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Abstract

Quantum computing has garnered significant interest due to its theoretical potential for
exponential speedup in computations. This advantage arises from the unique properties
of quantum mechanics, which enable quantum bits (qubits) to exist in multiple states
simultaneously and to become entangled. However, the current Noisy Intermediate-
Scale Quantum Computing era is constrained by the limited number of available qubits
and their high sensitivity to environmental noise.

In this thesis, we consider a quantum circuit-based model, recognized for its uni-
versality in encoding any computation. Nevertheless, leveraging this model requires
adherence to the constraints imposed by quantum hardware. One critical limitation is
the Nearest Neighbor condition, prevalent in quantum hardware architectures, which
necessitates that computations should be performed solely on adjacent qubits. Conse-
quently, additional swapping operations, or SWAP gates, are required to make interact-
ing qubits neighboring. Given the high computational cost associated with these SWAP
gates, it is essential to minimize their usage. To address this challenge, we introduce
two hybrid quantum-quantum approaches designed to adapt quantum circuits for the
Noisy Intermediate-Scale Quantum era by utilizing quantum computing technologies.
Both approaches are based on the qubit line reordering technique and use Quantum
Annealing in the optimization part. The first approach optimizes a quantum circuit
by global qubit line reordering based on the Graph Partitioning problem formulation.
The second approach implements local qubit line reordering using Boolean satisfiabil-
ity theory. As our problem-solving tool, we use Quantum Annealing, leveraging its
capabilities as a quantum heuristic optimization solver. Our numerical experiments,
conducted with several benchmark quantum circuits, demonstrate promising results in
optimizing the circuits.
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Chapter 1
Introduction

Nowadays, quantum computing becomes one of the innovative areas of research. It is
grounded in the principles of quantum mechanics, which offer the potential for supe-
rior speed compared to conventional computing. The key difference from the classical
computing is that traditional computers operate using bits, that can only be in one of
two state (0 or 1) at any time, whereas quantum computers process quantum bits, or
qubits, which can be in multiple states at once, thanks to superposition. This quantum
property, combined with quantum entanglement, enables one to process multiple possi-
bilities concurrently, making quantum computing incredibly powerful for certain types
of problems. A remarkable example of this is the Shor’s algorithm [105] to perform in-
teger factoring, which completes the task in polynomial time while classical algorithms

at best need superpolynomial time [26].

Quantum computing has the potential to transform multiple industries by tackling
complex problems that are currently out of the reach of traditional computers. It is
known that combinatorial optimization problems pose substantial difficulties in different
fields, and traditional computing often struggles with their exponential complexity [10§].
One of them is the job-shop scheduling problem. It has a significant practical impact
on manufacturing [128] and becomes intractable because of the size of real-life prob-
lems [21]. However, Quantum Annealing (QA) algorithm is proposed to solve a problem
with greater scalability and solution quality [2I]. In addition, the NP-hard Travelling
Salesman Problem is widely used in the manufacturing and routing industries [51],
and several quantum approaches have been introduced to solve it [61, 5I]. Quantum
algorithms like the Quantum Approximate Optimization Algorithm (QAOA) can effi-
ciently solve complex optimization problems, with applications in logistics [95], finance,

and more. Quantum machine learning combines classical and quantum algorithms to



improve pattern recognition [28] and data analysis tasks. Quantum computers also
have the ability to simulate other quantum systems with greater efficiency than classi-
cal computers [45], which is essential for understanding and developing new materials,
chemicals, and technologies.

However, quantum computing is still in its early stages (named as Noisy Intermediate-
Scale Quantum (NISQ) era [96]), and there are significant challenges to overcome in
order to realize the full potential of quantum computing. First, due to the high sen-
sitwvity of qubits to the surrounding environment, quantum computations should be
performed at temperature near absolute 0 [68] for the most mature quantum comput-
ing technologies based on superconducting and trapped ion qubits. Cold temperature
allows qubits to stay coherent, i.e. to maintain superposition and entanglement [127]
in order to perform complex quantum computations. However, it is hardly possible
because of the interactions with the environment (e.g., during the qubit state mea-
surement). Due to this environmental noise, temperature requirements are violated
resulting in a loss of qubit coherence. In addition, it leads to loss of quantum proper-
ties [99] and occurrence of computational errors. The problem of unreliable quantum
computing imposes constraints on the application of quantum computing and quantum
error correction is actively progressing with various techniques [106], 67, 5] that have
already been proposed to solve this problem. Furthermore, due to the limited coherence
of qubits (lasting from milliseconds to seconds [20]), NISQ devices have the so-called
coupling constraint |25] meaning that quantum operations can be performed only on
qubits that are physically close to each other (neighbors). For that, Nearest Neighbor
(NN) architecture is commonly used as the physical connectivity topology. In case when
local qubits interacting within a quantum circuit (QC) are non-adjacent, they need to
be physically remapped [25], and the mapping problem has already been extensively
studied for linear architecture [97, 24], 10T, 4] as well as for two-dimensional [114]
and three-dimensional topologies [L6]. Besides that, quantum hardware is constrained
by a limited number of qubits (e.g. 1121 qubits in largest IBM’s quantum processor
Condor [92] and D-Wave Advantage 2 with 7000+ qubits [84]). Despite these hurdles,
the field is progressing rapidly, driven by both academic research and private sector
investment.

There are several models of quantum computing, among which the QC model is
a commonly used one because of its universality [74], meaning that any unitary op-
eration can be implemented as a QC [100]. Similar to classical circuits in traditional
computing, QCs serve as the building blocks of quantum algorithms; they consist of

quantum gates arranged sequentially to act on logical qubits. To be implemented on



Chapter 1. Introduction

quantum hardware, a QC (or unitary operation) should be decomposed into a sequence
of elementary gates native to the corresponding hardware [130]. Moreover, as previ-
ously mentioned, quantum hardware architectures often impose physical constraints,
e.g. NN condition that allows one to apply a gate only to qubits that are neighboring
physically. Consequently, logical qubits within a QC must be mapped to neighboring
physical qubits that are embedded in the hardware architecture. To facilitate this map-
ping, an auxiliary two-qubit SW AP gate (SW AP) is used to swap the positions of a
pair of interacting logical qubits, ensuring that they occupy neighboring physical qubit
positions. Given the high cost associated with using SW AP gates, it is reasonable
to reduce its count, and numerous approaches have already been proposed to achieve
it. These approaches vary based on the way of QC representation and optimization
technique used. For instance, circuits are often studied as NN-compliant circuits with
heuristics used to minimize SW AP count (ant colony metaheuristic [16]). In [24], graph
bipartitioning is applied to the qubit line adjacency graph to rearrange the qubit lines
in a manner that reduces the SW AP count required in a linear (one-dimensional) NN
(LNN) architecture. In [7], QC is represented as a graph of interactions between each
control-target pair as an edges with weights equal to the number of times this pair
appears in the circuit, and SW AP count is minimized by qubit line rearrangement in
two-dimensional (2D) NN architecture using Harmony-Search algorithm being a sort of
gradient-based metaheuristic.

Despite global qubit line rearrangement, qubit lines can be rearranged locally, im-
plying that qubits used in the description of only the current gate (or set of gates)
are reordered. In [I7], the authors introduce look-ahead heuristics based on selecting
the best permutation of qubits (depending on its overall cost) to make current gate
NN-compliant. In [I14], Boolean satisfiability (SAT) together with A* search are used
to reorder the qubits locally with minimal STW APs needed. More detailed description
of various QC optimization techniques will be presented in Section [2.3]

In the thesis, we concentrate on qubit reordering schemes and construct two hybrid
quantum-quantum QC optimization techniques based on global and local qubit line
reordering following approaches from [24] and [114], respectively. For that, we replace
classical component of the algorithms with QA that is a quantum technique to solve
optimization problems. The choice of QA as a quantum component of the approach is
motivated by its ability to find global optimum due to the quantum mechanics proper-
ties, particularly the quantum tunneling effect which enables the algorithm to escape
local optima. Additionally, QA has not been applied in this context yet. Moreover,
QA has a higher stage in the development than a QC model (e. g. QA implemented

3



in D-Wave Advantage_systemb5.4 is equipped with 5614 qubits and 40050 couplers
whereas IMB’s Condor has only 1121 qubits) but it is non-universal. However, as QA
is a heuristic (because of environmental noise in quantum computing), an important
practical issue is its convergence that has already been proven [85].

In Chapter [3, we propose a modification of classical approach to global qubit line
reordering [24] which is based on Graph Partitioning (GP) of qubit line adjacency graph
and aims to minimize SW AP count in LNN architecture. Instead of using a classical
bipartitioning tool, we propose using QA which allows us to extend the approach to
k-partitioning. We also verify the feasibility of this approach by conducting numerical
experiments on several QCs.

In Chapter [l we focus on optimizing QCs for the 2D NN architecture following the
approach proposed in [I14]. In this work, the authors treat a circuit as a gate depen-
dency graph and partition it into NN-compliant subcircuits through local reordering
of qubits. They propose using Boolean satisfiability (which has already been studied
in quantum computing [73], 18, 15, 88]) for partitioning the graph. To connect 2D
placements of qubits obtained for each subcircuit, the A* search is used. The novelty of
our approach lies in proposing a hybrid quantum-quantum QC optimization strategy
where QA replaces the classical counterpart.

Additionally, we study tabu-enhanced QA [90] that represents an iterative QA
method that penalizes non-optimal solutions by introducing tabu mechanism. We con-
sider the convergence issue and apply tabu-enhanced QA in the local qubit reordering
approach (proposed in Chapter {]) instead of the original QA.

The structure of the thesis is organized as follows. In Chapter [2, we present the
fundamental concepts of quantum computing that underpin our research together with
the overview of various QC optimization techniques. Chapters [3| and 4] introduce and
explore QC optimization techniques based on global and local qubit reordering, and
we validate these approaches by conducting numerical experiments to assess their ap-
plicability. In Chapter [5 we investigate the tabu-enhanced QA approach, addressing
convergence issue and applying the approach to optimize QCs. Finally, in the Conclu-

sion, we summarize the key findings and results of the current research.



Chapter 2
Background

In this chapter, we present fundamental concepts of quantum computing, including the
definitions of qubit, quantum superposition, and entanglement. We also explore QA
selected as our problem-solver, detailing the format for problem instances that it can
accept. Additionally, we discuss GP, which will be considered as an optimization tool

in the subsequent sections of this thesis.

2.1 Fundamentals of Quantum Computing

2.1.1 Quantum Theory Properties

Quantum bit (qubit) is a basic information storage unit in quantum computing systems.
It is known that classical bit has the two basic Boolean states (0 and 1) and can be at

one of them at a time, whereas a qubit can store information as a superposition, i.e.

0
i Thus, the

linear combination of the two basic Boolean states |0) = 0 and 1) =

qubit state |¢) is described in two-dimensional Hilbert space H as follows:
a
|6) = 3 =al0)+ 51, (2.1)

where a, § € C such that |a|*+|3|* = 1. This phenomenon allows qubits to exist simul-
taneously in several states, implying a possible computational speedup [111]. However,
to obtain a specific value of the qubit, a measurement is performed, which returns (and
at the same time converts the qubit into) one of the basic states, i.e., |0) and |1) with

probability |a|? and |§]?, respectively, for the qubit in state |¢) given in (2.1)).
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2.1. Fundamentals of Quantum Computing

To enhance understanding, a visual representation of a qubit is provided. The

Bloch sphere [57] serves this purpose allowing a qubit to be represented as a point (see

Figure on its surface with

) = cos( ) 00+ expiapsin(§ ) 1.

The top and bottom of the Bloch sphere correspond to |0) and |1), respectively. Other

points marked in Figure correspond to different possible superpositional states of

a single qubit. For example, states |+) = 23 and |—) = 00 5y = 040D 59

2 2 2
|—i) = M are different superpositions of |0) and |1) .

z

/

[1)

Figure 2.1: Bloch sphere.

Another quantum distinct feature is quantum entanglement [57]. This feature al-
lows qubits to interact with one another as groups [52], thus connecting their states.

Therefore, in general, a multi-qubit (e.g., n-qubit) system state is described as a linear

combination

2n 1

D aili

=0
of the basic m-qubit states |0,...,0),...,]1,...,1) which are sometimes given in
their corresponding integer form as |0),|1),...,]2" — 1), with complex coefficients
g, - .., gn_1 € C such that |ag|* + -+ - + |agn_1|*> = 1. Such a combination can also be
written in the form of a 2"-component column vector |ay, . . ., @zn,l]T. Measurement of

the state of a qubit enables one to obtain information about a qubit that is entangled.
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Note that when adding more qubits, quantum computers can process more information

and solve more complex problems.

2.1.2 Quantum Gates

In the field of quantum computing, quantum gates are analogous to classical logic gates.
Quantum computers use quantum gates to operate on qubits, whereby the states of the
qubits are changed depending on the specific gate applied. Quantum gates are com-
bined to form QCs, which finally implement the desired algorithms. Mathematically, a
quantum gate can be represented as a unitary operator, meaning that its inverse and
adjoint matrices are equal. Unitarity guarantees the conservation of the sum of proba-
bilities for a quantum system to be in a specific state, making quantum computations
reversible. For a single-qubit quantum system, the state of a qubit is described by a
superposition . The unitary operators can only act on the qubit in a way that
preserves the total probability of the qubit being in some state [57]. Thus, the unitarity
condition provides us with the reversibility of quantum gates, because the action of
a gate can be undone by applying its adjoint. This property is applied not only to
single-qubit gates, but also to gates acting on many qubits as well. Note also that the
application of the gate to the qubits can be considered as the (left) multiplication of
the vector of the qubit state by the corresponding unitary matrix.

Theoretically, a QC can be viewed as a single quantum gate that operates on all
qubits within a system. However, researchers are limited to a specific set of gates, such
as single-qubit and two-qubit gates, on the practical side. Various gates are assembled
into the so-called gate sets or gate libraries, which are basic pieces of a quantum com-
puting program for various architectures and implementations of quantum computing
principles. In the thesis, we consider the so-called NCT gate library, i.e. library con-
sisting of NOT, CNOT, and Toffoli gates which are defined below. Although Toffoli
gate is sufficient for synthesizing any reversible Boolean function, NOT together with
CNOT provide implementional simplicity [13]. In the context of NISQ devices, CNOT
is known to be susceptible to errors [60], prompting researchers to minimize its usage
in circuit implementations. Additionally, due to a common NN connectivity constraint
of NISQ devices, interacting qubits should be adjacent. This requirement often neces-
sitates the use of auxiliary SW AP gates which are typically implemented using three
CNOT, further compounding the error susceptibility. As a result, CNOT count is a
commonly used metric of QC optimization, and, in particular case of NN constraint,

reducing the number of SWAP gates is particularly important while optimizing QCs.
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2.1. Fundamentals of Quantum Computing

The single-qubit NOT gate is described by a matrix

0 1
ox = ,
*T 1o

and such a gate turns the qubit state [, 8]7 into the state [3,a]

, i.e. after applying
such a gate, pure state |0) becomes |1) and vice versa. As such, the NOT gate inverts

the qubit state.

The controlled-NOT' gate, CNOT, is a two-qubit gate which inverts the so-called
target (e.g. the second) qubit if the control (the first) qubit is in state |1). Such a
CNOT gate is defined by the unitary matrix

o O O =
o O = O
_ o O O
o = O O

) ——[)

and represented as follows |y} —@— |z @), where @ is the sum modulo 2.

Toffoli gate is an extension of the CNOT gate having two control bits (say, the first
two) and a target bit (say, the last), which is inverted once both control bits are in state
|1). It is defined by the matrix

1000 0O0O0O0
01 000O0O0O
001 0O0O0O0O
0001O0O0O0TO0
000O0O1O0O0TO0
000O0O0OT1QO0O0
000O0O0O0TO0OT71
00000010
|z) —— |2)

and represented as follows 1w
z) —B— [z Dy D 2).
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Note that the NCT gate set is complete for the so-called Boolean reversible circuits,
i.e. the QCs that convert Boolean input into Boolean output [81].

Besides that, there is a fault-tolerant single-qubit gate set consisting of the
Hadamard (H) and T gates. H gate is defined as

1 |1 1
H=—
V2 |1 -1
and performs m-rotation of a quantum state around Z axis transforming |0) into H |0) =
|+) and H |1) = |—). T gate is defined as

- [1 0 ]
0 exp{im/4}

and applies phase shift to a qubit state if it is |1) and leaves |0) unchanged.
Note that any single-qubit gate along with C NOT' constructs a universal quantum

gate library [87] which means that any computation can be performed using these gates.

2.2 Quantum Computing Models

2.2.1 Quantum Circuit Model

Like a logic circuit consists of logic gates, a QC is constructed by combining quantum
gates in a sequence. It is a universal and popular quantum computing model as it allows
to direct a quantum machine at any complex computation [I15]. In general, QC model
is defined as a sequence of quantum gates U; applied to some initial state |¢)) returning
|9¢). However, quantum machines have extremely restricted resources: modern IBM’s
quantum machine Condor has 1121 superconducting qubits [22] limiting the size of QC
applied.

As a general property of quantum systems, composition of multiple qubits as well

as multi-qubit circuits are performed via the Kronecker product of matrices:

CLHB Ce CLlnB
A®B = :
anB ... ap,B

In particular, considering the product ¥ ® ¢ of two single-qubit states |¢)) and |¢) we

9



2.2, Quantum Computing Models

obtain the state of a qubit pair described by a vector in C*. To shorten the notation,

very common abbreviations are used such as:

V) @) = [P)le) = [g).

In Figure [2.2] example of a QC is depicted. It contains 3 qubits and 2 gates: CNOT
with |z) as control qubit and |y) as target, and Tof foli with |z) and |z ®y) as controls

and |x) as target.

) PD— 1DrDYD2)
ly) —® 7 ©y)
|z) ————— |2).

Figure 2.2: QC with 3 qubits and CNOT and Tof foli gates.

