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Abstract

Supersolids are an intriguing phase of matter that simultaneously exhibit crys-
talline order and superfluidity. They have recently been realized experimentally
in dipolar Bose-Einstein condensates. This thesis investigates two fundamental
features of dipolar supersolids: quantized vortices and the propagation of sound
modes.

Although quantized vortices constitute a key probe of superfluidity, their observ-
ability in dipolar supersolids is largely inhibited by the strong density depletion
caused by droplet formation. We propose a protocol for vortex nucleation and
detection, based on a ramp of the s-wave scattering length across the superfluid-
supersolid phase transition. Starting from a slowly rotating, vortex-free config-
uration in the superfluid phase, a vortex is nucleated as the system enters the
supersolid phase, due to the strong reduction of the critical angular velocity. Once
created, the vortex is robustly preserved as the condensate is brought back into
the superfluid phase, where it can be readily observed. This protocol was recently
implemented in experiments, confirming its feasibility.

The second part explores sound propagation in a dipolar supersolid confined in
a tubular potential with periodic boundary conditions, corresponding to a ring
geometry. We propose a method for exciting Goldstone modes, arising from the
spontaneous breaking of phase and translational symmetries. By abruptly re-
moving a weak periodic perturbation, the resulting oscillations are studied by
numerically solving the extended Gross-Pitaevskii equation. The values of the
two longitudinal sound velocities exhibited in the supersolid phase are then an-
alyzed using the hydrodynamic theory of supersolids at zero temperature. This
approach allows for the determination of key hydrodynamic parameters, such as
the layer compressibility modulus and the superfluid fraction, the latter found to
be consistent with the Leggett upper bound.
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Introduction

Supersolid is a novel and exotic phase of matter that simultaneously exhibits both
the superfluid and crystalline properties, arising from the spontaneous breaking of
both phase and translational symmetry. The first notion of such state comes from
the theoretical predictions of Gross in 1957 [1, 2], followed by a series of papers
by Yang [3], Andreev and Lifshitz [4], as well as Thouless [5], Chester [6] and
Leggett [7], proposing various theoretical scenarios for its possible existence. It is
also important to note the work of Penrose and Onsager [8], who argued that the
localization of particles characterizing a crystalline phase is inherently incompati-
ble with the delocalization required for condensation, making the supersolid state
impossible.

The search for the supersolid state attracted the attention of both theoretical and
experimental physicists across various fields, due to its counterintuitive nature.
Despite their efforts, conclusive detection was lacking for decades [9]. Finally, an
important discovery came from the ultracold atom community in 2017, with the
first experimental observation of supersolid properties in Bose-Einstein conden-
sates with spin-orbit-coupling [10] and inside optical resonators [11]. This was
followed in 2019 by three independent groups reporting the observation of super-
solid properties in dipolar ultracold gases [12-14].

These discoveries opened an exciting new platform for research. In recent years,
supersolids have become one of the most actively studied topics in the field of
ultracold atoms (see the recent perspective [15] and references therein). The study
of supersolidity has also extended to other systems, such as neutron stars [16,
17].  While the practical applications of supersolids are still under exploration,
their unique features offer new possibilities in fields such as quantum simulation,
quantum sensing, and atomtronics [18, 19].



1. Introduction

1.1. What is a supersolid

The concept of a supersolid seems paradoxical, as it combines characteristics of two
fundamentally different phases of matter — the frictionless flow of a superfluid and
the rigid crystalline structure of a solid. This unique state emerges due to inter-
actions that, under specific conditions, enable the coexistence of these seemingly
incompatible properties (see, for example, [9]).

In a solid, atoms or molecules are localized, maintaining fixed relative positions
with only vibrational motion. This results in structural rigidity and resistance to
shear. In crystalline solids, these particles are additionally arranged in an ordered
pattern, each occupying a specific site within a three-dimensional periodic lattice.
This arrangement breaks continuous translational symmetry in favor of discrete
one, leading to density long-range order (LRO). It’s important to note that this
symmetry breaking occurs spontaneously due to particle interactions, rather than
being externally imposed.

Superfluidity is a macroscopic quantum phenomenon in which a fluid exhibits zero
viscosity, sustaining frictionless, dissipationless flow. It was first observed in 1938
in liquid “He when cooled below the so-called lambda point (2.17K) [20, 21]. Su-
perfluidity is strongly related to Bose-Einstein condensation — a many-body quan-
tum effect that is characterized by a macroscopic occupation of the single-particle
ground state (the condensate state) [22, 23]. Bose-Einstein condensation occurs
when a system of identical particles following Bose statisticlis cooled below a crit-
ical temperature. At this point, a finite fraction of particles occupy a condensate
state that can be fully described by a classical field ¥(r), rather than by a quantum
field operator. The phase of the condensate wavefunction is spontaneously chosen
during the phase transition, thereby spontaneously breaking gauge symmetry. The
condensate particles are localized in momentum space but delocalized in position
space, resulting in coherence effects that extend over large distances, a property
known as off-diagonal long-range order (ODLRO).

A supersolid can thus be defined as a quantum state of matter resulting from the
simultaneous and spontaneous breaking of both gauge and translational symme-
tries, exhibiting both diagonal and off-diagonal long-range order [9]. The term
"spontaneous” is important to distinguish supersolids from phases where density
modulation is externally imposed. For example, this can be accomplished by ad-
sorbing layers of superfluid “He on a periodic substrate, or by trapping a BEC in

In a system of identical particles obeying Fermi statistics, Bose-Einstein condensation can occur
through the formation of Cooper pairs — composite entities consisting of two fermions that
effectively behave as bosons, and as such can undergo BEC.



1.2. Supersolidity in ‘He

an external periodic potential. In these cases, since translational symmetry is not
spontaneously broken, they cannot be considered true supersolids.

1.2. Supersolidity in *He

Early approaches to supersolidity focused on whether a crystal of a substance
that exhibits superfluidity (i.e., composed of bosonic particles) could incorporate
a superfluid phase, allowing them to merge and coexist as a unified supersolid state
(see reviews [9, 24], and references therein). One theoretical scenario considered
a quantum crystal with point defects, such as vacancies or interstitials, which are
typically thermally activated but could possibly also exist in the ground state at
zero temperature (which is not an obvious assumption) [4]. These point defects
can move through the system; for example, a vacancy can exchange position with
neighboring atoms through quantum tunneling (see Fig. 1.1(a)). Therefore, they
can be considered as a gas of quantum particles with negative mass that obey
Bose statistics, and as such, can undergo Bose-Einstein condensation and become
superfluid at low temperatures. The delocalized, coherently coupled gas of point
defects can then enable the exchange of crystal atoms at distant sites, allowing for
frictionless mass flow to coexist with crystal properties.

() (b)
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FIG. 1.1.: (a) A crystal lattice with vacancies (empty sites circled in red), which can
exchange positions with neighboring atoms (blue dots). (b) Schematic representation of
the torsional oscillator experiment by Kim and Chan. The oscillating cell, attached to a
torsional rod, contains an annular channel filled with helium. A vertical barrier can be
inserted to block the superfluid flow. Adapted from [24].
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A crystal of “He has long been considered the most promising candidate for ex-
hibiting supersolidity. After years of unsuccessful experimental attempts, the first
indication of supersolidity appeared in 2004 in a torsional oscillator experiment
by Kim and Chan [25, 26]. They followed Leggett’s proposal [7], which involved
measuring a reduction in the moment of inertia of a sample relative to its clas-
sical value, an effect known as non-classical rotational inertia (NCRI). This phe-
nomenon arises from the unique behavior of superfluids under rotation. Unlike
ordinary fluids, a superfluid remains at rest when set into slow rotation. It only
exhibits rotating motion once the rotation speed exceeds a certain critical value,
through the introduction of quantized vortices (more about quantized vortices in
Chapter 5).

