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Abstract

This study investigates incoherent diffractive production of two and three jets in photon-
nucleus deep inelastic scattering (DIS) at small x

Bj
within the color dipole picture and the Color

Glass Condensate (CGC) effective field theory. By incoherent, we mean that the nuclear target
breaks up due to color fluctuations in the CGC weight function, which are the source of the
associated momentum transfer

√
|t|.

Our focus is on the regime where the two jets are nearly back-to-back in transverse space,
with transverse momenta P⊥ much larger than both the momentum transfer and the saturation
scale Qs. In this framework, we derive analytical expressions for the dijet cross section, which
can be decomposed into four factorized terms. Each term is expressed as a product of a hard
factor, which includes the virtual photon’s decay into a qq̄ pair, and a semihard factor, involving
the dipole-nucleus scattering amplitude. Additionally, we compute the azimuthal anisotropies
⟨cos 2ϕ⟩ and ⟨cos 4ϕ⟩. To extend the validity of our results toward the perturbative domain, we
also compute the first higher kinematic twist correction.

We demonstrate that the cross section for hard dijet production is parametrically dominated
by large-size fluctuations in the projectile wave function that scatter strongly, leading to the
consideration of a third, semihard jet in the final state. When this third jet is explicitly accounted
for, the 2+1 jet cross section takes a factorized form involving incoherent quark and gluon
diffractive transverse momentum distributions (DTMDs). Alternatively, upon integrating over
the transverse momentum of the third jet, the 2+1 jet cross section is expressed in terms of
incoherent diffractive parton distribution functions (DPDFs).

Our analysis shows that the DPDFs and the corresponding cross section saturate logarithmi-
cally when |t| ≪ Q2

s, whereas they fall off as 1/|t|2 in the regime Q2
s ≪ |t| ≪ P 2

⊥. Furthermore,
in contrast to exclusive dijet production, the 2+1 jet cross section does not exhibit an angular
correlation between the hard jet momentum and the momentum transfer.

Finally, we argue that for typical Electron-Ion Collider kinematics, the cross sections for 2-jet
and 2+1-jet production are of the same order.
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Introduction

Within the perturbative regime of Quantum Chromodynamics (QCD), the light-cone wave func-
tion (LCWF) of a hadron or nucleus at high energy is predominantly composed of gluons, whose
occupation numbers grow rapidly as their longitudinal momentum fraction x decreases [1–4]. To
preserve unitarity in physical observables, it is necessary to account for gluon recombination,
which regulates the growth of these highly occupied modes and introduces non-linear dynamics
[5, 6]. This phenomenon is known as gluon saturation and a dynamical scale, called saturation
momentum Qs, emerges to separate the dilute regime (where gluons have transverse momenta
k⊥ ≫ Qs) from the dense one (where k⊥ ≪ Qs). To a good approximation, the scale grows as
Q2

s(A, x) ∝ Λ2A1/3(1/x)λ, where Λ is the QCD scale, A represents the atomic number of the
nucleus and λ ≃ 0.25, [7, 8]. This behavior provides a clear justification for employing weak
coupling methods in the regime of sufficiently large nuclei and/or small values of x.

The Color Glass Condensate (CGC) [9, 10] is a modern effective field theory within QCD
that incorporates the phenomenon of gluon saturation. It is formulated by calculating soft gluon
emissions in the presence of a strong background color field, leading to non-linear evolution
equations for amplitude correlators at small x [11–19]. These equations encode the determination
of cross sections and other relevant physical observables.

The investigation of saturation phenomena typically focuses on high-energy collisions of the
system of interest with smaller projectiles. These collisions include proton-nucleus (pA) interac-
tions, Deep Inelastic Scattering (DIS) of electrons off hadrons (such as ep) or nuclei (eA), and
ultra-peripheral nucleus-nucleus collisions (UPCs), where a quasi-real photon emitted by one
nucleus probes the other. In recent years, there has been considerable interest in events where
the kinematics of one or more final-state particles are precisely measured. The simplest example
of such processes is single inclusive DIS [20–24]. One of the most extensively studied processes is
the inclusive production of two jets in the forward direction of the projectile [25–40]. In ep and
eA collisions, these jets originate from the qq̄ pair fluctuation of the virtual photon, whereas in pA
collisions, they typically result from a quark-gluon pair produced via the splitting of a collinear
quark. A common focus is on the kinematic limit (the so-called correlation limit) where the two
jets are hard and nearly back-to-back in the transverse plane, i.e. the transverse momenta of the
jets are much harder than both the saturation momentum and the imbalance between them. In
this regime, the dijet momentum imbalance is of the order of the momentum transferred from
the target to the projectile, making it sensitive to saturation physics. Similar considerations
apply to dihadron production [41–46], as the perturbative part of the process remains the same.
These ideas have also been employed to study the nearly back-to-back production of a photon-jet
system, generated via the g → qq̄γ fluctuation, in pA collisions [47].

Equally important is the diffractive production of jets or hadrons, since this kind of processes
is controlled by the saturation regime [34, 48–60]. A defining characteristic of diffractive processes
is the presence of a region in rapidity that is void of particles, known as a rapidity gap. Specifically,
in QCD one considers the scenario in which the rapidity gap arises because the projectile remains
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INTRODUCTION

colorless after the interaction, forming the diffractive system. In this case, the collision is elastic
on the projectile side, and no new particles are produced in the rapidity interval separating
the target and the projectile. Regarding the hadronic target, it may remain intact or break
apart after the collision and we refer to these processes as coherent diffraction and incoherent
diffraction, respectively.

In the CGC framework, a coherent process implies that, when calculating the respective
cross section, the average over the target field can be performed at the amplitude level. Then,
an incoherent diffractive process can be defined as the complementary part of the coherent one
with respect to the total diffraction. The subtraction of the coherent correlator from the total
one suggests that incoherent diffraction is driven by fluctuations in the target weight function.
This work is focused on the case of color fluctuations arising from the color exchange between
substructures within a nucleus [34, 61–64]. In other words, in an incoherent process, we assume
that the nucleus fragments due to internal color fluctuations, which are responsible for the
associated momentum transfer.

The primary goal of this work is to rely on the expertise gained in the coherent diffractive
production of two and three jets in high-energy photon-nucleus collisions [52, 55, 56, 60], with
the aim of exploring the effects of color fluctuations in the corresponding incoherent process. The
production of dijets was first studied in [34] for generic transverse momenta of the jets, requiring
the approach to be mainly numerical. Therefore, our first scope was to provide an analytical
insight in the correlation limit [63]. Then, we proceeded to consider the case in which the hard
dijet is accompanied by a third semi-hard jet [64].

To present the results of our study, we have structured this thesis as follows. In Chapter 1 we
give a general introduction to perturbative QCD, with a special focus on the high energy limit in
DIS. In Chapter 2 we provide the general overview of small-x physics relevant to our purposes.
We start with a brief review of the eikonal approximation and Wilson lines in QCD, which is
followed by a discussion of the CGC effective field theory. This finally lead us to the scattering
matrix model and evolution equations that allow us to perform analytical and numerical analysis
in our study. In Chapter 3 we give a discussion on coherent and incoherent diffraction in the
dipole picture, providing a diagramatic argumentation on the incoherent diffractive correlator in
the Gaussian approximation.

Having the introductory part at hand, in Chapter 4 we provide the derivation and analysis
of the qq̄ contribution to the incoherent diffractive dijet cross section. In particular, we start
by reviewing the calculation of the cross sections and in Sec. 4.3, within the correlation limit,
we provide them in a factorized way, i.e. separating the hard momentum dependence from the
semi-hard one. In Sec. 4.4 we extensively analyze the semi-hard momentum dependence of the
cross sections, to then perform a complete analysis of the averaged-over-angle cross sections in
Sec. 4.5. We conclude this chapter by analyzing the azimuthal anisotropies in Sec. 4.6.

In Chapter 5 we continue our study by considering the qq̄g contribution to the cross section of
interest. We take into account the cases when either a (anti)quark or a gluon are the source of the
semi-hard jet. Then, in Chapter 6 we show how the incoherent diffractive transverse momentum
distributions (DTMDs) emerge. We rewrite the cross sections of interest in a TMD factorized
form and further analyze the properties of the quark and gluon DTMDs, together with the
diffractive parton distribution functions (DPDFs) that, in the case of the 2 +1 jets, arise when
the semi-hard jet transverse momentum is integrated over. In Chapter 7 we make a direct
comparison of the 2 jets and 2+ 1 jets contributions by introducing an appropriate observable,
namely dijet production with a minimum rapidity gap. Then, we present the conclusions of the
study.

We also provide some technical calculations and helpful reviews in the appendices. In par-
ticular, in Appendix A we show some particularly useful integrals. In Appendix B we show the
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tensor decompositions and contractions employed to get the dijet cross section. In Appendix
C we show a review of the inclusive dijet cross section with the proper notation in order to
be compared to the incoherent diffractive one. Appendix D gives some details of the tensorial
structures at next to leading “kinematic” twist in the qq̄ contribution. In Appendix E it is shown
that, in the qq̄g contribution, the gluon semi-hard factor is diagonal. Finally, in Appendix F it
is given in full detail the study of the gluon DPDF in the limiting regimes.
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Chapter 1

Quantum Chromodynamics

Quantum Chromodynamics (QCD) is a non-Abelian gauge theory designed to describe strong
interactions. It specifically refers to the fundamental interactions between quarks and gluons, as
well as the bound states they form, such as hadrons and nuclei [65–68]. The QCD Lagrangian is
invariant under local SU(Nc) gauge transformations, and its density in natural units is given by

LQCD =
∑

f

ψ̄f
α (iγµDµ −mf )αβ ψ

f
β − 1

4
F a
µνF

µν
a , (1.1)

where ψf
β and ψ̄f

α represent the quark and antiquark Dirac fields with spin 1/2, flavor f , and
mass mf , for the six quark flavors in the Standard Model. The color indices α, β on the fields in
the fundamental representation of the SU(Nc) gauge group take the values α, β = 1 . . . Nc, and
γµ are the gamma matrices. The covariant derivative can be defined as

Dµ = ∂µ − ig taAa
µ, (1.2)

where Aa
µ represent the gluon field, belonging to the adjoint representation of SU(Nc), with spin

1 and color a = 1 . . . N2
c − 1. The matrices ta are the generators of SU(Nc) in the fundamental

representation and g is the coupling of the theory. The gauge field strength tensor F a
µν can be

defined in terms of the covariant derivative,

g taF a
µν = i[Dµ, Dν ], (1.3)

or explicitly in terms of the gluon field,

F a
µν = ∂µA

a
ν − ∂νA

a
µ + g fabcAb

µA
c
ν . (1.4)

The coefficients fabc, known as the structure constants of the group SU(Nc), appear in the
commutation relations of the generators of the Lie algebra. In fact, the commutation relations
of the generators ta follow the relation

[ta, tb] = ifabctc (1.5)

and by convention, the basis of the matrices ta are chosen such that fabc is always antisymmetric.
In QCD, the number of colors is Nc = 3, and the generators in the fundamental representation
can be expressed in terms of the Gell-Mann matrices, which form a basis for the SU(3) Lie
algebra.
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CHAPTER 1. QUANTUM CHROMODYNAMICS

The third term in the r.h.s. of Eq. (1.4) implies the self interaction of the gluon field, a
property of non-Abelian gauge theories. Another important feature of the QCD Lagrangian
Eq. (1.1) is that it is renormalizable. As a consequence, the coupling g depends on the arbitrary
(renormalization) scale of the theory. Physical observables should not depend explicitly on the
renormalization scale. This is ensured by renormalization group invariance, which requires that
the scale dependence of parameters, i.e. of the coupling and the masses, cancels out in physical
quantities. In particular, the scale dependence of the coupling is encoded in the QCD beta
function, which at one loop in perturbation theory reads

βQCD(αs) = −b α2
s +O(α3

s), (1.6)

where the strong coupling is defined as αs = g2/4π and

b =
1

4π

(
11

3
Nc −

2

3
nf

)
. (1.7)

Then, for a physical scale k, the strong coupling can be written as

αs(k
2) =

1

b ln (k2/Λ2)
, (1.8)

where Λ is known as the QCD scale or ΛQCD, its value depends on the renormalization scale
scheme used, however generally is taken as Λ ≃ 0.1− 0.3 GeV.

In this work, our attention relies on the physical processes governed by large momentum
scales, k ≫ Λ, which imply small values of αs. This means that, at short distances inside
hadrons and/or nuclei, the elementary constituent quarks and gluons — commonly referred to as
partons — interact weakly and can be treated as free particles, a property known as asymptotic
freedom. Moreover, small values of the strong coupling justify the use of perturbative techniques
in QCD, i.e. of perturbative QCD (pQCD).

1.1 Deep Inelastic Scattering
We are interested in the high-energy behavior of QCD. In this framework, one of the simplest
and most powerful processes for studying the structure of hadrons is the so-called deep inelastic
scattering (DIS). In general, this process involves the reaction

e(p) +H(P ) → e′(p′) +X, (1.9)

in which an incoming lepton, represented by an electron e with momentum p, scatters off a
hadronic target H (which can be a hadron or a nucleus) carrying a momentum P . The final
state consists of an outgoing electron e′ with momentum p′ and the produced particles, denoted
by X. Considering the virtuality variable Q2 ≡ −q2 = −(p−p′), when Q≪MZ , with MZ being
the mass of the Z boson, the DIS process can only be mediated by a virtual photon, commonly
denoted as γ∗, which carries a momentum q. This condition will hold in the rest of this work, and
such a process is shown diagrammatically in Fig. 1.1. We shall work in frames where the virtual
photon and the hadronic target are both ultra-relativistic. In this framework, it is convenient
to work with the light-cone notation. In this notation, any four-vector vµ possesses longitudinal
plus and minus components given by

v+ =
v0 + v3√

2
, v− =

v0 − v3√
2

(1.10)
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1.1. DEEP INELASTIC SCATTERING

X

P

p

p′

q





e

H

e′

γ∗

Figure 1.1: Deep inelastic electron-hadron scattering.

and transverse components encoded in the 2-dimensional vector v ≡ vi where i = 1, 2. The
non-zero components of the metric are g+− = g−+ = 1 and g11 = g22 = −1, and any four-vector
is usually written in the (+,−,⊥) notation. Considering a particle of mass m, four-momentum
kµ, and coordinate variables xµ, the x+ component plays the role of time, while its conjugate
variable in momentum space, the light-cone energy k−, satisfies the on-shell condition

k− =
k2 +m

2k+
. (1.11)

During this work we will denote the magnitude of any transverse vector in momentum space
as k⊥ ≡ |k|. For transverse vectors in coordinate space, their magnitude will be denoted by
dropping the bold format, i.e. considering the transverse position x, its magnitude is given by
x ≡ |x|.

1.1.1 Kinematics in photon-nucleus DIS
For definiteness, we will consider the target to be a nucleus with atomic number A≫ 1, although
most of the following analysis is also valid for smaller nuclei and hadrons. Considering the
momentum of the target per nucleon, PN ≡ P/A, and ignoring the electron that emits the virtual
photon, we generally work with the invariants to describe the kinematics of photon-nucleus DIS
(γ∗A):

s = (PN + q)2,

Q2 ≡ −q2, (1.12)

xBj ≡
Q2

2PN · q ,

where s denotes the center-of-mass energy squared of the photon-nucleon scattering, Q2 is the
aforementioned virtuality of the photon, and x

Bj
is the Bjorken-x variable.

The physical interpretation of x
Bj

is that it represents the fraction of the nucleon momentum
in the nucleus carried by the parton involved in the scattering process, implying that xBj ≤ 1.

Setting the virtual photon as a right mover, its momentum in light-cone notation can be
chosen to be:

qµ =

(
q+,

−Q2

2q+
,0

)
. (1.13)

Hence, the light-cone time of the virtual photon, x+ (also known as its coherence length), is
of the order of 2q+/Q2. In the rest frame of the nucleus with mass m per nucleon, using the

7



CHAPTER 1. QUANTUM CHROMODYNAMICS

definition of xBj , we see that

x+ ≃ 1

mx
Bj

, (1.14)

so x
Bj

sets the time scale for the DIS process. The relation in Eq. (1.14) is known as the Ioffe
time [69–72]. On the other hand, the typical interpretation of the virtuality Q2 in DIS is that
it controls the “resolution” of the process. In other words, by varying Q2, the virtual photon is
constrained to interact with the partonic content of the nucleus at different transverse scales.

By setting the nucleus to be an ultra-relativistic left mover (neglecting the mass of the
nucleons), its momentum is given by

Pµ
N =

(
0, P−

N ,0
)
. (1.15)

Considering RN as the nucleon radius, the longitudinal length of a boosted nucleus is L =
RA/γ, where RA = A1/3RN and γ ≃ P−

NRN is the Lorentz factor. Hence, the regime of small
values of xBj , i.e. xBj ≲ 10−2, immediately implies that the coherence length of the photon, x+,
is much larger than the longitudinal length of the nucleus, L.

This means that when considering a virtual photon at sufficiently high energies, it is conve-
nient to adopt the dipole picture, in which the virtual photon γ∗ fluctuates into a quark-antiquark
pair qq̄, and the resulting system1 interacts via gluon exchanges with the components of the nu-
clear target [73–76]. On the other hand, when considering ultra-relativistic energies for the
nuclear target, we are in the regime of small values of xBj , in which the nucleus generates a
strong color field. As a result, multiple scattering and the high-energy evolution of the process
must be taken into account [77].

In fact, the multiple scattering process is given by resumming powers of α2
sA

1/3 for large
values of A [78], and the high-energy evolution describes the physics from moderate small values
of x

Bj
∼ 10−2 to even smaller values. This phenomenon can be addressed in the context of gluon

saturation or saturation physics, and its study is the goal of the Color Glass Condensate (CGC)
effective field theory, which is discussed in the next chapter. Before introducing the CGC, we
briefly discuss the concept of the high-energy limit in QCD.

1.2 The high energy limit
As mentioned previously, we focus on the regime where x

Bj
≪ 1. To be more precise, in the

context of DIS we work for fixed values of the virtuality Q2, while we take the photon-nucleus
center-of-mass energy s to be large. By simple inspection of the relations in Eq. (1.12), we see
that

x
Bj

≃ Q2

s
, (1.16)

from which it is clear that the high energy limit of QCD is equivalent to asymptotically small
values of x

Bj
. This is why the high energy behavior of QCD is commonly referred to as small-x

physics. In this framework, we will drop the subscript of the Bjorken-x variable and will only
use it explicitly to avoid confusion with other similar variables.

To study the high energy evolution of QCD, we are interested in resumming powers of the
parameter αs ln 1/x, which can be of the order of one, since ln 1/x ≫ 1 and can overcome
the smallness of αs. This is known as the leading logarithmic approximation (LLA) in 1/x.

1As we will see in the following chapters, we will also consider the contribution of the subsequent gluon emission.
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1.2. THE HIGH ENERGY LIMIT

The generalization of this resummation, including the multiple scattering approach in general
hadronic processes at high energy, will be discussed in the next chapter. The most dominant
corrections beyond the LLA can be effectively resummed by using suitable evolution equations
consistent with renormalization group constraints [79–81].

A similar analysis can be done by fixing x and taking the asymptotic high values of Q2 by
resumming the parameter αs lnQ

2/Q2
0 ∼ 1, with Q2

0 being an initial momentum scale. Such an
evolution is described by the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) evolution
equations [82–84].

It is worth mentioning that, before the emergence of QCD, the study of the analyticity and
the asymptotic behavior of the scattering matrix (S-matrix) in hadronic processes was the focus
of Regge theory [85, 86]. This theory is based on the postulates of Lorentz invariance and the
unitarity of the S-matrix, and it is able to describe hadronic cross sections in the high energy
regime, also known as the Regge limit, where s → ∞ while the transferred momentum is fixed
(Q2 in electron-nucleus DIS). Although the primary focus of the study of strong interactions
has shifted to QCD due to its ability to describe a broad range of phenomena, the progress
and understanding achieved by Regge theory are still valued (see e.g., [87] for a pedagogical
introduction and [88] for details). Similarly, a considerable amount of the terminology used in
this old-fashioned theory is still embedded in the current studies of QCD.
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Chapter 2

Color Glass Condesate

Before considering the ideas of the CGC, it is customary to introduce the concept of the eikonal
approximation in small-x physics. This will lead us to the idea of Wilson lines as the appropriate
degrees of freedom to describe high-energy scattering and the shockwave formalism. It will also
help us introduce the notation used in the following chapters. The next section follows the
derivations and analysis in [89–91], with the notation adapted to our purposes. The sub-eikonal
contributions are beyond the scope of this work.

2.1 Eikonal scattering and Wilson lines
The scattering between a particle system off an external field is encoded in the generic S-matrix
element, which describes the transition between arbitrary initial and final states, α and β, and
is defined as

Sαβ ≡ ⟨βout|αin⟩ = ⟨βin|U(+∞,−∞)|αin⟩. (2.1)

In our analysis, the states α and β are, in principle, composed of quarks, antiquarks, and gluons.
The evolution operator U(+∞,−∞), which evolves the initial (incoming) state at −∞ to the
final (outgoing) state at +∞, can be expressed as

U(+∞,−∞) = T+ exp

{
i

∫
d4xLI(ψint)

}
, (2.2)

where T+ denotes an ordering in the light-cone time x+, ψint represents the fields in the inter-
action picture, and the Lagrangian LI contains the self-interactions of the fields as well as their
interactions with an external field.

To consider the high-energy limit of the scattering amplitude, we shall apply a boost of
rapidity1 Y in the +z direction to the particles in the states α and β, namely,

Sαβ = ⟨βin|e+iY K3U(+∞,−∞)e−iY K3 |αin⟩, (2.3)

where K3 is the generator of longitudinal boosts. The operator between the initial states can
also be written as

e+iY K3U(+∞,−∞)e−iY K3 = T+ exp

{
i

∫
d4x e+iY K3LI(ψint)e

−iY K3

}
(2.4)

1Such a quantity will be properly defined in terms of kinematic variables in the following sections. In this
context, it suffices to take it as the boosting variable in the high-energy limit.
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since the boost does not affect the time ordering. We are interested in the high-energy limit, i.e.,
Y → ∞. In this kinematic region, as the energy of the incoming state increases, the interaction
time of the projectile with the external field tends to zero. To ensure a non-zero and non-infinite
scattering amplitude, it is necessary to assume that the interaction between the projectile and the
external field is mediated by a vector exchange. Specifically, the vector current of the projectile,
Jµ, couples to the external vector potential, Aµ, via a term gJµAµ, where g is the coupling
constant of the theory. This is due to the fact that, at high energies, the vector current Jµ

has a longitudinal component that increases in proportion to the energy, compensating for the
suppression due to the infinitesimal interaction time. This assumption is indeed satisfied by
the interactions of color fields in QCD, and it was originally developed in the context of photon
exchange in QED [92]. In other words, the integrand in the exponent in Eq. (2.2) can be rewritten
as

LI(ψint) = gJµAµ. (2.5)

K3 only affects the vector current, since the external field is not altered by the longitudinal
boost of the projectile. Moreover, under longitudinal boosts, the ± components of a generic
vector receive a rescaling factor of e±Y , while the transverse component remains unchanged.
Therefore, at large rapidities, the product JµAµ is dominated by the contribution from J+A−.
In practice, it is also convenient to assume that the external field is confined to a finite range,
x+ ∈ (−L,L). This implies that the evolution operator can be decomposed as follows:

U(+∞,−∞) = U(+∞,+L)U(+L,−L)U(−L,−∞). (2.6)

The lateral factors U(+∞,+L) and U(−L,−∞) do not contain the external field, and under the
boost, the change of variables e∓Y x± → x± leads to

e+iY K3U(+∞,+L)e−iY K3 = U0(+∞, 0),

e+iY K3U(−L,−∞)e−iY K3 = U0(0,−∞), (2.7)

where U0 in the r.h.s. denotes that the evolution operator only contains self-interactions. The
central factor in Eq. (2.6) is the one containing the interaction with the external field and under
the boost can be written as,

e+iY K3U(+L,−L)e−iY K3 ≃ T+ exp

{
ig

∫
d4x e+Y J+(e−Y x+, e+Y x−,x)A−(x+, x−,x)

}
.

(2.8)

Applying the change of variables e−Y x− → x− and considering the large rapidity limit, we get

e+iY K3U(+L,−L)e−iY K3 = T+ exp

{
ig

∫
d2x χ(x)ρ(x)

}
, (2.9)

where we have defined the functions dependent on the transverse variables

χ(x) ≡
∫

dx+A−(x+, 0,x) and ρ(x) ≡
∫

dx−J+(0, x−,x). (2.10)

Therefore, the S-matrix in the high energy limit can be written as

Sαβ = ⟨βin|U0(+∞, 0) T+ exp

{
ig

∫
d2x χ(x)ρ(x)

}
U0(0,−∞)|αin⟩. (2.11)

12
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This non-perturbative result at high energies is known as the eikonal limit. By inserting the
identity matrix expanded as a sum of complete sets in each side of the central factor in Eq. (2.11),

Sαβ =
∑

γ,δ

⟨βin|U0(+∞, 0)|γin⟩⟨γin|T+ exp

{
ig

∫
d2x χ(x)ρ(x)

}
|δin⟩⟨δin| U0(0,−∞)|αin⟩,

(2.12)

we see that the Fock expansions,
∑

δ |δin⟩⟨δin| U0(0,−∞)|αin⟩ and
∑

γ⟨βin|U0(+∞, 0)|γin⟩⟨γin|,
represent the possibility of fluctuations of the state α and β into states δ and γ before and after
the interaction with the external potential respectively.

2.1.1 Wilson lines in QCD

The color current Jν
a associated to the QCD Lagrangian Eq. (1.1) in a generic frame is given by

Jν
a = ψ̄αγ

µ(ta)αβψβ + fabcFµν
b Ac

ν , (2.13)

where we have dropped the flavor index. In the present analysis, we emphasize that the vector
field A represents the gluons in the system interacting with the external field A. In light-cone
coordinates in the light-cone gauge A+ = 0, the + component of the current, takes the form

J+
a =

√
2ψ†

α+(t
a)αβψβ+ − fabc∂+Ai

⊥bA
i
⊥c, (2.14)

where in the spinors we have used the notation ψ+ ≡ γ0γ+

√
2
ψ. Then, by performing the mode

expansion of the fields in J+
a and integrating over the x− at x+ = 0, we arrive to the QCD

expression of the ρ(x) function in Eq. (2.10),

ρa(x) =
1

2π

∫
d2p

(2π)2
d2p′

(2π)2

∫ +∞

0

dp+

2p+
e−i(p−p′)·x

×
{∑

σ;αβ

(ta)αβ

[
b(σ)†α (p+,p)b

(σ)
β (p+,p′)− d

(σ)†
β (p+,p)d(σ)α (p+,p′)

]

+
∑

λ;bc

(−ifabc)a(λ)†b (p+,p)a(λ)c (p+,p′)

}
, (2.15)

where σ = ±1/2 and λ = ±1 represent the helicities of the quark/antiquark and gluon, respec-
tively. From Eq. (2.15), it is clear that when ρa(x) is applied to a state consisting of quarks,
antiquarks, and gluons, the ladder operators annihilate and recreate them with the same longi-
tudinal momentum p+, helicity, and flavor. Furthermore, the operator can affect the color and
transverse momenta. On the other hand, the phase in ρa(x) shows that the transverse position
x of the partonic states is not altered by ρa(x), indicating that it is convenient to work with
states in the mixed representation of + momenta and transverse coordinates when considering
high-energy processes.

