Γ(M×M,S⊕
r,1(M, g0)⊠

S⊕
r,1(M, g0)), it follows that KΣ is a bidistribution induced by a smooth section in Γ(Σ ×

Σ, S⊕
r,1(M, g0)|Σ⊠S⊕

r,1(M, g0)|Σ). This property is of the utmost importance as it simplifies
the proof that P − T⊕

Q
∗
PT⊕

Q is a Hilbert-Schmidt operator: indeed, the above equaility
implies that it suffices to show that the integral kernel kΣ ∈ Γ(Σ × Σ, S⊕

r,1(M, g0)|Σ ⊠
S⊕
r,1(M, g0)|Σ) is actually square-integrable. Notice that due to the fact that K(u, v) = 0

if both u and v have their support outside of J0(Supp(Q)), then it follows that, defining
C = Σ ∩ J0(Supp(Q)) which is a compact subset of Σ, the contribution to the L2-norm
of kΣ are due to the integrals over C × C , C × Σ \ C and Σ \ C × C . The first one clearly
poses no problem to the L2-integrability of kΣ (which we recall is a smooth section); thus
let us focus on the other two sets.
Clearly if Σ is compact then kΣ is in L2(Σ, dµΣ

g ); unfortunately, to our knowledge showing
that the L2-norm on those set is finite in a generic globally hyperbolic spacetimes and
given a generic quasifree, Hadamard state is quite challengeing.
An instance in which the L2 integrability holds is that of Minkowski spacetime (M, g) =
(Mr+1, η) with ωP being the vacuum state; the proof closely follows that in [47].
Consider the L2-norm of kΣ; as stated before, the contributions to this norm come from
the integrals over C ×C , C × Σ \C and Σ \C ×C . We further split the last two domains
in the following way: we consider a relatively compact neighborhood U of ∂C in Σ, and
then we consider

U1 = (Σ \ C ) ∩ U .

The integral over C ×Σ\C can then be written as the sum of an integral over C ×U1 and
an integral over C × (Σ \C ) \U1. As kΣ is a smooth section in Γ(Σ × Σ, S⊕

r,1(Mr+1, η)|Σ ⊠
S⊕
r,1(Mr+1, η)|Σ), the first integral is clearly finite; we can thus focus on the integrals over

C × (Σ \ C ) \ U1 and C × (Σ \ C ) \ U1 .

Now, we know that the integral kernel of K̃ is a smooth function given by the difference
of two bidistributions D1 and D2. If the Cauchy surface Σ on which we compute the
L2-norm is such that Σ∩J+

0 (Supp(Q)) = ∅, then the integral kernel of D1 is given by the
Wightman two-point function of the Dirac field. Recall that if the Dirac field is massive,
then for spacelike-separated points away from the diagonal (like in the case C ×(Σ\C )\U1)
the Wightman two-point function is smooth and decays rapidly7 and thus its L2-integral

7See for instance [11, Appendix A] for the Wightman two-point function of the massive scalar field; the
massless one can be obtained by considering the limit as m → 0+. The one for the Dirac field is obtained
by applying the Dirac operator to the scalar one.
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on C × (Σ \ C ) \ U1 is finite; the same integrability holds for the Wightman two-point
function of the massless Dirac field, although this is not a rapidly decreasing function8.
The same argument applies to the integral kernel of D2 if Σ∩J−

0 (Supp(Q)) = ∅; moreover,
by the Dirac current conservation, the L2-integrability of the kernel of D2 also holds on Σ
such that Σ ∩ J+

0 (Supp(Q)) = ∅, the Wightman function being a bisolution of the Dirac
equation.
Now, the integral kernel kΣ is given by the restriction of the (smooth) kernel of K, which
we recall is given by

K̃ ◦ (id + P̃⊕
Q S̃

+
0

⊕) ⊗ (id + P̃⊕
Q S̃

+
0

⊕) .

