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Abstract

We study interacting Fermionic fields on globally hyperbolic spacetimes in the con-
text of dynamical C*-algebras. Our focus is on a particular class of interactions, that
of kinetic perturbations; we provide their definition and we show that these induce,
in the fermionic dynamical C*-algebra, symbols that obey the canonical anticommu-
tation relation in a locally perturbed spacetime. We also study the adjoint action on
the CAR algebra, a C*-subalgebra of the fermionic dynamical C*-algebra, induced
by symbols associated with functionals that are compactly supported, self-adjoint,
gauge-invariant, quadratic, and which induce normally hyperbolic operators (these
are objects which can be interpreted as quadratic perturbations of the free Dirac La-
grangian); we show that this amounts to a Bogoliubov transformation of the CAR
algebra. Said Bogoliubov transformation is shown to satisfy the Shale-Stinespring
criterion for every gauge-invariant, quasifree, Hadamard state on the CAR algebra in
a globally hyperbolic spacetime with compact Cauchy surfaces, and for the Minkowski
vacuum; therefore the Bogoliubov transformation is implemented via unitary oper-
ators on the associated representation Fock space. In the case of the Minkowski
vacuum, we also show that the phases of the unitary implementers can be chosen so
that these satisfy the Bogoliubov causal factorization, provided that the representa-

tion of the perturbed CAR algebra satisfies twisted Haag duality.
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1. Introduction

1 Introduction

Recently, D. Buchholz and K. Fredenhagen [14] developed a novel C*-algebraic framework
to describe interacting quantum fields, that of dynamical C*-algebras. Starting from a
Lagrangian .Z for the scalar field on Minkowski spacetime M?, they consider a family of
abstract symbols {S(F)} pes,.(ar), which the authors regard as local scattering matrices,
labeled by local, polynomial functionals (i.e. interactions). The free group of these
S-symbols is then quotiented by the ideal generated by two relations, both proven for
S-matrices in the context of perturbative algebraic quantum field theory (see [36] and
[20)):

(i) Bogoliubov’s causal factorization, which encodes the causal structure of the back-
ground spacetime;

(ii) an integrated version of Schwinger-Dyson’s equation (see |14, Appendix] and [12|
Section 7]), which encodes the dynamical features of the chosen Lagrangian .7, i.e.
the field equations.

Starting from this group, one constructs a complex *-algebra (where the involution is
defined as to make the S-symbols unitary) which is then endowed with a C*-seminorm;
the dynamical C*-algebra 2 & is then its enveloping C*-algebra |34 Definition 10.1.10].
In [14], the authors construct a net of local algebras complying with Haag-Kastler axioms;
moreover, they show that given the Lagrangian of the free-field, the associated dynamical
C*-algebra contains as a subalgebra the Weyl C*-algebra. Finally, they show that given
a Lagrangian . and considering the perturbed Lagrangian .Z + V, it is possible to find,
given a bounded, causally closed region O C M?, a region 9] containing its closure such
that 2.,y (O) is isomorphic to a subalgebra of Ay (O).

In [15], the same authors enlarge the class of functionals they consider by allowing for
kinetic perturbations, that is, compactly supported perturbations of the kinetic term of
the free Lagrangian for the scalar field on Minkowski spacetime which mimic local per-
turbations due to gravity. They show that given a kinetic perturbation K, the relative
S-symbols of the Weyl operators satisfy a modified version of the canonical commutation
relations, which takes into account the metric deformation whose information is contained
in K. In the same reference, the authors moreover show that the S-symbols associated
to quadratic functionals (which include the kinetic perturbations) give rise to Bogoliubov
transformations of the Weyl algebra; when considering the Minkowski vacuum state on
the Weyl algebra, these are shown to satisfy Shale’s criterion [41], and thus can be unitar-
ily implemented on the representation Fock space. Finally, assuming that the perturbed
Weyl operators on the bosonic Fock space satisfy Haag duality, the authors show that the
phases of the unitary implementers of the Bogoliubov transformations can be chosen so
that these operators obey Bogoliubov’s causal factorization.

The framework of dynamical C*-algebras was subsequently extended to Fermionic fields
in [12]. A straightforward extension is however impossible: indeed, in the Fermionic case,
only a certain class of functionals (the gauge-invariant ones) admits a physical interpre-
tation as the class of interactions, and thus as a family of labels of the S-symbols when
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these are understood as local S-matrices. The issue is that if one were to consider only
these functionals in the construction of a dynamical C*-algebra, one would be unable
to incorporate the Schwinger-Dyson equation which requires linear (and thus non-gauge
invariant) functionals. To solve this issue, the authors construct a functorial version of
the so-called “n-trick” [20], called covariant Grassmann multiplication, which is used to
alter the combinatorics of fermionic functionals to the bosonic case in a functorial way.
This enables them to construct a functor which assign to each real, finite-dimensional
Grassmann algebra G and abstract Zs-graded, complex x-algebra 2g; this algebra is con-
structed using Sg-symbols labeled by fermionic functionals tensored with the Grassmann
variables and it incorporates the causal factorization |(i)|and the dynamics Due to the
functoriality of the assignment, it is possible to extract a Zs-graded, complex x-algebra
2(; in [12, Section 5] the authors show that in the case of the Lagrangian of the free Dirac
field on Minkowski spacetime M*, the algebra 2 contains a C*-CAR-subalgebra, i.e. the
canonical anticommutation relations.

1.1 Outline of the thesis

This last paper is the starting point of this thesis. Our goal was first of all to extend the
construction provided by [12] to the free Dirac field on a globally hyperbolic, Lorentzian
spin manifold; then among the functionals labeling the S-symbols our goal was to single
out and study the behaviour of kinetic perturbations. On curved-spacetimes these are
highly non-trivial as both the Dirac operator and the spinor bundles, whose space of
sections is the configuration space for the Dirac field, depend on the metric. Finally, my
goal was to study the behaviour of a certain class of quadratic perturbations and possibly
prove that the S-symbols associated to them can be unitarily implemented on Fock space.

Chapter 2: geometric and analytic preliminaries

In Chapter [2] we review some of the necessary geometric and analytic notions, in order to
also fix the notations used throughout the thesis. In Section [2.1] we briefly describe spin
manifolds, spinor bundles and Dirac operators; in Section|2.2| we review two topologies one
can endow the spaces of sections of spinor bundles with, the Fréchet topology (Section
2.2.1) and the Whitney C*°-topology (Section [2.2.2)). The first one is used to define
fermionic functionals (see the brief review in Section [2.3), while the second one is used to
show well-posedness of kinetic perturbations.

Chapter 3: different metrics and spinors

In Chapter [3] we begin by showing that if two globally hyperbolic metrics gy and g; are
such that

(i) g1 is a compact perturbation of go;

(ii) the gradient of the Cauchy temporal function of gg is timelike for g; and that the
Cauchy slices {t9 = k} are spacelike hypersurfaces for g;;
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then these can be joined by a smooth one-parameter curve of Lorentzian metrics (see
Section . In Section we then use this fact together with some tools presented in
[5] (which we describe in detail in Section [3.2.1] and [3.2.2)) to define an invertible, linear
map 7¢ which allows to relate sections of spinor bundles associated with the two different
metrics.

Chapter 4: the dynamical C*-algebra for the Fermi field

In Chapter 4] we then generalize the contents of [12] to the globally hyperbolic case. In
Section [4.1] we provide a brief review of enriched category theory, which is used to refor-
mulate the definition of covariant Grassmann multiplication and results of [12, Section
3]. In Section we consider the free Dirac lagrangian and define fermionic kinetic per-
turbations (see Definition [4.2.1]), which we show to be well-defined fermionic functionals
(Lemma. We then construct, using S-symbols, a functor and a natural transforma-
tion which we show to be a covariant Grassmann multiplication in the sense of Definition
These objects are the foundations of fermionic dynamical C*-algebras. In Section
we show that a universal algebra 2, obtained from the covariant Grassmann multipli-
cation thanks to Theorem [{.1.8] contains a subalgebra generated by self-adjoint, R-linear
symbols which obey the canonical anticommutation relations; we then use this fact to
endow a x-subalgebra of 21 with a C*-seminorm in Section 4.4l Finally, in Section 4.5
we show how kinetic perturbations act on the algebra of the canonical anticommutation
relations; in particular we show that they give rise to “perturbed” symbols in 2 (akin to
the perturbed Weyl operators) obeying a modified version of the canonical anticommu-
tation relations which takes into account the modified geometry of spacetime induced by
the kinetic perturbation.

Chapter 5: automorphisms of the CAR algebra and their unitary implemen-
tation

In Chapter [5| we study the behaviour of the adjoint action of S-symbols associated to
gauge-invariant, self-adjoint quadratic fermionic functionals, and in particular we show
that they give rise to Bogoliubov transformations of the CAR algebra. In Section [5.3
we show that these Bogoliubov transformations satisfy the Shale-Stinespring criterion
(see [42] and [8]) in two cases: for any given quasifree, Hadamard, gauge-invariant state
in a globally hyperbolic spacetimes with compact Cauchy surfaces, and for the vacuum
state on Minkowski spacetime. In Section [5.4] we also point out that using tools similar
to those used in [15, Section 6] it is possible to prove that, in the case of the vacuum
state on Minkowski spacetime, the phases of the unitary implementers of the Bogoliubov
transformation can be chosen so that these unitary operators on Fock space satisfy the
Bogoliubov causal factorization, provided that twisted Haag duality for the perturbed CAR
algebra holds.
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2 Geometric and analytic preliminaries

2.1 Basic notions in spin geometry on pseudo-riemannian manifolds

We begin the exposition by recalling some definitions and results in order to fix the no-
tation used throughout the paper, borrowing some of the content from [1]. We refer the
reader to [46], [29], [26] and [32] for more details.

We shall work on n-dimensional spacetimes, that is, couples (M, g) consisting of a con-
nected, orientable, time-orientable smooth manifoldlﬂ M and a non-degenerate, pseudo-
riemannian metric g. We shall further suppose that two additional conditions hold:

(i) we assume (M, g) is globally hyperbolic: as pointed out in [6], this entails that given a
normally hyperbolic operator, this admits retarded and advanced Green operators;

(77) we also assume that the second Stiefel-Whitney class wa(T'M) vanishes: this enables
us to consider spin structures on T'M. This will be explained in depth later.

On the manifold M modelling our spacetime, we shall consider fiber bundles, i.e., quadru-
ples (B, M,m, F) where w: B — M is a smooth, surjective map and such that there
exists an open cover {U,}aca of the base manifold M (generally given by the domain
of an atlas {(U,, ¢a)}e) and an associated collection {®,: 7~ 1(Uy) — Uy X Flaeca of
diffeomorphisms, called trivialization of the bundle, such that

m 0y = 7[-1y,) for every a € A . (2.1)

Notice that given a point p € M, the fiber B, = 7~ !(p) is diffeomorphic to F; this is the
reason F' is called typical fiber. We can consider the transition functions of the bundle,
that is, the maps

Bog: (UaNUp) x F = (U NU) X F
(n.f) =0 (250 f)) -

By the condition (2.1)), we have that ®,5(p, f) = (p, gap(p)(f)) for some gop: Uy NUp —
Aut(F); the collection {gng}a,gea is called cocycle. We also define the composition

ba = (pa X idr) 0 @o: 71 ({Us) = ¢a(Us) x F
In the context of quantum field theory, one usually deals with two kinds of fiber bundles:

(i) wvector bundles, that is, fiber bundles whose typical fiber is a vector space and whose
cocycle is such that go5(p) € GL(F) for every a, 5 € A, p € Uy NUsg;

(79) principal G-bundles, that is, fiber bundles whose typical fiber is a Lie group G,
whose total space Pg is a right G-manifold with right action R,: P — Pg and
whose trivialization {®,: 771 (U,) — U, x G} consists of right G-equivariant maps.
This entails that the cocycle {gag: Uy N Ug — Aut(G)} consists of left-translations
[46, Lemma 27.7].

1We always assume that manifolds are Hausdorff and second-countable, and thus paracompact.
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Given a principal G-bundle 7: P; — M and a representation p: G — GL(V) of the
group on a finite-dimensional vector space V, we can construct the associated vector
bundle w: Pg x,V — M with typical fiber V', where

PgxpV =Pgx V[~ (p,v)~(Byg(p),pl9)"'v) ¥g € G
[46, Theorem 31.9] shows that there exist linear isomorphisms

P QP V) 5 T (NMT*M @ Pg x, V) 5T (ANT*M® Pg %, V) = Q4(Ps, V)
(2.2)

between the spaces Qg(Pg, V) of V-valued, tensorial g-forms of typ% p on Pg and the
space of g-forms on M with values in Pg x, V.

Let g be the Lie algebra of the Lie group G; Ehresmann connection 1-forms w € Q!(Pg, g)
can be used to induce an exterior covariant differentiation D: QI (Pg, V) — Q%H(Pg, V),

Do=dp+w- o (2.3)
where
1
(Wp@)p(v1s.. ., vg41) = a1 ES: sgn(0) px (Wp (Vo (1)) Pp(Vo(2)s - - + > Vor(g+1))
T€Sg+1

and ps: g — gl(V) is the Lie algebra representation induced by the group representation
D
We can then use the exterior covariant derivative to endow the associated vector bundle
Pg %,V with a connection V: X(M) xI'(Pg x, V) = I'(Pg x, V),

Vs = (D(s%))(v) .

This section of the associated vector bundle can be expressed locally as
(Vos)(p) = la(p), v(p) (s 0 0) + pu (wcr(p) (U*p(vp))> Su(a(p))] (2.4)

where 0: U — Pgy = 7 1(U) is a local section of the principal G-bundle 7: Pg — M,
usually deemed local gauge choice. The pullback o*w € Q'(U, g), which is such that

(@) (V) lp = waip) (Fp(v))

is called local gauge potential.
An important construction which can be carried out in the case of complex vector bundles
is that of the conjugate bundle. Let us recall that given a complex vector space V, the

*These are V-valued g-forms w on Pg such that Rjw = p(g) 'w for all g € G and such that, given
vector fields {X;}1<i<q on Pg, it holds that w(X1,...,X,) = 0 if m.(X;) =0 for some ¢ € {1,...,q}.
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conjugate vector space V is a vector space which is real-isomorphic to V' and whose com-
plex structure is the conjugate complex structure. The antilinear isomorphism between
V and V shall be denoted with C: V' — V, and it can be used to induce, starting from a
linear map L: V — V, a linear map L: V — V by defining

L=C'loLoC.

Given a basis {€;}ies of V, the components {f;‘}i,je 7 of L are the complex conjugates of
the components of L in the basis {C€;}cr, i.e.

R —
L;=1L;.
If V is endowed with a sesquilinear form, then one can show that V ~ V* where V*
denotes the dual space to V. These facts can be extended to the case of complex vector
bundles in the following way: first of all, consider a vector bundle E 5 M with typical
fiber V, whose cocycle is given by {gag}a,gea; then one can construct another vector
bundle with typical fiber V' and whose cocycle is given by {9aB}a,pea; this vector bundle
is the conjugate vector bundle E = M. The conjugation map C: V — V can be extended
to a vector bundle anti-isomorphism C: E — E, and if E is endowed with a hermitian
metric h, then

(i) h, which assigns to every point p € M a sesquilinear form h, on E,, can be under-
stood as a map assigning to each p € M a bilinear map h,: E, x E, = C;

(i) we have an isomorphism E ~ E*.

Let us now consider the tangent bundle 7: T'"M — M on our spacetime; by the assump-
tions on (M, g) this is an oriented vector bundle endowed with a Lorentzian structure, and
we can thus consider its oriented, pseudo-orthonormal frame bundle, that is, a principal
SO%rbundle Tp: Psoﬂl(M ) — M naturally associated to itﬂ As the second Stiefel-
Whitney class wq (T M ) of M vanishes, we can consider a spin structure on T'M, that is,
a principal Spingl—bundle TP PSpinQ X (M) — M coupled with a 2-sheeted covering

&: PSping’l — PSO%1 (2.5)
such that & (Ry(p)) = Rey(q) (£(p)) for every p € PSpingyl’ g e Spin?vl, with &q: Spingl —
SOQ’I being the double covering map. This entails in particular that the cocycle {gag: UaN
Ug — Aut(SO?yl)} of the principal SO,Q,l—bundle is given by {&o(sap)}, where {sq5: Uy N
Ug — Aut(Sping?l)} is a cocycle for the principal Spin?}l—bundle.

Remark 2.1.1. We point out a few important dimensional considerations: if » # 1 then
Spin,.; is non-trivial, i.e. connected, over each connected component of SO,.;, while for

3Here, SOQJ denotes the identity component of SO, ;. The same notation is used for the identity
component of Spin,. ;.
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r = 1 we have Spin; ; >~ SOy 1 x Z3 [29, §I, Proposition 2.10]. In particular, &y is the
universal covering map of 809,1 if r > 3, as in this case Spin?yl is simply connected [29, §I,
(2.35)]. If r = 2 we have Wl(SpingJ) ~ Z, while if r = 1 we instead have ﬂl(Spin?J) ~
and Spin(l)y1 ~ SO?J x {0}. Notice that in this case we don’t have a double covering
map &p: Sping,l — 80971 between the identity components of the Spin(1,1) and special
orthogonal groups. This can be solved by considering instead the 2-sheeted covering
&o: SO%1 X Loy — SO%I. 2

By the Fundamental Theorem of Riemannian geometry, there exists a unique torsion-
free, metric compatible connection w € Ql(PSOo E 50971), the Levi-Civita connection; using

the covering map and the Lie algebra isomorphism &, : 5pin271 — 50271, this connec-
tion can be pulled back to a connection 1-form w® € QI(PSpingJ,sping’l), usually called
spin connection.

We can then consider the following: depending on the dimension r + 1 of our spacetime
M, there exists a complex representation of the Spin group Aglz Spingl — GL(V,C)
which is irreducible in the odd dimensional case and reducible in the even dimensional
one [29, §I, Proposition 5.15]. In both cases, the representation descends from a complex
representation p: 62,1 — End(V,C) of the Clifford algebra €%, 1. [29, §I, Theorem 5.7
shows that there exists a unique Clifford algebra representation if r + 1 is even, while
there exist two inequivalent representations if  + 1 is odd; the induced Spin representa-
tion in the latter case doesn’t depend on the choice of the chosen representation. These
representations can be used to carry out the following construction:

(1) given a complex Spin representation A;gl : Spin%l — GL(V, C), we can consider the
complex spinor bundle

7,1

(74) we can also consider the Clifford algebra bundle

where c/: SOQJ — Aut(%%,.1) denotes the unique extension to the Clifford algebra
¢V, of the action of SO%I on (R™! g,1). It can be shown that the fiber of €¢(M)
at p € M is isomorphic to €¢(T,M, gp).

These two bundles are related by means of the Clifford module multiplication
p: (M) S(M) — S(M)

which explicitly uses the fact that Agl descends from an algebra representation of €%,.;.
Thanks to the spin structure, this map can then be extended to yield a Clifford module
multiplication

T XM)@T(S(M)) — T'(S(M)) (2.8)
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between vector fields and sections of the spinor bundle.
We shall indicate with

VS X(M) @ T(S(M)) — D(S(M)) (2.9)

the covariant derivative induced as of (2.4) on the spinor bundle by the spin connection
w®. This connection behaves well with respect to the Clifford multiplication, in the sense
that it is a module derivation: given s € I'(S(M)) and v,u € X(M) we have

Vi(-os)= (V) rs+vrVes. (2.10)

The Clifford multiplication can be combined with the covariant derivative V® and with
the musical isomorphism induced by the metric to yield a partial differential operator
acting on sections of the spinor bundle, the Dirac operator

D: [(S(M)) — I(S(M))

| (2.11)
s = D(s) =14 (-n(V(s))) +m

where m € [0, +00) is the mass of the Dirac field.
Given a local orthonormal frame {e;} C I'(T'M) and its dual {e/} C I'(T*M) and con-
sidering the local section o Uy — Pgpi0 (M), (2.11)) can be written locally as

D(s)(p) = Y ic’ () r [a@), ei(p) (50 o) + AT, (wip)(0n,e5(p)) s (o (p) + ms%(p))} :
J

The local expression above can be written even more explicitly as

. 1
D(s)(p) = i€ (p) + [a@), ei(p) (50 0) + 5 S Thieh (o) v ep) v $H(0(p)) + mst (o (p)
k<l
(2.12)
where Fé-k denote the (non-holonomic) Christoffel symbols of the Levi-Civita connection
on M inducing the spin connection w®. We present the derivation of the explicit form of
the Dirac operator in three different spacetimes.

Example 2.1.2. We provide three explicit examples of the Dirac operator computed

using (2-12).

(i) Let us consider (flat) Minkowski spacetime (M,g) = (R* 7n) and the embedding
of X(R?) into T'(¢¥(R*)) given by e; — 7;,7j(p) = v; where {y;}1<j<4 are the
usual Gamma matrices in the Dirac representation. By choosing the global pseudo-
orthonormal frame {9; }1<;<4 one can write, for a function s € I'(S(R?*)) ~ C*°(R%,C*)

D(s) = 7/ 0;s +m

which is the usual expression of the (massless) Dirac operator.
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(ii) A more poignant example is that of the Dirac operator in Schwarzschild spacetime,

-1
M =R x (rg, +00) x §' 9:_<1_%>dt®dt+ (1_%) dr  dr + rgg
r r

To carry out the computations, one considers a (in this case global) pseudo-orthonormal
frame {6j}1§j§4,

—-1/2 1/2 1 1
61:<17;g> Bt 62:<1:‘;g) 87« 63:;89 64:7"Sin(¢9)8¢

and the associated embedding e; — ; where, as before, {7;}1<j<4 are the Gamma
matrices in the Dirac representation. In this non-holonomic, pseudo-orthornormal
frame the Christoffel symbols are given by

1
;‘k; = 577“% (ijk + Cmkj — Cjkm)

where 7 is the flat metric and
m m
[ei, €5] = cfkem,  Cjkp = TpmCj,

One can also exploit the properties of Christoffel symbols and of the Clifford module
multiplication to write

1 , 1 ,
1 > Toje®(p) v e (p) = 3 > T, ]

k,l k,l

A lengthy but straightforward computation then leads to
—-1/2 1/2 —1 1
D(s) = iv! (1 - Tg) Ops + iy? (1 - Tg) (&s - r—gg ( - rg> 5 — s)
r r 4r r T
1 cot(6)

1 1
iy | ~Ogs — = iyt ———0 .
+ 1y <r hs 5, s) + 1y rsin(0) oS +m

(iii) Another interesting example is that of Friedman-Lemaitre-Robertson-Walker space-
time,

M=1IxJx§S? 925(75)2(‘dt@dt+dr®dr+f(7”)2982) :

Proceeding in the same way as in the Schwarzschild case, a rather obnoxious com-
putation leads to

D(s) = iy! (1@5 - g S(1) S) + iny? (1&8 - fl(r)s)

5(t) S5(t)? 5(t) S(t)f(r)
.3 1 . cot () . ; "
0 <s(t)f(r)ae St f(r) >+ TS0 f(r) sin(6)

O0ps5+m .
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As one can see from the local expression presented above, the Dirac operator is a first-
order partial differential operator; moreover, from the Weitzenbock formula [6, Example
4.3.3], D? = oV® + % + m? is a normally hyperbolic, second-order partial differential
operator. Therefore, D admits unique advanced and retarded Green operators

ST T(S(M)) — T(S(M)) (2.13)

Do S =idprsay) ST oDlp sy = idr sy Supp(S*(s)) € JJF(SUPP((S)) 7)
2.14

where J~(U) and JT(U) denote respectively the causal past and the causal future of

U C M according to the casual structure induced by the Lorentzian metric.

By [32, Proposition 12.1.65], we know that S(M) admits a Hermitian metric such that

the Clifford multiplication by o € X(M) is an Hermitian automorphism of S(M). We

shall denote this Hermitian metric by (-, -).

2.2 Topologies on spaces of sections of vector bundles
2.2.1 The Fréchet topology

Throughout this Section, 7: £ — M is a smooth, complex vector bundle of rank r over
the base manifold M of dimension n, and the space of its smooth sections is I'(F).

Definition 2.2.1. Let us consider a (maximal) atlas {(Uy, ¥a)}a for M inducing local
trivializations {®,: 7 1(U,) — U, x C"} for E; then given two integers 1 < j < r
and m € N, an index « and a compact subset K C U,, define the following family of
seminorms on I'(E):

50l s = Sup sup 0" (da 05 067" ()] (2.15)
keEN™ zepq (K)
k[<m

Notice that if K C U, N Ug, then we know that

150l pem = sup  sup[0%(da 050651 ()]
k:€<N" €Y (K)
<m

|K|

= sup sup ‘8’“((% o (ﬁgl)i; o(pgoso wgl)k o (pgo @51)(96)‘
|IZ|€<N:1 rE€pa(K)

By using Faa di Bruno’s formula [21], it is possible to expand the derivative of the com-
position into the sum of various terms, involving the partial derivatives of order up to m
of the (local expression of the) cocycle of the trivialization, which we recall is a smooth

map

gap: UaNUg — GL(C") ,

10



2.2. Topologies on spaces of sections of vector bundles

derivatives up to order m of the transition function

©pa’ Pa(Ua NUg) = 03(Us NUg)

and derivatives up to order m of ¢goso ¢El. Thus

50l sem < s sup (06 005" sup  sup [0 (050 02|l
kEN™ zepq (K) kEN™ zepq (K)
|k|<m |k|<m

k7B7K7m

ka,g,K,m

i.e. the various seminorms are equivalent on the intersection of the domains U, and Usp.

Notice that as the manifolds we consider are always second-countable, the atlas {(Uy, ¥a) }a
can be assumed countable; moreover, as the various U, are locally compact and second
countable, they admit an exhaustion by compact sets, i.e. a countable family {K};en
of compact subsets such that K{* C IntK¢; and U;en K = Un. These two conditions
imply that by considering the family

(ke 1277 @€ A K2 €0y me)

we have a countable basis for the locally convex topology 7 induced by the seminorms of
Definition 2.2.71

Let us denote with £(E) the locally convex topological vector space (I'(E), ), where T is
the topology described above; then,

Lemma 2.2.2. £(F) is a complete, metrizable, locally convex topological vector space,
and hence a Fréchet space.

Proof. The fact that it is metrizable is an immediate consequence of the existence of the
countable basis

{Mjaszm 1S5 <7 €A KfCUs meN)

of seminorms. For completeness, we argue as follows: consider a Cauchy sequence {s,} C
E(FE), and given (U,, p,) consider as a compact subset K = {p}, any 1 < 57 < r and
m = 0. We then have that for every € > 0 t.e. n. € N such that

(@00 ) (p) = (B0 0 5V (p)| < 0 il 0 > .

As C is complete, then (¢q o 5,) (p) — (p,s?(p)) for some s/(p) € C; proceeding in a
similar fashion as before one can easily show that the r-uple (s'(p),...,s"(p)) behaves
well under a local trivialization change, thus yielding a map s: M — E which is such
that m o s =idjs. In order to show completeness, we just need to show that s is smooth;
as smoothness is a local property, given any p € M we can fix any local chart (Uy, ¢q)
such that p € U, and then check the smoothness of (¢, 0 s o gpgl)j at p. We proceed by

11



2.2. Topologies on spaces of sections of vector bundles

induction on the order m of derivatives: by hypothesis we know that given any compact
K C U, star-shaped with respect to p = ¢ !(x) we have

sup  sup 0" (da 050 0 95"V (y) = (60 0 s 095 V()| < £ if il > e
keN™ yepa (K)

[k|<m

Thus 0% (¢ © 8, 0 p51)7 converges to some continuous function v
Then by applying Taylor’s formula with integral remainder,

k uniformly on @4 (K).

n 1 )
(ba©8n09a")(y) = (daosnops') (@) + D (y— ) /0 0" (paosopy!) (te+ (1 —t)y) dt
k=1
and by taking the limit, thanks to uniform convergence we arrive at
n 1
(da o509 )(Y) = ($aosows )(z)+ D (y— x)k/o V(@ +t(y — ) dt
k=1

By considering y = = + Aey, dividing by A and taking the limit we arrive at
0" (da 0509, ") (2) = oM (z)

Then by induction on m we have the desired smoothness. Thus s, — s with s € I'(F),
ie. £(F) is complete. O

Remark 2.2.3. It is possible to give an alternative description of the Fréchet topology
on I'(E). Let VF: I'(E) — I'(T*M ® E) and h be a connection and an hermitian metric
on the vector bundle F, and let g be a Riemannian metric on M inducing the Levi-Civita
connection V. Given a compact subset K C M and an integer m € N we define the
following family of seminorms on I'(E):

’ij s(z)

||S||K7m7vE7h7g = sup sup

0<j<mzeK h,g

The topology induced by this family of seminorms is equivalent to the one previously
described: indeed, given any local chart (U,, @) inducing a local trivialization ®, we
can locally write, given a section s € I'(E) and a vector field v € X(M),

(V5,5)" () = 03" () + wi(@)s’ (x)  (Vou)'(2) = O’ (x) + T (2)v*(2)

with wfj and T'}, smooth. We now proceed by induction on m: given a compact set K, we
can cover it with a finite number of coordinate charts {(Ua, ¢a) }1<a<n. It is then possible
to find a collection of compact sets { Kq }1<q<n such that K, C U, and K = |J, K. Then
using the local trivializations and the local charts associated to the chart domains we have,
for m =0,

_ — ko la
sup ls(@)lln,, = max. xseulgalls(x)ﬂh,g = pax, sup Vot ()50 (2)sla ()

< cp g Max max Sup sk"(x)’ .
’ 1<a<n 1<ka<r zc K,

”S”kona,Ka,D

12



2.2. Topologies on spaces of sections of vector bundles

We proceed in a similar fashion for m = 1: notice that due to the smoothness of h, g and
the connection coefficient we have

E : — '
- 8 k . Jo 8 Vo a Ja Zalah
EEEHV s(:v)Hh,g J22x, sup \/ oSk whe sia (2))(0), 5% + wpe, sie(x))giale by, v,

<c E mMax max sup su ‘Bksja x‘ .
= Thg KV 1<a<n1<ga<rk€N%x€I? (z)
|k|<1

181y e, K 1

Proceeding by induction one can show that similar results hold for higher order covariant
differentiation, i.e.