The experimental setup consisted of a cylindrical container with an annular space
filled with solid helium, suspended from a torsion rod, allowing for small oscilla-
tions around its axis, as illustrated in Fig 1.1(b). The authors observed an abrupt
drop in the oscillation period below 200mK, which decreased monotonically with
further temperature reduction. This period drop was interpreted as evidence of
NCRI, that is, a reduction in the moment of inertia due to the decoupling of super-
fluid mass within the rotating solid helium. Several research groups replicated the
experiment by Kim and Chan, consistently confirming the period drop, although
with varying magnitudes. Control experiments with a cell filled with solid *He
(a fermion) showed no such period drop. Similarly, no period drop was observed
when a barrier was inserted in the annulus containing the sample, blocking the
macroscopic mass flow. These results were interpreted as a strong indication of
supersolidity in *He.

However, in subsequent years, there have been several indications that the ob-
served period drop may not necessarily involve a supersolid phase transition [9].
Theoretical Monte Carlo simulations showed that vacancies in the ground state of
a perfect *He crystal are energetically unfavorable, making the description based
on highly mobile vacancies unlikely as the mechanism of supersolidity. This raised
the question of whether supersolidity is an inherent property of *He crystals, or if
it arises solely due to defects in the samples, such as dislocation cores and grain
boundaries.

Experimentally, it was found that the shear modulus of bulk solid “He increases
at the same temperature as the observed period drop. Furthermore, the temper-
ature dependence of the shear modulus resembled that of NCRI, including the
same transition temperature dependence on *He impurity concentration. This
unusual correlation suggested that the stiffening of the torsional oscillator might
be responsible for the observed period drop. In contrast, solid *He, with its bcc
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crystal structure (unlike the hep structure of *He), does not exhibit shear modu-
lus stiffening at low temperatures, which would explain why no period drop was
observed in solid *He samples. In light of these findings, Kim and Chan repeated
their experiment in 2012 using a redesigned setup that is free from any bulk solid
shear modulus stiffening effect. In this case, no measurable period drop was found,
leading them to retract their earlier claim of supersolidity in solid helium [27].

At present, there is no definitive understanding of whether “*He crystals exhibit
supersolidity, despite numerous theoretical proposals and extensive experimental
efforts. Nevertheless, Kim and Chan’s experiment has reignited interest in the
phenomenon, extending the search beyond solid helium to other systems, with
notable success in the field of cold atom physics.

1.3. Supersolidity in ultracold atomic gasses

A new experimental research platform emerged in 1995 with the groundbreaking
realization of Bose-Einstein condensation [28, 29]. In the nearly 30 years since,
numerous experimental advances and techniques have been developed, allowing for
a remarkable level of control over these systems. In particular, atoms with diverse
properties can be cooled to form a Bose-Einstein condensate, external trapping
potentials can be manipulated to create configurations like optical lattices, and
interparticle interactions can be tuned with remarkable precision [30-32]. This
makes ultracold gases an incredibly versatile and controllable platform, ideal for
investigating a wide range of quantum phenomena, novel phases of matter, and
fundamental questions in many-body and condensed matter physics.

1.3.1. Soft-core interaction

The first idea about supersolidity in ultracold gases originated from Gross in 1957
(though he didn’t use that term), who showed that a system of bosons described by
a classical wave field, can exhibit a spatially periodic density in the ground state
for a suitable attractive two-body potential [1, 2]. This idea remained largely
unexplored until Pomeau and Rica revisited it in 1994 [33, 34]. They studied a
Gross-Pitaevskii model with a soft-core interaction potential, which takes a pos-
itive constant value within a certain particle distance, and zero otherwise. For
sufficiently high density, the system undergoes a phase transition to a periodically
modulated ground state. This state can be described by a real wave function,
meaning the system retains a uniform phase. Additionally, they demonstrated the
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existence of quantized vortices in this phase, confirming that the system remains
superfluid while simultaneously exhibiting spontaneous density modulation.

A possible approach to realizing soft-core interactions in a physical system involves
the use of Rydberg atoms [35, 36]. These are atoms of typically alkali metals, with
one or more electrons in highly excited electronic states. As a result, they exhibit
exceptionally large electric dipole moments. The strong dipole-dipole interaction
between Rydberg atoms gives rise to the Rydberg blockade, a mechanism that pre-
vents multiple atoms from being simultaneously excited to Rydberg states within a
certain distance. This creates a distinctive interaction potential: it flattens below
a specific cutoff distance while exhibiting long-range dipolar repulsion. Numeri-
cal simulations suggest that by carefully tuning the interparticle potential using
external fields, it is possible to form a supersolid state. However, experimental
realization of such systems is still lacking.

Although the soft-core interaction is not particularly realistic in physical systems,
it enabled the numerical study of both the static and dynamic properties of the first
supersolid models in ultracold gases. Importantly, as Pomeau and Rica accurately
predicted, the key factor in achieving the supersolid phase is the presence of a
roton minimum in the excitation spectrum, rather than the specific form of the
interaction potential.

It is important to note the paradigm shift here: instead of inducing superfluidity
in a solid system, this approach focuses on inducing crystalline properties in a
superfluid system. This alternative approach has achieved much greater success in
experimental observation. Unlike a helium crystal, where each unit cell contains
a single atom, a crystal in an ultracold gas system is non-commensurate. A large
fraction of particles comprises a single lattice cell, forming a cluster. That is why
this phenomenon is often referred to as cluster supersolidity.

The possibility of observing supersolid behavior in ultracold atomic gases has at-
tracted a lot of attention, extending this idea to a wide variety of systems. Experi-
mental evidence of supersolidity has so far been demonstrated in several platforms,
including cold atomic systems with spin-orbit coupling, light-mediated interactions
in optical cavities, and gases with strong magnetic dipole-dipole interactions.

1.3.2. Spin-orbit coupled Bose-Einstein condensates

One of the first experimental platforms to provide evidence of supersolidity was
the spin-orbit coupled Bose-Einstein condensate (BEC). In these systems, spin-
orbit interaction (an interaction between a particle’s spin and its momentum) is
induced using a two-photon Raman transition between two atomic spin states, a
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eNe Position (arb.)

FIG. 1.2.: Supersolid stripe phase of a spin-orbit-coupled BEC. (a) Density profile illus-
tration, adapted from [40]. (b) Spatial density distribution, where the two spin states are
shown in red (|1)) and blue (]{)), while the total density is in black. Adapted from [41].
Both figures illustrate a dispersion relation with two equally populated minima.

method first established in the group of Spielman [37]. For small Raman coupling
strengths, this interaction creates an atom-photon-dressed state with a dispersion
relation featuring two degenerate minima at finite momenta. These minima cor-
respond to two non-orthogonal dressed spin states with opposite momenta (k and
—k). The interference between these two components in the Bose-Einstein con-
densate produces a periodic density modulation, forming the stripe phase [38, 39],
as illustrated in Fig.

The stripe phase exhibits features of both superfluidity and crystalline order - the
two characteristics of supersolids. The relative phase between the two BEC com-
ponents determines the position of the stripes. Since this phase is a continuous
variable, the stripe phase spontaneously breaks continuous translational symmetry
while preserving superfluidity. The excitation spectrum in the stripe phase is pre-
dicted to exhibit two gapless branches, corresponding to two spontaneously broken
symmetries [42]. These Goldstone modes can be investigated by exciting the col-
lective modes of the system [43, 44| (see also the review [45]). The spin Goldstone
mode has been linked to the crystal dynamics of the stripes, demonstrating its
lattice-phonon nature and the non-rigidity of the stripes® [46].