A bare quark state in the mixed representation can be written as the Fourier transform of
the quark state in the momentum representation,

|qασ (k+,x)⟩ =
∫

d2k

2π
e−ik·x|qασ (k+,k)⟩ (2.16)

13
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Similarly, for an antiquark we use the label q̄ instead of q in Eq. (2.16), while a bare gluon state
is represented with the label |g⟩ and colour index in the adjoint representation, i.e.

|gaλ(k+,x)⟩ =
∫

d2k

2π
e−ik·x|gaλ(k+,k)⟩. (2.17)

Applying the ρa(y) operator to the quark state we get

ρ(y)|qασ (k+,x)⟩ = δ(2)(y − x)|qασ (k+,x)⟩ta. (2.18)

We immediately see that ρa(y) acts in an antiquark state in an analogous way with ta → (−ta),
while applied to a gluon state we have

ρ(y)|gaλ(k+,x)⟩ = δ(2)(y − x)|gaλ(k+,x)⟩T a, (2.19)

where T a are the generators in the adjoint representation Hence, the central factor in Eq. (2.12)
acts on a quark and gluon state as,

T+ exp

{
ig

∫
d2x χ(x)ρ(x)

}
|qασ (k+,x)⟩ = V (x)|qασ (k+,x), (2.20)

T+ exp

{
ig

∫
d2x χ(x)ρ(x)

}
|gaλ(k+,x)⟩⟩ = U(x)|gaλ(k+,x)⟩, (2.21)

where V (x) and U(x) are known as the fundamental and adjoint Wilson lines and are defined
as

V (x) = T+ exp

{
igta

∫
dx+A−

a (x
+, 0,x)

}
, (2.22)

U(x) = T+ exp

{
igT a

∫
dx+A−

a (x
+, 0,x)

}
. (2.23)

In fact, in the eikonal limit, the multiple scattering of an incoming state with an external potential
A is encoded by the respective Wilson lines. In the case of an incoming antiquark state, the
scattering is encoded by the complex conjugated fundamental Wilson line, V †(x).

Defining the light-cone wave functions in the mixed representation of the incoming state, the
right factor in Eq. (2.12) is given by

Ψδα(k
+
i ,xi) ≡

∏

i∈δ

∫
d2ki

2π
e−iki·xi⟨δin| U0(0,−∞)|αin⟩, (2.24)

the S-matrix element at high energy limit can be written as

Sβα =
∑

δ

∫ ∏

i∈δ

dk+i
4πk+i

d2xiΨ
†
δβ({k+i ,xi})

[∏

i∈δ

Wi(xi)

]
Ψδα({k+i ,xi}), (2.25)

where W denotes the Wilson lines describing the scattering. This means that, in practice, the
high-energy scattering amplitude in the eikonal limit for a projectile state interacting with an
external potential can be represented by the convolution of the projectile wave function and the
Wilson lines, which represent the infinitesimal short-time interaction with the target. This is
known as the shockwave approach.
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2.2 Color Glass Condensate
In the previous section, the energy dependence was obtained by applying a boost to the dipole
projectile. Here, instead, because the transition amplitudes are Lorentz invariant, we will work in
the frame where the boost is applied to the hadronic target. In this frame, the energy dependence
of the scattering amplitude is given by the x dependence of the target gluon distribution.

Thus, when considering hadrons and nuclei at high energies, their partonic content is allowed
to split into partons with smaller momentum fractions. The parton distributions are dominated
by small-x gluons, and their growth is described by linear equations [1–3]. However, an un-
bounded growth in the high-energy limit is unphysical, since the scattering amplitude should not
exceed unity. In fact, the gluon density in phase space favors the recombination of gluons, leading
to the fulfillment of unitarity limits [5, 6]. This phenomenon is known as gluon saturation, and
the CGC is a modern effective field theory focused on its study [9, 10, 89, 93].

The idea of the CGC effective field theory relies on the separation of degrees of freedom in
an ultrarelativistic hadronic target, specifically, a division between large-x (fast) partons and
small-x (slow) partons. Since this separation is arbitrary, a renormalization group equation is
required to ensure the independence of physical quantities from the cutoff used as the separation
scale. The fast partons do not undergo significant time evolution during the short duration
of the collision due to time dilation, so they can be treated as classical static sources for the
smaller-x partons. On the other hand, the slow partons must be described by the QCD gauge
field. Consequently, the classical Yang-Mills equation must be solved,

DµF
µν
a = Jν

a , (2.26)

where Jν is the current provided by the color sources in the target, so that moving at ultrarela-
tivistic energies in the − direction reads

Jν
a = δν+ρa(x

−,x). (2.27)

The ρ function is the corresponding color charge density, and it is a stochastic quantity that
varies with each collision. The CGC description provides a gauge-invariant distribution (weight
functional) WY [ρ] that encodes the probability of any ρ configuration for a given rapidity Y ,
which is, in fact, the convenient scale that separates the fast and slow degrees of freedom. In
this framework, every observable must be averaged over all possible configurations of ρ; that is,
the scattering process must be averaged over all target configurations. The expectation value of
a given density-dependent operator Ôρ for a scale Y is given by

⟨Ô⟩ρ =

∫
Dρ ÔρWY [ρ], (2.28)

where the normalization of the distribution WY [ρ] is such that
∫
DρWY [ρ] = 1. As mentioned

earlier, the observables must not depend on a particular cutoff in rapidity; thus, the distribution
WY [ρ] must evolve according to the functional evolution equation, known as the Jalilian-Marian-
Iancu-McLerran-Weigert-Leonidov-Kovner (JIMWLK) equation [13–19], which reads

∂WY [ρ]

∂Y
= H[ρ]WY [ρ], (2.29)

where H is known as the JIMWLK Hamiltonian. Such an evolution equation requires an initial
condition that must be non-perturbative at the starting scale. However, in the perturbative
regime, one can choose the evolution to start at a certain cutoff value Y0 such that the saturation
scale is already semi-hard, i.e. of the order of few GeV. For an ultrarelativistic large nucleus,
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A ≫ 1, the color density ρ is taken at x− = 0, and it can be approximated as the sum of the
large number of color charges of the partons (proportional to A1/3) at approximately the same
impact parameter x. Hence, WY0

[ρ] can be approximated by a Gaussian distribution in ρ, known
as the McLerran-Venugopalan (MV) model [94, 95]. The MV model effectively resums powers of
α2
sA

1/3, and its details are given at the end of the next Section 2.2.1. Before that, we first address
the quantum corrections, which involve the resummation of powers of αsY and are governed by
the JIMWLK evolution equation.

2.2.1 The JIMWLK and BK evolution equations
At LO the JIMWLK Hamiltonian can be written as

H[ρ] =

∫
d2x νa(x)

δ

δρa(x)
+

1

2

∫
d2x d2y ηab(x,y)

δ2

δρa(x)δρb(y)
, (2.30)

where the operators νa(x) and ηab(x,y) are defined in function of adjoint Wilson lines,

νa(x) ≡ i

π2g

∫
d2z

(z − x)2
Tr
{
T aU(x)U†(z)

}
, (2.31)

ηab(x,y) ≡ i

π2g2

∫
d2z

(z − y) · (z − y)

(z − x)2(z − y)2
[
1− U(y)U†(z)− U(x)U†(z) + U(y)U†(x)

]ab
.

(2.32)

The evolution equation of an arbitrary operator Ô is also encoded in the evolution of the
weight functional WY [ρ], i.e. differentiating Eq. (2.28) with respect to Y we get

∂Y ⟨Ô⟩ρ =

∫
Dρ Ôρ∂YWY [ρ], (2.33)

=

∫
Dρ ÔρH[ρ]WY [ρ], (2.34)

=

∫
Dρ

[
H[ρ]Ôρ

]
WY [ρ], (2.35)

where we introduced the simplified notation ∂Y ≡ ∂

∂Y
and in the last equality we have integrated

by parts. Therefore, the JIMWLK evolution for the expectation value of an arbitrary operator
is given by

∂Y ⟨Ô⟩ =
∫

d2x

〈
νa(x)

δÔ
δρa(x)

〉
+

1

2

∫
d2x d2y

〈
ηab(x,y)

δ2Ô
δρa(x)δρb(y)

〉
, (2.36)

where we have dropped the explicit dependence of ρ in the operator. In the case of a qq̄ dipole-
nucleus scattering, the operator ⟨Ô⟩ is given by the S-matrix for the elastic scattering defined
as,

S(x,y) ≡ 1

Nc
tr
{
V (x)V †(y)

}
, (2.37)

where V (x) denotes the fundamental Wilson line discussed in the previous section, the trace
denotes that we are considering a colorless dipole and the factor 1/Nc stands for the average in
color charge. Hence, the evolution of the dipole S-matrix can be found by substituting Eq. (2.37)
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in Eq. (2.36), by using the definitions in Eqs. (2.31) and (2.32). This calculation involves a
considerable amount of algebra which can be simplified with the help of the relations

Uabt
b = V †taV, (2.38)

U†
abt

b = V taV † (2.39)

together with the Fierz identities

(ta)ij(t
a)kl =

1

2

(
δilδjk − 1

Nc
δijδkl

)
, (2.40)

which for arbitrary Nc ×Nc matrices M1 and M2 imply that

tr{taM1t
aM2} =

1

2
tr{M1} tr{M2} −

1

2Nc
tr{M1M2} (2.41)

tr{taM1} tr{taM2} =
1

2
tr{M1M2} −

1

2Nc
tr{M1} tr{M2}. (2.42)

After performing the substitution, one arrives to

∂Y ⟨S(x,y)⟩ =
ᾱs

2π

∫
d2z

(y − x)2

(z − x)2(z − y)2
[⟨S(x, z)S(z,y)⟩ − ⟨S(x,y)⟩] . (2.43)

It is clear that the evolution equation for the average of an S-matrix is expressed in terms of
the average of a product of two S-matrices, which is in fact a four-Wilson-line operator that
must evolve again as dictated in Eq. (2.36), and will lead to an operator with six Wilson lines,
and so on. This is known as the Balitsky hierarchy, and the related equations are referred to
as Balitsky’s equations [11]. However, a closed equation can be obtained in the large-Nc limit,
where we can make the replacement

⟨S(y, z)S(y, z)⟩ → ⟨S(y, z)⟩⟨S(y, z)⟩, (2.44)

getting the Balitsky-Kovchegov (BK) evolution equation [11, 12]

∂Y ⟨S(x,y)⟩ =
ᾱs

2π

∫
d2z

(y − x)2

(z − x)2(z − y)2
[⟨S(y, z)⟩⟨S(y, z)⟩ − ⟨S(y,x)⟩] , (2.45)

which can be written in terms of the scattering amplitude, T = 1− S, as

∂Y ⟨T (x,y)⟩ =
ᾱs

2π

∫
d2z

(y − x)2

(z − x)2(z − y)2

× [⟨T (x, z)⟩+ ⟨T (y, z)⟩ − ⟨T (x,y)⟩ − ⟨T (x, z)⟩⟨T (y, z)⟩] . (2.46)

The linear approximation to the BK equation is known as the Balitsky-Fadin-Kuraev-Lipatov
(BFKL) evolution equation [1–3]. It is valid when the scattering amplitude is small, i.e. the
regime of weak scattering. When the scattering amplitude approaches the unity, gluon recombi-
nation becomes favorable, and the non-linear term drives the evolution, suppressing the growth
given by the BFKL equation. The transition between these two regimes is dynamical and occurs
at the saturation scale Qs.

For the case of a gluon (adjoint) dipole, the S-matrix for the dipole-nucleus scattering is given
in terms of adjoint Wilson lines, namely

Sg(x,y) ≡
1

N2
c − 1

Tr
{
U(x)U†(y)

}
, (2.47)
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where, again, the factor 1/(N2
c − 1) stands for the average in color charge and the trace is

performed to consider colorless dipoles. It is also worth noting that for colorless dipoles, the
scattering amplitudes vanish as the dipole size approaches zero, since the color charges of each
component cancel each other. This phenomenon is known as color transparency.

Initial condition: The MV model

The initial condition of the BK equation can be given by the MV model for a given rapidity Y0.
In this context, we also assume that the nucleus is homogeneous in the transverse plane, i.e., the
scattering matrices depend only on differences between pairs of transverse coordinates. Then,
the averaged S-matrix for a gluon dipole, Sg ≡ ⟨Sg⟩, can be written as

Sg(x,y) = exp

(
− (y − x)2Q2

A

4
ln

4

(y − x)2Λ2

)
, (2.48)

where the saturation momentum is given in the scale Q2
A via the relation

Q2
A ln

Q2
s

Λ2
= Q2

s. (2.49)

In the Gaussian approximation, the relation between the averaged adjoint and fundamental S-
matrices is given by

Sg(x,y) = [S(x,y)]Nc/CF , (2.50)

with CF = (N2
c − 1)/2Nc. We would like to point out here that for numerical purposes, the

saturation momentum is defined through the condition Sg(r = 2/Qs) = 1/2, where r = |y − x|.
This definition differs slightly from the one used in Eqs. (2.48) and (2.49), which is more suitable
for analytical calculations. Additionally, to regularize the infrared behavior of the MV model in
Eq. (2.48), we modify the logarithmic term as ln

(
4/r2Λ2

)
→ 2 ln[(2/rΛ) + e].

2.2.2 Collinearly improved BK equation
At next-to-leading order (NLO), the JIMWLK equation includes the resummation of terms which
are of order αs[αs ln 1/x]

n, and the explicit Hamiltonian was derived in [96, 97]. The NLO BK
equation was derived previously and fully presented in [98]. In this work, we will use the simplified
form of the NLO BK equation, developed by unambiguously using the rapidity Y = ln 1/x as
the evolution time of the hadronic target: the collinearly-improved Balitsky-Kovchegov (collBK)
equation [99, 100]. The collBK equation is non-local in rapidity, and the version used in this
work reads

∂Y Sxy(Y ) =

∫
d2z

2π
ᾱBLM

(x− y)2

(x− z)2(z − y)2

[
r2

z̄2

]±A1[
Sxz(Y −δxz;r)Szy(Y −δzy;r)− Sxy(Y )

]
,

(2.51)
where the coordinate dependence of the averaged S-matrices is now shown in the subscript and
the rapidity shifts, explicitly shown in the argument of the daughter dipole scattering matrices,
are given by

δxz;r ≡ max
{
0, ln

r2

|x− z|2
}
, (2.52)

with r = |x−y|, and similarly for δzy;r. They resum all-order double logarithms generated by the
successive gluon emissions. The resummation of the DGLAP-like single transverse logarithms is
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given by the factor
[
r2/z̄2

]±A1 , where z̄ ≡ min|x− z|, |x− y| and A1 = 11/12. The exponent
±A1 always suppresses the evolution, as it is positive when r2 < z̄2 and negative when r2 > z̄2.
The running coupling ᾱBLM encodes the corrections given by the one-loop QCD β-function and
is given by

ᾱBLM =

[
1

ᾱs(|x−y|) +
(x−z)2 − (z−y)2

(x−y)2
ᾱs(|x− z|)− ᾱs(|z − y|)
ᾱs(|x− z|)ᾱs(|z − y|)

]−1

, (2.53)

where
ᾱs(r) =

1

b̄0 ln
[
4/(r2∗Λ2)

] , (2.54)

with b̄0 = 0.75, Λ = 0.2 GeV, and r∗ = r/
√

1 + r2/r2max, where rmax = 4 GeV−1. The values of
ᾱBLM reduce to ᾱs(rmin), where rmin ≡ min |x− y|, |x− z|, |z − y|, when one of the three dipoles
has a much smaller size compared to the other two, which is a condition required by pQCD for
the applicability of the approximation. When starting the evolution for a given rapidity Y0, we
assume a constant behavior for values of Y < Y0, meaning that

Sxy(Y < Y0) = Sxy(Y0), (2.55)

and where Sxy(Y0) is given by the MV model.
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Chapter 3

Coherent and Incoherent Diffraction

In hadronic scattering, a diffractive process can be defined as a high energy reaction in which
no quantum numbers are exchanged between the colliding particles. An equivalent definition
is that a diffractive process is characterized by an angular separation in which no particles
are produced, a rapidity gap ∆Y , in the final state. The dominant contribution to diffractive
processes is usually referred as Pomeron1 exchange, which in QCD refers to the exchange of an
even number of gluons. In fact, the diffractive constraint in high-energy QCD scattering means
that the final states arise in a color-singlet state after the interaction.

For a wide discussion of diffractive processes see [87] and [101], here instead, for definiteness
we will focus on diffractive photon-nucleus DIS.

3.1 Diffraction in the dipole picture

In particular, we consider low-mass diffraction, where the invariant mass of the outgoing pro-
jectile state, Mχ, is much smaller than the virtuality, i.e., Mχ ≪ Q. In the dipole picture, this
outgoing state is described by the jets produced after the scattering of the partonic fluctuation of
the virtual photon off the hadronic target. At LO in the strong coupling, and assuming the target
remains unchanged after the collision, the total DIS cross section for photon-nucleus scattering
can be written as

σγ∗A
tot =

∫
d2r

2π

∫ 1

0

dϑ

ϑ(1− ϑ)
|ψγ∗→qq̄|2 S⊥T (r). (3.1)

where S⊥ is the transverse area of the target, which arises from neglecting the impact parameter
dependence2 in the averaged scattering amplitude T = 1−S. Since we are assuming S-matrices
that depend only on the difference between pairs of transverse coordinates, the coordinate de-
pendence of T is determined solely by the dipole size, r, while the rapidity dependence is left
implicit. The quark longitudinal fraction, ϑ, is defined as the fraction of the longitudinal mo-
mentum of the virtual photon, q+, carried by the quark. The wave function ψγ∗→qq̄ encodes the

1Named after the Soviet physicist Isaac Yakovlevich Pomeranchuk for his contributions to hadronic diffractive
physics.

2This simplification will be assumed throughout this work since we focus in large quasi-homogeneous targets,
in which the impact parameter is not expected to play a relevant role. However, to consider a realistic description
of the experiments involving proton targets, it is necessary to address the impact parameter dependence in the
cross sections. See, e.g. [102] for a recent study of its effects in proton and nuclear targets
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CHAPTER 3. COHERENT AND INCOHERENT DIFFRACTION

fluctuation of the virtual photon into a qq̄ pair. The dipole-nucleus total cross section can be
written by omitting the expression related to the virtual photon, i.e.,

σqq̄A
tot = 2 S⊥T (r). (3.2)

By the unitarity of the S-matrix, we also know that elastic 2 → 2 scattering — which implies
that there is no quantum number exchange in the process and thus describes diffraction — is
given by the cross section 3

σqq̄A
el = S⊥|T (r, Y )|2. (3.3)

When the scattering is strong, the T -matrix approaches one. By inspecting the ratio σqq̄A
tot /σ

qq̄A
el ,

it is evident that the diffractive cross section represents half of the total DIS cross section. The
T → 1 limit is known as the black disk limit, and in terms of saturation physics, this is the regime
where the saturation scale controls the non-linear behavior of the scattering. In other words,
diffractive processes are controlled by gluon saturation. On the other hand, diffractive processes
are generally suppressed in the dilute regime due to color transparency. Hence, diffraction is a
significant process for probing saturation.

In the dipole frame, the diffractive process is specified by the elastic scattering of the partons
in the photon light-cone wave function of the virtual photon off the nucleus. The final state of
the nucleus dictates the type of diffraction. The process is coherent if the nucleus remains intact
after the collision, while it is incoherent if the nucleus breaks up.

3.1.1 On coherence and incoherence

To calculate the diffractive cross section, the nucleus is described within the CGC framework.
We must then consider the average over all possible configurations. The detailed formulas for
all relevant cross sections will be provided in the following chapters. Here, we will focus instead
on the general characteristics that distinguish coherent and incoherent diffractive processes. To
be precise, considering the T -matrix for the projectile to scatter elastically off the nucleus in
the direct amplitude (DA) as T , while T̄ represents the corresponding quantity in the complex
conjugated amplitude (CCA), we can express the total diffractive cross section as

σD ∝ ⟨T T̄ ⟩, (3.4)

where all the dependencies and integrations over the various variables are suppressed. The total
diffractive cross section includes both the coherent and incoherent contributions. The coherent
part corresponds to an intact nucleus in the final state, so the averaging must be performed at
the amplitude level, i.e.,

σD
coh ∝ ⟨T ⟩⟨T̄ ⟩. (3.5)

The coherent diffractive production of jets has been extensively studied in the last few years [52,
55, 56, 60]. Here, we shall only mention the main results that arise when comparing it to the
incoherent production. The incoherent contribution to the diffractive cross section is defined as
the complementary part of the coherent contribution with respect to the total diffractive cross
section, namely

σD
inc = σD − σD

coh ∝ ⟨T T̄ ⟩ − ⟨T ⟩⟨T̄ ⟩. (3.6)

3See, e.g., Appendix B in [10] for details
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3.1. DIFFRACTION IN THE DIPOLE PICTURE

Figure 3.1: Generic diagram for the incoherent reaction γ∗A → χX.

This expression suggests that incoherent diffraction is determined by fluctuations in the target’s
weight function. In electron-proton DIS, studies on geometrical fluctuations in the shape of the
proton have been conducted with significant success in describing experimental results [62, 103,
104]. Particle number fluctuations via QCD Pomeron loops [105–109] have also been explored
in the literature, although due to technical challenges, this approach has not been significantly
pursued. Our work, compiled here, relies on the analytical study of color fluctuations [34, 61,
63, 64], which arise from color exchanges between different substructures within the nucleus,
specifically due to perturbative gluon exchanges.

Before discussing incoherent processes in detail, we introduce the relevant kinematic variables
in diffraction. For instance, an important kinematic variable is the transverse momentum trans-
fer, ∆. This can arise due to geometrical fluctuations as mentioned for ep DIS. However, when
the target is a large homogeneous nucleus, the associated momentum transfer is non-perturbative
and thus negligible for our purposes. This fact is explicitly seen when calculating the coherent
cross section, where the contribution of the transferred momentum is given by a δ-function in ∆.
In incoherent diffraction, on the other hand, the color fluctuations set the momentum transfer
to be of the order of the saturation momentum.

It is also important to define two additional kinematic invariants in diffraction, namely

xP ≡ Q2 +M2
χ + |t|
s

and β ≡ Q2

Q2 +M2
χ + |t| , (3.7)

where t = −∆2
⊥ is the invariant momentum transfer and M2

χ is the aforementioned invariant mass
of the diffractive system. The invariant mass, as well as xP and β, can be explicitly determined
in terms of the kinematics of a given outgoing state. The physical interpretation of xP is that it
represents the fraction of the target’s longitudinal momentum, P−

N , carried by the Pomeron and
transferred to the diffractive system after the collision. The two variables in Eq. (3.7) are not
independent; they follow the relation

xBj = βxP ⇒ YBj = Yβ + YP, (3.8)

which can be inferred from the definition of xBj in Eq. (1.12). The corresponding rapidities are
also defined in Eq. (3.8). In fact, YP determines the value of the desired rapidity gap, while
Yβ ≡ ln 1/β corresponds to the rapidity interval occupied by the diffractive system. Therefore,
it is evident that their sum must be equal to YBj ≡ ln 1/x

Bj
. The projectile as a whole probes the
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target at the longitudinal scale xP, meaning that the relevant value of the saturation momentum
is given by Qs(YP). A general diagram for the incoherent diffractive reaction γ∗A→ χX is shown
in Fig. 3.1, where neither the specific dynamics nor the precise nature of the outgoing states χ
and X are specified.

3.1.2 Incoherent diffraction in the CGC
From Eq. (3.6), it is clear that the incoherent cross section is determined by the connected part
of the DA and CCA. By isolating the factor that encodes the QCD dynamics, explicitly shown
in Eq. (3.6) by the replacement S = 1− T , we can define the incoherent diffractive correlator as

WD = ⟨S(x,y)S(ȳ, x̄)⟩ − ⟨S(x,y)⟩ ⟨S(ȳ, x̄)⟩ , (3.9)

where the dipole coordinate dependence is now explicitly shown in the argument of the S-
matrices. The correlator can be in the fundamental or adjoint representation, depending on
whether the dipole projectile is given by a qq̄ pair or a gluon-gluon pair, respectively. In the
lowest order in the number of gluon exchanges, each amplitude of the projectile dipole contributes
with two gluons, so at the cross section level there are 4-gluon exchanges.

For our purposes, it is also customary to define the distance between the dipoles in the
CA and CCA, B ≡ b − b̄, where b is the impact parameter in the DA (similarly b̄ in CCA).
The impact parameter is given by the relation b = ϑ1x + ϑ2y, where ϑ1 is the longitudinal
momentum fraction carried by one component of the dipole, while ϑ2 ≡ 1−ϑ1 is the same in its
complementary component.

Let us consider dipole sizes and the difference of impact parameters to be much smaller than
the saturation momentum. Then the elastic scattering S-matrix Eq. (2.37) in the DA can be
expanded as

S(x,y) ≃ 1− g2

4Nc

(
αa
x − αa

y

)2
with αa

x ≡
∫ ∞

−∞
dx+A−

a (x
+,x), (3.10)

where Aa is the color potential of the CGC. A similar expression is given for S(ȳ, x̄), where, as
in the case of the impact parameter b̄, the bars over the coordinates represent that they belong
to the CCA. Then the relevant terms are the ones that involve color contraction of one field in
the DA with a field in the CCA. For example, one of those terms is given by the contraction of
the object g4

〈
αa
x α

b
ȳ

〉〈
αa
y α

b
x̄

〉
/4N2

c . By considering that the correlator of two fields is diagonal
in color we get the relation

g4

4N2
c

∑

a,b

〈
αa
x α

b
ȳ

〉〈
αa
y α

b
x̄

〉
=

g4

4N2
c

∑

a

〈
αa
x α

a
ȳ

〉〈
αa
y α

a
x̄

〉
, (3.11)

where the summations over the color indices of the exchanged gluons are explicitly shown to
avoid any confusion. The single summation over a implies that in the l.h.s. only one gluon color
flows. On the other hand, when two independent gluon colors are summed over, and assuming
that in the Gaussian approximation every component of the gauge field has equal weight, we
must divide the corresponding contributions by the number of colors in order to get an equality
with the expressions in Eq. (3.11), i.e.,

g4

4N2
c

∑

a,b

〈
αa
x α

b
ȳ

〉〈
αa
y α

b
x̄

〉
=

g4

4N2
c

∑

a

〈
αa
x α

a
ȳ

〉〈
αa
y α

a
x̄

〉
=
∑

a,b

g4

4N2
c (N

2
c − 1)

〈
αa
x α

a
ȳ

〉〈
αb
y α

b
x̄

〉
.