2.2.2 Adiabatic Quantum Computing

Adiabatic Quantum Computing (AQC) is a universal quantum computing approach [6]
proposed as an application of adiabatic theorem to solve optimization problems [44].
The solution of a given problem corresponds to the so-called ground state of a quantum
system with total energy described by a problem Hamiltonian Hp [124] on the Hilbert
space where the considered quantum system is described. Within the mathematical
formalism of quantum mechanics, the ground state corresponds to the eigenvector of Hp
with minimum eigenvalue (if the eigenspace with lowest eigenvalue is multidimensional,
the ground state is called degenerate). However, it is NP-hard to find minimal energy
configuration of a system [124]. Thus, some initial Hamiltonian H; with easy-to-find
ground state is introduced. Note that H; should be non-commuted with Hp.

The informal structure of an AQC is the following: the given problem is encoded
into the problem Hamiltonian Hp and the quantum system is prepared in the known
ground state of an initial Hamiltonian H;. Then a time variation of the Hamiltonian

from Hj to Hp is implemented according to
H(t) = (1—s(t)H; +s(t)Hp, te0,7], (2.2)

where s : [0, 7] — [0, 1] is a smooth monotone function such that s(0) = 0 and s(7) = 1.

According to the adiabatic theorem, if the change is sufficiently slow then the system

10
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remains in the instantaneous ground state with high probability. The time evolution
must be slow enough to satisfy the adiabatic condition without destroying the efficiency
of the QC [62]. The solution is then obtained as the ground state of the system at time

T.

2.2.3 Quantum Annealing

QA is a model of quantum computing that utilizes quantum mechanical effects to solve
optimization problems [109]. QA is capable of identifying the global minimum of an
objective function within a given set of potential solutions [35]. In order to be processed
by QA, the problem should be transformed into a problem Hamiltonian, denoted as H,

which mathematically describes the energy-based state of the system.

H, = Z hio." + Z Jijoso, (2.3)
eV (i,5)EE
where ¢," is a Pauli-Z matrix acting on qubit ¢, J;; = J;; is interaction strength of the
qubits 7 and j connected by an edge and h; is the on-site energy of qubit 4.

Like AQC, QA is driven by the motivation that a quantum system, when subjected
to slow changes in its governing Hamiltonian, will stay in its ground state. The ground
state of the Hamiltonian Hp corresponds to its eigenvector with the lowest eigenvalue
and represents the solution to the problem. QA begins by initializing the system with
the ground state of an initial Hamiltonian H; that is relatively easy to solve. The
ground state of Hj is a case when all qubits are in a superposition state of |0) and
1) [37]. QA switches from H; to Hp sufficiently slow using the time variation from H;
to Hp (2.2).

The QA system minimizes the cost function of the problem that can be expressed

in an Ising model [109]:

€V (i,J)€E

where z = {—1,1}Vl, G = (V, E) is an undirected graph of the allowed interactions
of qubits. In D-Wave systems, h; € [—2,2] and J;; € [—1,1], see e.g. [109] (these
boundaries, however, can be extended by autoscaling).

However, there is another way to formulate a problem, and it is more natural in
a sense of understanding than an Ising model. Unlike Ising model with —1/1—valued

variables, Quadratic Unconstrained Binary Optimization (QUBO) representation acts
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on 0/1—valued variables and is defined by the upper-triangular matrix @, where Q;;
relates to h; and );;,7 # j relates to interaction strength J;; in Ising formulation ([2.4]).

QUBO objective function is as follows:

&(x) = ZQM% + Z Qijritj, (2.5)

eV (i,5)eE

where x = {0, 1}|V|, G = (V,E) is an undirected graph of allowed interactions of
variables.

Thus, QUBO problem is an optimization problem expressed as follows:

arg min x’ Qx, (2.6)
X
where x is a binary vector and () is an upper-triangular matrix of real values.
Note that QUBO representation is equivalent to Ising one and can be converted into
it using the following rule for each i = 1,..., |V
. 1— Zi

However, one may utilize dimod Python package which provides functions
ising_to_qubo(h, J,...) and qubo_to_ising(Q,...) to convert Ising to QUBO and vice
versa.

Note that implementation of QA implies inherent randomness - arising from the
quantum superposition property — leading to the fact that the results can vary be-
tween runs. Thus, QA is considered a heuristic technique, providing an ensemble of
solutions that are "good enough" rather than guaranteeing optimality. At the same
time, ensemble methods may improve the performance robustness of the solutions, see
e.g. [112].

2.3 State-of-the-art Quantum Circuit Optimization

In this section, we present overview of the state-of-the-art QC optimization techniques.
As it was mentioned in Chapter [, QC serves as a universal representation of quan-
tum computation and must be synthesized for implementation on quantum hardware.
However, due to the aforementioned limitations of the NISQ era, the resources required
to implement the circuit must be utilized optimally. Therefore, the circuit should be

optimized either during the synthesis process or independently afterwards.
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By synthesis of QCs we mean the process of obtaining a (more precisely at least
one) QC from a different (native to quantum hardware) representation of a quantum
algorithm. The foundation of this topic was laid in [14] generalizing approach for con-
structing Toffoli gate from 5 two-bit gates proposed in [107] and thus building up n-bit
operations with quantum single- and two-qubit gates. Further, the QC synthesis prob-
lem is described briefly in [34], where the term synthesis is defined as a compilation of
the desired operator into a QC understandable for a quantum computer. In general,
the synthesis process depends on the kind of the initial representation and on possi-
ble constraints and additional requirements on the target QCs. Among the synthesis

processes of QCs we point out the following relevant procedures:

e Optimization: a synthesis process in which the target QC is required to minimize

one or more cost criteria.

e Composition: a synthesis process from given elementary gates and/or circuits
until the corresponding unitary matrix becomes equal (or approximately equal)
to the specified matrix [76].

e Decomposition: a synthesis process whose initial representation is a given uni-
tary matrix [36] or already a QC and the target circuit is constrained to be a

composition of elementary gates from a given set.

Note that the three processes described above do not exhaust all possible synthesis pro-
cesses, and a synthesis process can include more than one. Some authors adopt slightly
different versions of this definition, for example reducing synthesis to decomposition.
The approximation of any unitary operator acting on n qubits with arbitrary pre-
cision € by the so-called universal set of gates is guaranteed by the Solovay-Kitaev
theorem [87] using O(n?4™log®(n?4™/c)) gates. However, this is quite a large number
of gates, and thus optimization is required. The general idea of QC optimization is
to obtain a QC that satisfies some requirements, e.g. hardware requirements of a real
machine, the set of quantum gates used for circuit synthesis and topology [31]], spe-
cific connection architecture used [16] 7], depth [10] etc. As such, various optimization
schemes are used, either based on the so-called search algorithms (including Monte
Carlo), or using some information about the specific system, such as Bayesian opti-
mization as in [I23]. In this section, a few papers in this direction are summarized

based on the criteria, models, and methods used.
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2.3.1 Quantum Circuit Optimization Criteria

There are various criteria used for QC synthesis and optimization. These usually are
to be minimized (smaller, better) and most of them are motivated by some specific
hardware requirements (e.g. the number of gates the machine can handle) or physi-
cal requirements (e.g. decoherence time of a qubit). Hereafter we mention the most
common criteria and discuss in brief their meaning accordingly.

Before enumerating the optimization criteria, recall that a QC is commonly con-
sidered as a sequence of quantum gates. For illustration, we count each of the cri-
teria mentioned in the following for the Toffoli gate which is a universal gate from
Revlib [117]. In QC hardware, it cannot be implemented in its initial way and that’s

why it is decomposed (into a sequence of elementary gates) as follows from Figure .

o

a1

q>2

Figure 2.3: The Toffoli gate.

First, each QC has some depth [120], 125 8] that indicates the longest path from
the input to the output of the circuit, which is inversely proportional to the coherence
time (larger, better). For the Toffoli gate depicted in Figure depth equals 5.

Also, QCs can be optimized by gate count i.e. the number of gates in the cir-
cuit |29, 30, 54, R2, 23], including CNOT count i.e. the number of CNOT gates in the
circuit [122], 60, 31, 86l 33, 58] motivated by the fact that such gates are error-prone;
SWAP count i.e. the number of SWAP gates [16, [17, 114} [70, [129] 7, 119, 24] 23]
widely used in architecture-specific (e.g. NN) circuit optimization; and T-count i.e.
the total number of T gates or Hermitian transposes of the 7" gate in a quantum
circuit [1T6], 83, B3] since such gates have significant resource cost. For the circuit
demonstrated in Figure [2.3] CNOT count is 2, and SWAP count is 2, and there are no
T gates.

The next optimization criteria is a cost, including two-qubit cost i.e. the number
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of two-qubit gates [59, 27] and named as the number of entanglements in a pattern
required to be applied at the beginning to produce the cluster (highly entangled) state
in [50]; and NN cost [17, 97, 120], which is the sum of distances between gate qubits
of any two-qubit gates. For the circuit demonstrated in Figure 2.3 two-qubit cost is 5
and NN cost is 2.

Note that there are QC optimization techniques based on minimization of the num-
ber of lines in the circuit (where ancilla lines can be used) [82]. For Toffoli gate demon-
strated in Figure 2.3] there are 3 qubit lines.

For various technologies, there are several lower bounds known on the number of
gates needed. In particular, the CNOT count of a universal n-qubit circuit (containing
only CNOT and single-qubit gates) is lower bounded by [104]

4" —3n —1
1 .

The CNOT count of the n-qubit Toffoli gate is at least 2n, even if the ancillae are
permitted [103].

2.3.2 Quantum Circuit Optimization Models

Most commonly, a QC is considered as a sequence of quantum gates [122], 123, 126, 60,
311, 125], 33, 58, [83], 8, [82] in the works reviewed. In particular, it can also be represented
as a NN circuit [16] 17, 114, 07, 24), 23] being compliant with NN condition.

Along with circuit representation, we consider mathematical models used for op-
timization or synthesis. Tree-based models are one of the widely used ones. As an
example, in [31] a circuit is studied as a tree with child nodes describing C NOT' posi-
tions in a circuit described by parent node. In [129], the authors consider a tree with
nodes as partial permutations and edges as qubits added to partial permutation. Fur-
thermore, a QC can be represented as a gate dependency graph [122, 59, 114] being
directed acyclic graph with nodes being elementary gates and edges corresponding to
qubits connecting these gates. Moreover, matriz representation |86l [116] is also utilized
as well as isometry based representation [60, 58]|. Besides that, a SAT problem on a
Boolean function is used to encode the QC of a given depth (satisfiable if such a circuit
exists) [07, [54].
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2.3.3 Quantum Circuit Optimization Methods

In this section, we summarize the optimization methods used in the reviewed papers.
In general, there are two basic options to synthesize optimized circuits: either by using
exact method (that guarantees to find a global minimum), or by using some (meta-)
heuristic approach to obtain nearly optimal solution. However, even the exact optimiza-
tion method, while delivering the global minimum for the given optimization criterion,
may synthesize the circuit that differs from the original (unitary operator) with a given
tolerance. As such, both synthesis options are equally valuable from the point of view
of solution quality.

There is a variety of optimization methods used to optimize QCs. One option is
rewrite rules/templates based simplification (usually performed in a greedy way) [123]
60, 27, 97, 82], 23], in particular, enhanced with cost metric evaluation [17|, or being
randomized [123], or including the lines reordering [59, [70], 97, 120]. Heuristics are also
commonly used in the context of QC optimization, in particular A* search [29, 122, 31|
33, 114}, 129, 130]; GP [24]; breadth-first search [86]. Also, metaheuristics are widely used
to optimize QCs, such as genetic algorithms for circuit synthesis [70]; Harmony-Search

with local optimization of SW AP gate insertion [7]; graph traversal by ant colony [16].

Additionally, there are QC optimization approaches based on decomposition schemes
[60, 58]; numerical optimization [126], [125]; Meet-in-the-Middle [83] [§]; Boolean satis-
fiability [114], 53, B4]. Moreover, there are large-scale approaches, including circuit
partitioning [122 126].

It is important to mention that in some papers the optimality of some circuit may
be given by design of the corresponding synthesis method, e.g. in [54] the corresponding
SAT problem gives a solution (i.e. the function is SAT), if there exists a circuit of a
given (fixed) depth d, and thus optimality is obtained by solving a number of problems
with increasing d.

Particular attention should be given to the open-source framework Quantify [89]
that provides one with four-step quantitative resource analysis of QCs. More precisely,
it consider a circuit via Cirq Google’s platform and perform synthesis, optimization,
transpilation, and verification of a QC. In the context of optimization, several opti-
mization criteria are proposed (depth, T—depth, CNOT count, T' count, and number
of qubit lines). As for optimization methods, they are based on template and rewrite
rules (to highlight the QC’s region being optimized). Moreover, this software enables
verification of the circuit optimized or synthesized in order to check if the circuit is

correct (metrics not selected as optimization criteria are invariant, and input-output
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works as specified). The notable achievement of this software is that it allows to analyze
large-scale QCs with thousands of qubits.

While conducting this overview, we present various optimization techniques for QC
optimization, encompassing both exact methods and heuristics, along with different
optimization models and criteria. In this thesis, we concentrate on optimizing NN
circuits, highlighting that they can be optimized through multiple approaches. One
method involves applying Boolean satisfiability together with heuristic A* search to
divide circuit into NN-compliant subcircuits in an optimal way (in a sense of SW AP
minimization) [114]. Alternatively, GP can be employed to construct optimal NN cir-
cuits by reordering the qubits [24]. Here, we base our research on these two approaches
that utilize Boolean satisfiability and GP to optimize QCs. Notably, we observe that
current methodologies do not utilize QA as a problem-solver in this context. Therefore,
we propose to integrate QA into our ongoing research to explore its potential benefits
further.

2.4 Graph Partitioning Problem

Let G = (V, E, w) be a weighted undirected graph with a set of vertices V =
{v1,...,v,} and set E C V x V of edges e = (v1, wvy) with weight w(e) such, that
n = |V] is a number of vertices and m = |E| is a number of edges. The balanced
k-graph partitioning (k — G P) problem is to find such a partition of V' into k parts of
equal order (i.e. with equal number of vertices) P = Ule P;, minimizing the cut edge.
Cut edge is a summary weight of the edges with end points from different partitions,
i.e. for the case of 2-partition into subgraphs G; = (Vi, Ey) and Gy = (V3, Ey) cut edge

is as follows and should be minimized.

Cc(Vi, Va) = Z w(e) — min.

e=(v;,v;)€E, vieVy, v;eVs

In Figure 2.4] graph can be bipartitioned into subgraphs Gy = (V4, Ei) with V; =
{1, 4} and Gy = (Va, E,) with Vo, = {2, 3}. Cut edge is weight of edge (1, 2) and
equals 1.

GP is known to be an NP-hard problem [39]. Various approaches have been proposed
to solve it. The Kernighan-Lin algorithm [66] is a well-known method that relies on the
iterative swapping of pairs of vertices in order to reduce cut edge. In [65], the authors

propose a technique based on multilevel recursive bisection, multilevel k-way, and multi-
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2 1
1 2
~— 1 |
Gy Gy

Figure 2.4: Graph to be bipartitioned.

constraint partitioning schemes, and they have developed software metis to perform
k—GP. Another heuristic [38] defines the subgraph for each vertex to transfer based on
the number of its neighbors in each of the subgraphs. Additionally, heterogeneous GP
is proposed in [72] which involves initial balanced partitioning of computing nodes with
varying workloads utilizing genetic algorithm to further reduce cut edge. Furthermore,
QA has already been used to solve GP by converting it to a QUBO [113] which will be
described in details further (in Section of Chapter [3)).
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Chapter 3

Quantum Circuit Optimization for
Linear NN Architecture by Graph

Partitioning using Quantum Annealing

This chapter is a reworked version of the article 78| stretched with extra numerical
experiments. Here, we investigate the problem of minimizing auxiliary SW AP gates in
QCs to ensure compliance with the LNN architecture. One potential solution involves
the appropriate reordering of the qubit lines, specifically by finding an optimal linear
arrangement on the qubit line adjacency graph [24]. Based on this, we introduce hybrid
approach of optimizing QCs by its qubit line global reordering utilizing QA that provides
an ensemble of suboptimal solutions. To the best of our knowledge, it is used in the
context of optimizing QCs for the first time. Scalability of the proposed approach will
be considered in Section [3.4.5

3.1 Optimal Linear Arrangement by Graph Partition-
ing

Given an undirected weighted graph G = (V, E,w), where V' = {vy,...,v,} is the set
of vertices, E C V x V is the set of edges, and the weights of the edges are defined by
the function w : F — N, linear arrangement problem is to find such a numbering of the
vertices, f: V — {1,...,|V|}, that the total edge length given by

LG )= Y wluo})lf(u) = f), (3.1)

{uv}elE
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is minimized [48), 41].

Linear arrangement on a weighted graph is known to be an NP-complete prob-
lem [48]. However, there are many heuristic approaches to solve it, in particular, based
on the recursive balanced k-partitioning (k — GP) of the graph G, k > 2 [41]. In such
an algorithm, the graph G is hierarchically partitioned into k£ subgraphs of equal order
in such a way that each partition minimizes the sum of weights of the edges that are
cut in order to perform the partition. Formally, let V' be the set of the vertices before
such a partition, and Vi, ..., V, be the k partitions of V', i.e. V =V, U--- UV, such
that V; N'V; = @, ¢ # j. Then the set of edges that are cut is given as

E(%,...,Vk):{(’l)hvg) e E:v G%,UzE‘/j,i%j},

and the minimization problem is as follows:

The GP is performed on the graph (V. E, w), and then recursively on each subgraph
(Vi, E;,w;), i =1,... k, where

E; = {(vi,v2) € E:vy,0 € Vi), wi(e) =w(e), e € Ej,

until |V;| < k.