< Chgk,vE,; MAX max sup sup ‘8%”(96)‘ .
h.g 7 T lsasnlSjasrkeN zeKa
k|<j

‘VEj s(z)

sup
zeK

||s||ja7a;Ka;j

Thus the topology induced by the new collection of seminorms is finer than that induced
by the seminorms in Definition The converse implication also holds, and the proof
is entirely analogous to the previous one; thus the two topologies are equivalent. This
procedure also shows that the topology induced by {||-|| ,, v& .} is independent on the
choice of V¥, h and g. 2

Remark 2.2.4. If the base space M of the vector bundle is compact, then the Fréchet
topology whose seminorms are defined in Definition [2.2.1] can be described in the follow-
ing way: first of all, notice that if M is compact then we can restrict to a finite atlas
{(Uq, ¥a) }1<a<n; secondly, proceeding as in Remark we can cover K with a finite
number of compact sets { Ky }1<a<n such that K, C U,. Then given a sequence {s, }nen
such that s, — s in £(F), we have that

_1\J
sup sup |0 (¢o 0 (51 — ‘ = [pax sup _sup ok <¢a o(s,—8)o 90a1> ()| <€
IEM‘IE‘%\I" 1<a ”kGN" z€pa(Ka)
<m

if n > n.. Thus we see that if M is compact s,, — s in the Fréchet topology on I'(E) if s,
and all the partial derivatives of its components converge uniformly to s and the partial
derivatives of its components. 2

2.2.2 The Whitney C'*°-topology

We shall now briefly recall some facts and results about another class of topologies on the
spaces of sections of vector bundles, namely the Whitney C*-topologies. The key result
which will be used later is Theorem [2.2.15; we refer the reader to [31] and [25] for more
details.

13



2.2. Topologies on spaces of sections of vector bundles

Definition 2.2.5. Let M, N be smooth manifolds, and let us consider two C* maps
f:U—= N, g:V — N defined on U,V open neighbourhoods of a point x € M. We say
that f and g are k-tangential at x if f(x) = g(z) and if given two local charts (Uy, ¢4 )
and (Vg,13) centered at x and f(x) respectively we have

D (ggofop,)| =D/ (Ygogop,’)| VI<j<k.
0 0

This condition is easily seen to be independent of the chosen local charts.

Given the notion of k-tangentiality, we define the following equivalence relation: given
r€M,yc N and f,g € C¥(M,N) we say that f ~p g if f(z) = g(x) = y and f and
g are k-tangential at . The quotient C*(M, N)/ ~, shall be denoted with J*(M, N), ,;
the equivalence classes are called k-jets with source x and target y; given a representative
f of the equivalence class z € J*(M, N),.,, we write

2= (f)[a] .
Let us define

JE(M,N), = L] J¥(M,N)yy JE(M,N) = | ] JE(M,N), .
yeEN zeM

We will show that these spaces can be endowed with a (finite-dimensional) manifold
structure; to do so, we first prove some ancillary results.

Lemma 2.2.6. Let U CR", V. C R™ be open subsets, and let us consider the C* maps
fiofo: U=V and g1,92: V. — R¥ such that g1 o fi and g2 o fo are well-defined, fi ~i fo
at x € U and g1 ~k g2 at fi(x) € V. Then gy o fi ~k g2 0 f2 at x.

Proof. By hypothesis we have fi(z) = fo(z) = y and g1(y) = g2(y); thus g1(fi(x)) =
g2(fa(x)). Consider now the case k = 1: we have

D'(g1 0 f1)(z) = D'(g1)(y) o D' (f1)(w) = D'(g2)(y) o D'(f2) () = D' (g2 0 fo) () -

The same holds for k£ > 1: this can be easily seen by using Faa di Bruno’s formula and
the k-tangentiality of g1 ~ g2 and fi; ~i fo. O

Using local charts, the previous result applies without effort to C* maps between
smooth manifolds.

Corollary 2.2.7. Let us consider v € M, y € N, ' € M’, and two smooth maps
o U = Uand: V = V' witha e U, x =) eU,yeV andy = ¢(y) € V.
These two maps induce two maps

"t JF(M,N)y — JE(M',N)y Uit JEM,N) gy — JH(M, Ny
(Al = 55 (f o @)l F(Nlx] = 1o fla] .

14



2.2. Topologies on spaces of sections of vector bundles

Moreover, given another manifold M”, a point 2" € M" and a smooth function ¢': U" —
U’ such that ¢'(z") = 2', we have

¢ op" = (poy)".
Analogously, given N, a point y”" € N" and ¢)': V! — V" such that ¢'(y') = v, we have
¢i SRUMES (WO#J)* .

Proof. By Lemma the maps ¢* and v, are well-defined: indeed, given f and g two
representatives of the k-jet j*(f)[z], then by the aforementioned Lemma we have that
f oy~ gop at 2/; thus it maps the equivalence class j*(f)[z] to the equivalence class
3% (f o ©)[2]. The same applies to 1.
Consider now

@ JEM! Ny — JH(M" Ny
We know that o*(J*(M, N),) C J¥(M’, N)., and therefore the composition ¢’ o ©* is
well-defined. Now, given an equivalence class j*(f)[z] we have

D] B 5 (f o @)la) B (0 9) 0 @)la") = *(f o (90 ))[a"] = (p 0 )5 ()] -
The proof proceeds similarly for (¢ o ))* = '™ o 9)*. O

Notice that if ¢ = idpy then ¢* = id jx(pzny,- Thus in particular if ¢ is a diffeomor-
phism then ¢* is a bijection.
Consider now two open subsets U C R", V C R™, and consider the set J*(U,V); on it
we define the map

(D] WY (@, f(x), D f(@),..., D" f(2)) € U x V x SLYR™, R™) x - - - x SLF(R", R™)

where SL7(R", R™) denotes the set of j-linear, symmetric maps from R” to R™. This map
is clearly well-defined: by the definition of k-tangentiality it doesn’t depend on the choice
of the representative of j*(f)[z], and it is injective: indeed, if given the representatives f
of j*(f)[z] and g of j*(g)[x] we have

(z, f(z),D'f(2),..., D" f(x)) = (z,9(x), D'g(), ..., D"g())

then f ~j g and thus j*(f)[z] = j¥(g)[z]. Moreover, the maps is clearly surjective:
indeed, given any object (zg,y, 51, ,sk) in U x V x SLY(R?,R™) x - -- x SLF(R™ R™)
one can consider the C* function p: U — V,

p(x)=y+s1(x —x0)+ -+ sp(x —x0,--+ , & — x0)

k times

and its k-jet j*(p)[xo]. Notice that the spaces SL’(R"™, R™) are finite-dimensional R-vector
spaces; therefore U x V x SLY*(R",R™) x --- x SLk(R”,Rm) is an open subset of some

euclidean space.
The maps {®y v }crr,vcrm have the following property:

15



2.2. Topologies on spaces of sections of vector bundles

Lemma 2.2.8. Consider U,U' CR"™, V.,V CR™, and two diffeomorphisms p: U — U’
and v: V — V'. Then the map

k k
Dyiyropt oth 0@ UV x [[ SL/(R™,R™) — U’ x V' x [] SL7(R",R™)
j=1 j=1

s smooth.
Proof. Consider a point P = (xg, 4o, 51, - - - , s) € UxV xSLY(R", R™)x- - - x SLF(R™, R™);
by the previous observation we have that @(}1‘/ (P) = 7%(p)[xo]. Then

e 0 g (p)[wo] = j* (Y op o p(0)] -

Then

Dy v (5% (opoyp ™) [p(20)]) = (0(20), ¥ (%0), D thopop™ (p(x0)), .., DFhopor™ (¢(x)) -

As ¢ and 9 are smooth by hypotheses, it suffices to show that P+ D7t opo o=t (p(x0))
is smooth for every 1 < j < k. Consider j = 1: we have

D'opop™(p(xo)) = D'p(yo) 0 510 D' (p(x0)) -

This is clearly smooth in xg, y9 and s1. Proceeding by induction on j one can see that
the higher order derivatives are sum of compositions of derivatives of ¢ and ¢~! and of
sj’s up to the considered order; these objects are all smooth in P. O

Corollary 2.2.9. Given M and N smooth manifolds, given local charts p: U — @(U) C
R™ and p: V. — (V) CR™, define the bijection

k
TV = Puwypvy 0 e 0@ THULV) = o(U) x (V) x ] SL/(R",R™) .
j=1

Then the collection {(J*(U,V),muv)}uv is an atlas for J*(M,N), making it a finite-
dimensional manifold.

Proof. Consider two local charts ¢': U' — ¢o(U’) and ¢': V' — (V") such that UNU’ #
@, VNV # @. Then we can consider

k
Ty JHUNU, VAV = oUnU) xy(V V') x [] SL(R", R™)
j=1

k
v JHUNU, VNV = @ UNT) x ' (VnV') x ][ SL(R",R™)
j=1
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2.2. Topologies on spaces of sections of vector bundles

and the composition

_ _1* * -1 -
TV 0 Ty = Loy vy 0 P 0 @7 0@ oYl 0 B Ly

,1* 1% -1
0@ 00D 1) (v

= Do) 0 (@ o ) o (ot o ® l) iy

=B, ypv) 0P oYL 0

Notice that
bo T (VAV) s p(VNV)  PoplipUnU) = ¢(UNT)

are diffeomorphisms; then by Lemma we have that 7y o 7'5,1‘// is smooth.
The topology on M is then the one whose basis is given by

k
U { 7,4/ (0), 0 open in o(U) x (V) x [T SLI(R",R™) b .
U, v j=1

As M and N are second countable, Hausdorfl manifolds then so is J k(M ,IN). O

Remark 2.2.10. On J¥(M, N) one can define a map 7: J¥(M, N) — M x N: we know
that each equivalence class z belongs to some J*(M, N )a,y; then

m(2) = (2,y) -

This map is smooth: indeed, its given (U, ¢) and (V, %) local charts for M and N its local
expression can be written

(pxp)omoryy =(pxtp)omop oyt od iy -
When acting on the point P = (zo, 3o, S1, - - - , Sk) the expression on the right acts as
(¢ x ) o (7 (™" opo)lp™ (@0)]) = (w0, 30) -

This local expression shows that 7 is smooth and surjective as stated.
Notice that given a function g € C¥(M, N), we can define the map

j*(9): M — J5(M, N)
= (gl .
Given local charts (U, ¢) and (V1)) its local expression is then given by
v 0 35 (g) 0 ¢~ (20) = v (IF(9)le ™ @0)]) = By ows 07! (5 (9)le (w0)])
=oyy (jk@/} ogo 90_1)[530]) =
= (z0, ¢ 0 go @ (m), D'pogop(xg),...,D*pogop(x0)) .

This function is clearly C* with respect to . 2
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2.2. Topologies on spaces of sections of vector bundles

Definition 2.2.11. Let M, N be smooth manifolds; given any open subset U C J* (M, N),
define
MEU) = {f € CHM,N) st j*(HM] C U

The collection {M*(U)}, where U runs over all open subsets of J*(M, N), constitutes
a basis for a topology on C*(M, N): indeed,
U MUY = C* (M, N)
UCJk(M,N) open
and M*(UYNM*(V) = M*¥(UNV), as is easily seen from Definition [2.2.11} Said topology
is called Whitney C* topology. Notice that C>°(M, N) C C*(M, N), and we can endow it

with the subspace topology (let it be W¥) for every k. Then the Whitney C™ topology
on C*®°(M, N) is defined as the topology whose basis is

wee = |Jwk.
keN

This is well-defined, as W* C W' if k < I: indeed, consider the projection
wh: J(M,N) — J*(M, N)
F'(Nle] = 5 (f)la]
which in local coordinates is given by

l !
Fp(U) x (V) x [T S/ (R™,R™) = o(U) x (V) x [[ SL*(R", R™)
j=1 j=1

(x()ayO?Slv"',Sl) — ($07y0>317"'73k) .

T(]j,V o 7Tllc 0 TllJ,V

This map is evidently smooth; moreover, we have that given U C J*(M, N) open,

M (" (U)) ={f € C(M, N) s.t. j(f)[M] C xf,~ (U)}

= {f € C®(M,N) st. my(5'(f)[M]) CU} = M*(U) .

Remark 2.2.12. Given a function f € C*°(M, N), a neighbourhood of f in the Whitney
C* topology W* can be given in the following way: consider a continuous function §: M —
R*, and consider a metric d: J¥(M, N) x J¥(M,N) — R, which exists because every
finite-dimensional smooth manifold is metrizable. Now, define

Bi(f) = {g € C¥(M,N) sit. dG*()le), 3*(9)a]) < 0(a) Vo € M) .
This set is open. To show this, we proceed in the following way: define the mapping

A: J¥(M,N) — R
z = 8(mom(2)) — d(z, 5 (f)[m o m(2)]) .

18



2.2. Topologies on spaces of sections of vector bundles

This function is clearly continuous, being the composition and difference of continuous
functions. Now, A~!(R™) is clearly open in J*¥(M, N) by continuity of A; moreover, we
have that

ME(ATHRT)) = {g € C=(M,N) s.t. Yo € M j*(g)[z] € A~ (RY)}
= {g€ C=(M,N) s.t. ¥z € M §(x) - d(5*(g)[], * (f)[a]) > 0} = Bs(f) -

The collection of {Bs(f)}s is actually a neighbourhood basis for f in the Whitney C*
topology: let O be an open neighbourhood of f, and let U be open in J*(M, N) and such
that f € M*(U) C O. Define

m(z) = inf {d(7*(f)[z], 2), 2 € (m om)~H(z) N (M, N)\ U)}

with m(z) = oo if (w1 o )~ 1(x) C U, and notice that m: M — R U {oo} is lower-
semicontinuous: indeed, consider the interval (a, +00) for @ > 0, and consider m~(a, +-00);
this is the set

{reX|3z€(mon)™ (@) (XM, N)\U) st. d(j*(f)lal,2) > a} .

Fix € X; then by the continuity of d(-,-), we know that there exist V, W C J*(M, N)
open neighbourhoods of j¥(f)[x] and z respectively such that d(z,, z,) > a for z, € U,
z, € V. By considering (71 o )V N (7w o m)W, which is nonempty and open as m o 7 is
open and continuous, we then have that m~!(a, +00) contains an open neighbourhood of
x, i.e. it is open.

As m is lower-semicontinuous, it admits a (necessarily positive) minimum on each compact
subset K of M, and it is possible to find a continuous function dx: K — R™T such that
dr(x) < m(x). By considering a partition of unity it is then possible to construct a
globally defined object 6: M — RT such that §(z) < m(x) for all x € M. Then if we
consider Bs(f) it holds that Bs(f) € M*(U): indeed,

Bs(f) = {g € C%(M,N) s.t. Vo € M d(* (D)), 1*(9)[s) < 3(x) < ()} -

But if d(5%(f)[z], 7% (9)[z]) < 6(z) < m(x) for all z € M then it must hold that j*(g)[z] €
(mpom)~Hz)NU,ie. j8(g)[M] CU.

Finally, it easily holds that given Bs(f) and B,(f), if we define the continuous function
n(z) = min{d(z),y(z)} and consider B, (f) then B,(f) C Bs(f) N By(f). s

Notice that if M were compact, then every 6: M — RT would admit a global
minimum, and we could bound it from below by % for n € N large enough; that is,
Bi(f) € Bs(f). Thus every f € C°°(M,N) admits a countable neighbourhood basis

{Bl (f)} ,i.e. (C®(M,N),W*) is first-countable if M is compact, and thus sequen-
" neN

tial: we can charachterize its topology via sequences. In particular, it follows that a
sequence {f,}nen converges to f in (C°°(M, N), W*) if and only if {f,}nen and all the
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2.2. Topologies on spaces of sections of vector bundles

partial derivatives of order at most k& converges uniformly to f. Thus in the case of M
compact, the Fréchet topology described in Definition and the Whitney C*°-topology
coincide (see Remark [2.2.4)).

On the other hand, for non-compact M we have the following;:

Lemma 2.2.13. A sequence {fn}nen € C°(M, N) converges to f in (C®(M,N), Wk)
if and only if there exists a compact subset K of M such that j*(f,) — j*(f) uniformly
on K and all but a finite number of f,,’s equal f outside of K.

Proof. Let us first prove the direct implication by contradiction: suppose that f, — f in
(C=(M,N),Wk) but that there exists no K CC M with the property described above.
Let us consider a sequence {K;};en of compact subsets of M such that K; C Int(K;41)
and M = U;en K. We know that there exist 9 € M \ Ko and ng € N such that
fro(x0) # f(x0); as the sequence of compact sets is invading, z¢ € Kj, for some ly. In
particular it holds that

(5" (fao) o), 57 (f)[z0]) > ao -

Define a function §: K;, — R by 6(z) = ag. We proceed by induction now: suppose
that we have constructed the sequences zq, ..., xg, ng,...,n; and lg, ..., such that

Jup(wr) # flor) a2 € K,

and that we have a continuous function §: Kj, — RY with §(z) = a; if z € K, \ Kj;_,.
As by hypothesis there exists no K CC M with the properties described in the Lemma,
there exist ng11 > ng, lgy1 >l + 1 and x4 € K \ Kj,+1 such that

Frpir @rt1) # flangr) and thus d(5*(fu,, ) [@rr1], 55 (F)lzes1]) > ar

We then extend by continuity ¢ from Kj, to K, ., by requiring that 6 = agq1 on K, \
K, . Notice that as l41 > I + 1, this extension is possible. Then if we consider B;(f),
there exists a subsequence {fp,}ien such that f,, ¢ Bs(f) for every ¢; but this is a
contradiction, as f, — f in (C®(M, N), W¥).

The other implication follows easily. O

We are shall now state and prove the most important result of this Section; before
that, we need an ancillary Lemma.

Lemma 2.2.14. Let A, B, P be first-countable, Hausdorff topological spaces with P locally
compact and paracompact; further suppose that there exist wo: A — P and my: B — P
continuous mappings. Consider the set

AxpB={(a,b) € Ax B s.t. mq(a) = mp(b)}

and endow it with the subspace topology. Let K C A, J C B such that 74|k and my|; are
proper maps, and let U be an open neighbourhood of K xp J in A xp B; then there exist
open neighbourhoods Ua of K in A and Up of J in B such that Uy xp Ug C U.
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2.2. Topologies on spaces of sections of vector bundles

Proof. (i) First of all, notice that if f: X — Y is a continuous, proper map between

(i)

(iii)

Hausdorff topological spaces and Y is locally compact, then f is closed. Indeed,
suppose that Z C X is closed, and consider y € f(Z). As Y is locally compact,
there exits a compact neighbourhood V of y, and by construction there exists a
sequence {y; }ien in f(Z) which converges to y and which we can suppose is contained
in V. By the hypotheses on f, we have that S = Z N f~!(V) is compact and
non-empty; in particular there exist {z;};ey C S such that f(z;) = y;. As X
is first-countable, we then have that S is sequentially compact, i.e. the sequence
{z;}ien admits a subsequence {z;, }ren converging to x in S. But then by continuity

flx) =limgoo fas,) = limp oo v, =y, 1. y € f(2).

Notice that
AxpB= (7Ta X Wb)_l(Ap)

and thus it is closed in A x B; thus its complement C' = A x B\ A xp B is open,
and so is U U C. Given any p € P, consider

KpiKﬂwgl(p) inJﬂwgl(p)

which are compact as mq|x and m|; are proper, and K, x J, = K, xp J, CUUC.
As K, and J, are compact, there exists V,, 2 K, and W), O J, open and such that

K, xJ,CV,xW,CUUC .

By Ta|lk and |y are closed maps; therefore 7, (K \ V,) and m(K \ W,) are
closed; thus
Py =P\ (ma(K\ V) Ump (K \ Wyp))

is open, and the collection {P,},cp constitutes an open cover of P. By the para-
compactness of P, there exists a locally finite open refinement { P, }, of said cover;
in particular for a given a let p(a) be such that P, C P,,). We then define

Va = VyyUma '(P\ Pa)  Wao =Wy Um, ' (P\ Pa)
and Ug = NaVa, U = NaW.

To conclude the proof, we need to show that K C Ua, J C Up, that Us and Up are
open and that Uy x pUp C U. The first two inclusions are easily shown by showing
that actually K C V,, and J C W, for all a. Indeed, given k € K we can have that
k € Vi) or k & Vyq; in the second case k lies in K\ V), and so my(k) & Ppy(a)-
Therefore 7, (k) € P\ Pya) € P\ Pa. The same applies to J.

To show that U4 and Up are open, consider the following: since the cover {P,},, is
locally finite, given x € Uy there exist a finite collection {P,,, ..., P, } such that
ma(7) € Pa,. As these sets are open, there exists an open neighbourhood U, of
7e () contained in their intersection. Consider now the open set

U= U)NVy NNV, .

a
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2.2. Topologies on spaces of sections of vector bundles

We claim that U’ C Uy, that is, U’ C V, for all a. Clearly by its definition U’ C V,,
for all 1 <4 <mn. On the other hand, for « ¢ {ay,...,a,} we have that U, C P\ P,,
and thus 7, 1(U,) C V,. The same holds for Ugp.
Finally, we show that Ug xp Ug C U. Let (x,y) € Uy xp Up, and let p = m,(x) =
mp(y). As {P,}a covers P, there exists P, containing p, and as x € Uy, then
r € V. Now, as p € Py, then necessarily z € V). Analogously, y € W,). Then
as mq(r) = mp(y), the couple (x,y) € Vjq) X Wp(q) is necessarily in U.

[

Theorem 2.2.15. Let M, N, P be smooth manifold with M compact; then the composition
mapping
o: C®°(M,N) x C*(N,P) — C>*(M,P)
(f:9) = gof
is continuous with respect to the Whitney C* topology for every k € NU {oo}.

Proof. In order to show that the result holds for &k = oo it suffices to show it holds for finite
k’s. Thus let us consider the following: let 7: J*(M, N) — N and 7’: J*(N, P) — N be
the (smooth) projections described in Remark [2.2.10, Consider the fiber product

D = JK(M,N) xn J*(N, P)
and define the map
c: D — J*(M, P)
G ()], i () [f1(@)]) = 55 (fa o f1)[2] -

By Lemma this maps doesn’t depend on the choice of the representatives f; and fs,
and moreover it is continuous. Let us now consider f € C*°(M,N) and g € C*°(N, P);
notice that by definition of ¢,

Mo Hlal = e (5 (Nl iF(9)f(@)]) Yo e M

ie. j*(go f)IM] = c(G*(f)[M] xn j*(g)[N]). Moreover, as j*(f): M — J¥(M,N) is
continuous and M is compact, then 7: j¥(f)[M] — N is proper; the same holds for
7’1 j*(g)[N] = N, as 7' 0 j¥(g): N — N is the identity as can be inferred from Remark
2210

Consider now an open neighbourhood U of j¥(g o f)[M] in J¥(M, P); by the continuity
of ¢, the compactness of M and the previous properties,

FFNIM] % 55 (9)[N] € ¢ H(U)

with 7: 7%(f)[M] — N and 7': j*(¢)[N] — N proper, and ¢ *(U) open. Therefore by
Lemma [2.2.14] there exist V and W open neighbourhoods of j*(f)[M] in J¥(M, N) and
of j*(g)[N] in J*(N, P) respectively such that

VxyWcCcel(U).
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2.3. Fermionic functionals and Lagrangians

Thus given any open neighbourhood M¥(U) of g o f in (C®(M, P), W), there exists
an open neighbourhood M¥(V) x M*(W) of (f,g) such that o(M*(V) x M*(W)) C
MFU). O

2.3 Fermionic functionals and Lagrangians

We shall now present a brief introduction to fermionic functionals, as presented in [12]
and [37], in order to fix the notation. First of all, let us recall that the algebras associated
to the Dirac field need to account for both the spinor and cospinor field, that is, sections
of both the vector bundle S, (M) and its conjugate bundle S, 1(M). In order to do so,
one considers the Whitney sum of the two vector bundles S, (M) & S, 1 (M), which we
shall denote with SS,BI( ). A section u of S,%Bl( ) can be then understood as a couple

(u1,uz) with u; € £(S,1(M)) and ug € £(S,1(M)). The hermitian metric on S, 1 (M),
which induces a (blhnear) pairing
(

(STlM)) ( Tl(M))Bu,vH(v,WEE(M),
can be used to induce a symmetric and bilinear map (denoted with the same symbol)
S(SS?I(M)) X E(Sf?l(M)) S u,v = (v,u) = (vg,ur) + (ug,v1) € E(M) .

One can also define an involution on the space of sections & (S?l(M )) by using the con-
jugation maps C: S, 1 (M) — Sp1(M) and C~1: S, 1 (M) — S,1(M):

E(SP(M)) 3 u= (Z;) ot = (CC‘;Zu) € E(SH (M) .

Using the Dirac operator D: £(S,.1(M)) — £(S.1(M)) and its adjoint D* = C~1oDoC

as well as the causal propagators S: D(S,1(M)) — E(Sy1(M)) and S*: D(S,1(M)) —
E(Sr1(M)) we construct the operators

DY =Deao -D* SY = S@—8*.

Notice that S®, which is the causal propagator for D¥, is formally self-adjoint: indeed,
given u,v € D(SE?I(M)) we have

/ (v, S%u) dpg, = / (v2, Sur) — (S*ug, v1) dug = / — (8%, u1) + (ug, Sv1) dpyg
M M M
= /M (S%v,u) du, .

Let E = M be a vector bundle with typical fiber V (in our case it will mostly be
Sf?l(M )) endowed with a symmetric bilinear metric (-, -); let us consider the space £(F)
of sections of said vector bundle, equipped with the Fréchet topology described in Section

By [45, Theorem 51.5 and Corollary] we know that £(F) is nuclear, and therefore
its projective and inductive tensor products coincide. We shall then consider the tensor
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2.3. Fermionic functionals and Lagrangians

products £ (E)‘gp ; notice that by |10, Proposition III.8] we have that as topological vector

spaces E(E)%P ~ £(E™P), where X denotes the external tensor product of vector bundles.
Now consider, given o € S, the linear operator Uy : E(E)*? — E(E)®P such that

Us(u1 @ -+ @ up) = Ug(1) @+ @ Ugy) -

For each o € S, this map is continuous with respect to the projective topology: indeed,
we know that said topology is given by the collection of seminorms {p; ® --- ® p,} with
pi a seminorm of £(E) and

(11 ®--@pp)(u lnfzpl Uin) -+ Pp(tipn)

where the infimum is taken over all the finite linear combinations

DU @ @ty =
n

Now, consider, given u, any finite linear combination such that

u:Zu17n®®U’p,n
n
Then we get a finite linear representation of Usu, given by
Usth = Ua(t)n ® " Uo(p)n
n
This entails in particular that given any seminorm p; ® - - - ® py,

(pl ® - ®pp)( < 1anp1 “Pp (ua(p),n)

where the infimum is taken over all finite representations of u. Now,
Zpl (ua(l),n) : Zpo-—l U1 n “ Po—1(p) (Up,n)
and so
(1@ @pp)(Us(u) < (Po-1(1) @+ @ Py1(p)) (1)

thus showing the continuity of U,. We then consider its continuous extension to £(E)®?,
which shall be denoted with the same symbol, and we then consider the map A: E(E)®P —
E(E)®P, defined by

Notice that A is continuous with respect to the projective topology on £(E)®P, being a
finite linear combination of continuous maps; it is also idempotent: indeed, we have that

Z sgn(o

O'GSp
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2.3. Fermionic functionals and Lagrangians

Now, let us Compute U,A:
1
UsA = — Z sgn(7)UoUr = — Z sgn(7o)sgn(o)Usre = sgn(o)— Z sgn(7o)Uro
p: TES) p: TES) " TeS)

where the second equality follows from properties of permutations. Again, by properties
of the permutations it follows that S, > 7 +— 70 € S, is a bijection; thus

U,A =sgn(o)A

and we conclude that

'ngn =A.

p: oES)

Using A, we define the space of p-antisymmetric sections
E9(MP,E®P) = A <5(E)®p> .