(3.12)
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Figure 3.2: Left panel: Diagram of incoherent diffractive dijet production at the level of four-gluon
exchange. This corresponds to Eq. (3.11), which is part of the product ⟨T (x, ȳ)⟩⟨T (y, x̄)⟩. Each of the
two lower double lines, representing colorless substructures (nucleons) within the nucleus, exchanges a
single gluon with the projectile qq̄ pair in the DA (and one in the CCA), resulting in inelastic scattering.
Right panel: The same process in the large-Nc limit, where gluons are represented by double lines. In
this case, the substructures are no longer colorless in the final state, indicating that the nucleus does not
remain intact. Two independent color flows, α and β (in the fundamental representation), are present,
and the diagram is of order g8N2

c .

This expression shows that the connected piece of the total diffractive correlator WD is suppressed
by a factor of 1/N2

c in the large-Nc limit. Combining all the possible terms, the correlator can
be written as

WD ≃ g4

8N2
c (N

2
c − 1)

[〈
αa
x α

a
x̄

〉
+
〈
αa
y α

a
ȳ

〉
−
〈
αa
x α

a
ȳ

〉
−
〈
αa
y α

a
x̄

〉]2
. (3.13)

Then, at two-gluon exchange, we can reconstruct the average values of the scattering amplitudes
by adding and subtracting "equal-point correlators" of the form

〈
αa
xα

a
x

〉
, i.e.,

WD ≃ 1

2(N2
c − 1)

[⟨T (x, ȳ)⟩+ ⟨T (y, x̄)⟩ − ⟨T (x, x̄)⟩ − ⟨T (y, ȳ)⟩]2 . (3.14)

A typical diagram for four-gluon exchange corresponding to incoherent diffraction is shown
in Fig.3.2, along with the illustration of color flow in the large-Nc limit. For comparison, the
corresponding diagram in the coherent sector is shown in Fig.3.3.

An interesting configuration to consider is when the dipole sizes r, r̄ are small compared to
the distance between the dipoles in each scattering amplitude, B. This allows us to expand all
the amplitudes in Eq. (3.14) around B, since they all involve one leg in the DA and the other
in the CCA. This configuration will be analyzed in detail in the qq̄ contribution to the total
incoherent diffractive DIS cross section.

By performing this expansion, we observe that the lowest-order term in the linear combination
inside the squared bracket in Eq. (3.14) is quadratic, since the process is elastic on the projectile
side. In other words, we find

T (x, ȳ) + T (y, x̄)− T (x, x̄)− T (y, ȳ) ≃ rir̄j∂i∂jT (B), (3.15)

where again we use the calligraphic symbol for the average of a quantity. Thus, Eq. (3.14) can
be rewritten as

WD(r, r̄,B) ≃ 1

2(N2
c − 1)

rir̄jrkr̄l∂i∂jT (B)∂k∂lT (B). (3.16)
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CHAPTER 3. COHERENT AND INCOHERENT DIFFRACTION

Figure 3.3: Left panel: A diagram for coherent diffractive dijet production, generally proportional to
⟨T (x,y)⟩⟨T (ȳ, x̄)⟩, at the level of four-gluon exchange. A colorless substructure (nucleon) in the nucleus
exchanges two gluons with the projectile qq̄ pair in the DA (and similarly with a potentially different
nucleon in the CCA), resulting in elastic scattering. Right panel: The same process in the large-Nc limit,
where the gluons are represented by double lines. The nucleon remains intact. Two independent colors
flow in the DA, and another two in the CCA, leading to a total diagram of order g8N4

c .

Again, we emphasize that this expression for the diffractive correlator is valid in the Gaussian
approximation at the level of four-gluon exchange when r, r̄ ≪ B ≪ 1/Qs. In the next chapter, we
extend this analysis to the regime where r, r̄ ≪ B, 1/Qs, i.e. without imposing any constraints on
the relative magnitudes of the saturation momentum and difference between impact parameters.
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Chapter 4

The qq̄ Contribution

The goal of this chapter is to provide an analytical understanding of the cross section for incoher-
ent diffractive dijet production in high-energy DIS of a virtual photon γ∗ off a large nucleus with
atomic number A. To this end, we first review the kinematics in which we work. We consider a
frame where both incoming particles are ultrarelativistic. In light-cone notation, the photon is a
right mover with virtuality qµqµ = −Q2 and 4-momentum qµ = (q+,−Q2/2q+,0). The nucleus
is a left mover, and we neglect the mass of the nucleons, so its 4-momentum per nucleon is given
by Pµ

N = (0, P−
N ,0). Thus, the virtual photon decays into a qq̄ pair, whose lifetime is much

larger than the longitudinal extent of the boosted nucleus. This allows the scattering process
to be well described by the collision between the qq̄ dipole and the nucleus in the regime where
x

Bj
A1/3 ≪ 1.
In this context, the nucleus can be at saturation, generating a strong color field. Therefore, it

becomes necessary to account for multiple scattering. We also work in the kinematics where the
scattering occurs in the eikonal limit, and after the collision, the qq̄ pair produces a dijet system
in the forward direction of the virtual photon. The produced dijet remains colorless and acquire
a momentum transfer ∆ from the nucleus due to the exchange of color between its subnuclear
components.

This process was numerically studied in [34] in the regime where all momenta are of the order
of the saturation momentum, i.e., k1⊥ ∼ k2⊥ ∼ ∆⊥ ∼ Qs, with ∆⊥ ≡ |k1 + k2| and where
k1 and k2 are the final transverse momenta of the quark and antiquark, respectively. In our
work, we consider the correlation limit, in which the transverse momenta of the two jets are
much larger than the saturation momentum. In this limit, the transverse momentum hierarchy
satisfies k1⊥ ∼ k2⊥ ≫ Qs,∆⊥ (with no assumption regarding the relation between ∆⊥ and Qs),
meaning that the two jets propagate approximately back-to-back in the transverse plane. It is
important to note that in the process under consideration, the dijet imbalance k1 + k2 and the
momentum transfer from the target ∆ are the same, since there are no other particles between
the dijet and the nucleus in the final state.

This limit allows us to perform analytical calculations, which, as we will show below, accu-
rately describe the phenomenon under study. It is also important to emphasize that the most
interesting case occurs when the momentum transfer is of the order of or smaller than the sat-
uration momentum, as this is when unitarity corrections and gluon saturation become relevant,
even though two hard jets are being produced.

We begin by briefly reviewing the qq̄ component of the light-cone wave function (LCWF)
of the virtual photon in the framework of light-cone perturbation theory (LCPT). Our analysis
focuses explicitly on the case of a transverse virtual photon to avoid unnecessary proliferation of
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q+, Q2

ϑ1 k
′
1

ϑ1 k
′
2

x

y

Figure 4.1: Feynman diagram in light-cone perturbation theory describing the quark-antiquark fluctu-
ation.

equations. A brief discussion of the longitudinal polarization case will be presented at the end of
Section 4.1, and the corresponding cross section will be provided as a final result after we derive
the transverse case.

In Fig. 4.1, we show the Feynman diagram for the virtual photon splitting into a quark-
antiquark pair, along with the respective variables in momentum space and transverse coordi-
nates. The DA in momentum space is given by

∣∣γiT (q)
〉
qq̄

=
∑

λ1,2=±1/2

Nc∑

α,β=1

∫ 1

0

dϑ1dϑ2 δ(1− ϑ1 − ϑ2)

∫
d2k′

1d
2k′

2 δ
(2)(k′

1 + k′
2)

×ψi
λ1λ2

(ϑ1,k
′
1) δαβ

∣∣qαλ1
(ϑ1,k

′
1) q̄

β
λ2
(ϑ2,k

′
2)
〉
, (4.1)

where the index i = 1, 2 represents the polarization of the transverse photon, and α and β are
color indices in the fundamental representation. For the quark (and similarly for the antiquark),
λ1 and ϑ1 denote the helicity state and the longitudinal momentum fraction with respect to
the virtual photon. The transverse momenta of the quark and antiquark before the scattering
are represented by k′

1 and k′
2, respectively, and are primed to distinguish them from the final

momenta k1 and k2. The delta function δ(1−ϑ1−ϑ2) represents the conservation of longitudinal
momentum, while δ(2)(k′

1 + k′
2) ensures the conservation of transverse momentum.

The amplitude ψi
λ1λ2

in Eq. (4.1) encodes the splitting of the virtual photon into the qq̄ pair
and is given by

ψi
λ1λ2

(ϑ,k) =

√
q+

2

eef
(2π)3

φil
λ1λ2

(ϑ) kl

k2 + ϑ(1− ϑ)Q2
, (4.2)

where q+ is the plus longitudinal momentum of the virtual photon, e is the electric charge, and
ef is the fractional electric charge of the quark flavor under consideration. The function φil

λ1λ2
(ϑ)

represents the helicity structure of the photon splitting vertex and is given by

φil
λ1λ2

(ϑ) = δλ1λ2

[
(2ϑ− 1)δil + 2iεilλ1

]
. (4.3)

The denominator in Eq. (4.2) comes from the contribution of the energy denominator Eqq̄ −Eγ ,
according to the LCPT rules, which reads

Eqq̄ − Eγ =
1

2q+

(
k′ 2
1

ϑ1
+

k′ 2
2

ϑ2
+Q2

)
=

1

2q+ϑ1ϑ2

(
k′2
1 + ϑ1ϑ2Q

2
)
. (4.4)

As discussed in section 2.1.1, in the eikonal limit, it is convenient to work in the mixed
representation. Thus, we perform a Fourier transform of the quark states in momentum space
according to

∣∣qαλ1
(ϑ1,k

′
1) q̄

β
λ2
(ϑ2,k

′
2)
〉
=

∫
d2x d2y e−ik′

1·x−ik′
2·y
∣∣qαλ1

(ϑ1,x) q̄
β
λ2
(ϑ2,y)

〉
, (4.5)
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q+, Q2

ϑ1 k1

ϑ2 k2

x

y

Figure 4.2: Feynman diagram representing the amplitude for the scattering between the qq̄ pair and
the nuclear target in the shockwave formalism.

where we explicitly show x and y as the corresponding transverse coordinates of the quark and
the antiquark. The integration over the initial transverse momenta k′

1 and k′
2 then leads to

∣∣γiT (q)
〉
qq̄

=
∑

λ1,2=±1/2

Nc∑

α,β=1

∫ 1

0

dϑ1dϑ2 δ(1− ϑ1 − ϑ2)

∫
d2x d2y

× ψ̃i
λ1λ2

(ϑ1, r) δαβ
∣∣qαλ1

(ϑ1,x) q̄
β
λ2
(ϑ2,y)

〉
, (4.6)

where we remind that r = x− y. Now, in coordinate space, the qq̄ amplitude reads

ψ̃i
λ1λ2

(ϑ, r) = −
√
q+

2

ieef
(2π)2

φil
λ1λ2

(ϑ)
Q̄rl

r
K1(Q̄r). (4.7)

where we have defined Q̄2 = ϑ1ϑ2Q
2 and r = |r|. K1 is the modified Bessel function of the

second kind, which exponentially suppresses the decay of the virtual photon to dipoles with a
size much larger than 1/Q̄.

4.1 Multiple scattering off the target
We shall add the effects of multiple scattering off the nuclear target in the eikonal approximation.
In the kinematics of interest, the nuclear target can be treated as a shockwave due to Lorentz
contraction (see Fig. 4.2) and the scattering of each parton in the color dipole is given by a
Wilson line. The Wilson line for the quark interaction V (x) (V †(x) for the antiquark) is defined
in Eq. (2.22) and rewritten here in the proper notation of our present pourposes,

V (x) = T exp

[
ig

∫
dx+taA−

a (x
+, 0,x)

]
, (4.8)

where we have dropped the + index in the T , which indicates time ordering in light-cone time.
We remind that g is the QCD coupling, ta is the SU(Nc) color matrix in the fundamental
representation, and A−

a , with a = 1, . . . , N2
c − 1, represents the small-x gluons in the target.

The multiple scattering of a qq̄ pair off the nuclear target takes the form
[
V (x)V †(y)−1

]
αβ

,
where the identity matrix represents processes with no interaction. Then, the multiple scattering
of a color dipole in the fundamental representation can be included in the scattering amplitude
in Eq. (4.6) by making the replacement

δαβ →
[
V (x)V †(y)− 1

]
αβ
. (4.9)

Such a replacement corresponds to the inclusive production of dijets, where there is no restriction
on the final state of the projectile. In the particular case of an incoming colorless qq̄ dipole, the
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product of the Wilson lines must be color-averaged, i.e., traced and divided by a factor of Nc.
Furthermore, the scattering must be elastic, that is, the color dipole must emerge as a color
singlet in the final state, which is a requirement for the process to be diffractive. Thus, in the
scattering amplitude Eq. (4.6), we further make the replacement

[
V (x)V †(y)− 1

]
αβ

→
{

1

Nc
tr
[
V (x)V †(y)

]
− 1

}
δαβ ≡ [S(x,y)− 1] δαβ , (4.10)

where we identify the S-matrix for the elastic scattering of a color dipole, S(x,y). Now we are
able to write the complete qq̄ component of the diffractive scattering amplitude of the (transverse)
virtual photon LCWF off a nuclear target,

∣∣γiT (q)
〉D
qq̄

=
∑

λ1,2=±1/2

Nc∑

α,β=1

δαβ

∫ 1

0

dϑ1dϑ2 δ(1− ϑ1 − ϑ2)

∫
d2x d2y

× ψ̃i
λ1λ2

(ϑ1, r) [S(x,y)− 1]
∣∣qαλ1

(ϑ1,x) q̄
β
λ2
(ϑ2,y)

〉
, (4.11)

which in fact allows to determine the diffractive production of dijets by calculating the number
of quarks and antiquarks in the final state. Hence, to calculate the corresponding cross section
we must average over the quark and antiquark number operators N̂q(k1) and N̂q̄(k2), namely,

dσ
γ∗
TA→qq̄X

Dtot

dk+1 dk
+
2 d

2k1d2k2

(2π) δ(q+− k+1 − k+2 ) =
1

2

D

qq̄

〈
γiT (q)

∣∣N̂q(k1) N̂q̄(k2)
∣∣γiT (q)

〉D
qq̄
, (4.12)

where the factor 1/2 comes from the average over the 2 transverse polarizations. The δ-function
factorized in the l.h.s. of Eq. (4.12) enforcing the plus longitudinal momentum conservation is
a consequence of the dot product of the partonic states considered in the r.h.s. of the same
equation. This arises from the (anti)commutation relations of the ladder operators involved in
the quantization of the gauge field, see e.g. Appendix B in [110]. In fact, in constructing the cross
section, we follow the conventions in [110] (see also [35]) for the normalization of the number
operators, leading to

dσ
γ∗
TA→qq̄X

Dtot

dϑ1dϑ2 d2k1d2k2
=
αemNc

2π2

(∑
e2f

)
δ(1− ϑ1 − ϑ2)

(
ϑ21 + ϑ22

) ∫ d2x

2π

d2y

2π

d2x̄

2π

d2ȳ

2π

× e−ik1·(x−x̄)−ik2·(y−ȳ) r ·r̄
rr̄

Q̄2K1(Q̄r)K1(Q̄r̄)
〈
[S(x,y)− 1][S(ȳ, x̄)− 1]

〉
,

(4.13)

where again the barred coordinates belong to the complex conjugate amplitude and αem = e2/4π.
The brackets in the last factor in Eq. (4.13) account for the average over all possible target

field configurations, and we shall take it in the framework of the CGC. At moderate rapidities we
use the MV model introduced in Chapter 2 (see Eq. (2.48)), while, to evolve to higher rapidities
we rely on the solution of the collBK given in Sect. 2.2.2. The rapidity gap is determined by
the kinematics and in order to understand its precise allowed values, it is convenient to make a
change of variables.

In the DA (and analogously in the CCA) in the coordinate space we replace the transverse
positions x and y by the dipole transverse separation r and the center of energy (or impact
parameter) b which can be defined as

b ≡ ϑ1x+ ϑ2y, (4.14)
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So, it follows that x = b+ ϑ2r and y = b− ϑ1r. In momentum space, we replace the transverse
momenta k1 and k2 with the relative momentum P and the dijet imbalance ∆,

P ≡ ϑ2k1 − ϑ1k2, ∆ = k1 + k2, (4.15)

which are equivalent to the relations k1 = P + ϑ1∆ and k2 = −P + ϑ2∆. Then, by a simple
inspection, we find that the phase in the Fourier transform in Eq. (4.13) can be rewritten as

k1 ·(x− x̄) + k2 ·(y − ȳ) = P ·(r − r̄) +∆·(b− b̄). (4.16)

We consider a homogeneous nucleus, so the CGC correlators depend only on the differences
between any pair of transverse coordinates. In the present process, the correlator in the last
factor of Eq. (4.13) can depend only on three vectors, which we conveniently choose1 to be r, r̄,
and the difference between the impact parameters in the DA and the CCA, B ≡ b− b̄, see the
phase Eq. (4.16). We immediately observe that this implies that one of the two center-of-energy
vector integrations leads to the total transverse area of the nucleus, S⊥.

It is also important to note that Eq. (4.16) and our choice of independent coordinate vectors
imply that the hard scale P⊥ controls the individual sizes r and r̄, while the semi-hard momentum
∆⊥ controls the separation between the dipoles in the DA and the CCA. In the correlation limit,
this implies that in coordinate space we have the condition r, r̄ ≪ B, 1/Qs.

Finally, as we are interested in the incoherent diffractive cross section, we must subtract the
piece of the correlator averaged at the amplitude level. Thus, the cross section of interest in the
transverse sector can be written as [34].

dσ
γ∗
TA→qq̄X

D

dϑ1dϑ2 d2Pd2∆
=
S⊥αemNc

4π3

(∑
e2f

)
δ(1− ϑ1 − ϑ2)

(
ϑ21 + ϑ22

) ∫ d2B

2π

d2r

2π

d2r̄

2π

× e−i∆·B−iP ·(r−r̄) r ·r̄
rr̄

Q̄2K1

(
Q̄r
)
K1

(
Q̄r̄
)
Wq(r, r̄,B), (4.17)

where

Wq(r, r̄,B) = ⟨S(x,y)S(ȳ, x̄)⟩ − ⟨S(x,y)⟩ ⟨S(ȳ, x̄)⟩ . (4.18)

is the diffractive correlator defined in Eq. (3.9) in its fundamental representation, and it contains
all the QCD dynamics within the CGC framework. This correlator must be evaluated at the
rapidity gap of the diffractive process, which is determined by YP = ln 1/xP, as discussed at the
end of section 3.1.1. The conservation of minus longitudinal momentum for the process γ∗P → qq̄
leads to the relation

xPP
−
N =

1

2q+

(
k21⊥
ϑ1

+
k22⊥
ϑ2

+Q2

)
. (4.19)

By using the definition of xBj in Eq. (1.12) and changing the transverse variables from k1⊥ and
k2⊥ to P⊥ and ∆⊥, we find that

xP = xBj

(
1 +

P 2
⊥
Q̄2

+
∆2

⊥
Q2

)
. (4.20)

In the kinematic regime of interest, we have the hierarchy Q̄ ∼ k1⊥ ∼ k2⊥ ≫ ∆⊥, which, in
terms of the relative and transfer momentum, is given by P⊥ ∼ Q̄ ≫ ∆⊥. This means that the

1Although other choices can be considered, the one used here allows us to directly relate the size of the dipoles
under consideration (see also Sect. 4.2) with the momentum scales of the correlation limit.
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term ∆2
⊥/Q̄

2 ≪ 1 can be neglected, while P 2
⊥/Q̄

2 is of order one. Therefore, the rapidity gap
can be written as

YP ≃ ln
1

xBj

− ln

(
1 +

P 2
⊥
Q̄2

)
. (4.21)

From the last equation, it can be inferred that the production of the dijet takes up roughly one
unit of the available longitudinal phase space. Since xBj ≪ 1, the first term dominates at the
leading logarithmic level, and the second term can be neglected. This also implies that we can
assume that the gap is independent of P⊥, although keeping the second term in the evaluation
of the correlators is not a significant issue.

In Eq. (4.21), it is also clear that to maximize the rapidity gap, the most interesting scenario
involves longitudinal fractions, ϑ1 and ϑ2, that are roughly equal. This leads us to express the
cross sections per unit of longitudinal momentum, as given in Eq. (4.17), rather than in terms
of rapidities. To convert from the latter to the former, it suffices to multiply by a factor of
ϑ1ϑ2. Since the longitudinal fractions are of order one-half, the dependence on this factor can
be neglected.

To conclude this section, we briefly describe the corresponding expression for a longitudi-
nally polarized virtual photon. It suffices to make the replacements ϑ21 + ϑ22 → 4ϑ1ϑ2 and
(r/r)K1(Q̄r) → K0(Q̄r) in the DA (and similarly in the CCA) in Eq. (4.17).

4.2 The fundamental correlator in the correlation limit

This section focuses on computing the connected part of the average of the product of two dipole
S-matrices in the fundamental representation, for an arbitrary number of colors Nc, to the lowest
order in the dipole sizes r and r̄. As discussed bellow Eq. (4.16), in the correlation limit we assume
that r, r̄ ≪ B, 1/Qs, with no specific constraint between the sizes B and 1/Qs. As mentioned
earlier, we work within the Gaussian approximation and assume that the averaged dipole S-
matrices depend only on the magnitude of the dipole separation, i.e., S(x,y) = S(|x − y|).
Therefore, the exact double dipole correlator in the Gaussian approximation for a homogeneous
nucleus can then be written as [111]

⟨S(x,y)S(ȳ, x̄)⟩ =S(x,y)S(ȳ, x̄) e−
F
2 + f

N2
c

×
[(√

D + F

2
√
D

− f

N2
c

√
D

)
e

√
D
2 +

(√
D − F

2
√
D

+
f

N2
c

√
D

)
e−

√
D
2

]
, (4.22)

where we use the definitions

D = F 2 − 4

N2
c

f(F − f), F =
Nc

2CF
ln

S(x,y)S(ȳ, x̄)
S(x, x̄)S(y, ȳ) and f =

Nc

2CF
ln

S(x, ȳ)S(y, x̄)
S(x, x̄)S(y, ȳ) .

(4.23)

We observe in these expressions that the lowest order term in r and r̄ is obtained by expanding
the logarithms of the S-matrices. To achieve this, we note that from Eq. (4.14) and the relations
below that x− ȳ = B + ϑ2r + ϑ1r̄. Therefore, we can write

lnS(x, ȳ) ≃ lnS(B) + (ϑ2r + ϑ1r̄)
i∂i lnS(B) +

1

2
(ϑ2r + ϑ1r̄)

i(ϑ2r + ϑ1r̄)
j∂i∂j lnS(B),

(4.24)
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and similarly for the other three dipole correlators appearing in the argument of the logarithm
in f . The leading terms cancel because they all involve one position in the DA and the other in
the CCA. It can also be explicitly checked, as discussed above Eq. (3.15), that the linear terms
in dipole size also cancel. Then, the second-order terms can be combined to yield

f ≃ Nc

2CF
rir̄j ∂i∂j lnS(B) =

1

2
rir̄j ∂i∂j lnSg(B). (4.25)

In the second equality, we use the adjoint dipole S-matrix Sg(B), as defined in Eq. (2.50), within
the Gaussian approximation. We also note the similarity between Eq. (4.25) and Eq. (3.15), and
we can consider the former as a generalization of the latter. On the other hand, the leading term
in F is independent of the dipole sizes r and r̄, and can be written as

F ≃ − Nc

2CF
lnS2(B) = − lnSg(B). (4.26)

The limiting behavior of Eq. (4.25) and Eq. (4.26) allows us to expand
√
D in orders of f , so at

second order it reads

√
D ≃ F − 2f

N2
c

+
4CF f

2

N3
c F

. (4.27)

By the same argument the various factors in Eq. (4.22) can be expanded for small values of f .
The linear terms cancel, while the quadratic ones give the relation

⟨S(x,y)S(ȳ, x̄)⟩ ≃ S(x,y)S(ȳ, x̄)
[
1 +

2CF

N3
c

f2
e−F − 1 + F

F 2

]
. (4.28)

We see that the second term, which in fact correspond to the incoherent component, is already
quartic in the sizes r and r̄, meaning that even when taking higher order values of F in Eq. (4.26),
their contribution would be neglected in the double dipole correlator. When B ≪ 1/Qs, F is
small and the F -dependent fraction in the second term in the square bracket in Eq. (4.28)
becomes 1/2. Eventually, Eq. (4.28) reduces to Eq. (3.16) as it should. It is also important to
point out that at large-Nc, Eq. (4.22) reduces to Eq. (4.28) 2 (clearly with 2CF /N

3
c → 1/N2

c ) for
generic dipole sizes r and r̄.

By subtracting the S(x,y)S(ȳ, x̄) component in Eq. (4.28), the incoherent diffractive corre-
lator in terms of dipole sizes in the correlation limit can be then written as

Wq(r, r̄,B) ≃ 2CF

N3
c

f2S(r)S(r̄)e
−F − 1 + F

F 2
. (4.29)

Finally, to the order of accuracy, S(x,y)S(ȳ, x̄) can be set equal to unity in Eq. (4.29), and by
using Eqs. (4.25) and (4.26), the correlator in terms of Sg takes the form

Wq(r, r̄,B) ≃ CF

2N3
c

rir̄jrkr̄l Φ(B) [∂i∂j lnSg(B)] [∂k∂l lnSg(B)], (4.30)

2As argued in Chapter 3, the Nc-suppressed terms are essential in the study of incoherent diffraction. At the
same time, it is evident from the squared bracket in Eq. (4.28) that these terms allow to perform the replacement
⟨S(y,z)S(y,z)⟩ → ⟨S(y,z)⟩⟨S(y,z)⟩ in the BK evolution equation (cf. Eq. (2.44) and bellow). It can be shown
numerically that the evolution of the n-point Wilson-line correlators in the Gaussian approximation at large-Nc

closely approximates the exact JIMWLK evolution equation [112]. This justifies neglecting the Nc-suppressed
terms in the small-x evolution of dipole scattering amplitudes and allows us to use the collBK evolution equation
in the present work.
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Figure 4.3: The typical dipole configuration that determines the incoherent diffractive dijet cross section
in Eq. (4.17) in the most interesting kinematic regime, P⊥ ≫ ∆⊥ ∼ Qs, which is a subspace of the regime
defined by the correlation limit P⊥ ≫ ∆⊥, Qs. In this configuration, the qq̄ dipole in the DA is separated
from the one in the CCA by a large distance, B ∼ 1/∆⊥ ∼ 1/Qs, compared to the dipole sizes themselves,
which satisfy r, r̄ ∼ 1/P⊥ ≪ 1/Qs.

where we defined the dimensional scalar

Φ(B) ≡ Sg(B)− 1− lnSg(B)

ln2 Sg(B)
, (4.31)

to compact the expression. Eq. (4.30) generalizes Eq. (3.16) for arbitrary values of B, so that
the conjugate momentum ∆⊥ can be of the order of (or smaller than) Qs. This implies that the
correlator includes unitarity corrections for the associated scattering amplitude.

Notably, in Eq. (4.30), there is an angular correlation between r (and r̄) and B, which in
momentum space corresponds to an angular correlation between P and ∆. The tensorial factor-
ization, dictated by the size scales at the level of the diffractive correlator in the correlation limit,
is explicit in Eq. (4.30). In other words, the power-law dependence on the small fundamental
dipole sizes r and r̄ factorizes from the dependence on the large adjoint dipole B.