3.2 Quantum Circuit Optimization by Graph Parti-
tioning

We explore the QC optimization problem for the LNN architecture. In LNN archi-
tecture, two-qubit gates only act on neighboring qubits (connected sequentially in one
dimension), and SWAP gates are used to relocate the non-adjacent qubits next to
each other before applying a specific gate, and return them to their original positions
afterwards. However, the initial arrangement (permutation) of the qubit lines within
the circuit affects the required number of SW AP gates (referred to as SWAP count)
needed to make the circuit LNN-compliant, and it is crucial to minimize their usage.
Therefore, the objective is to find the (global) arrangement of the qubit lines that opti-
mizes the circuit according to Nearest Neighbor Cost (NNC) (related to SW AP count
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and defined by formula (3.2))), and, as a result, minimizes the SW AP count [24]. Note
that such an approach optimizes only the initial placement (arrangement) of the qubit

lines, i.e. the optimization is done once for a particular circuit.

First, we summarize the problem statement and the optimization approach given
in [24], which is the basis of our approach. We construct the qubit line adjacency graph
which is an undirected weighted graph G = (V, E,w), where the set V' denotes the
set of qubit lines in the QC and £ = {e = {u,v} C V x V} denotes the set of edges
between each pair of control w and target v qubits with weight w(e) = w({u,v}) equal
to the number of times this pair of qubits u and v appears in the QC. For such a graph
G, we are to obtain a linear arrangement f (i.e. the order of the qubit lines in LNN

topology) that minimizes the NNC of a circuit with given arrangement, which is defined

using as follows:
NNCG ) =2 3 w({u, ol () — F@)] - 1)

{uv}eFE

— 2(L(G, f) - |E)). (3.2)

Thus, minimization of NNC(G, f) reduces to finding an optimal linear arrangement
on the qubit line adjacency graph G, e.g., by balanced GP [24] outlined in Section .

Let us intuitively explain the effect of recursive GP heuristics on the NNC of the
circuit after arrangement. At each iteration of the recursion, edges (between vertices
belonging to different partitions) of smaller weight are cut. Thus, edges with larger
weight (corresponding to qubit lines with many gates operating on them) persist (within
the same partition) until the latest iterations. As a result, the vertices corresponding
to the qubit lines connected by many gates are encouraged to stay close to each other
within the arrangement. That is why this heuristic approach allows one to reduce the
NNC (and, as a result, SWAP count) in the circuit.

The approach proposed in [24] utilizes the Divide-and-Conquer technique as sug-
gested in [41]. The fundamental concept behind this approach involves breaking down
the problem into smaller subproblems, solving them individually, and subsequently
combining the solutions to obtain the solution for the original problem. However, as
compared to the bipartitioning (2 — GP) approach suggested in [24] (i.e. at each step,
each partition of the qubit line adjacency graph is to be split into two), the approach
suggested in [41] is more general, and states that £k — G'P can also be used to obtain the
minimal linear arrangement of the qubit line adjacency graph. As such, we use general

k — G P heuristics to do the same, and it implies the novelty of current QC optimiza-
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tion approach. In the next section, we use recursive decomposition of the qubit line
adjacency graph into 2, 3, and 4 parts, respectively, to demonstrate feasibility of this
approach.

Finally, it is worth noting that the balanced partitioning of the graph is a problem
for which a QUBO formulation has already been proposed. This fact allows one to use
QA-based machine, e.g. D-Wave machine, to obtain the arrangement using quantum
hardware. QUBO formulation of the balanced k— G P of the qubit line adjacency graph

with IV vertices is given in [113] as follows.

Let the binary variable z;; € {0,1} denote the indicator variable that the node i
belongs to the part j after partition:

1, if node 7 is in part j

0, otherwise.

Then QUBO problem is defined as follows for a QC with N qubits [113]:

k k N N 2
ZXjTLXj -+ Z&j (Z Tij — ?)
j=1 j=1 =1

N k 2 (3.3)
Y —1) iy min
=1 Nj=1
where x; = [11;,...,2x;]" is a (N x 1) characteristic vector of the partition (subset)

Jya;,7=1,...,kand v;,i=1,..., N are penalty constants [75]; and L is a Laplacian

matrix with the following elements:

S w({ikY), ifi=

—w({i,j}), otherwise.
The constants «;,j = 1,...,k penalize unequal number of nodes in the subsets after
partition, and ~;,7 = 1,..., N penalize the infeasible solutions i.e. those containing

the same node in different subsets. In general, finding the optimal values for these
penalty constants is a separate metaoptimization problem that is not addressed here,
but instead we note that the estimate of the first sum in is a good value for a to
start with [2]. We elaborate more on this subject (and find a reasonable estimate for

the penalty parameters) in the next section.

After recursive performing the &k — G P of the qubit line adjacency graph using ({3.3)
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on the QA-based quantum machine (e.g. D-Wave machine), the partition tree (i.e. the
tree containing the partitions as vertices in accordance with the runs of the recursion)
contains the qubit line arrangement f in the order of the qubit lines contained in the
leaves. By rearranging qubits within the initial circuit according to this order, a LNN-
compliant circuit is obtained with an optimized NNC given by .

In summary, the suggested approach aims at optimization of the NNC of a QC
in LNN topology by global qubit arrangement which uses generalized recursive balanced
partitioning heuristics of qubit line adjacency graph in QUBO formulation on a
QA machine (e.g. D-Wave machine).

Note that there is no need to construct characteristic vectors x; while 2 — G'P, since
it is enough to define a binary vector x = {z;}Y, with z; = 0 meaning that qubit
1 belongs to the first part and x; = 1 meaning that it belongs to the second one. A
simpler way of QUBO construction (alternatively to (3.3))) for the bipartitioning of an
unweighted undirected graph has already been proposed [2]. Following the instructions
from there, we consider several steps to build the objective function (minimizing cut
edge) for bipartitioning of a weighted undirected graph. Total cut edge is defined

following

> w{u, o) @y + 2y — 2,2, (3.4)

(u,v)EE

To perform balanced bipartitioning, the following condition should be held:
=g
Ty = =
2
ueVvV

which is as follows in the form of mathematical expression:
N2
(Zr-3)
2

simplified into

D z(1=N)+2> )z, (3.5)

ueV ueV v>u
Thus, the objective function is as follows, by adding balancing constraint (3.5 multi-
plied by penalty constant « to (3.4)):

Z w{u, v}z, + x, — 2x7,] + a[z r,(1—N)+2 Z quxv} : (3.6)

(u,v)EE ueV ueV v>u
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By way of illustration, we present listings of qubit reordering by 2 — GP and by k —
GP with k = 3, 4. Namely, for 2—G P, we present function solveQUBO() that partitions
the graph into 2 parts by using QA (see Algorithm (1)) and function graphPart () that
recursively bipartitions the graph until we reach leaves (see Algorithm . Note that we
consider o =y, =«a, j=1,...k, i=1...N, as described further (in Section .

The same idea is used for 3 — G P, where the graphPart () function applies k — GP
to graph G recursively until we reach graph with vertices of count less than k. We
illustrate the algorithm for k = 3 (see Algorithms 3 and [4).

Algorithm 1 Function solveQUBO() to solve 2 — G P problem via QA
Require: Undirected weighted graph G = (V, F, w) of interactions of N qubits
Require: Penalty constant «
Ensure: x = {;}», vector of binary variables indicating which partition qubit 4
belongs to (to the 1st partition, if z;=0, and to the 2nd one, if z;=1)
QUBO matrix Q < O
Initialize Q as in (lines 3-13):
for (u,v,w) € E do

Quu — Quu +w(u,v)

QU,U < Qv,v + w(“a U)

Qup  Quop — 2w(u,v)
end for
for u e V do

Quu ¢ Quu +a(l —N)
end for
: for u,v € pairwise combinations from V do

— =
_ O

12: Quﬂ, — Qu,v + 2«

13: end for

14: Find valid solution of QUBO problem (partition should be balanced):

15 x + —1 > Start with invalid partition

16: while x = —1 do

17: x < EmbeddingComposite(DwaveSampler()).sample qubo(Q, num_reads = 1000)
> Composite to map problem to a specific topology graph

18: Check solution x for validity:

19: if >, 2 ¢ [|3],[3]] then > Partition is unbalanced

20: X —1 > Invalid partition

21: end if
22: end while
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Algorithm 2 Function graphPart () to reorder qubits by recursive 2—GP of the graph

Require: Undirected weighted graph G = (V, E, w) of interactions of N qubits

Require: Number of qubits to be reordered nparts (order of G) > Initially equal to N
Require: Permutation of qubits total ordering > Initially empty
Ensure: x = {z;}}¥, vector of binary variables indicating which partition qubit i

10:
11:
12:
13:

14:
15:

16:

17:

18:

19:

20:

21:

22:

23:

24:

25:

26:

27:
28:

29:
30:

1
2
3
4
5:
6
7
8
9

belongs to

. if nparts > 1 then > Partitioning should be continued

Initialize x by solving QUBO problem for G via solveQUBO() in Algorithm
Initialize 2 graphs |G = (V}, Ej,w;) and rG = (V,, E,,w,) (lines 4-18):
for u e V do
if element in x corresponding to u is 0 then
VieVi+u > Add u to the first (left) graph IG
else
ViV, +u > Add u to the second (right) graph rG
end if
end for
for (u,v,w) € £ do
if element in x corresponding to u is 0 and element in x corresponding to v
is 0 then
E) <+ E;+ (u,v,w({u,v})) > If u and v belong to G, add edge between
them to G
end if
if element in x corresponding to u is 1 and element in x corresponding to v
is 1 then
E, « E, + (u,v,w({u,v}))> If v and v belong to rG, add edge between
them to rG
end if
end for
Check if new graphs IG and rG need to be partitioned: > contain more than 1
vertex
if |Vj| > 1 then
apply 2 — GP to IG with nparts < | ™42 | and total _ordering and obtain
left ordering © Use total ordering to store ordering obtained at previous step.
We use it in the left part to consider vertices of preceding part only once.
total _ordering < total _ordering + left _ordering > Concatenate ordering
obtained at previous step with ordering le ft ordering obtained for IG.
end if
if |V,| > 1 then
apply 2 — GP to rG with nparts < |"25"*| and total _ordering < [] and
obtain right ordering > Don’t need to consider total ordering twice (already
considered for IG).
total _ordering < total _ordering + right _ordering > Concatenate
ordering right _ordering obtained for rG with ordering obtained at previous step.
end if
if |[V}] =1 and |V,| =1 then > Leaves are reached, assemble ordering. return
Vi+V;
end if 25
end if
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Algorithm 3 Function solveQUBO() to solve k — GP via QA

Require: Undirected weighted graph G = (V, F, w) of interactions of N qubits
Require: List of degrees (summary weights of corresponding edges) vdegree of nodes

from V

Require: Number of parts & for G to be partitioned into
Require: Penalty constant «

Ensure: x = {z;n+:}

NN NN DN R R R e e e e

25:
26:
27:

28:
29:
30:
31:
32:
33:
34:
35:
36:
37:
38:

© o g Wy

i=N, j=k—1

i—1, j—o  vector of binary variables indicating which partition j

qubit 7 belongs to

QUBO matrix Q < O
Initialize Q as in (lines 3-18):
for j€[0,...,k—1] do
for u € V do
Qg u 4 vdegreelu] + a(1 - 2) — a
end for
for (u,v,w) € E do
QjN+ujN+v — QjN+ujN+o — 2w(u, v)
end for
for u,v € pairwise combinations from V do > Penalize unbalanced partitioning
QjN+ujNtv ¢ QjNtujN+o + 2
end for
: end for
: for i, j € pairwise combinations of [0,...,k — 1] do > Penalize infeasible partition
for u e V do
QiNtujN+u & QiNtujNtu + 20
end for
: end for
. Find valid solution of QUBO problem (partition should be balanced and feasible):
x4+ —1 > Start with invalid partition
: onehot < [—1] «x N > Used to check if each qubit belongs to exactly one part
. unbalanc < —1 > Used to check if partition is balanced
: while x = —1 do
x - EmbeddingComposite(DwaveSampler()).sample qubo(Q, num_reads = 1000)

> Composite to map problem to a specific topology graph
Check solution x for feasibility: (each qubit should be at only one part)
foriin [1,...,N] do

onehot[i] <— one_hot([z[i + jN], for 7 €0,...,k—1]]) > 1, if there is
exactly one 1 in the list
end for
if some element of onehot is not 1 then
X —1 > Partition is infeasible (some qubit belongs to several parts)
break
end if

Construct permutation part of qubits based on x as part[i| < 7, if x[jN+i| =1
Count number of qubits {part_count, }?;& in each of k£ parts based on part
if some element of part_count ¢ [[%], [%]] then > Partition is unbalanced
X+ —1 > Invalid partition
. 26
end if

end while
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Algorithm 4 Function graphPart () to reorder qubits by recursive 3—GP of the graph

Require: Undirected weighted graph G' = (V, E, w) of interactions of N qubits within
the QC

Require: Number of qubits to be reordered nparts (order of GG) > Initially equal to N

Require: Permutation of qubits total ordering > Initially empty

Ensure: x = {z; N+Z}Ziv jfok_l vector of binary variables indicating which partition j
qubit ¢ belongs to

1: if nparts > 1 then > Partitioning should be continued

2: vdegree < list of summary weight of edges incident to each node in G

3: Initialize x by solving QUBO problem for G with £ = 3 via solveQUBO() in
Algorithm

4: Initialize 3 graphs |G = (Vi, Ej,w;), mG = (Vi Epywy), and rG = (V,., B, w,)
(lines 5-31):

5: for j € [0,1,2] do

6: for u e V do

7: if element in x corresponding to u is in j-th part then

8: partition|u] < j > Qubit u is in j-th partition

9: end if

10: end for

11: end for

12: for u e V do

13: if partition[u] = 0 then

14: Vi<Vi+u > Add u to the first (left) partition (G

15: else if partition[u] = 1 then

16: Vin <= Vi +u > Add u to the second (middle) partition mG

17: else

18: Vi V. 4+u > Add u to the third (right) partition rG

19: end if

20: end for

21: for (u,v,w) € E do

22: if elements in partition corresponding to u and v are both 0 then > If u
and v belong to G, add edge between them to |G

23: E, + E + (u,v,w({u,v}))

24: end if

25: if element in partition corresponding to u and v are both 1 then> If u and
v belong to mG, add edge between them to mG

26: En < En + (u,v,w({u,v}))

27: end if

28: if element in partition corresponding to u and v are both 2 then> If u and
v belong to rG, add edge between them to rG

29: E, « E, + (u,v,w({u,v}))

30: end if

31: end for
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32: Check if new graphs |G, mG, and rG need to be partitioned:

33: if |Vj| > 2 then

34: apply 3 — GP to IG with nparts < [%’“J and total _ordering and obtain
left ordering © Use total ordering to store ordering obtained at previous step.
We use it in the left part to consider vertices of preceding part only once.

35: total _ordering < total _ordering + left _ordering > Concatenate ordering
obtained at previous step with ordering left ordering obtained for IG.

36: end if

37: if |V,,| > 2 then

38: apply 3 — GP to mG with nparts < | "5 | and total_ordering < [| and
obtain middle ordering 1> Don’t need to consider total ordering twice (already
considered for [G).

39: total ordering < total ordering + middle ordering >
Concatenate ordering middle ordering obtained for mG with ordering obtained at
previous step.

40: end if

41: if |V.| > 2 then

42: apply 3 — GP to rG with nparts < L%T“J and total ordering < [] and
obtain right ordering > Don’t need to consider total ordering twice (already
considered for IG).

43: total _ordering < total ordering + right ordering > Concatenate
ordering right _ordering obtained for rG with ordering obtained at previous step.

44: end if

45: if |Vj| <2, and |V,,,| <2, and |V;| < 2 then return V, +V,, +V,

46: end if

47: end if

For 4 — GP, the algorithm is analogous. We do not present the algorithm for the
calculation of the SWAP count as it was developed in [24].

3.3 Numerical Results

In this section, we set o = v, = o, 7 = 1,...k, ¢« = 1...N in order to simplify
the process of finding a good value for penalty constants. In such a case, the (only)
penalty constant « is used to establish the balance between the objective function to
minimize (the first summand) and the corresponding constraints (the second and the
third summands) in the QUBO problem . Taking @ > 0 is needed to obtain
solutions of the QUBO problem (i.e. k — GP) that satisfy the corresponding
constraints. We note that selecting optimal values of the penalty constants is a separate

problem which will not be addressed here. Instead, as will be demonstrated below, the
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sensitivity of the quality of the solutions obtained to the values of « is rather moderate.

To do so, we establish the following plan of numerical experiments. At first, we
establish a reasonable value for penalty constant « in . We obtain it by performing
series of experiments of recursive hierarchical partitioning of the qubit line adjacency
graph of a (modified) circuit from [24] into k& = 2,3,4 parts (2 — GP, 3 — GP, and
4 — G P, respectively) using classical counterpart of QA called Simulated Annealing
(SA) implemented in dwave-neal package with default schedule. Replicating the runs
using some sequence of values for o, we accumulate the necessary statistics and study
the quality of the solutions obtained in terms of NNC. Note that SA is used due to a
limited access to the QA hardware resources. Then, we run the experiments for the
considered circuit using quantum D-Wave hardware (QA) and compare the results with
the ones obtained by SA as well as the classical optimization software.

In this section, apart from using the NNC metric, we interchangeably use the
SW AP—pair count, i.e. the number of SW AP pairs, that is NNC/2, which is more
relevant to practical implementation of the qubit routing. Indeed, each SW AP—pair
consists of two SW AP gates, one is applied before, and one after the original gate in
order to make the circuit LNN-compliant.

All the experiments performed by using SA are run on local Ubuntu ma-
chine (Ubuntu 23.04 with 31 GiB RAM using 11th Gen Intel(R) Core(TM)
i7-11700 @ 2.50GHz). To perform the experiments using QA, we use a
real quantum annealer, namely, D-Wave Advantage system 5.4 with 5614 qubits
and 40050 couplers, taking the best (i.e.  corresponding to minimal SWAP
count) out of 1000 reads. The software for providing the following exper-
iments is available on Github via link https://github.com/MakarMariia97/

Quantum-Annealing-for-Global-QUbit-Reordering/tree/main.