Notice that if we define APE(E) = A(E(E)®P), we then have
£9(MP, E®0) = E(E)
where = denotes the closure. Given {u;}i1<i<p C £(E), we shall use the notation
U A ANy =Alu @ -+ @ up)
The configuration space for the Dirac field is then given by the (algebraic) direct sum
E) = @pGNE“(Mp, E®P)
In the case E = S (M), the involution previously defined on £(E) can be extended to
an involution -*: C(E) — C(F) in the following way: first of all, we define
(ur A== Aup)™ =upy A Auj

and we extend it by linearity to APE(E). Noticing that continuity easily follows from an
analogous reasoning as to that of U,, the involution can be extended to £%(MP, E¥P) and
finally in an obvious way to C(FE).

We are interested in antisymmetric functionals on the space of sections £(FE), that is,
elements of the strong dual of C(E):

!
F(E)=C(E) = (@peNSG(Mp,E&’)) =[] &¥(m?, E*) = T[] #7(E
peN peN

Its elements can be regarded as sequences {F),},en with F}, € FP(E). The duality pairing
between F(F) and C(F) is given by

u) =Y Fy(up) for all F € F(E), u={up}pen € C(E)
peN

where the sum is finite and thus always well-defined, C(E) being an algebraic direct sum.
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2.3. Fermionic functionals and Lagrangians

Example 2.3.1. We propose here a few examples of elements of F2(E) for the simple
vector bundle S31(M*) = M* x C* over the 4-dimensional Minkowski spacetime M?*:

(i)

Given a compactly supported, smooth map M* > K 3 p — A(p) € L(C* C*) such
that AT = — A, we define on £(S31(M*))

F(u,v) 2/1\414 (p)v’ (p) d*p .

3,j=1

Clearly F(v,u) = —F(u,v) and F(Mui + Agug,v) = A\ F(u1,v) + Ao F(ug,v); by
the universal property of the exterior product then there exists a unique linear map
F: A?2E(E) — C such that F(u Av) = F(u,v). Now, given u = 3, u" A o™, we
have

Fo <3 [

n gj=1

5 (0)} )| d'p

<Y 3 suplup) supp v ) sup 4312 11
n i j— 1PEK peEK

<
ST s, supl s (9] 3 o, suplu (1) poa, supl o 0)

= 8|K| 1;13]?24;3]@&] P 2P sco(u" )P cov")
By considering the infimum over the finite representations of u we then have

F(w)| < 8K 202 sup| iy ()] (P ko © 25, c0) ()

and thus F is continuous on A2E (E) with respect to the (subspace) projective topol-
ogy; its continuous extension therefore yields a functional F' € F2(E).

Given a skew-symmetric matrix A € My(C), a function f € D(M?), and k €
{1,...,4} fixed, let us consider

Z/ F ()" (p) Aij 00" (p) d*p

t,j=1

As before, we have that F(v,u) = —F(u,v) and F(Auj + Aaug,v) = A\ F(ug,v) +
Ao F (uz,v), and thus there exists a linear map F': A2£(E) — C such that F(uAv) =
F(u,v). Again, considering u =Y, u"™ A v"™ we have

P zz/ £)0u () Ay Oy p)] '

< 8’Supp | sup |f P } max ’Azg|
peM*

1<i<j<4
max sup |Q;ui(p)| max sup |9;vf(p)]
= 1<i<4 ,egupp(f) <754 peSupp(f)
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2.3. Fermionic functionals and Lagrangians

Again, by taking the infimum over all the finite representations of u we get

‘F(U)] < 8|Supp(f)| pseﬁjf(p)! lgg§4|Aij| (P7 supp().1 @ PF.supp().1) (W)

and continuity of F follows; its continuous extension to £*(M* x M*, E¥2) is then
a well-defined object in F2(E). *

We define the support of a fermionic functional as

Supp(F) i{x € M s.t. for all U C M open neighbourhood of z
dp e N, {u;}i<i<p € E(E) with Supp(u;) € U and

Fp(ul/\-~-/\up)7é0}.

We endow F(F) with the strong topology, that is, the topology given by the family of
seminorms

pB(F) = igglF(UH

where B C C(FE) is a bounded subset. From [39, p. 33] it follows that B is bounded in
C(FE) if and only if it is given by a set of the form

II B,x{o} B, C £%(MP, E®P) bounded.

peES
SCN finite

Lemma 2.3.2. F(F) endowed with the strong topology is a locally convez, nuclear topo-
logical vector space.

Proof. We have already observed that £(E) equippgd with the Fréchet topology is nu-
clear, and so in particular is &(MP, E®P) ~ £(M)®P. Let us now consider the space
E2(MP, E¥P); this is a closed subspace of a nuclear Fréchet space, and so it is nuclear
and Fréchet [45, Proposition 50.1]. The algebraic direct sum C(FE) is then a direct sum
of nuclear, Fréchet topological vector spaces; it is therefore nuclear [45, Proposition 50.1]
and Fréchet [39, p. 33]. By [45, Proposition 50.6] we then know that its strong dual is
nuclear. O

F(F) can be endowed with an antisymmetric, pointwise product; we start by defining,
given F,G € F(F),

(F A G)p(ul A A up) - Z Sgn(O')
oESp
LA
kz:;) TGy o) A Atto() Gk (o) A+ A )
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2.3. Fermionic functionals and Lagrangians

and then by extending by linearity to APE(E). Notice that the fermionic functional FAG
is then a sequence {(F' A G),}pen of continuous functionals with respect to the projective
topology: indeed,

[(FAG)p(ur A -+ ANup)| < ZZkl

o0€Sp k=0

’Fk(ua(l) AR ua(k))HGp—k(ua(k—i-l) AR ua(p))’

and by exploiting the continuity of {F}}o<r<p and {Gp_i}o<r<p We then have

CrC,
[(FAG)p(us A+ Auy)| < ZZ Lk= Gk
aESkOk'p k)!

T (1)) - DF (Uo()PY (o) PS g (Uo(p)) -

By considering the maximum over the two sums, which is well-defined as both are finite,
we then have that

‘(F AN G)p(ur A== Ny | < Cpy(u1) - “Pp (up)

for certain seminorms {p; }1<i<p on E(E). Then given any u € APE(E), by representing
it as a finite linear combination v =, i, A -+ A up, we have

|(F'AG)p( ’<CZP1 (u1,n) -+ Pp(up,n)

and by taking the infimum over all the representation on the right we have the desired
seminorm on the projective tensor product. One can then extend (F' A G), by continuity
to E4(MP, Egp). This product is associative and graded commutative.

Moreover, the product is also continuous with respect to the topology on F(FE): consider
a bounded set B = [[,c¢ By x {0} in C(E), and consider

pB(F AG) = sup|(F AG)(u)| = sup
ueB ueB

Z(F A G)p(up)

peS

<|S| sup |(F A G)p(up)| -

As F' A G is continuous, the supremum over By is equal to the supremum over a dense
subset of By, which we can take to be the intersection of By with APE(E). Notice that

Bg is bounded in £ (E)gf’, that is, there exist a seminorm p; ® --- ® pp and a constant
r > 0 such that
P1®---®@pp)(u) <rVue By .

By [45 Proposition 43.1] we then know that elements in By N APE(E) can be written as

Z/\kulf/\-~-/\uf—,, Z])\k\<randpz( M<ivie{l,...,p}. (2.16)
k=0
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Now, notice that given any uz € By N APE(E) we then have

p
|(F A G)plup)| < Z|/\k| > sgn(o Z
k=0 oESy l=

‘Fz(uﬁ(nA' H o1 N '/\Ufi(p))‘

By (2.16)), we can bound

\Fz(U’;(l) AREENA ui(l))HGﬁ—l(ug(l—&-l) ARRAEA Uﬁ@))’ < sup |F(w)| sup ‘Gﬁ—l(uﬁ—l)‘
w €BY uﬁ,ZEB%L

with By and Bg_; bounded sets in EY(M!, EXY and £2(MP~! E¥P~1) respectively, de-
scribed by (pa(l) - 'po(l))(ul) <1 and (pcr(l—l-l) .- 'pa(ﬁ—l))(uﬁ—l) < 1. By taking a
suitable maximum over [ € {1,...,p}, p—1 € {1,...,p}, and o € Sy (which is well-
defined as all these sets are finite), we conclude that for all uz € By N APE(E)

[(F A G)plugp)| < 2P, ppr(F)pps (G) .

Thus we have B
pe(F AG) <I[S] TQPPBZE(F)ZDB; (G)

and continuity of the antisymmetric product follows. F(FE) can also be endowed with an
involution -*: F(E) — F(E),

{Fplpen — {F;}

peN’ (Fp)(up) = (=1)7Fp(uy) - (2.17)

The involution is continuous with respect to the topology on F(F): indeed, we have,
given a bounded set B = [[,c¢ By x {0}

S (—1)PF,(up)

peS

<sup Z’

UEBPES

pp(F) = sup]F*(u)| = sup
ueB ueB

Now, notice that as -*: C(F) — C(FE) is continuous it maps bounded sets to bounded
sets; thus we can consider B* which would then yield

pp(F) < sup Z|F up)| <]S]maX{SUP|F Up |} =S| pp:(F)
u€B* pGS P

as desired. These two operations make F(F) into a Z-graded, topological x-algebra.
One can consider derivatives of fermionic functionals in the following way: given F), €

FP(E), the left derivative of F), in the direction h € £(FE) is defined as 0 if p = 0, and if
p > 1 it is defined on AP~1E(E) as

dpFp(u) = Fp(h Au) .
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It is then extended by continuity to £4(MP~!, E¥P~1), thus yielding a linear and contin-
wous map dpF,: E4(MP~1 E¥P~1) — C, ie. diF, € FP"1(E). One can then extend the
map dy,: FP(E) — FP~1(E) to the whole algebra F(E) by considering

dp: F = {Fp}pen = dpF' = {dpFp}pen -
Now,

Lemma 2.3.3. For any h € E(E), dy, is a graded derivation.

Proof. Due to linearity and continuity, it is sufficient to show the result holds on elements
of the form

ur A Nprg—1,  {uiticicprg1 C E(E)

Let us consider, given F' € FP(E), G € F4(E), and h € £(F),

sgn(o)
plq!

dp(FAG)(ur A+ ANtipyg1) = FAG(R AUy A+ ANipygo1) = >

0€Spiq
F(o(h) Ao(ur) A+ A o(uy1)G(o(up) A Ao (uprq-1))

where o(h) acts on h by moving it to the spot indexed by ¢(1) and on u; by moving it to
the spot indexed by o(i 4+ 1). Now, we can decompose the set .Sy, into the two disjoint
subsets

S1={o€Spiqst.o(l)e{1,...,p}} Sy={o€Spgst.ol)e{p+1,...,p+4q}}
and then consider

dh(F A G)(u1 VANCIEVAN up+q_1) =

> Sgn@ F(o(h) Ao(u) A+ Ao(up-1)G(o(up) A~ Ao(upg-1))

£ 30 B pio(h) Aou) A+ A o{up))Glolup) A A o{uprg-)

Let us consider the first sum: as o(1) € {1,...,p}, thanks to the properties of the
antisymmetric product we can write
F(o(R) Aa(ur) A---Ao(up_1)) = (=)D IERAT(u) A AT(up_1))
= (=)W dp F) (@ (ur) A+ AT (up-1))
where @ € Sp44 is the permutation originating from the composition of the permutation
7 that sends o(1) to 1 by pairwise exchanging elements in the wedge product and o,

ie. @ = 7oo. Notice then that sgn(c)(—1)°M~1 = sgn(7), that 7 is, for each o, a
permutation of the last p + ¢ — 1 elements of {1,...,p + ¢}, and that as o runs over all
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permutations in S; we get that & runs over all permutations of {2,...,p + ¢} p times.
Thus
sgn(o
S ) o) A o) A+ Aol 1)) G0 () A+ A ipyg 1))
o€Sy pq:
sgn(o
= 3 O (4 Py @) A AT )@ ) A AT
ogES] P:q:
sgn(o
> U F) o) A Aoty )) G ) A AT ()
TESptg—1 (p o 1)q

=((dnF) NG)(ur A -+ Npig—1)

As for the second sum, one can reason in an identical fashion; the only difference in this
case is that by considering the permutation 7 that sends o(1) to p, we get

sgn(o)(—=1)°W=P = (—1)Psgn(7)

where & leaves 1 invariant. As we sum over all elements of Sy, we get all possible permu-
tations @ of {1,...,p+ ¢} of the last p+ ¢ — 1 terms ¢ times; therefore

> Sg;c_(:)F(a(h) ANa(u) A No(up-1))Glo(up) A~ Ao (Upig-1))
€S> o

—(LP(F A (dhG)) (1 A+ At
that is,
dh(F AN G) = (th) NG+ (—1)pF VAN (th)
]

One can also consider higher order derivatives by iterating the left derivative: given
F, € FP(E), k <pand hy,...,h; € E(E), we define for u € AP"FE(E)
df Fy(u) = Fy(hg A+ A hy Au)

k7"'7h1

and then proceed by continuity as before, obtaining for each F' € F(F) a jointly contin-
uous map

d"F: E(B)" x C(E) — C

which is easily seen to be multilinear and alternating in the first k entries, that is, equiv-
alently, a continuous map

F® . go(MF ER¥F) x C(E) — C

which is linear in the first entry. In particular, notice that these can be considered as an
F(E)-valued, compactly supported, antisymmetric distributional section of E*BE _y Mk
that is, an object of £¥(M*, E¥F)®F (E); notice that as both £ (M* E¥*) and F(E)
are nuclear (by [45] Theorem 51.5 and Corollary] and Lemma respectively), the

31



2.3. Fermionic functionals and Lagrangians

topological tensor product is uniquely defined.

We will be particularly interested in a peculiar subset of the graded algebra of fermionic
functionals, namely local fermionic functionals Foc(E) € F(E). These are those func-
tionals F' € F(E) such that:

(i) for every u € C(FE) their wavefront set satisfies

WEES) CZ, =M U (W x ) U (Vo o x W)

Wl;ltere T*M™ denotes the cotangent bundle minus the image of the zero section, and
V. denotes the closure of the future/past causal cone at p;;

(ii) the distributional support of FQS") lies in the thin diagonal A, — M™ of M™;
(iii) WF(F&")) 1 TA,, for every u € C(E).

We refer the reader to [27] for an introduction to wavefront sets and their properties.
Having defined the local fermionic functionals, a fermionic Lagrangian is then a map

ZL:D(M) — Foc(E) such that

1) LHh+ ot f3) =L+ f2) = Z(f2) + ZL(f2 + f3) for every fi, fa, f3 € D(M)
such that Supp(f1) N Supp(fs) = &;

(ii) Supp(Z(f)) € Supp(f) for every f € D(M).
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3.1. Connecting different Lorentzian metrics

3 Different metrics and spinors

3.1 Connecting different Lorentzian metrics

Given a manifold M of dimension r + 1, consider the vector bundle 7: Sym?(T*M) — M
of rank 2 symmetric tensors, and let 7: Lor(M) — M be its subbundle of indefinite
quadratic forms of signature (r,1). Its smooth sections I'(Lor(M)) are the Lorentzian
metrics on M.

We are interested in the case in which we are given two sections go, g1 € I'(Lor(M)) which
satisfy three assumptions: first of all,

(i) (M, go) and (M, g1) are globally hyperbolic;

(ii) Supp(g1 — go) is a compact subset of M, i.e. there exists a compact set K C M
such that g1 = go on M \ K.

We wish to determine whether there exists a curve gy: [0,1] — I'(Lor(M)) joining the
two metrics. To do so, we proceed as follows: first of all, by and [7] we know that
there exist isometries

P
(M, go) = (R x 2o, —Bo(to, po)dto @ dto + gs, )

(3.1)
P
(M, g1) ~ (R x $1, =1 (t1, pr1)dty @ dty + hy,)

with 5;: R x ¥; — (0,400) being the smooth lapse functions, h¢, and g, being smooth
riemannian metrics on X; and Y respectively depending smoothly on ¢; and tg3. We
can also choose ¥y and v in the following way: given a spacelike Cauchy hypersurface
i — S; C M for g;, we can choose ; so that they map to R x ¥; and so that S; =
v, ! ({0} x ;). Now, requirement means that if we consider a spacelike Cauchy
surface ¥ — S € M \ K for gg, it will also be a spacelike Cauchy hypersurface for g¢i;
therefore the isometries in can be chosen so that

P

(M, g0) = (R x 3, —Bo(to, po)dto ® dto + gu,)
P

(M, g1) = (R x 2, —Bi(t1, p1)dts ® dty + hy,) -

Moreover, if we consider the smooth pseudo-riemannian manifolds (M \ K, go) and (M \
K, q1), these two are equal, i.e. we have an isometry between

(R x ¥\ ¢o(K), —Bo(to, po)dto @ dto + gt,)

and
(R x X\ 1(K), =B1(t1,p1)dty @ dty + hy,) -

That is, there exists a diffeomorphism

P RxYE >R XX
(to,po) — (t1,p1)
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3.1. Connecting different Lorentzian metrics

given by ¢ =17 o 1/;0_1, such that, denoting with Ky the set 1o (K),
v Rx L\ Ko — R x 2\ ¢(Kp)

is an isometry, i.e.

V™ (=pa(tr, p1)dty @ dty + hey) [rxs\ ko, = (—Bo(to, po)dto @ dto + gty) lrxs\ ko -

Given local coordinate neighbourhoods U and V' on ¥, inducing local coordinates z* and
17 respectively, the above requirement reads

oyt ) T
—(B1ov) ( Bt ) + (hij o ¥) Bty Oty —Bo
oyh oy o oV
oty aak T i 0 V)

" oyl Y Y’
—(Bro lZJ)WW + (hij o U})W ok = Ik

—(B1o) =0

on R x ¥\ Ky. We can now state our third assumption:

(iii) we assume that the vector field 9y, (which is, modulo a positive factor, the gradient
of the Cauchy temporal function Vi) is timelike for ¢* (= S1(¢1, p1)dt1 @ dty + hy,),
that 9y, has the same time-orientation as ¢, ! (9;,) and that the spacelike, Cauchy
slices {t9 = k}, k € R, are spacelike hypersurfaces for ¢* (=31 (t1, p1)dt1 ® dt1 + hy,).

Assumption then implies that on Ky we have

oyt \? g oy’
—(B1o9) ( Bty > + (hij o ) Bty Ot
ayh
ST

optiopt v agy | .
(—(ﬂ1 o) 92 Bl + (hij o) 5ok Bl is positive definite .
kl

Under these requirements and thanks to Sylvester’s law of inertia, which tells us that the
signature of the metric is preserved under coordinate transformations, it follows that (R x
X, *(—=prdts @ dty + hyy)) is a pseudo-riemannian manifold of signature (r, 1); moreover,
the same holds for convex combinations of —Sydty @ dty + g¢, and *(—p1dty @ dt1 + hy, ).
Therefore, we consider the manifold R x ¥ endowed with the family of metrics

[0,1] 3 A= ga = (1 = \) (—Bodto @ dto + gt,) + A* (—Brdty @ dty + hyy)

Using the diffeomorphism g: M — R x X, we then consider the pseudo-riemannian
manifold (M, gx = ¥3(gr)), and notice the following things:
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3.2. Generalized cylinders in spin geometry

(i) for A = 0 we have that go = —Bodto@dto+gt,, and thus ¥ (—Bodto @ dto + gt,) = go;

(ii) for A = 1 we have that g1 = ¢* (—f1dt; ® dty + Ry, ). But as o* = (1 0 b 1)*, we
have that ¢§y* = ¢}, and therefore g = 7 (—=fidt1 ® dt1 + hyy) = g1;

(iii) the curve A — gy is smooth, and thus so is A — gy; moreover, as —fodty & dto +
g, and Y* (—P1dty @ dty + he,) coincide outside of Ky, we have that the curve is
constantly equal to go = g1 outside of K.

To summarize the results of this Section, we state the following Proposition:

Proposition 3.1.1. Let g9 and g1 be two Lorentzian metrics on M satisfying the as-

sumptions and . Then there exists a smooth curve [0,1] 5 A — gy such that
g = go outside of Supp(go — g1)-

We remark that the requirements on the two metrics gy and g; are essentially equal
to those reported in [15].

3.2 Generalized cylinders in spin geometry

Following [5], we now present a construction which allows us to relate spinors associated
to two different pseudo-riemannian metrics gy and g;.
The starting point is to note that the following result holds:

Proposition 3.2.1 (|29, §I, Theorem 3.7]). There exists an algebra isomorphism
%QHS ~ Gl s
where ‘ngﬂ’s denotes the even subalgebra of the Clifford algebra €%y 5.

Proof. Let us consider a pseudo-orthornormal basis {e;}1<ij<ytst1 of R™1%; we consider
the set
R = (e;, i #r+1)

and construct an action of R™** on 472 +1,5 by defining, on the basis elements,
f(ei) =ert1-wei
and then extending it by linearity to the whole R"*5. Notice that
F) g F(v) =007 fe;) g fe5) = v' vl eri1 gt €i 1 ri1 1 €
= —v've 1w er1 7 €i e = v e e

Thus by the universal property of Clifford algebras [29, §I, Proposition 1.1] there exists a
unique algebra homomorphism f: 67, s — €10 41,5 Which restricts to f on RS C 6U, 5.
Now, consider the action of f on the basis

{e,-1 GG €y U1y ey im € {1 o s+ 1\ {r+ 1}, mEN}

35



3.2. Generalized cylinders in spin geometry

of €%, s; it can be shown that this is mapped to
{eil GO Cian s 1y eeeylm € {1,...,T—|—8—|—1}, m = 2k, kEN}
that is, f maps a basis of ¢V, s to a basis of A 41,5 1-€. it is an algebra isomorphism. [

Notice that the algebra isomorphism given by Proposition satisfies f (Spin, 5) C
Spin,,Jrl’s. Indeed, given s € Spinr’s and v € Rr-l—s-‘rl we have that Adf(s) (U) c RT+S+1’ as

" r r -1 —1 1 -1
Adj(v) = f(s) wv-a f(s) ' =savas =sav+ver) as
—1 1 —1 —1 1
=sav-as  +U T s e as =saveas v e
—_——

6Rr+s

where v denotes the projection of v onto R™ C R"*$+1. The spinor nor of f(s) is
equal to one:

N(f(s) =ert1 65 e s g (—erp1) =N(s)=1.
Therefore, given a spinor representation A%LS: Sping 15 GL(V,C), we can define a
spinor representation of Sping’s,

Sping 3 s+ f(s) = AL (f(5)

which can be understood as a restriction to Spingvs C Clys ~ CL° 41,1 of the Clifford
multiplication given on z € R"™¢ by

Vove (erq1@z) v

where -4 denotes the Clifford algebra multiplication in 6%,41 s and -y denotes the Clifford
module multiplication of €%, s.

Consider now a manifold M whose second Stiefel-Whitney class wo(TM) is trivial, and
consider a smooth one-parameter family I > t — ¢; of pseudo-riemannian metrics of
signature (r,1). Using this family, we construct the pseudo-riemannian manifold

L=1xM gz = dt @ dt + g¢

whose metric gz has signature (r + 1,1). Notice that the globally defined vector field
0y € X(XZ) is such that gz (9, 0;) = 1 and gz(9,,v) = 0 for every v € X(M) C X(Z);
therefore the normal bundle Nj; of M in Z is trivial. We shall denote the hypersurface
({t} x M, g¢) ~ (M, g;) with M. The following holds:

Proposition 3.2.2. Z is a spin manifold iff M is such, i.e. spin structures on £ and
spin strucutres on M are in 1-to-1 correspondence.

“The spinor norm of an object in €%, s is defined to be N(¢) = ¢ -« @&(¢'), where & is the unique
extension of a: R™* 5 v — —v to €Ly, s and .t Clr,s — CLr s is the restriction of 11 ®- - - QU = VE®- - - QU1
to r,s.
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3.2. Generalized cylinders in spin geometry

Proof. Let us show the two implications hold.

(i) Suppose Z is a spin manifold, i.e. it admits a spin structure 6: PSpinOH 1(523) —
PSOO+1 1(%) Wlth ’
H(Rs (p)) = R@g(s) (e(p))

where 6y: Spin! +11 SO? +1,1 denotes the double covering map. Given the inclu-
sion map ¢: My — £, one can consider the pullback bundles on M;

"R, () = {(t.0).1) € My x gy | (2): (t.2) = 72(1) }

r+1,1

and
z'*PSpinngm(Z) = {((t,x),s) € M; x Pspingﬂyl(i?): (t,z) = 71'2;(5)}

and notice that the map id x 6: Z‘*PSpinngl,l (Z) — z""PSOQH)1 (Z) is a spin structure:
indeed,

(id x ) Ry((t2), p) = (id x 0)((¢,2), Rep) = (1, 2), (Rs(p))) = ((t,), Roy(s) (O(p))
= RQO(S)(id X 9)((t,x),p)

and clearly id x # is a 2-fold covering.
Consider now the following: given a pseudo-orthonormal, time-oriented frame at
x € M with respect to g, be it {e1,...,e,4+1}, we can define the map

fr{eihi<i<r41 — {0 eiti<i<rt1

which maps it to a pseudo-orthonormal, time-oriented frame at (¢,2) € M;. One
can use this map to embed the space of pseudo-orthonormal, time-oriented frames
at © € M into the space of pseudo-orthonormal, time-oriented frames of Z at
(t,z) € My; thus we have a map which embeds each fiber Psop 1(M)$ of the frame

bundle into the fiber i*PSOo+1 1(52?)(t : and which extends to a principal bundle
r s T
morphism f: Pyno (M) — " Pyon_ | (). At this point, if we define

Pyping (M) = (id x 0) 71 (f (Pson,, (M)

this is a principal Sping,l—bundle (where Spin?}l is embedded into Spin® 41,1 Via the
isomorphism given by Proposition|3.2.1)). Then, the restriction of the spin structure
on i’“PSpino+1 1(LZ) gives a spin structure on PSOOI(M ): indeed, given s € Spin?}l

and denoting with § = f(s) (see the proof of Proposition for the definition of

f) we have, given ((t,z),p) € PSping’l(M%

(id x 0)Rs((t, %), p) = ((t2), 0(Rs(p))) = ((t.2), Roy(s) (/(0))) -
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3.2. Generalized cylinders in spin geometry

As 5 = f(s), it follows that 6y(3) € id ® 809,1; thus in particular there exists &o(s),
where &: Spingl — 809,1 is the covering map, such that 6y(5) = id ® &(s); then
we have

((t:2). Ray()(1(0))) = ((8,2), /(Rey((0))) = 1 (. Reo()(@)))
which is the proper behavior of a spin structure on M.

Suppose now that M is a spin manifold, i.e. it admits a spin structure &: PSpino ) (M) —
Psoo | (M) such that

S(RS(Q)) = Rﬁo(s) (é(Q)) :
We have a map my: Z — M by which we can consider the pullback bundles

ﬂ%‘PSpingyl(M) = {((t,x),q) € Z X PSping,l(M): T = W(q)}

and
7Py (M) = {((t,x),f) € Z x Pyop (M): = w(f)} |

They are a principal Spingl—bundle and a SOgjl—bundle on Z respectively. Now, by
Proposition [3.2.1] we have an embedding

f: Spingl — SpinﬁHJ
and we can thus consider the bundle

* 0
P’ ]DSpin,,q’1 (M) ><Spin0 1 Splnr—‘rl,l

which is a principal Spin® 4+1,-bundle on Z, as well as the bundle
0
Wikpsogyl(M) X509, SO;111

where in this case the embedding is given by SO%I 5 s +— id®s. Let us now consider
the restriction of the map

to the quotient spaces above; this is ngl—deﬁned thanks to the properties of the
maps §: Pgi0 1(]\4 ) = Pyoo 1(M ) and f; moreover, it is clearly a double covering

morphism between principal’bundles, and it satisfies

(id x & x Oo) Rs[((t, ), q, 9)] = Ry, (id x € x 00)[((t,2), 4, 9)]

for every choice of s € Spin? 41,1, 1.e. it provides a spin structure on Z.
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3.2. Generalized cylinders in spin geometry

Remark 3.2.3. This theorem can be proved via techinques from differential topology;
namely, given the Kiinneth formula

HWIXM,TI&TM): @ Hp(I,TI)(X)Hq(M,TM)
pt+q=k

and the Poincaré lemma we know that
wg(I X M) = ’wo(I) ®w2(M) = ’LUQ(M) .