In the next section, we will present the analogous factorized cross sections, expressed in terms
of their related hard and semihard momenta, along with their non-trivial dependence on Sg(B).
The appearance of the adjoint dipole is a consequence of the participation of double dipoles, which
can be seen in Fig. 4.3, where the dipole configuration for the incoherent diffractive process in
the kinematic regime of interest is shown.

4.3 The factorized cross sections
The form of the fundamental correlator in Eq. (4.30) allows the factorization of the integrals over
r and r̄ from the one over B in Eq. (4.17), leading to the form

dσ
γ∗
TA→qq̄X

D

dϑ1dϑ2 d2Pd2∆
=
S⊥αemNc

4π3

(∑
e2f

)
δ(1− ϑ1 − ϑ2)

(
ϑ21 + ϑ22

) CF

2N3
c

∣∣AT
D

∣∣2 , (4.32)

where the “reduced” cross section
∣∣AT

D

∣∣2 is defined as
∣∣AT

D

∣∣2 = Hiks
T (P , Q̄)Hjls∗

T (P , Q̄)Gij,kl
D (∆), (4.33)

and where the hard factor Hiks
T is given by the rank-3 tensor

Hiks
T (P , Q̄) =

∫
d2r

2π
e−iP ·r r

irkrs

r
Q̄K1

(
Q̄r
)
, (4.34)
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while the semihard factor Gij,kl
D (∆) reads

Gij,kl
D (∆) =

∫
d2B

2π
e−i∆·B Φ(B) [∂i∂j lnSg(B)] [∂k∂l lnSg(B)], (4.35)

with the scalar function Φ(B) being defined in Eq. (4.31). This central result of our work shows
that at leading twist (in reference to the inverse powers of P⊥), the cross section for incoherent
diffractive dijet production can be given in a factorized form at the tensorial level: one factor
depends only on the hard momenta P and Q̄, while another depends solely on the semi-hard
momentum ∆.

It is also clear that this result includes all the inverse powers of the imbalance ∆⊥. A similar
property was found in the case of the inclusive dijet cross section [27, 113].

Notably, in contrast to the coherent case, where the imbalance momentum is generated by
the emission of a gluon [52, 53, 55], this factorization does not hold at the level of the amplitude.

The hard factor Eq. (4.34) is symmetric in all indices, and as a result, the integration can be
written in terms of δikP s, P iP kP s, and their permutations, all with the same weight. Thus, by
performing the decomposition in terms of two independent scalars, it can be expressed as

Hiks
T (P , Q̄) = − 2i

(P 2
⊥ + Q̄2)2

(
δikP s + δisP k + δksP i

)
+

8iP iP kP s

(P 2
⊥ + Q̄2)3

. (4.36)

The semi-hard factor Gij,kl
D (∆) in Eq. (4.33) incorporates the QCD dynamics through the

non-linear scattering of the adjoint dipole off the nuclear target. Its tensorial structure consists
of two factors, each of which is a symmetric rank-two tensor of the form ∂i∂j lnSg(B). Since
we assume that Sg depends only on the magnitude of B, these factors can be decomposed into
diagonal and traceless parts, which read

∂i∂j lnSg(B) = F+(B)
δij

2
+ F−(B) B̂ij , (4.37)

where the scalar coefficients F+(B) and F−(B) are found to be

F±(B) =
∂2 lnSg(B)

∂B2
± 1

B

∂ lnSg(B)

∂B
(4.38)

and where we have defined the traceless tensor

B̂ij ≡
(
BiBj

B2
− δij

2

)
. (4.39)

The two functions in Eq. (4.38) have dimensions of mass squared, and we note that F+(B) =

∇2 lnSg(B). Hence, the rank-4 tensor Gij,kl
D (∆) can be decomposed in terms of the structures

δijδkl, δij∆k∆l, ∆i∆j∆k∆l, or permutations of the first two. The precise form of the tensor,
along with its corresponding scalar coefficients, is given in Appendix B, see Eqs. (B.1)-(B.7).
Here, we rewrite only the coefficients that contribute to the cross section of the process under
consideration, which are

G(+)
D (∆⊥) =

∫
d2B

2π
e−i∆·B Φ(B)[F+(B)]2, (4.40)

G(−)
D (∆⊥) =

∫
d2B

2π
e−i∆·B Φ(B)[F−(B)]2, (4.41)
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G(1)
D (∆⊥) =

∫
d2B

2π
e−i∆·B Φ(B)F+(B)F−(B) cos 2ϕ∆B (4.42)

and

G(2)
D (∆⊥) =

∫
d2B

2π
e−i∆·B Φ(B)[F−(B)]2 cos 4ϕ∆B, (4.43)

with ϕ∆B being the angle between the vectors ∆ and B. We will refer to these quantities as
semihard coefficients3 and observe that the integration over the angle ϕ∆B in these terms can be
performed using the relation

∫
d2B

2π
e−i∆·B F(B) cos 2nϕ∆B = (−1)n

∫ ∞

0

dBBJn(∆⊥B)F(B), (4.44)

where F(B) is an arbitrary function of B, representing all possible semihard coefficients in terms
of one-dimensional integrals involving the first three even Bessel functions of the first kind, i.e.,
Jn(∆⊥B) with n = 0, 2, 4.

Now that we have suitable expressions for the tensors involving the hard and semihard factors
of the cross section, we can perform the corresponding contractions to obtain the transverse
reduced cross section, which is given by

∣∣AT
D

∣∣2 =
4P 2

⊥(3Q̄
4 + P 4

⊥)

(P 2
⊥ + Q̄2)6

G(+)
D (∆⊥) +

8Q̄4P 2
⊥

(P 2
⊥ + Q̄2)6

G(−)
D (∆⊥)

+
16Q̄2P 2

⊥(Q̄
2 − P 2

⊥) cos 2ϕ

(P 2
⊥ + Q̄2)6

G(1)
D (∆⊥)−

8Q̄2P 4
⊥ cos 4ϕ

(P 2
⊥ + Q̄2)6

G(2)
D (∆⊥), (4.45)

where ϕ is the angle between the hard jet momentum P and the momentum transfer ∆.
The longitudinal cross section, as discussed at the end of section 4.1, differs from the transverse

one by replacing factors involving the longitudinal fractions and Bessel functions of the second
kind. These replacements affect only the hard factor, resulting in the reduced cross section

∣∣AL
D

∣∣2 = Hik
L (P , Q̄)Hjl

L (P , Q̄)Gij,kl
D (∆), (4.46)

where now the hard factor is encoded in the rank-2 tensor

Hik
L (P , Q̄) =

∫
d2r

2π
e−iP ·r rirk Q̄K0

(
Q̄r
)

=
4Q̄(Q̄2 − P 2

⊥)

(P 2
⊥ + Q̄2)3

δik

2
− 8Q̄P 2

⊥
(P 2

⊥ + Q̄2)3

(
P iP k

P 2
⊥

− δik

2

)
. (4.47)

The contractions with the semihard factor lead to

∣∣AL
D

∣∣2 =
2Q̄2(Q̄4 − 2Q̄2P 2

⊥ + 5P 4
⊥)

(P 2
⊥ + Q̄2)6

G(+)
D (∆⊥) +

2Q̄2(Q̄2 − P 2
⊥)

2

(P 2
⊥ + Q̄2)6

G(−)
D (∆⊥)

− 16Q̄2P 2
⊥(Q̄

2 − P 2
⊥) cos 2ϕ

(P 2
⊥ + Q̄2)6

G(1)
D (∆⊥) +

8Q̄2P 4
⊥ cos 4ϕ

(P 2
⊥ + Q̄2)6

G(2)
D (∆⊥). (4.48)

3This differs from the original paper [63], where they were abusively called semihard distributions due to their
similarity to the gluon distributions in inclusive dijet production [26, 27, 113]. See the discussion below Eq. (4.11)
in [63] and Appendix C in this work. We do not use the same terminology here to avoid confusion with the parton
distributions introduced in [64], which will be presented in Chapter 6.
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Just as in the case of the transverse cross section, the longitudinal component is expressed as a
linear combination of four semihard coefficients, G(n)

D (∆⊥), with the indices n = +,−, 1, 2, which
correspond to 0, 0, 2, 4 in their angular dependence, cosnϕ∆B. Each term is given by analytical
expressions depending on the hard momenta P⊥ and Q̄, as well as on the angle between P and
∆. We note that there is a one-to-one correspondence between the angle ϕ∆B and the angle ϕ;
that is, each G(n)

D (∆⊥) involves a cosnϕ∆B, which in turn leads to a cosnϕ dependence in the
cross section. Additionally, we observe a flip of sign in the terms involving cos 2ϕ and cos 4ϕ
between the transverse and longitudinal components. This characteristic is also observed in the
inclusive dijet cross section for the coefficients of cos 2ϕ [27].

Before proceeding with the analysis of the momentum dependence of the semihard coefficients
G(n)
D (∆⊥), we note that for the typical magnitude of jet momenta dictated by the photon decay

vertex, P⊥ ∼ Q̄, the hard momentum factors in all terms scale as 1/P 6
⊥. We also observe that

in the limit Q̄ → 0, which corresponds either to photo-production (Q2 → 0) or to the aligned
aligned-jet limit (ϑ1ϑ2 → 0), the longitudinal reduced cross section in Eq. (4.48) vanishes, while
for the transverse case in Eq. (4.45), only the first term contributes.

4.4 The semihard momentum dependence

The ∆⊥-dependence is captured in the semihard factors G(n)
D (∆⊥) in each term of both the

transverse and longitudinal components. We begin by performing simple analytical calculations
in different regimes, considering the momentum transfer ∆⊥ and the saturation momentum Qs.

For moderate small values of x, we assume that the dipole-nucleus scattering is described by
the MV model, which was introduced in Eq. (2.48) and is restated here for convenience in the
form

Sg(B) = 1− Tg(B) = exp

(
−B

2Q2
A

4
ln

4

B2Λ2

)
, (4.49)

with the scale Q2
A in terms of the saturation momentum given by the relation

Q2
A ln

Q2
s

Λ2
= Q2

s. (4.50)

Such a relation refers to the gluon saturation momentum which is enhanced by a factor of
Nc/CF w.r.t. the quark one. Hence, the functions F+(B) and F−(B) are described by the simple
expressions

F+(B) = −Q2
A ln

(
4/B2Λ2

)
+ 2Q2

A , F−(B) = Q2
A. (4.51)

The dimensionless Φ(B), defined in Eq. (4.31), can be expressed in the piecewise form

Φ(B) ≃





1/2 for B ≪ 1/Qs,

O(1) for B ∼ 1/Qs,

− 1

lnSg(B)
=

4

B2Q2
A ln(4/B2Λ2)

for B ≫ 1/Qs,

(4.52)

We point out that the normalization is well-controlled when B ≪ 1/Qs, distinguishing it from the
second case, although they are of the same order. In contrast, the third case, which corresponds
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to the regime where unitarity corrections are important with ∆⊥ ≪ Qs, exhibits suppression for
large values of B.

In the weak interaction regime, where ∆⊥ ≫ Qs, the dominant contribution to the coefficients
G(n)
D (∆⊥) comes from small dipoles with B ≪ 1/Qs. By performing the integrations with the

help of the integrals in Appendix A, we derive the expressions for the semihard coefficients to
logarithmic accuracy, namely

G(+)
D ≃ 2Q4

A

∆2
⊥

ln
∆2

⊥
Λ2

, G(−)
D ≃ Q6

A

3∆4
⊥
, G(1)

D ≃ Q4
A

∆2
⊥
ln

∆2
⊥

Λ2
, G(2)

D ≃ 2Q4
A

∆2
⊥

for ∆⊥ ≫ Qs.

(4.53)

We see that the dominant contributions come from G(+)
D (∆⊥) and G(1)

D (∆⊥), and in this regime,
they satisfy the relation G(+)

D (∆⊥) ≃ 2G(1)
D (∆⊥). It is also evident that G(−)

D (∆⊥) is power-
suppressed.4

In the regime ∆⊥ ∼ Qs, corresponding to dipole sizes B ∼ 1/Qs, we find

G(+)
D ∼ Q2

s , G(−)
D ∼ Q2

s

ρ2A
, G(1)

D ∼ Q2
s

ρA
, G(2)

D ∼ Q2
s

ρ2A
for ∆⊥ ∼ Qs, (4.54)

where we have defined ρA ≡ ln
(
Q2

s/Λ
2
)
. In this regime, G(+)

D (Qs) also dominates with logarithmic
accuracy. This same property holds in the regime of small momentum transfer, where Λ ≪ ∆⊥ ≪
Qs, in which case it behaves as

G(+)
D (∆⊥) ≃ Q2

A

(
ln2

Q2
s

Λ2
− ln2

∆2
⊥

Λ2

)
for ∆⊥ ≪ Qs, (4.55)

thus, G(+)
D (∆⊥) dominates across the entire kinematic regime and exhibits saturation. We also

note that due to the dependence on the angle between ∆ and B, the angular integration in
G(1)
D (∆⊥) and G(2)

D (∆⊥) results in J2(∆⊥B) and J4(∆⊥B) for the corresponding semihard co-
efficients [cf. Eqs. (4.42), (4.43), and (4.44)]. These Bessel functions vanish quadratically and
quartically, respectively, at small arguments, leading to the suppression of the coefficients in the
region where ∆⊥ is smaller than Qs.

The present work focuses on phenomenological applications, where the rapidity scale, at
which the scattering amplitude must be evaluated, is of the order of a few units. In this context,
the properties of the semihard G(n)

D (∆⊥) are well described by the MV model. While detailed
analytical estimates for high rapidities are possible, they are beyond the scope of this work.
Nonetheless, for the sake of completeness, it is worth discussing the modifications that high-
energy evolution, particularly the BK evolution, may bring to the estimates presented here. The
BK evolution softens the perturbative tail of the scattering amplitude. At asymptotically high
energies, the amplitude becomes a function of the single variable BQs(Y ), a property known as
geometrical scaling, valid over a wide kinematic regime that extends to momenta well above Qs

[114–116]. Up to logarithmic factors, in the regime where B ≪ 1/Qs, the solution behaves as
Tg(B) ∝ (B2Q2

s)
γ , where at LO, γ ≃ 0.63. At NLO, the corresponding corrections [98, 117, 118]

and the necessary collinear resummations [99, 119, 120] ensure that this remains a good solution,
with γ satisfying 1/2 < γ < 1.

That said, we present the numerical evaluation of the semihard coefficients G(n)
D (∆⊥) from

Eqs. (4.40)-(4.43) in Fig. 4.4. In the left panel, we show the initial condition where the scattering
4To obtain this expression, it is necessary to retain the first subleading term −Tg/6 in the expansion of Φ,

where the amplitude Tg involves exchanges of only two gluons.
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Figure 4.4: The four semihard functions G(n)
D (∆⊥) as a function of the transverse momentum ∆⊥ are

shown. Left panel: The input amplitude Tg(B) is taken from the MV model with Q2
s = 2 GeV2. Right

panel: The input amplitude Tg(B) is obtained by evolving the MV model initial condition to ∆Y = 3
using the collinearly improved BK equation [99].

amplitude is given by the MV model, with Q2
s = 2 GeV2. We confirm the hierarchies for

∆⊥ ≫ Qs and ∆⊥ ∼ Qs as outlined in Eqs. (4.53) and (4.54). It is also evident that G(1)
D (∆⊥)

and G(2)
D (∆⊥) bend downward at small ∆⊥, as discussed below Eq. (4.55). Furthermore, we

observe that G(+)
D (∆⊥) grows logarithmically as ∆⊥ decreases; specifically, it grows as the square

of the logarithm of ∆2
⊥, as dictated in Eq. (4.55), while G(−)

D (∆⊥) grows more slowly. In the right
panel, we show the same semihard coefficients evolved over a short interval, ∆Y = 3, using the
collinearly improved BK equation detailed in Sec. 2.2.2. It is clear that such a short evolution
does not bring significant changes in the behavior of the semihard coefficients. However, we
observe that G(−)

D (∆⊥) for ∆⊥ ≫ Qs is no longer power suppressed as it was in the MV model.
Still, since its contribution to the cross section is of the same form as the one from G(+)

D (∆⊥) (i.e.,
independent of the angle ϕ) but much smaller, it can be safely neglected for practical purposes.

We further analyze the constraints on the factors G(n)
D (∆⊥) imposed by the positivity of the

transverse and longitudinal cross sections, as well as their dependence on terms proportional to
cosnϕ. To simplify the notation, we rewrite the reduced cross sections in Eqs. (4.45) and (4.48)
in order to highlight their dependence on cosnϕ and the momenta P and ∆, namely

∣∣Aλ
D

∣∣2 = N λ
0 (P⊥,∆⊥) + 2

∞∑

n=1

N λ
n (P⊥,∆⊥) cosnϕ. (4.56)

At the leading twist level, where we have been working so far, the only non-vanishing terms
are N λ

n with n = 0, 2, 4. Therefore, since the averaged reduced cross sections N λ
0 are explicitly

positive, we can equivalently analyze the ratios |Aλ
D|2/N λ

0 . To do so, we minimize these ratios
as a function of P 2

⊥ and ϕ and require that the minimum value remains non-negative. Focusing
on the longitudinal sector, we begin by keeping only the G(+)

D (∆⊥) and G(1)
D (∆⊥) terms in |Aλ

D|2
(see Eq. (4.48)), since the contribution from G(1)

D (∆⊥) is the only one comparable to G(+)
D (∆⊥)

in the MV model, particularly in the regime where ∆⊥ is of the order of Qs or higher. As a
result, |AL

D|2/NL
0 has a global minimum at ϕ = 0 and P⊥ = Q̄/

√
3, leading to the positivity

constraint G(+)
D (∆⊥) − 2G(1)

D (∆⊥) ≥ 0. We observe that, in the leading logarithmic behavior
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Figure 4.5: The l.h.s. of the two positivity constraints normalized to G(+)
D (∆⊥). Left panel: transverse

sector [cf. Eq. (4.58)]. Right panel: longitudinal sector [cf. Eq. (4.57)].

for ∆⊥ ≫ Qs in the MV model (shown in Eq. (4.53)), this constraint reaches equality, or
“saturates”. This property is very similar to that found for the unpolarized and linearly polarized
gluon distributions [26]. When including the contribution from G(2)

D (∆⊥), while still neglecting
G(−)
D (∆⊥), the constraint of interest is given by the relation

CL(∆⊥) ≡ G(+)
D (∆⊥)− 2G(1)

D (∆⊥) +
1

2
G(2)
D (∆⊥) ≥ 0. (4.57)

In the regime where ∆⊥ ≫ Qs, it can be shown analytically that, by keeping all the 1/∆2
⊥ terms

(and not only those enhanced by a logarithm) in the MV model, the l.h.s. in Eq. (4.57) is strictly
positive. In the transverse sector, the corresponding positivity constraint is given by

CT (∆⊥) ≡ G(+)
D (∆⊥)−

2

3
G(1)
D (∆⊥)−

1

2
G(2)
D (∆⊥) ≥ 0. (4.58)

In Fig. 4.5, we present the numerical calculations of the constraints in Eqs. (4.57) and (4.58),
demonstrating their validity over a wide range of ∆⊥. These calculations are performed using
the MV model and its evolution, as described by the solution to the collinearly improved BK
equation.

4.5 Analytical estimates and numerical results of the aver-
age cross sections

In this section we consider the incoherent diffractive cross sections averaged over the angle ϕ
between the momenta ∆ and P , namely

dσ
γ∗
λA→qq̄X

D

dΠ
=

∫ 2π

0

dϕ

2π

dσ
γ∗
λA→qq̄X

D

dϑ1dϑ2 d2Pd2∆
, (4.59)

with dΠ = (2π)2P⊥dP⊥∆⊥d∆⊥dϑ1dϑ2. From Eqs. (4.45) and (4.48) it is visible that the
terms involving G(1)

D (∆⊥) and G(2)
D (∆⊥) vanish due to the angle averaging. Therefore, the above
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CROSS SECTIONS

quantity receives the contributions of G(+)
D (∆⊥) and G(−)

D (∆⊥). As discussed in the previous
section, G(−)

D (∆⊥) is subleading, hence for analytical estimates we consider only the contribution
of G(+)

D (∆⊥), while it is kept in the numerical calculations.
Following the notation in Eq. (4.56), the reduced transverse and longitudinal average cross

sections can be written as

N T
0 ≃ 4P 2

⊥(3Q̄
4 + P 4

⊥)

(P 2
⊥ + Q̄2)6

G(+)
D (∆⊥) , NL

0 ≃ 2Q̄2(Q̄4 − 2Q̄2P 2
⊥ + 5P 4

⊥)

(P 2
⊥ + Q̄2)6

G(+)
D (∆⊥). (4.60)

We are interested in getting an analytical understanding of the incoherent diffractive cross section
and its magnitude w.r.t. the respective inclusive cross section. The latter is analytically known
in the correlation limit [27, 113] and it is reviewed in Appendix C. Hence, we proceed to study
the ratio of the averaged cross sections, namely

dσ
γ∗
TA→qq̄X

D /dΠ

dσ
γ∗
TA→qq̄X

inc /dΠ
=

1

2N2
c

4P 2
⊥(3Q̄

4 + P 4
⊥)

(P 4
⊥ + Q̄4)(P 2

⊥ + Q̄2)2
G(+)
D (∆⊥)

(4π3αs/CF )xG(∆⊥)
(4.61)

for the transverse polarizations and

dσ
γ∗
LA→qq̄X

D /dΠ

dσ
γ∗
LA→qq̄X

inc /dΠ
=

1

2N2
c

Q̄4 − 2Q̄2P 2
⊥ + 5P 4

⊥
P 2
⊥(P

2
⊥ + Q̄2)2

G(+)
D (∆⊥)

(4π3αs/CF )xG(∆⊥)
, (4.62)

for the longitudinal one. The factor xG(∆⊥) is the unpolarized unintegrated gluon distribution
in the target, cf. Eq. (C.3), and it is dimensionless. In both ratios we have factorized the fraction
that encodes the semihard dynamics, and in the regime ∆⊥ ∼ Qs it is of the order of Q2

s.
Generally it is a function that varies slowly with ∆⊥. Thus, the behavior of the ratios, when
P⊥ ∼ Q̄, has the form

dσ
γ∗
λA→qq̄X

D /dΠ

dσ
γ∗
λA→qq̄X

inc /dΠ
∼ 1

N2
c

Q2
s

P 2
⊥
. (4.63)

We explicitly observe the 1/N2
c suppression discussed in Sect.3.1.2. Additionally, we note the

stronger suppression given by the 1/P 6
⊥ fall-off in the diffractive case, which is much more signif-

icant than the 1/P 4
⊥ suppression in the inclusive case. Nevertheless, the precise P⊥ dependence

of the ratio differs significantly between the two polarizations, and this distinction is related to
the relative magnitude of P⊥ w.r.t. Q̄. In the transverse sector, at small P⊥, the ratio vanishes
quadratically, while at large P⊥, it falls off as 1/P 2

⊥. This indicates a maximum at a value P ∗
⊥,

which is proportional to Q̄, and the numerical solution to the resulting algebraic equation yields
P ∗
⊥ ≃ 0.75Q̄. In the longitudinal sector, the scale for both small and large P⊥ is of the form

1/P 2
⊥, but with different coefficients in each limit. These features were previously observed in

the numerical study by [34], our work instead focuses on providing an analytical understanding
of them in the correlation limit.

The angle-averaged reduced cross sections as functions of P⊥ and ∆⊥ are shown in Fig. 4.6.
The harder tail in P⊥, compared to ∆⊥, is visible in both the transverse and longitudinal cross
sections at high momenta. On the other hand, as discussed in Eq. (4.55), when ∆⊥ decreases
and becomes smaller than Qs, the cross section shows a logarithmic increase.
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Figure 4.6: The angle-averaged reduced incoherent diffractive dijet cross section at leading twist. Left
panel: as a function of the momentum transfer ∆⊥ for a fixed relative momentum P⊥. Right panel: as
a function of P⊥ for a fixed ∆⊥.

4.6 The azimuthal anisotropies
The azimuthal anisotropies are the objects sensitive to the relative angle between ∆ and P , and
are defined as the dimensionless ratios

⟨cosnϕ⟩λ =

∫ 2π

0

dϕ

2π
cosnϕ

dσ
γ∗
λA→qq̄X

D

dϑ1dϑ2 d2Pd2∆

/∫ 2π

0

dϕ

2π

dσ
γ∗
λA→qq̄X

D

dϑ1dϑ2 d2Pd2∆
=

N λ
n

N λ
0

, (4.64)

where n is an even integer. At leading twist, the non-vanishing anisotropies are the elliptic
⟨cos 2ϕ⟩λ and the quadrangular ⟨cos 4ϕ⟩λ ones, as visible in Eqs. (4.45) and (4.48), and read

⟨cos 2ϕ⟩T ≃ 2Q̄2(Q̄2 − P 2
⊥)

3Q̄4 + P 4
⊥

G(1)
D (∆⊥)

G(+)
D (∆⊥)

, ⟨cos 2ϕ⟩L ≃ 4P 2
⊥(P

2
⊥ − Q̄2)

Q̄4 − 2Q̄2P 2
⊥ + 5P 4

⊥

G(1)
D (∆⊥)

G(+)
D (∆⊥)

(4.65)

and

⟨cos 4ϕ⟩T ≃ − Q̄2P 2
⊥

3Q̄4 + P 4
⊥

G(2)
D (∆⊥)

G(+)
D (∆⊥)

, ⟨cos 4ϕ⟩L ≃ 2P 4
⊥

Q̄4 − 2Q̄2P 2
⊥ + 5P 4

⊥

G(2)
D (∆⊥)

G(+)
D (∆⊥)

. (4.66)

As discussed at the end of Sect. 4.3, we observe that ⟨cos 2ϕ⟩λ is proportional to G(1)
D (∆⊥)

while ⟨cos 4ϕ⟩λ is proportional to G(2)
D (∆⊥). We also observe the opposite sign between ⟨cos 2ϕ⟩T

and ⟨cos 2ϕ⟩L, and similarly for the ⟨cos 4ϕ⟩λ anisotropies, a fact that can be written with the
relations

⟨cos 2ϕ⟩T ⟨cos 2ϕ⟩L ≤ 0 and ⟨cos 4ϕ⟩T ⟨cos 4ϕ⟩L < 0. (4.67)

As observed in Eq. (4.65), ⟨cos 2ϕ⟩λ can vanish. Indeed, one has

⟨cos 2ϕ⟩T = ⟨cos 2ϕ⟩L = 0 when P⊥ = Q̄ for any ∆⊥, (4.68)

which are zeros similar to the ones appearing in coherent diffractive dijet production [51]. In the
“all twist” numerical solution [34], the zero in the transverse sector does not exist. We shall see
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Figure 4.7: Diffractive ⟨cos 2ϕ⟩λ azimuthal anisotropies at leading twist. Left panel: as a function of
the momentum transfer ∆⊥ for a fixed relative momentum P⊥. Right panel: as a function of P⊥ for a
fixed ∆⊥.

in Sect. 4.6.1 that in the correlation limit, this property can be well described when taking into
account the first higher twist correction.