3.3.1 Sensitivity of Nearest Neighbor Cost to Penalty Constant
Value

To study the sensitivity of the approach to a value of penalty constant «, we consider
modification of the QC investigated in [24]. It contains 8 qubit lines. In its initial
form (depicted in Figure [3.1)), the circuit requires 20 SWAP pairs (i.e. NNC=40) in
order to be implemented on quantum hardware with LNN architecture. The qubit line
adjacency graph corresponding to the circuit is depicted in Figure [3.2]

Note that in order to perform a balanced GP, number of qubit lines N within the

circuit should be equal to the power of k. However, due to the limited capabilities of

29


https://github.com/MakarMariia97/Quantum-Annealing-for-Global-QUbit-Reordering/tree/main
https://github.com/MakarMariia97/Quantum-Annealing-for-Global-QUbit-Reordering/tree/main
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D-Wave, we decide to increase N to one of the following values (depends on which is
closer to N): the smallest power of k, that is greater than N; or double of the greatest
power of k., that is smaller than N. These extra qubit lines will be omitted in the final
permutation. Thus, we increase N = 8 to 9 for the considered circuit to perform its
3 — GP; for 2— GP and 4 — GP there is no need to add some extra qubit lines.

do

a1

q2

!
as [+ —
il emld

qz 9

Figure 3.1: Modified circuit from [24]. SW AP—pair count required to make it LNN-
compliant is 20. (The first CNOT already works on adjacent qubits g3 and ¢4. For
the second CNOT, 2 SW AP—pairs are required: 2 SW APs are needed to make ¢
and ¢4 adjacent before the operation and two SW APs are needed to restore the qubits
placement. The same logic is applied for the rest of the gates.)

Figure 3.2: Qubit line adjacency graph of the circuit from Figure 3.1

To establish some estimate on the number of SW AP pairs in the chain after opti-
mization, we apply the qubit line adjacency graph bipartitioning heuristics suggested
in [24] to the graph given in Figure using classical software, namely, the metis pack-

age and partition() of dwave-networkx Python package with a constrained quadratic
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model sampler ExactCQMSolver (). These software packages for GP are based on a de-
terministic approach. The solution returned by the former package is a circuit that
requires 10 SW AP—pairs to be LNN-compliant, while the latter package gives a cir-
cuit that requires 12 SW AP—pairs.

To establish sensitivity of the approach presented in Section to the penalty
constant «, the hierarchical k¥ — GP (using QUBO formulation) is performed for an
even sequence o = 2,4, ..., 20, using SA sampler until 10* valid (correct) arrangements
are obtained. An empirical distribution of the of the SW AP—pair count is built for
each value of penalty constant o. The values of a were selected in a neighborhood of
the number of SW AP —pairs obtained by the classical packages. Note that we omit
«a = 1 due to empirical evidence of an insufficient penalty size. Indeed, it turned out in
the experiments that for such « the algorithm solves the QUBO problem successfully
rather infrequently (about 2 valid runs out of 10%), which results in around 29 days
needed to obtain the necessary sample size (since one run takes about 8.5 minutes for
4 — G'P). One possible way to speed up the computations is based on using parallel

computing. However, we don’t address this case here.

For illustrative purposes, we demonstrate distribution of SW AP—pair count of the
considered circuit only after applying recursive 2 — GP. From Figure [3.3] we see that
median of SWAP—pair count increases when « increases. In this figure, there are
outliers for @ > 4, and they mean solutions more extreme than expected variation
(represented by ’whiskers’). E.g., for &« = 6 outliers demonstrate (rare) suboptimal
solutions resulting in more than 25 SW AP— pairs, while the median solution is around
12 SW AP— pairs. On the contrast, for a = 16 outliers indicate that there are solutions
better than the median one. As we will see further (in Section [3.3.2)), optimization
algorithm terminates unsuccessfully for more than a half of trials for a = 2. For
this reason this case is omitted in Figure [3.4] where we see that SW AP—pair count
distribution becomes right-skewed when a decreases. The same behavior is observed
for recursive 3 — GP and 4 — GP.
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Figure 3.3: “Box-and-whisker” plot of SW AP—pair count obtained for hierarchical
2 — GP for different values of o. Each sample contains 10* results (arrangements of
qubit lines) obtained by solving the 2 — G P problem (3.3|) using SA sampler.
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Figure 3.4: Distribution of SW AP—pair count in (feasible) circuits obtained by running
hierarchical 2 — GP on a SA sampler for various values of a.
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3.3.2 Sensitivity of Unsuccessful Trials Count to Penalty Con-

stant Value

In this section, we study the sensitivity of unsuccessful trials count to a value of penalty
constant o. An unsuccessful trial is a situation when the algorithm rejects the graph
partition that does not satisfy the constraints of the problem (3.3)) (i.e. the partition
is done in such a way that some vertex belongs to several parts or partitions are of
unequal order). A large number of unsuccessful trials may indicate that « is not large
enough to penalize the unacceptable solutions. The number of these unsuccessful trials
are counted for different values of a for 2 — GP, 3 — GP, and 4 — GP obtained by

running the algorithm using SA.
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Figure 3.5: Comparison for distribution of unsuccessful trials with different «. Loga-
rithmic scale of Y-axis.

As we see from Figure 3.5] for 2 — GP, 3 — GP, and 4 — GP the largest count of
unsuccessful trials is for « = 2 and it is relatively small for a > 4. Among the versions

of GP, the smallest count of unsuccessful trials is obtained by 4 — GP.

3.3.3 Sensitivity of Metric of Success to Penalty Constant Value

In this section, we compare the 2 — GP, 3 — GP, and 4 — GP for different values of
a using the metric of success (MoS) defined as the probability to obtain SW AP—pair
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count less than or equal to some threshold. Note that this metric is the cumulative
distribution function of SWAP—pair count, i.e. F(m) = P(SW AP—pair count < m)
for some threshold m. We observe a MoS for 2 — GP, 3 — GP, and 4 — GP by running
the algorithm using SA and study if there is some dependence of this metric on «.
Recall that the classical solution obtained by metis software returns a circuit that
requires 10 SW AP—pairs. So, m = 9 will be the first threshold in order to estimate the
probability to outperform classical solution. Also, we would like to assess the probability
to obtain minimum practical SW AP—pair count for 2— GP, 3—GP, and 4 —GP. For
2 — GP and 3 — GP the minimal SWAP—pair count experimentally obtained (using
SA) is 2 and for 4 — GP it is 3 at best. The MoS is estimated for these two thresholds

for an even sequence o = 2.4, ...,20 by running the algorithm for 10* times.
— m=9
- m = min #{SWAP pair}
o
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Figure 3.6: Comparison of MoS with different a. Note the logarithmic scale for the
MoS.

In Figure we couple points with lines for visual clarity. It seems that: 1) there is
no dependence of the probability to obtain minimum SW AP count on «, 2) the prob-
ability to obtain better solution than classical one depends on « exponentially (note
the logarithmic scale on the vertical axis). The value o = 4 provides a relatively high
MosS for all the three versions of partitioning, with the largest value 0.317 attained for
2—-GP.
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3.3.4 Experiments using D-Wave Machine

Based on the sensitivity studies in Sections|[3.3.2| and [3.3.3], the penalty constant o = 4

provides reasonably good results: relatively high MoS and small count of unsuccessful
trials. By this reason, a = 4 is used hereafter to optimize the QCs using D-Wave
machine. We note that D-Wave machine provides us with limited access time and
running of 2 — GP, 3 — GP, and 4 — GP takes different time. To make experimental
results comparable, we propose to run 3 equal (in runtime) periods of experiments:
one to each of the three GP versions. Accordingly, the equal runtime was sufficient
to have 84 runs of the 2 — GP, 114 runs of the 3 — GP, and 390 runs of the 4 — GP
(this difference is due to the smaller number of iterations used to obtain GP with larger

number of components).
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Figure 3.7: Comparison of SW AP—pair count PDF of 2 — GP, 3 — GP, and 4 — GP
for o = 4 obtained on D-Wave machine. Initial SW AP—pair count is 20.

Figure (3.7 depicts SW AP —pair count obtained on D-Wave machine for all the three
versions of GP. For visual clarity, we omit points with zero probability. According to
Figure [3.7, 2 — GP implemented on D-Wave machine always returns result better than
the initial SWAP—pair count (equal to 20) and the best result is better than ones
returned by 3— GP and 4 — GP. Also, mode of SW AP—pair count probability density
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function (PDF) obtained by 3 — GP is less than modes returned by 2—GP and 4 — GP.

Table illustrates the comparison of the results obtained by applying the proposed
approach and solving the constructed GP problem using QA with the results obtained
by SA and classically (using metis and partition() function (performing k — G'P)
of dwave-networkx Python package separately) for 2 — GP, 3 — GP, and 4 — GP. As
we see, QA returns worse solution (as opposed to SA) only for 3 — GP and it always
significantly outperforms the two other classical solvers. Supremacy of SA could be
explained by the fact that both SA and QA are heuristic techniques with probability-
based acceptance of suboptimal solutions. The number of runs of the algorithm on
QA during the limited access time for all the three versions is also given. Moreover,
we calculate the ratio between MoS for the threshold m = 9 obtained by QA and SA,
Fa(9)/Fsa(9), to assess if QA optimizes the circuit more frequently. The best solution
(obtained by QA) is illustrated in Figure [3.8

Table 3.1: Comparison of the optimization results obtained by QA and classically
(using SA, metis, and partition() function of dwave-networkx) for the circuit from
Figure [3.1] Note that we use metis to perform bipartitioning only.

Number QA SA metis Eizzt;

1 of Fou(9) (SWAP— (SWAP— (SWAP— (SWAP—
runs Fsa(9) pair pair pair pair
on QA count) count) count) count)

2 84 1.18 2 2 10 12

3 114 1.81 4 2 - 20

4 390 1 3 3 - 13
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g7~ 0

Qs P 2
qo ~ 3
Q3"’4—l

gs P 5

g2~ 7

Figure 3.8: Circuit from Figure |3.1f optimized by 2—GP for a = 4 on D-Wave machine.
After optimization, qubits are placed as follows: ¢y is the first one, followed by ¢; after
which gy is placed. Qubit qq follows g4 and precedes ¢3 after which gg is placed. Qubit g5
follows ¢g, and ¢, takes last place. In other words, qubit placement is depicted by arrows
in the left of the figure and is (q¢7, q1, 4, 9o, 3, 6, 5, q2), resulting in 2 SW AP—pairs
required to make the QC LNN-compliant.

3.4 Further Validation

In this section, we further validate our approach. We select four QCs from several
benchmark libraries, each differing from the circuit considered in Section [3.3] by the
number of qubits and gates. The experiments are performed by QA using the penalty
constant o = 4 selected in Section [3.3.4. The comparison of QA results is done to the
classical optimization methods only. Scalability of the proposed approach in terms of

the number of (physical/logical) qubits is discussed at the end of this section.

3.4.1 Double Toffoli Gate Optimization

Hereafter we perform an optimization of the double Toffoli gate (circuit composed of
two Toffoli gates in a sequence) presented in RevLib [I17]. Double Toffoli gate requires
5 SW AP pairs initially, that is illustrated in Figure 3.9, This is because the first two
gates (and, as a consequence, the fourth and the last ones) operated on adjacent qubits,
whereas the third gate (and the fifth one) acts on qubits ¢y and ¢3, and 2 SW APs are
used before this operation to make this pair of qubits adjacent, and 2 SW APs are used

after the operation to restore initial qubit placement. The sixth gate operates on qubits
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3.4. Further Validation

¢1 and ¢z, and 1 SW AP is used before this gate and after it. The qubit line adjacency
graph of the circuit is as given in Figure |3.10]

do

a1

q2 ‘ t

Figure 3.9: Double Toffoli gate. SW AP—pair count required to make it LNN-compliant
is 9.

Figure 3.10: Qubit line adjacency graph of the circuit from Figure [3.9]

Note that the number of qubits N = 4, so we need to add 2 extra qubits to perform
3—GP. For 2 — GP and 4 — GP we do not need some extra qubits.

Table illustrates the comparison of the results obtained by applying the proposed
approach and solving the GP problem using QA to the results obtained classically (us-
ing metis and partition() function of dwave-networkx Python package separately)
for 2— GP, 3—GP, and 4 — GP. As we see, QA outperforms classical methods in mini-
mization of SW AP —pair count for 3— and 4 — GP, whereas performance on 2 — GP is
comparable. In Figure the best solution (obtained by QA) is illustrated. Circuit
obtained by 3 — GP (by QA) is depicted in Figure [3.12]
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Table 3.2: Comparison of the optimization results obtained by QA and classically (using
metis, and partition() function of dwave-networkx) for Double Toffoli in Figure[3.9]
Recall that we use metis to perform bipartitioning only.

QA metis partition()
k (SW AP—pair (SW AP—pair (SW AP—pair
count) count) count)
2 1 1 1
3 2 - 3
4 1 - 3
G+ 0
g1 P 1
qo » 2
gs » 3

Figure 3.11: Double Toffoli gate after 2—GP (and 4—GP) on D-Wave machine. After
optimization, qubits are placed as follows: ¢ is the first one, followed by ¢; after which
Qo is placed. Qubit g3 takes last place. In other words, qubit placement is (g2, 1, g0, ¢3)
(as depicted by arrows in the left), resulting in 1 SW AP—pair required to make the
QC LNN-compliant.

go+~ O

N
(——

q P

w

q v

Figure 3.12: Double Toffoli gate after 3—GP on D-Wave machine. After optimization,
qubits are placed as follows: ¢q is the first one, followed by ¢3 after which ¢, is placed.
Qubit ¢ takes last place. In other words, qubit placement is (qo, g3, ¢1, g2), resulting in
2 SW AP—pairs required to make the QC LNN-compliant.
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3.4.2 Optimizing Gate implementing Multiplication of Two El-
ements of Galois Field GF(2?)

Now, we consider the circuit that performs multiplication of two elements of a Ga-
lois Field GF(21) (the so-called GF(2') multiplier). This circuit is presented in the
Reversible logic synthesis benchmark page by D. Maslov [80] and is demonstrated in
Figure [3.13] Initially, it requires 96 SW AP pairs. The first gate acts on qubits g3, g5,
and gg, and 3 SW APs are used before this gate to make these qubits adjacent, and 3
SW APs are used to restore initial order after this gate. Analogous logic is applied to
other gates included in this QC. The qubit line adjacency graph corresponding to the
considered circuit is as depicted in Figure [3.14]

-

d 0O I
Q1o ﬂ GHb
qn ﬁ M ﬁ

Figure 3.13: GF(2*) multiplier. SW AP—pair count required to make it LNN-compliant
is 96.

Note, that number of qubits N = 12, so we need to add 4 extra qubits to perform
2 — GP and 4 — GP, and 6 extra qubits to perform 3 — GP.

Table illustrates the comparison of the results obtained by applying the proposed
approach and solving the constructed GP problem using QA to the results obtained
classically (using metis and partition() function of dwave-networkx Python package
separately) for 2 — GP, 3 — GP, and 4 — GP. As we see, performance of QA is better
or equal to that of classical algorithm (partition()). In Figure[3.15] the best solution
(obtained by QA) is illustrated. Circuits obtained by 2 — GP and 3 — GP (by QA) are

depicted in Figure and Figure [3.17], respectively.
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Y

\w
) \

&

A

Figure 3.14: Qubit line adjacency graph of the circuit from Figure [3.13]

Table 3.3: Comparison of the optimization results obtained by QA and classically (using
metis for bipartitioning, and partition() function of dwave-networkx) for GF(2%)
multiplier in Figure [3.13] Note that result for 4-GP by partition() tool is missing
due to software issue.

QA metis partition()
k (SW AP—pair (SW AP—pair (SW AP—pair
count) count) count)
2 75 81 80
3 78 - 78
4 71 - -
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Go~ 0

ge P 1
a2 af o oo
G0~ 3 —Q ] 0O

qs » 4

gs » 5

a4~ 6 - ¢ o<

qr» 7
‘78”8‘9—@—; ?7

qs P 9 - -

g; » 10

g~ 11

Figure 3.15: GF(2%) multiplier optimized by 4—GP on D-Wave machine. After opti-
mization, qubits are placed as follows: ¢ is the first one, followed by ¢4 after which ¢, is
placed. Qubit g follows ¢11. Qubit ¢; takes last place. Placement of other qubits is de-
picted by arrows in the left of the figure, and is (qo, g6, 411, 410, 3, G5, 995 G7, G844, G2, 1),
resulting in 71 SW AP—pairs required to make the QC LNN-compliant.

g1+~ 0

Qs 1

qa P 2
g+~ 3

qu - 4 ¢ G)—CL—G} ¢
ar e 5 *

G 6 eLaHa a—ef o

gs » 7 -
s -0 o e—%—

qo+r 9 L

qs » 10

@n 11 Q0O o

Figure 3.16: GF(2*) multiplier optimized by 2—GP on D-Wave machine. After opti-
mization, qubits are placed as follows: ¢ is the first one, followed by ¢ after which ¢, is
placed. Qubit ¢, follows g4. Qubit gs takes last place. Placement of other qubits is de-
picted by arrows in the left of the figure, and is (¢1, g6, 4, @2, G11, 975 G105 G5, 99 905 43, G8 ),
resulting in 75 SW AP—pairs required to make the QC LNN-compliant.
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g7~ 0

gs » 1 - -

s - 2 00— 00

Gz~ 3

g2 4 9

o 5 o e—{a oo

gs» 6 & L 4
%7 -Q—Q— %
Qo+ 8 L
Gs 9

g1~ 10

go - 11 O © 00O

Figure 3.17: GF(2*) multiplier optimized by 3—GP on D-Wave machine. After opti-
mization, qubits are placed as follows: g7 is the first one, followed by ¢5 after which ¢ is
placed. Qubit g3 follows ¢11. Qubit ¢g takes last place. Placement of other qubits is de-
picted by arrows in the left of the figure, and is (¢, g5, ¢11, 43, 42, G10 94, G8, 90> 965 G1, Q9 ),
resulting in 78 SW AP—pairs required to make the QC LNN-compliant.