The integrability of this object is the same as that of K̃, thanks to the decay properties of
the integral kernel of the retarded Green operator S̃+

0
⊕ away from the diagonal: indeed,

this object is rapidly decreasing for spacelike separated points in the case of the massive
Dirac field, while its behaviour is the same as that of the Wightman two-point function
in the massless case. Therefore, if we consider the L2-norm of kΣ on C × (Σ\C )\U1, this
is finite; the same clearly holds for (Σ \ C ) \ U1 × C . From this discussion it follows that
kΣ ∈ L2(Σ × Σ, S⊕

r,1(Mr+1, η)|Σ ⊠ S⊕
r,1(Mr+1, η)|Σ). Thus the operator P − T⊕

Q
∗
PT⊕

Q is
an Hilbert-Schmidt operator, and the Bogoliubov transformation of the massive self-dual
CAR algebra ASDC(H⊕,Γ) induced by T⊕

Q is unitarily implementable via UQ in the Fock
representation associated to the Minkowski vacuum. We summarize the results of this
section in the following Theorem:

Theorem 5.3.2. Let Q ∈ F2
loc(S

⊕
r,1(M)) be gauge-invariant with Q = Q∗; let us con-

sider a gauge-invariant, quasifree Hadamard Fock state ω on the (self-dual) CAR algebra
generated by the symbols {B1(uf )}f∈D(Sr,1(M))/D0D(Sr,1(M)). Then

(i) if the Cauchy hypersurfaces of M are compact or

(ii) if (M, g) = (Mr+1, η) and ω is the vacuum state on Minkowski spacetime

there exist a unitary operator UQ on the representation Fock space implementing the Bo-
goliubov transformation induced by Q, that is,

UQB1(uf )U−1
Q = B1(T⊕

Q uf ) .

Remark 5.3.3. Theorem 5.3.2 can be stated in the following, more suggestive way: in
the two cases depicted above, we have extended the Fock representation of the CAR
algebra ASDC(H⊕,Γ) ⊆ B to the C∗-subalgebra of B generated by the CAR algebra and
the objects

{
AQ, Q ∈ F2

loc(S
⊕
r,1(M)), Q = Q∗, Q gauge-invariant

}
, which are associated

to compactly supported, quadratic perturbations of the Lagrangian. 

8Notice that in the case of the massless scalar field, the Wightman two-point function is L2-integrable

for dimension r + 1 ≥ 4.
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5.4 The phases and Bogoliubov’s causal factorization

Proposition 5.1.5 entails that the unitary operators UP+N , UN , UN+Q and UN+P+Q satisfy
the Bogoliubov causal factorization modulo a phase factor. In the case of the scalar
field and of the vacuum state on Minkowski spacetime, it was shown in [15, Section 6],
using a procedure akin to group cohomology, that the phases of the unitary operators
{UQ}Q∈F2

loc(E(Mr+1)) can be chosen so that the phase factor in the Bogoliubov causal
factorization is equal to 1; as the proof relies solely on the properties of the allowed kinetic
perturbations and of the algebraic properties of the S-symbols, an analogous procedure
applies to our case, i.e. for the operators {UQ}Q∈F2

loc(S⊕
r,1(Mr+1,η)).

In order to extend said proof to our case, we need to point out a few key assumptions
though; we start by proving the following Lemma.

Lemma 5.4.1. Consider N,Q ∈ F2
loc(S

⊕
r,1(Mr+1, η)) gauge-invariant with N = N∗, Q =

Q∗; further suppose that N and N + Q are well-defined kinetic perturbations. Then if
uf ∈ D(S⊕

r,1(Mr+1, η)) is such that Supp(uf ) and Supp(Q) are spacelike separated with
respect to the causal structure induced by N , then

SNG (idG ⊗Q)SNG (DG(ηuf )) = SNG (DG(ηuf ))SNG (idG ⊗Q) .

Proof. This follows from (5.2): indeed, denoting with s = ηuf , we can write

SNG (DG(s)) = SG(DG(D̃⊕
0 S̃

+
N

⊕
s)) .

Then
SNG (idG ⊗Q)SNG (DG(s)) = SNG (idG ⊗Q)SNG (DG(s))SNG (idG ⊗Q)−1SNG (idG ⊗Q)

= SG(idG ⊗N)−1SG(idG ⊗ (N +Q))SG(DG(D̃⊕
0 S̃

+
N

⊕
s))

SG(idG ⊗ (N +Q))−1SG(idG ⊗N)SNG (idG ⊗Q)
(5.3)= SG(DG(T⊕

N
−1
T⊕
N+QD̃⊕

0 S̃
+
N

⊕
s))SNG (idG ⊗Q)

= SG(DG(TNQ
⊕D̃⊕

0 S̃
+
N

⊕
s))SNG (idG ⊗Q) .