When comparing the azimuthal anisotropies in the present case with those in inclusive dijet
production, we observe that in the inclusive case, in the correlation limit at leading twist, only
the ⟨cos 2ϕ⟩λ anisotropies are non-zero. To obtain the ⟨cos 4ϕ⟩λ anisotropies in such a case,
higher twist effects must be considered [121], which are power suppressed by either Q2

s/P
2
⊥ or

∆2
⊥/P

2
⊥. In contrast, for incoherent diffractive dijet production, the ⟨cos 4ϕ⟩λ anisotropies are

parametrically of the same order as the ⟨cos 2ϕ⟩λ anisotropies, as all the hard coefficients are of
the same order in P⊥.

In Fig. 4.7, the ⟨cos 2ϕ⟩λ azimuthal anisotropies are shown for the MV model and its evolution
over a few units of rapidity. We observe a smaller anisotropy as the momentum transfer ∆⊥
decreases, and the zeros at P⊥ = Q̄, determined by the hard factors, are clearly visible.

Similar features are observed in the numerical solutions for the ⟨cos 4ϕ⟩λ anisotropies shown
in Fig. 4.8 (except for the discussed zeros). We also note that in the MV model, and to some
extent in the BK solution, the semihard factors satisfy the relation G(2)

D (∆⊥) ≪ G(1)
D (∆⊥) for

all relevant momenta due to the presence of large logarithmic factors, as seen in Eqs. (4.53) and
(4.54). Thus, although both ⟨cos 2ϕ⟩λ and ⟨cos 4ϕ⟩λ are of the same twist, the quadrangular
anisotropy is eventually smaller than the elliptic one.

4.6.1 Higher twist kinematic corrections

In this work, we focus on hard jets in the correlation limit, where the relative momentum P⊥ is
much larger than the semihard scales, including the momentum transfer ∆⊥ and the saturation
momentum Qs. The higher twist corrections then arise from considering contributions propor-
tional to powers of the ratios Qs/P⊥ and ∆⊥/P⊥ beyond the leading-order expansion. The
powers of the ratio Qs/P⊥ are referred to as “genuine saturation” effects, or saturation twists.
To fully account for these contributions, one must employ a numerical approach [34]. Our in-
terest, however, is focused on hard jets, which leads us to consider the “kinematic twists”, where
contributions involving powers of ∆⊥/P⊥ [122–124] play a significant role.

To resum the kinematic twists one can rely on the improved TMD framework and follow
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Figure 4.8: Diffractive ⟨cos 4ϕ⟩λ azimuthal anisotropies at leading twist. Left panel: as a function of
the momentum transfer ∆⊥ for a fixed relative momentum P⊥. Right panel: as a function of P⊥ for a
fixed ∆⊥.

the procedure developed in [123] (see e.g. [37] for the implementation in the case of inclusive
dijet production). Our goal in this work is more modest, in the sense that we consider only the
first higher order kinematic twist and we show that this is enough to have a good analytical
description of the anisotropies in the kinematic region of interest.

Before proceeding to the calculation, we point out that at leading twist the only dependence
of the fractions ϑ1 and ϑ2 in the reduced cross section is given by the hard quantity Q̄. On the
other hand, in the first higher twist correction we see by explicit calculation that the reduced
cross section has an explicit dependence on such fractions. Hence, in order to keep the problem
simple, we take ϑ1 = ϑ2 in the rest of this section.

Starting from the general expression in Eq. (4.17) for the transverse cross section (and simi-
larly for the longitudinal one), the correlator WD(r, r̄,B) defined in Eq. (4.18) must be expanded
to the 6th order in the dipole sizes r and/or r̄, in contrast to the 4th-order expansion at leading
twist in Eq. (4.30). The additional two powers in the dipole sizes result in an extra 1/P 2

⊥ factor
in the cross section in momentum space. Similarly, the higher-order expansion introduces two
more derivatives, which, after Fourier transforming, lead to a factor proportional to the semihard
scales, either ∆2

⊥ or Q2
s. The kinematic correction corresponds to the former case.

The leading contribution to this correction comes from terms with the fewest factors involving
lnSg(B), which scales like Q2

s. As with the leading twist, this contribution involves only two
factors. In other words, by expanding f , defined in Eq. (4.23), to the 4th order in the small
dipole size and inserting it into Eq. (4.28), we find that the first-order kinematic correction to
the transverse and longitudinal reduced cross sections, Eqs. (4.33) and (4.46), is given by:

δ
∣∣AT

D

∣∣2 =
1

6
Hikmns

T (P , Q̄)Hjls∗
T (P , Q̄)Gij,klmn

D (∆), (4.69)

and

δ
∣∣AL

D

∣∣2 =
1

6
Hikmn

L (P , Q̄)Hjl∗
L (P , Q̄)Gij,klmn

D (∆), (4.70)

respectively. The hard factors Hikmns
T (P , Q̄) and Hikmn

L (P , Q̄) are the evident extension of the
leading ones in Eqs. (4.34) and (4.47) with two more indices each and their details are shown in
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Appendix D. On the other hand, the rank-6 semi-hard tensor reads

Gij,klmn
D (∆) =

∫
d2B

2π
e−i∆·B Φ(B) [∂i∂j lnSg(B)] [∂k∂l∂m∂n lnSg(B)], (4.71)

and its tensor decomposition is also given in Appendix D. In this section we are only interested
on the final expressions for the MV model, which can be expressed in terms of elementary
integrations over the adjoint dipole size B. Hence, by using the notation in Eq. (4.56), the
corrections to the averaged over angle reduced cross sections for the transverse sector is given by
(recall that Q2

A ln
Q2

s

Λ2 = Q2
s)

δN T
0 = −16P 2

⊥Q̄
2(7Q̄4 − 7Q̄2P 2

⊥ + 2P 4
⊥)

(P 2
⊥ + Q̄2)8

Q4
A

∫
dB

B
J0(∆⊥B)Φ(B) (4.72)

while for the longitudinal one reads

δNL
0 = −16Q̄2(Q̄6 − 5Q̄4P 2

⊥ + 8Q̄2P 4
⊥ − 2P 6

⊥)

(P 2
⊥ + Q̄2)8

Q4
A

∫
dB

B
J0(∆⊥B)Φ(B). (4.73)

Such expressions diverge logarithmically at small B, however, they are valid in the regime where
r ≪ B, and therefore we are allowed to set a UV cutoff equal to c0/P⊥ in the integrations in
Eqs. (4.72) and (4.73), where c0 is a constant of the order of one 5.

Analogously, we can calculate the corrections to the numerator of the ⟨cos 2ϕ⟩λ anisotropies.
For the transverse sector we find

δN T
2 =

8P 2
⊥

(P 2
⊥ + Q̄2)8

Q4
A

[
(12Q̄6 − 34Q̄4P 2

⊥ + 6Q̄2P 4
⊥ − 4P 6

⊥)
∫

dB

B
J2(∆⊥B)Φ(B)

− (7Q̄6 − 20Q̄4P 2
⊥ + 3Q̄2P 4

⊥ − 2P 6
⊥)
∫

dB

B
J2(∆⊥B)Φ(B) ln

4

B2Λ2

]

(4.74)

and for the longitudinal one

δNL
2 =

8P 2
⊥Q̄

2(Q̄2 − P 2
⊥)

(P 2
⊥ + Q̄2)8

Q4
A

[
(15P 2

⊥ − 13Q̄2)

∫
dB

B
J2(∆⊥B)Φ(B)

+ 8(Q̄2 − P 2
⊥)
∫

dB

B
J2(∆⊥B)Φ(B) ln

4

B2Λ2

]
. (4.75)

Unlike in the case of δN λ
0 , the integrals involved in the corrections δN λ

2 are UV finite since the
Bessel function J2(∆⊥B) vanishes quadratically for small arguments. We note that now only the
longitudinal anisotropy vanishes when P⊥ = Q̄, while the kinematic correction to the transverse
sector shows that the value of P⊥ at which ⟨cos 2ϕ⟩T changes sign increases with ∆⊥. We further
observe that when P⊥ > Q̄, the kinematic correction to ⟨cos 2ϕ⟩T is positive and increases with
∆⊥, rather than being negative and decreasing as in the case of the leading twist [cf. Eq. (4.65)].
So, in fact, the higher twist correction implies a minimum in ∆⊥ as a function of ∆⊥ for P⊥ > Q̄.
In Fig. 4.9, the ⟨cos 2ϕ⟩λ anisotropies are shown in the MV model when the first higher kinematic
twist is included.

5It can be checked numerically that the precise choice of c0 does not produce sensitive changes to the results
here presented.
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Figure 4.9: Diffractive ⟨cos 2ϕ⟩λ azimuthal anisotropies including the first higher kinematic twist. Left
panel: as a function of the momentum transfer ∆⊥ for fixed relative momentum P⊥. Right panel: as a
function of P⊥ for fixed ∆⊥.

All these features, obtained semi-analytically in the region where P 2
⊥ is (much) larger than Q2

s

are in good agreement with the fully numerical solution and the discussion given in [34] (cf. Fig. 3
there).

We conclude this section commenting that the first higher order twist provides also expressions
for the remaining non-vanishing quantities δN λ

4 and δN λ
6 which contribute to the corresponding

⟨cos 4ϕ⟩λ and ⟨cos 6ϕ⟩λ anisotropies, although, they are out of the scope of the present work.
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Chapter 5

The qq̄g Contribution

In this chapter we consider the production mechanism of two hard jets accompanied by a third
semihard jet. As was shown in the previous chapter, at leading order in QCD perturbation theory,
the cross section exhibits a 1/P 6

⊥ spectrum. When a third jet accompanies the hard dijet, with
transverse momentum k such that k⊥ ∼ Qs ≪ P⊥, the large size R ∼ 1/k⊥ ∼ 1/Qs controls
the scattering and becomes strong, leading to a 1/P 4

⊥ spectrum. At the same time, such a NLO
calculation comes with an extra factor αs(P⊥), nevertheless, this dependence is only logarithmic
and when P⊥ ≫ Qs, the softer power law is the most relevant factor. This mechanism was
originally studied in detail for the case of coherent production [52, 55, 56] and here we shall
apply the same ideas. The third semi-hard jet can be composed of any parton, i.e., a gluon,
a quark or an antiquark. Another significant feature of the third semi-hard jet is that it must
be soft. In fact, when its formation time 2k+/k2⊥ is of the order of the virtual photon lifetime
2q+/Q2, its splitting fraction ϑ ≡ k+/q+ satisfies the relation ϑ ∼ k2⊥/Q

2 ∼ Q2
s/P

2
⊥ ≪ 1. At the

same time, as it will be explicitly visible in next sections, partons with even smaller longitudinal
momentum fraction than the above estimate diminish the rapidity gap of the process, and thus
are not interesting to our purposes. In the following, we will refer to the third jet as either
semi-hard jet or soft jet.

5.1 2+1 jets: soft gluons

Following the derivation for the coherent case [55] and making the appropriate adaptations to
the incoherent case, here we present the 2+1 jet incoherent diffractive cross section for a gluon
semi-hard jet. In this scenario, after the virtual photon decays in a quark-antiquark pair with
size r, any of the two fermions is allowed to emit a soft gluon with momentum fraction ϑ3 and
transverse momentum k3 at a distance R. When r ≪ R, the qq̄g fluctuation can be treated as an
effective gluon-gluon dipole that subsequently scatters strongly off the nuclear target, acquiring
a transverse momentum ∆ and a minus longitudinal momentum xPP

−
N . While the gluon fraction

ϑ3 of the plus longitudinal momentum q+ of the virtual photon fulfills ϑ3 ≪ 1, the quark and
antiquark longitudinal momentum fractions ϑ1 and ϑ2 follow the relation ϑ1 + ϑ2 ≃ 1. The
final transverse momenta k1 of the quark and k2 of the antiquark are hard and their imbalance
receives contributions from both the gluon recoil and the momentum transfer, since transverse
momentum conservation requires k1+k2 = −k3+∆. This is a characteristic sign of the present
process in contrast to the coherent and the 2 jets incoherent one, where only either the recoil
momentum or the momentum transfer, respectively, contribute to the imbalance. In Fig. 5.1 we
show the two amplitudes contributing to the scattering which correspond to the scattering off

47



CHAPTER 5. THE qq̄g CONTRIBUTION

Figure 5.1: Production of a hard quark-antiquark pair accompanied by a soft gluon in DIS off a nucleus
within the dipole picture. The scattering off the shockwave is considered only after the gluon emission,
as the large pair is formed subsequent to the gluon vertex.

the shockwave only after the gluon emission. In fact, within the transverse momentum hierarchy
here considered, the interaction of the qq̄ pair with the target prior to the emission of the gluon
effectively corresponds to the no-scattering limit.

For convenience, we work with the definitions k1 = P + ϑ1(∆ − k3) and k2 = −P +
ϑ2(∆ − k3), such that we use the hard momentum P and the semi-hard momenta k3 and ∆
as independent variables. In Fig. 5.2 we provide a clear depiction of a typical configuration of
interest in coordinate space.

The derivation of the cross section is similar to the one for coherent production, differing only
in the diffractive correlator, and it is given in detail in [55]. Prior to presenting here the expres-
sions for the incoherent cross section, some comments are useful. The exact quark-antiquark-
gluon component in the LCWF of a virtual photon was calculated in [125, 126]. Generally, the
gluon emission can change the transverse coordinate of the emitter fermion due to recoil. In
order to ensure that the transverse recoil is negligible and guarantee that the relation r ≪ R
remains valid in all stages of the process, it is necessary to impose ϑ3 ≪ k3⊥/P⊥. The addition
of the multiple scattering off the target is done in the shockwave formalism by multiplying the
corresponding Wilson lines with the projectile wave function. The hierarchy in coordinate space
and the color flow implies that the qq̄g system effectively acts as a gluon-gluon dipole. This
fact leads to the emergence of adjoint S-matrices, which then can be used analogously to the
fundamental ones in the problem of dijet production described in the previous chapter. It is also
worth mentioning that besides the fact that the hard factor for coherent and incoherent 2+1
jet diffractive production is the same, it also coincides to the one in inclusive dijet production.
Thus, restricting again to the case of a transverse polarized photon, the hard factor reads

H
ij(g)
T (ϑ1, ϑ2,P , Q̄) =

(
ϑ21 + ϑ22

) ∫ d2r

2π

d2r̄

2π
e−iP ·(r−r̄) rir̄j

r ·r̄
rr̄

Q̄K1

(
Q̄r
)
Q̄K1

(
Q̄r̄
)
. (5.1)

where we use the superscript (g) to denote that the soft parton in the configuration is the gluon.
When compared to the corresponding factor in equation (4.17), it is visible an extra factor ri in
the DA (and similarly r̄j in the CCA) that comes from the vertex emission of a large-size gluon
with polarization i from the fermionic dipole of size r. By performing the integrals and rewriting
the rank-2 tensor in diagonal and traceless parts, we get

H
ij(g)
T (ϑ1, ϑ2,P , Q̄) =

(
ϑ21 + ϑ22

) [ (P 4
⊥ + Q̄4)

(P 2
⊥ + Q̄2)4

δij − 4Q̄2P 2
⊥

(P 2
⊥ + Q̄2)4

P̂ ij

]

≡ H
(g)
T (P⊥, Q̄) δij +H

′(g)
T (P⊥, Q̄) P̂ ij . (5.2)
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Figure 5.2: Illustration of a representative configuration contributing to the incoherent diffractive pro-
duction of a hard quark-antiquark pair and a semi-hard gluon. The kinematic regime of interest is
defined by P⊥ ≫ ∆⊥, k3⊥, Qs, which corresponds to the relation r, r̄ ≪ B,R, R̄, 1/Qs for the various
sizes and distances in coordinate space. In the typical scenario where ∆⊥ ∼ k3⊥ ∼ Qs, the distances B,
R, and R̄ are all approximately of the order of 1/Qs.

The three-partons invariant mass of the outgoing system for P⊥ ≫ k3⊥,∆⊥ and ϑ3 ≪ 1,
reads

M2
χ = (k1 + k2 + k3)

2 ≃ P 2
⊥

ϑ1ϑ2
+
k23⊥
ϑ3

for 2 + 1 jets. (5.3)

Hence, by (3.8), the splitting fraction xP and the diffractive variable β can be specified keeping in
mind that, as in dijet production, |t| is much smaller than Q2+M2

χ, so it can be neglected. It is
also customary to define x as the fraction of the minus longitudinal momentum of the Pomeron
transferred to the qq̄ pair, namely

x =
Q̄2 + P 2

⊥
Q̄2 + P 2

⊥ + (ϑ1ϑ2/ϑ3)k23⊥
=
Q̄2 + P 2

⊥
Q̄2

β. (5.4)

In other words, the fraction x regulates the rapidity interval between the hard dijet and the edge
of the gap on the projectile side. The first equality in (5.4) also allow us to make a change of
variables between ϑ3 and x, a fact that will be useful in further calculations. We can also observe
that for hard jets kinematics, and when ϑ3 is of the order of k23⊥/P

2
⊥, the rapidity gap in the

2 +1 jets process is roughly a unit smaller than the one in the 2 jets one, assuming equal xBj

values.
The corresponding semi-hard factor of the cross section depends on the vectors k3 and ∆,

and it has only a diagonal component, as it is shown in Appendix E, i.e.

Gij
inc(x, xP,k3,∆) =

δij

4
Ginc(x, xP,k3,∆), (5.5)

where the coefficient obtained by taking the trace of Gij reads

Ginc(x, xP,k3,∆) =
1

π

∫
d2B

2π

d2R

2π

d2R̄

2π
e−i∆·B−ik3·(R−R̄)

× R̂ik ˆ̄RkiM2K2(MR)M2K2(MR̄)Wg(R, R̄,B). (5.6)

The scale M2 in Eq. (5.6) reads

M2 ≡ x

1− x
k23⊥, (5.7)
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and R̂ik ˆ̄Rki = (1/2) cos 2ϕRR̄, with ϕRR̄ being the angle between R and R̄. As previously
suggested, Wg(R, R̄,B) is the connected piece of the CGC correlator

〈
Sg(R+b, b)Sg(b̄, R̄+ b̄)

〉

for a homogeneous nucleus target, in analogy with Eq. (4.18), with the S-matrix Sg in the adjoint
representation. It is then clear that the gluon-gluon dipole is given by the small qq̄ pair positioned
in b and the emitted gluon in b+R in the DA, and similarly for the CCA.

Since the semi-hard factor in Eq. (5.5) does not possess a traceless part, the hard factor only
contributes to the cross section via its diagonal piece when performing the contraction in both
transverse and longitudinal sectors. In consequence, there is no angular dependence of the type
P ·∆ or P · k3 and the hard momentum dependence is given only by its magnitude P⊥. Here
we should also mention that the angular dependence between the k3 and ∆ is not interesting to
our purposes and it disappears when integrating over k3.

Finally, we can write the incoherent diffractive cross section for 2+1 jet production when the
semi-hard jet is given a soft gluon as

dσγ∗
λA→qq̄(g)X

dϑ1dϑ2d2P d2∆d2k3d ln 1/x
= αemαs

(∑
e2f

)
δϑH

(g)
λ (ϑ1, ϑ2, P⊥, Q̄)

S⊥(N2
c − 1)

4π3

Ginc(x, xP,k3,∆)

2π(1− x)
,

(5.8)

where we use the notation where δϑ ≡ δ(1−ϑ1−ϑ2−ϑ3) ≃ δ(1−ϑ1−ϑ2). The transverse hard
factor is given by Eq. (5.2), while the longitudinal one we find

H
(g)
L (ϑ1, ϑ2, P⊥, Q̄) = 8ϑ1ϑ2

Q̄2P 2
⊥

(P 2
⊥ + Q̄2)4

. (5.9)

It is now evident that for the typical hard dijet kinematics, in which ϑ1, ϑ2 are of the order of
one-half and P⊥ ∼ Q̄, both hard factors behave like 1/P 4

⊥.
We would like to emphasize that, in general, the CGC correlator Wg(R, R̄,B) must be

computed without performing any expansion in order to keep track of all possible unitarity
corrections. This is due to the fact that the momenta ∆⊥ and k3⊥ are both semi-hard, thus the
corresponding sizes B and R, R̄ can be of the order of 1/Qs.

5.2 2+1 jets: soft quarks

Similar to the scenario explored in the previous section, the outgoing state can also consist of
a hard antiquark-gluon dijet with transverse momenta k2⊥, k3⊥ ∼ P⊥ and a semi-hard quark
jet with k1⊥ ∼ Qs ≪ P⊥ (or equivalently, a hard quark-gluon dijet and a semi-hard antiquark)
[60]. This again represents a qq̄g configuration with a large size R ∼ 1/k1⊥ ∼ 1/Qs, which
leads to strong scattering with the target and, consequently, a dijet spectrum that falls off as
1/P 4

⊥. Similarly to the soft gluon case of the previos section, the quark carries a small fraction
ϑ1 ∼ k21⊥/P

2
⊥ ≪ 1 of the longitudinal momentum q+.

The fermionic emitters have very different momenta in the final state (for instance, the
antiquark being hard and the quark semi-hard), hence the corresponding diagrams differ and
must be computed separately. We consider the two distinct scenarios that lead to the desired
dynamics and final state. One of them consists in the virtual photon decaying directly into
a large qq̄ pair of size R, and the semi-hard antiquark subsequently producing a hard q̄g pair
of size r ≪ R. Since both, the intermediate and final state configurations have a large size,
the scattering with the target nucleus can occur either before or after the gluon emission. The
amplitudes for these processes are depicted in Fig.5.3. In the second scenario the virtual photon
decays into a hard qq̄ pair of size r, and then the hard quark gives rise to a soft quark at a
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Figure 5.3: Production of a hard antiquark-gluon pair plus a soft quark in DIS off a nucleus in the
dipole picture via the channel q̄ → q̄g. The large pair is formed already at the photon vertex, thus the
gluon may be radiated after the scattering off the shockwave (left panel) or before the scattering off the
shockwave (right panel).

Figure 5.4: Production of a hard antiquark-gluon pair plus a soft quark in DIS off a nucleus in the
dipole picture via the channel q → qg. The scattering off the shockwave is taken only after the gluon
radiation, since the large pair is formed after the gluon vertex.

distance R ≫ r and a hard gluon. Hence, the gluon and the antiquark form a hard dijet of size
r. In this case, the only considerable contribution to the scattering occurs after gluon emission,
as shown in the amplitude of Fig.5.4. Finally, the interference term between the two processes
must also be included in the calculation of the total cross-section. A detailed derivation is given
in [60] for coherent diffraction, and here we shall only present the final results adapted to the
incoherent case. Similar to the soft gluon case, we now encounter the scattering of a large qq̄
dipole with its legs at b + R and b, while the kinematics of the final hard jets are given by
k2 = P + ϑ2(∆ − k1), k3 = −P + ϑ3(∆ − k1), with ϑ2 + ϑ3 ≃ 1 and ∆⊥, k1⊥, Qs ≪ P⊥. In
coordinate space a similar picture to the one shown in Fig. 5.2 applies for the quark being the
semi-hard jet.

The hard factor is the same as in coherent diffraction and in the transverse sector reads

H
ij(q)
T (ϑ2, ϑ3, P⊥, Q̃) = ϑ2

(P 2
⊥ + Q̃2)2 + ϑ22Q̃

4 + ϑ23P
4
⊥

P 2
⊥(P

2
⊥ + Q̃2)3

δij ≡ H
(q)
T (ϑ2, ϑ3, P⊥, Q̃) δij , (5.10)

where similar to Q̄2 we have defined Q̃2 ≡ ϑ2ϑ3Q
2. This tensor is obtained as the sum of

the contributions given by the square of the term with gluon emission from the antiquark, the
square of the term with gluon emission from the quark and the respective interference term. The
property of Hij(q)

T being diagonal implies again that the only dependence on the hard momentum
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is via its magnitude. The semi-hard factor can in general be written in the form

Qij
inc(x, xP,k1,∆) =

δij

2
Qinc(x, xP,k1,∆) + Q̂ij

inc(x, xP,k1,∆), (5.11)

where

Qinc(x, xP,k1,∆) =
1

2π

∫
d2B

2π

d2R

2π

d2R̄

2π
e−i∆·B−ik1·(R−R̄)

× R·R̄
RR̄

M2K1(MR)M2K1(MR̄)Wq(R, R̄,B), (5.12)

with

M2 ≡ x

1− x
k21⊥. (5.13)

We recall that Wq(R, R̄,B) is the connected piece of the CGC correlator
〈
S(R+b, b)S(b̄, R̄+b̄)

〉

for a homogeneous nucleus target, with S the S-matrix in the fundamental representation also
appearing in Eq. (4.17). However, in this case we shall not perform any expansion in the correlator
in order to analyze its behavior since, as in the soft gluon case, the sizes B, R and R̄ can be
of order of 1/Qs. The traceless part Q̂ij

inc in Eq. (5.11) does not contribute to the cross section
since it must be contracted with the diagonal hard tensor in Eq. (5.10).

Having all the ingredients, the incoherent diffractive cross section for producing a hard
antiquark-gluon pair with a soft quark can be written as

dσγ∗
λA→(q)q̄gX

dϑ2dϑ3d2P d2∆d2k1d ln 1/x
= 2αemαsCF

∑
e2f δϑH

(q)
λ (ϑ2, ϑ3, P⊥, Q̃)

S⊥Nc

4π3

Qinc(x, xP,k1,∆)

2π(1− x)
,

(5.14)

where now δϑ ≡ δ(1 − ϑ1 − ϑ2 − ϑ3) ≃ δ(1 − ϑ2 − ϑ3). The longitudinal hard factor reads (see
Appendix A in [60] for details)

H
(q)
L (ϑ2, ϑ3, P⊥, Q̃) = 4ϑ22ϑ3

Q̃2

(P 2
⊥ + Q̃2)3

. (5.15)

We emphasize again that both hard factors fall-off as 1/P 4
⊥ for typical kinematics of the hard

dijet, just as in the soft gluon sector.
We conclude this chapter by noting that the structure in which the cross sections Eq. (5.8)

and Eq. (5.14) are presented is deliberate and not arbitrary. This particular form has been chosen
to facilitate the identification of the corresponding gluon and quark incoherent diffractive TMDs
and PDFs. In the following chapter, the cross sections will be expressed in a factorized form,
accompanied by a comprehensive analysis of them.
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Chapter 6

Quark and Gluon Distributions

We start this chapter by interpreting the processes of interest from the target point of view.
For the production of 2 hard jets we shall identify the conditions under which the dipole picture
leads to the leading-twist result at high Q2 in a partonic description of the target. Then, we shall
rewrite the 2+1 jets cross sections in Eqs. (5.8) and (5.14) in a TMD factorized form. Finally, a
detailed analysis of the DTMDs and DPDFs will be provided.