The first experimental observation of the supersolid properties of the stripe phase
was reported by the group of Ketterle in 2017 [10]. They observed the predicted
density modulation using Bragg spectroscopy, while a sharp momentum distri-
bution confirmed the superfluid nature of the state. Recently, the stripe phase
has also been imaged in situ, using matterwave lensing techniques [40]. Further
experimental studies have demonstrated long-range coherence between the spin
components in the stripe phase [41]. Very recently, a stripe compression mode was

2Initially it was believed that the stripe pattern is rigid, as the coupling is induced by Raman
laser beams, and thus externally imposed.
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observed, which softens as the spin-orbit coupling strength increases, marking the
supersolid phase transition point [40].

1.3.3. Supersolidity in optical cavities

When a Bose-Einstein condensate is placed inside an optical cavity and trans-
versely pumped with a laser, it undergoes a phase transition to the superradiant
phase above a critical laser intensity. This phase is marked by the self-organization
of atoms into a checkerboard pattern, coherently scattering photons into the cav-
ity mode [47, 48]. The atoms can occupy either the even or odd sites of the
checkerboard pattern, leading to the spontaneous breaking of parity (Z2) symme-
try. Despite the resulting periodic density modulation and global phase coherence
of the BEC, this system cannot be considered a true supersolid and is instead re-
ferred to as a lattice supersolid. This is because translational symmetry is explicitly
broken by the underlying optical lattice, and only a discrete spatial symmetry is
spontaneously broken (in addition to the phase symmetry of the BEC).

However, continuous translational symmetry breaking can be achieved by symmet-
rically coupling a BEC to the modes of two optical cavities (see Fig. 1.3(a)), as
first realized by the group of Esslinger in 2017 [11]. Each BEC-cavity system indi-
vidually exhibits parity symmetry, with photons scattered by the atoms coherently
populating the two cavities. If the coupling strengths of both cavities to the BEC

(a) (b) ay

/ @A, .
\ &

FIG. 1.3.: Supersolidity in a BEC coupled to two optical cavities. (a) Schematic repre-
sentation of the experimental setup. A BEC (blue cloud) is trapped at the intersection
of two optical cavities crossing at a 60°angle, and is transversely pumped with a back-
reflected laser beam, forming a one-dimensional optical lattice (red stripes). The laser
frequency is detuned from the atomic transition but close to the cavity resonance. The
atoms scatter photons into the two cavities, generating coherent field amplitudes a; and
ag. (b) Changing the angle in the a; — g plane, that is, shifting the two cavity field
strengths corresponds to a continuous shift of the periodic density pattern. Adapted
from [11].
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1.3. Supersolidity in ultracold atomic gasses

are equal, there is no energy cost of moving photons from one cavity to the other.
As a result, the relative field amplitudes in the two cavities can vary continuously
(see Fig. 1.3(b)), reflecting the continuous U(1) symmetry emerging from the so-
called symmetry enhancement. This shifting of the fields’ intensity corresponds to
a continuous shift of the interference pattern, marking the spontaneous breaking
of translational symmetry and the realization of the supersolid state. The asso-
ciated zero-energy Goldstone mode of this phase has been observed using Bragg
spectroscopy on the pump and cavity fields [49]. However, the supersolid lattice
in this system is incompressible and therefore lacks the crystal Goldstone mode.

Recently, phonon modes of a supersolid lattice were observed in a BEC coupled to a
confocal optical resonator [50]. In this system, a U(1) symmetry is generated using
a transverse double-pumping scheme in a multimode cavity. The authors observed
a phonon dispersion relation with a sound speed dependent on the atom-photon
coupling strength. Supersolidity has also been realized in BECs coupled to a
ring-cavity, with longitudinal pumping by two non-interfering, counterpropagating
modes of equal strength [51]. Here, a continuous translational symmetry emerges
from the phase difference between forward- and backward-traveling waves. For a
more comprehensive review of quantum-gas cavity QED systems, see Ref. [52].

1.3.4. Dipolar supersolids

Dipolar Bose-Einstein condensates have emerged as one of the most extensively
studied platforms for supersolidity in ultracold gases. Over recent years, significant
progress has been made, both in theoretical predictions and experimental realiza-
tions [15, 53-55]. These systems, composed of atoms with significant magnetic
dipole moments, exhibit unique properties due to the long-range and anisotropic
nature of dipolar interactions. Supersolidity in dipolar BECs emerges from two
key factors: the softening of the roton mode, and the interplay between attractive
mean-field interactions and the effective repulsion induced by quantum fluctua-
tions. The details of these mechanisms will be discussed in Chapter 2.

While the groundwork for the discovery of supersolidity in dipolar condensates has
been laid over for two decades, an essential theoretical work came in 2019 from
Roccuzzo and Ancilotto [56]. Their numerical study in extended tubular geometry
demonstrated that supersolid properties — such as non-classical rotational inertia
and the emergence of two gapless modes associated with the spontaneous breaking
of symmetries — exist within a narrow region of parameter space.

Experimental realization quickly followed these theoretical predictions. In 2019,
three research groups independently reported the first observations of supersolid-
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ity in dipolar BECs: first by the group of Modugno in Pisa [12], followed shortly
after by the group of Pfau in Stuttgart [13], and finally by the group of Ferlaino
in Innsbruck [14]. These experiments demonstrated the coexistence of sponta-
neous density modulations and global phase coherence in elongated (cigar-shaped)
harmonic traps. Notably, this phase coherence is restored after a dephasing inter-
action quench, indicating that particle flow across a dipolar supersolid maintains
its superfluidity [57].

The resulting supersolid state can be described as a structure of atomic clusters,
or droplets, arranged in a lattice and connected by weak density links, as shown
in Fig. 1.4. As previously mentioned, this form of supersolidity is characterized by
each lattice site containing a large number of particles. The density links provide
finite coupling between the clusters, ensuring global phase coherence throughout
the supersolid. It is important to note that the lattice structure in these sys-
tems is not externally imposed, but emerges entirely as a result of interatomic
interactions.

Following the initial realizations, experimental and theoretical efforts focused on
identifying additional signatures of supersolidity. In particular, they studied the
collective elementary excitations associated with spontaneous symmetry breaking,
known as the Goldstone modes [59-61]. Longitudinal compression of an elongated,
harmonically trapped gas excites its characteristic breathing mode. In the super-
fluid phase, the motion of the cloud is characterized by a single frequency. In
contrast, the supersolid phase revealed two distinct frequencies: one dominated by
relative motion between the droplets, and the other corresponding to amplitude
oscillations without a shift in the droplet positions.

(b)

y position, um

-5 0 5
X position, um

FIG. 1.4.: (a) Illustration of the density profile for a trapped dipolar supersolid in a two-
dimensional configuration. (b) In situ image of the density profile from the experiment
in Ref. [58].

10



1.3. Supersolidity in ultracold atomic gasses

Another unique feature of supersolidity lies in its rotational properties. Follow-
ing Leggett’s proposal regarding non-classical rotational inertia, numerical studies
have demonstrated a reduced moment of inertia in two-dimensional supersolid
configurations, confirming their partial superfluid character [62]. In elongated
configurations, these effects are best probed through the scissors mode — a collec-
tive oscillation induced by a sudden rotation of an anisotropic trapping potential.
This method was initially employed to demonstrate superfluidity in ordinary (non-
dipolar) Bose-Einstein condensates shortly after their discovery [63, 64]. Scissors
mode experiments on dipolar gases confirmed the reduced moment of inertia in
the supersolid phase [65]. However, in systems with two-dimensional structures,
the scissors mode frequency is not directly linked to the moment of inertia due to
the presence of additional rotational oscillations of the droplets [66], making it a
less robust probe in such configurations [67].

While most early studies focused on one-dimensional supersolid configurations
of droplet arrays in elongated traps, recent experiments have successfully real-
ized two-dimensional supersolid structures in pancake-shaped traps [58, 68]. This
opened new avenues for investigating rotational properties, the role of dimension-
ality, and in particular vortex dynamics in dipolar supersolid systems.

Dipolar Bose-Einstein condensates have emerged as an exceptional platform for
studying supersolidity, owing to their intrinsic long-range interactions and the
ability to precisely tune and control these systems. Building upon these significant
advances, this thesis aims to further deepen our understanding of the fundamental
properties of dipolar supersolids.