3.4.3 Hamming Gate Optimization

Here, we perform an optimization of the Hamming gate constructed in NCT-gate library
from RevLib [I17]. Hamming gate requires 32 SW AP pairs initially, that is illustrated
in Figure 3.18 As seen from this figure, the first gate works on adjacent qubits ¢4 and
g5, whereas the second gate acts on qubits ¢; and g5, and 4 SW AP—pairs are used
to make these qubits adjacent before and after the gate (totally). Analogous logic is
applied to other gates included in the QC. The qubit line adjacency graph of the circuit
is as given in Figure [3.19
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. —9 o ©
. 0 & &

Jde ﬂ A 6

Figure 3.18: Hamming gate. SW AP—pair count required to make it LNN-compliant
is 32.

Figure 3.19: Qubit line adjacency graph of the circuit from Figure [3.18]

Note, that the number of qubits NV = 7, so we need to add an extra qubit to perform
2 — GP and 4 — GP, and 2 extra qubits to perform 3 — GP.

Table illustrates the comparison of the results obtained by applying the proposed
approach and solving the GP problem using QA to the results obtained classically (us-
ing metis and partition() function of dwave-networkx Python package separately)
for 2 — GP, 3 — GP, and 4 — GP. As we see, QA outperforms classical methods in
minimization of SW AP —pair count for all the three versions of GP. In Figure [3.20] and
Figure , the best solutions (obtained by QA) are illustrated. Circuit obtained by
4 — GP (QA) is depicted in Figure [3.22]
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Table 3.4: Comparison of the optimization results obtained by QA and classically (using
metis, and partition() function of dwave-networkx) for the circuit from Figure[3.18]
Note that we use metis to perform bipartitioning only.

QA metis partition()
k (SW AP—pair (SW AP—pair (SW AP—pair
count) count) count)
2 29 31 37
3 29 - 32
4 30 - 37

as 0 - * o L+
R S, ?

a3 ' o1 4+ 1l o+ o0 —
il oo ?eT : o
:ws% & o oo

Qo+~ 6 9 9 ﬁ

Figure 3.20: Hamming gate after 2—GP on D-Wave machine. After optimization, qubits
are placed as follows: g5 is the first one, followed by ¢4 after which gg is placed. Qubit
qo takes last place. Placement of other qubits is depicted by arrows in the left of the
figure, and is (g5, q4, g6, 43, @2, 1, Qo ), resulting in 29 SW A P—pairs required to make the
QC LNN-compliant.

qo = 0 e 3 a

a-l (- L+ @ Q—T

2P 2 L+ ¢ -
:3H3 ‘)—? % % ;9 © ©
A ? {, °

gs+ 6 1+ T O

Figure 3.21: Hamming gate after 3—GP on D-Wave machine. After optimization, qubits
are placed as follows: qq is the first one, followed by ¢; after which ¢, is placed. Qubit
qe takes last place. Placement of other qubits is depicted by arrows in the left of the
figure, and is (qo, 1, 92, g3, G5, 44, G ), resulting in 29 SW A P—pairs required to make the
QC LNN-compliant.
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- I8 1 o
awz—J: o o o T
TE o o
s 1 {: {a & &0

gs » 5 & © L
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Figure 3.22: Hamming gate after 4—GP on D-Wave machine. After optimization, qubits
are placed as follows: gy is the first one, followed by ¢g after which ¢; is placed. Qubit
qo takes last place. Placement of other qubits is depicted by arrows in the left of the
figure, and is (q4, g6, 41, G2, g3, G5, Qo ), resulting in 30 SW A P—pairs required to make the
QC LNN-compliant.

3.4.4 2-to-4 Decoder Gate Optimization

Here, we perform an optimization of the 2-to-4 decoder constructed in the library of
elementary quantum gates and presented in RevLib [I17]. The gate requires 6 SW AP
pairs initially, that is illustrated in Figure [3.23] The first gate acts on adjacent qubits
q1 and ¢o, whereas the second gate operated on qubits ¢; and g3 that become adjacent
after swapping, e.g. ¢; and ¢». The third gate also works on non-adjacent qubits, and
we use 2 SWAP—pairs before and after this gate (totally). Analogous logic is applied
to other gates included in the QC. The qubit line adjacency graph of the circuit is as

given in Figure [3.24]

9o

Q
Sl
Q2
— g

Figure 3.23: 2-to-4 decoder gate. SW AP—pair count required to make it LNN-
compliant is 6.
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Figure 3.24: Qubit line adjacency graph of the circuit from Figure [3.23]

Note that the number of qubits N = 4, so we need to add 2 extra qubits to perform
3—GP. For 2 — GP and 4 — GP we do not need some extra qubits.

Table illustrates the comparison of the results obtained by applying the proposed
approach and solving the GP problem using QA to the results obtained classically (us-
ing metis and partition() function of dwave-networkx Python package separately)
for 2 — GP, 3 — GP, and 4 — GP. As we see, QA outperforms classical methods in
minimization of SW AP —pair count for 2 — GP and 4 — GP. In Figure the best
solution (obtained by QA) is illustrated. Circuits obtained by 3 — GP and 4—GP (by

QA) are depicted in Figure and Figure 3.27] respectively.

Table 3.5: Comparison of the optimization results obtained by QA and classically (using
metis, and partition() function of dwave-networkx) for the circuit from Figure[3.23|
Note that we use metis to perform bipartitioning only.

QA metis partition()
k (SW AP—pair (SW AP—pair (SW AP—pair
count) count) count)
2 2 4 6
3 4 - 2
4 4 - 6
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g3~ 0
g1+~ 1

g2 P 2

Qo+~ 3 €

Figure 3.25: 2-to-4 decoder optimized via 2—GP by D-Wave. After optimization, qubits
are placed as follows: g3 is the first one, followed by ¢; after which ¢, is placed. Qubit
qo takes last place. Qubit placement (depicted in the left of the figure) is (g3, ¢1, g2, qo),
resulting in 2 SW AP—pairs required to make the QC LNN-compliant.

g3~ 0

Qo P 2

QZ'—’3—l

Figure 3.26: 2-to-4 decoder optimized via 3—GP by D-Wave. After optimization, qubits
are placed as follows: g3 is the first one, followed by ¢; after which ¢, is placed. Qubit
q2 takes last place. Qubit placement (depicted in the left of the figure) is (g3, ¢1, o, ¢2),
resulting in 4 SW AP—pairs required to make the QC LNN-compliant.

g2~ 0
g1+~ 1

Qo P 2

' 4
gz~ 3 $—

Figure 3.27: 2-to-4 decoder optimized via 4—GP by D-Wave. After optimization, qubits
are placed as follows: g5 is the first one, followed by ¢; after which ¢, is placed. Qubit
g3 takes last place. Qubit placement (depicted in the left of the figure) is (g2, ¢1, o, ¢3),
resulting in 4 SW AP —pairs required to make the QC LNN-compliant.
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3.4.5 Evaluating Overhead of the Proposed Approach

As was mentioned earlier, an optimization problem is usually stated as a QUBO prob-
lem to be solved by QA on D-Wave. The QUBO format represents the problem as a set
of logical qubits and couplers. When QUBO is solved on quantum hardware, one needs
to embed it into the qubit connectivity topology [121], 3] which is rather sparse. This
procedure is called minor embedding. It converts logical problems with structure that
does not correspond to the hardware graph to be programmed onto the hardware [93].
In QA, the minor embedding represents each variable in the logical problem by a com-
bination of interconnected physical qubits. The dimension of the optimization problem
that can be solved on quantum annealers is restricted. In particular, for Advantage
quantum annealer with more than 5000 physical qubits and 15-way qubit connectivity,

the upper bound on the number of logical qubits was established as 180 [I].

Table 3.6: Numerical results of the maximum memory requirements presented as a pair
of number of logical and physical (in parentheses) qubits required to optimize QCs from

Section [3.3.4], and Sections [3.4.1H3.4.4] by QA.

Mod{ﬁed double GF (2% Hamming 2-to-4
k gf;;nt 2] Toffoli multiplier gate decoder
(N = 8) (N =4) (N =12) (N=T1) (N =4)
2 8 (12) 4 (4) 16 (39) 8 (12) 4 (4)
3 27 (64) 18 (32) 54 (233) 27 (66) 18 (30)
4 32 (90) 16 (29) 64 (356) 32 (95) 16 (28)

In Table we present the dimensions of the QUBO problem associated with the
quantum circuit to be optimized, represented as a pair indicating the number of logical
qubits and physical qubits (shown in parentheses). This pair reflects the maximum
memory consumption required to address the GP problem with N vertices. In this

context, the number of logical qubits establishes the following rule:

. N _
| =[1(k =2)+ kl(k > 2)] min (kd, [%d‘lw 2k 1), (3.7)
where d = [log, N, i.e. the smallest integer greater than log, N, with N being the
number of the qubit lines of the circuit and k = 2, 3,4 being the number of partitions.
Intuitively, (3.7) implies that the depth of the GP tree (the largest number of edges
from the root node to the most distant leaf node) equals d defined above. Thus, there

are d+ 1 subgraph (partition) levels and at each level i (except the last) each subgraph
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G; () 1 < j < k! is partitioned into k subgraphs in which nodes correspond to logical
qubits, 0 < i < (d—1). As N might be not a power of k, some extra qubits are needed
in order to perform balanced GP. Thus, the final number of qubits becomes equal either
k?, or double of the greatest power of k smaller than N, i.e. 2k%"!. Such a mechanism
allows us to bound the order of leaves from above by 2. However, to encode the GP-
problem into QUBO, we need to construct a matrix with & characteristic vectors as its
rows for k = 3, 4. It explains the presence of multiplier k in for k = 3, 4. For
the case k = 2, there is no need to introduce k£ characteristic vectors, as binary vector
x = {x;}¥, defines which part qubit ¢ belongs to (if z; = 0, then qubit i belongs to the
1st partition, and to the second one, otherwise) as it was implemented in Algorithm .

Note that extra qubits are omitted in the final permutation of qubits.

Table 3.7: Numerical results of the summary memory requirements presented as a pair
of number of logical and physical (in parentheses) qubits required to optimize QCs from

Section [3.3.4], and Sections [3.4.1H3.4.4] by QA.

I Circuit double GF (2% Hamming 2-to-4  de-
from [24] Toffoli multiplier gate coder

2 | 24 (28) 8 (8) 64 (34) 24 (28) 8 (8)

3 | 54(103) 18 (32) 108 (331) 54 (101) 18 (30)

4 32 (90) 16 (28) 128 (433) 32 (95) 16 (28)

In Table 3.7, the numerical estimates for the summary memory requirements dis-
played as pairs indicating the number of logical and physical (given in parentheses)
qubits, as obtained from our experiments. Each count of logical qubits represents the

sum of logical qubits at each level of partitioning, approximated by (3.7)).

3.5 Discussion

In this chapter, we propose a hybrid QC optimization approach that minimizes NNC
and is based on balanced partitioning of the qubit line adjacency graph by QA. Exper-
iments on various QCs performed using D-Wave machine demonstrate applicability of
our approach. Intuitively, as we keep gate order within the optimized QC, optimization
procedure returns correct (valid) QC. However, there is a software Quantify [89] specif-
ically designed for verification of (QCs after optimization. Sensitivity to the parameters
of the proposed approach was studied, and reasonable parameter values demonstrate
good results (optimized circuits). The problem of tuning the penalty constant up,

however, implies metaoptimization and should be studied separately.
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Note that to consider 2D topology instead of linear one is to replace modulus with
the Manhattan distance in as this kind of distance is used in performing optimal
qubit circuit conversion to 2D NN architecture [I14]. However, the function to be
optimized will be a matrix function with number of rows and columns equal to the
square of the number of qubits, so further research is needed. Interestingly, the GP
problem arises quite naturally in the problems of compilation for distributed quantum
computers [32] making the use of the quantum annealer quite promising in that context.

However, qubits can also be reordered locally. It implies to rearrange the circuit’s
gates and combine them into separate NN-subcircuits without changing the circuit logic.
For that, qubits are reordered each time for each NN-subcircuit. Such a flexibility of
local qubit reordering makes it promising.

To make our thoughts clear, we assume that it is possible to rearrange gates without
changing circuit logic. We wonder, if there is such a gate rearrangement that optimizes
SW AP count to make the circuit NN-compliant.

Let us consider double Toffoli gate (see Figure again. As follows from Fig-
ure [3.28] it can be divided into 2 LNN-compliant subcircuits where qubits are reordered
as [qg dGo ¢ QQ:| in the 1st subcircuit, and [qo 4 Q1 QQ] in the 2nd one. Only 1
SW AP is needed to make these permutations consistent (to swap qubit ¢z and qubit

QO)-

Jo
‘” T
qz

as VX &

Figure 3.28: Double Toffoli gate divided into 2 LNN-compliant subcircuits. 1 SWAP
is needed to make it LNN-compliant.

Recall that global qubit reordering requires one SW AP—pair, i.e. 2 SWAPs, to
make double Toffoli gate LNN-compliant. Thus, local qubit reordering is promising and

worth the detailed investigation that is presented in Chapter [

o1



Chapter 4

Quantum Circuit Optimization for 2D
NN Architecture by solving Boolean
Satisfiability Problem using Quantum

Annealing

As advertised above, here we focus on optimizing QCs through the local reordering
of qubit lines within a 2D NN architecture. Several approaches have been proposed
for QC optimization in 2D NN architectures [102, 118, 43, [114]. We build upon the
methodology introduced in [I14] where the authors consider a quantum circuit as a gate
dependency graph and divide it into NN-compliant subcircuits by reordering the qubits
locally. To achieve this, they propose to partition the graph using Boolean satisfiability
(already been studied in quantum computing [73] 18, 15, 88]). Further, to connect
2D placements of qubits obtained for each subcircuit, A* heuristic search is used as it
generally allows to find optimal path between any two nodes of the graph. The novelty of
the present approach is that it is hybrid quantum-quantum QC optimization approach
with quantum computing techniques replacing the classical counterpart. The choice of
such a revolutionary type of computing is the main advantage of our approach. More
specifically, QA implemented in D-Wave quantum machine is proposed to solve the
problem under study. Being a hardware implemented heuristic, it returns the solution
in constant time, opposed to traditional classical heuristics. It makes QA beneficial for

solving QC optimization problem. The details are described further.

Note that this chapter represents a reworked version of the article [79] enriched

with supplemental numerical experiments that include the analysis and performance
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evaluation of various quantum operations, such as Toffoli gate, Double Toffoli gate, and
2-to-4 decoder.

4.1 Problem Statement

We study possibilities of QC optimization via local qubit line mapping in 2D NN ar-
chitecture. For such an architecture, gate set is commonly restricted and consists of
single-qubit gates and CNOT'. In combination, the aforementioned gates form a uni-
versal gate set meaning that any unitary operation can be approximated by a QC

composed of only these gates [87].

To introduce a 2D architecture, a 2D grid is defined and each qubit has four neigh-

bors (two horizontal and two vertical) at most here. For instance, in grid

qa 492 g3
44 45 o
qubit ¢; has two neighboring qubits which are ¢ and g;.
In 2D NN architecture, two-qubit gates act only on adjacent qubits, and SW AP

gates are used to rearrange non-adjacent interacting qubit lines to perform given oper-
ations. Count of additional SW AP gates depends on the initial qubit lines placement.
Therefore, finding a 2D placement of qubit lines that minimizes the SW AP count is

essential for optimizing the circuit.

More precisely, we have to find a sequence of qubit line placements {A'}!", meaning
that qubit line placement is changed for, say, m times, where A! is a 2D grid (matrix)
with Al;; = ¢ if qubit ¢ is positioned at (i, j). For convenience, we also define inverse
mapping ¢ — (il jlq) as a position of qubit ¢ in 2D placement A'. Such a sequence
consists of qubit line placements each of which is valid only for one subcircuit con-
structed from a given circuit by gates recombination and becoming NN-compliant after
qubit line reordering. To map each intermediate qubit line placement A’ to the next
one, additional SW AP gates are needed. For a 2D grid, its count is calculated via the

Manhattan distance and should be minimized, i.e.
s(l) =ity =i + |5y — "y = 1 — min. (4.1)
q=1
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4.2. Solution Approach

Then, the overall SW AP count within the whole circuit is as follows:

m—1 m—1 n

s) = 22 (I =]+ |7y = 341, = 1) = min, (42)
q=1

=1 =1

where n is the number of qubits.

However, quantum gates composing a given circuit should be recombined according
to the gate dependency graph G = (V| E), where V is a set of gates of the circuit and
E is the set of dependencies of the gates with Boolean weight e,, 5, = 1, if g follows
g1 and they are not commutative (meaning that interchange of them causes different
result of circuit implementation), and ey, 4, = 0, if g1 and g, are commutative.

As such, the problem is a GP problem with goal function (4.2)).

Note that the proposed problem statement is also correct for linear architecture if
we replace the Manhattan distance with absolute difference between interacting qubits

location in (4.2)).

4.2 Solution Approach

We introduce a hybrid quantum-quantum SW AP count optimization of a QC to be
implemented in a 2D NN architecture following [114]. The key ingredients of the original
approach involves Boolean satisfiability (that checks if there is at least one set of the
variables’ assignments under which the given Boolean formula evaluates to TRUE [I§])
and A* heuristic graph-traversal path-finding search [46].

Algorithmic description of our approach is presented below. It differs from the [114]
by solving SAT-problem in QUBO format using QA (see |Step 3.2|—|Step 3.5 below).