6.1 Incoherent DTMDs

6.1.1 SIDDIS from two hard jets production
To analyze the qq̄ case, we will consider incoherent single inclusive diffractive DIS (SIDDIS),
a process in which only the transverse momentum of a single particle is measured in the final
state at fixed β and |t|. As there are only two particles in the final state, the longitudinal and
transverse momenta of the unmeasured particle are not independent. Hence, we simply must
perform a change of variables, for example from ϑ1 to β in the transverse cross section given
in Eq. (4.17). We further assume that the relative momentum is of the order of the quark and
antiquark hard transverse momenta, i.e. P⊥ ≫ ∆⊥. In this scenario, the total invariant mass is
given by

M2
χ = (k1 + k2)

2 =
P 2
⊥

ϑ1ϑ2
for 2 jets, (6.1)

which, when inserted in Eq. (3.7), leads to

β ≃ Q2

Q2 + P 2
⊥/ϑ1ϑ2

=
Q̄2

Q̄2 + P 2
⊥
. (6.2)

Recalling that Q̄2 = ϑ1(1− ϑ1)Q
2, it is clear that Eq. (6.2) is quadratic in ϑ1, thus its solution

in terms of the independent variables β and P⊥ for values smaller than 1/2 is

ϑ1 = ϑ∗(β, P⊥) ≡
1

2


1−

√
1− 4β

1− β

P 2
⊥
Q2


 . (6.3)

In the same way, the second solution for values larger than 1/2 is equal to 1 − ϑ∗. Due to the
symmetry of the integrand in the cross section, Eq.(4.17), under the exchange ϑ1 ↔ 1− ϑ1, the
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current computation can be restricted to the solution in Eq.(6.3), with the final result multiplied
by a factor of 2. The square root in the solution of ϑ1 implies the upper limits

P 2
⊥⋆ =

1− β

4β
Q2 or β⋆ =

Q2

Q2 + 4P 2
⊥
. (6.4)

for the hard jet momentum (with given Q2 and β), or equivalently, in the range of allowed
values for β (with given Q2 and P 2

⊥) respectively. This also reflects the fact that, when all other
kinematic variables are fixed, large values of P 2

⊥ require a small β, meaning that the production
of hard jets “consumes" part of the available rapidity interval.

The quantity Q̄2 can be also be expressed in terms of the variables P 2
⊥ and β, as we can see

in Eq. (6.2), implying that in this context Q̄2 is independent of Q2. Such a fact makes possible
to use the notation

Q̄2 =
β

1− β
P 2
⊥ ≡ M2. (6.5)

Making the replacements in Eq.(4.17), we can write the SIDDIS transverse cross section1 as

dσγ∗
TA→qq̄X

d2Pd2∆ d ln 1/β
=

S⊥αemNc

π2

∑
e2f

1

Q2

1− 2M2

Q2√
1− 4M2

Q2

Qinc

1− β
, (6.6)

where Qinc is the semi-hard factor defined in Eq. (5.12), now expressed in terms of dummy
variables of the present process as

Qinc ≡
1

2π

∫
d2B

2π

d2r

2π

d2r̄

2π
e−i∆·B−iP ·(r−r̄) r ·r̄

rr̄
M2K1(Mr)M2K1(Mr̄)Wq(r, r̄,B). (6.7)

Since Qinc does not depend on Q2, the cross section is proportional to 1/Q2 only if M2 ≪ Q2,
or equivalently, P 2

⊥ ≪ P 2
⊥⋆. Consequently, the solution in Eq. (6.3) inherently favors asymmetric

pairs with ϑ∗ ≃ M2/Q2 ≪ 1. Put differently, this analysis illustrates that the leading twist result
emerges when the final state is constrained to aligned jet configurations, where the fermion with
fraction 1 − ϑ∗ essentially carries the entirety of the longitudinal momentum q+ of the virtual
photon.

In this M2 ≪ Q2 limit, we shall further rewrite the cross section as

dσγ∗
TA→qq̄X

d2Pd2∆ d ln 1/β
=

4π2αem

Q2

∑
e2f 2

dxqincP (x, xP,P ,∆)

d2Pd2∆

∣∣∣∣
x=β

, (6.8)

which exhibits TMD factorization and where we have introduced the (anti)quark incoherent
DTMD

dxqincP (x, xP,P ,∆)

d2Pd2∆
≡ S⊥Nc

4π3

Qinc(x, xP,P ,∆)

2π(1− x)
. (6.9)

The semi-hard factor Qinc, given in the present case by Eq. (6.7), is viewed as a function of the
rapidity related variables x = β and xP and the transverse momenta P and ∆. It is evident
that besides the dependence on the magnitudes involved, Qinc can also depend on the scalar
product P · ∆. However, in many cases, only |t| = ∆2

⊥ is measured, which eliminates any
angular dependence.

1Notice that we have dropped the label D in the cross sections as was used in Chap. 4.
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x,
−P

+
∆

1− x,P

xP,∆

Figure 6.1: Pictorial representation of TMD factorization for incoherent diffractive processes in the qq̄
contribution. The final evolution of the Pomeron consist in a quark-antiquark pair, where the quark
carries a longitudinal fraction 1 − x and transverse momentum P , appearing in the final state. The
antiquark with fraction x and transverse momentum −P + ∆ is absorbed by the virtual photon and
brought on-shell.

At this point, it is instructive to compare our result with the coherent case, which was
extensively analyzed in [60]. Upon integrating over ∆, Eqs. (6.8) and (6.9) become analogous to
those in coherent diffraction, with the sole difference being the QCD correlator. As emphasized
throughout this work, the incoherent diffractive correlator involves the connected piece shown in
Eq. (6.7), whereas in the case of coherent diffraction, one simply replaces Wq with the factorized
correlator ⟨T (r)⟩ ⟨T (r̄)⟩. For a homogeneous nucleus, this substitution leads to a complete
factorization of the DA and CCA integrations, while the integration over B produces a δ-function
in ∆. Consequently, after integrating over ∆, we recover the (anti)quark DTMD result in [60].

We now argue that the above result agrees with the following picture in the standard Bjorken
frame and in the LC gauge A−

a = 0, where the LCWF of the left-moving target is typically
constructed. The Pomeron is interpreted as a colorless partonic fluctuation of the target, char-
acterized by a small (minus) longitudinal fraction xP and a transverse momentum ∆, which
subsequently splits into a qq̄ pair. One of the fermions, for instance the quark, carries a splitting
fraction 1 − x and a transverse momentum P , appearing in the final state. The other fermion,
which carries a fraction x and a transverse momentum −P+∆, with ∆⊥ ≪ P⊥ starts as a virtual
particle and is only put on-shell after absorbing the virtual photon. Unlike in the coherent case
where the momentum transfer is a non-perturbative scale, here ∆⊥ may reach the order of Qs

or be even larger. This description is correct if and only if ϑ1 ≪ 1 and in this limit, the fraction
x corresponds to the diffractive variable β in (6.2) which is the reason that justifies the choice
of the variable x in Eq. (6.8). In Fig6.1 we provide an illustration of the TMD factorization just
described. For a detailed discussion, see Section 2.4 in [60].

6.1.2 2+1 jets production

Rewriting Eq. (6.9) as

dxqincP (x, xP,k1,∆)

d2k1d2∆
≡ S⊥Nc

4π3

Qinc(x, xP,k1,∆)

2π(1− x)
, (6.10)
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Figure 6.2: TMD factorization in incoherent diffractive production of a hard antiquark-gluon pair
accompanied by a soft quark. Left panel: The antiquark emitted from the Pomeron absorbs the virtual
photon, subsequently producing the hard pair. Right panel: The quark from the hard qq̄ fluctuation of
the virtual photon annihilates the antiquark emitted from the Pomeron, resulting in the production of
a hard gluon. The corresponding interference diagram is not shown.

we readly see that the 2 + 1 jets cross section in the soft quark sector, cf. Eq. (5.14), can be
expressed as

dσγ∗
λA→(q)q̄gX

dϑ2dϑ3d2P d2∆d2k1d ln 1/x
= 2αemαsCF

∑
e2f δϑH

(q)
λ (ϑ2, ϑ3, P⊥, Q̃)

dxqincP (x, xP,k1,∆)

d2k1d2∆
.

(6.11)

Once more, we can interpret this as taking a fermion, say a quark, from the projectile LCWF
and identified it as part of the Pomeron since it is soft. The Pomeron splits into a qq̄ pair, where
the quark carries a splitting fraction 1−x and transverse momentum k1 and appears in the final
state, while the antiquark carries a fraction x and transverse momentum −k1 + ∆. These are
transferred to the hard q̄g pair, putting it on-shell. This interpretation, along with the TMD
factorization in Eq.(6.11), is depicted in Fig.6.2.

In an analogous way in the soft gluon sector, by using the appropriate color factor and the
semi-hard Ginc given in Eq. (5.6), we define the incoherent gluon DTMD

dxGinc
P (x, xP,k3,∆)

d2k3d2∆
≡ S⊥(N2

c − 1)

4π3

Ginc(x, xP,k3,∆)

2π(1− x)
. (6.12)

Hence, we can express the respective cross section in the form

dσγ∗
λA→qq̄(g)X

dϑ1dϑ2d2P d2∆d2k3d ln 1/x
= αemαs

∑
e2f δϑH

(g)
λ (ϑ1, ϑ2, P⊥, Q̄)

dxGinc
P (x, xP,k3,∆)

d2k3d2∆
,

(6.13)

where the hard factors are given in Eqs. (5.2) and (5.9) for the transverse and longitudinal
polarizations respectively. It is clear that a similar interpretation as the one for the quark
DTMD can be given. In this case we are able to take a gluon from the projectile LCWF and
interpret it as part of the Pomeron. The Pomeron splits into a pair of gluons, one carrying a
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Figure 6.3: TMD factorization in incoherent diffractive production of a hard quark-antiquark pair
accompanied by a soft gluon. The gluon emitted from the Pomeron is absorbed by the antiquark from
the hard qq̄ fluctuation of the virtual photon. Similar diagrams can be given for the case in which the
gluon is absorbed by the quark and for the interference term.

fraction 1 − x and transverse momentum k3 and appears in the final state. The other gluon
carries a fraction x and transverse momentum −k3 + ∆ which are transferred to the small qq̄
dipole and put it on-shell. These features are illustrated in Fig. 6.3.

6.2 Analysis of the incoherent DTMDs and DPDFs

This section is dedicated to the study of the dependence of the incoherent gluon and quark
DTMDs on the various variables. In particular, we are interested on how they depend on the
transverse momentum k of the semi-hard parton (denoted by k3 for the gluon in Eq. (6.12) and
by k1 for the quark in Eq. (6.10)) and on the splitting fraction x. Furthermore, we shall perform
an integration over the semi-hard jet momentum to get the incoherent gluon and quark DPDFs.
In fact, the integration over the kinematics of the soft jet in each of the 2+1 jets cross sections,
derived in Chapter 5, will let us make a direct comparison between such cross sections and the
exclusive two jets cross sections presented in Chapter 4. This comparison is indeed one of the
main goals of the present work and will be presented in Chapter 7.

6.2.1 Incoherent DTMDs

As clearly seen from the quark and gluon TMD definitions in Eqs. (6.9) and (6.12), it suffices to
study the functions Qinc(x, xP,k,∆) and Ginc(x, xP,k,∆) given in (5.12) and Eqs. (5.6) respec-
tively. The angle between the momenta ∆ and k is not interesting for our purposes and we will
assume from now on that its integration is already performed. Hence, the DTMDs now depend
only on the corresponding magnitudes. In this analysis we are interested on the dependence on
the semi-hard momentum k⊥, so we shall take ∆⊥ to have values of the order of the saturation
scale Qs. Nevertheless, when considering the incoherent DPDFs we will provide an extensive
analysis of the ∆⊥-dependence.

As discussed at the end of Section 3.1.1, xP sets the scale at which the CGC correlators Wg

and Wq should be evaluated, with their relative dependence coming mainly through Qs(xP).
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Figure 6.4: Left panel: The function Ginc(x, xP, k⊥,∆⊥), which appears in the definition of the incoher-
ent gluon DTMD in Eq. (6.12), multiplied with k⊥/Q̃s(x) and plotted in terms of k⊥/Q̃s(x) for fixed ∆⊥
and for various values of x. Right panel: The function Qinc(x, xP, k⊥,∆⊥), appearing in the definition
of the incoherent quark DTMD in Eq. (6.10), multiplied with the factor 1/x and plotted in terms of
k⊥/Q̃s,q(x) for fixed ∆⊥ and for various values of x. In both cases an average over the angle between k
and ∆ has been performed and the scattering amplitude is given by the MV model at xP ≃ 10−2 with
a gluon saturation scale Q2

s = 2GeV2.

However, Qs(xP) is not precisely the relevant saturation scale when considering the momentum
k⊥. The exponentially decaying Bessel functions K2(MR) and K1(MR), along with the oscil-
latory behavior from the Fourier transform, suggest that the effective maximum size R scales as
R2

max ∼ (1− x)/k2⊥ [52, 55, 60]. Physically, this implies that the formation of a soft parton with
transverse momentum k⊥ remains incomplete when x is not very small and becomes strongly
suppressed when 1 − x ≪ 1. The integration becomes sensitive to unitarity corrections in the
correlators Wg and Wq only if R2

max ∼ 1/Q2
s(xP), which corresponds to k2⊥ ∼ Q̃2

s(x, xP), where
we define the effective gluon saturation momentum [52, 55, 60]

Q̃2
s(x, xP) ≡ (1− x)Q2

s(xP). (6.14)

A completely analogous relation can be formulated for the quark saturation scales Q̃2
s,q(x, xP)

and Q2
s,q(xP).

Considering the correlators given in Eq. (F.2) and Eq. (F.4), with an analysis similar to the
one performed in Section 4.2 within the MV model, by simple estimates it can be shown that for
k⊥ ≫ Q̃s, both Ginc and Qinc exhibit a power law tail of the type Q̃4

s/k
4
⊥. On the other hand, in

the limit k⊥ ≪ Q̃s we find that Qinc vanishes, while Ginc saturates, i.e. in this region k⊥Ginc goes
linearly to zero; see the left panel of Fig. 6.4. We also point out that when x ≪ 1, the Bessel
functions in Qinc can be expanded for small arguments, i.e. K1(MR) ≃ 1/MR (and similarly
for K1(MR̄)). From this, it is evident that Qinc scales as M2 ∝ x and thus vanishes linearly
with x as x approaches zero. This behavior has also been observed in coherent diffraction [60].
In contrast, unlike in coherent diffraction, Ginc and Qinc remain non-zero when 1 − x ≪ 1 (see
the end of Appendix F for a technical explanation of this difference).
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In summary, the qualitative behavior of Ginc can be expressed as

Ginc ∼
1

πN2
c Q

2
s

×





1 for k⊥ ≪ Q̃s(x, xP),

Q̃4
s(x, xP)

k4⊥
for k⊥ ≫ Q̃s(x, xP),

(6.15)

when the possible logarithmic dependence are neglected and for fixed values of ∆⊥. A similar
expression can be given for (1/x)Qinc, but as just discussed, it vanishes at small k⊥. Another
important characteristic visible in Eq. (6.15) is that as Ginc and Qinc have mass dimension -2,
when ∆⊥ ∼ Qs, they are expected to scale as 1/Q2

s.
The above discussion indicates that both k⊥Ginc and k⊥Qinc are expected to exhibit a distinct

maximum at k⊥ ∼ Q̃s, followed by a relatively steep tail at higher momenta. This behavior is
precisely what is observed in the numerical results shown in Fig. 6.4 for a fixed ∆⊥ of the order
of the saturation momentum. Moreover, by numerical analysis we have confirmed that these
properties hold for various values of ∆⊥. The primary effect of increasing ∆⊥ is a gradual shift
of the entire spectrum towards larger momenta; however, this shift occurs very slowly and is not
important for the purposes of this study.

6.2.2 Incoherent DPDFs
By integrating the DTMDs over the transverse momentum up to the scale of interest, which in
this study amounts to the hard momentum P⊥, we define the corresponding DPDFs. Hence,
considering the incoherent gluon DPDF we have

dxGinc
P (x, xP, P⊥,∆⊥)

d2∆
≡
∫ P⊥

d2k
dxGinc

P (x, xP,k,∆)

d2kd2∆
=
S⊥(N2

c − 1)

4π3

∫ P⊥

d2k
Ginc(x, xP,k,∆)

2π(1− x)
(6.16)

and similarly for the quark one with the color factor being Nc.
Based on the high-momentum behavior of the DTMDs as described in Eq.(6.15), integrating

to infinity in Eq.(6.16) requires subtracting a correction term that decreases as 1/P 2
⊥. This weak

dependence can be neglected, as it has been systematically done to corrections of this order
throughout this work when assuming that k⊥, Qs,∆⊥ ≪ P⊥. It is also important to notice that
logarithmic corrections, which are slightly more significant, may arise from DGLAP evolution
between the semi-hard scale Qs and the hard scale P⊥. In references [52, 55, 56, 60] this fact
is discussed in detail. While such corrections should, in principle be included in the incoherent
case as well, the observable of interest in this work, which will be given in Sect. 7, has little
sensitivity to the changes due to DGLAP evolution. Indeed, such an observable will be found to
be dominated by values of x around one half, a regime in which DGLAP is not very significant.
Therefore, although this is not strictly accurate, the DPDFs are treated as P⊥-independent in
this study.

We then proceed by pointing out that the k⊥-integration is dominated by values in the regime
k⊥ ∼ Q̃s and introduces a factor Q̃2

s = (1 − x)Q2
s. This factor cancels the 1/Q2

s prefactor in
Eq.(6.15) as well as the 1/(1 − x) factor in the DTMD definitions in Eqs.(6.12) and (6.10).
Furthermore, the incoherent quark DPDF inherits a factor proportional to x from the respective
DTMD.

A complete analysis of the gluon DPDF is given in Appendix F in the regimes ∆⊥ ≪ Qs

and ∆⊥ ≫ Qs and close to the end-points x = 0 and x = 1. There we have employed the
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Figure 6.5: The incoherent gluon (left panel) and quark (right panel) DPDFs (the latter multiplied by
2nf , where nf = 3 is the number of flavors) are shown as functions of the momentum transfer ∆2

⊥ for
various values of x. The hard scale P 2

⊥ is assumed to be infinite, as discussed below Eq. (6.16). The
scattering amplitude is given by the MV model with a gluon saturation scale Q2

s = 2GeV2, and a factor
S⊥/4π

3 has been omitted.

Gaussian approximation in the large-Nc limit to express Wg in terms of Sg and then used the
MV model. The functional similarity between Wg and Wq, as shown in Eqs. (F.2) and (F.4), also
allows us to easily understand the quark DPDF based on the gluon case. The precise analytical
estimates in the aforementioned regimes are given in Eqs. (F.12), (F.16), (F.24) and (F.31).
Here we simply show the qualitative behavior, neglecting some constant factors and logarithms.
Roughly speaking, the analytical study shows that the DPDFs exhibit (logarithmic) saturation
at small momenta, while at high momenta, the characteristic Q4

s/∆
4
⊥ tail is observed. A bit more

precisely, the two incoherent DPDFs can be expressed in the piecewise form

dxGinc
P (x, xP, P⊥,∆⊥)

d2∆
,
Nc

x

dxqincP (x, xP, P⊥,∆⊥)
d2∆

∼ S⊥
8π4

×





ln
Q2

s(xP)

Λ2
for ∆⊥ ≪ Qs(xP),

Q4
s(xP)

∆4
⊥

for ∆⊥ ≫ Qs(xP).

(6.17)

Notice that Qs(xP) is the appropriate saturation scale when we study the ∆⊥-dependence. The
numerical results shown in Figs. 6.5 and 6.6 confirm all the previously discussed features con-
cerning the dependence of the DPDFs on both ∆⊥ and x.

We would like to conclude this chapter by emphasizing that in the standard approach [127] the
TMDs are defined through gauge-invariant field correlators, which are generally non-perturbative
quantities. In the small-x limit, these reduce to correlators of Wilson lines, as discussed in
Chap. 2, and the two approaches are shown to be consistent with each other [26, 27, 113]. In the
saturation regime, the dynamical scale Qs ≫ Λ emerges, allowing the problem to be addressed
using weak-coupling methods. Consequently, the CGC approach employed in this work offers a
means to calculate these correlators from “first principles”.

60



6.2. ANALYSIS OF THE INCOHERENT DTMDS AND DPDFS

0.2 0.4 0.6 0.8 1
0

1

2

3

4

5
·10−2

MV, Q2
s = 2 GeV2

x

d
x
G

in
c

P
(x
,x

P,
P
⊥
,∆

⊥
)/
d
2
∆

∆2
⊥ = 1 GeV2

∆2
⊥ = 2 GeV2

∆2
⊥ = 4 GeV2

0.2 0.4 0.6 0.8 1
0

0.5

1

1.5
·10−2

MV, Q2
s = 2 GeV2

x

2n
f
d
x
qi

n
c

P
(x
,x

P,
P
⊥
,∆

⊥
)/
d
2
∆

∆2
⊥ = 1 GeV2

∆2
⊥ = 2 GeV2

∆2
⊥ = 4 GeV2
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Chapter 7

Diffractive Dijet Production With a
Minimum Rapidity Gap

Our goal here is to compare the 2 and 2+1 jets cross sections in the kinematics of interest.
Hence, we should first integrate the transverse momentum of the semi-hard jet in the 2+1 jets
cross sections given in Eqs. (6.13) and (6.11). This can be done by substituting the corresponding
DTMDs with the DPDFs as shown in Eq. (6.16). It is also important to note that the minus
longitudinal momentum splitting fraction x dependence in the 2+1 jets cross sections involves
also the kinematics of the semi-hard jet. This means that such cross sections have different phase-
space with respect to the 2 jets cross sections. We address this issue by imposing a minimum
value for the rapidity gap YP in the diffractive process, irrespectively of the number of jets in the
final state. We will find that this involves integrating the 2+1 jets cross section over x within a
specific kinematical regime. We also remark that all the cross sections depend on the remaining
variables P⊥, ∆⊥ and the hard splitting fractions (where in fact only one of them is independent,
since their sum is equal or approximately equal to one).

7.1 Minimum rapidity gap in the EIC

We consider s and Q2 to be fixed, ensuring that the total available rapidity phase space, YBj =
ln 1/x

Bj
, also remains fixed. From Eq. (3.8), it follows that imposing a minimum value for YP (or

equivalently, a maximum for xP) corresponds to setting a maximum value for Yβ (or a minimum
for β), which defines the rapidity interval occupied by the projectile diffractive system. To be
specific, let us assume a squared center-of-mass energy of s = 8800 GeV2, a value potentially
achievable at the EIC in DIS off heavy nuclei, and a photon virtuality of Q2 = 20 GeV2. These
parameters yield x

Bj
≃ 2.3 × 10−3, corresponding to YBj ≃ 6.1. We will examine two scenarios

for the minimum rapidity gap as follows

Y min
P ≃ 4.5 ⇔ xmax

P ≃ 1.1× 10−2 | Y max
β ≃ 1.6 ⇔ βmin = 0.2 (7.1)

and

Y min
P ≃ 4 ⇔ xmax

P ≃ 1.8× 10−2 | Y max
β ≃ 2.1 ⇔ βmin = 0.12. (7.2)

These values indicate that saturation effects should be relevant as the CGC correlators must be
computed at the longitudinal scale xP.
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To be specific, and without loss of generality, we will assume that ϑh1 = ϑh2 = 1/2, where
ϑh1 and ϑh2 represent the splitting fractions of the two forward hard jets. The remaining task
is to analyze the cross sections as functions of the hard jet momentum P 2

⊥ and the semi-hard
momentum transfer ∆2

⊥. To this end, it is necessary to see the implications of the minimum gap
constraint for the 2 jets and 2+ 1 jets configurations separately.

• 2 jets: It is intuitively clear that as P 2
⊥ increases, the diffractive mass of the projectile

system grows, leading to a reduction in the rapidity gap. More specifically, with all other
kinematic variables already fixed, Eq. (6.2) implies that imposing a minimum rapidity gap
translates into a maximum permissible value for the hard transverse momentum, i.e

P 2
⊥max =

1− βmin

βmin
Q̄2. (7.3)

With ϑ1 = ϑ2 = 1/2 and Q2 = 20GeV2, one has

P 2
⊥max =




20GeV2 for βmin = 0.2 (YP = 4.5)

36.7GeV2 for βmin = 0.12 (YP = 4).
(7.4)

Since we work in the regime where ∆2
⊥ ≪ P 2

⊥, the preceding discussion for 2 jets and the
subsequent analysis for 2 +1 jets are independent of the specific choice of ∆2

⊥.

• 2 +1 jets: The presence of a third jet implies that for a given P 2
⊥ the gap is not fixed. It

is evident that for the same hard jet kinematics, the gap is smaller compared to the case
with only 2 hard jets. This becomes apparent when examining the diffractive variable β,
which can be expressed using Eq. (5.4) as

β =
Q2

Q2 + P 2
⊥/ϑh1ϑh2 + k2⊥/ϑ

, (7.5)

where clearly k2⊥ and ϑ represent the transverse momentum and the splitting fraction of
the semi-hard jet. From the last relation we observe that imposing a minimum value for β
establishes a condition with a clear physical interpretation: the ratio k2⊥/ϑ should remain
moderate, otherwise the semi-hard jet will excessively reduce the rapidity gap. Eq. (5.4)
also guarantees that ϑ remains sufficiently small, consistent with the requirements of our
approximation. This becomes evident when solving for ϑ, namely

ϑ =
x

1− x

k2⊥
Q2 + P 2

⊥/ϑh1ϑh2
∼ xQ2

s

Q2 + P 2
⊥/ϑh1ϑh2

, (7.6)

where in the second expression we have used the fact that the k⊥ spectrum has a maximum
in the regime k⊥ ∼ Q̃s (cf. Section 6.2.1), which controls the respective integration.

It is also clear in Eq. (5.4) that with all the variables fixed, a minimum value in β implies
a minimum value in x, which is indeed the variable that we conveniently used to write our
cross sections. Hence, the fraction x has a minimum value that reads

xmin =
Q2 + P 2

⊥/ϑh1ϑh2
Q2

βmin, (7.7)
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while its maximum value is one. By setting xmin = 1/2 we can define a “typical” hard jet
momentum, which reads

P 2
⊥typ =




7.5GeV2 for βmin = 0.2 (YP = 4.5)

18.3GeV2 for βmin = 0.12 (YP = 4).
(7.8)

These hard momenta are, as intended, significantly above the saturation momentum Q2
s

and well below the corresponding maximum values given in Eq. (7.4).

Taking all the above considerations into account, we shall present the results of our nu-
merical calculations for P 2

⊥ ranging from 2Q2
s to values approaching P 2

⊥max, while noting
that accuracy may decrease near the endpoints. For the smaller values of P 2

⊥, neglected
saturation corrections of the order Q2

s/P
2
⊥ or higher can become significant. Conversely,

for P 2
⊥ close to P 2

⊥max, the phase space available for the production of the semi-hard jet
approaches to zero.