11






Dipolar Bose-Einstein condensates

Dipolar Bose-Einstein condensate consists of bosonic particles (atoms or molecules)
that possess significant magnetic or electric dipole moments. These dipole mo-
ments give rise to long-range, anisotropic dipole-dipole interactions in addition to
the short-range contact interactions arising from particle scattering. The interplay
of these interactions results in a wide variety of new physical phenomena, among
which is the supersolid state as the central focus of this thesis.

The first dipolar Bose-Einstein condensate was realized in 2005 with magnetic
atoms, specifically using chromium (Cr) atoms with a magnetic moment of 6 Bohr
magnetons () [69]. This was followed by the condensation of lanthanides, includ-
ing dysprosium (Dy), which has the largest known magnetic moment of 10up [70],
and erbium (Er) with 7up [71]. The large permanent magnetic dipole moments
in these atoms originate from their electronic ground-state configurations charac-
terized by large total angular momentum!, which also results in a rich electronic
transition spectrum [53].

An additional advantage of these highly magnetic atoms is the existence of several
naturally abundant isotopes that exhibit diverse properties, including both bosonic
and fermionic statistics, as well as distinct scattering properties and Feshbach
resonance spectrum [53]. Supersolid states have been observed in '°Er, 162Dy,
and '%*Dy. Trapping and cooling of these atoms have been achieved using Zeeman
slowers, magneto-optical traps, and optical dipole traps [53, 72]. Remarkably, the
efficiency of these techniques for lanthanides is comparable to that of alkali metals,
which were used in early experiments on BECs.

In addition to magnetic systems, dipole-dipole interactions can also arise from
electric dipole moments, such as in heteronuclear molecules [73] and Rydberg

IThe total angular momentum is a combination of electronic orbital angular momentum, elec-
tronic spin, and, to a lesser extent, nuclear spin.

13



2. Dipolar Bose-FEinstein condensates

atoms [74]. These systems can possess electric dipole moments corresponding to
dipolar interaction strengths that are significantly (an order of magnitude) larger
than those of magnetic atoms [55]. This makes them highly attractive for exploring
the effects of strong dipolar interactions. However, their experimental realization
faces several challenges, such as short lifetimes and rapid dissipation, which limit
the creation of dense, ultracold samples. Recently, a quantum degenerate gas of
the fermionic polar molecule potassium-rubidium (KRb) has been achieved [75,
76], though the realization of a BEC in such systems is still lacking.

Due to these limitations, most studies of dipolar quantum phenomena have focused
on magnetic atoms, including the research presented in this thesis. This chapter
outlines the main properties of magnetic dipolar BECs?, with a particular focus
on the mechanism underlying the emergence of the supersolid state, precursor
phenomena, and the parameter regimes in which it exists.

2.1. Interactions

We consider a dilute system of dipolar bosonic particles at zero temperature. A gas
is considered dilute if the range of interparticle forces b is significantly smaller than
the average distance between particles, which can be expressed as nb® < 1, where n
is the gas density [22, 23]. This is commonly referred to as the diluteness condition.
In this regime, two-body interactions dominate, while higher-order interactions
involving three or more particles can be safely neglected. The diluteness condition
also ensures the metastability of the gaseous phase, as three-body recombination
processes, which would otherwise drive the system towards the solid ground state,
are negligible.

The two-body interactions in this system consist of a contact interaction, which
describes particle scattering, and a dipole-dipole interaction, arising from the parti-
cles’ magnetic moments. The interplay between these two very distinct interactions
gives rise to novel quantum phases, such as supersolids.

2.1.1. Contact interaction

In the ultracold dilute regime, particle scattering is well-approximated by the low-
energy limit, where the scattering amplitude becomes independent on both energy
and scattering angle [22, 23]. In this regime, the collisions are fully characterized

2Many of these principles can be translated to electric dipolar systems, with appropriate adjust-
ments to the dipolar coupling constant, but we avoid further discussion of these systems.
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2.1. Interactions

by a single parameter: the s-wave scattering length. The macroscopic properties
of the system are thus independent of the details of the interatomic potential at
short distances. It is therefore convenient to replace it with the mathematically
simpler contact interaction pseudopotential of the form

V(r) = gé(r), (2.1)

where g is the contact interaction strength, and d denotes the Dirac delta function.
This effective interaction is zero-range and isotropic. For the replacement to be
valid, it must reproduce the same value of the s-wave scattering length a of the
microscopic potential. In the lowest-order Born approximation, this leads to the

relation
A h?
g =

a, (2.2)
where m is the atomic mass and A is the reduced Planck constant.

The s-wave scattering length can be either positive or negative, corresponding
to repulsive or attractive interactions, respectively. Its value can be controlled
using external fields. The most commonly used approach relies on the existence
of Feshbach resonances: by varying the strength of an externally applied magnetic
field, the scattering length can be finely tuned over a wide range of values, enabling
precise control of the interatomic interactions [32].

A uniform BEC is stable only for repulsive interatomic forces (a > 0) [22, 77].
In the presence of external trapping, however, stability can also be maintained
for sufficiently small attractive interactions (a < 0), where the collapse of the
cloud is counteracted by the zero-point kinetic energy (quantum pressure) [78].
This balance is achieved only if the number of particles remains below a critical
value. In all the systems considered in this thesis, a repulsive contact interaction
is assumed, which is also the case in most experimental setups.

2.1.2. Dipole-dipole interaction

The dipolar interaction potential between two identical magnetic dipoles separated
by a distance r and aligned along the same direction is given by the following
form [53]

21— 3cos?6
Vaa(r) = “2/7: 3 '
Here, pi is the magnetic vacuum permeability, i is the magnetic dipole moment
of the particles, and @ is the angle between the relative position vector r and the
polarization direction, as illustrated in Fig. 2.1(a). This interaction is long-ranged,

(2.3)
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2. Dipolar Bose-FEinstein condensates

L
. =1

FIG. 2.1.: (a) Hlustration of the relevant parameters in the dipole-dipole interaction.
The arrows represent two identical dipoles oriented along the z-axis. The interaction
depends on their separation distance r and the angle # between the relative position
vector r and the polarization direction. (b) The two aligned dipoles attract in a head-
to-tail configuration, while they repel in a side-by-side configuration.

(a)

decaying as r2, in contrast to the typical interatomic van der Waals potential,

which decays as r~% at large distances.

The dipole-dipole interaction (DDI) is anisotropic, it strongly depends on the
relative orientation of two dipoles. The potential vanishes at an angle 6, =
arccos (1/+/3) = 54.7°. For 6 < 6, corresponding to a head-to-tail configuration of
the dipoles (see Fig. 2.1(b)), the interaction is attractive, whereas for § > 6, cor-
responding to side-to-side configurations, the interaction becomes repulsive. Due
to the energetically favorable head-to-tail alignment, a gas of ultracold dipolar
particles becomes elongated along the polarization direction, rather than precisely
conforming to the geometry of the confining potential. This effect is known as
magnetostriction [53].

The strength of the dipolar interaction is commonly quantified using the dipolar
length, defined as

m
aqq = M (24)

To compare the strength of the dipolar interaction with the contact interaction, a
dimensionless parameter is introduced:

2
Qa
€dd — % = Holt . (25)

39

While the contact interaction strength can be varied using Feshbach resonances,
the strength of the dipole-dipole interaction is usually inherently fixed by the
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2.2. Rotonic excitation spectrum

3

magnetic dipole moment of the atom”. Therefore, the value of €4q is tuned by

manipulating the scattering length.

A uniform system of polarized particles interacting solely through dipolar forces
is inherently unstable. This instability arises from the long-range and anisotropic
nature of the dipole-dipole interaction, where the attractive component domi-
nates [53]. The dipoles tend to align in a head-to-tail configuration along the
polarization direction to minimize their energy. Stability can be restored by im-
posing a sufficiently strong trapping confinement along the polarization axis, which
counteracts the collapse [81].