Step 1 Require: gate dependency graph G set of gates I'; partition P = ();
Step 2 While I' not empty:

Step 3 Binary search to construct a subcircuit G; at current iteration [ starting from
[ =1 (taking into account gate dependency graph G)
Step 3.1 Convert G; to a CNF CNFj;

Step 3.2 Convert SAT-problem with CNF; to a QUBO problem with coefficient
matrix @); (by qubovert Python package)

Step 3.3 Solve QUBO problem defined by ); using QA
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Chapter 4. Quantum Circuit Optimization by solving Boolean Satisfiability Problem

Step 3.4 Extract the first solution (with the lowest energy) - qubit line placement
Al.
Step 3.5 If CNF; is TRUE,

Step 3.5.1 Add new subcircuit to partition P = P| |G}, and exclude gates used

from available ones I' =T/ G|

Step 3.5.2 Return to [Step 2}
Step 3.6 Else — return to [Step 3}

Step 4 Apply A* search to connect {A'} and calculate SW AP count needed for that.

The approach is iterative and is based on binary search technique used at
to construct a subcircuit taking into account gate dependencies. To construct CNF

at [Step 3.1} the following conditions should be formulated:

Condition 1 Interacting qubits of all gates are adjacent.
Condition 2 Each qubit is assigned to only one cell on a 2D grid.

Condition 3 At most one qubit is assigned to each cell on a 2D grid.

We introduce Boolean variables x;;; that are 1 if qubit g is assigned to cell (4, j)
and 0 otherwise. For simplicity, 2D grid of 3 rows and 3 columns where cells are placed
rowly is considered.

To express Condition 1 as a Boolean function, we consider a CNOT(qy, ¢2) as an
example. If ¢ is assigned to (1,1), then ¢y should be assigned to either one of (0,1),
(1,0), (1,2), or (2,1). This condition can be expressed as

(m2111) V (To12 V T102 V T122 V Ta12). (4.3)

Then, applying disjunction to the Boolean formulas of such conditions for the other cells
of the grid, we obtain a formula for the condition such that ¢; and ¢s should be adjacent
on the grid. After that, we apply conjunction of the obtained Boolean formulas for all
the pairs of interacting qubits.

As for Condition 2, each qubit is assigned to at least one cell and at most one cell.

The former condition can be expressed as
vi,jmijk =1 (44)
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4.3. Numerical Experiments

for each qubit g,. The latter condition prohibits assigning the qubit to 2 different cells
and is as follows:
ik V Tk = 1 (4.5)

for each qubit g, and each pair of cells (7, j) # (I,m).

Condition 3 prohibits assigning two different qubits to one cell meaning that
Lk V i = 1 (46)

for each cell (i, ) and each pair of qubits g, and ¢;, k # .

At [Step 3.3] QA solves QUBO problem constructed from CNF by qubovert au-
tomatically. This package is used for formulating, simulating, and solving problems
in Boolean and spin form; for further details one may refer to [4]. If the solution is
satisfiable, i.e. there is such a qubit placement A’ satisfied to Conditions 1, 2, and 3,
then G forms a NN-compliant subcircuit with qubits placement A’ and binary search
is continued on the rest of circuit.

After partitioning the gate dependency graph G into NN-compliant subcircuits with
qubit placements {A'}™ . A* search is used to connect them optimally (Step 4). A*
search is a heuristic that allows to find optimal way from the starting node S of a
graph to the target one T based on a cost function f(u) = g(u) + h(u), where u is a
current node during the search. g(u) is a cumulative cost from S to u [114] and h(u)
is a heuristic that estimates the cost from the current qubit placement v to T. In our
problem, a qubit placement A is a node of a graph with A' as the starting node and
A™ as the target one. Cumulative cost g(A!) is SW AP count needed to obtain A’ from
Al and it is the sum of the Manhattan distances between the positions of each qubit in

the A" and A’ i.e.
-1

> 500

=1

where s(i) is defined in (4.1). Heuristic cost h(A') is calculated analogously.

4.3 Numerical Experiments

Recall that in order to solve a SAT problem in QA, at first it should be converted
into QUBO format (2.6). It can be done using the technique from [18] which requires
preliminary setup to encode a SAT-problem to Ising model. Alternative way is to use

Python package qubovert that performs such a conversion automatically by using sat
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Chapter 4. Quantum Circuit Optimization by solving Boolean Satisfiability Problem

library. Here, we propose to follow the second approach. To obtain a SAT-problem,
each of the Conditions 1, 2, and 3 are added to the resulting Boolean formula with
some positive Lagrangian parameter tuned by hand. For the experiments performed,
A =100 for [.3), [&.5), and (4.6), and X = 10 for (4.4).

As the proposed approach is based on taking into account gate dependencies, we use
CommutationAnalysis package provided by qiskit.transpilers.passes to establish
correct gate dependencies. Although, there is an appropriate software Quantify [89]
allowing one to perform verification of the optimized QCs.

To verify the applicability of the approach, we use several quantum gates from
Reversible logic synthesis benchmark page by D. Maslov (available at https:
//reversiblebenchmarks.github.io/)) and from RevLib benchmark [I17].

All the experiments performed by using SA and classical SAT-solver PicoSAT are run
on local Ubuntu machine (Ubuntu 23.04 with 31 GiB RAM using 11th Gen Intel(R)
Core(TM) i7-11700 @ 2.50GHz). To perform the experiments using QA, we use a
real quantum annealer, namely, D-Wave Advantage system 5.4 with 5614 qubits and
40050 couplers, fixing the annealing time to 20us and taking the best out of 2000
reads. The software of the proposed approach is available via link https://github.
com/MakarMariia97/Quantum-Annealing-for-Local-Qubit-Reordering,.

Note that numerical experiments are performed only for the circuits with no more
than 5 qubits because of the high computational demand on qubovert. Along the lines,
we also benchmark the resulting quantum part of the algorithm in terms of logical and

physical qubits to demonstrate the computational complexity of QA.

4.3.1 Fredkin Gate Optimization

Fredkin gate is a gate from Reversible logic synthesis benchmark page by D.
Maslov. It is frequently used in quantum computing because of its small cost in some
quantum computing technologies.

The circuit consists of 7 quantum gates (enumerated as C1,...,C%7) operating on
different pairs of 3 qubits and is illustrated in Figure 4.1} In case when qubits are
placed in 2 x 2 grid rowly with numbering starting at the left side, i.e. NN topology
defined as 4 = | T @

Q2 —
consider each gate included in the circuit sequentially. The first gate operates on ¢, and

, 6 SW APs are used to implement the circuit. To explain it,

¢1, that are non-adjacent on the grid. Thus, by swapping ¢; and g9, we make ¢o and

¢1 adjacent. After this gate, we need to restore initial qubit placement by swapping
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4.3. Numerical Experiments

this pair of qubits again; thus, we use two SW APs for the first gate. The second gate
operates on ¢y and ¢ that are adjacent on the grid. Like the first gate, the third gate
also requires two SW APs. The fourth gate operates on gy and ¢; that are adjacent; no
auxiliary SW APs are used for this gate. The fifth and sixth gates work on ¢; and ¢s, as
the first gate does; thus, they require two SW APs (one — before the fifth gate, and one
— after the sixth one). The last gate works on qubits that are already adjacent. In total,
we use 6 SW APs to make Fredkin gate NN-compliant on 2D grid straightforwardly. In
Figure [4.2] the dependency of the gates of Fredkin gate is illustrated.

(&) (e
q1

do

q2

C =

Figure 4.1: Fredkin gate. Initial SW AP count is 6'Figure 4.2: Dependency of

gates in Fredkin gate from

Figure .1}

Simulated Annealing

At first, we use SA due to the limited access time of QA on D-Wave. After applying
the proposed approach, the circuit is divided into 2 NN-compliant subcircuits as follows
a2 q1 and A2 — a1 g2
do — do —
within the 1st and the 2nd subcircuits, respectively. To transit from A! to A2, we swap

from Figure 4.3, The qubits are placed following A' =

¢1 and ¢o. Thus, 1 SW AP is needed to make these placements consistent.

Quantum Annealing

QA divides the circuit into subcircuits in the same way as SA does. The qubits are
do
@1 Q2

placed following A! =

] and A2 — [_ qo] within the 1st and the 2nd sub-
g2 q1
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do T
q1

Q2

Figure 4.3: The optimized Fredkin gate from Figure |4.1

circuits, respectively. Similar to SA, 1 SWAP is used to transit from A' to A? (by
swapping ¢; and ¢o).

In order to convert the subcircuit to QUBO, 19 logical qubits and 36 physical qubits
are used for the 1st subcircuit whereas the 2nd subcircuit holds 33 physical qubits.
The dimensions of the constructed QUBO problems are appropriate for the current
experiments, which utilize D-Wave’s client operating on the Advantage system 5.4

chip, featuring 5614 qubits.

Classical SAT-solver

In order to validate the result obtained above, we replicate the classical approach pro-
posed in [I14] and use the classical SAT solver PicoSAT via pyeda Python package.
In this experiment, the circuit is divided in the same way as both in QA and SA (see
QI] and A2 _ q2

do G2 do ¢1
the 1st and the 2nd subcircuits, respectively. 1 SWAP is used to transit from A' to

A?% (by swapping ¢; and ¢y).

Figure . The qubits are placed following A! =

] within

4.3.2 CNOT-based Circuit Optimization

To verify the applicability of the proposed approach for a bigger QC, we construct a
circuit illustrated in Figure containing 6 CNOT gates (enumerated as C1, ..., Cp)
operating on some pairs of 5 qubits and try to minimize SW AP gate count needed to
implement the circuit in 2D NN architecture with 2 rows and 3 columns. Initially, it
requires 6 SWAPs for 2D NN architecture where qubits are placed rowly, i.e. A =
[(JO a1 g2

a3 44 —

. To explain it, consider each gate included in the circuit sequentially. The
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4.3. Numerical Experiments

first gate operates on ¢y and g, that are non-adjacent on the grid. Thus, by swapping
¢1 and go, we make ¢o and ¢ adjacent. After this gate, we need to restore initial qubit
placement by swapping this pair of qubits again; thus, we use two SW APs for the first
gate. The second gate operates on ¢; and ¢3 that are non-adjacent on the grid. By
swapping gy and ¢; before the gate, we make them adjacent; and we swap them back to
restore initial placement. The third, fourth, and fifth gates already work on adjacent
qubits. Like the first gate, the last one also requires two SW APs. In total, we use 6
SW APs to make the QC NN-compliant on 2D grid straightforwardly. In Figure [4.5]
the dependency of the gates of circuit from Figure [4.4] is illustrated.

T 1T @ee@
. 5 ©

a
gs 1
. ©
c = Figure 4.5: Dependency of gates in

circuit from Figure [4.4]

Figure 4.4: The circuit to be optimized.

Simulated Annealing

After applying SA, the number of SWAPs needed is 2, at best. During the opti-
mization, the circuit is divided into 2 NN-compliant subcircuits: the first one contains
Cy, Cy, C3, Cs, and Cg, and Cy gate forms the second subcircuit (see Fig . Note
that Cy and Cg gates are commutative, and C; can be placed after Cs. The qubits are
ds Q2 a3 — 42

a1 43 4o a1 g4 qo
subcircuits, respectively. To transit from A! to A%, we swap g3 and ¢4 and then transit

g3 to the top-left.

placed following A =

] and A2 =

] within the 1st and the 2nd
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Qo ®

N L
DU

s n

Ga v -

Figure 4.6: The optimized circuit from Figure [4.4]

Quantum Annealing

QA also divides the circuit from Figure 4.4/in the same way as SA does (see Figure |4.6)
q4 43 4o and A2 — qo 41 44

- @1 42 - 42 g3
within the 1st and the 2nd subcircuits, respectively. We should note that SA always

where optimal qubits placements follows A! =

returns positive result in case when a subcircuit is satisfiable unlike QA. Thus, we should
repeat QA for several times (it is 15 in our case) to reduce the probability to exclude
satisfiable subcircuit accidentally. In order to make these optimal qubit line placements

consistent, 5 SWAPs are used. At first, we swap ¢3 and qq, following swapping ¢y and

g4 that results in @ Q0 Ga) After that, we swap ¢y and g3, and then — ¢; and g3
— q1 42
do 41 44

that results in . Finally we swap ¢, and g3, and obtain A2

- 43 42
To encode the first subcircuit into QUBO, 103 logical and 354 physical qubits are

used, and 111 logical and 304 physical qubits are used for the encoding of the second
subcircuit into QUBO. The dimension of the constructed QUBO problems is suitable
as the current experiments are performed using D-Wave’s client based on Advantage
system 5.4 chip with 5614 qubits.

Here, QA returns suboptimal solution due to the dimension of the problem. As
this CNOT-based circuit requires more logical and physical qubits than Fredkin gate
investigated in Section [4.3.1] it seems that more simulation runs are needed to obtain

better solution. However, its number is bounded by the access time provided by D-Wave
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machine that is also limited. We decided to increase the number of simulation runs up
to 4000 and the result is encouraging. The proposed technique partitions the circuit in
42 qo do — 4

q4 43 1 92 43 1
3 SW APs are needed to make the subcircuits consistent.

and A% = . Only

the same way with qubit placements A! =

Classical SAT-solver

By optimizing the circuit using PicoSAT, the circuit is divided in the same way as both
in QA and SA (see Figure . Optimal qubits placements of the subcircuits follows
— G4 42 and A2 — ds  qo

q1 43 qo 43 41 42
respectively. To transit from A' to A%, we swap qo with ¢o, and ¢; with ¢3. Thus, 2

Al = within the 1st and the 2nd subcircuits,

SW APs are used to make these placements consistent.

4.3.3 Toffoli Gate Optimization

Toffoli gate is a universal gate from Revlib. It consists of 2 control and 1 target
qubits. In QC hardware, it cannot be implemented in its initial way and that’s why
do 41

Q2 —
in 2D then 4 SWAPs are used to implement the circuit in 2D NN architecture. To

explain it, consider each gate included in the circuit sequentially. The first second gates

it is decomposed as follows from Figure 4.7, If qubits are placed like A =

operates on ¢o and qg, that are adjacent on the grid. The second and fourth gates act
on adjacent qubits gy and ¢;. The third and fifth gates operate on qubits ¢; and ¢s, that
that become adjacent on the grid after swapping ¢y and ¢;. After each of these gates we
swap this pair of qubits back to restore initial placement. In total, we use 4 SW APs
to make Toffoli gate NN-compliant on 2D grid straightforwardly. In Figure the
dependency of the gates of circuit from Figure is illustrated.

Simulated Annealing

At first, we use Simulated Annealing due to the limited access time of QA on D-
Wave. After applying the proposed approach, 1 SW AP is needed at best. During the
optimization, the circuit was divided into 2 NN-compliant subcircuits: the first one
contains the first 2 gates and the other gates form the second subcircuit (see Fig .
q2 o do
- @ @ ¢

The qubits are placed following A! = and A% =

] within the 1st and
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@ @
i @)

a1

p) @
5
C " e

Figure 4.8: Dependency of gates
Figure 4.7: Toffoli gate to be optimized. in implementation of Toffoli gate
from Figure [4.7]

the 2nd subcircuits, respectively. To transit from A' to A%, we place ¢, in bottom-left.

do
a1
gz —l
5
C =#

Figure 4.9: The optimized Toffoli gate implementation from Figure [4.7]

Quantum Annealing

QA also divides the circuit from Figure in the same way as SA does (see Figure [4.9))
- Q42
@1 4o

where the optimal qubit placements for the subcircuits are as follows: A! =

q2

do 41
Al to A%, we swap qo and ¢;. Thus, only 1 SW AP is used.

In order to convert the 1st subcircuit to QUBO, 20 logical qubits and 37 physical

and A? =

] within the 1st and the 2nd subcircuits, respectively. To transit from

qubits are used, and 19 logical qubits and 34 physical qubits are used for the 2nd
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subcircuit. The dimensions of the constructed QUBO problems are appropriate for the
current experiments, which utilize D-Wave’s client operating on the Advantage system
5.4 chip, featuring 5614 qubits.

Classical SAT-solver

In order to validate the result obtained above, we use the classical SAT solver PicoSAT

via pyeda Python package. In this experiment, the circuit is divided in the same way
- @2
a1 qo

as both in QA and SA (see Figure . The qubits are placed following A! =
] within the 1st and the 2nd subcircuits, respectively. To transform

q2

do 41
from A' to A%, we swap ¢y and ¢;. Thus, 1 SW AP is required to make these placements

and A2 =

consistent.

4.3.4 2-to-4 Decoder Gate Optimization

Another circuit to optimize is 2-to-4 binary decoder from Revlib benchmark. This
circuit decodes information from 2 inputs into a 4-bit code. The circuit is illustrated in
b 0 , 6 SWAPs are

q2 gs
used to implement the circuit. To explain it, consider each gate included in the circuit

Figure4.10| In case if qubits are placed rowly in 2 x 2 grid A =

sequentially. The first gate operates on ¢» and ¢, that are non-adjacent on the grid.
Thus, by swapping ¢; and ¢y, we make ¢o and ¢; adjacent. After this gate, we need to
restore initial qubit placement by swapping this pair of qubits again; thus, we use two
SW APs for the first gate. The second gate operates on ¢; and ¢3 that are adjacent on
the grid. The third gate operates on g3 and ¢g, that become adjacent after swapping qq
and q;. One SW AP is used after this gate to restore initial qubit placement. The fourth
gate already works on adjacent qubits. Like the first gate, the fifth and sixth gates act
on ¢q; and ¢o. As the sixth gate follows the fifth one immediately, we use one SW AP
before the fifth gate, and one SW AP after the sixth one. The last two gates operate
on qubits that are adjacent on the grid; no auxiliary SW APs are used. In total, we use
6 SW APs to make 2-to-4 decoder gate NN-compliant on 2D grid straightforwardly. In
Figure [4.11], the dependency of the gates of circuit from Figure is illustrated.
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Figure 4.11: Dependency

of gates in circuit from

Figure

Figure 4.10: 2-to-4 binary decoder to be optimized.

Simulated Annealing

At first, we use Simulated Annealing due to the limited access time of QA on D-Wave.
After applying the proposed approach, no SW APs are required because the circuit

becomes NN-compliant if qubits are placed as follows A = % QI] .
do 42

Quantum Annealing

QA also finds that the circuit becomes NN-compliant if qubits are placed in the following

2 qo

way: A = ¢ . In order to convert the problem to QUBO, 19 logical qubits and

UANE]
66 physical qubits are used.