7.2 On the evolution of the CGC correlators
The CGC correlators Wg and Wq should be evaluated at the scale YP, which with the help of
Eqs. (3.8) and (5.4) reads

YP = Y
Bj

− ln
Q2 + P 2

⊥/ϑh1ϑh2
xQ2

, (7.9)

where for the 2 jets case, x = 1. In our observable we have fixed Q2, Y
Bj

and the hard jet splitting
fractions ϑh1 and ϑh2, however, the gap described in Eq. (7.9) may still vary with the hard jet
momentum P 2

⊥ and/or the fraction x. A numerical evaluation that takes into account such a
variation is feasible, although highly more complicated. Here instead, we argue that it is not
necessary to do so, by showing that the dependence on P 2

⊥ via the floating YP is subdominant.
The QCD correlators depend on YP via the ratio ∆2

⊥/Q
2
s(YP), thus one has

∆W ≃ dW(∆2
⊥/Q

2
s(YP))

dYP
∆YP ≃ dW(∆2

⊥/Q
2
s(YP))

d lnQ2
s(YP)/∆

2
⊥

d lnQ2
s(YP)

dYP
∆YP. (7.10)

The first factor in the last expression is of O(1), as we focus on a semi-hard momentum transfer
∆2

⊥ ∼ Q2
s. The second factor, which governs the growth of the saturation momentum, is propor-

tional to αs and is estimated to be approximately 0.25 [7, 8]. The final factor encodes the P 2
⊥

dependence and can be straightforwardly determined using the explicit expression in Eq. (7.9).
By inspecting the 2 jets case, we find that such a variation at Y min

P behaves as

∆W ∼ αs ln
Q2 + P 2

⊥max/ϑh1ϑh2
Q2 + P 2

⊥/ϑh1ϑh2
. (7.11)

It is evident that the power-law dependence of the cross sections through the hard factors is
much stronger than the logarithmic behavior in Eq. (7.11). Clearly, the analysis is similar for
the 2+ 1 jets cross sections. Therefore, we shall neglect the P⊥-dependence in our subsequent
analysis, by computing the correlators at Y min

P .
Now we focus on the Y min

P -dependence in the QCD correlators. In general, in the standard
approach, as discussed in Chapter 2 and performed in Section 4.4, one assumes that the scattering
amplitude is initially described by the MV model at a given Y0 and then evolves to the scale
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Y min
P using the collinearly improved BK equation [99, 119, 120]. However, since the evolution

between the two rapidities specified in Eqs.(7.1) and (7.2) — which differ by only half a unit — is
not expected to produce significant changes in the amplitude, and given that the corresponding
xP values are approximately 10−2, we adopt the MV model for the amplitude in both cases, but
with distinct saturation scales. By fixing Q2

s = 2 GeV2 at Y min
P = 4.5, the growth law for the

saturation momentum (see the discussion above Eq. (7.11)) suggests setting Q2
s = 1.76 GeV2 for

Y min
P = 4.

7.3 Comparison of the cross sections

We are now prepared to present the final form of the diffractive cross sections relevant to this
study. The expression for the 2-jet case is the one provided in Eq.(4.59) together with Eqs. (4.45)
and (4.48). As discussed in Section 4.4, the averaged cross section is dominated by the term
proportional to G(+)

D (∆⊥), while the one proportional to G(−)
D (∆⊥) can be neglected since it is

both parametrically and numerically small. Hence, we rewrite here the 2 jets cross section1 of
interest as

dσγ∗
λA→qq̄X

dΠ
≃ S⊥αemNc

4π3

∑
e2f δϑ

2CF

N3
c

Hλ(ϑ1, ϑ2, P⊥, Q̄)G(+)(∆⊥), (7.12)

with CF = (N2
c−1)/2Nc and where we recall the shorthand notation dΠ = (2π)2P⊥dP⊥∆⊥d∆⊥dϑ1dϑ2.

We also rewrite here the transverse (T ) and longitudinal (L) hard factors in the form

HT (ϑ1, ϑ2, P⊥, Q̄) =
(
ϑ21 + ϑ22

) P 2
⊥(3Q̄

4 + P 4
⊥)

(P 2
⊥ + Q̄2)6

, (7.13)

HL(ϑ1, ϑ2, P⊥, Q̄) = ϑ1ϑ2
2Q̄2(Q̄4 − 2Q̄2P 2

⊥ + 5P 4
⊥)

(P 2
⊥ + Q̄2)6

. (7.14)

For the 2 + 1 jets we simply integrate Eqs. (6.13) and (6.11) over the semi-hard jet kinematics
to find

dσγ∗
λA→qq̄(g)X

dΠ
= αemαs

∑
e2f δϑH

(g)
λ (ϑ1, ϑ2, P⊥, Q̄)

∫ 1

xmin

dx

x

dxGinc
P (x, xP, P⊥,∆⊥)

d2∆
, (7.15)

and

dσγ∗
λA→(q)q̄gX

dΠ
= 2αemαsCF

∑
e2f δϑH

(q)
λ (ϑ1, ϑ2, P⊥, Q̃)

∫ 1

xmin

dx

x

dxqincP (x, xP, P⊥,∆⊥)
d2∆

, (7.16)

with xmin as defined in Eq.(7.7) and where all cross sections should be considered up to a
maximum hard jet momentum satisfying Eq.(7.4). We shall work in the large-Nc limit, hence
we set CF → Nc/2 in Eqs.(7.12) and (7.16), replace N2

c − 1 → N2
c in Eq.(6.16) for the gluon

DPDF, and use Eqs. (F.2) and (F.4) to determine the scattering correlators Wg and Wq. The
QCD running coupling is evaluated at the hard scale P 2

⊥, and at one-loop accuracy, it is given
by Eq. (1.8), which we rewrite here for convenience as

αs

(
P 2
⊥
)
=

1

b lnP 2
⊥/Λ

2
with b =

11Nc − 2nf
12π

. (7.17)

1As in Eq. (6.6), we have dropped the label D in the cross section and in the semi-hard factor as well.
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Figure 7.1: The transverse and longitudinal cross sections for the production of incoherent diffractive 2
jets and 2+ 1 jets as functions of the hard jet momentum P 2

⊥ for fixed momentum transfer ∆2
⊥ and for

Y min
P = 4.5 (left panel) or Y min

P = 4 (right panel). The remaining independent kinematic variables are
fixed according to xBj = 2.3 × 10−3, Q2 = 20GeV2 and ϑh1 = ϑh2 = 1/2. The scattering amplitude is
given by the MV model and a factor αem(S⊥/4π

3)δϑ has been omitted.

It is equally probable to produce either a soft quark or a soft antiquark, thus the total 2 + 1 jets
cross section is given by

dσγ∗
λA→qq̄gX

dΠ
=

dσγ∗
λA→qq̄(g)X

dΠ
+ 2

dσγ∗
λA→(q)q̄gX

dΠ
. (7.18)

The study of the parametric behavior of the cross sections is easily done by seeing the explicit
exact expressions for the hard factors in Eqs. (7.13), (7.14), (5.2), (5.9), (5.10) and (5.15), the
estimates for G(+)(∆⊥) in the cases shown in Eqs. (4.53), (4.54) and (4.55), as well as the
incoherent DPDFs in Eq. (6.17). Assuming that Q̄, Q̃ ∼ P⊥ and by neglecting some constant
factors and logarithms we find for 2 jets

dσγ∗
λA→qq̄X

dΠ
∼ S⊥αem

4π3Nc

∑
e2f δϑ

Q2
s

P 6
⊥

×





ln
Q2

s

Λ2
for ∆⊥ ≪ Qs,

Q2
s

∆2
⊥

for ∆⊥ ≫ Qs,

(7.19)

and for 2 + 1 jets

dσγ∗
λA→qq̄gX

dΠ
∼ S⊥αem

4π3Nc

∑
e2f δϑ

αsNc

π

1

P 4
⊥

×





ln
Q2

s

Λ2
for ∆⊥ ≪ Qs,

Q4
s

∆4
⊥

for ∆⊥ ≫ Qs,

(7.20)

where the soft gluon and soft quark sectors are of the same order. This means that the cross
sections saturate logarithmically for ∆⊥ ≪ Qs as well. One observes that the 2 + 1 jets cross
section is parametrically larger in the regime ∆⊥ ≲ Qs by a factor αsP

2
⊥/Q

2
s and also when

Q2
s ≪ ∆2

⊥ ≪ P 2
⊥ by a factor αsP

2
⊥/∆

2
⊥. Another important remark is that such a dominant

contribution exhibits a natural 1/∆4
⊥ = 1/|t|2 tail at large |t|.
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Figure 7.2: The transversely and longitudinally polarized cross sections for incoherent diffractive pro-
duction of 2 jets and 2+1 jets as functions of the momentum transfer ∆2

⊥ for fixed hard jet momentum
P 2
⊥. The rest is as in Fig. 7.1.

Finally, we have numerically computed the cross sections presented in Eqs.(7.12) and (7.18),
and shown them in Fig.7.1 as functions of P 2

⊥. Again, the momentum transfer ∆2
⊥ is fixed and

assumed to be of the order of Q2
s. The selected kinematic variables are realistic as presented in

Section 7.1, though we are not strictly within the regime where the parametric estimates outlined
earlier are fully applicable. As a consequence, the 2 +1 jet contributions do not dominate the
cross section. However, we observe that their contribution remains larger than that of the two-jet
process up to a certain value of the hard jet momentum, which is approximately the typical value
estimated in Eq.(7.8). Overall, the two contributions are of comparable magnitude across the
entire range displayed in Fig.7.1.

It is also visible that, as discussed at the end of Section 7.1, when P 2
⊥ approaches its maximum

value dictated in Eq.(7.4), the 2 +1 jets cross section vanishes since there is no phase-space for
the emission of the third jet. This is explicitly seen in the interval of the integration in Eqs. (7.15)
and (7.16), and it is the reason that one must not naively expect a favorable situation for 2 + 1
jets at high P 2

⊥.
In a similar way, in Fig.7.2, we present the numerical results for the cross sections as functions

of ∆2
⊥. The hard jet momentum P 2

⊥ is fixed and taken to be of the order of its typical value, which
depends on Y min

P , as indicated in Eq.(7.8). Once again, we observe that the two contributions are
approximately of the same order across a broad range of momenta. With the chosen kinematics,
the 2 +1 jet cross section remains larger than the two-jet cross section for momentum transfers
up to the saturation scale.
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Conclusions

We have studied the incoherent diffractive production of 2 and 2+1 jets in eA collisions. In both
cases we work in the correlation limit, i.e. a specific kinematic regime in which there are two
hard jets in the final state which are almost back-to-back in transverse space, having approximate
transverse momenta P and −P . Such a momentum P is hard when it is much larger than both
the saturation scale and the momentum transfer, i.e. when P⊥ ≫ Qs,∆⊥. No assumption has
been made regarding the magnitude of ∆⊥ when compared to Qs, hence inverse powers of ∆2

⊥
are resummed to all orders.

For the case of dijet production, at leading twist, we have separated the hard dynamics,
i.e., the dependence on the relative momentum P⊥ and Q̄, from the semi-hard dynamics, which
are governed by the imbalance ∆⊥. We then computed the first higher-order kinematic twist,
corresponding to the correction of relative order ∆2

⊥/P
2
⊥. This approach allowed us to provide

a reliable analytical description of the cross sections and azimuthal anisotropies, even in the
regime where ∆⊥ — which represents both the dijet imbalance and the transverse momentum
transferred from the nucleus — starts to become comparable to P⊥.

We also found that, at leading twist, the dijet cross section exhibits a rapid decay with
increasing hard jet momentum, specifically following a 1/P 6

⊥ dependence. This behavior arises
from the fact that the scattering process involves dipoles of small size. Furthermore, when
analyzing the dependence on the momentum transfer, we obtained a rather unusual 1/∆2

⊥ = 1/|t|
fall-off for large values of |t|.

Following the approach used in the analogous problem of coherent diffraction [52, 55, 56, 60],
we demonstrated that the leading contribution in power counting is given when the hard dijet
is accompanied by a third, semi-hard jet. We expressed this 2 +1 cross section in a factorized
form, as the product of a hard factor and either an incoherent quark or gluon DTMD (when
the semi-hard jet is explicit), or the corresponding DPDF (when the semi-hard jet is integrated
over). While this process is proportional to the running coupling αs(P

2
⊥), which is small, the

scattering is sensitive only to large-size configurations in the projectile wave function, leading to
a hard factor in the 2 + 1 jets cross section that falls off as 1/P 4

⊥.
Additionally, we found that the quark and gluon DPDFs saturate logarithmically when |t| ≪

Q2
s and show a natural 1/∆4

⊥ = 1/|t|2 tail in the regime Q2
s ≪ |t| ≪ P 2

⊥. Finally, in contrast to
the two-jet case [34, 63], we did not observe any dependence of the 2 +1 jets cross section on the
angle between the hard jet momentum and the momentum transfer.

In order to compare the 2 jets and 2+1 jets cross sections we proceeded to impose a minimum
value for the rapidity gap of the diffractive process by considering kinematics hopefully achievable
at the future Electron-Ion Collider (EIC). We find that at sufficiently high energy collisions the
2+1 jets cross section dominates, while for the typical values expected at the EIC the two cross
sections are of the same order. Hence, for practical purposes, it is important to consider both
contributions.

This study assumes a partonic content in the outgoing state, therefore further work is required
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in order to compute the cross sections for producing real jets or hadrons.
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Appendix A

Useful integrals

Here we provide some integrals useful to calculate the high-momentum behavior of the transverse
momentum dependent quantities studied in this work. For instance, we consider the integral

∫ ∞

0

dB̃ B̃1+2γJ0(B̃) =
4

1
2+γΓ (1 + γ)

Γ (−γ) (A.1)

which in general is valid for −1 < γ < −1/2. To calculate integrals involving a power of ln B̃2

we differentiate with γ and by analytic continuation we shall take Eq. (A.1) to be true for values
of γ outside the aforementioned interval. One useful example for our purposes is

∫ ∞

0

dB̃ B̃3 ln B̃2 J0(B̃) = lim
γ→1

d

dγ

4
1
2+γΓ (1 + γ)

Γ (−γ) = 8. (A.2)

Similar integrations can be considered involving other Bessel functions, in particular we list
the following

∫ ∞

0

dB̃ B̃ ln B̃2 J0(B̃) = −2, (A.3)

∫ ∞

0

dB̃ B̃ ln2 B̃2 J0(B̃) = 8(γE − ln 2), (A.4)

∫ ∞

0

dB̃ B̃ J2(B̃) = 2, (A.5)

∫ ∞

0

dB̃ B̃ ln B̃2 J2(B̃) = 2(2 ln 2− 2γE + 1), (A.6)

and
∫ ∞

0

dB̃ B̃ J4(B̃) = 4, (A.7)
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where γE ≃ 0.5772 is the Euler’s constant. For completeness, we would like to remind also here
that

∫
d2B

2π
e−i∆·B = δ(2)(∆) (A.8)

and so
∫

d2B

2π
e−i∆·BB2 = −∇2

∆

∫
d2B

2π
e−i∆·B = −2π∇2

∆δ
(2)(∆). (A.9)
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Appendix B

Tensor decompositions and
contractions in the qq̄ contribution

Starting from Eq. (4.35) (together with Eq. (4.37)), we find that the semihard factor admits a
tensor decomposition, in which the coefficients are given by five different scalar quantities which
depend only on the magnitude ∆⊥, namely

Gij,kl
D (∆) =

δij

2

δkl

2

[
G(+)
D (∆⊥)−

1

2
G(−)
D (∆⊥)

]
+

(
δik

2

δjl

2
+
δil

2

δjk

2

)
1

2
G(−)
D (∆⊥)

+

(
δij

2
∆̂kl +

δkl

2
∆̂ij

)[
G(1)
D (∆⊥)−

2

3
G(1′)
D (∆⊥)

]

+

(
δik

2
∆̂jl +

δjl

2
∆̂ik +

δil

2
∆̂jk +

δjk

2
∆̂il

)
1

3
G(1′)
D (∆⊥)

+

(
∆̂ij∆̂kl − 1

2

δij

2

δkl

2
+ ∆̂ik∆̂jl − 1

2

δik

2

δjl

2
+ ∆̂il∆̂jk − 1

2

δil

2

δjk

2

)
1

3
G(2)
D (∆⊥).

(B.1)

The traceless tensor ∆̂ij is defined as

∆̂ij ≡ ∆i∆j

∆2
⊥

− δij

2
, (B.2)

while the functions involved in the coefficients read

G(+)
D (∆⊥) =

∫
d2B

2π
e−i∆·B Φ(B)[F+(B)]2, (B.3)

G(−)
D (∆⊥) =

∫
d2B

2π
e−i∆·B Φ(B)[F−(B)]2, (B.4)

G(1)
D (∆⊥) =

∫
d2B

2π
e−i∆·B Φ(B)F+(B)F−(B) cos 2ϕ∆B (B.5)

G(1′)
D (∆⊥) =

∫
d2B

2π
e−i∆·B Φ(B)[F−(B)]2 cos 2ϕ∆B, (B.6)
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and

G(2)
D (∆⊥) =

∫
d2B

2π
e−i∆·B Φ(B)[F−(B)]2 cos 4ϕ∆B, (B.7)

with ϕ∆B the angle between the vectors ∆ and B.
When calculating the cross section only the coefficients G(+)

D (∆⊥), G(−)
D (∆⊥), G(1)

D (∆⊥) and
G(2)
D (∆⊥) survive as mentioned in Sect. 4.3.

The hard factors can be written in a similar form by using the traceless tensor

P̂ ij ≡ P iP j

P 2
⊥

− δij

2
. (B.8)

Contracting the transverse hard factor Hiks
T Hjls∗

T in Eq. (4.33), we get after some algebra the
convenient expression

Hiks
T (P , Q̄)Hjls∗

T (P , Q̄) =
16P 2(3Q̄4 + 2Q̄2P 2

⊥ − P 4
⊥)

(P 2
⊥ + Q̄2)6

δik

2

δjl

2

+
16P 2(Q̄4 − Q̄2P 2

⊥ + P 4
⊥)

(P 2
⊥ + Q̄2)6

(
δij

2

δkl

2
+
δil

2

δkj

2

)

+
16P 2

⊥(Q̄
4 − P 4

⊥)

(P 2
⊥ + Q̄2)6

(
δik

2
P̂ jl +

δjl

2
P̂ ik

)

+
8P 2

⊥(Q̄
2 − P 2

⊥)
2

(P 2
⊥ + Q̄2)6

(
δij

2
P̂ kl +

δkl

2
P̂ ij +

δil

2
P̂ kj +

δkj

2
P̂ il

)

− 32Q̄2P 4
⊥

(P 2
⊥ + Q̄2)6

(
P̂ ijP̂ kl − 1

2

δij

2

δkl

2
+ P̂ ilP̂ kj − 1

2

δil

2

δkj

2

)
. (B.9)

The longitudinal hard factor can be obtained in the same way with the simplification that there
are no indices to contract in Eq. (4.47), so we find

Hik
L (P , Q̄)Hjl

L (P , Q̄) =
16Q̄2(Q̄4 − 2Q̄2P 2

⊥ + 3P 4
⊥)

(P 2
⊥ + Q̄2)6

δik

2

δjl

2

− 32Q̄2P 2
⊥(Q̄

2 − P 2
⊥)

(P 2
⊥ + Q̄2)6

(
δik

2
P̂ jl +

δjl

2
P̂ ik

)

+
64Q̄2P 4

⊥
(P 2

⊥ + Q̄2)6

(
P̂ ikP̂ jl − 1

2

δik

2

δjl

2

)
. (B.10)

Using the formulae

δijP̂ ij = 0 , P̂ ijP̂ ij =
1

2
and P̂ ijP̂ jk =

1

4
δik (B.11)

(and similarly for ∆̂ij) and

2P̂ ij∆̂ji = 2 cos2 ϕ− 1 = cos 2ϕ (B.12)

8P̂ ij∆̂jkP̂ kl∆̂li = 8 cos4 ϕ− 8 cos2 ϕ+ 1 = cos 4ϕ (B.13)

where ϕ is the angle between P and ∆, we can contract Gij,kl
D in Eq. (B.1) with either Hiks

T Hjls∗
T

as expressed in Eq. (B.9) or Hik
L H

jl
L as expressed in Eq. (B.10) to get Eqs. (4.45) and (4.48).
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Appendix C

Inclusive dijet production

We review here the cross section for inclusive dijet production [27, 113]. In analogy to the
expression is Eq. (4.17), the diffractive correlator WD is replaced with the inclusive one,

Wincl(r, r̄,B) =
1

Nc

〈
tr
[
V (x)V †(y)V (ȳ)V †(x̄)

]
− tr

[
V (x)V †(y)

]
− tr

[
V (ȳ)V †(x̄)

]
+ 1
〉
.

(C.1)

We assume the Gaussian approximation, and in the correlation limit we single out the semihard
dynamics into the gluon TMD which in the present notation is defined as

xGij(∆) =
CF

4π3αs

∫
d2B

2π
e−i∆·B 1− Sg(B)

lnSg(B)
∂i∂j lnSg(B) =

δij

2
xG(∆⊥) + ∆̂ij xh(∆⊥).

(C.2)

The unpolarized and polarized unintegrated gluon distribution of the nucleus are given by

xG(∆⊥) =
CF

4π3αs

∫ ∞

0

dBB J0(∆⊥B)
1− Sg(B)

lnSg(B)
F+(B) (C.3)

and

xh(∆⊥) = − CF

4π3αs

∫ ∞

0

dBB J2(∆⊥B)
1− Sg(B)

lnSg(B)
F−(B), (C.4)

where the functions F+(B) and F−(B) are defined in Eq. (4.37)). The inclusive cross sections
can then be written by contracting with the corresponding hard factors, i.e.

dσ
γ∗
TA→qq̄X

inc

dϑ1dϑ2d2Pd2∆
=S⊥αem

(∑
e2f

)
δ(1− ϑ1 − ϑ2)

(
ϑ21 + ϑ22

)

×
[
P 4
⊥ + Q̄4

(P 2
⊥ + Q̄2)4

αsxG(∆⊥)−
2Q̄2P 2

⊥
(P 2

⊥ + Q̄2)4
αsxh(∆⊥) cos 2ϕ

]
(C.5)

and

dσ
γ∗
LA→qq̄X

inc

dϑ1dϑ2d2Pd2∆
=S⊥αem

(∑
e2f

)
δ(1− ϑ1 − ϑ2)(4ϑ1ϑ2)

× 2Q̄2P 2
⊥

(P 2
⊥ + Q̄2)4

[
αsxG(∆⊥) + αsxh(∆⊥) cos 2ϕ

]
. (C.6)

75



APPENDIX C. INCLUSIVE DIJET PRODUCTION

76



Appendix D

Next to leading kinematic twist in
the qq̄ contribution

The first kinematic corrections to the transverse and longitudinal cross sections are given in
Eqs. (4.69) and (4.70). They involve the hard tensors Hikmns

T (P , Q̄) and Hikmn
L (P , Q̄), which

can be written as

Hikmns
T (P , Q̄) = − 8i

(P 2
⊥ + Q̄2)3

(
P i(δklδms + δkmδls + δksδlm)

+P k(δilδms + δimδls + δisδlm) + P l(δikδms + δimδks + δisδkm)

+ Pm(δikδls + δilδks + δisδkl) + P s(δikδlm + δilδkm + δimδkl)
)

+
48i

(P 2
⊥ + Q̄)4

(
δikP lPmP s + δilP kPmP s + δimP kP lP s

+ δisP kP lPm + δklP iPmP s + δkmP iP lP s + δksP iP lPm
)

− 384i

(P 2
⊥ + Q̄)5

P iP kP lPmPs (D.1)

and

Hikmn
L (P , Q̄) =

32Q̄(Q̄4 − 4Q̄2P 2
⊥ + P 4

⊥)

(P 2
⊥ + Q̄2)5

(
δij

2

δkl

2
+
δik

2

δjl

2
+
δil

2

δjk

2

)

+
32Q̄P 2

⊥(P
2
⊥ − 3Q̄2)

(P 2
⊥ + Q̄2)5

(
δij

2
P̂ kl +

δkl

2
P̂ ij +

δik

2
P̂ jl +

δjl

2
P̂ ik +

δil

2
P̂ jk +

δjk

2
P̂ il

)

+
128Q̄P 4

⊥
(P 2

⊥ + Q̄2)5

(
P̂ ijP̂ kl − 1

2

δij

2

δkl

2
+ P̂ ikP̂ jl − 1

2

δik

2

δjl

2
+ P̂ ilP̂ jk − 1

2

δil

2

δjk

2

)
.