The two outlined features of the dipole-dipole interaction — the long-range and
anisotropic nature — make it substantially different from the short-range isotropic
contact interaction, and form the basis for the novel properties exhibited by dipolar
gases.

2.2. Rotonic excitation spectrum

The study of the stability in ultracold dipolar gases played an important role
in achieving and understanding the mechanism underlying the dipolar supersolid
state. Stability in a dipolar BEC is determined by a balance between the repulsive
contact interaction and the attractive component of the dipole-dipole interaction,
being also strongly influenced by the trap geometry [53]. As mentioned earlier,
confining the system along the polarization direction increases its stability. Re-
markably, it also leads to the emergence of the roton-maxon excitation spectrum,
a feature previously observed only in superfluid helium [82, 83]. This was first
identified in 2003 by Santos, Shlyapnikov, and Lewenstein in an infinite pancake
trap when the system is unconfined in the other two directions [84].

The excitation spectrum of a non-dipolar BEC is characterized by a linear phonon
branch at low momenta, transitioning into a quadratic free-particle dispersion at
higher momenta [22]. In confined dipolar BECs, this spectrum is significantly mod-
ified, featuring a local maximum (maxon) followed by a local minimum (roton),
as shown in Fig. 2.2. This qualitative change in the excitation spectrum has im-
portant implications for the system’s physical behavior. The low energy and large
momentum or the roton mode promote the tendency of the fluid to crystallize,

3There are several techniques in the literature for tuning the strength of the magnetic dipolar
interaction. One example involves using a rapidly rotating magnetic field, where only the
projection of the dipole moment along the rotation axis contributes effectively [79, 80]. However,
such methods are rarely employed in experiments with dipolar ultracold atomic gases.

17
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Excitation energy fiw

Momentum &
FIG. 2.2.: Schematic of the dispersion relation of an elongated dipolar superfluid. As

the scattering length a decreases, a roton minimum emerges in the excitation spectrum,
which deepens and eventually approaches zero. Adapted from [88].

leading to the formation of density modulations with a wavelength corresponding
to the inverse roton momentum [85-87].

In contrast to helium, the rotonic spectrum in dipolar gases is highly tunable.
The presence, position, and depth of the roton minimum can be controlled by
varying the particle density, the strength of the confining potential, and the scat-
tering length [84]. For large scattering lengths, corresponding to low values of €4q,
the spectrum resembles that of contact-interacting gases, with no roton minimum
present. By decreasing the scattering length, or equivalently by increasing eqq, the
roton minimum appears and becomes deeper, eventually touching the axis at a
certain critical value of €4q. Alternatively, the depth of the roton minimum can be
increased by increasing the particle density*. When the roton gap fully closes, the
system requires no energy to populate the finite-momentum roton state, leading
to the spontaneous appearance of spatial periodicity, and hence to the supersolid
state.

As previously noted by Pomeau and Rica [33], the authors of [84] also emphasized
that the roton-maxon spectrum originates from the momentum dependence of the
interparticle interaction. This makes it a general physical phenomenon, potentially
present in other systems with momentum-dependent interactions.

Although the dipole-dipole interaction depends solely on the momentum orien-
tation and not explicitly on the norm®, the momentum-norm dependence of the

4A plot illustrating the roton gap value as a function of eqq and particle density for a system in
an infinite tube geometry can be found in [89].
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2.3. Beyond-mean-field stabilization

excitation spectrum arises from the interplay between the dipole-dipole interac-
tion and the trap’s natural length scales [53]. In fact, the position of the roton
minimum is closely tied to the confinement strength w, along the polarization axis
(which is assumed here and throughout to be the z-axis). Specifically, for zero
roton energy it is determined by q.o = V/2/1., where I, = \/h/mw is the harmonic
oscillator length [84].

Roton mode was experimentally observed in 2018 in a BEC of '%Er atoms confined
in a cigar-shaped geometry, with dipoles aligned along a tightly confined direction,
by probing the instability dynamics [90]. A year later, the entire phonon-maxon-
roton excitation spectrum was measured using Bragg spectroscopy [91]. More
recently, rotonic excitations were observed in a 2Dy BEC by studying the in-situ
density fluctuations in a cigar-shaped trap [88] and an oblate trap [92].

It is worth highlighting that not all dipolar ultracold gases exhibit a rotonic disper-
sion relation. As pointed out in [56, 84|, the range of €44 values between the onset
of the roton mode and the closing of the roton gap is very narrow. For example,
in the case of Cr atoms, the dipolar interaction is relatively weak. To access the
roton region, one would need to either significantly increase the particle density
or reduce the scattering length. However, under such conditions, the three-body
losses become significant, and increasing the egq further leads to the collapse of
the system. Nonetheless, this property makes Cr atoms particularly suitable for
studying the dynamics of d-wave dipolar collapse [53, 93].

2.3. Beyond-mean-field stabilization

As discussed in the previous section, increasing egqq causes the roton gap to close.
However, this also drives the system towards mechanical instability and collapse,
as the attractive dipolar interaction outweighs the repulsive contact interaction.
On the mean-field level, this collapse occurs even before the roton gap fully closes,
preventing the condensate from reaching the favorable conditions for supersolid-

ity.

An important step towards understanding the mechanism of the supersolid phase
was the inclusion of beyond-mean field effects, known as quantum fluctuations.
These higher-order contributions arise from interactions that induce fluctuations
in the vacuum of excitations, leading to a reduction in condensate density — an
effect known as condensate depletion. While typically negligible, in systems with

5This is more evident from the Fourier transform of the dipole-dipole interaction entering the
Gross-Pitaevskii equation, which will be discussed in Chapter 4.
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2. Dipolar Bose-FEinstein condensates

competing attractive and repulsive interactions, quantum fluctuations become sig-
nificant. The individual interaction strengths are large, but the overall mean-field
terms nearly cancel out, making beyond-mean-field effects essential.

Quantum fluctuations influence the equation of state in two ways. The dominant
effect is the introduction of an additional energy term that acts as an effective
repulsive interaction. The secondary effect is a reduction in condensate density,
which in turn weakens the mean-field attraction. Quantum fluctuations stabilize
the system against collapse, allowing the roton gap to fully close. This leads to
expanding the phase diagram and the emergence of novel quantum states: super-
solids and quantum droplets.

The correction to the equation of state can be calculated within Bogoliubov theory,
by assuming that the condensate occupation is not complete (at zero temperature),
but remains macroscopic [22]. Within the mean-field theory, the field operator
U can simply be replaced by a complex value W, representing the condensate
wave function. To include beyond-mean-field effects, the field operator is instead
expressed as U =0+ 51@, where 5@/} accounts for the quantum fluctuations. The
correction was first calculated for non-dipolar BECs in 1957 by Lee, Huang, and
Yang [94, 95], and is therefore known as the LHY correction. For dipolar BECs,
the LHY correction was derived in 2011 by Lima and Pelster® [96, 97].

The corrections to the energy and the condensate density are given by the following
expressions:

AFE 64
- = NG gna v/noa? Qs(eqq), (2.6)

An = % no vV noa® Q3(€qq), (2.7)

where ng = |¥|? is the condensate density, V is the volume, and the functions
Qi(€qq) are defined as:

1
Qi(x) :/ du [1 + z(3u> — 1)) (2.8)

0
Beyond-mean-field corrections are proportional to the square root of the so-called

gas parameter na®, which is a measure of the interaction strength in the system.

The functions Q3 and @5 are monotonically increasing over the domain egqq € [0, 1].
For €44 = 0, the original LHY correction for contact-interacting BECs is recovered.