By (5.4) we then have

TNQ
⊕D̃⊕

0 S̃
+
N

⊕
s = (D̃⊕

0 S̃
+
N

⊕)
[
(D̃⊕

0 + P̃⊕
N )S̃−

N+Q
⊕(D̃⊕

0 + P̃⊕
N + P̃⊕

Q )S̃+
N

⊕]
s .

We now use the hypothesis on Q and uf : namely, if Supp(Q) and Supp(uf ) are spacelike
separated with respect to N we then have

P̃⊕
Q S̃

+
N

⊕
s = 0 S̃−

N+Q
⊕
s = S̃−

N
⊕
s

which entail that
DG(TNQ

⊕D̃⊕
0 S̃

+
N

⊕
s) = DG(D̃⊕

0 S̃
+
N

⊕
s)

and thus
SNG (idG ⊗Q)SNG (DG(s)) = SNG (DG(s))SNG (idG ⊗Q)

as stated.
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This property descends to the objects in the algebra: indeed, we know that

σG(SNG (idG ⊗Q)) = σG(SG(idG ⊗N)−1SG(idG ⊗ (N +Q))) = idG ⊗A−1
N AN+Q︸ ︷︷ ︸
AN

Q ∈B

and that

idG⊗A + iη ⊗B1
N (uf ) = σG(SNG (DG(s))) = σG(SG(DG(D̃⊕

0 S̃
+
N

⊕
s)))

= idG⊗A + iη ⊗B1(D̃⊕
0 S̃

+
N

⊕
uf ) .

Thus also the family {B1
N (uf )}f∈D(Sr,1(Mr+1,η)/D0D(Sr,1(Mr+1,η)) is contained in B. The

relation in Lemma 5.4.1 then reads

ANQB
1
N (uf ) = B1

N (uf )ANQ

whenever Supp(Q) and Supp(uf ) are spacelike separated with respect to N . This be-
haviour is present also in the Fock space representation previously studied: indeed, we
have

UNQ B1
N (uf ) = B1

N (uf )UNQ , UNQ
·= U−1

N UN+Q

where UQ and UN+Q are the unitary operators implementing TQ and TN+Q respectively
and B1

N (uf ) is the perturbed field operator on Fock space associated to B1(D̃⊕
0 S̃

+
N

⊕
uf ).

To proceed further, we can consider the following: starting from the vacuum representa-
tion of the algebra B on Fock space, we can consider its ∗-subalgebra BN (O) generated
by {

B1
N (uf )

}
f∈D(Sr,1(Mr+1,η))/D0D(Sr,1(Mr+1,η))

Supp(f)⊆O

where O ⊆ Mr+1 is any bounded, causally closed region. By construction it follows that
given O1 ⊆ O2 then BN (O1) ⊆ BN (O2); thus the collection {BN (O)}O⊆Mr+1 satisfies
isotonoy and thus provides, modulo weak closure, a net of von Neumann algebras. These
algebras can be endowed with an action of U(1) in the following way: we already have an
action of U(1) on Floc(S⊕

r,1(Mr+1, η)) by

αt(F ) ·= F ◦ χt

where χt was described in Section 4.2. Then after extending this action in an obvious
way to G⊗ Floc(S⊕

r,1(Mr+1, η)) we can induce an action on AG by

αt(SG(F )) ·= SG(αt(F ))

and consequently on A by requiring that

αt
(
σG(SG(F ))

) ·= σG
(
αt(SG(F ))

)
.

Notice that for gauge-invariant functionals as previously described this yields

αt(AF ) = AF
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as expected, while for B1(uf ) it holds that αt(B1(uf )) = B1(χtuf ).
Under the additional assumption that the net of local algebras {BN (O)}O⊆Mr+1 satisfies
twisted Haag duality (cfr. [18] and [43]) with respect to the gauge group U(1) and its
action αt, we then have by Lemma 5.4.1 that

UNQ ∈ BN (O)t

where O denotes the causal closure of Supp(Q) and t denotes the twist induced by the
gauge group U(1) via a Klein transformation. At the same time, it follows that if P is such
that Supp(P ) is spacelike separated from Supp(Q) with respect toN , then UNP ∈ BN (O′)t,
where O′ denotes the spacelike complement of O. To conclude, notice then that{

UNF , F ∈ Floc(S⊕
r,1(Mr+1, η))2, F ∗ = F = F ◦ χt, Supp(F ) ⊆ O

}
are gauge-invariant elements of B, and thus they belong to the actual observable subal-
gebras of BN (O)t and BN (O′)t; for these subalgebras actual Haag duality holds, i.e. UNQ
and UNP commute whenever Supp(Q) and Supp(P ) are spacelike separated with respect
to N .
This property is fundamental because it then entails the following: as stated at the be-
ginning of this Section, by Proposition 5.1.5 we have

UP+NU
−1
N UN+Q = α(N,P,Q)UN+P+Q

with α(N,P,Q) a phase factor. Then if the supports of P and Q are spacelike separated
with respect to N we can also write

UQ+NU
−1
N UN+P = α(N,Q,P )UN+P+Q .