From this formula one can conclude that as wo(M) vanishes, M being spin, we have that
wa(I x M) vanishes as well; the converse assertion also holds. '}

Consider now the standard complex representation for Spingl. This is given by the
restriction of a complex representation of 6%, 1, which can be determined by considering
[29, Theorem 4.3]:

Gy @ C~Mat(2L0TV/2) C)if r +1=0 mod 2
Clr1 @ C ~ Mat (212 C) @ Mat(2l0FD/2 C) if r + 1 =1 mod 2

An irreducible C-module for €%, ; descends from an irreducible module for €%, ® C; thus
from the above property one can understand that in the case when r + 1 is even we have
an irreducible complex module, be it S, 1, while when 7+ 1 is odd we have two irreducible
modules, S;f 1 and S, which can be distinguished by the action of the complex volume
element w®. Moreover,

(i) if 7+ 1 is even, we have that if one restricts the module S, ; to the even subalgebra
CK&QJ C é1, 1, then the module is reducible, S, 1 = 57971695}71, and the two irreducible
components can again be distinguished by the action of the complex volume element
wC;

(ii) if r 4+ 1 is odd, then the two inequivalent irreducible modules S;f 1 and S, give rise

to the same module when restricted to the even subalgebra 670, C %1, which
shall be denoted with S, 1.

Therefore we have that the complex representation space of Spingjl has dimension 2L0+1)/2]
and moreover if r + 1 is even said representation space is reducible, while if » + 1 is odd
it is irreducible. This, combined with Proposition [3.2.1] gives rise to an interesting effect:
we can embed Spingl into Spin? +1,1> and then according to the parity of r + 1 we have
different behaviors of the restriction. Namely, if 7 + 1 is even then r + 2 is odd, and thus
we have two inequivalent €%, 11-modules which give rise to the same 47}, ; ;-modules

whose complex dimension is
ol(r+2)/2) _ 9l(r+1)/2]

i.e. Sp41,1 = Sp1. In this case the representation space of Sping,l induced by the €%, ;-
module coincides with that induced by the €79 +1,1-module, although in the second case
Spin?yl acts on S, via the action

Rt Sr,l Sv®z)— (er—H el U) "Sp1 % -
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3.2. Generalized cylinders in spin geometry

In the case when r + 1 is odd, then r + 2 is even, and thus we have an irreducible complex
¢¥yr+1,1-module S;41,1 of complex dimension

2'_(T+2)/2J — 2L(7’+1)/2J+1 .

Recall moreover that when restricted to 672 +1,1 this module is reducible, with Sy111 =

0 1
Sri11® Sp411 and

dim(S?,, ) = dim(S},, ;) = dim(S;"}) = dim(S,;) = 2L"+D/2

T

Due to the action of w® € Spin%l on SY +1,1 Via the embedding f, it then follows that

0 ~ Qo+ 1 ~ Q—
SrJrl,l - Sr,l SrJrl,l - Sr,l

as 64, 1-modules.

Given these representations AC of the Spin groups, one can proceed as in Section
constructing the associated vector bundles S, ;(M) and S,41,1(Z). Consider then the
pullback bundle along ¢: M; — Z,

i*Sr411(Z) = {((t,x),v) € My X Syp411(Z): w(v) = (t,x)} .

This is a vector bundle with typical fiber 5,411 and base M;, whose cocycle is given by

{AF11(909): {1} X UaNUp) = GL(S,411,0)}

where g,p is a cocycle for PspinngLl(Z ). It turns out that if r 4+ 1 is even then

7 Sp11.1(Z) ~ Syt (M)

)

while if » + 1 is odd we have
579+1,1(z) ~ Sp1(M) and Sr1+1,1(z) ~ Sy (M)

where the choice between the two subbundles depends on whether the chosen %%, 1-module
is S;f 1 or S, ;. Indeed, consider the following in the case r+1 even: if one fixes a principal
Spingﬂyl—bundle on Z with cocycle given by {gag: I x (Us NUg) — Spin9+171}a75, then
the procedure depicted in the proof of Proposition describes a way to construct a
principal Sping’l—bundle on M. Using this procedure, one can construct, as stated above,
the bundle S, 1 (M), with cocycle given by

{AF1(dap): Ua N U5 = GL(Sy1,C) }

«,

In order to show that the bundles are isomorphic, it sufficies to show that the two cocycles
are equivalent. But recall that Pg ;o0 1(M ) is defined as

(id x 0) " (f(Psoo (M) S i*Pyppo | (Z)

r+1,1
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3.2. Generalized cylinders in spin geometry

and thus the cocycle g, is just the restriction of g,g to Pspinol(M), that is, gap(t,x) €

90_1(id®80271) for every & € U,NUg. Thus we have that A;?H’l(gag) is a representation of
05 (id®S0Y,) ~ Spin?; onto a complex vector space of dimension 2L("+2)/2] = 2l(r+1)/2],
As for r+1 even we have a unique representation of Spin, ; we have the desired equivalence
of cocycles, and thus the vector bundles i*S,41(Z) and S, 1(M) are isomorphic. This
property is of the utmost importance, as we can now interpret sections of S, 1 (M) (i.e.
spinors on M when the spinor bundle is constructed using the metric g;) as sections of the
pullback bundle i*S, 11 1(Z) = Sy411(Z)| . Thus, by a well-known extension procedure

t
one can consider them as sections of S, 1(Z) defined in a neighbourhood of M;.

Remark 3.2.4. The construction in the proof of Proposition also describes a way
to relate the different Clifford multiplications on M; and Z. We show the results holding
for the case of even r + 1, the one in the case r + 1 odd following suit. Thanks to

Proposition [3:2.2] we can focus on the case in which we have a spin structure on Z,
0: Pypino - (Z) = Pyoo - (Z). Then the Clifford multiplication
r+1,1 r+1,1

par s CUMy) @ Sp1(My) — Sr1(My)
is defined in the following way: we know that there exists a Clifford multiplication
pz: CUL) @ Sry1,1(Z) — Sry1,1(Z)

which descends from the restrictions to quotients of the map, denoted with the same
name,

pz Popino | (Z) X (G110 @ Sri11) = Bopino,, (£) X Sry1n
(p7¢®v) = (p7¢ “Sra1,1 ?}) .

i
Now, recall that Py ;0 1(.7\/[15) C Pspingﬂ’1 (Z) and that €% ~ ¥, ;, thanks to Propo-

Ty

sition therefore, as S,41,1 = Sy,1 in the even case, we can consider the composition

EPSpin(T) ) (M) (62r,1®5r1) EPSPin?’l(Mz) XSt
—_— ~ L ~
poov) (p. f(#) ©v) 5 (9 F(8) sy ) -
S ——
€Fg 100 (Z) | nry X (Gr41,1@Sr+1,1)
r+1,1

This map is well-defined on the quotients with respect to the group actions defining the
associated vector bundles, and thus descends to a map which is the Clifford multiplication

P - 2

3.2.1 The Dirac operator in generalized cylinders

We now wish to explore the relation between the connection on 2 and the Dirac operator
on Sy41,1(Z) and those on M; and S, 1(M;). We refer the reader to [6] and [35] for further
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3.2. Generalized cylinders in spin geometry

details.

Consider, given a fixed ¢ € I, the hypersurface M; — Z; its normal bundle is trivial,
being spanned by the unit vector field 0; € X(Z). We shall denote 9; with v. The second
fundamental form on M, is the bilinear, symmetric map defined as

I(z,y) = 9z (VZv,y), =,y€X(M,).
Notice that .
9(VZv,v) = §V§(9(V7 v)) =0

i.e. VZv € X(M;); this property allows us to define a C°°(M)-linear map called the shape
operator or Weingarten map

S .%(Mt) — %(Mt)
r = -V

Notice that using the shape operator it follows that

I(z,y) = —1(S(z),y)
where I(x,y) denotes the first fundamental form, i.e. the restriction of gz to M;. More-
over, given any x,y € X(M;),
Viy=Viy—9z(Viy,v)v +gz(Viy,v)v
= Viy+ 1z, y)v +1(S(x),y)v -
—_————
Va'ty

Let us focus on the highlighted term: this is indeed the covariant derivative with respect
to the Levi-Civita connection on M;. As a matter of fact,

M, M, Fa s
Vity = Vyte =Vyy - Vie+ (I(z,y) — Ly, x) v = [z,y]
as VZ is torsion-free and I(-, ) is symmetric; moreover, given any z,y, z € X(M;)

(V2"90)(y, 2) = Vi (96, 2)) — 96(Vi""y, 2) = guy, V3 2)
= Vf(gz(y,z)) gz(V y+ Iz, y)v, 2) — gz (y, V2 + I(z, 2)v)
This entails the following: given a pseudo-orthonormal, local frame {e; }1<i<n, for (M, g¢),

let us complete it to a local pseudo-orthornormal frame for Z by adding v in position 0;

then
k
E" = (VZej)h = (Vifhept =T}t

IE" = (VZe;)” =1(S(ei), e;)

I‘Ij (V;Zj Y =gz (Viu, ?) = —¢;9z(v, Vé‘z/,[te ) = —5JFZ —&;1(S(ei), €5)
J
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where €; = gz(ej,ej) = x1. Notice that in our case the expression (S(x),y) can be
written in a more elegant and explicit way if the vector fields =,y € X(M;) are coordinate
vector fields: indeed, using the Koszul formula we get

1(S(2).) = ~92(VEv.9) = 5 (2(92()) + V{gz(w.9)) - vlgz(z,v)

- gz(.al.y) = g2(iw.)v) — 9z (0} 2))
1 .1
= _57/ (gt(xay)) = _igt(xay) .
Equations (3.2) allow us to use (2.12) to write a local expression for Vs when s €
['(Sy1(My)): given a local section o: U — Pspino+1 l(Z ) and the previously defined local
pseudo-orthornormal frame, for p € M, ’

VeEs(p) = [0(29), eip) (0 0) + %Zrﬁl%ek(m zap) z (sfo 0’)(29)]
k<l
1 r+1 .
a(p), ei(p) (sﬁ o 0') +3 ST v(p) 2 eilp) -z (sF00)(p)
=1

+ > Fﬁlakek(P) ze(p) -z (sho U)(P)l

1<k<i<r+1

o(),ei(p) (50 0) — 30(p) -z S(er) 2 (% 0 0)(p)

N | =

—v(p)zv(p) z ! > F%tl%ek(p) -z ep) -z (so U)(p)]
1<k<i<r+1

o(),ei(p) (50 0) — 30(p) -z S(er) 2 (% 0 0)(p)

1 I
+= > Tilteren(p) m ei(p) u, (50 U)(p)]
1<k<I<r+1

. 1
= Vz;MtS(p) —3Vz -S(ei) -z s(p)

where
Vz;Mt, r 4+ 1 even
@S’_Mt : S,Mt
“ (V% vs(,)Mt> , r+1odd.
e
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The Dirac operators Dz applied to a section s € I'(S,. 1(M;)) satisfies then the following:

r+1
Dzs(p) = iv -z Vi%s(p) +1i Zeiei ‘z V‘;Zs(p)
i=1
. r+1 _ 1
= iv -z V3%s(p) +i Zeiei ‘-z (Vi;Mts(p) L S(ei) = s(p))
i=1

r+1
—iv-z V5%s(p) —v 2 (z > e, VZ;Mts(p))

i=1
i r+1

+ovz ZEM -z S(ei) -z s(p) -
i1

Now, if {e;}1<i<r+1 is a pseudo-orthonormal basis given by the eigenvectors of S with
associated eigenvalues (principal curvatures) {x;}i<i<r4+1, then

r+1 r+1 r+1
> cieiz S(ei) z s(p) = _eikiei -z €z s(p) = — Y Kigrs(p) = (r+ 1)Hs(p)
i=1 i=1 i=1

where H denotes the mean curvature of M; in Z; therefore we have

. - ~ r+1
Dzs(p) =iv-z Vy*s(p) —v -z D, — i Hv -z s(p)
where
Dy, r+ 1 even
Dy, =4 (Dy, 0
1 .
< 0 “Du, r+ 1 odd

3.2.2 Parallel transport in generalized cylinders

Consider a vector field V € X(M;) and a section s € I'(S,.1(M;)); as previously stated,
we can view both of them as objects in X(Z) and I'(S;4+1,1(Z)) respectively. The same
can be done with the section V -p M, S5 due to the way the Clifford module multiplication

Myt X(My) @ Sp1(My) — Sr1(My)
is defined (see Remark , we have that

:]j.zv.zs
Mt Mt

V -y, s

At this point, consider, for any fixed x € M and tg,t; € I the curve ~;: [to,t1] > ¢ —
(t,z) € Z, and the parallel transport in Z along ~,, that is, we consider the Cauchy

problem
Vits=0
{ v (3.3)

s(to,z) =wv
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3.2. Generalized cylinders in spin geometry

for a given v € S;111(Z)(19,2) = Sr1(Myy)z- The sections s1, 52 € I'(Sy41,1(£)) which are
the unique solutions of (3.3) associated to the initial data vi,va € Sp41,1(Z) 1) satisfy
the following important properties:

(i) (s1(t, @), 82(t,2))s,41,(z) = (s1(to, 2),82(t0,2))s, 114 (z) = (V1,02)8,411(2) g0y =
(v1,v2)s, (M), indeed, as the connection V% on S,411(Z) is hermitian we know

that

L1, s2) + (51, Vé’zéﬁ) =0,

V(Sl,SQ) = (V,y 4

ie.

(51(t7x)a 82(75,1')) = (Sl(to,l‘), 52(250,1‘)) ;

(ii) parallel transport is well-behaved with respect to Clifford multiplication: indeed,
consider the Cauchy problem

$, L
{Vﬁ s=0

S(to,x) =V-M, V= l/’(to,ax) ‘'z V'z U

where v € T, M C Ty nZ and v € Sy1(Myy)e =2 Sr41,1(Z) (1y,2)- We claim that the
solution s is given by
s=v-zV-z-S

where V is the parallel transport of v € T(y, ,)Z along 7, and s, is the parallel trans-
port of v € Sy111(Z)(,2) along .. Indeed, as the connection V*# is compatible
with the Clifford multiplication we have

V;’Z(V 'z Vg 5,) = (VA,ZV) zViz stV -z <V$V> ‘zS+tV-zV-z (Vg’zsv) :

This is equal to 0 as VZv = 0: indeed, given 2 € X(M;) a local coordinate vector
field,

0= gz(v,2) = v(9z(v,2)) = (Vi gz) (v, 2) + 9z (Vv @) + 92 (v, Vy )
= 92(VZ2v,2) + gz (v, VEV) = g2 (VZv,z) .
=0

At the same time, as gz (v,v) = 1,
0=v(gz(v,v)) = (Vyg)(v,v)+292(Vyv,v) =gz (Vv v) .
The two equalities above mean VZv = 0.

Combining these two results, the linearity of (3.3) as an ODE and the fact that parallel
transport is invertible we have, if we evaluate the solution s of (3.3]) at ¢;, an isometric
isomorphism

T S 11(Z) (t.0) = Sr11( L)) = L1 Sra(M, g40))z = S (M, g1,))a
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3.2. Generalized cylinders in spin geometry

which is such that
¢ ¢ t
Ttol (V "My, v) = (TtOIV> My, (Ttolv> )
Let us now consider a local expression of (3.3)): in particular given a local section o: U —
Pspingﬂ’l(Z) we can write s(p) = [o(p), s’ o o(p)]; then by defining » = s* o o(p), by
considering a local pseudo-orthonormal frame on M (and extending it to a local pseudo-
orthonormal frame on Z) we then have, disregarding the local section of Pepin, ., , (Z),

| [
VI Es(t, x) = Opp(t, ) + 9 > o erer(t,z) -z eft,z) z ¢
k<l

1 .
t,z) + S (i +agz([vser),e) ever(t, ) -z ei(t,z) -z @
1<k<i<r+1

B2
at‘P(

Thus the local expression of (3.3)) can be written as

, 1 . )
plt,a)=—= > (agu +egz(v,exl e) gigerer(t, z) -z et x) -z @
1<k<i<r+1 (3.4)

o(to,x) =v .

Notice how the right-hand side of the differential equation depends smoothly on ¢ and z
via the smooth family I 5 ¢t — ¢; and its derivative. Thus by the existence of solutions
of equations depending on parameters (see |16, Theorem 10.2.3, 10.7.3] and |19, Theorem
B.3]) we know that there exist open neighbourhoods I of ¢y, U of z and V of v, and a
smooth function s: I x U x V — C2"""" which is a solution of . For each choice of
v € V, these local solutions behave well with respect to a coordinate change, and thus give
a global object in I'(S;41,1(Z)). Consider now a section o € I'(S,. 1(My,)); this induces a
smooth map
fa: M>zx— (tl,O'(l’)) el x Sr,l(Mto)

whose local expression is given by U 3 = — (t1,z,0(z)) € I x U x 2" We can

then consider the composition

o [(r+1)/2] [(r+1)/2]
U 1 x U x C? BN .

This locally defined map behaves well with respect to coordinate changes; notice that this
map is akin to evaluating a section in I'(S,11,1(Z)) at t = t;, and thus defines a smooth
section in I'(Sy 1 (M, )). Thus we have a map

T T(Sp1 (Myy)) — D(Sp1(My,)
o =  so f,.

Remark 3.2.5. The previous constructions and results can be carried out in the same way

for S, 1(M), thus yielding a way to map sections of Sf?l(M, gt,) to sections Sf?l(M, 9t,);
said map will be again denoted with Tttol I
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3.2. Generalized cylinders in spin geometry

Taking into account Proposition 3.1.1 we summarize the results of this Section with
the following:

Proposition 3.2.6. Given two metrics go and g1 on M satisfying the assumptions
and n Section there exists an invertible map

70 D(Sr,1(M, go)) = T(Sr1 (M, g1))

which allows us to relate spinors associated to the metrics.
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4.1. Basic notions in enriched categories

4 The dynamical C*-algebra for the Fermi fields

4.1 Basic notions in enriched categories

We provide here a brief introduction to categories, functors and natural transformations
enriched over a monoidal category; these notions are necessary in the case of fermionic
dynamical C*-algebras because they are needed to prove Theorem m (see |12, Section
3]). We refer the reader to 28] for further details.

Definition 4.1.1. A symmetric monoidal category (U, ®,e) is a triple consisting of a
category U, a bifunctor ®: U x Y — Y called the monoidal product and an object
e € Y called the unit object. Such a cateogory is also equipped with natural isomorphism
expressing symmetry, associativity and the behaviour of the unit object:

VoW ~WeV VeoWeZ)~(VeW)® Z eRVeV~VRe
for all VW, Z € 0.

We are mainly interested in the case of (Uecg, ®g, R), where Yecg denotes the category
of R-vector spaces with linear maps as morphisms and ®g denotes the tensor product of
R-vector spaces.

Definition 4.1.2. Given a (symmetric) monoidal category (U, ®, e), a category enriched
over U (for short Y-category) € consists of:

(i) a collection of objects, which we shall indicate with &;
(ii) for each pair z,y € € of objects, a hom-object &(x,y) € U;
(iii) for each object x € € a morphism in U
idy: e — &(x, z)
(iv) for each triple z,y, z € € a morphism in ¥

o: &y, 2) ® Lz, y) = &, 2)

such that
E(z,w) © €y, 2) ® E(x,y) —2 €(z,w) ® &(z, )
o®1 o
C(y, w) @ &(z,y) ° ¢z, w)
and
C(ry) @ e —12 ¢(a,y) @ €z, 2) &y, y) @ E(a,y) —2— e e(z,y)
&(z,y) &z, y)
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4.1. Basic notions in enriched categories

In our case, we are mainly interested in the following: first of all, we consider two
categories, Brass and Ql[gZQ, whose objects are finite dimensional, real Grassmann algebras
and Zo-graded unital, associative complex algebras, and whose morphisms are unital
algebra homomorphisms of even degree and Zs-graded, unital algebra homomorphisms
respectively.

Starting from these two categories, we consider the Yec-categories R&rass and RAlgZ?
defined in the following way:

(i) the objects of R®rass and RAlg”2 are the objects of Grass and Alg”2, respectively;

(ii) for each pair G, H € R®rass, the R-vector space R®rass(G, H) is the R-vector
space generated by the morphisms in Brass(G, H) using the linear structure of the
Grassmann algebras, and analogously for Rlg%2 (A, B) with A, B € RAgZ2;

(iii) given G € R®Brass, the morphism idg in Yecg is given by
idg: R> A — Al € R&rass(G, G)
and analogously for A € R2g” and idy;
(iv) for each triple G, H, F' € R&tass, the composition morphism
o: R&rass(H, F) ® R&rass(G, H) — RBrass(G, F)

is the linear extension of the usual composition of morphisms (notice that this
exploits the linear structure of the Grassmann algebras), and the same goes for
A, B,C € RUIg?? and

o: RAgP? (B, C) @ RAG™2 (A, B) — RAIgE2 (A, C) .

Definition 4.1.3. Given a U-category &€, the underlying category &g is a category whose
objects are given by the same objects of €, and whose home-sets are given by

Co(z,y) = V(e,&(z,y)) = Hom(e, &(z,y)) .
with composition of f € €y(x,y) and g € €y(y, z) given by

e —=—eve—"L 0 ey )0 ery) —— C,2)

Following the above example of the Uec-categories R®Brass and RAIg?2, the underlying
categories Brassy and Ql[g%2 have as objects the same objects as Grass and Alg”?, while
the hom-sets are

Grassy(G, H) = Homg (R, R&rass(G, H))  Algi2(A, B) = Homp (R, R2AlgZ2 (A, B))
respectively. Notice that we can identify
Hompg (R, R&rass(G, H)) ~ R&rass(G, H)  Homg(R, RAgZ2 (A, B)) ~ RAgE2 (A, B) .
Thus the hom-sets in Stassg and Ql[g%z are respectively the R-vector spaces generated by

morphism in Grass and Alg?? exploiting the linear structure on Grass and Alg?2.
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4.1. Basic notions in enriched categories

Definition 4.1.4. A functor enriched over U (for short U-functor) §: € — D between
$U-categories € and ® is given by a map

Cox—=F(x)eD
together with morphisms §, ,: €(z,y) = D(F(x),F(y)) in U for each z,y € € such that

2(y,2) ® &(z, y) ° &(z, 2) e — s ¢a,)

l@y,z@gm.y I/S‘m,z ‘/&T't

DB), 3(2) @ D(F(2),(y)) ———— 2(S(2),3(2)) D(3(x), §(x))

Given a U-functor §: € — D between the U-categories € and D, one can define the
underlying functor §o: € — Do between the underlying categories in the following way:
as a map, it behaves as

Obj(€o) = Obj(€) > = — Fo(z) = F(x) € Obj(D) = Obj(Do)
while on a morphism x € €y(z,y) we have that Fo(x) € Do(Fo(x),So(y)) is given by

Sy o x: e = D(F(x),5(y)) -

Definition 4.1.5. Given two U-functors § and & bewteen the U-categories € and D, a
natural transformation enriched over U (for short U-natural transformation) a: § = &
consists of a family {a,: e = D(F(z), B(x))}zee of morphisms in U such that

C(a,y) — s D(F(2), §()

61,yh h(ay)*

D(&(x), 8(y)) D(3(x),&(y))

(az)”

where the maps {(a)": D(6(z), 6(y)) = D(F(z), 6(y))} and {(ay).: D(S(x), 3(y)) —
D(F(z),B(y))} are defined via the following diagrams:

D(B(2),B(y)) —=—— D(B(2),B(y) @ e — " D(B(x), 6(y)) © D(F(2), 6(x))

(D‘z)*
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4.1. Basic notions in enriched categories

and

DE),3) — = c@D(F(2).5(1) —22 5 D(F(y), &

() ® D(F (),
(o)« h
(3(z), &(y))

ol

3(y))

Also in the case of a U—natural transformation «: § = & it is possible to consider
the underlying natural transformation ag: §g = ®g. We recall that this is given by a
collection of morphisms {(a)z: So(z) = BGo(x)}ree, in Do such that given a morphism
X:x —y in € we have

Folz) — s Fo(y)
| |
(a0)= (0)y
! !

In this case, we define
Hom(e, D (F(x), B(x))) 3 (ao)e = g -

Using Definitions and it is then easy to see that the above diagram commutes.
We are now in a position to give the following definition:

Definition 4.1.6. Let
C': R&rass — RQI[gZ2

be the Yec-functor which acts as
R&tass > G+— Ge =G C

where G is understood as a Zs-graded algebra, the grading coming from the graded struc-
ture of G, and which is such that for each G, H € R®rass, the map Cg g : RS&rass(G, H) —
RAlg”2 (G, Hc) is given by the complexification of R-linear maps.

A covariant Grassmann multiplication consists of a couple (8,:) given by a Uec-functor

®: R&rass — RAlGZ2

and a Yec-natural transformation
1:C=6

such that for every G € R&tass, the morphism 1¢ € Hompg(R, RAgZ2(Ge, &(G))) ~
RAIgZ2 (G, B(G)) (which we recall is the R-vector space generated by the morphisms in
AlgZ2 (G, B(@G))) is such that for all homogeneous elements € G and a € &(G) we have

o(n® )a = (—1)9eMde@g0(n @ 1)
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4.1. Basic notions in enriched categories

Remark 4.1.7. We can consider the underlying functor &¢: Grassy — Ql[g%2 and the
underlying natural transformation ¢y: Cy = &¢. The first is given by a functor

&o: Obj(Brassg) = Obj(RGrass) 3 G — Go(G) = G(G) € Obj(RAGE?) = Obj(AlgL?)

such that given G, H € ®rassy and a morphism y € &rassg(G, H) ~ R&rass(G, H),
which can be thus written as

X=>_ Xxi,  {AN}her CR, {x;}ier € Grass(G, H) |
el
we have
G(x)=Ganm | D ANxi| =D N&an()
iel iel
as we recall that &g g is a morphism in Uecg and thus R-linear.

The underlying natural transformation ¢ is given by the family of maps {(¢¢)g: Co(G) —
&0 (G) }Gewrass, Which are defined as

(Lo)e =ta -

It is clear that that for each G € Grassg we have, on homogeneous elements n € G and
a € @0(G)
((0)a(n®@1)) a = (=1)*8ME g ((19)a(n @ 1)) -

Notice that this behaviour is exactly the one of |12, Definition 3.1]. 2

Given Remark we can then state the following Theorem, borrowing it from |12}
Theorem 3.2[:

Theorem 4.1.8. Consider a covariant Grassmann multiplication (&,1) as of Definition
there exists a universal Zo-graded, unital complex algebra A such that, given the
functor

&% RBrassy — RAlS?

that acts on objects as RGrassg > G — B*(G) =G A € Rﬂ[g? and on morphisms as
R&tassy(G, H) 3 x — &%(x) € RAG2(&%(G), 8*(H)),

*()n®a)=(x(n)®aVneG, acA

there exists a natural transformation o: &y = &%, i.e. a collection of morphisms og: Bo(G) —

&4(@), oc € RAUGE (8(G), 8X(G)), such that
oG oH

for each x € R&rassy(G, H).
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Proof. The proof is constructive; in the first part, we explicitly construct the universal
algebra 2. As every object in Brass is isomorphic to AR™ for some n € N, we shall deal
only with this case.

(i) Let us consider AR™ whose generators are {n;}rcqi,.. »p With I = {ix <--- <}
and 7y = 0, -1, and AR™ whose generators are {60;};c(1,.. m}- First of all,
notice that x: AR"™ — AR™ is a morphism in R&rass, if and only if

x(mr) = > cgby, ey #0if I =|J] mod 2, [J| >|I] .
JC{1,....m}

One implication is trivial: indeed, if x € RBrassy(AR™, AR™) then it can be written
as > ¢iXi, with x;: AR™ — AR™ being a morphism in &rass(AR™, AR™). Thus

x(nr) =Y eixilnr) =D cixi(miy) -+ xi (i) -
=1 =1

As by assumption y; is of even degree 2d for every 1 < i < n, then

_ J
xi(mi,) = > clos.

JC{1,....m}
|J|=1+2d
Thus
n
_ J1 Jr|
X(W)—Zci Z iy '“CYM 9‘]1.“0‘]\1\
=1 Ji,...JC{1,..,m} d%d)
egree
| Ji|==| Jy|=14d €

and the implication immediately follows. On the other hand, we do the following:
we define the map Ejr(ny) = 7,0y with|I| =|J| mod 2 and |I| <|J|; then we can

write
xtnr)= > ersBar)= Y. csEn(nr) .
JC{1,...m} IC{1,...n}
JCA1,....,m}

We will now write the Fj;’s as linear combination of even degree homomorphisms
in Brass(AR"”, AR™). To do so, we define, given any I C {1,...,n}, the projector

in R"
. 7, t€1
Py, =
1 {O, otherwise

and we extend it to AR™. Notice that this gives rise to a zero-degree map. Using
these homomorphisms, we define another homomorphism

E] = P[ e} (id/\]Rn — PI\{“}) O:+--0 (id/\Rn — PI\{%[\}) .