6A similar, though less explicit, calculation was performed in 2006 [98]. The authors considered
the general form of weak, finite-range two-particle interaction potentials, with a particular focus
on dipole-dipole interactions.
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2.4. Phases of the dipolar BEC

For eqq > 1, the integrals acquire an imaginary component, which is precisely the
region where quantum fluctuations become significant, as the system is mechani-
cally stable otherwise. However, this imaginary part remains very small for eqq < 3
and is therefore typically ignored in calculations [53].

The above equations are valid for infinite homogeneous systems. In the presence of
a trapping potential, the local-density approximation (LDA) must be employed.
This approximation assumes that the density varies slowly enough to allow the
use of the homogeneous equations locally. Another key assumption is neglecting
condensate depletion, i.e. assuming the full occupation of the condensate. In
current experimental setups, quantum depletion is typically of the order of a few
percent, making this a reasonable approximation [53]. Under these conditions, a
local energy shift can be calculated, leading to the following expression for the
change in the chemical potential:

32
3T

Incorporating this correction into the equation of motion allows for the proper
treatment of dipolar supersolid [56] and droplet phases [99].

Ap gn Vna® Re [Qs(eaq)] - (2.9)

It is important to note that the stabilization mechanism driven by beyond-mean-
field effects was originally proposed by Petrov in 2015 for condensed Bose-Bose
mixtures [100]. In this scenario, quantum fluctuations prevent the mean-field
collapse caused by interspecies attraction, resulting in the formation of a dilute
droplet state. However, no supersolid state was observed in this case. This high-
lights the universality of the quantum stabilization mechanism across different
types of interactions.

2.4. Phases of the dipolar BEC

The interplay between mean-field attractive and beyond-mean-field repulsive con-
tributions gives rise to three distinct phases in dipolar BECs: the superfluid,
supersolid, and isolated droplet phases. Transitions between these phases can be
achieved by tuning the parameter eg4q (via the scattering length a) or by varying
the particle density. Experimentally, tuning €44 is more practical, as the number
of particles in the condensate remains fixed for a given experimental trial.

The phase transition between the supersolid and droplet phase is continuous,
whereas the transition between the supersolid and superfluid phase is discontinuous
in two-dimensional configurations, and can be either continuous or discontinuous
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FIG. 2.3.: (a) Numerically obtained ground-state phase diagram for a cigar-shaped dipo-
lar Bose gas with transverse dipole orientation. The diagram shows three phases: the
non-modulated BEC phase (gray region), the supersolid phase (red region), and the iso-
lated droplet phase (blue region). The insets show the corresponding integrated density
profiles. The colormap represents the link strength £, which quantifies the connectivity
between droplets (for more details see the original reference). Adapted from [57]. (b)
Density profiles of a dipolar Bose gas in an infinite tube geometry, where the gas is
harmonically confined along the two directions and unconfined along the third.

in one-dimensional configurations, depending on the condensate density [101, 102].
An example of the phase diagram for a harmonically trapped cigar-shaped dipolar
BEC with transverse dipole orientation is shown in Fig. 2.3(a). The density profiles
of the three phases in an infinite tubular geometry are shown in Fig. 2.3(b).

The superfluid phase occurs at low values of €g4q. It is characterized by a uniform
density profile in homogeneous systems (or a shape conforming to the the exter-
nal potential in trapped systems) and long-range phase coherence. Deep within
this regime, the system behaves as a conventional Bose-Einstein condensate. Ap-
proaching the transition to the supersolid phase, the dispersion relation develops
a rotonic structure (Fig. 2.4(a)), and the superfluid enters a mean-field unstable
region where stabilization is provided by quantum fluctuations.

At large values of €44 the roton gap closes, and the frequency of the roton mode
becomes imaginary [84]. This triggers a modulational instability, characterized
by a collection of local collapses stabilized by quantum fluctuations, resulting
in the formation of an ordered structure of quantum droplets [53, 99]. Quan-
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FIG. 2.4.: Numerically calculated excitation spectrum of an axially elongated, harmon-
ically trapped dipolar quantum gas across the superfluid-supersolid-droplet phase tran-
sition. The insets show the integrated ground-state density distributions. The colormap
represents the dynamic structure factor norm, while the dotted lines serve as a guide
to the eye, highlighting the two excitation branches in the supersolid phase. Adapted
from [61].

tum droplets in dipolar gases were first observed experimentally in 2016, both in
pancake-shaped [103] and cigar-shaped traps [104, 105].

The term ”quantum droplets” stems from their liquid-like properties. Although
they are denser than a gaseous BEC, their density is several orders of magnitude
lower than that of ordinary liquids (= 8). At high atom numbers, the droplet
density saturates. Adding more particles increases the droplet size rather than the
density, indicating the low compressibility typical of a liquid phase [54]. They have
an anisotropic shape stemming from the anisotropy of the dipole-dipole interac-
tion, and their spatial arrangement results from the repulsion between macroscopic
dipoles.

Quantum droplets are remarkably stable and long-lived, with their lifetime primar-
ily limited by atom losses caused by three-body recombination processes, which
increase with higher density. They are self-bound states that can exist even in
the absence of external trapping, which was described theoretically by the balance
between mean-field and LHY terms [106, 107], and observed experimentally [108].
While each droplet is superfluid itself, there is no global phase coherence between
them; they evolve as independent entities and do not exhibit a supersolid state.
The dispersion relation for a one-dimensional droplet crystal shows a single gapless
excitation, corresponding to the phonon mode of the crystal lattice (Fig. 2.1(d)).
For a more comprehensive overview of quantum droplets, see recent reviews [53,
54].

The supersolid phase exists in the narrow range of scattering length values (on
the order of a few ag) between the superfluid and droplet phases, where quantum
droplets overlap, creating a density link that maintains the global phase coher-
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ence. The excitation spectrum of the supersolid phase is characterized by two
gapless branches”: a crystal phonon mode and a phase (superfluid) phonon mode
(Fig. 2.4(c)) [56, 109]. These correspond to the two Goldstone modes associated
with the spontaneous breaking of translational symmetry and U(1) phase invari-
ance. The phase branch, which is lower in energy, decreases further as e4q increases
and eventually vanishes as the system transitions to the droplet phase. Due to the
finite size of the system available in present experiments, the continuous dispersion
relation acquires a form of series of discrete energy levels, as shown in Fig. [61].

At low densities, the width of the supersolid phase is so narrow that the phase
transition occurs directly between the superfluid and droplet phases. This is one
reason why quantum droplets were discovered and studied before the supersolid
state, as early experiments were limited to systems with low particle numbers.
At higher densities, the phase diagram shows a richer variety of quantum phases,
including the stripe supersolid phase, as well as honeycomb and labyrinth phases,
characterized by structures of density holes surrounded by condensed atoms [110,
111].

"In the case of a one-dimensional supersolid configuration, where only one translational symmetry
is broken.
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Theoretical description

This chapter presents the theoretical framework and numerical methods used to
describe dipolar Bose-Einstein condensates, and in particular supersolids. Two ap-
proaches are central to the theoretical description: the microscopic Gross-Pitaev-
skii theory, which describes the system through the condensate wave function, and
the macroscopic hydrodynamic theory, which describes it in terms of slow-varying
fields. These two frameworks are expected to be consistent in the long-wavelength
phonon limit.

We introduce the extended Gross-Pitaevskii equation, which provides the evolution
of the order parameter, and includes beyond-mean-field corrections essential for
studying the dipolar supersolid phase. Its stationary form is used to determine the
ground state of the system, while the elementary excitations are analyzed using
the Bogoliubov-de Gennes formalism. The concept of the superfluid fraction is
introduced as a key parameter for characterizing the supersolid phase.

A hydrodynamic description of one-dimensional supersolids is described, which is
based on conservation laws and broken symmetries. Linearization of the hydrody-
namic equations allows to study the collective modes of the system. In the case
of supersolids, this results in two sound modes, which correspond to Goldstone
modes arising from the simultaneous and spontaneous breaking of U(1) symmetry
and Galilean invariance, a defining feature of supersolids.