Classical SAT-solver

In order to validate the result obtained above, we use the classical SAT solver PicoSAT
via pyeda Python package. In this experiment, the circuit also becomes NN-compliant
a3 4o
@1 Q2

after the qubits reordering following A =
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4.3.5 Double Toffoli Gate Optimization

Another circuit to optimize is the double Toffoli gate presented in Revlib benchmark.
The circuit is illustrated in Figure [£.12] In case if qubits are placed rowly in 2 x 2 grid
A= do Q1

a2 gs
gate included in the circuit sequentially. The first gate operates on ¢, and ¢;, that are

, 8 SW APs are used to implement the circuit. To explain it, consider each

non-adjacent on the grid. Thus, by swapping ¢; and gy, we make ¢ and ¢; adjacent.
After this gate, we need to restore initial qubit placement by swapping this pair of
qubits again; thus, we use two SW APs for the first gate. The second gate operates on
¢1 and gy that are adjacent on the grid. The third and fifth gates operate on ¢3 and
qo, that become adjacent after swapping ¢y and ¢;. One SW AP is used after each of
these gates to restore initial qubit placement. The fourth and sixth gates already work
on adjacent qubits. Like the first gate, the last one acts on ¢; and ¢o, and requires two
SW APs. In total, we use 8 SWAPs to make 2-to-4 decoder gate NN-compliant on
2D grid straightforwardly. In Figure [£.13] the dependency of the gates of circuit from

Figure is illustrated.

do

) T_t
q2

Figure 4.12: Double Toffoli gate.

Figure 4.13: Dependency
of gates in circuit from
Figure 4.12
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Ao
a1 T—G::
Q2

% 5o

Figure 4.14: The optimized double Toffoli gate from Figure [£.12

x

Simulated Annealing

At first, we use Simulated Annealing due to the limited access time of QA on D-
Wave. After applying the proposed approach, 2 SW APs are needed at best. During
the optimization, the circuit is divided into 2 NN-compliant subcircuits: the first one
contains the first 2 gates and the other gates form the second subcircuit (see Fig |4.14)).
q1 Q2] and A2 — q1 g3

qo0 43 42 qo
the 2nd subcircuits, respectively. To transit from A'! to A2, we swap ¢u and gz firstly,

The qubits are placed following A! =

] within the 1st and

and then swap ¢y and ¢».

Quantum Annealing

QA also divides the circuit from Figure in the same way as SA (see Figure 4.14

q1 4o
42 43|

where the optimal qubit placements for the subcircuits are as follows: A! =

q3 4qo

ARp)
Al to A?, we swap ¢o and g3 firstly, and then swap ¢; and ¢3. Thus, 2 SW APs are used

and A? =

] within the 1st and the 2nd subcircuits, respectively. To transit from

to make these placements consistent.

In order to convert the 1st subcircuit to QUBO, 26 logical qubits and 54 physical
qubits are used, and 26 logical qubits and 50 physical qubits are used for the 2nd
subcircuit. The dimensions of the constructed QUBO problems are appropriate for the
current experiments, which utilize D-Wave’s client operating on the Advantage system
5.4 chip, featuring 5614 qubits.
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Classical SAT-solver

In order to validate the result obtained above, we follow the approach proposed in [114]
and use the classical SAT solver PicoSAT via pyeda Python package. In this experiment,
the circuit is divided in the same way as both in QA and SA (see Figure |4.14). The

qubits are placed following A! =

9 Qo and A% = 4 o within the 1st and the
q2 41 q1 q2

2nd subcircuits, respectively. To transit from A! to A2, we swap ¢; and ¢». Thus, 1

SW AP is required to make these placements consistent.

4.4 Discussion

In this chapter, we introduce hybrid QC optimization approach by local reordering
of qubits using QA and Boolean satisfiability. Its promising nature is explained by
the use of quantum computing for solving such a problem. Numerical experiments
show that QA performs well on small scale: the solution obtained is comparable with
one returned by classical SAT-solver. However, while solving a larger problem, QA
may return suboptimal results, and making the simulation process longer improves the
solution.

Besides that, there is a modified version of QA [90] that incorporates a tabu mech-
anism to penalize suboptimal solutions. We propose to explore it and apply to the
problem of QC optimization. Specifically, we suggest integrating this approach into the
optimization process through the local qubit reordering and verifying its effectiveness by
conducting numerical experiments. The following chapter will present the main results,

along with the findings from the numerical experiments.

68



Chapter 5

Tabu Enhanced Quantum Annealing

based Quantum Circuit Optimization

Nowadays, various quantum-classical hybrid schemes are introduced to widen the class
of problems that can be solved with the help of quantum computing and they use it
as one of the stages in the algorithm, e.g. by means of the so-called variational hybrid
quantum-classical optimization [49] or, more widely, variational quantum algorithms (on
a generic quantum hardware) [40], stochastic gradient descent methods [110] or hybrid
tabu search [71], to name a few. In the latter case, quantum effects are used to overcome
the traps in local optima, while tabu memory improves forecasting accuracy [71]. In the
same direction of memory-based improvement of the quantum computing algorithm, a
recent paper [90] proposed a hybrid quantum-classical algorithm based on QA to solve
arbitrary QUBO problems, named Quantum Annealing Learning Search (QALS). A
further development of the idea of learning search was presented in [91] in the context

of a generic optimization problem solved by means of adiabatic quantum computing.

Convergence of the algorithm is a necessary step in the analysis of any heuristics.
For a non-deterministic algorithm, the usual way is to construct the corresponding
stochastic process (possibly a Markov process) and observe its convergence to a steady
state. In such a way, convergence of QA was established by considering inhomogeneous
Markov chain in [85], whereas various stochastic processes related notions such as hitting
times and weak convergence were used in the case of the so-called quantum walks [9]
98, [77, 12]. However, in general memory comprises the theoretical convergence due
to a (theoretically unlimited) dependence on the previous states of the algorithm’s
trajectory. Thus, it is important to reason the finiteness of the memory of corresponding
tabu search mechanism [42] 50, [55] [47].
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In this chapter, we investigate the theoretical convergence of QALS by introducing
collisions in the object that stores the tabu states, based on the Ising model. We refer to
the modified algorithm as Tabu-Enhanced Quantum Annealing Hybrid Quantum Op-
timization (TEQAHQO). Additionally, we propose applying this approach to quantum
circuit optimization through the local qubit reordering, as introduced in Chapter

This chapter is a reworked version of the article [19] which introduces a more general
technique (called TEHQO) that uses both QA and AQC to solve optimization prob-
lems. Additionally, we expand upon the article by applying TEQAHQO to the QC

optimization problem studied and present corresponding numerical experiments.

5.1 Tabu Enhanced Quantum Annealing based Hy-

brid Quantum Optimization

In this section, we introduce the TEQAHQO approach to solving optimization problems
using QA. The QA generalities are presented in Section [2.2.3] For necessary details on
QA, as well as QC in general, the reader is referred to e.g. [87, [57]. Here, we recall the
basics of QA procedure.

QA is a physical process that can be used as a heuristic search to solve optimization
problems [64]. The QA procedure is implemented by a time evolution (the cooling) of
the quantum system, characterized by the energy dissipation and decoherence, towards

the ground state of the problem Hamiltonian Hp. The time evolution follows
H(t)=1—-s(t)H;+s(t)Hp, t€[0,7] (5.1)

where s : [0,7] — [0, 1] is a smooth monotone function such that s(0) =0, s(r) = 1.
QA is closely related to adiabatic quantum computing (described in Section since
the solution of the problem is encoded into the ground state of a problem Hamiltonian,
however the considered quantum system is not isolated and the evolution is non-unitary
so QA does not simulate universal QC in general.

There is a conceptual analogy between QA and classical SA. The latter is a local
search optimization heuristic, a representative of the so-called Generalized Hill Climbing
class of algorithms [63], that resembles the annealing physical process in the metal
production. The remarkable difference between QA and SA is that QA exploits the
tunnel effect, a purely quantum phenomenon, to escape local minima instead of thermal

hill-climbing, which, in turn, makes QA indeed a global search.
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Algorithm 5 TEQAHQO scheme

Require: Function f:Z — R to be minimized on Z = {—1,1}"

Require: maximum temperature 7., function h for temperature decreasing depend-
ing on temperature decreasing rate n > 0

Require: parametric Hamiltonian H(®, randomized initialization function ¢ and ran-
domized temperature-dependent modification function & for the parameters a,
both functions depending explicitly on f

Require: number N of iterations with constant temperature

Require: probability ¢ of performing ground state measurement

Require: maximum number of iterations N,,.. and 7,4,

Ensure: z* € Z vector minimum of f

T+ Thaz S < O

initialize a; < ((f) and as < ((f) > Initialize parameters of the Hamiltonian

initialize Hamiltonians Hl(gal)(O) and H1(3a2)(0) as in

find z; and z9 by QA procedure

evaluate f(z1) and f(z2)

if f(z1) # f(z2) then
use the best to initialize z* and the corresponding parameters a*.
use the worst to initialize 2’
initialize the tabu matrix: S <— m(z’) > Initialize tabu-matrix with penalty to

the worst solution 2’

10: end if

11: e+ 0,d < 0,240

12: repeat

13: if N divides ¢ then > Temperature decrease after N iterations

14: T + h(77> T)

15: end if

16: with probability ¢ set a < &r(a*, f), initialize the Hamiltonian H},o‘)(S) us-
ing and find 2z’ by QA procedure; otherwise sample 2z’ using quantum random
number generator

17: if 2’ # z* then

18: evaluate f(2')

19: if f(2') < f(z*) then > New candidate solution

20: swap(z', z2*), a* < a, e < 0,d + 0

21: else > Suboptimal acceptance

22: d <+ d+1 > Counts the number of times that current solution and new
candidate solution differ and the former is not worse.

23: with probability e swap(z', z*), a* < a, e 0

24: end if

25: S+ S+m(2) > Tabu matrix update

26: else

27: e+e+1 > Counts the number of consecutive times that the current
solution is generated.

28: end if

29: 1+—1+1

30: until 7 = 4,4, or d + € > Nyas 7

31: return z*
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QA can be physically realized considering a quantum spin glass that is a network
of qubits arranged on the vertices of a graph (V) F), with |V| = n, whose edges in
E represent the couplings among the qubits. The total energy of such a system is

represented by the Hamiltonian Hp = Higing(©) of the quantum spin glass,

HIsing(g) - ZQZUQ(;) + Z Qijo-i(ii)o-i(&j)' (52)

i€V (i,j)eE

Hising(©) is an operator on the n-qubit Hilbert space H = (C?)®" where the i-th qubit

term is represented by a tensor product,
U:gi) =11 ®o3 R Ign—i, 1=1,...,n,
where I is the identity matrix of size k and o3 is the so-called Pauli-Z matrix placed

1 0
Oq = s
T o -1

whereas the interaction of ¢-th and j-th qubits is represented by the term

in the 7-th tensor factor:

aéi)aéj) =11 Q03151 @03 Ipn—y, j>i=1,...,n.

The coefficient matrix © is the symmetric square size-n matrix of the real coefficients

of the Hamiltonian Higng, called weights, defined as

02’7 [/ :j7
© = |0yl pevxv == by, (i,)) € E, (5.3)
0, (i,j)¢E.

These coefficients physically correspond to the coupling terms between the qubits, 0;;,

and the so-called local fields, 6;, on the corresponding vertices.

The matrix o3 has two eigenvalues corresponding to the binary states of the qubit,
{—1,1}, and thus, the system ([5.2)) has the spectrum of eigenvalues corresponding to all

possible values of the cost function given by the energy of the well-known Ising model:

E(@,Z) = ZQZZZ + Z Gijzizj, z = (Zi)ie\/ € Z = {—17 1}”

Thus, the annealing procedure takes the system to the ground state whose corresponding
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spin configuration is
z* =argminE(O, 2), (5.4)
z€Z

where z* is the optimal solution of the optimization problem encoded into the param-
eters of the Hamiltonian Higng(©) defined in (5.2).

Given a problem, the QA is initialized by a suitable choice of the weights ©® and the
binary variables z; € {—1,1} are physically realized by the outcomes of measurements
on the qubits located in the vertices V. Thus, since ® is symmetric, the optimiza-
tion problem is specified by n(n — 1)/2 real parameters satisfying some architectural

constraints of a quantum machine,
Hij € [_A7+A]7

for all (7, 7) € E and some finite positive A, say, 1. In order to solve a general optimiza-
tion problem by QA, one needs to obtain the correct encoding of the objective function
in terms of the cost function E(®, z) which is hard in general.

Now we present the TEQAHQO scheme, a guided meta-heuristic approach designed
specifically to solve optimization problems using QA without the need of representing
a problem into the quantum architecture a priori.

The key idea of the TEQAHQO is to enhance the QA by adding the so-called
tabu matriz S to the weight matrix © of the coefficients of Higne S0 as to penalize
the solutions already visited and prevent a redundant search in the solution space. The
matrix is constructed in additive way using the set of k already visited (worst) solutions

{z;}j=1,. & with the help of a function
m(z) = zz" — I, +diag(z), z€Z, (5.5)

where diag(z) constructs a diagonal matrix from a vector z. Note that, by construction,

the matrix m(z) is symmetric and, moreover,
E(m(z),z) >0, ze€Z. (5.6)

The matrix S is then constructed as the sum:

S = Zm(zj). (5.7)

Due to (5.6), the tabu matrix S introduces energetic penalties on the solutions
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{z;};=1,. & in the spectrum of the Hamiltonian Hig,s(® + S).
Following the key idea of QALS, the TEQAHQO scheme is based on an iterative
procedure of candidate solutions generation by reaching and measuring the ground state

by QA of a parameter dependent problem Hamiltonian of the form
HE(S) = H' 4 Higne(S), (5.8)

where H® is a generic (arbitrary) Hamiltonian depending on the parameters o which
are updated along with the candidate solutions and Higng is the Ising Hamiltonian used
to enable the solution penalties by means of the tabu matrix S. To solve the problem
by QA, we should have a spin glass described by an Ising Hamiltonian on which we can

act with controlled external fields in order to implement H® i.e. if
H'® = Hiing (),
then we recover the QALS scheme and
HEY(S) = Higng(a + S).

In such a case, o = © where O is as given in ([5.3)).

Within TEQAHQO scheme, the search is simultaneously performed among the can-
didate solutions z (to find the optimum) and in the space of the parameters a of
the Hamiltonian H(® (to find the best representation of the problem in the space of
parameterized Hamiltonians). The candidate solutions are obtained by means of the
QA, and suboptimal acceptance of the candidate solutions is allowed at the classical
counterpart of the algorithm, so the classical part of the hybrid algorithm presents a SA-
like structure. The rejected solutions are used to update the tabu matrix S and new
candidate solutions are generated, while the parameters o of the Hamiltonian H(®)
are perturbed in temperature-dependent way, with decreasing temperature parame-
ter. Here, we consider a randomized temperature-dependent function &7 to modify
the Hamiltonian parameters within the iterative structure of the proposed algorithm
TEQAHQO.

The TEQAHQO scheme is presented in Algorithm 51 The QA procedure is run with
parameters that are initialized by the randomized function ¢ depending on the objective
function f of the problem (lines 2, 3, 4), and the worst solution 2z’ is used to initialize
the tabu matrix according to (5.7) (line 9). In the iterative structure, the temperature

T is constant for a cycle of N iterations (line 13) and decreases according to the function
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h and the rate n at any N-th cycle (line 14). For instance, if h(n,T) =T —n then T'
decreases linearly, if h(n,T) = T —nT then T decreases exponentially. At each iteration
(line 16) one of the two alternatives is taken, either (with probability ¢) new parameters
a are generated perturbing a* corresponding to the current best candidate solution
using a temperature-dependent modification function £ which explicitly depends on f,
or (with probability 1—¢) 2’ is sampled using a quantum random number generator, e.g.
by measurement on the quantum superposed state. In the former case, the Hamiltonian
HI(JO‘)(S ) is initialized and the QC procedure produces the new candidate solution z’
(line 16) that is tested (line 18-19). If 2’ is better then it is accepted and the parameters
are updated accordingly (line 20), else 2’ is rejected or accepted as a suboptimal solution
using SA-like scheme (line 23). Consequently, the tabu matrix is updated in either case
(line 25). The Algorithm [5| terminates either if the maximum number 4,,,, of iterations
is achieved, or the convergence to a solution of the optimization problem is stated (line
30).

Since the TEQAHQO is iteratively applied, the convergence of the procedure to the
optimal solution z* is usually proved by considering the convergence of the sequence of
steady-state probabilities of non-homogeneous Markov chains modeling the sequences
of candidate solutions obtained. However, due to (5.7), proving the Markovian nature of
such a process is problematic, since the tabu matrix holds virtually unlimited memory
of previous states. Thus, it is important to study the collisions in the tabu matrix S.

We address this issue in the next section.

5.2 Theoretical Convergence

The convergence proof of the TEQAHQO scheme is based on some properties of the SA-
like structure implemented by the classical part of Algorithm [5] In order to prove the
algorithm convergence we consider the stochastic sequence of the candidate solutions
obtained in the algorithm run. At the same time, we need to show finiteness of memory
of the tabu matrix S.

In order to define the tabu matrices corresponding to the run of TEQAHQO algo-
rithm, let us enumerate the state space. Let the n-dimensional column vector z € Z
be i-th element of the lexicographically ordered state space Z (this may be construc-
tively defined as the n-digit binary representation of ¢ in the binary alphabet {—1,1}).