It can be easily seen that this projects onto the one-dimensional subspace generated
by nr. As|I| <|J| and as |I| =|J| mod 2, we can partition J into |I| non-empty
subsets Ji, ..., J such that

Jedjr>q€Jiifk>1and |Jy] =1mod 2.
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Using this partition, we define the homomorphism y”//: AR™ — AR™ by its action

on the generators
. (9]1., 1€l
X (m) = {

0, otherwise

and then extending it to AR™. Notice that given n = > pcq  n 'y,

o ENm) = x"(a'nr) = a'x ) = a0, = Y. orpalty
I'c{l,...n}

= Y d"Eju(tr)=Enm) .
I'c{i,...,n}

As x’! and E; are degree zero homomorphism in ®rass(AR"™, AR™), we have our
assertion.

Given the covariant Grassmann multiplication whose Yec-functor is @ : R&rass — RAlg?2,
we define

TK = 60(PK> PK = ﬁo(EK) .
Clearly it holds that
Ty = Go(Pk)80(Py) = &o(Px Pr) = 6o(Prnys) = TrnJ
and
pK = Bo(Ex) = & (PK o (idprn — Prgryy) © - - 0 (id g — PK\{;QKl}))
= 7k o (idgg(ARn) = Tr\{ke}) © - © (e (ARM) = T\ (R }) -
(ii) The collection {pr }xcqi,. ny has the following properties:

prps = Go(Ex)Go(Ey) = 8o(ExEs) = 60(dr,sEx) = 65k pK

Z PK = Z ®O(EK) = @0 Z EK = ®o(id/\Rn) = idQﬁo(/\R”) .
Kc{1,...,n} KC{1,...,n} KC{1,...,n}

Moreover,

pic(ab) = > ps(a)prs(b) for any a,b € Go(AR") .
JCK

Indeed, consider, given any A € R, the homomorphism y): AR"™ — AR" defined
by xa(7:) = A\in;. By its definition and the definition of E it follows that

Exxy=x2Ex = AkEx = Go(xa)px = pxBo(xn) = AkpK
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which entails that

A px (p(a)pr(b)) = So(xa)px (ps(a)pr(b))
= pr (Bo(xx)(ps(a))Bo(xr)(p1(D)))
= MjArpx(pa(a)pr(b))

As this holds for any A € R”, we have that px(ps(a)pr(b)) = 0 unless J NI = @,
K =JUl. Then

pK (ab) = px > pila) Yoo | = Y prlpr(A)ps(b)
IC{1,...n} JCAL,..n} 1,JC{1,...n}
= > prlps@prs®) =D pia)pr\s(b)
JCA{1,...,n} JC{1,...,n}

(iii) Consider now the algebras &¢(AR™) and B¢(AR™); we define
A" = pr1, yGo(AR™) A" = pry 3 Go(AR™)
and we also define the product

AT X AT s T
(a,b) —»a-b

by defining it on homogeneous elements in A™ in the following way:
@b = ()G () @8 () 0

where given J C {1,...,n}, the map x’}: ARl — AR™ is a homomorphism defined
on the generators as

X(ez) =Ny -
The product is then extended by linearity in its first entry to the whole 20"™. Notice
that this product is well-defined: indeed,

T, mtn\ (k3 (@ D) = £T01 g\ (k) <Q50 (X?Jf17,,,,m+n}) (a)&o (X?Trnm}) (b)>
= +& (P{l,‘..,mﬁl}\{k} ° X?Jfl,_.,mn}) (a)Bq (P{l,...,m+n}\{k} ° X’ﬁfﬁm}) (b)
= £80 ()T miny © P pemy ) (@80 (X7 © Pt i) (0)
where

P{l,...,n}\{k—m} =idagn if K <m P{l,...,m}\{k} =idagm if Kk >m .

55



4.1. Basic notions in enriched categories

Notice that as a € A" = pyy 3 B0(AR") then if k > m

G0 (X[ many © P gty ) (@) =0

Analogously, if k¥ < m then

& (X?ﬁ"m} o P{l,...,m}\{k}) (b)=0.

-----

Thus

p{l,...,m-l—n}(a . b) = 7T{1,,,,,m+n} o (idQﬁo(/\R”) — 7T{17..4’m+n}\{1}) O..-
o (idey(ARm) = T{1,....mtn}\{m+n}) (@ - D)
- W{l,...,m—i—n}(a : b) =a-b.

This product is also associative: indeed, given a € A", b € A™ and ¢ € A* all
homogeneous we have

(a-0)-c= (1)=& (X[ iny) (@80 (XGT) (0) -

_ (_l)m deg(a)-i-k(deg(a)-i-deg(b))60 (X?llc—iq—i_kk-i-m—i-n} o X?r:fl,...,m—i-n}) (a)

+ntk + +n+k
S0 (XP kom0 X y) (080 (X))
Notice that
+n+k + . 0. ,
X?;Lc—&—q,..‘,k—i-m—&—n} ° X?m—l’r—ll,.‘.,m—s—n} . 92 = Mietn+i

: m+n+k m+n _ . m+n+k
Le Xik+t1,.. ktmtn} © X{m+1,...m+n} = X{k+m+1,....k+n+m}’ and that

m-+n—+k m—+n . 0. .
Xkt dotmtn} O X{1,my i 7 Tk

. m-4n+k m-+n _ . m+n+k . n+m+t+k m+k .
Leo Xqt, o ktmeand O X{1,m} = X0kl ktm} = X{1. ftm} © X1, k4m)s tHUS

(@-b) - ¢ = (—1)mde(a)+k(deg(a)+dea(b) g5 (Xﬁiﬁﬁ,...,mmm}) (a)

n+m+k m—+k m-+n—+k m—+k
Lali (X{i...,—g—i-m} © X{kj—l,...,k—i—m}) (0)&o (X{l—,i._..,—l:—l-m} © X{l—}.—..,k}) (c)

m+k) deg(a m~+n—+k
= (—1)(mHhdes(@) g, (X{kinj+1,...,k+n+m}) (a)

@ (G ) (D000 () 9180 (4124 )

= (—1)imHhdes@e, (ymbnth ) (@80 (X)) (6 0)
=a-(b-c).
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(iv) We now wish to define a directed system using the {"},en. To this end, we define,

for k > n, the linear maps ¢y, : A" — Ak,
2 k=n
nla) = {R Om 1 ©1) S (i) (@, k>
This is a well-defined directed system: indeed, ¢, © tnm = tg,m- This follows from

the following computation:

Ui (tnm (@) = tage (11 Mo—p ® 1) G (lek—nﬂ,...,k}) (L/\IR“ (M p—m ® 1)

60 (X?n—m—f—l,...,n}) (a)>

= L (1 e © 1) g © Xty (0 T © 1)
o (X]fk—nﬂ,...,k} © X?n—m—l—l,...,n}) (a)

= tark (M Me—m @ 1) B¢ (X]fk_mﬂ,..,,k}) (a) = tkm(a) .

We will now show that the maps {i , }x>n behave well with respect to the product

defined in that is,
Ln,m(a) : Ll,k‘(b) = Ln—l—l,k-ﬁ-m(a ’ b) :

Let us consider a € A™ and b € A* homogeneous elements, and let us focus sepa-
rately on the two sides of the equality. The right-hand side can be written as

(—1)F ey oot (- Dot pem @ 1) B (X?:—f—l—k—m+17...,n+l} ° X’fgﬂm}) (a)
ali (X?:Jlrlfkfm+1,..‘,n+l} © lefrmk}> (0)

= (=1)k 8@ ot (1 Dt ® 1) B (X?:-&l—l—m—s—l,.“,n—i-l}) (a)
Go (Xn:—f-l—k—m—&-l,...,n-i-l—m}) (b)

while the left-hand side is given by

(_1)l(deg(a)+nfm)q50 (Xy{Ll—:—ll,...,n-‘rl}) (L/\Rn (771 o Nn—m & 1) @0 <X?n—m+1,...,n}) (a))

G (X?fll}) <L/\]Rl (M- M-k ®1) G (Xl{l—k—f—l,...,l}) (b)>
= (—1)HeB@Fn=m)y i (Mgt Mm@ 1) B (X?l—:-ln—m-i-l,...,n-&-l}) (a)
Larntt (M1 -k @ 1) B (X?ltlkJrl,...,l}) (b)

_ (_1)l(deg(a)-‘rn—m)—l—(l—k)(deg(a)+n—m)L/\RnH (7]1 KT e © 1)

o (X?l—:-ln—m—i—l,...,n—kl}) (a)&o (X?ltlkﬂ»---,l}) (b)
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4.1. Basic notions in enriched categories

where we have used the naturality of «: C = & and its graded centrality (cfr.
Definition [4.1.6). Consider now the permutation o € S,

l—k+n-—m+@G—(1—-k), I—-k+1<i<l
o(i)=1l—k+(i-1), I+1<i<l4+n—-m

i, otherwise

whose sign is sgn(o) = (=1)*»=™) and let x,: AR — AR™ be the associated
homomorphism. Notice that
Go(Xo)r(1,...n+1y = G0 (Xa o E{l,...,n+l}> = (—1)8@)g, (E{l,...,n+l}>
— (_1)Sgn(U)P{1,...,n+l} .
Thus

(_1)l(deg(a)+n—m)+(l—k)(deg(a)+n—m)LARHZ (M ket = T @ 1)

Go (X?l—i_—i-ln—m—&-l,.“,n—i-l}) (a)®0 (X?ltlk-i-l,...,l}) (b)

= (—1)kdee@g(y,) <L/\Rn+z (M1 kM1 - M= © 1)

0 (Vo) @00 (X))
= (= 1)F 9B st (1 Mk © 1) B (X?lﬂn,mﬂ,,,,,nﬂ}) (a)
0 (X[ bt trntinmy) ©)
and we therefore see that the two sides coincide.

We are now in a position to define the universal algebra 2l: using the directed system
constructed in we define A as the limit of the directed system {A", ¢, }, i.e.

A=limA= [TA"/ ~

neN

where given a, € A" and a,, € A™ we say that a, ~ a,, if there exists k& > n,
k > m such that ¢ n(an) = tkm(am). The canonical homomorphism ¢y, : A" — A
are then given by ¢, a, — [ay]. The operations in 2 are defined in the following
way: given [a], [b] € 2, there exist a,, € A™ and b, € A¥ such that [a] = i, (am)
and [b] = tx(bg); then we define

[a] + [b] = Lm(am) + Lk(bk) = Lm-i—k‘(bm—i-k,m(am) + Lm-i—k:,k(bk))
Aa] = A (am) = tm(Aam,)
[a] - [b] = tm(am) - tk(b) = timsk(@m - bi) -
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Owing to the product is well-defined. The algebra 2 can also be endowed with
a Zo-grading in the following way: first of all, an element [a] € 2 is homogeneous if
there exists a,, € A" homogeneous such that [a] = ¢, (a,). Then we define

deg([a]) = deg(in(ay)) = deg(ay) +n mod 2 .
This is again well-defined; therefore 2 is a complex, unital, Zs-graded algebra.

We now turn to the construction of the natural transformation o: &g = &%: thus we
need to construct the family {oarn }nen. We proceed in the following way:

(vii) consider J C {1,...,n} with j; < --- < j ; then we define the homomorphism
XJ: AR™ — ARl by its action on the generators:

J .| mi, k=j;forsomeie{1,...,|J|}
X (1) = .
0, otherwise .

Notice that
J J .
X‘?jlw--’]]]\} o Xp =Py Xn © X?jl,-~~,ﬂJ|} =iy -

Using these maps, we define

oprn(a) =Y. i ® (lm o B (Xﬁ) ° PI) (a) .

IC{1,...,n}

(viii) We need to show that the collection {oagrn }nen is actually a natural transformation.
Thus let us consider x € R&rassy(AR™, AR™); by [(i)| we know that

xmr)= Y. cyby ey #0if I =|J] mod 2, |J| >|1] .
JC{1,...m}

Therefore

&> (oprn(a)) = Z Z crjfy @ <0|1 0 & (Xé) ° PI> (a) .

IC{1,...,n} JC{1,....,m}

As|J| > |I] we can write 47 = 4 © 47))7); thus

Y oprn(a) = Y Yoo et ® (qJ o 4411 © Go (Xﬁ) ° PI) (a) .

IC{1,...,n} JC{1,...,m}

Notice that & (Xﬁ) opr =B (E{17--~7|I\}J)? then

4a)i11 © Go (E{l, m}f) = tam (M- 41 © 1) B (%J S, © B 71}1) :
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4.1. Basic notions in enriched categories

As|J| =|I| mod 2 (cfr. the definiton of E; in we then conclude that

¥ onrn(a) = > S b ® <11J| o &g (E{1 ..... |J|}I)> (a) .

IC{1,.n} JC{1,...;m}

On the other hand we have

are (a(0@) = Y 05 (4510 (i) 0 s 0 Bo(0)) @

JC{1,...m}

Now, as shown in |(i)| we can write

X= Y, cxExr
I1C{1,...,n}
Kg{lvvm}

and it follows that

oy (Xi) 0opso®o(x) =60 |xpoEs0o > cxEki
IC{1,...n}
KC{1,..m}

=& |xmo Y, cuBEn
Ig{177n}

Therefore

oprm (Bo(x)(a) = > > ebs® <11J 0 B (Xi) 0B (EH)) (a) .

JC{1,...;m} IC{1,...,n}
Now, recall that E;; = x’/! o Ey (cfr. ; thus &q(Ey7) = &o(x’!) o pr, and thus
orrm (Bo(x)(a) = > > CIJ9J ® <L|J| 0 B (X;Tn o X‘H) o pz) (a) .
JC{L,...m} IC{L,...n

Notice that
&y (an o X‘H) opr = &g (E{l,...,|J\}J>
and thus

orrm (Go(X)(a) = Y > CIJ9J®<11J|0®0 (E{l,...,uu,f))(a)

JCA1,...,m} IC{1,...,n}

and we see that the two coincide.
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(ix) Finally, we show that oagn is an algebra homomorphism. Linearity follows easily
from its definition; we thus need to show that given a,b € &¢(AR"™) (which we
suppose to be homogeneous),

oarn(a - b) = oarn(a) - oarn (b) .
Let us start by examining the object on the right-hand side: we have

oprn(a) - oarn (D) = > ome <l11 0 &g (Xi) o PI) (a)

IC{1,...,n}

> o (4J| o &g (X;{) o PJ> (b)

JC{1,...,n}

= > (e,
1,JC{L,...n}

® 4114471 ((’50 (Xﬂ) o pr(a) - &o (Xi) o PJ(b)) -

Notice that nrny; # 0 if and only if I NJ = &; in this case we define K = J U I,
with k1 < -+ < k. Then the object on the right-hand side of the tensor product
can then be written as

4K (60 (Xﬁ) opr(a) - &g (x;{) ° m(z;)) = (—1)Ides(@)

K| ((“0 <XJ{I|3||+1,...,|K|} ° Xﬁ) ° Pf) (a) (“50 <%J{I§,...,|J|} ° Xi) ° pJ) (b)) ‘

By considering the permutation o € S, that maps {j1,...,j),1,--,%7} With

<. <ggandip <--- <qgpto {ki,..., ]qu} while leaving the rest of the indices
untouched, we can consider the associated homomorphism x,: A R" — AR"; we
then have

K 1 K K J K
)é{|J‘\+1,...,\K|} °Xn = Xn ©Xo )3{1!“,7“]\} °Xn = Xn ©Xo -
Therefore

wue(@) o ® = S o ® (1o 0 (6 o xa) ) (rla)ps )
1,JC{1,...n}

= 3 0O (o8 (4 o xa) ) (pr(@ps(b)
1,JC{1,...n}
INJ=o

= Y Y e (a0 () (rl@pm o)

KC{1,..n} ICK
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4.2. The free algebra generated by formal S-matrices

The object on the left is instead given by

oprn(a-b) = Z NK @ <11K o &g (Xff) OPK> (a-b)

Kg{l,,n}

Z Z Nk ® (LWK| o &g (Xf)) (Pl(a)pK\I(b)>

KC{1,..n} ICK
and we see that the two coincide.

To complete the proof, we need to show the universality of 2. Let 20 be another
unital, complex, Zy-graded algebra, and let o/: &y = & be the associated natural
transformation. We need to define a homomorphism 7: 2 — 2 such that

(idpgn ® T) © OARn = Opgn for all n € N .

Consider now [a] € ; then there exists a, € A" = pgy 1 Go(AR") such that
[a] = tn(ay). We then define 7 by requiring that

N1,...n} © T(a) = opgn(an) for alln € N .

Consider now any b, € Go(AR™); we have

(idarm @ 7) 0 OpRm (brn) = (Idprm @ T) > e (qJ o & (X,Jn) ° PJ) (bm)

JC{1,....,m}

= Y wmoer (qJ o &g (X}In> ° PJ) (bm)
JCA{1,....m}

= > Xfoer (zm o &g (x;@) ° pJ> (bm)
JC{1,...,m}

= Y e <mJ| ®7 (lm 0 89 (xin) © PJ> (bm)>
JCA{1,...,m}

= Z & (x™) U/AIR\Jl <Q50 (X#L) o pJ> (bm)
JC{1,...,m}

= Y & (o) Thrn(ps(bm)
JCA{1,...,m}

= Z U;\Rm (ps(bm)) = U;\Rm (bm) -
JC{1,...,m}
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4.2. The free algebra generated by formal S-matrices

4.2 The free algebra generated by formal S-matrices

First of all, let us fix a Lorentzian manifold (M, go) and let us define the Dirac Lagrangian
Z: D(M) = Fioc(S;1 (M, g0))
fo= 20
with .Z(f) defined on A2E(S (M, go))

(D)= [ (Fu,DF(f0) dug,

This object is evidently antisymmetric and bilinear. Moreover, notice that Z(f)* = Z(f)
for every f € D(M): indeed,

() une] = ZOW AT = [ (f0", DY (Fu)) dug =

= [ (€10 Do(fCu) ditg = [ (DI ), FC2) di

=/ (fv1,Do(fCuz)) dug—/ (Do(fur), fCva) dpg

= [ (CCTDAC fua). for) dsg — | (C(fra). Dol fe) d
= (/M< Dy (fuz), for) dug+/ (fv2, Do(fu1)) dug>
=~ [ (0. DY () duy = ~Z(Dlo Al = Z(Dun]

It is also gauge-invariant: that is, for every t € R we have that Z(f)ox: = Z(f), where
Xt is the antisymmetric extension to £4(M?, S®, (M)¥?) of

s Ml

it
i fe) (5] eul
xe: E(S;1(M)) 2 <u2> = (e—itu2> :

We then proceed as in |12], that is, we construct a Grassmann covariant multiplication
(2, 1) with A: R&rass — RAlGZ? a Vec-functor and ¢: C = A a Vec-natural tranforma-
tion. The construction of these objects explicitly uses fermionic functionals as depicted
in Section among these, we point out a particular class of functionals which will be
widely used in Section [£.5}

Definition 4.2.1. Given a metric g; such that ¢g; and gg satisfy the assumptions of Section
[3-1] consider then a smooth curve I > ¢ — ¢; connecting the two. We can then construct
the map 7} as in Section and use it to map spinors in & (SS?l(M ,go)) to spinors in
E(Sf?l(M ,91))- We then define an associated kinetic perturbation as the functional

Kfuno) = [ (7 (£0). DEr(fo) dugy = [ (£, D5 (1)) i

where f € D(M) is any test function such that f =1 on Supp(g1 — go)-
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4.2. The free algebra generated by formal S-matrices

Lemma 4.2.2. K is a well-defined object in %gc(Sfl(M)). Moreover, K* = K and it is
also gauge-invariant.

Proof. First of all, notice that K doesn’t actually depend on the choice of f, as outside of
Supp(g1 — go) we have that g; = go and thus there DY = D§ and dug,, = dug,; moreover,
due to the properties of the curve I > t + g; joining go and g; we have that 74 is actually
the identity outside of 7~!(Supp(g1 —go)). This also shows that K is compactly supported
as desired. Clearly, K is also bilinear and antisymmetric; it is also continuous with respect
to the Fréchet topology. Indeed, as outside of 7~!(Supp(g1 — go)) the parallel transport
map 7'01 acts as the identity, we have that

HT&UHD,n =|lullp, YD CC M\ Supp(g1 = go) -

Thus we can focus our attention on the behaviour of the parallel transport on S =
Supp(g1 — go). Thus, let us consider the map
S) ‘

Notice, as pointed out in Section that given a section o, 7¢0 = so f,. It is easily
seen that if o5, = o in £(S, S;1(Mp)), then f,, — fo in E(S,I x S, 1(Mp)). Then, by the
continuity (cfr. Theorem [2.2.15|) of the composition

S)

with respect to the Whitney C'*° topology and by the fact that the Fréchet topology and
and C* (S, Sr1(My)
S

thanks to the compactness of S (cfr. Section after Remark , we infer that if
o — o in £(S,S.1(Mp)) then 730y, — 740 in £(S,S,1(My)). Thus the desired continuity
of 7¢ follows, and so of K.

The claim about the involution and the gauge invariance follow from a straightforward
computation. ]

7'011 I <Sr,1(Mt0) S) —TI (Sr,l(Mh)

,Sr1 (M)
s

o: O (S,I X Sr,l(MO) S) x C*° (I X Sr,l(MO) S) — O <S, Sr’l(Ml)

the Whitney C'* topology coincide on C*° | S, I x S, 1(Mp)
S

Remark 4.2.3. In order to simplify the notation, in the following we will use the following
notation:

(wo) = [ (wv) dug

where u,v € I'(E), where E may be S, (M) or Sfl (M). The context will make it clear
on which bundle we are working on.
Moreover, whenever needed, we shall specify with (-, ->071 whether the hermitian metric is

the one on Sf,?l(M, go) or SS?I(M, g1), and with (-,-)o,1 whether the integration is carried
out using the measure dpg, or djig, . I
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Remark 4.2.4. Let us denote with K C ﬁgC(Sfl(M )) the subset of kinetic perturba-
tions. Notice that this is not a vector subspace, as in general given K1, Ko € K it holds
that K1 + Ko ¢ K.

We examine two cases:

(i) suppose that K; and K> satisfy Supp(K1) N Supp(Ks3) = @. Denoting with g; and
g2 the associated metrics (which both satisfy the assumptions of Section , then
it follows easily that g1 + g2 — go also satisfies the assumptions of Section One
can thus consider the curve joining gg and g1 + g2 — go, and the associated kinetic
perturbation K. Due to the disjoint supports of K and K», the curve connecting gg
and g1 + g2 — go just restricts to the one joining gy and g; and gp and g2 on Supp(K7)
and Supp(K3) respectively; this, combined with the same support properties of ¢;
and gs, the freedom in the choice of the cutoff function f in Definition the way
that the Dirac operator is defined and the way integration on manifolds is carried
out, implies that in this case

K, =K+ K>y

which entails in particular that K + Ko € K.

(ii) If Supp(K1)NSupp(K2) # &, then the situation is more delicate. First of all, notice
that outside of Supp(K1) N Supp(Ks) the situation is entirely analogous to case (i);
therefore the problem lies in the intersection of the supports. The first issue is that in
general given two metrics g1 and go which satisfy the assumption in Section [3.1] the
metric g1 + g2 — go (which corresponds to the perturbation of the metric gy obtained
by adding to it the individual perturbations g1 — go and g2 — go) doesn’t necessarily
satisfy the requirements of Section [3.I] Secondly and most importantly, due to
the definition of kinetic perturbations (and in particular owing to the differential
equations of the parallel transport) it holds that K; + Ko ¢ K.

Therefore, when dealing with sums of functionals possibly containing kinetic perturbations
one has to pay particular attention. 2

Given a kinetic perturbation K, we have a corresponding globally hyperbolic metric
gk (this is just the metric denoted by g¢; in Section which is a compact perturbation of
go). With J?E we shall denote the causal structures computed with respect to said metric,
while with JSE we denote the causal structures computed with respect to the unperturbed
metric go.

We are now in a position to carry out the following construction:

Definition 4.2.5. Given a real Grassmann algebra G € R®tass, we construct the Zo-
graded algebra 20 by considering the free algebra over C generated by the symbols
{Sc(F)} fecas..(p) under the following conditions:

() {Sc(F)}re(@omi. (k) © AL

(ii) the product is Zg-graded, i.e.

el cAx o, pe{0,1};
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4.2. The free algebra generated by formal S-matrices

(iii) given P,@Q, N € (G®Fioc(E))? with P and @ such that Supp(P)NJy(Supp(Q)) = &,
we have that

Sq(P+Q+ N)=Sg(P+N)Sa(N)"'S5(Q+ N) . (4.1)

In order to impose the next requirements, we notice the following: any functional F' €
«710‘:(57?1 (M)) gives rise to a family of maps {Fg}Gesrass defined by

Fe:GRCE)>n@u—ne Fu)e GaC (4.2)

which commutes with any morphism y: G — G’. By the even-rules-principle, we know
that knowledge of F € ﬁoc(&? 1(M)) is equivalent to the knowledge of Fg o exp on even
elements in (G ® G(SE?I(M )))?, in particular on elements of the form

Y omi@u', n € G'ul € E(SH(M)) C C(SH(M))!
iel
Indeed,
exp Zm @u' | = H (idG®@(E) + 1 ® uz)
iel iel
and thus

]|
Fgoexp (Zm@uz) = Z Z Min =+ Miy @ (U A Au™) .

icl n=0141 < <in

We then define the shift of a functional F' € Gioc(Sf?l(M)) by an element h = >, ; 0; @ v
by considering, on any even element of the above form,

Fgoexp (Zm@u) = Fgoexp (Zm@ui—f—ZGj@vj) .

icl icl jeJ
The object on the left can be written as

]

YD i M @ (FR)a(ut A A

n=041<-<in
where thanks to the right-hand side we can infer

7]
(Fg)n(ull A Au'm) = Z Z 0. -0, @ Fppp(u Ao Au™ AT A - AR

k=071 <---<jg

The shift ! € G®%OC(S§1 (M)) is then defined as the collection of functionals {(F), }nen.
Notice that if h = 0 ® 0 we then have that

FGoexp (Zm@u) = Fgoexp (Zm@ui)

el el
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and so FP = {idg ® Fj,}neny = idg ® F.

We are interested in defining shifts of the Lagrangian when the shift h is constructed
using compactly supported functions u’ € D(SS?I(M )); these will be denoted by .Z(f)®
for every f € D(M). Then we define the functionals

0% = ZL(f)F —idg® Z(f), f=1 on Supp(h) .

It can be easily shown that these objects don’t depend on the choice of f, and that
6L € (G ® Foc(S1(M)))°. We are now in a position to state the other requirement:

(iv) given F € G® Fioe(E) and h = 3, ., 0; ® 7 with 0; € Gt and v/ € D(Sfl(M)) we
require that

Sc(024)5a(F) = Sa(F)Sa(04) = Sa(F™ +0.4,) - (4.3)

Remark 4.2.6. Notice that if h =0 ® 0, then 0.4, = 0® 0, and (4.3)) entails that
Sa(0®0) = idy,, -

Now, clearly 0® 0 € (G® %OC(S% (M)))?, and by the previous equality and by (4.1]) we
have that
Sa(P+@Q+0) = 5a(P)Sa(Q)

if Supp(P) N Jy (Supp(Q)) = @. Notice that if Supp(P) and Supp(Q) are spacelike
separated then we can also write

Sa(P+Q+0) = Sa(Q+ P +0) =S5¢(Q)Sc(P)

and thus we have
Sa(P)Sc(Q) = Sa(Q)Sa(P) . (4.4)

Remark 4.2.7. Consider a fixed 7 € G” and the constant functional F, € 0 (S5 (M)).
Then Supp(n® F.) = &, and son® F, and P € (G ® G'iOC(S@I(M))O satisfy (4.4) for every

choice of P € (G ® Sfloc(sv?l(M))f’ ie.
Sa(n® Fe)Sa(P) = Sa(P)Sa(n ® Fe)
and moreover
Sa(n® Fe,)Sa(n® Fe,) = Sa(n® Fey + 0@ Foy) = Sa(n @ Feyyey) -
Thus for any fixed n € G°, {S¢(n ® F.)}eec is a central subgroup. I\

The Yec-functor A: RBGrass — RAIGP2 thus assigns to each G € R&rass the Zo-graded
algebra 2g; its behaviour on morphisms is then defined in the following way:
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(i) first of all, given any morphism x: G — H we can define a morphism yg : g — An
by defining it on the generators as

xa(Sc(F)) = St (Xa,.(F))
with x5, (n® F) = x(n) @ F.
(ii) We can now define, for any given couple G, H € R&rass, the morphism
A i RGrass(G, H) — RAG™2 (A, Apr)

by defining it on morphisms in Srass(G, H) and then extending it by R-linearity to
R&vass(G, H). In particular we define

A, m(X) = X -
It is easily seen that the requirements of Definition are satisfied.