Under the assumption of twisted Haag duality, we concluded that UNP and UNQ commute;
but this entails that

α(N,Q,P )UNP+Q = UNQ U
N
P = UNP U

N
Q = α(N,P,Q)UNP+Q

i.e. the phase factors α(N,P,Q) and α(N,Q,P ) are equal whenever P and Q are spacelike
separated with respect to N . This property is a key property in the proof carried out in
[15, Section 6], which can then be extended effortlessly to our case, yielding the following
result:

Theorem 5.4.2. Let us consider the collection of gauge-invariant, self-adjoint functionals
Q ∈ F2

loc(S
⊕
r,1(Mr+1)). On the antisymmetric Fock space associated to the Minkowski

vacuum the unitary operators UQ given by Theorem 5.3.2 are such that

UP+NU
−1
N UN+Q = UN+P+Q

if Supp(P ) ∩ J−
N (Supp(Q)) = ∅, i.e. they comply with Bogoliubov’s causal factorization.

108



6. Conclusions and outlook

6 Conclusions and outlook

In this thesis, we have shown how the C∗-algebraic framework for interacting quantum
field theories proposed in [14] for scalar fields on d-Minkowski spacetime and extended
to Fermi fields in [12] can be used to model Fermionic fields on globally hyperbolic back-
grounds via a Grassmann covariant multiplication (G, ι); this construction uses abstract
algebras AG generated by symbols {SG(F )} where G denotes a real, finite-dimensional
Grassmann algebra and the label F denotes objects in G⊗Floc(S⊕

r,1(M)). Notice that the
dependence on the Grassmann algebra is functorial: there exist a universal, Z2-graded,
complex ∗-algebra A and a natural transformation σG : G ⇒ GA, i.e. a collection of ∗-
homomorphisms σG : AG → G⊗ A well-behaved with respect to morphisms.
We have shown that A contains a subalgebra, generated by the non-identity A-components
of {σG(SG(DG(ηuf )))}f∈D(Sr,1(M), obeying the canonical anticommutation relations of a
Dirac field on a curved background; moreover, by considering a special class of objects
in F2

loc(S
⊕
r,1(M)), that of kinetic perturbations, we have shown that A contains a “per-

turbed” version of the CAR algebra, generated by the non-identity A-components of
{σG(SKG (DG(ηuf )))}f∈D(Sr,1(M), which obeys the canonical anticommutation relations of
a Dirac field in the perturbed curved background associated to K.
Furthermore, by considering a particular class of functionals, that is, gauge-invariant,
self-adjoint functionals Q ∈ F2

loc(S
⊕
r,1(M)) giving rise to normally hyperbolic operators,

we have shown that the adjoint action of the A-component of SG(idG ⊗ Q) on the gen-
erators of the CAR algebra gives rise to a Bogoliubov transformation of the latter; given
a quasi-free, Hadamard, gauge-invariant state on the CAR algebra it was then shown
that said Bogoliubov transformation satisfies the Shale-Stinespring condition if the glob-
ally hyperbolic spacetime under consideration has compact Cauchy surfaces, or if we are
considering the Minkowski vacuum on r + 1-Minkowski spacetime Mr+1. In the latter
case, under the assumption that under a functional of the above form the “perturbed”
CAR algebras satisfies twisted Haag duality, it is then possible to extend the proof in
[15] to yield a unitary representation of the Bogoliubov transformations which satisfy the
Bogoliubov causal factorization.
Taking into account the recent developments in the algebraic framework, this work has
various potential outlooks: on one hand it is possible to study in a sound context fermionic
anomalies (as carried out in [13] for the scalar field), while on the other it is possible to
study coherent and squeezed states for fermions (see [38], [33] as well as [23] where multi-
excited fermionic states are introduced and shown to behave as the Weyl coherent states).
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