(D.2)
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The tensor decomposition of the semi-hard factor given in Eq. (4.71) can be written as

Gij,klmn
D (∆) =

δij

2
ζklmn
0 G(a0)

D (∆)

+

[
δkl

2
ζijmn
0 +

δkm

2
ζijln0 +

δkn

2
ζijlm0 +

δmn

2
ζijkl0 +

δln

2
ζijkm0 +

δlm

2
ζijkn0

]
G(b0)
D (∆)

+ ξijklmn
0 G(c0)

D (∆) + ∆̂ijζklmn
0 G(a1)

D (∆) +
δij

2
ζklmn
1 G(b1)

D (∆)

+

[
δkl

2
ζijmn
1 +

δkm

2
ζijln1 +

δkn

2
ζijlm1 +

δmn

2
ζijkl1 +

δln

2
ζijkm1 +

δlm

2
ζijkn1

]
G(c1)
D (∆)

+ ξijklmn
1 G(d1)

D (∆)

+

[
δkl

2
ζijmn
2 +

δkm

2
ζijln2 +

δkn

2
ζijlm2 +

δmn

2
ζijkl2 +

δln

2
ζijkm2 +

δlm

2
ζijkn2

]
G(a2)
D (∆)

+
δij

2
ζklmn
2 G(b2)

D (∆) + ξijklmn
2 G(c2)

D (∆) + ξijklmn
3 G(3)

D (∆), (D.3)

where in order to compact the expression we have defined the following tensors

ζijkl0 =
δij

2

δkl

2
+
δik

2

δjl

2
+
δil

2

δjk

2
, (D.4)

ζijkl1 =
δij

2
∆̂kl +

δkl

2
∆̂ij +

δik

2
∆̂jl +

δjl

2
∆̂ik +

δil

2
∆̂jk +

δjk

2
∆̂il, (D.5)

ζijkl2 = ∆̂ij∆̂kl − 1

2

δij

2

δkl

2
+ ∆̂ik∆̂jl − 1

2

δik

2

δjl

2
+ ∆̂il∆̂jk − 1

2

δil

2

δjk

2
, (D.6)

ξijkl0 =
δij

2
ζklmn
0 +

δik

2
ζjlmn
0 +

δil

2
ζjkmn
0 +

δim

2
ζjkln0 +

δin

2
ζjklm0 , (D.7)

ξijkl1 =∆̂ijζklmn
0 + ∆̂ikζjlmn

0 + ∆̂ilζjkmn
0 + ∆̂imζjkln0 + ∆̂inζjklm0

+∆̂jkζilmn
0 + ∆̂jlζikmn

0 + ∆̂jmζikln0 + ∆̂jnζiklm0 + ∆̂klζijmn
0

+∆̂kmζijln0 + ∆̂knζijlm0 + ∆̂lmζijkn0 + ∆̂lnζijkm0 + ∆̂mnζijkl0 , (D.8)

ξijkl2 =
δij

2
ζklmn
2 +

δik

2
ζjlmn
2 +

δil

2
ζjkmn
2 +

δim

2
ζjkln2 +

δin

2
ζjklm2

+
δjk

2
ζilmn
2 +

δjl

2
ζikmn
2 +

δjm

2
ζikln2 +

δjn

2
ζiklm2 +

δkl

2
ζijmn
2

+
δkm

2
ζijln2 +

δkn

2
ζijlm2 +

δlm

2
ζijkn2 +

δln

2
ζijkm2 +

δmn

2
ζijkl2 , (D.9)
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and finally

ξijkl3 =
∆i∆j∆k∆l∆m∆n

∆6
− 1

15
ξijkl2 − 1

12
ξijkl1 − 1

6
ξijkl0 . (D.10)

The semi-hard coefficientes in Eq. (D.3) are

G(a0)
D (∆) =

∫
d2B

2π
e−i∆·BΦ(B)

[
F+(B)F3(B) + (F+(B)− F−(B))(2F4(B) +

1

2
F5(B))

]
,

(D.11)

G(b0)
D (∆) =

1

2

∫
d2B

2π
e−i∆·BΦ(B)F−(B)F4(B), (D.12)

G(c0)
D (∆) =

1

6

∫
d2B

2π
e−i∆·BΦ(B)F−(B)F5(B), (D.13)

G(a1)
D (∆) =

∫
d2B

2π
e−i∆·BΦ(B)F−(B)F3(B) cos 2ϕ∆B , (D.14)

G(b1)
D (∆) =

∫
d2B

2π
e−i∆·BΦ(B)

[
(F+(B)− F−(B))(F4(B) +

1

3
F5(B))

]
cos 2ϕ∆B , (D.15)

G(c1)
D (∆) =

1

3

∫
d2B

2π
e−i∆·BΦ(B)F−(B)F4(B) cos 2ϕ∆B , (D.16)

G(d1)
D (∆) =

1

12

∫
d2B

2π
e−i∆·BΦ(B)F−(B)F5(B) cos 2ϕ∆B , (D.17)

G(a2)
D (∆) =

1

3

∫
d2B

2π
e−i∆·BΦ(B)F−(B)F4(B) cos 4ϕ∆B , (D.18)

G(b2)
D (∆) =

1

3

∫
d2B

2π
e−i∆·BΦ(B)(F+ − F−(B))F5(B) cos 4ϕ∆B , (D.19)

G(c2)
D (∆) =

1

15

∫
d2B

2π
e−i∆·BΦ(B)F−(B)F5(B) cos 4ϕ∆B , (D.20)

G(3)
D (∆) =

∫
d2B

2π
e−i∆·BΦ(B)F−(B)F5(B) cos 6ϕ∆B , (D.21)

(D.22)

where the functions F+(B) and F−(B) are defined in Eq. (4.38) while we define

F3(B) = 16
∂

∂B2

∂

∂B2
lnSg(B), (D.23)

F4(B) = 16B2 ∂

∂B2

∂

∂B2

∂

∂B2
lnSg(B), (D.24)

F5(B) = 16B4 ∂

∂B2

∂

∂B2

∂

∂B2

∂

∂B2
lnSg(B). (D.25)

Hence, having the tensors Hikmns
T (P , Q̄), Hjls∗

T (P , Q̄) and Gij,klmn
D (∆) encoded in Eqs. (D.1),

(4.34) and (D.3) respectively, we can find the higher twist correction to the reduced cross sections.
By using the notation in Eq. (4.56), we find that the correction of the averaged over angle cross
section in the transverse sector reads

δN T
0 =

24P 2
⊥Q̄

2

(P 2
⊥ + Q̄2)8

[
2P 4

⊥(G(a0)
D (∆) + 5G(b0)

D (∆) + 4G(c0)
D (∆))

− (P 2
⊥ − Q̄2)Q̄2(3G(a0)

D (∆) + 19G(b0)
D (∆) + 16G(c0)

D (∆))
]

(D.26)
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while the contribution to the elliptic anisotropy in the same sector can be written as

δN T
2 =

6P 2
⊥

(P 2
⊥ + Q̄2)8

[
Q̄6(4G(a1)

D (∆) + 7G(b1)
D (∆) + 45G(c1)

D (∆) + 56G(d1)
D (∆))

− 2P 2
⊥Q̄

4(5G(a1)
D (∆) + 10G(b1)

D (∆) + 60G(c1)
D (∆) + 76G(d1)

D (∆))

+P 4
⊥Q̄

2[2G(a1)
D (∆) + 3(G(b1)

D (∆) + 7G(c1)
D (∆) + 8G(d1)

D (∆))]

− 2P 6
⊥(G(b1)

D (∆) + 3G(c1)
D (∆) + 4G(d1)

D (∆))
]
. (D.27)

Similarly, in the longitudinal sector, using the Eqs. (D.2) and (4.47) for the hard tensors
Hikmn

L (P , Q̄) and Hjl∗
L (P , Q̄), we find for the averaged cross section

δNL
0 =

8Q̄2

(P 2
⊥ + Q̄2)8

[
−2P 6

⊥(2G(a0)
D (∆) + 11G(b0)

D (∆) + 9G(c0)
D (∆))

+ 2P 4
⊥Q̄

2(7G(a0)
D (∆) + 40G(b0)

D (∆) + 33G(c0)
D (∆))

− 5P 2
⊥Q̄

4(G(a0)
D (∆) + 7G(b0)

D (∆) + 6G(c0)
D (∆))

+ Q̄6(G(a0)
D (∆) + 7G(b0)

D (∆) + 6G(c0)
D (∆))

]
, (D.28)

whereas for the elliptic contribution we have

δNL
2 =

2P 2
⊥Q̄

2

(P 2
⊥ + Q̄2)8

[
−P 4

⊥[7G(a1)
D (∆) + 6(4G(b1)

D (∆) + 19G(c1)
D (∆) + 24G(d1)

D (∆))]

+ 4P 2
⊥Q̄

2[7G(a1)
D (∆) + 12G(b1)

D (∆) + 78G(c1)
D (∆) + 96G(d1)

D (∆)]

− Q̄4[13G(a1)
D (∆) + 6(4G(b1)

D (∆) + 25G(c1)
D (∆) + 32G(d1)

D (∆))]
]
. (D.29)

By using the MV model (cf. Eq. (2.48)) in Eqs. (D.26), (D.27), (D.28) and (D.29) we arrive
respectively at Eqs. (4.72), (4.73), (4.74) and (4.75).
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Appendix E

The gluon semi-hard tensor and its
index structure in the qq̄g
contribution

As discussed in Chapter 3, coherent and incoherent diffraction differ on how their respective
correlators are averaged, i.e. either at the amplitude or at the cross section level respectively.
This allows us to obtain the semi-hard tensor for incoherent diffraction of a gluon-gluon dipole
from its counterpart in the coherent case [55] by applying the replacement

δ(2)(∆)Tg(R)Tg(R̄) →
∫

d2B

(2π)2
e−i∆·B Wg(R, R̄,B). (E.1)

Hence, we find

Gij
inc(x, xP,k3,∆) =

1

4π

∫
d2B

2π

d2R

2π

d2R̄

2π
e−i∆·B−ik3·(R−R̄)

(
R̂ik ˆ̄Rkj + R̂jk ˆ̄Rki

)
M2K2(MR)M2K2(MR̄)Wg(R, R̄,B), (E.2)

where we have symmetrized the indices i and j by anticipating an eventual contraction with a
symmetric hard tensor. The momentum dependence indicates that, in general, the tensor Gij

inc

can be decomposed into a diagonal term plus three traceless terms, namely

Gij
inc = Ginc

δij

4
+A1∆̂

ij +A2 k̂
ij
3 +A3

(
∆ikj3
∆⊥k3⊥

+
∆jki3
∆⊥k3⊥

− ∆ ·k3

∆⊥k3⊥
δij

)
, (E.3)

where the coefficients Ginc, A1, A2 and A3 are scalars depending only on ∆⊥, k3⊥ and ∆ ·k3.
Reminding the “hat” notation given in Eq. (4.39) for arbitrary vectors, it is straightforward to
prove that

R̂ik ˆ̄Rkj V̂ ij = 0. (E.4)

Similarly, the aforementioned symmetrization allows us to show that

(
R̂ik ˆ̄Rkj + R̂jk ˆ̄Rki

)
(

V i
1V

j
2

V1⊥V2⊥
− V1 ·V2

V1⊥V2⊥

δij

2

)
= 0 (E.5)
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for arbitrary vectors V1 and V2. Hence, contracting (E.3) with each one of the traceless tensors
appearing in the decomposition in Eq. (E.3) and using the last two identities, it is easy to show
that A1 = A2 = A3 = 0. The contraction of the remaining diagonal term leads to the final form
of the semi-hard gluon tensor given in Eqs. (5.5) and (5.6).
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Appendix F

The incoherent gluon DPDF in
limiting cases

Here, we provide in detail the analytical calculations of the dominant term of the incoherent
gluon DPDF at low and high momenta in the limiting cases x≪ 1 and 1− x≪ 1. To this end,
we consider Eq. (6.16) and rewrite it here for convenience

dxGinc
P (x, xP, P⊥,∆⊥)

d2∆
=
S⊥(N2

c − 1)

4π3

1

2π

∫
d2k

Ginc(x, xP,k,∆)

1− x
, (F.1)

where, recalling also the discussion in Sect. 6.2.2, the upper limit of the integration over k is
unrestricted and thus the DPDF is P⊥-independent. We work in the Gaussian approximation
[109, 112, 128–130] where the multipoint correlator Wg, which enters the definition of Ginc in
Eq. (5.6), reads [131]

Wg(R, R̄,B) =
2

N2
c

f2Sg(R)Sg(R̄)

[
e−F − 1 + F

F 2
+
e−(F−f) − 1 + (F − f)

(F − f)2

]
, (F.2)

where1

F =
1

2
ln

Sg(R)Sg(R̄)

Sg(|B +R− R̄|)Sg(B)
and f =

1

2
ln

Sg(|B +R|)Sg(|B − R̄|)
Sg(|B +R− R̄|)Sg(B)

. (F.3)

The above expressions hold in the large-Nc approximation, meaning that terms of order 1/N4
c

or higher are not included, and it remains valid for any values of R, R̄, and B. We also provide
here the corresponding expression for the correlator Wq in the fundamental representation (cf.
Eq. (4.29) and the discussion above for the large-Nc limit) which is utilized for the numerical
evaluation of the incoherent quark DPDF, namely

Wq(R, R̄,B) =
1

N2
c

f2S(R)S(R̄) e
−F − 1 + F

F 2
. (F.4)

As discussed in Section 2.2.1, in the Gaussian approximation we have the relation S(R) =
[Sg(R)]

CF /Nc , which reduces to S(R) ≃
√
Sg(R) at large-Nc. We will take again Sg(R) to be

given by the MV model, cf. Eqs. (2.48) and (2.49).
1Note the analogy with the definitions given in Eq. (4.23) for the double dipole correlator in the fundamental

representation Eq. (4.22).
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The expressions in Eqs. (F.2) and (F.4) have a similar functional form, where the key distinc-
tion arises from the additional term in Eq. (F.2), which renders the square bracket symmetric
under transformation F → F − f . This symmetry guarantees that the gluon correlator Wg

remains invariant when exchanging the positions of the gluons within one of the two dipoles.

F.1 The case x ≪ 1

For x ≪ 1, we find that M ≃ k⊥
√
x ≪ k⊥, implying that contributions from the region

where k⊥R ≳ 1/
√
x ≫ 1 are suppressed. This suppression arises due to the strong oscillations

induced by the exponential factor e−ik·R, which prevents significant contributions when the
argument of the Bessel functions K2 approaches or exceeds unity. Consequently, we can expand
the Bessel functions for small arguments, using the approximation M2K2(MR) ≃ 2/R2 (and
analogously for M2K2(MR̄)). This simplification renders the integral over k trivial, leading to
(2π)2δ(2)(R − R̄). As a result, we can directly integrate over R̄, yielding a particularly simple
final expression

∫
d2k Ginc = 4

∫
d2B

2π
e−i∆·B

∫
d2R

2π

Wg(R, R̄ = R,B)

R4
. (F.5)

The relation R̄ = R implies that the functions F and f in Eq. (F.3) simplify and read

F = ln
Sg(R)

Sg(B)
and f =

1

2
ln

Sg(|B +R|)Sg(|B −R|)
S2
g (B)

. (F.6)

Low momenta ∆⊥ ≪ Qs

In this regime, the dominant contribution originates from configurations where B ≫ 2/Qs, R,
while no specific hierarchy is assumed between R and 2/Qs. This allows us to directly obtain

F ≃ F − f ≃ − lnSg(B) =
Q2

AB
2

4
ln

4

B2Λ2
≫ 1. (F.7)

For f , the leading term cancels, and by performing a Taylor expansion for R ≪ B, we identify
the dominant logarithmic enhanced term2

f ≃ −Q
2
AR

2

4
ln

4

B2Λ2
. (F.8)

Substituting the last two equations into Eq. (F.2), we observe that the correlator takes the form

Wg(R,R,B) ≃ 1

N2
c

Q2
AR

4S2
g (R)

ln 4/B2Λ2

B2
. (F.9)

The integration over R is controlled by dipole sizes of the order of 2/Qs. Specifically, in the MV
model, we find3

∫ ∞

0

dRRS2
g (R) ≃

1

Q2
s

, (F.10)

2When R appears alongside B within a logarithm, it can be set to zero. This property, along with its
counterpart for B ≪ R in the high-momentum region, will be frequently utilized throughout this Appendix.

3The leading result coincides with that obtained using the GBW model. By using the MV model, one can
compute corrections that are suppressed by inverse powers of lnQ2

s/Λ
2 [132], which we neglect here.
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F.1. THE CASE x≪ 1

where have extended the integration to infinity, as R is not constrained with respect to 2/Qs,
which allows us to account for the exact coefficient. Recall that Q2

s = Q2
A lnQ2

s/Λ
2, and thus we

obtain
∫

d2k Ginc ≃
4

N2
c

1

lnQ2
s/Λ

2

∫
d2B

2π
e−i∆·B ln 4/B2Λ2

B2
. (F.11)

By performing the straightforward angular integration, we notice that the integral becomes
logarithmic in the regime 2/Qs ≪ B ≪ 2/∆⊥. After taking the large-Nc limit of the factor
multiplying the integral in Eq. (F.1), we finally obtain

dxGinc
P

d2∆
≃ S⊥

8π4

1

lnQ2
s/Λ

2

(
ln2

Q2
s

Λ2
− ln2

∆2
⊥

Λ2

)
for x≪ 1 and ∆⊥ ≪ Qs. (F.12)

High momenta ∆⊥ ≫ Qs

The dominant contribution is coming from dipoles with a small size B. More precisely, we
observe a logarithmic enhancement in the region where B ≪ R≪ 2/Qs. Given that in this limit
S(R) ≃ 1 and F, f, F − f ≪ 1, it follows that the correlator simplifies to Wg ≃ 2f2/N2

c within
the 4-gluon exchange approximation. Expanding f in the regime B ≪ R, we obtain

Wg(R,R,B) ≃ Q4
AR

4

8N2
c

ln2
4

R2Λ2
+
Q4

AB
2R2

4N2
c

(
ln2

4

R2Λ2
− ln

4

B2Λ2
ln

4

R2Λ2

)
. (F.13)

The first term in this expression is independent of B and is not relevant to our analysis, as after
the Fourier transform, cf. (F.1), it will result in a term proportional to δ(2)(∆).4 Substituting
the second term of Eq. (F.13) into Eq. (F.5), we observe that the integration over R becomes
logarithmic (in the regime B ≪ R≪ 2/Qs) and yields

∫
d2k Ginc ≃ − Q4

A

12N2
c

∫
d2B

2π
e−i∆·B B2

(
ln3

4

B2Q2
s

+ 3 ln
Q2

s

Λ2
ln2

4

B2Q2
s

)
. (F.14)

The above expression is proportional to B2, hence it follows directly from Eq. (F.12) that the
incoherent DPDF must exhibit a 1/∆4

⊥ scaling behavior. Nevertheless, we emphasize that the
logarithmic dependence on B in Eq. (F.14) is essential5 to obtain a non-zero result for ∆⊥ ̸= 0,
since

∫
d2B

2π
e−i∆·BB2 = −∇2

∆

∫
d2B

2π
e−i∆·B = −2π∇2

∆δ
(2)(∆). (F.15)

Now, by performing the angular integration and making use of the integrals Eq. (A.1) and
Eq. (A.2) together with the change of variables B = B̃/∆⊥, we finally obtain the leading behavior

dxGinc
P

d2∆
≃ S⊥

4π4

Q4
A

∆4
⊥

(
ln2

∆2
⊥

Λ2
− ln2

Q2
s

Λ2

)
for x≪ 1 and ∆⊥ ≫ Qs. (F.16)

4While such a term is significant for the cross section integrated over ∆, a proper evaluation of this contribution
requires relaxing the assumption R ≪ 2/Qs.

5These logarithms originate from the logarithmic structure of the MV model amplitude. If the GBW model
were used instead, no power-law tail would emerge at large ∆⊥, resulting in an unphysical distribution that decays
exponentially for large ∆⊥.
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F.2 The case 1− x ≪ 1

When 1−x≪ 1, we find that M ≃ k⊥/
√
1− x≫ k⊥, leading to a suppression of the contribution

from the region where k⊥R ≳ 1, due to the rapid exponential decay of the K2 Bessel functions.
As a result, we can approximate e−ik·(R−R̄) ≃ 1, allowing the integration over k to be performed
analytically, yielding
∫

d2k
Ginc

1− x

∣∣∣∣
x=1

=

∫
d2B

2π
e−i∆·B

∫
d2R

2π

∫
d2R̄

2π

Ψ(R̄/R)

R3R̄3
cos 2ϕRR̄ Wg(R, R̄,B), (F.17)

where we have defined the dimensionless function

Ψ(ρ) =
16ρ

(ρ2 − 1)5
(
ρ8 − 8ρ6 + 8ρ2 − 1 + 12ρ4 ln ρ2

)
. (F.18)

As implicitly done in these expressions, we find convenient to introduce a change of variables
from the size R̄ to the ratio ρ ≡ R̄/R. By definition, the function in Eq. (F.18) satisfies the
symmetry property Ψ(1/ρ) = Ψ(ρ), as the initial integral remains unchanged under the exchange
R ↔ R̄. Exploiting this symmetry, we restrict the integration to the region R̄ < R ⇔ ρ < 1
and compensate by multiplying the result by a factor of 2. Additionally, it is useful to note that
Ψ(ρ) ≃ 16ρ for ρ≪ 1, while at ρ = 1, the function remains finite with Ψ(1) = 32/5.

Low momenta ∆⊥ ≪ Qs

The dominant contributions arise from configurations where the sizes satisfy B ≫ 2/Qs, R, R̄,
without any additional strict hierarchy between 2/Qs, R, and R̄. As for F and F − f , their ex-
pressions remain as in Eq. (F.7), since only the largest scale B plays a role in their determination.
In the expansion of f for R, R̄≪ B, the leading term cancels, leading to

f ≃ −Q
2
AR ·R̄
4

ln
4

B2Λ2
= −Q

2
AR

2

4
ρ cosϕRR̄ ln

4

B2Λ2
. (F.19)

Eq. (F.2) becomes

Wg(R, R̄,B) ≃ 1

N2
c

Q2
AR

4Sg(R)Sg(ρR)ρ
2 cos2ϕRR̄

ln 4/B2Λ2

B2
, (F.20)

allowing for a straightforward evaluation of the two angular integrations, for instance by choosing
ϕRR̄ and the angle between B and R as independent variables, leading to
∫

d2k
Ginc

1− x

∣∣∣∣
x=1

≃ Q2
A

4N2
c

∫
d2B

2π
e−i∆·B ln 4/B2Λ2

B2

∫ 1

0

dρΨ(ρ)

∫ ∞

0

dR2Sg(R)Sg(ρR). (F.21)

The remaining integrations over R and ρ can be carried out directly, yielding
∫ ∞

0

dR2Sg(R)Sg(ρR) ≃
4

(1 + ρ2)Q2
s

and

∫ 1

0

dρ
Ψ(ρ)

1 + ρ2
=

3π2 − 16

4
, (F.22)

so that Eq. (F.21) becomes
∫

d2k
Ginc

1− x

∣∣∣∣
x=1

≃ 3π2 − 16

4N2
c

1

lnQ2
s/Λ

2

∫
d2B

2π
e−i∆·B ln 4/B2Λ2

B2
, (F.23)
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where we have once again used Q2
s = Q2

A lnQ2
s/Λ

2. The last integral is the same as the one found
in Eq. (F.11). Taking the large-Nc limit of the prefactor in Eq. (F.1), we obtain

dxGinc
P

d2∆
≃ S⊥

8π4

3π2 − 16

16

1

lnQ2
s/Λ

2

(
ln2

Q2
s

Λ2
− ln2

∆2
⊥

Λ2

)
for 1− x≪ 1 and ∆⊥ ≪ Qs.

(F.24)

We observe that the above expression, along with the corresponding one for x≪ 1 in Eq. (F.12),
share the same functional form, and the numerical values of their respective coefficients are not
very far from each other.

High momenta ∆⊥ ≫ Qs

This is the most intricate calculation of the Appendix, and we will provide a brief summary by
highlighting the key steps. The relevant configurations are those that satisfy the strong ordering
B ≪ R, R̄≪ 2/Qs, with no additional constraint between R and R̄. The correlator in Eq. (F.2)
simplifies to Wg ≃ 2f2/N2

c , with

f → −Q
2
A

8

{
R2 ln

4

R2Λ2
+ R̄2 ln

4

R̄2Λ2
− (R−R̄)2 ln

4

(R−R̄)2Λ2

+B2

[
ln

4

R2Λ2
+ ln

4

R̄2Λ2
− ln

4

B2Λ2
− ln

4

(R−R̄)2Λ2

]}
. (F.25)

We want to point out that f contains a linear term in B, but it has not been included since it
can be shown that it does not contribute. When squaring f , we notice that only the “cross term”
in the r.h.s. in Eq. (F.25) is of our interest, since it is the one proportional to B2. Hence, the
correlator gives

Wg(R, R̄,B) → Q4
AB

2R2

16N2
c

[
2ρ cosϕRR̄ ln

4

R2Λ2
+
(
1− 2ρ cosϕRR̄ + ρ2

)
ln
(
1− 2ρ cosϕRR̄ + ρ2

)]

×
[
ln
B2

R2
+ ln

(
1− 2ρ cosϕRR̄ + ρ2

)]
, (F.26)

where we have omitted terms involving ln ρ2 since, in the regime where ρ ≪ 1, they do not
contribute to any logarithmic enhancement. Only logarithmic terms that involve two among the
rather different scales B, R, and 2/Λ are significant. Furthermore, when expanding the product
of the two brackets in Eq. (F.26), only the terms linear in ln

(
1−2ρ cosϕRR̄+ρ2

)
remain relevant.

The term without this logarithm vanishes upon angular integration, while the quadratic term is
not logarithmically enhanced. As a result, Eq. (F.26) simplifies to

Wg(R, R̄,B) → Q4
AB

2R2

16N2
c

[
2ρ cosϕRR̄ ln

4

B2Λ2
+
(
1 + ρ2

)
ln
B2

R2

]
ln
(
1− 2ρ cosϕRR̄ + ρ2

)
.

(F.27)

Substituting the above into Eq. (F.17) and doing the angular integrations we obtain
∫

d2k
Ginc

1− x

∣∣∣∣
x=1

≃ Q4
A

32N2
c

∫
d2B

2π
e−i∆·BB2

×
∫ 4/Q2

s

B2

dR2

R2

∫ 1

0

dρΨ(ρ)

[
(1 + ρ2) ln

R2

B2
− 2

3
(3 + ρ2) ln

4

B2Λ2

]
. (F.28)
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Figure F.1: The incoherent gluon DPDF as function of the momentum transfer ∆2
⊥ for x = 0 and

x = 1. As in Fig. 6.5, a factor S⊥/4π
3 has been omitted and the scattering amplitude is given by the

MV model with a gluon saturation scale Q2
s = 2GeV2.

In principle, the lower limit of the integration over ρ is B/R≪ 1. However, it has been safely
set to zero since, in this regime, the integrand is proportional to ρ. This allows for a simple
integration, which yields

∫
d2k

Ginc

1− x

∣∣∣∣
x=1

≃ Q4
A

24N2
c

∫
d2B

2π
e−i∆·BB2

∫ 4/Q2
s

B2

dR2

R2

(
5 ln

R2

B2
− 8 ln

4

B2Λ2

)
. (F.29)

The logarithmic integration over R2 leads to
∫

d2k
Ginc

1− x

∣∣∣∣
x=1

≃ − Q4
A

48N2
c

∫
d2B

2π
e−i∆·BB2

(
11 ln2

4

B2Q2
s

+ 16 ln
Q2

s

Λ2
ln

4

B2Q2
s

)
. (F.30)

It remains to follow the steps as in going from Eq. (F.14) to Eq. (F.16), and again with the help
of Appendix A, we arrive at

dxGinc
P

d2∆
≃ S⊥

8π4

Q4
A

3∆4
⊥

(
11 ln

∆2
⊥

Λ2
− 3 ln

Q2
s

Λ2

)
for 1− x≪ 1 and ∆⊥ ≫ Qs. (F.31)

The analytical estimates in the regimes ∆⊥ ≪ Qs and ∆⊥ ≫ Qs and near the end-points
x = 0 and x = 1 provided in Eqs. (F.12), (F.16), (F.24) and (F.31) are confirmed by numerical
calculations presented in Fig. F.1.

To conclude this Appendix, we would like to compare the coherent and incoherent DPDF
x-dependence in the limit where x is close to one. First, to perform the integration over the gluon
transverse momentum, leading to Eq. (F.17), one can introduce a change of variable from k⊥ to
M using the relation k2⊥ ≃ (1− x)M2. Since M sets the scale in the argument of the K2 Bessel
functions and the phase factor e−ik·(R−R̄) ≃ 1, the only explicit dependence on 1−x arises from
the change in the integration measure, i.e., dk2⊥ ≃ (1− x)dM2. This factor of 1− x cancels the
corresponding term in the denominator of Eq. (6.16), ultimately rendering the incoherent DPDF
independent of 1− x.

However, it is crucial to note that the integrand in Eq. (F.17) contains an oscillatory factor
cos 2ϕRR̄. The reason a nonzero result is obtained upon angular integration is the additional
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dependence on cos 2ϕRR̄ (or equivalently cos2ϕRR̄) introduced by the CGC scattering correlator
Wg(R, R̄,B), as seen in Eqs. (F.20) and (F.27). This behavior contrasts with the case of the
coherent DPDF, where the corresponding correlator, Tg(R)Tg(R̄), is independent of the angle.
To obtain a nonzero result, the exponential e−ik·(R−R̄) must be expanded to fourth order to
generate the required angular dependence [55]. When applying the aforementioned change of
variable to M2, the additional power of k4⊥ introduces a factor of (1− x)2, which is transmitted
to the coherent gluon DPDF. Similarly, for the quark DPDF, the integrand involves cosϕRR̄,
meaning that it suffices to expand e−ik·(R−R̄) only to second order. In this case, the extra power
of k2⊥ results in a multiplicative factor of 1− x [60].
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