In order to have a covariant Grassmann multiplication as of Definition we then need
to exhibit a Uec-natural transformation

t: C=2A

that is, a family of morphisms {.G }Gererwss € Hom(R, RAlgZ? (G, Ag)) ~ RAG?? (G, Ag)

in Yecg satisfying Definition and

We then proceed in the following way:

(i) we require that for any n € G, the morphism (g : Ge — g satisfies
(%)) = Sp(n® F,) Vz e C .

Observe that if n € G', noticing that Fy = idg, ., it then follows that eln®l) —
idg + 7 ® 7, and thus

Sc(n®idg, ) = q(idg + n®1i) = 1q(idg) +itg(n® 1) =idy, +itg(n® 1) .
Therefore we conclude that the above requirement entails that for every n € G!
wa(n©1) = i(idag — Sa(n ®idg,,)) -

As we have defined v on G' ® 1, we have defined it on the generators of G¢, and
thus on every element of G¢: moreover, notice that vc(Gc) is a subalgebra of .

(ii) o also respects the grading: indeed, we know that given ny,n2 € G*

AL > Se(mme @ idg,,) =t (e MPEY) = iSq(m @ idg,,)Sa (12 @ idg,.)
— iSG(n1 ® idgioc) _ iSG(?’]Q ® idgloc) — (Z — 1)idQ[G
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and decomposing the right side into the even and odd parts we arrive at

0 = Sg(m®idg,,)" (Se(1©idg,,)° —idug )+ S (n2®idg,. ) (S¢ (m ®idg,, ) —idag) -
Thus, either
Sa(n ®idg,,)' =0 or Sg(n ®ids,, )’ = ida,

for every n € G*. If Sg(n® idgrloc)1 = 0 were to hold, then one finds inconsistencies
when considering the fact that 1 Any = —n2 Anp and carrying out the computations;
thus we conclude that Sg(n ® idgrloc)0 = idg,,, and therefore

wen®1) e Ay if ne Gt

i.e. (g is a (linear combination of) degree 0 maps between Zo-graded algebras as
required.

(iii) As far as the behaviour with respect to morphism is concerned, notice that for any
ne G

(xaota)(n®1) = xu (iidy, —iSq(n ®@ids,.)) = dida,, — iSc (X%, (1 @ idg,,))
= (teroxc)(n®1).

As this holds for the generators, it holds for any object in G. But notice that this
is precisely the behaviour required by Definition

Thus we have a covariant Grassmann multiplication (2, ¢) in the sense of Definition
and we can thus apply Theorem [£.1.8] which yields a universal unital, Zs-graded complex
algebra 2l as well as embeddings og: Ag — G ® A which are such that

OGO X = X 00G

for every morphism y: G — G’. We want to endow this algebra with an involution; to do
so, we first define it on g by first defining it on the generators as

(Sa(F)" = Sa(F*)™

where the involution on G ® H, is defined on the tensor product of homogeneous elements
by
(n® F)* = (—1)des(m deg(F) pr o

Notice that the involution on G is defined by 7} = n; on the generators, and (m A---n,)* =
s A---Anj. One can then induce an involution on 2 via the maps og: g — G @ A by
requiring that

06(Sa(F))* = 06(Sa(F)*) = 0c(Sa(F) ™" .
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Remark 4.2.8. Given 7;n; ® ¢ € G ® C with 7;,n; generators of G, we consider

oc(Sa(nin; @ Fe)) -

We can write it as

UG(SG(ninj®FC)) = Z UIBI(m:---aUmC) :
Ic{1,..,n}

Given a morphism y: AR"™ = G, x: e; — n;, we consider
oq(Sa(nin; ® Fe)) = oa (SG (X7, (€i€j ® Fc))) =X (UAIR” <5A1R<n (eiej & Fc))) -

Thus we can suppose that G = AR™. Consider now, given A € R", y): AR" — AR",
xa(ei) = Aie;. We have

Z ArerBl(e1,. .. en,c) = Z ArerBY(Mei, ..., Apen, ©)

Ic{1,..,n} Ic{1,..,n}
that is,
Bl(el,...,en,c) = BI()\lel, ey Apen,c) YA ER™ .
This entails that B! doesn’t actually depend on {ey,...,e,}; moreover, by considering
A =0 we get

idarr ® B?(c) = xa (U/\]R” (S/\]R" (eiej ® Fc))) = OpR® <S/\R" (X,\gqoc (eie; @ Fc)))
= idarnea
i.e. B?(c) = idg. Now, by considering that we can write
Xag,, (€i€j @ Fe) = ejej @ Fz e
we conclude that
BY(\i)je) = M\ Bl (c) for every T € {1,...,n} and A € R™ .

This implies that B(c)(1 — A;) = 0 for every A € R™ such that \, = \g = 1; thus
Bl(e)=0if I ¢ {n,0}, ie.

o (Sarn (eie; @ F.)) = idagnga + €; ® B'(c) + ¢; ® B(c) + eje; @ BY(c) .

By fixing now \; = 0 and \; = 1 one can show that B(c) = 0 for all ¢ € C, and the same
happens inverting the role of i and j, i.e. B?(c) = 0; therefore

O ARM (S/\Rn (Eiej ® Fc)) = id/\]R’ﬂ@Q[ + eiej ® BW(C) .
As by definition we have

S/\]R" (eiej X Fc) = LAR™ (ei(€i€j®c)) = idQ[/\R” + LARR (eiej & ZC)
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it also follows that
idarnga + €i€; & B (C) = idarnga + TAR~ (L/\Rn (eiej & ZC))
ie. -
eiej &® BY (C) = iCO’/\Rn(L/\Rn (eiej &® 1)) s
that is, BY(c) is C-linear, even in 2 and it holds that
fieiej ® B”(l) = OAR™ ([,/\Rn (eiej X 1)) .

From the fact that for every morphism x: AR"™ — G we have ogotgoxc = XO0OARn O LaRn
it follows that - -
BY(1) = BX(”)(l) Vei,e; € AR and Vx: AR" = G

that is,

(i) by considering any permutation o € S,, and the associated morphism Y, we have
that B"(1) doesn’t depend on the choice of i and 7;

(ii) by considering the morphism y: AR™ — AR"*2,

ek N entt, k=1
x(ex) = —ex Neny2, k=3
ek, otherwise

we have

€i€j€nt1€n42 & Bij(l)B(nJrl)(nJrQ)(l) = (—ieiej (=) Bij(l))(—i€n+1€n+2 (= B(n+1)(n+2)(1))
= Oprn+2 (Larn+2 (€i€jenti1enta ® 1)) = —ieejentienyo ® Bij("+1)("+2)(1)

= —i€€jent1€nt2 ® BX() (1)

i.e., denoting with B = B (1) = B(+D(+2)(1),

By the definition of the involution we also get B* = —B; moreover, as {S\rn~(eie; ®
F.))}cec is a central subgroup of Axgr we have that B € Z(2(). A non-trivial solution of
these equations is given by B = 7idg, which then yields

O AR (S/\]Rn (eiej ® C)) = id/\Rn@)Q{ + i€i€j Xc.

There may be other solutions though; an analogous problem occurred in [14], where the
central subgroup {S(F;)}.cr of S-symbols associated to constant functionals was set to
{eid}.cr. Here we do the same: thus in the following we will use B = iidyg when
needed. Il
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4.3 The canonical anticommutation relations

We now wish to find a way to extend certain functionals in Fo. (S5 (M)), acting on
G(SS?I(M)), to objects in G ® ﬁoc(sfl(M)) acting on G ® G(SS?I(M)). Recall that
C (SS?I(M )) is Z-graded, and therefore has a natural Zs-grading; then we can consider,
given homogeneous elements 1,0 € G and u,v € G(SS?I(M)),

(@ u)(0 ®v) = (~1)9e0%E (1) © (unw) .
Every functional F' induces a map Fg: G ® C (SS1 (M)) - G ® C given by

Fen®u)=n® F(u) .

We thus define, given 7,0 € G and u,v € S(Sﬁ (M)),

(Bv,un)g = 0(v,u)n
where we used the notation
nu = (n®ide)(idg ® u) = —(idg ® u)(n ®ide) = —un .

Using this, we can extend the Lagrangian in the following way: given h = ), ; u'n;
—Yiermi @ ut with {n;}ier € G and {u;}ier C 5(5%(M)) we consider, given f
D(M), Z(f)c (exp(h)) (because of the even-rules principle). Notice that as Z(f)
ﬁgc(Sfl(M )), using the extension we have

m m |l

#(5)a espit) = #(0)a |y |

and in particular it holds

Z(fe [; > (') (winy) ] gmwﬂf)[u Aul] = gm (fu, DF(fu’)) m
2Y) 7] ()
= 5 >y (~(DE(Fud), fuh) + (b, Do(Fud)) m
i#]j
= Z D (fub)ng, (fub)mi)a + (Fubns, Do(fuln;))e
1#]

= (fh2,Do(fh1))g

Given this extension, one can also compute the objects 0.2}, with h =}, ; ijj:

5Ll = (L (f)c o exp)P[h] — (L(f) o exp)[h]
= (Z(f)c oexp)[h +h] — (Z(f)c o exp)[h]
= (f(h2 +h2),Do(f(h1 +h1))), — (fh2,Do(fh1))c
= (fh2,Do(fh1))c + (fh2, Do(fh1))c + (fhe, Do(fh1))e
= (hg,Doh;)g + (ha, Dohy)g + (he, Dohi)a
= (h2, Doh1)g + (Dghe, h1)e + (ha, Dohy)g
= D¢(DGh)[h] + (hg, Dohi)e
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4.3. The canonical anticommutation relations

where we have defined the smeared double Dirac field

Da(s)[h] = (h2,s1)a + (s2,h)c
and where f)g9 = Do @ D} (notice the sign change with respect to Dy = Do & —D}).
Remark 4.3.1. If we define

P(s): E(Spi(M)) - C
u — (s, u)

and

¥(s): E(Sp1(M)) = C
u — (u, s)

and extend them in the same fashion as |12, Section 5] to objects in G ® £(S,,1(M)) and
G ®D(Sy1(M)), then we can make the following observation.
Notice that if u’ € 5(5?1(M)) and v/ € D(Sf?l(M)) in h and h are given by

u' = (uf,uh) = (W, 7)ol = (v, 0h) = (o, 071)
for u' € £(S,;1(M)), vI € D(S,1(M)) then
De(DFh)[h] = Z ((uini, Do(6;07)) + (Do(6707), ') )
= Z ( (Do(0;07))[u'n:] — ?P(DO(@jUj))[Uim])

= w(Doh)[ ] — ¢(Doh)|A]

with Dgh = Z 0 ‘Dov?. Moreover, notice that

D(Dgh)[h] = —(Dgh, h)e
J

Proposition 4.3.2. Given s = 3774 n;s7, nj € G generators of the Grassmann algebra
G of dimension n and s’ € D(SE?I (M)), we have the decomposition

oc (Sa(@a(s Z S i, @ BR(s™ L s™)

= ! 11 <<l

with B*: D(SS?I (M)) — A alternating, k-linear and R-linear.
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Proof. We proceed as in Remark [£.2.8} as stated there, it suffices to prove the result in
the case G = AR"™; we will drop the subscript from now on.
We know that o(S(D(s))) € AR" @ ; thus we can write

a(S(®(s))) = Z er @Bl (s1,... sp,e1,...,en)
Ic{1,..,n}

with BY(s1,...,8n,€1,...,6,) € A. Consider now A € R”, and the associated homo-
morphism xy: AR" — AR”" which maps e; — Ae;. Applying that to o(S(D(s))) we
have

X)\(O—(S(Q(S»)): Z AIeI(EQBI(SL"'>37L>61>"'7en) .
Ic{1,..,n}

On the other hand, we know that x) o 0 = 0 o x\y, Where o now maps to the exterior
algebra AR” transformed through x); thus we have

Z )\161®BI(81,...,sn,el,...,en): Z A161®Bl(31,...,sn,)\lel,...,)\nen)
Ic{1,..,n} Ic{1,...n}

ie.

Bl(s1,...,8n,e1,...,en) = Bl(s1,..., 80, \1e1,..., A\pen) for every I € {1,...,n}, A € R".

Thus B! doesn’t actually depend on ey, ..., ey, ie.
Bl(sl,...,sn,el,...,en):BI(sl,...,sn) i

Now, notice that x(s) = 3" ; (\ie;) @ s' = 3 1 e; @ (A\;s?), i.e. we can interpret x(s)
as an object in AR" ® C (SS?I(M )) where AR"™ is not transformed by x»; in this case we
have the equality

Z )\161®B1(51’-'-78n): Z €[®Bl()\151,...,>\n5n)
Ic{1,...n} Ic{1,...n}

ie.
M BI(s1,. .. 80) = BE(A1s1, ... Ansn) -

This implies two things:

(i) B(s1,...,s,) depends only on those s;’s such that i € I, i.e.

Bl(s1,...,5n) :Bl(sil,...,sm) ;

(ii) B! is homogeneous of degree 1 in each of its entries with respect to R.

Notice moreover that if A = 0 € R", we then have x)(s) =0€ G ® G(Sffl(M)), and thus
B?(s1,...,50) = X0(0(S(D(5)))) = 7 (S(x0,.(D(5)))) = o(S(D(0)) = 0(S(0)) = idizm
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ie.
B?°(s1,...,s,) = idgy for every choice of s .

We now wish to show that B! is linear and antisymmetric in its entries. To do so, consider
a permutation p € S, and the associated morphism x,: AR"™ — AR"; we then have

Z Cp(iy) """ ep(zm) ® BI(SiU T 57]1|) = XP(U(S(Q(S)))) =0 (S(Xp(g(s))))
Ic{1,..,n}

= Z ej®Bl(sp71(i1),...,spil(m)) .

Ic{1,...,n}
But as
Z €p(ir) " Epigy) @ Bl (siy,. .., 57’11|) = Z sgn(p|r)er ® B (s",..., s')
Ic{1,...,n} Ic{1,...,n}

we then conclude that
sgn(p|r) B (s™, ..., sl1) = Bl(spil(il), . ,37’71(4”))

i.e. B! is antisymmetric in its entries as desired. Finally, let us show that B! is R-linear
in each entry. To this end, let us consider the morphism x;: AR"™ — AR"™ defined on the

generators as
( ) €; i#k-ﬁ-l
e;) =
XRACi €k i=k+1.

We then have ' ‘
Y xuler) ® Bl(s™,...,s11) = o(S(D(3)))

Ic{1,...,n}
where 3 = Y7, €;3%,
s' i £k
F=_g Ll i—k
0 t=Fk+1.
Moreover,
€1 k+1#1
xiler) =€ --ep---ey k+lel k¢l
0 kk+1lel.

These two entail that if k + 1 € I,k ¢ I, denoting with I = {iy,...,k,... ,471} we have

Bl(sil,...,sk,...,sm)+Bl(si1,...,sk+1,...,silfl):Bl(sil,...,sk—l—sk_,_l,...,s%) :

As k was generic, we have verified that B! is actually R-linear in each entry.
Finally, consider the following: as a function on |I| entries, the dependence of B! on I is

75



4.3. The canonical anticommutation relations

due to the elements s™, ..., sl acting as its arguments. B! doesn’t actually depend on
the chosen entries of I. Thus we can define, for each k € N,
ko T L SR S OO k
B¥(s",...,s) BUoFi(gh o0 sY)

_ik

and we can thus write

n .k

¢ (51 i

U(S(@(S))):Zg > ey e ®@BF(sM, L s™)
k=0 """ 1< <ip

with B¥ an alternating R- and k-linear map on D(S,”; (M)) O

Remark 4.3.3. Consider now s = fu, with u € D(SE?I(M)) and § € G' a generator;
according to Proposition 4.3.2| we have

06 (S6(Da(s))) = idaga +i0 @ B (u) .

Notice that in this case the functional D (s) € (G ® Foc)’; therefore we necessarily have
Bl(u) € A'. We now apply the involution on both sides: we then have

idaga — (0 © B'(u))* = idgea — i(=1)(0" @ B'(u)*) = idgea + (0 @ B'(u)") .
On the other hand, due to the properties of the involution we have

06(86(Da(5)))" = 06(S6(Da(s))*) = 06(Sc(Da(s)*) ™) = 96(Sa(Da(s)") ™ -

*

We need to compute D (s)*: notice that

D (0u)[vn] = (van, Our)g + (Ouz, vin)g = 0((uz, v1) — (v2,u1))n

D(u)[v]
and that
D(w)*[v] = (~1)D@)[*] = (~1) ((uz, Cva) = (CTvy,ur) ) =
= (=1) (02, Cun) = (CMur,v1) ) = =D(~u")[o] .
Therefore

Da(s) =09 (w) =(-1)0"9(w)") =00 D(—u") = Dg(—0u”) ;
if we consider the expansion for o¢(Sq(Da(s)*)) we have
o6 (Sa(Da(s)*)) = idgga — i @ B (u¥)

whose inverse is given by
idgea + 10 ® Bl(u*) .
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Comparing the two expression we conclude that

B(u)* = BY(u*) for ever u € 'D(Sf?l(M)) .

In particular, if u = uy = <0f1f> for some f € D(S,1(M)) we then have up = uy and
thus

Bl(ujc)* = Bl(u]c)
i.e. for every f € D(S,1(M)) B'(uy) € 2 is a R-linear, self-adjoint element. s

Remark 4.3.4. Using a procedure analogous to that of Proposition [4.3.2] it is possible
to show that given an even functional F' € ﬁoc(Sf?l(M 1), it holds that

oc(Sg(idg ® F)) =idg ® Ap

for some Ap € A°. Indeed, as previously pointed out we can stick to the case G = AR™;
it then follows that

oa(Salide®@F))= > e®Ap, {Aptrcp,.np C2A.
IC{1,...,n}

Consider now any A € R", and the morphism x): A R"™ — AR"™ which acts on the
generators as e; — \;e;. Clearly

(d® F)=id® F

and

B O(SEeF) = X Aerodb.
IC{1,...,n}

But due to the properties of the natural transformation ¢ and to the definition of the
morphism x)g it then follows that

Yoo Mer®AL= > e ®AL <= > e @A\ —1Ap=0VAER".
IC{1,...,n} IC{1,...,n} IC{1,...,n}

As {er}rcqi,...n) 18 a basis of AR™, it follows that
A\ —DAL=0vIC{1,...,n}, YAER".

If I # @ then it must hold that AL = 0; on the other hand, if I = @ then it may be that
AL #0. Thus it follows that

o(S(id® F)) =id® A% .

Asid® F € (A\R"® ﬁOC(Sfl(M)))O, by definition S(id ® F) € A%, and due to the fact
that oagn is a Zo-graded algebra homomorphism it follows that A% € 2°. I
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Theorem 4.3.5. The family of self-adjoint, R-linear objects {Bl(ujc)}fep(sm(M)) cA
satisfies the canonical anticommutation relations,

{B'(uy), B'(ug)} = 2Re(f,iS0g) -
Proof. Let us consider s = Y I"n;s* and t = Y1 0,7 with {s'};, {t/}; C D(SS?I(M)) and
{ni}i,{0;}; C G'. It is possible to decompose
s=s +Dyh

by considering a Cauchy surface ¥ C M such that ¥ N J~(Supp(t)) = @ and a smooth
function x € £(M) such that x = 1 on the past Cauchy development D (X) and x =0
on the future Cauchy development Dar (X) of ¥ minus an open neighbourhood of ¥, and
defining

h = xSy s .

Then clearly Supp(h)  Jg (Supp(s)) N D~(%) = J (Supp(s)) N J5 (S N Jg (Supp(s))),
and as ¥ N Jy (Supp(s)) is compactly supported because of the global hyperbolicity of
(M, go) and of the properties of Cauchy surfaces we have that

Jo (Supp(s)) N Jy (N Jg (Supp(s))) CC M

because of global hyperbolicity; thus h is a compactly supported smooth section of
SS?l(M ). Then if we define

s =s5—-DJh

we have that s’ € D(S5;(M)) and that

s'=s5—-DJh= ]3895’6@5 ~-Dyh=DF | (1 - X)SJEBS
—_———
SuppC D+ (%)
i.e. Supp(s’) N Jy (Supp(t)) = @. Now, recall that
Da(DGh) = 6.2, — (h2, Dohi)a

and thus )
Dc(s) = Da(s) +D(Dgh) = Dg(s') + L, — (he, Dohi)g -

Then it follows that
Sc(Da(s)) = Sa(Da(s') + 0L, — (ha, Dohi)c)
S6(62)S6(Dc (') — (ha, Dohi)c) -
Now, notice that

Da(s') Mun] = Da(s)[un — h] = Da(s')[un] — (ha, s1)a — (sh, h)a
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and thus

Sa(Da(s)) = Sc(6.24)Sc(Da(s') — (ha, s1)a — (85, hi)a — (ha, Dohi)a) -

constant functionals=c

Consider now
Sc(®a(s))Sa(Da(t)) = Sa(0Lh)Sa(Da(s’) — ¢)Sa(Da(t))

Sa(6.2)Sa(Pals') +Dal(t) — o)
= SG((Sgh)Sg(@(;(S/ +t)—c) .

Notice that

@G(S’ +1t)=Dg(s — ]jgah +1) =Dg(s+1t)+ Qg(ﬁae(—h))
=Da(s+1t)+0L-p — (ha, Dohi)c

and using again (4.3|) we have
Sa(®a(s)Sa(@a(t) = Sa(@a(s + )" + 6.2, + 6.2, — (ha, Doh1)g — ¢) .

Consider now

Da(s+1)" = (ha,Doh1)g — ¢ = Da(s +t) + (ha, 51+ t1)a + (s2+ t2, h)
— (ha, s1)a — (sh, h1)g — 2(h2, Doh1)a
=Dqg(s+1t)+ (he, t1)a + (t2, h1)a

and

8L lun) = 6L 4[un+ h) = (L(f)a o exp) " [un + h] — (L(f)c o exp)[un + h]
= (ZL(f)c o exp)lun] — (Z(f)a o exp)[un + h] = =62, .

We therefore conclude that
Sa(Da(5))Sc(Da(t) = Sa(Da(s +1) + (he tr)a + (t2, M)a) -
Recall that h = XS’O_EBS and thus
hy = XSO_*SQ h1 = xSy s1
and as x = 1 on Supp(t) we have
(h2,t1)G + (t2, hi)e = (S5 s2,t1)c + (t2, S5 s1)c = Es,1)

and we have

Sa(®c(5))Sa(®q(t) = Sa(Da(s+t))Sa(E(s,t)) .
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From this we have

Sc(Dc(5))Sa(Da(t)Sa(—E(s,t) = Sa(Da(s + 1) = Sa(Da(t + 3))
= S¢(Dc(t))Sc(Da(s))Sa(—E(t, s))

- S6(D6(5))56(Da(t)) = So(Da (1) Sa(Da(s))Sa(E(s.t) - E(t, 5))
with

E(s,t) — E(t,s) = (Sy s2,t1)a + (t2, S5 s1)a — (Sy ta, s1)a — (52,9 1)
= (s2,Sgt1)a + (t2, Sy s1)a — (t2, S5 s1)a — (s2, 5 th)a
= —(s2,80t1)G + (t2,5081)a -

Let us now consider the particular case s = nuy and t = fuy, with 7,0 € G generators;
then by Remark we have

06(Sc(Da(s))) = idega +in® B'(uy)  0c(Sc(Dca(t)) = idaen +i0 ® B' (ug)

and thus
06(Sc(Da(s))Sa(Da(t))) = idaga +i0 @ B (ug) +in © B (us) + 10 @ B (up) B' (ug)

and
0c(Sa(Da(t)Sa(Da(s)) = idaen +i0 @ B' (ug) +in @ B (uy) + 0n @ B (ug) B (uy) .
Moreover, notice that in this case we have that

E(s,t) = B(t,s) = —=(nC™" f,0509)c + (0C 9,150 f ) = 1(f. S09)8 + (g, So.f)6 -
By considering Remark we then have

oc(Sa(nf @ ¢)) = idgga +inf @ c .
We thus have that
idgee +i0 ® B'(ug) + inB' (ug)+n0 ® B' (up) B (ug) = idgea + i0 ® B (ug) + inB' (uy)
+n0 @ (=B (ug) B (ug) +1i ((f, Sog) + (9, S0/)))

from which it follows that

{B'(us), B! (ug)} = (f,iS09) + (9,350 f) = 2Re(f,iSg) = 2Re (f,9)g, -
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4.4 A C’-norm on a x-subalgebra of the universal algebra 2l

We now wish to endow a *-subalgebra of 2l with a C*-norm. We first consider the unital
x-subgalgebra 2(, generated by

A = {Ap, F € Fioe(SE (M) s.t. F* = Fp C A
where Ap € 2° is obtained as described in Remark Notice that as
Sq(idg ® F)* = Sg(idg ® F*) ™! = Sg(idg ® F)~!
we have
idg ® Ay = 06(Se(idg ® F))* = 06(Sg(idg @ F)™) = idg ® Ap!

i.e. Ap is unitary. Now, we consider the set {Bl(uﬁ}feD(Sr,l(M)); notice that given any
C*-seminorm on the x-algebra generated by it we have, if Re(f,iSof) = 1, B! (uy)? = idy;
then if Re(f,iSof) # 0 it follows that

B || =B ) B )] =B )| ™ EF Re (s.i500) -

Moreover, if Re(f,1Sof) = 0 then f = Dg# for some ¢ € D(S,1(M)): indeed, we know
that (-,450-): D(Sy1(M)) xD(S,1(M)) — C is positive semidefinite as shown in [17], and
therefore (f,iS0f) > 0 for every f € D(S, 1(M); this in turn implies that

0 <|(9,i501)] < \/(9.S09)\/(f.S0f) = 1/ (9.iS0g)/Re(f.iS0.) = 0 ¥g € D(S1(M)) -
Thus (g,iS0f) = 0 for every g € D(S,1(M)), i.e. Sof = 0. But one can show that
ker(Sp) = DoD(Sy1(M)). Indeed, clearly DoD(S,1(M)) C ker(Sp); on the other hand,
suppose that f € ker(Sp). Then Sof = 0 entails that Sy f = Sy f = 1; then we know
that

Supp(y) C J*(Supp(f)) N J~ (Supp(f))

where the last set is compact due to the global hyperbolicity of M. Thus ¢ € D(S,1(M)),
and we have Doy = DoSy f = f, i.e. f € DoD(S,1(M)). So in particular if we consider
f to be a representative of

[/1 € D(Sr1(M))/DoD(Sy,1(M))

we have that [f] = 0, i.e. the positive semidefinite inner product (-,4Sp-) is actually
positive definite on it; thus if we restrict the family {B'(us)} feD(S,1(M)) to the above

quotient space we have that Re(f, iSof) = 0 entails that B (uf) = 0, and the C*-seminorm
defined by

B! (ug)|| = /Re(f,i80)
is actually a C*-norm.
Consider now the x-subalgebra B of 2 generated by
B! Pl
{ (uf)}fED(ST,l(M))/DOD(STJ(M))
We have the following result (cfr. [12, Theorem 6.2]):
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Proposition 4.4.1. Every C* seminorm on B is bounded from above.

Proof. Notice that any element A € B can be written as

n

A= B (up) - B'(up, AR -+ Ap, {iiti<icn {kihi<i<cn CN.
i=1

In order to ease the notation we write
ciB'(ug,) - Bl(up, ) =C)  Ap - Ap

and

n
A=Y "clul .
i=1
Notice that Cf’ belongs, for every i € N, to the *-algebra generated by {B!(us)}, while

Ufi is unitary, being the product of unitary objects. Then consider any C*-seminorm
p: B — RT: we have

p(A)=p (Z Cf"Ufi) <> p(cFuf) <> p(ci)p(Uf) <> p(c) .
i=1 i=1 i=1 i=1
Then by the previous observation we know that we can write

p(CH) = |

where |-|| is the C*-norm on the *-algebra generated by {B!(us)} obtained previously. [

Definition 4.4.2. Let A € B; we define the map |||, : B — R as
1 4llg = supp(4)

where the supremum is taken over all C*-seminorms p: B — R.

In the general case, ||-||, is a function with values in the extended real numbers; how-
ever, in our case ||A||, < +oo for every A € B as shown in Proposition In this
case we call ||-||, the Gelfand-Naimark seminorm. This is indeed a C*-seminorm, as [34}
Proposition 10.1.2, Theorem 9.5.14, Theorem 10.1.3] show.

Notice that the Gelfand-Naimark seminorm is well-defined, as the set of C*-seminorms is
non-empty: indeed, consider the trace state wy: B — C,

1, A=id
WO(A):{’ 1dg(

0, otherwise .

This state can be used to induce a C*-seminorm on B by

po(A) = \/(,UO(A*A)
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4.5. Kinetic perturbations and the canonical anticommutation relations

which is easily seerﬂ to actually be a C*-seminorm.

Definition 4.4.3. Let us consider the reducing ideal of B (usually denoted with Bg),
that is, the *-stable two-sided ideal given by Br = {A € B such that ||Al|, = 0}. Consider
then the quotient B/Bp, which is again a x-algebra; on said algebra define the norm

ILATl = 11Ally -

Then the completition of (B/BRg,||||), which we shall simply denote with B, is a C*-algebra
(cfr. [34, Theorem 10.1.11]).