3.1. Gross-Pitaevskii equation

A many-body system of bosonic particles of mass m, subject to an external po-
tential Vo (r) and interacting via a two-body potential V(r — r’), is described
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3. Theoretical description

within the second quantization formalism by the following Hamiltonian, expressed
in terms of the field operators [22]:

H= /drqﬁ ( Ak +V;xt(r)) U(r)

I‘I‘T T I-_r,AI'/AI‘.
+2//dd V)T (e )V (e — )P () U(r)

(3.1)

The field operators ¥f(r) and W(r) create and annihilate a particle at position
r, respectively, and satisfy the bosonic commutation relations. In the Heisenberg
picture, the time evolution of the field operator follows from its commutator with
the Hamiltonian:

A

ih D (e 1) = xp( ) H] -

R

ext<r7 t) (32)
/dr B OV (e — ), )| G b,

At zero temperature (T = 0K), a system of bosonic particles undergoes Bose-
Einstein condensation, resulting in a macroscopic occupation of the lowest-energy
state. Following the Bogoliubov theory, the presence of large number of atoms
in a single quantum state allows the field operator to be expressed in terms of
a classical field ¥(r,t), representing the condensate wave function (which is also
the order parameter of the broken U(1) symmetry), and a quantum field 6¢)(r, ),
corresponding to quantum fluctuations:

~

W(r,t) = U(r,t) + 6(r,t). (3.3)

In the dilute (nb® < 1) and weakly interacting (na® < 1) regime, the two-body
interaction potential is well approximated by an effective short-range contact in-
teraction, given by Eq. (2.1) (see section 2.1.1): V(r) = gd(r), with the coupling
constant g = 4wh?a/m. Within mean-field theory, which corresponds to the lowest-
order approximation, quantum fluctuations are neglected, and the field operator
is simply replaced by a complex function. Substituting this into the equation of
motion (3.2) leads to the well-known Gross-Pitaevskii equation (GPE):

0 h2V2
v
Zh@t (r,1) = 2m

+ Vot (1,) + g|W(r, 8)]* | T(r, 1). (3-4)
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3.1. Gross-Pitaevskii equation

The GPE was derived independently by Gross [112] and Pitaevskii [113] in 1961
to describe vortex lines in weakly repelling Bose gases. It has been shown to
accurately describe most properties of dilute BECs [22, 23, 114, 115].

For dipolar Bose gases, the two-body interaction potential is extended to include
the dipole-dipole interaction, given by Eq. (2.3) and reprinted here for complete-

ness:
3agqh® 1 — 3cos? 6

m  |r—r3

Vaa(r — 1) = (3.5)
To describe beyond-mean-field stabilized states, such as supersolids, it is neces-
sary to account for quantum fluctuations. The derivation within the local density
approximation involves expressing the Hamiltonian for a homogeneous system in
the momentum basis while retaining only terms up to second order in 5&(1‘,15).
The Hamiltonian is then diagonalized through the introduction of Bogoliubov
transformations [116] for the creation and annihilation operators. Additionally,
a higher-order Born approximation is required for a proper treatment of the effec-
tive contact potential. The results of this procedure are presented in Section 2.3,
where the correction to the chemical potential is given by Eq. (2.9), while a detailed
derivation can be found in [94-97].

By incorporating both the DDI and the LHY correction into the GPE, the so-called
extended Gross-Pitaevskii equation (eGPE) for dipolar BECs is obtained:

9, h*V? 2
g0 = | = T V() + g, )

(3.6)
+ [ arVaate = ) i) WO, t>r3] W(r, 1),

where we introduced

v(€qa) = 3Zi/2%ga3/2Re {/ du [1+ €qa(3u® — 1)]5/2} (3.7)

0

Here, we neglected the correction to the particle density due to condensate deple-
tion (Eq (2.7)), assuming that the condensate wave function is normalized to the
total number of particles N:

/dr]\p(r,t)yz = N. (3.8)

The stationary solutions of the eGPE are obtained by assuming that only the
phase of the condensate wave function evolves in time, according to the law:

W(r,t) = o(r)e ", (3.9)
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The time evolution of the order parameter is governed by the chemical poten-
tial 4 = OFE/ON, rather than the energy. The eGPE then reduces to the time-
independent form:

B h2v2

2m

+ / dr'Vag (v — 1) o ()2 + Y(eaa) [t (@) | o (x).

+ Vet (r) + gltbo (x)]”

pbo(r) = [
(3.10)

The ground-state wave function corresponds to the solution of this eigenproblem
associated with the lowest energy.

Alternatively, ground state wave function can be obtained by minimizing the en-
ergy functional

Bl = [ar|wr(e) (<50 ) W)+ Va0 + S0

(3.11)
5 [ dVaale = PR + 2 00

with respect to variations of W*(r), with the constraint of the normalization
condition (3.8), where the chemical potential enters as a Lagrange multiplier:

0(E —puN)=0.

The eGPE has been extensively used in recent years to describe the equilibrium
and dynamical properties of dipolar supersolids, providing good level of agreement
with experimental observations [53, 54, 99].

3.2. Bogoliubov-de Gennes equations

The description of collective excitations in ultracold quantum gasses is centered
around the Bogoliubov-de Gennes (BdG) formalism [22]. To study small fluctua-
tions around the ground state of the extended GPE, we express the wave function
using a Bogoliubov expansion:

U(r,t) = e"t/h (%(r) 45U, t)), (3.12)

where () is the stationary condensate wavefunction, which satisfies Eq. (3.10),
and 60U (r,t) represents small perturbations that can be expanded in the quasipar-

ticle basis as
OV(r,t) = Z [un(r)e_i”"t + v,’;(r)eiw"t} : (3.13)

n
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3.3. Superfluid fraction

Here, u,(r) and v,(r) describe quasiparticle excitations with frequency w,. Both
forward and backward propagating terms are needed, since eGPE couples ¥ and
U*, These functions satisfy the following orthogonality relations:

/dr [upuy, — vpvrn] = Onm (3.14)
/dr [Un Uy — Vptiy] = 0. (3.15)

In the absence of stationary currents, the condensate wavefunction 1y(r) can be
chosen to be real. Substituting the Bogoliubov expansion into the eGPE (3.6) and
retaining only linear terms in u,, and v,,, the following BdG equations for a dipolar
BEC are obtained:

P S]] e

Here, H denotes the Hamiltonian of the stationary eGPE (3.10), given by

2\ 72
ﬁ:_hv
2m

Vi 6) + g0 (x) + 9080) + [ Vgl — ¥, (317
and the operator X is defined through its action on a general function f(r) as:

X0 = [a03(w) + G080)] 10+ v0te) [ dVaate = 1pn() 1), (319

Solving this eigenvalue problem determines the eigenfrequencies w,, and eigenfunc-
tions u, and v, which characterize the elementary excitations of a dipolar BEC.

3.3. Superfluid fraction

The superfluid fraction f, is a measure of the proportion of a system that exhibits
superfluidity. Leggett introduced a definition of the superfluid fraction based on
the concept of non-classical rotational inertia [7, 117]. When a partially superfluid
system is placed under slow rotation, the superfluid component remains station-
ary, leading to a reduction in the system’s moment of inertia. The fraction of this
decrease directly corresponds to the superfluid fraction. Leggett originally formu-
lated this definition for a system confined in a cylindrical (or toroidal) container
with circumference R significantly larger than its transverse size, rotating with
angular velocity 2

oy
fs =1- (121% Q—rlg =1- [rig. (319)
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Here, (J) is the expectation value of the angular momentum, I is the moment of
inertia of the system, and I,;; = NmR? is its classical rigid-body value, with m the
mass of the particles. An equivalent definition can be derived for a system confined
in a long tube with periodic boundary conditions. In this case, the superfluid
fraction is given by:

) P
fo=1—lim AT (3.20)

with (P) the expectation value of the total linear momentum in the reference frame
moving with velocity v.