Consider now two independent runs of TEQAHQO algorithm. For each such a run
encode the sequence of rejected solutions by a nonnegative integer sequence of length

2" (irregardless of the order in which they appeared in the trajectory). For each such
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a sequence a € Z2" construct the matrix function S(a) using (5.7) and (5.5]) in the

following way:
2”
S(a) = Zai m (z(i)) : (5.9)
i=1

The collision in the tabu matrix happens if S(a) = S(b) for a # b € Z2". Such

collisions are solutions of a linear system

271
Zmi m (z(i)) =0, (5.10)
i=1

where O is the square zero matrix of dimension n and x; := a; — b; are the variables.
Rewriting (5.10]) in a vector-matrix form, obtain

Mz =0, (5.11)

where & € Z?" is the (column) vector of componentwise differences of two trajectories
and M is the @ x 2™ matrix containing columnwise the upper-triangular elements
of matrices m(z("), starting from the diagonal elements. As such, solution of the
system is a vector in the kernel of (5.9). In particular, if & € Z2%", then a
sequence of states corresponding to & produces a zero tabu matrix after a non-zero
number of iterations of the QA algorithm, i.e. S(x) = O. Let us formally study the
solutions of the system (5.11]).

Now we recursively define a sequence of matrices, which allows us to establish the

desired algebraic properties. Define the following 2¥ x 2*=! matrices for any k > 1:

Lk . -
Sk) .— [JQ’“ ] . AW = [J 2 ] , (5.12)
2k—1 2k—1

where Ipr—1 and Jor-1 are the identity matrix and the exchange matrix (matrix with
unit vector over antidiagonal) of order 2¥~! respectively (conventionally Iy = Jo = 1).

Construct the class SA(n) of 2" x 1 matrices having the following form
o) pi=1)  p) ¢ SA(n),

where F®*) can be either S®) or A®). In the following proposition we establish group

properties of SA(n).
Proposition 1. The following properties of SA(n) are true for anyn > 1:
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1. With the exception of S™ --- S any element of SA(n) contains the same number

of =1 and 1, equal to 2"~ 1.

2. SA(n) equipped with the Hadamard (componentwise) product o is an abelian group

with the neutral element S™ - .- SM) and any element being the inverse of itself.
3. The elements of SA(n) are orthogonal w.r.t. the Euclidean scalar product.

Proof. In the proof, we use induction on n.
-1
(1) For n = 1 the group SA(1) contains only S and A®) = [ . ] Let (1) hold

good for SA(j), 7 < n. Denote
v = Fmph=1) F(l),

where F®) € {S®) A®} for k < n + 1. Then since

Sty = | Y | and Ay = | :
J2"U JQHU

the statement (1) follows for n 4+ 1 and the induction step follows.

(2) For n =1, we have
SM 6 M §M 6 AD AL 65D, AW 6 AW ¢ §A(1),
by definition (5.12). Let (2) hold good for SA(j), j < n. Denote
v = FMph=1) F(l), w= Emph-1 . E(l),

where B0 F(®) ¢ {S®) A®Y k< + 1. Similarly to the proof of statement (1),

FOthy, = = ; E0HDy = Hw ;
@HQ"U Jan
and hence
+
Fthy o iy = R SA(n+1)
JQn('U e} w)
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holds by definition of SA(n + 1), since

Vow _ S(n+1)(?} o w)’
JQn(UOU})

—vow _ A(nJrl)(U o ’LU),
Jon (v ow)

and finally v o w € SA(n), which completes the induction step. It remains to note
that the neutral element is given by S ...SM, whose entries are identically 1, as a
direct consequence of the definition of Hadamard product, and hence each element of
the group is inverse of itself.

(3) As a consequence of (1) and (2) we have that the Euclidean scalar product
between two distinct elements v and w of SA(n) is nothing but the sum of the entries

of v o w that presents an equal number of —1s and 1s. [

Now we consider the matrix M of the linear system ([5.11)) and prove the following

statement.
Proposition 2. The rows of M are transposed elements of a subset SAy C SA(n).

Proof. Construct a 2™ x n matrix B by columns B;, 1 = 1,...,n, using specific vectors

from the SA(n) group as follows:
Bi=F®™ FO  pO) = A0 p0) = §W j £y

This means that B by column consists of the column vectors AMS™—1 S

SWAC=D  SM and so on. However, this process can be done recursively starting

-1
from the last, n-th column, as follows. We start with the column vector A1) = [ . ]

of two components. Then we left-multiply it with S which in fact produces a four-
component vector containing the values of A®) mirrored, i.e. (—1,1,1,—1)". Now we
add from the left another column (which finally becomes the column n — 1 in the con-
structed matrix), which contains values A®SM = (—1,—1,1,1)”. This means that the
original column A(M corresponds to the values —1 of the column added from the left,
whereas the mirrored column A corresponds to the values 1 in the left column. These
two actions (mirroring, adding from the left a column vector of sequence of —1’s followed

by 1’s of equal length) is repeated until the constructed matrix B has n columns.
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It is easy to see that the resulting matrix B contains classical Gray (binary reflected)
codes in the binary alphabet {—1,1}, according to recursive Gray code generation
procedure, see e.g. [69]. It is well known that the Gray codes of length n enumerate
all the possible values of 2™ strings in the binary alphabet. As such, there exists a

permutation
p:A{L,.... 2"} = {1,...,2"},

such that p(7) is the row number in the matrix B of the (classical) binary representation
of the value 7 in the alphabet {—1, 1} having length n. From this matrix, we construct
an @ x 2" matrix A from the transposed matrix B followed by pairwise Hadamard
products of its rows,

BioBj,i<jije{l,. .. n}

Note that, by statement (2) of Proposition , all rows of A are transposed elements of

SA(n). We denote these elements as a subset
SAy C SA(n).

Recall now the construction of matrix M. It contains by columns all the values of
diagonal and upper triangular elements of matrices m(z®) using , where z(® is the
length-n binary representation of ¢ = 1,...,2" in the alphabet {—1,1}. As such, i-th
column of the matrix M corresponds to p(i)-th column of matrix A, which completes
the proof. O

An immediate consequence of Propositions [I| and [2] is the following Proposition.

Proposition 3. The space of solutions Vi, of the linear system (b.11)) is spanned by
the elements of SA(n) \ SAxy and its dimension is:

n(n+1).

Intuitively this means that any solution @ of the system is a linear combination
of the vectors in SA(n) \ SAy which form a basis being orthogonal w.r.t. Euclidean
scalar product, according to (3) of Proposition . At the same time, if the solution vector
is non-negative, > 0, then the corresponding tabu matrix S (), constructed according
to , will be a zero matrix. Below we use this result to prove the convergence of
TEQAHQO algorithm.

In Section [5.1 we described the candidate solution generation by Algorithm [5
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In what follows, we study the convergence of the TEQAHQO trajectory under two

simplifying assumptions:

1. the sequence of candidate solutions forms a non-homogeneous temperature-

dependent stochastic sequence in a finite state space Z;

2. the sequence of tabu matrices evolves on a finite (multidimensional) state space

S.

The latter assumption may be relaxed, however, it causes additional efforts to
prove positive recurrence of the corresponding two-dimensional process describing the
TEQAHQO algorithm evaluation.

We consider the two-dimensional discrete-time stochastic process
(2", 8" }ix1 (5.13)

living in the state space Z x 8, where Z ET) is the current candidate solution and S Z(T) the
tabu matrix at ¢-th step of the algorithm. We note that the dependence on the current
temperature, T, is stressed in the notation, however, the sequence of temperatures is
a non-random sequence {7 };>1 which is selected in a non-random way. Now we show
that the process is regenerative.

Proposition 4. Algorithm[J converges.

Proof. Since the component Z ET) of the process lives in a finite state space Z, we
can build a sequence of random times ¢4, t5, ... such that Z Z(-T) visits a specific state, say,
z € Z. Due to the quantum nature of the computation, the probability of generating
the candidate z given any current solution z’ # 2 is uniformly bounded from below
by the value (1 — ¢)/2", where 1 — ¢ is the probability to obtain the state by quantum
random number generator (line 16 of Algorithm, in this case the outcome is produced
by a uniform sampling on Z. As such, since Z is finite, geometrical trial argument (see
e.g. [11]) allows to conclude that the sequence {¢;};>; is infinite and has finite mean
inter-event times.

Using Proposition [3| we take a subsequence {t;, }x>1 such that Sgi) = O. The prob-
ability of obtaining such a matrix from any other matrix, say, S’, is bounded from
below by positive value. Indeed, due to the fact that there are many solutions of the
system , we select the closest non-negative solution & > 0 such that x > vy,
where y is any trajectory that gives a tabu matrix S’. Due to assumption of finite-

ness of the state space 8, the maximal distance between the vectors @ and y, that is,
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maxy_i __on|Tk — Yg/, is finite. Thus, the number of steps to reach « from y by adding
the solutions to tabu matrix, is uniformly bounded from above. Finally, we conclude
that the matrix ngTk) regenerates at zero with positive probability, and using the geo-
metrical trial argument, conclude that the subsequence {¢;, };>1 has finite mean. Thus,
overall the process is a positive recurrent regenerative process which guarantees
the convergence of Algorithm [5] O

5.3 Numerical Illustration of Convergence

In this section, we numerically illustrate the theoretical results related to the con-
vergence of TEQAHQO scheme. Namely, we use a simplified version of the QALS
algorithm, which is a particular case of the TEQAHQO scheme, to study the collisions
in the tabu matrix. We do so by solving a simple QUBO problem, firstly by performing
simulation and secondly by running the minimization in hybrid regime on QA hardware.
In both experiments, we watch the tabu matrix and observe the iteration at which the
matrix first becomes zero.

The specific QUBO problem was the minimization of the quadratic function f(x) =

T Qx having the following matrix

0 02 0 0
0 1.0 —05 1.0
@= 0 0 -09 0
0 0 0 0.7

This results in the following function to be minimized:
f(x) = —0.2z129 + 25 — 0.53973 + w974 — 0.923 + 0.727,

where the variables x; € {—1,1},i = 1,...,4. This function has minima at * =
(—1,—1,—1,1) and, symmetrically, at —x, with the value of —0.9.
We use the following configuration of the parameters related to Algorithm

imaz = 200, Nypae = 100, g = 0.99, n = 0.2.

In the considered version of QALS (introduced in [90]), the role of temperature param-
eter is played by a sequence of probabilities {p;};>1 that decrease geometrically with i

from p; = 1 to the fixed value ps = 0.01, and the temperature parameter 7' is related
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to (a generic member of the sequence) p by the following relation
p—ps=eT. (5.14)
Since the recursive relation to obtain the sequence of probabilities {p;};>1 in [90] was

Piv1 =pi — (pi —ps)n, i >1,

the temperature modification function for the algorithm can be easily deduced

from ((5.14)) as
T

T 1- Tlog(l—mn)
Moreover, due to ((5.14)), the initial value T, is given as

h(n,T)

Trnaw = — (10g(0.99)) "

Finally, the initialization ¢ was a uniform (in [0, 1]) random number generator and the

modification {7 was the identity function.

In the simulation experiment we used 10000 repeated runs of the algorithm. Among
these, in 457 trajectories there was at least one collision registered in which the matrix
S was identically zero, and the histogram is built for the trajectory length (in terms of
the number of iterations ) until the first zero (after a zero appeared, iterations were

cancelled). The corresponding empirical distribution is depicted in Figure (top).

In the experiment on a hardware, we used 250 repeated runs of length 200 each, at
Quantum hardware which was D-Wave computer (Advantage system 4.1, 5627 qubits
and 40279 couplers, Pegasus topology). Among these, 15 zeroes were obtained, which
gives approximately the same rate as in simulation (6% compared to 4.57%, respec-
tively). These results required approximately 4.383 minutes of computing time at QPU.
The corresponding empirical distribution is shown in Figure (bottom).
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Figure 5.1: The histogram of the number of steps before the first appearance of a zero
tabu matrix starting from a zero matrix at the time origin.

5.4 Quantum Circuit Optimization using TEQAHQO

Scheme

To optimize a QC using TEQAHQO, we propose to modify the QC optimization ap-
proach introduced in Chapter 4] by using the TEQAHQO scheme instead of original QA
at in Section [4.2] For this, we construct the QUBO matrix @) corresponding to
the QC optimization problem instance and replace objective function f to be minimized
with x7@Qx in Algorithm [5| where x = {0, 1}".

As an example QC to optimize, we consider the Toffoli gate illustrated in Figure[5.2]
In order to be LNN-compliant, 2 SW APs are needed if initial linear qubit placement
fOHOWS |:qo q1 QQ] .

Note that in Figure [5.3] the dependency of the gates of circuit from Figure is
illustrated.

To optimize the circuit using TEQAHQO scheme, we use the following configuration
of the parameters related to Algorithm [5}

i = 70, 1 = 0.02, iz = 100, k = 1000, Ao = 3/2, N =10, Nyes = 80, ps = 0.01, ¢ = 0.9.
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Figure 5.3: Dependency
of gates in implementa-
tion of Toffoli gate from
Figure [5.2

Figure 5.2: Toffoli gate.

5.4.1 Numerical Results while Optimizing Toffoli Gate in LNN

Architecture

At first, we optimize the circuit using Simulated Annealing. After applying the pro-
posed approach, one SW AP is needed to make it LNN-compliant, at best. During
optimization, the circuit is divided into 2 NN-compliant subcircuits: the first one con-
tains the first two gates and the other gates form the second subcircuit (see Figure|5.4)).
The qubits are placed following A = [ql % qQ] and A% = [qo ¢ qQ} within the 1st

and the 2nd subcircuits, respectively.

Qo .
q1 .
q2 —l .
5 !

C =#

Figure 5.4: Toffoli gate optimized.

While using QA it divides Toffoli gate into the same subcircuits as SA does (see Fig-
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ure with the following qubit placements A' = |:q2 % ql} and A% = |:q2 0 qo}
within the 1st and the 2nd subcircuits, respectively. One SW AP is used to make them
consistent (by swapping ¢ and ¢;.)

5.4.2 Numerical Results while Optimizing Toffoli Gate in 2D
NN Architecture

For qubit placement defined by A = G T in 2D NN architecture, Toffoli gate
q2 —
needs 4 SWAPs. While optimizing it, SA divides it in the same way (see Figure
with qubit placements A! = 2D nd 42 = |1 P within the 1st and the 2nd
- 0 q —

subcircuits, respectively. 2 SW APs are used to make them consistent (by placing ¢; to

bottom-left and then swapping it with ¢o, ) whereas initially 4 SW APs are required.
While optimizing the QC using QA, final subcircuits are the same ones (see Fig-

ure with qubit placements A! = O T ond A2 = [P ) Githin the Ist and

q2 — - 42
the 2nd subcircuits, respectively. Only 1 SW AP is needed to make them consistent

(by placing g to bottom-right).

Note that we wused 1000 repeated runs of length 100 each, on quan-
tum hardware which was a D-Wave computer of version Advantage system
4.1. The software is available through link https://github.com/MakarMariia97/

Quantum-Annealing-for-solving-QUBO-Problems|

5.5 Discussion

We introduce the metaheuristic TEQAHQO scheme and outline the approach for for-
mally proving its convergence. This scheme incorporates a tabu matrix structure within
an Ising model framework. We clarify the role of the matrix in establishing the asymp-
totic convergence by discussing the regeneration of the Markov process that describes
the computation. Furthermore, we empirically validate the existence of this regenera-
tion phenomenon in a specific case. However, the speed of convergence and strategies
for improving the algorithm’s efficiency warrant separate investigation. One potential
direction for further research is the parameterization of the tabu matrix aiming to find
a balance between the depth of dependency and the speed of convergence in the op-

timization algorithm. Additionally, a comparative analysis with other existing hybrid
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5.5. Discussion

quantum computing schemes could provide valuable insights. Finally, we apply the
TEQAHQO scheme to the QC optimization problem and our numerical experiments

demonstrate its potential effectiveness.
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Chapter 6
Discussion and Conclusion

In this thesis, we investigate the QC optimization problem with the goal of minimizing
the SWAP count as the optimization criterion. We begin by conducting a comprehensive
analysis of the state of the art related to this problem. From the overview, we identify
two promising QC optimization approaches based on qubit reordering: one emphasizing

global reordering and the other focusing on local reordering.

Building on these foundational approaches, we propose two innovative quantum-
based QC optimization strategies that utilize QA as an optimization solver for the first
time in this context. The first approach aims to optimize quantum circuits in a linear
NN architecture by implementing global qubit reordering. This method is grounded in
the formulation of a GP problem, which effectively captures the underlying structure
of the optimization task. By considering the QC as a graph, we can systematically
reorganize the qubits to minimize the SWAP count by solving GP problem using QA,

paving the way for more efficient quantum computations.

The second approach employs Boolean satisfiability theory to facilitate local qubit
reordering. This strategy is used for optimizing QCs within a 2D NN architecture,
which is a common configuration in quantum hardware. By defining local reordering
in a way that directly addresses the constraints imposed by the architecture, we can
achieve significant reductions in SWAP counts without compromising the fidelity of the

quantum operations.

To demonstrate the effectiveness of our proposed methods, we conduct extensive
numerical experiments on a range of quantum circuits of varying sizes. The results reveal
that our optimization strategies yield significant improvements, showcasing performance
that is competitive with those achieved by classical solvers. These findings underscore

the potential of quantum-based approaches in addressing QC optimization.
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Furthermore, we explore the application of QA enhanced with a tabu mechanism
to improve the optimization process based on local qubit reordering. This mechanism
introduces a form of memory into the optimization process, preventing the revisitation of
previously explored configurations and thereby accelerating convergence toward optimal
solutions. To establish the robustness and applicability of this approach, we also provide
a proof of convergence based on Markov process regeneration, ensuring that our method
consistently leads to optimal or near-optimal solutions over time. The experiments
performed illustrate perspectivity of using tabu-enhanced QA for QC optimization both
for linear and 2D NN architecture.

In conclusion, this thesis not only contributes new methodologies for quantum circuit
optimization but also lays the groundwork for future research (meaning increase of the
dimension of topology considered). By leveraging the unique capabilities of quantum
algorithms and rigorously validating their performance, we aim to advance the field of
quantum computing, ultimately paving the way for more efficient implementations on

real-world quantum hardware.
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