Remark 4.4.4. One may wonder whether B is trivial. That this is not the case follows
from the fact that

p(B'(uy)) = \/Re(f,iS0f)

for every seminorm p: B — R™; thus given any f € D(S,1(M))/DoD(S;1(M)) we have
that [B!(uy)] # 0. Moreover, in the seminorm py we have

po(Ar) = \Jwo(ARAF) =1

for every Ap € Ue; thus [[Ap||, # 0, and the associated classes are thus different from
zero in *B. '}
4.5 Kinetic perturbations and the canonical anticommutation relations

Given a kinetic perturbation K as of Definition that is, an object in Qigc(Sf,?l (M, go)),
we can consider its extension to an even functional in G ®5‘]OC(S7?1 (M)) given by idg ® K.
Then, we define the objects in g

SE(F) = Sg(idg @ K) 'Sq(F +idg ® K) . (4.5)

Notice that these objects satisfy an analogous version of the requirements in Definition

indeed

(i) clearly if F € (G ® Fioe)? then F +idg ® K € (G ® Foe)®; thus by (i) in Defini-
tion we have that Sg(idg ® K)™1Sq(F +idg ® K) € A%. This entails that
{SE (F)}re(amo.)o C A

(ii) given SE(F) e A2, S5(H) € ng we have that

SE(F) = Sg(idg®K) 'Sq(F+idg®K)  SE(H) = Sq(ide®K) ' Se(H+ide®K)

®Subadditivity follows from the Cauchy-Schwarz property of states, [9 Lemma 2.3.10]; as shown in
[40], submultiplicativity actually follows from the C*-property which is easily deduced from the definition
of wo.

83



4.5. Kinetic perturbations and the canonical anticommutation relations

(iii)

(iv)

(v)

and thus Sq(F +idg © K) € 2%, So(H +idg ® K) € 22, This entails that

SE(F)SE(H) = Sg(idg@K) ™' Sg(F +idg ® K)Sa(idg ® K) ™' Sg(H +idg ® K)

€A

EQ%+13
and thus SK (F)SK (H) e A%

Given a morphism y: G — G’, we have that the morphism yg: g — Ao acts on
SE(F) in the following way:

xa(SE (F) = xa (Se(ide @ K) ™) xa (S6(F +idg @ K))
= Ser(idgr ® K)flsc;/()(g“loc (F)+idgr ® K)
= S (Xhoe (F)) 5

Given P,Q,N € (G ® Fioe)? with N such that N + K is a well-defined kinetic
perturbation, then

SE(P+Q+N)=Sg(idg ® K) 'Sg(P+Q + N +idg ® K)
and if Supp(P) N Jy_ ;(Supp(Q)) = @ we then have
SE(P+Q+N)= Sg(idg ® K)™*

Sg(P+ N +idg ® K)Sg(N +idg ® K)™'Sq(Q + N +idg ® K)
= SEP+N)SE(N)'SE@Q+N) .

Notice that if N = 0 then it follows that if Supp(P) N Jx (Supp(Q)) = & then
SG(P+Q) =55 (P)SE(Q)

and thus if P and @) are spacelike separated with respect to the causal structure
induced by K we have

SG (P)SG(Q) = SG(Q)SE (P)

Let us define the functional

8K = 6.4, + (idg ® K)! — (idg ® K)
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4.5. Kinetic perturbations and the canonical anticommutation relations

where (idg ® K)P is defined according to the same procedure as before; then
SE(6LE)SE(F) = Salidg ® K) ' Sa(6.% + (ide ® K)®)
Sa(idg ® K)715G(F +idg ® K)
Sg(idG & K)_ls(;(é.iﬂh)SG(F +idg ® K)
= Sg(idg ® K)™*
Sq(F® + 6.4, + (idg ® K)P —idg ® K +idg ® K)
= SE(F* +6.45) .
The same goes for S5 (F)SE (§4K).

Notice thus that the symbols {S& (F)} recog.. C g generate a subalgebra A% in g
which obeys the same rules as the algebra 20, only for an altered version of spacetime
(the metric go is replaced with gx) and the Lagrangian considered in the dynamical
relation is given by .Z + K. We can also define another family of injective morphisms
{15 Gec — AL} Gewrass, Dy requiring that

& (€M) = SE(me F,) vz eC

for every G € G. By repeating the same steps carried out after Definition [£.2.5] one gets
the correct behaviour with respect to morphisms.

Consider now s = Y7 ; n;s*, with {n;} C G' generators of the Grassmann algebra G of
dimension n and {s;} C D(S%,(M, go)); we wish to study

r,1
5 (Dc(s)) and 8§ (Da(s)SE (Da(1))

with ¢ = Z?Zl Gjtj. The first result is a decomposition similar to that of Proposition
indeed, as SE(Dq(s)) € A, we can map it to G ® A using o, and we obtain:

Proposition 4.5.1.
o (SE(@a(s)) =Y SO e © BT, s)
k=0 """ ip <<
with B¥: D(Sﬁ?l (M, go)) — A alternating, k-linear and R-linear.
Proof. The proof is the same as that of Proposition [£.3.2] O

Remark 4.5.2. Consider s = nu, with n € G! generator and u € D(SS?I(M, go)); then
by Proposition we have

06(SE (Da(s))) = idaga +in ® Bi (u)

with Bk (u) € 2 as Dg(u) € (G ® -gioc(ss‘?l(M, 90)))°. By applying the involution on
both sides we have

06(SG (Da(5)))" = idgeu — i(n® Bic(u))* = idaga + in © Bic(u)" .
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On the other hand, we know that
06(S5(D6(9)* =06 ((SE(@a(5)")
= 06 ((Salidg ® K) ™' Sa(Da(s) +idg @ K))*)
=06 (Se(@a(s)" + (idg © K)*) ' Sa((idg @ K)*))
— oo (Sg(”Dg(s)* +ide ® K*) " 'Se(idg ® K*)) .
Recall that by Lemma it holds that K* = K, and thus
06(S& (Da(s))" = o6 (SG(@G(S)* +ide ® K) ' Sa(ide ® K)) =06(S§ (Da(s)) .

We have already shown that D¢(s)* = Dg(—nu*); therefore

oa(SE@a(s)) ™ = (1-in® Bk(")) ' =1+in® Bi(w)

and thus it follows that Bk (u)* = Bj(u*), and again, if u = uy then

Bic(ug)* = Bj(uy) .
I 3

Theorem 4.5.3. The family of self-adjoint, R-linear objects { B3, (ug)}reD(S,1(M.go)) C 2
satisfies the perturbed canonical anticommutation relations,

{Bi (uy), Bi (ug)} = 2Re(7g f,iSk99)1 -
Proof. As in the proof of Theorem let us start by considering s = > 7 n;s* and
t=>7" 0;t7, and studying
SE (Da(s))SE (Da(t)) -

In the following, we denote with ; the Radon-Nikodym derivative of dju,, with respect to
djigy, which in this case is a smooth, non-vanishing function given by

~ |det gy
r= det go

As in the previous case, given a Cauchy surface ¥ such that ¥ N J(Supp(t)) = @ and a
smooth function y such that x =1 on Dy () and x = 0 on DE(X) \ Us;, we consider a
decomposition

s =35+ ur!DY0h
with h and s’ given by h = XT?SI}@T& (sp~1) and
: . = =3 a—® - ~ 5@ _
s = p(sp™") — pr{DEmh = prf (DFSE)m (s — pri D (xS (s "))
~ ~_ P _
= D% (1= x) Sg 7 (s ")
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4.5. Kinetic perturbations and the canonical anticommutation relations

The first equality shows that s’ € G ®D(S§?1 (M)), while the last one shows that Supp(s’)N
J(Supp(t)) = @. Notice that this equality follows from the fact that for each z € M

the map
T S%(M,go)x — ng?l(Mv 91)x

is linear, and thus 7¢ : E(Sﬁ?l(M, 90)) — E(SP,(M, g1)) is tensorial. Therefore,

r,1
S (Da(s)) = ¢ (Da(s' + priDimoh)) = 5§ (Da(s') + Da(priDimoh)) -

We now need to understand @G(/nff)??n)lh). To do so, recall that we consider §. 4K in
the dynamical relation; therefore, let us examine that object. Recall that

SLEM =64 + (idg @ K)? - (idg ® K)
and therefore we need to understand (idg ® K)P. This is given by

((idg ® K)oexp)P[h] = ((idg ® K) o exp)[h + h]
= (0 (f(h+h))2, D7y (f(h+h)1)1g — (f(h+h)2, Do(f(h+h)1))og

with f € D(M) such that f =1 on Supp(gx — go). We can in particular pick f =1 on
Supp(gx — go) U Supp(h), which then yields

((idg ® K)oexp)"[h] = ((idg ® K) o exp)[h] + (tgha, Do h1)14 + (Tgh2, D)1
D¢ (ur{Di g h)[h]
+ (10 ha, Do hy)14 —(h2, Dohi)og — (he, Dohi)og —(ha, Dohi)og
~Dg(Dgh)[h]
= D¢ (ur{DEr¢h)[h] + ((idg ® K) o exp)[h] + (t¢he, Dxmghi)1 g — 6-Z[h]

i.e.
LK = D (DY 1oh) + (1ghe, Drihy )1 -

Thus
SE®a(s)) = SE (Da(s) + 045 — (1ha, D)) = SEOLE)SE @a(s) ™
— (T&hQ,DKTéhl)lG) .

Now,
Da(s') " [h] = Da(s)[h — h] = Da(s")[A] — (ha, s1)og — (s5. hu)og

and we conclude that
S (9a(s) = S5 0Lk (Da(s)

— (ha, s1)og — (sh, h1)og — (Tohs, DKTéhl)lc) :

constant functional ¢
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Thus
SE(Da(s)SE (Da(t) = SEAN)SE @a(s' +1) — )
= SE(6A)SE (Da(s +1) — Da(r{DErgh) — )
= SE(OAO)SE (Da(s + 1) + 025, — (19hg, Drghi)ig — ©)
= SE@a(s + 1) + 025" — (rihy, Dicrihy)1g — c+ 6.55) .

Now, notice that
SLEP = 5P 4 (KPP KM = 64 + K — K" = 62K

and that

Da(s+ )" —c— (rghg, Dr7ohi)1 = D (s + 1) + (ha, t1)og + (f2, hi)og
These imply that

SE(D¢(3)SE @a(t) = SE (Da(s +1) + (ha,t1)og + (t2, hi)og) -

Now, recall that h = x9S 7'0 L(sp=1) with x = 1 on Supp(t). Therefore

(ha,t1)oq + (t2,h1)og = (5';(*7'0152,7'&751)1(; + (1at2, 5;(7'0181)1G = Ex(s,t) .
Then we can show that

S (Da(s))SE(Da(t) = SE (D6 (t))SE (Da(s))SE (Bxk (s,1) — Ex (L, s))

with

EK(S,t) — EK(t, S) = (S[_(*T&SQ,T&tl)IG + (T&tg, S}_(Tolsl)lg - (S;(-*T(}tQ,T(}Sl)lG
— (1982, SgToti)1g

— (7952, SkTot1) 1 + (Tota, SkTo51)1¢ -

By considering s = nuy and t = Quy, with n,0 € G generators of the Grassmann algebra
and f,g € D(S,1(M, go)), thanks to Remark we have that

0G(SE (DG () = idawa + i @ Bi(ugp)  06(SE (D6 (1)) = idoea + 0 © Bi(ug)
which imply that
oG (SE (DE(5))SE (DE(L))) = idaen +in® Bl (ug) +i0 @ Bic (ug) + 18 @ Bic (ug) Bic (ug)
and

06 (SG (DG (1)) SE (DG (s))) = idaeu +in® By (uyg) +i ® Bic (ug) +6n @ B (ug) Bic (uy) -
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Moreover, by Remarkf4.2.8| we know that

oG (Sg(EK(37t> — Ex(t, S))) = idgeu
+ 2770 & ((T&f7 SKTol.g)l + (Tﬂlg7 SKTolf)1> .
Therefore

idgga + in ® Bl (ug) + 0 @ B (ug) + 00 @ B (ug) By (ug)
= idgga + i ® B (us) + 0 ® Bj (ug) + 0n ® B (ug) By (uy)

+10® (~Bk(ug) Bilup) + 1 (731, Scdghs + (. Srd )
that is,

{B(ug), Bjc(ug)} = (0 f,iSx 091 + (109, iSk70 f)1 = 2Re(r) f, 1Sk 091
= 2Re (fvg>SK .
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5 Automorphisms of the CAR algebra and their unitary
implementation
5.1 Transformations induced by quadratic functionals

We now wish to analyze, given a gauge-invariant functional Q € SﬂgC(SSi(M ,go)) such

that Q* = @, the behavior of the adjoint action of objects Sg(idg ® Q) € g on the
symbols of the form Sg(Dg(s)), with s = 3" n;s%, {n;}; generators of the n-dimensional
Grassmann algebra G and {s'} C D(Sf?l(M, 90))-

The first result is the following one:

Lemma 5.1.1. Given F € (G ® Fioc)?, then
Se(@a(s)Sa(F) = Se(@a(s) + F5 %) Sa(F)Se(®a(s)) = Sa(@a(s) + F5 ) |
Proof. As in the proofs of Theorems and consider a decomposition
s=s+Dyh
with Supp(s’) N Jy (Supp(F)) = @. Then we know that
Da(s) =Da(s' + DYR) = D (s') + 6.4, — (ha, Dohi)g
and that

Sc(Dc(s)) = Sa(®a(s') + 6.2, — (ha, Doht)c) = Sa(6-%,)Sa(Da(s) ™ — (ho, Doh1)c)
= Sc(023)Sc(Da(s') — (h, 1) — (55, hi)a — (h2,Dohi)a) -

constant functional=c

Then

Sg(@G'(S))Sg(F) = Sg((s.,%h)S(;(@(;(sl) — C)S(;(F) = Sg(d,gh)SG(@G(S/) + F— C)
Da(s)V' + F' —c+6.4,) = Sa(@a(s)' + F' — ¢ + Da(DER) + (ha, Dohi)a)

= Sa(Da(s) + F" + (ha, ) + (sh, h)e + (ha, Doh1)g — ¢) = Sa(Da(s) + F) .

Now, recall that h = XS'O_EBS, with x = 1 on Supp(F); therefore F" = Fng_@s, ie.

Se(D6(5)Sa(F) = Sa(Da(s) + F5 %) .

The second equality follows from similar computations and by considering the decompo-
sition . .

h=x5% ¢ =s—Dfhn
with x € £(M) such that xy =1 on the future Cauchy development D*(0) of a Cauchy

surface © with © N J; (Supp(F)) = @ and x = 0 on D~ (O) \ U, with U an open
neighbourhood of M. O
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Corollary 5.1.2. If s = nu, then it follows that for any F € (G ® Foc)°
S6(D6(s))Sa(F)Sa(Da(s) ™! = Se(F57) .
Proof. Notice that by the proof of Theorem [.3.5] we have
Sa(®a(s))Sa(Da(t) = Sa(Dals +1))Sa(E(s,t))

with E(s,t) = (S s2,t1)q + (ta, Sy s1)c. Now, notice that if t = —nu then we have
s+t =0 and thus Dg(s+1) = Dg(0) = 0 € G Fioc(Sy1 (M, go)). At the same time, we
have E(s,t) = 0 due to it containing objects of the form nn with n € G*; thus

Sa(@a(s))Sa(Da(—s)) = Sa(Da(—5))Sa(Da(s)) = idy; -

This entails, together with Lemma [5.1.1

a—D
Sa(Da(5))Sa(F)Sa(Da(s)) ™ = Sa(@a(s) + F* *)Sa(Da(-s))
Gt ® B st ®
= S6@a(-s)+  Dals) N RS TSty
——— —
=D (s) because of nn terms

=Sc(Da(—s) +Da(s) + FS'(?S) = SG(FSSBS) .

We wish now to compute, given ) € G’lgc(SS?l(M, 90)),
Sg(id(; Y Q)_lsg(gg(s))SG(idG & Q) .
By Lemma we have
Se(ide © Q)™ Sa(Da(s))Se(ide © Q) = Salide ® Q) Sa(Da(s) + (ida ® Q)% *) .
We thus need to compute (idg ® Q)§5®s: this is given by, on elements h = 3", 6; ® h',
((ide ® Q)oexp)® *[h] = ((ide © Q) o exp)[h + 55 ]
1 3 By _ _
— (idg ® Q) [2 (1h + (552 3)(S5 %s) + (h(S5 ) + (S(j@s)h))}
= ((1dg ® Q) 0 exp)lI] + 3 (idg & Q)[(S5 *)(Sg )]

+ 5 (i © QIS5 “s)h+ h(S5%s)]

For the last term, notice that both h and 5’0_ D5 are even, and thus they commute: we
thus have

5 (g ® Q)IA(ST%s) + (55 “s)h] = (idg © Q)I(Sy )]
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Notice that if s = nu we have ) .
(S5 78)(S5 7s) =0
and thus in this case
&5— @
((ide ® Q) o exp)® *[h] = ((idg ® Q) o exp)[h] + (idg ® Q)[A(S; “s)] .
Recall that h =}, 0; ® h’; we thus have

(ide ® Q)h(Sy )] = = 3 i @ Q' A 5y “u]

Now, notice that Q € F2,(SP, (M, g0)), i.e. Q € EY(M?,5,1(M)® K S, 1(M)®); thus by
the Schwartz kernel Theorem (see for instance |44, Theorem 1.5.1]) we know that there
exists a continuous linear operator PéB: E(S7 (M) — E(S;7(M)) such that

QIh' A S5 %) = (h, P§ S5 %) .
Clearly PS is a partial differential operator with smooth, compactly supported coeffi-
cients; moreover, the following holds:

Lemma 5.1.3. Given Q € Sﬁgc(SS?l(M, g0)) such that Q = Q* and Q is gauge-invariant,
then
* * —1

Proof. Notice that we can write the operator PQ E(SE (M) — E(SS?I(M)) as

PEB <P11 P12>
Q P21 P22

with the operators Pél: E(Sr1(M)) — E(S,1(M)), PR: E(Sr1(M)) — E(Sr1(M)),
P3': E(Sp1(M)) = E(Sy1(M)) and P3*: £(S,1(M)) — E(S, (M))

(i) We know that @ is gauge-invariant; therefore for any ¢ € R

(u, P69 ) = QuAv] = Qxru A xv] = (Xtu,ngw) = (e_ituQ,eitPélvl)
+ (e Mug, e thqu) (eitPélvl, euy) + (efitngg, euy)
= (uq, PQ v1) + (PQ vo, uy) + e (ug, P&fvg) + eiZt(Pélvl,ul) )
In order for gauge-invariance to hold we thus need Pclf = Pél =0.
(ii) We know that @ is skew-symmetric; therefore
(uz,Pélvl) + (PC2221)2,U1) =QluAv] =—-QvAu] = *('UQ,PéI’UJl) - (PC222U2,1)1)
= (—Pél*vz, up) + (ue, —ng*vl)

which entails ng = — clgl* and Pél = —ng*.
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(iii) Finally, we know that @ = Q*; therefore,
(Pclgl*UQ,'Ul) + (ve, P uy) = (ug, Pélvl) + (ngz,ul) =QuAv] =Q%unv] =

= (C—lvl,PélCuz) + (PéQC—lul, Cvg)
= (C7' P Cug, v1) + (v2, CPFC ™ uy)

: 11* _ ~—1pll 20% 22 ~—1
i.e. PQ =C PQCandPQ —C’PQC’ .

Therefore,
(ide ® Q)M(Sy )] = = 3_ 6 ® (h', PFSy “u) = (ha, PaSy s1)c + (PgSy "s2.)c
= Da(PeSy “s)[h]
with ]553 = Po @ P (notice the sign change with respect to PS ). Therefore,
D) [h]+(ida@Q) [h(Sy 7)) = D)W +Dc(PaS; “s)lh] = Da (DF + PF)S; s) A
and

Se(ide ® Q)™ 15@@@ (s) + (idg ® Q)% )
= Sa(idg ® Q) D(? +15$)5*0‘®s> +idG®Q>

- 5 (@G ((Dg9 + 3)5’0_@8>> :

We can assume the operator Dg + FPg is Green hyperbolicﬁ; then there exist retarded and
advanced propagators S‘:Qt@: D(S (M, g0)) — E(SF (M, go)) such that

DE 4+ £F) §£% — 5% (DE + PE ‘ —idy e o -
( 0 Q) Q Q ( 0 Q) D(SE, (M) D(Sy, (M)
Notice that given u € D(S7 (M)),
D®SQ uU=1u-— PSS’ESEBU .
——
SuppCCM

Now, consider that

Da(s) = Do ((DF + P5)S4%s) = De (D + P§)S; DG5S s)

5This is the case whenever Q is a kinetic perturbation for instance, or when Q represents the interaction
with an external potential.
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5.1. Transformations induced by quadratic functionals

where the equality is due to the fact that propagators map compactly supported sections
to spacelike compact sections, and the fact that the identity (2.14]) for propagators can
be extended to spacelike compact sections. Then, given s = nu,

Da(s) +idg © Q = D ((DF + PF)S; “DFSLTs) +ide  Q
= 0c(DF5E%s) + Da(PS S T DESEs) +ide ® Q (5.1)
— DG(DFSEs) + (idg © Q)% DI
By Lemma [5.1.1| we then have

Sg(ide ® Q) 'Sa(Da(s) +ide ® Q)

S2(Da(s)) = Sal (
Sclide © Q)™ Sa(@c(DESE s) + (idg © Q)% DFSa™)
Se(idg ® Q) 'Se(idg ® Q)SG(@G(D@SJFEB )

( ).

Sc(Dc(D§SE"s)

(5.2)

With this we conclude that whenever s = nu,
Sa(ide ® Q)71 Sa(Da(s))Selide ® Q) = Se(Da(DFSE” (DY + PS)Sy “s)) -
Notice that the operator Tgfl = f)aegzg@(f)ga + PS)SJ@ admits an inverse given by
S REE—® (¢ o) a+®
15 = DS, (DF + BS) S

and both of these are linear operators acting on D(Sfl (M)). Notice that clearly T, 59 has

values in D(Sf?l (M)): indeed, we know that f)SGS’éEB maps compactly supported functions
to compactly supported functions as shown before, and

~ ~ ~ . S 5 D
(D +F§) 5§ =idpse oy + FGSE
maps to D(Sﬁ?l (M))
We can thus rewrite

Sa(idg ® Q)Sa(Da(s))Sq(idg ® Q)™ = Sg(gg(Tgs)) . (5.3)

Proposition 5.1.4. Given a quadratic perturbation QQ € %gc(Sfl(M, 90)), there exists
an object Ag € A° such that

AQBl(u)Aé1 = Bl(Tgu) .
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5.1. Transformations induced by quadratic functionals

Proof. Let us apply og: g — G QA to in the case s = nu: it yields
oc(Sa(ide ® Q))oc(Sa(Da(s)))oa(Salide © Q)™ = 06(Sa(Da(Ty's))) -
By Proposition we have
0c(Se(ide ® Q)) (idam +in® Bl(u)) oa(Sa(ide ® Q)™ = idgga + in © B (TGu)

i.e.
oa(Sa(ida ® Q))n © B (u)og(Sa(ide © Q)" = n© BN T u) .
By Remark we know that

06(Sa(ide ® Q) = ide ® Ag

with Ag € 2AY; it then clearly holds that
oa(Sa(ide ® Q)™ =ide ® Ag" .
Then
n® BYTGu) = 0a(Sa(ide ® Q))n © B (u)oa(Sa(ide ® Q)™ =n®@ (4B (u)Ay') .
From this we conclude that there exists Ag € 2° such that
AgB'(u)Ag = BN (Tu) .
O

The operators TS induced by quadratic functionals @ € GigC(Sf%(M ,90)) have a
particular behaviour:

Proposition 5.1.5. Given P,Q,N € F2.(S5;(M)) such that

Supp(P) N Jy(Supp(Q)) = @

then .
TENTN TN =TNiriq
(provided that the objects P+ N, N + @ and N + P 4+ Q are well-defined as functionals

Proof. We prove the result in the following way: first of all, let us define
Ty 1,
We will show that under the hypothesis, the relation

NO N N ©
Tp Ty =Tpiq
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5.1. Transformations induced by quadratic functionals

holds. Now, notice that on test functions it holds that

&— D
SN+

D "o E+HDY _ 17O &+ R S50\ G—BRBE— O(F 5 S5\ S+ORG 5+ ©
Ty (DFSY") = DFSY™ (DG + P) Sy "D§Sx,q (DF + Py + F3) S5 DSy

—_——
S‘I‘f,@
— (D25EY) [(D® + PE)ST F(DP + PE + P2GH?
(Dy'Sy ) [(Dy + Py)Syig (Dy + Py + Pg)Sy | -
(5.4)

As Supp(P) N Jy(Supp(Q)) = @, there exist a Cauchy hypersurface ¥ and an open
neighbourhood U C M of it such that

U N J(Supp(P)) = U N Jy(Supp(Q)) = @ .

Let us consider a smooth function y such that y =1 on Jy(X) \ U and x =0 on J ().
Now, let us consider a function f € D(S%(M )) such that Supp(f) C U, and let us study

Tév © f. We define
~ 5 50 & O 50 G4
9= Dy +Py+FPG)Sy f=F+PgSy [

Using x and g, we define hg = X(S’N+Q@g). Notice how hg is supported in (Jy(3) N
J +o(Supp(g)) which is compact. Then we consider

9@ =9~ (D + Py + P3)hq
which is a smooth, compactly supported function whose support lies in U. Thus we have
a decomposition . ) .

9=9q + Dy + Py + FPg)hq
for gg,hq € D(SS?l(M)) with Supp(gg) C U and Supp(hg) N J5(Supp(P)) = . This
entails that

G- O 5@ G- B 5Oy G— @ G- B S 50 G— @
(Snio — SN )90 =5SNniq D5 +Py)Sy 9¢ —Snig (Do + Py +P5)Sy 99

S'XIEBQQ is past compact
__ G- ®peg-®  _
= —Sn4q FoSn 9@=0

where the last term vanishes because J]'\?(Supp(gQ)) N Supp(Q) = @, as Supp(gq) C U;
therefore

- ~ ~ /) ~ ~ &— @
(D§ + Py)Syiq 90 = (DF + PR)SY 9q = 9q
which yields
~ ~ ~_ D = ~ = S+ @
(D + Py)Sy1q (DF + Py +P5)Sy f
~ ~ ~ @ ~ ~ ~
= (DF + P8y 0" (9q + (DF + PF + P§)hq)
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5.1. Transformations induced by quadratic functionals

This yields
B D+ D =@ G+ O ~ 5
75 (DFSE ) = (DFSY ) (9 + (DF + P)hq) -
Now we consider
D ND D &+ D 2@ G+ ~ 5
THTY T (DFSy ) f =TH (DGSE ) gq + (DG + Py)hq)
= @ G+ Dy [/ 5PN E— B > 5PN G+ P ~ 5

= (DFSYY) [(DF + P9)Sy.p” (DF + PF + PE)SSY| (90 + (DF + P)hq)

= (DFSY)DF + P)Sy 5" |90 + PESH 9q + (DF + PR)hg + PEhg) -
By the way hg is constrl}cted and by the properties of ¥, we have that Supp(P) N
Supp(hg) = 9, and thus Pghg = 0; moreover, as Supp(gg) C U and as J3; (Supp(P)) N

U = @, we also have that PE?S’;{,EBQQ = 0. Thus we have

S ND XD G+ P S B &+ T 5 e ~ 5
Ty (DFSE) f = (DFSEE)NDF + PSSy, p" |90 + (DF + PY)he]
= (DFSLY) [(DF + PR)Sy 90 + (DF + P)hq] -
By definition, gg = g — (Dé‘? + ]516\? + Pée)hQ, which can be written as
= (D¢ + P2+ P2) (St7F —ho) .
9Q 0 N Q N Q

As Supp(f) C U, we have that S’K,@f is supported in Jy (U); thus ngj'\?@f = 0. There-
fore we can actually write
~ 5 5 N
90 = (DY + P + P§ + PR) (S5°f — ha) -

Moreover, we also have
52 &— 52} &— SEIPE 7 7 &— D
_SMP)QQ:&WPW<D?+P$+P%&WP9Q
® 5 5 SO\ G- O

(DY + Py + PP+ P5)Sy p 90

(5&+P+Q
~ON+P+Q

e ®ppa— O
= —Snipro LgSnir 90 =0

where the last equality follows from the fact that Supp(gg) C U and that Supp(Q) N
Jy . p(U) = @. These relations yield

TYOTS(DFSE) f = DFSE) [(DF + PR)Sy p 00 + (DF + P§)ha]
= (DFSLY) [(DF + PS8y 1o 90 + (DF + PR)hq]
= (DFSY?) [(DF + PS8y pio” (DY + P + PR + P57 1] -

But notice that the last expression is equal to

D, e a+D
7Y, " (D954
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5.1. Transformations induced by quadratic functionals

We therefore have our assertion if Supp(f) C U, where U is a neighbourhood of the
Cauchy surface ¥ separating P and ). But any function f € D(Sf?l (M)) can be written

as f = fu + (D§ + P¥)gy, with Supp(fy) € U and fy,gu € D(S?l(M)). Then this
decomposition yields

D N® 2D G+ D O ND D G+ ~ 5 S @+ O
T Ty (DY S f = TH T (DFSET) (fu + (OF + PR)gu) = Th.o" (DF S fu
D NP D 5+ By (T 5
FTYOTY® (DFST)DF + P

If we consider the last term, we have

T TY®(DP5LY) (DY + PY)gu

= D@s”rea ) [(DF 15 )Sy1o" (DF + PY + P5)SL®] (DY + PY)gu

= <D@S+®>< DY + PY)gu

= (D@S+®) (B + B9)Sy,p” (DF + PY + BE)ISLE| (DF + PY)gv
= (DFS{)DF + PR)gy = TH.o" (DFSET)DF + PF)gu

which yields the result
@ O ~os+d S o as+®
TN DFSEE)S = T, o (DS
Now, notice that given any function f € D(S%(M )) we can define the function gy €
D(S7 (M),
ST 50\ &+
g5 =D +Py)Sy f

which is such that

@ at+® ~ a+D A 5 S+D

(DySE gs=Dgo ST (DF+PY) oSy f=1f.

id on future-compact functions

It therefore holds that
NOr= TH o “f

for any f € D(S’S?l(M)). But this yields

o—11o o-1lr¢ _ pro-1p0 D o-lre _ @
Ty TnypITN Tnig =18 Tnypiq = TnypIN Tnig =Tniriq -

O]

Remark 5.1.6. Notice that if Supp(P) N J, (Supp(Q)) = @, then Proposition
simply yields

TETG =T, q -
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5.2. The self-dual CAR algebra and its quasifree states

We now wish to understand the behaviour of TS more thoroughly. To do so, we need
to expand on the construction of the complex Clifford algebra (see |4] and [30]) and on
Bogoliubov transformations, and for the sake of convenience we will use the self-dual CAR
algebra, as introduced by [3].

5.2 The self-dual CAR algebra and its quasifree states
First we restate that the inner product (-, -) o> Which we recall is given by

<f> g>50 = (f) ZSOQ)

is positive semidefinite on D(S,1(M)) [17]. As (-,-)g, is positive semidefinite, we then
have

0 <|(f. 9)s,| <IIFlls, llls, -

Thus if||g|ls, = 0 (f,9)s, = 0 for every f € D(S,1(M)), i.e. Sog = 0. But this entails that
g € DoD(S;1(M)) (cfr. . Thus Re (-, ) g, is positive definite, symmetric, R-bilinear
on the quotient space

V= D(Snl(M))/D()D(ST,l(M)) QZ D(Srjl(M)) -V

which is a real vector space endowed with the scalar product Re(-,-)g,. We can then
consider its completion

H _ VRe<'7'>SO

which yields a real, infinite dimensional Hilbert space. The family of R-linear operators
{Bl(uf)}feD(ST,l(M,gO)) can then be restricted to V to yield an R-linear map defined on a
dense subset of H,

V> fes Blup) et

Thus 2 contains a family of self-adjoint, real-linear objects {B*(uys)} ey defined on a
dense subset of the real Hilbert space (H,Re(:,-)g ) and which satisfy

{B'(ug), B'(ug)} = 2Re (f,g)s, -

This can be used to define a norm on the x-subalgebra of 2 generated by {B!(uf)}sev;
its completion is the so-called Clifford algebra €(H,Re (:,)g,) built on (H,Re (-,-)g, )-
As mentioned, the self-dual CAR algebra is better suited to study Bogoliubov transfor-
mations. Notice that the space

{Uf = (C;flf> , f S D(Sr,l(Mng))}

is the real space Rer of the complex vector space D(Sy)(M,go)) ~ D(S,1(M,go)) &
D(Sy1(M, go)) endowed with the conjugation

o (31 '£> CUQ
“= u9 C'_lul
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5.2. The self-dual CAR algebra and its quasifree states

We can endow D(Sefl (M, go)) with the positive semidefinite inner product

T

o1 . o
(u,v) g = 3 ((u1,iSov1) + (u2, —iSgv2))

which is such that the restriction of (-,-), to Rer is given by Re (-, -)g,. By an argument
analogous to the previous one, if we consider

VE =D(S,1(M, g0))/DoD(Sr1(M, go)) ® D(S,1(M, go))/DgD(Sr.1(M, go))

with projection Q: D(S,1(M, go) ®D(Sr1(M, go)) — V@, then (-, ") 18 a positive definite
hermitian inner product. Notice that I' descends to a well-defined map on V. On such
quotient space, we can consider the symbols

P(u) = \2 (Bl(Reu) + iBl(Imu)) Reu = % (u+Tu) Imu= 2% (u—Tu)

where both Reu and Imu belong to Rep. Then define also

W(u)* = \}5 (B! (Reu) — iB' (Imu)) .

Notice that ¥ (u)* = ¥(T'u) and that
{w(u)*7¢<v)} = <'LL,’U>€B :

Thus the symbols {¢)(u) },cve generate a x-subalgebra of A deemed self-dual CAR algebra

and usually denoted with Agpc(HP,T), where HE = vile.
Following [2], a state w: Aspc(HP,T) — C is said to be quasi-free if

w(t(ur) -+ Y(ugnt1)) =0
wtp(ur) - P(uzn)) = (=1)"" D25 sgn(p) ] w @ (upi) ¥ (tpisn)))

pESQn =1

where 5; denotes the subset of S, consisting of those permutations such that p(1) <
-+ < p(n) and p(i) < p(i +n) for all i € {1,...,n}. As pointed out in |2, Lemma 3.2],
there exists a bijection between quasi-free states on Aspc(H?P,T') and the set

QUH®) = {A € B(H®) st.0 < A= A" <id, A+ TAT =id} .
This bijection is given explicitly by
wA(P(u) P(v) = (u, Av)g

If A2 = A, then A is called a basis projection and the state w4 is a Fock state. These
correspond to the pure states, as pointed out in [30]. A state w is deemed gauge invariant
if it holds that

woay = w, ax: Y((ur,uz)) — ¢ ((ei/\uh €_Mu2)> .
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5.3. Quadratic functionals and the associated Bogoliubov transformations

A quasi-free state is gauge invariant if and only if A = A; ®C~1(id — A;)C for some oper-

ator 0 < A; = A} < id on the Hilbert space D(S, 1 (M, go))<v”>50. The GNS representation
(mp, Hp,Qp) associated to a gauge invariant Fock state wp is then given by

mp(P(u)) = a(Pu)" + a(l(id - P)u)

where a(-)* and a(-) denote the creation and annihilation operators on the Fock space
F(PH®), which can be written as

()

- . () _
d (PlD(Sr,l(Mv 90)) %0 @ C7Hid — P1)CD(S,1(M, g0)) SO) '

The group of unitary operators on H® commuting with I', which shall be denoted with
O(H®,T) preserves the defining relations of 2spc(H®,T'); therefore if one defines a right-
action of O(H®,T) on {¢(u)},eve via

ar: P(u) = p(Tu)

the maps ar are *-endomorphisms of Aspc(H?P,T') named Bogoliubov transformations.
Notice that O(H®,T) acts on the right also on Q(H?), via

RTZ A TYAT .

It is easy to see that

WA O QT = WRT A -
The Shale-Stinespring criterion [42] (see also [8] for the criterion in the context of self-
dual CAR algebras) states that given a gauge invariant, Fock state wp, a Bogoliubov
transformation a7 is unitarily implementable in the representation wp if and only if
P —T*PT € By(H?), i.e. if it is an Hilbert-Schmidt operator.
It is often convenient to adopt an equivalent formulation of the self-dual CAR algebra in
terms of Cauchy data on a Cauchy surface ¥ < M. It is possible to show (see [17] and
[24]) that there exists a unitary transformation

Us: (VE,(,)5) = (C(2, St (M)ls) & C3°(, Su (1), (- s
explicitly given by
V3 (u,v) = (Souls, Sjvls)
and where

(u,v)y = / (u1,vs - v1) dpy, — / (ug, vs T+ v2) dpzy) .
> >

This unitary transformation induces a *-algebra isomorphism between the self-dual CAR
algebra Aspc(HP,T') and the self-dual CAR algebra Aspc(Hyx,I's) where Hy denotes
the completion

.’.>
Hs, = C(5, 8,1 (M)]s) ® C(, Sra (M)]5)

and I'y = UZFUz_l. Moreover, notice that if T € O(H?P T), then Ty = UETUZ_1 €
O(Hyx,I'y); these objects have the same behaviour as that of their counterpart in the
self-dual algebra 2gpc(HP,T), including the Shale-Stinespring condition.
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5.3. Quadratic functionals and the associated Bogoliubov transformations

5.3 Quadratic functionals and the associated Bogoliubov transforma-
tions

In Proposition [5.1.4] we have shown that given an allowed quadratic functional @ €
ﬁgc(S%(M, 9o0)), the adjoint action of the even elements Ag € 2 associated to it on the
generators of the Clifford algebra {B'(uf)} ey is given by

AgB(up)Ag' = BN (TGuy) -
Now, notice that due to its particular form, TSF = FTE‘; . Moreover, we have that Tf; =id
on DFD(SF (M)): indeed,
id
TEDE f = D§ 5,7 (DF + By) S “DE f = DE f
Qo 0 PQ 0 Q) *o 0 0

id

and thus it descends to a well-defined, linear, invertible operator TE‘;: Ve = VO, More-
over, due to Proposition [5.1.4] and Theorem [.3.5] we have

Corollary 5.3.1. For each @ € S‘ﬁC(S%(M)), the operator Tg: V® = VP is isometric
with respect to the inner product (-, ).

Proof. Given the family {B'(uy)} ey of R-linear, self adjoint objects in 2, we know by
Proposition that for each Q € #2.(S5(M)) there exists an object Ag € 2A° such
that

AgB'(ufp)Ag" = BN T uy) .

Now, consider {w*(Tgu), 1/1(T59 v)}: by Theorem it follows that
(TG0 TGv), = (" (TGu), $(TG0)}
1 . .
=5 {Bl(TgReu) + zBl(Tglmu), Bl(TgReu) — zBl(TSImu)}
1 ) . _
= 34q { B! (Reu) + iB" (Imu), B' (Reu) — iB" (Imu) } A3
=Ag <u,v>®AE)1 = (U, V) g -
O

Therefore, T5: V¥ — V® can be extended by continuity to a unitary operator
TS: H® — HP which commutes with T, i.e. TS € O(H®,T); this entails that Tée
induces a Bogoliubov endomorphism of the self-dual CAR algebra Aspc(H®,T'). The
subsequent question is whether given a gauge invariant, Hadamard Fock state wp on
Aspc(HP,T), this Bogoliubov transformation is unitarily implementable; as previously
stated, this amounts to show that

P — TSB*PTQea S %2(7‘[@) .
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5.3. Quadratic functionals and the associated Bogoliubov transformations

To show this, let us consider the bidistribution on D(S,.1(M, go) ® D(Sy,1(M)) defined by
K(u,v) = (Qu, (P — Tg*PTg‘;)Q@@ = (Qu, PQu)g, — (QT{u, PQngw@
Notice that we can write Tg in the following way:
T8 =D§S,Y(D§ + PSS = (id — PSS5%)(d + PSSH®) .
By recalling that Tée is invertible and that
757 =DJS5 (D + PSSy Y = (id - PSS, (id + BS 55 7)
one can see that
. 5D G+ P /s 5O G+ P . 5D G+ /x 5O G+B\
(id — Pgsg )(id + PSS&F )= (id + PSSJ )(id — ng;SZ?r ) =id,
: 50 G— D /s 50 &—® . 50 G—Dn /s 50 &—Dy -
(id — PSSQ )(id + PSSO ) = (id + PSSO )(id — PSSQ )=id .
We can exploit this property to write
K(u,v) = K ((id + P35 “)u, (id + PFSF %))

where

D1 (u,w)

K (u,v) = (Q(id — P§SE 7 )u, PQ(id — PFSEY)v)

b
—(Q(id — P55 )u, PQ(id — BF 55 )v) |

Da(u,v)

Now, suppose that both u and v have their support outside that of Ji (Supp(Q)); then
it follows that I o
(id—PgS’é Ju="u (id—PSSé o=

and thus Di(u,v) = (Qu, PQu), = wp(¥*(Qu)y(Qu)), that is, outside of the future of
the support of the quadratic functional @, Dp(u,v) is just the value of the two-point
function of a Hadamard state, i.e. it is of Hadamard form. The same can be shown to
hold for Dy(u,v) outside of the past of the support of the functional @; by [22], D1 (u,v)
and Do(u,v) are Hadamard over all of M x M. Therefore, the bidistribution K (u,v)
is regular, being the difference of two Hadamard bidistributions, and it is induced by a
smooth section k € T'(M x M, Sﬁel (M, go) @S®1(M g0)). From this it follows that K (u,v)
is a regular distribution as well. To show thls one could argue in the following way: notice
that the composition of K and id + PS 5’0 is well-defined; moreover, as K is a regular

bidistribution, its wavefront set is empty, WF(K ) = @. Therefore, by [27, Theorem 8.2.14]
it follows that WF(K') = @, and thus K is a regular distribution as well. Moreover, notice
that the integral kernel of K, denoted by k € I'(M x M, S (M, go) ® S, (M, go)) is a
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5.3. Quadratic functionals and the associated Bogoliubov transformations

bisolution of the Dirac operator DY, and that K (u,v) = 0 if both w and v have support
outside of Jy(Supp(Q)).

Using the equivalent formulation in terms of initial data on any Cauchy surface ¥ — M,
it is possible to write, for u,v € C§°(S,1(M)|x) & C5°(Sr1(M)|s),

K(Ug'u, Ug'v) = (Ugtu, Uy 'Us (P — Tg*PTg)Uglv)@
= (u,Us(P — Ty  PT)Us 'v), = Ks;(u,v) .

Then as K is induced by a smooth bisolution of the Dirac operator in I'( M x M, Sf‘?l (M, go)®
Sf?l(M ,90)), it follows that Ky is a bidistribution induced by a smooth section in I'(X x
%, SS?I(M, 90) |2|XS§?1 (M, go)|x). This property is of the utmost importance as it simplifies
the proof that P — TS *PTS is a Hilbert-Schmidt operator: indeed, the above equaility
implies that it suffices to show that the integral kernel ky € I'(X x E,SS?I(M ,90)|n X
S,E,?I(M ,90)|x) is actually square-integrable. Notice that due to the fact that K (u,v) =0
if both u and v have their support outside of Jo(Supp(Q)), then it follows that, defining
€ = % N Jo(Supp(Q)) which is a compact subset of ¥, the contribution to the L?-norm
of ky, are due to the integrals over € x ¢, € x ¥\ € and ¥\ ¢ x €. The first one clearly
poses no problem to the L2-integrability of ks, (which we recall is a smooth section); thus
let us focus on the other two sets.
Clearly if ¥ is compact then ky is in L?(3, d,ugz); unfortunately, to our knowledge showing
that the L?-norm on those set is finite in a generic globally hyperbolic spacetimes and
given a generic quasifree, Hadamard state is quite challengeing.
An instance in which the L? integrability holds is that of Minkowski spacetime (M, g) =
(M1 n) with wp being the vacuum state; the proof closely follows that in [47].
Consider the L?-norm of ky; as stated before, the contributions to this norm come from
the integrals over € x ¢, € x £\ ¢ and X\ € x €. We further split the last two domains
in the following way: we consider a relatively compact neighborhood U of 9% in X, and
then we consider

Uy=XE\¢)NnU .
The integral over ¢ x 3\ ¢ can then be written as the sum of an integral over ¢ x U; and
an integral over € x (X\ %)\ U;. As ky, is a smooth section in I'(X x X, Sfl(MTH, n)lx X
Sf,?l (M"*1.n)|5), the first integral is clearly finite; we can thus focus on the integrals over

% x (Z\ %)\ Uy and € x (Z\ €)\ U .

Now, we know that the integral kernel of K is a smooth function given by the difference
of two bidistributions D; and Dsy. If the Cauchy surface ¥ on which we compute the
L%morm is such that ¥NJ;"(Supp(Q)) = &, then the integral kernel of D; is given by the
Wightman two-point function of the Dirac field. Recall that if the Dirac field is massive,
then for spacelike-separated points away from the diagonal (like in the case € x (X\€)\U)
the Wightman two-point function is smooth and decays rapidly[] and thus its L2-integral

"See for instance [11, Appendix A] for the Wightman two-point function of the massive scalar field; the
massless one can be obtained by considering the limit as m — 0%. The one for the Dirac field is obtained
by applying the Dirac operator to the scalar one.
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on ¢ x (X \ €) \ U is finite; the same integrability holds for the Wightman two-point
function of the massless Dirac field, although this is not a rapidly decreasing functiorﬁ
The same argument applies to the integral kernel of Dy if ¥NJ; (Supp(Q)) = &; moreover,
by the Dirac current conservation, the L2-integrability of the kernel of Dy also holds on ¥
such that XN J5 (Supp(Q)) = @, the Wightman function being a bisolution of the Dirac
equation.
Now, the integral kernel ky, is given by the restriction of the (smooth) kernel of K, which
we recall is given by

Ko(id+ P5S§) @ (id+ PESTY) .
The integrability of this object is the same as that of K, thanks to the decay properties of
the integral kernel of the retarded Green operator Sar ® away from the diagonal: indeed,
this object is rapidly decreasing for spacelike separated points in the case of the massive
Dirac field, while its behaviour is the same as that of the Wightman two-point function
in the massless case. Therefore, if we consider the L?-norm of ky, on € x (X\ €) \ U, this
is finite; the same clearly holds for (X \ ) \ Uy x €. From this discussion it follows that
ke € L2(X x 3,87 (M, )]s ® S2 (M n)|s). Thus the operator P — TSB*PTS9 is
an Hilbert-Schmidt operator, and the Bogoliubov transformation of the massive self-dual
CAR algebra Aspc(H®,T') induced by Tg is unitarily implementable via Ug in the Fock
representation associated to the Minkowski vacuum. We summarize the results of this
section in the following Theorem:

Theorem 5.3.2. Let (Q € Gigc(Sf?l(M)) be gauge-invariant with Q = Q*; let us con-
sider a gauge-invariant, quasifree Hadamard Fock state w on the (self-dual) CAR algebra

generated by the symbols {Bl(uf)}feD(Sm(M))/DOD(SM(M)). Then
(i) if the Cauchy hypersurfaces of M are compact or
(ii) if (M, g) = (M. n) and w is the vacuum state on Minkowski spacetime

there exist a unitary operator Ug on the representation Fock space implementing the Bo-
goliubov transformation induced by @, that is,

UeB' (up)Us"' = BN(TGuy) -

Remark 5.3.3. Theorem [5.3.2] can be stated in the following, more suggestive way: in
the two cases depicted above, we have extended the Fock representation of the CAR
algebra Aspc(HE,T) C B to the C*-subalgebra of B generated by the CAR algebra and
the objects {AQ, Qe Gﬁgc(Sﬁ?l (M)), Q=Q*, Q gauge—invariant}, which are associated
to compactly supported, quadratic perturbations of the Lagrangian. 2

8Notice that in the case of the massless scalar field, the Wightman two-point function is L?-integrable
for dimension r +1 > 4.
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5.4 The phases and Bogoliubov’s causal factorization

Proposition@entaﬂs that the unitary operators Upyn, Un, Untq and Uy p4q satisfy
the Bogoliubov causal factorization modulo a phase factor. In the case of the scalar
field and of the vacuum state on Minkowski spacetime, it was shown in [15, Section 6],
using a procedure akin to group cohomology, that the phases of the unitary operators
{UQ}Qer;«lic(g(Mrﬂ)) can be chosen so that the phase factor in the Bogoliubov causal
factorization is equal to 1; as the proof relies solely on the properties of the allowed kinetic
perturbations and of the algebraic properties of the S-symbols, an analogous procedure
applies to our case, i.e. for the operators {UQ}QGS? (52, (Mr+1,7))-

oc

In order to extend said proof to our case, we need to point out a few key assumptions
though; we start by proving the following Lemma.

Lemma 5.4.1. Consider N,Q € fflgC(SS?l (M™1 1)) gauge-invariant with N = N*, Q =
Q*; further suppose that N and N + @Q are well-defined kinetic perturbations. Then if
us € D(Sfl(M’”H,n)) is such that Supp(uy) and Supp(Q) are spacelike separated with
respect to the causal structure induced by N, then

S¢ (ide ® Q)SG (Da(uy)) = Sg (Ve (nup))Sg (ide ® Q) -
Proof. This follows from (5.2)): indeed, denoting with s = nus, we can write
S& (Da(s) = So(Da(DFSy"s)) -
Then
SH(ide ® Q)SH (Da(s)) = S (ide ® Q)SH (Da(s))SH (ide @ Q)71 SH (ide ® Q)
= Sa(ide @ N)™'Sa(ide @ (N + Q))Sc(Dc(DF 5% s))
Se(ide ® (N + Q) Sa(ide ® N)SH (ide © Q)
(©.3) - =@ 5 .
Sa(Da(T TR gDF 557958 lide Q)
= Sa(Da(Ty "DFS%"s)SE (ide © Q) -
By (5.4) we then have
Brp o+ ® = p ot Dy [ Sy a— B = 50\ G+ D
TY DS s = (DFST) [(DF + PR)Sy,o" (DF + PY + PSS s
We now use the hypothesis on @ and u: namely, if Supp(Q) and Supp(uy) are spacelike
separated with respect to N we then have

PSS’X,@S =0 S’K,JFQ@S = 5’]}@3
which entail that
D(TY DES"s) = Da(DF S s)
and thus
¢ (ide ® Q)SE (Da(s)) = 8¢ (Da(s)SE (ide ® Q)
as stated. O
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This property descends to the objects in the algebra: indeed, we know that
Ug(SévV(idG ® Q)) = O'G(Sg(idg ® N)flsg(idg ® (N + Q))) =idg® A&]-ANJFQ
—_———
AjeB
and that
idaga +in ® By (uf) = 06(SY (Da(s))) = 0a(Sa(Da(DF 85 7s)))
= idG®Q1 +in® Bl(f)gagxf@u]c) .

Thus also the family {B}V(uf)}fep(sm(Mrﬂ,n)/DOD(ST,l(Mer)) is contained in B. The
relation in Lemma [5.4.1] then reads

AJ By (ug) = By (us)AY

whenever Supp(Q) and Supp(uys) are spacelike separated with respect to N. This be-
haviour is present also in the Fock space representation previously studied: indeed, we
have

UyBi(ug) = Bi(up)Uy,  UY =Ux'Un+o
where Ug and Uy, are the unitary operators implementing Ty and T4 respectively

and B (uy) is the perturbed field operator on Fock space associated to Bl(f)aegj\?@u]c).
To proceed further, we can consider the following: starting from the vacuum representa-
tion of the algebra B on Fock space, we can consider its x-subalgebra B 5 (O) generated
by

{B}V(uf)}fED(Sr,l(M’““m))/DoD(Sr-,l(Mr“m))
Supp(f)CO

where O C M"*! is any bounded, causally closed region. By construction it follows that
given 01 C Oz then By (01) C By (O2); thus the collection {Bn(0)}ocyr+1 satisfies
isotonoy and thus provides, modulo weak closure, a net of von Neumann al_gebras. These
algebras can be endowed with an action of U(1) in the following way: we already have an
action of U(1) on Foe(Syy (M, 7)) by

Ozt(F)iFoXt

where x; was described in Section Then after extending this action in an obvious
way t0 G @ Foe(S (M, 7)) we can induce an action on g by

a(Sc(F)) = Sa(ay(F))

and consequently on 2l by requiring that

at (06(Sa¢(F))) = og (au(Sa(F))) -

Notice that for gauge-invariant functionals as previously described this yields

at(AF) = AF
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as expected, while for B'(uy) it holds that a; (B (uf)) = B (xsuy).

Under the additional assumption that the net of local algebras {Bx(0)}ocpr+1 satisfies
twisted Haag duality (cfr. [18] and [43]) with respect to the gauge group U(1) and its
action oy, we then have by Lemma that

Uy € Bn(0)

where O denotes the causal closure of Supp(Q) and ¢ denotes the twist induced by the
gauge group U(1) via a Klein transformation. At the same time, it follows that if P is such
that Supp(P) is spacelike separated from Supp(Q) with respect to N, then U5 € By (0')!,
where O’ denotes the spacelike complement of O. To conclude, notice then that

{UF, F € Fioe(S5,(M 1)), F* = F = Foxy, Supp(F) C O}

are gauge-invariant elements of 98, and thus they belong to the actual observable subal-
gebras of By (0)! and By (0)!; for these subalgebras actual Haag duality holds, i.e. Ug
and U} commute whenever Supp(Q) and Supp(P) are spacelike separated with respect
to N.

This property is fundamental because it then entails the following: as stated at the be-
ginning of this Section, by Proposition [5.1.5] we have

UpiNUyn'Unig = a(N, P,Q)Untpig

with (N, P, Q) a phase factor. Then if the supports of P and @ are spacelike separated
with respect to N we can also write

Ui NUy'Unip = a(N,Q, P)Un+1p+q -

Under the assumption of twisted Haag duality, we concluded that Ug and Ug commute;
but this entails that

a(N,Q, P)UB,q = U UY = UPUY = (N, P,Q)Up.q

i.e. the phase factors a(N, P, Q) and a(N, Q, P) are equal whenever P and (@) are spacelike
separated with respect to N. This property is a key property in the proof carried out in
[15, Section 6], which can then be extended effortlessly to our case, yielding the following
result:

Theorem 5.4.2. Let us consider the collection of gauge-invariant, self-adjoint functionals
Q < fI%C(SS?l(MTH)). On the antisymmetric Fock space associated to the Minkowski
vacuum the unitary operators Ug given by Theorem are such that

UpsnUN'Un+q = Unipiq

if Supp(P) N Jy(Supp(Q)) = @, i.e. they comply with Bogoliubov’s causal factorization.
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6 Conclusions and outlook

In this thesis, we have shown how the C*-algebraic framework for interacting quantum
field theories proposed in [14] for scalar fields on d-Minkowski spacetime and extended
to Fermi fields in [12] can be used to model Fermionic fields on globally hyperbolic back-
grounds via a Grassmann covariant multiplication (&, ¢); this construction uses abstract
algebras (g generated by symbols {Sg(F)} where G denotes a real, finite-dimensional
Grassmann algebra and the label F' denotes objects in G ®%OC(S1§1(M )). Notice that the
dependence on the Grassmann algebra is functorial: there exist a universal, Zs-graded,
complex *-algebra 2 and a natural transformation og: ® = &%, i.e. a collection of -
homomorphisms og: Ag — G ® A well-behaved with respect to morphisms.

We have shown that 2 contains a subalgebra, generated by the non-identity 2(-components
of {o6(Sa(Da(nuy)))} en(s,.(m), obeying the canonical anticommutation relations of a
Dirac field on a curved background; moreover, by considering a special class of objects
in 9”1?)6(55’91(]\4 )), that of kinetic perturbations, we have shown that 2 contains a “per-
turbed” version of the CAR algebra, generated by the non-identity 2-components of
{oG(SE (Da(nug)))} ren S,.1(M), Which obeys the canonical anticommutation relations of
a Dirac field in the perturbed curved background associated to K.

Furthermore, by considering a particular class of functionals, that is, gauge-invariant,
self-adjoint functionals Q € ZgC(SfI(M )) giving rise to normally hyperbolic operators,
we have shown that the adjoint action of the 2A-component of Sg(idg ® @) on the gen-
erators of the CAR algebra gives rise to a Bogoliubov transformation of the latter; given
a quasi-free, Hadamard, gauge-invariant state on the CAR algebra it was then shown
that said Bogoliubov transformation satisfies the Shale-Stinespring condition if the glob-
ally hyperbolic spacetime under consideration has compact Cauchy surfaces, or if we are
considering the Minkowski vacuum on 7 + 1-Minkowski spacetime M1, In the latter
case, under the assumption that under a functional of the above form the “perturbed”
CAR algebras satisfies twisted Haag duality, it is then possible to extend the proof in
[15] to yield a unitary representation of the Bogoliubov transformations which satisfy the
Bogoliubov causal factorization.

Taking into account the recent developments in the algebraic framework, this work has
various potential outlooks: on one hand it is possible to study in a sound context fermionic
anomalies (as carried out in [13] for the scalar field), while on the other it is possible to
study coherent and squeezed states for fermions (see 38|, [33] as well as [23] where multi-
excited fermionic states are introduced and shown to behave as the Weyl coherent states).
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