In the context of superfluid helium, the superfluid fraction is given by

_Ps
fo=" (3.21)

Here, ps comes from the Tisza-Landau two-fluid model [118, 119], in which the
system consists of a superfluid component with zero viscosity (ps), and a normal
component (p,), with the total density being the sum of the two:

p = Ps+ Pn. (3.22)

Similarly, the total current is given by:

J= PsUs + PrnUn, (323)

where v, and v,, are the velocities of the superfluid and normal components, re-
spectively.

The superfluid fraction depends on temperature. In helium, superfluidity vanishes
above the lambda transition, and the superfluid fraction is equal to zero. As the
temperature decreases, the superfluid fraction increases, approaching unity in the
zero temperature limit: limy_.q fs = 1. However, as predicted by Leggett, in sys-
tems that break translational invariance, either explicitly through the Hamiltonian
or spontaneously in the ground state, the superfluid fraction remains below unity
even at zero temperature [117]. Consequently, a zero-temperature supersolid is ex-
pected to exhibit a reduced superfluid fraction, and can be effectively described as
a two-component system comprising of both superfluid and normal components.

Using a variational approach, Leggett derived a rigorous upper bound for the
superfluid fraction, in terms of the ground state density distribution:

-1

il ] [ ] o
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3.4. Hydrodynamic theory of supersolids

Here, n(0) is the integrated density, averaged over the cross-section of the annu-
lus, and nq its average over . The second formula provides the corresponding
expression in Cartesian coordinates.

The formula shows that the superfluid fraction is maximized when the density
is uniform, giving f;* = 1. Any spatial modulation reduces this value below
unity. If the linear density vanishes at any point, the upper bound reduces to zero,
indicating that a disconnected system cannot sustain superfluid flow.

Leggett also proposed a heuristic lower bound for the superfluid fraction:

fr=2n / dr, { / %} h (3.25)

Although not as rigorous as the upper bound, it provides an additional constraint
on possible values of f,. If the density is separable n = n(0) n(r, ), the two bounds
coincide.

Leggett’s bounds are expected to provide a very good estimate of the superfluid
fraction within the Gross-Pitaevskii theory [102, 120]. In particular, the three
formulas ((3.20), (3.24), (3.25)) show a very good agreement in an infinite tube
potential. The reduction of the superfluid fraction has recently been measured
in an externally modulated BEC via speed of sound measurement [121] and in a
dipolar supersolid through the observation of the Josephson effect [122].

3.4. Hydrodynamic theory of supersolids

Hydrodynamic theories describe macroscopic, collective behavior and apply in the
long-wavelength, low-energy limit, where individual particle motion becomes less
relevant [123]. The system is described by continuous fields, such as density and
velocity, neglecting the discrete nature of individual particles, which is valid when
the number of particles is large. Rather than resolving microscopic details, hydro-
dynamics captures large-scale dynamics, both spatial and temporal. Hydrodynam-
ics is based on conservation laws, such as the conservation of mass, momentum
and energy, accounting also for broken symmetries. These principles introduce
constraints on the hydrodynamic variables, shaping the system’s behavior.

Hydrodynamics assumes that the system is in local equilibrium. In classical sys-
tems, local equilibrium is ensured through frequent particle collisions, which lead
to rapid thermalization and energy redistribution. In contrast, superfluids exist at
very low temperatures, where particles collisions are negligible, resulting in zero
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3. Theoretical description

viscosity and frictionless flow. Local equilibrium in superfluids is instead ensured
through the global coherence of the macroscopic wave function. For this reason,
superfluid hydrodynamics is often referred to as collisionless hydrodynamics.

The hydrodynamic description applies to a wide range of systems, including nor-
mal fluids and solids, as well as superfluids and supersolids. It remains valid in
both strongly interacting (e.g., liquid helium) and weakly interacting regimes (e.g.,
ultracold gases). It is suitable for studying both zero and finite temperature sys-
tems. In contrast, the Gross-Pitaevskii theory provides a more fundamental, mi-
croscopic description of weakly interacting, zero-temperature superfluids through
a wave function formalism. The GPE can be transformed into hydrodynamic
equations, thus obtaining its long-wavelength limit [22].

3.4.1. Supersolid hydrodynamic equations

The number of collective hydrodynamic modes of the system is based on the num-
ber of conserved quantities and broken symmetries [124]. For a three dimensional
supersolid there are conservation of mass, three components of momentum, and
energy. Additionally, there are three broken translational symmetries and one
broken U(1) symmetry. Therefore, there are a total of nine hydrodynamic modes,
which include two pairs of transverse propagating sound modes, one pair of longi-
tudinal first sound modes, a pair of longitudinal second sound modes, and a heat
diffusion mode [125, 126]. Propagating modes are counted twice in the hydro-
dynamic counting because the dispersion relation w = +ck gives two solutions,
corresponding to a forward- and a backward-propagating mode. The existence of
the longitudinal second sound mode is one of the key signatures of supersolids’.

We consider a one-dimensional supersolid configuration at zero temperature. In
this case, the energy conservation law, which corresponds to the heat diffusion
mode, is disregarded, along with two components of the momentum conservation
law and the broken translational symmetry, which correspond to transverse modes.
The resulting hydrodynamic description of the supersolid is then given by the
following equations (see, e.g., [126-130]):

Op+ 0.5 =0 (3.26)

01j + 0u(p + puvyy + psv) =0 (3.27)
Oyvs + Oz (1 + vpvg) =0 (3.28)

Oty + O (Vpty — vy) =0 (3.29)

INot to be confused with first and second sound in superfluid helium.
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3.4. Hydrodynamic theory of supersolids

These equations are expected to generate four longitudinal modes, forming two
degenerate pairs in the absence of currents.

The first equation is the continuity equation, describing the conservation of mass,
or equivalently, particle number. The total density p is given by Eq. (3.22), and
the total current j by Eq. (3.23). As noted earlier, we assume that a supersolid
at zero temperature consists of both superfluid and normal components, since the
system breaks translational invariance [117]. The second equation follows from
the momentum conservation law. The first two equations are valid for any (non-
dissipative) classical fluid at zero temperature, differing only in the specific form
of the driving currents.

The third equation is the Josephson equation, which arises from the spontaneous
breaking of U(1) symmetry and the onset of superfluidity. It describes the evolu-
tion of the superfluid velocity, driven by the chemical potential, and is a general
result of superfluid hydrodynamics [131, 132]. The additional term v,v, comes
from the change of the reference frame. In its original form, the Josephson equa-
tion states that the evolution of v, is governed by p, + v2/2, where p, is the
chemical potential in the superfluid reference frame. It is related to the rest-frame
chemical potential p by the relation p, — pu = vsv, — v2/2. In a fully superfluid
system where p, = 0, the second equation reduces to a linear combination of the
first and third. Therefore, the superfluid hydrodynamic description is given by the
continuity equation and the Josephson equation.

The fourth equation arises from the spontaneous breaking of translational sym-
metry and the formation of a periodic lattice and long-range crystalline order.
It describes the evolution of u, := 0,u, where u is the lattice displacement and
x denotes the direction of periodic modulation. The equation follows from Lin’s
constraint [126]:

(9, + vp0)R = 0, (3.30)

where R is the position of the lattice site. Using the relation x = R + u and
differentiating the above equation with respect to x gives Eq. (3.29).

3.4.2. Sound velocities

Hydrodynamic modes are obtained by linearizing Eqs. (3.26) - (3.29). This is
achieved by considering small variations of the hydrodynamic variables around
their equilibrium values py and v9 = 00 = ul = 0, as p(x,t) = po(z) + dp(z, 1),
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vs(z,t) = dvs(x, t), vy (z,t) = dv, (2, t), uy(z,t) = duy(x,t). This results in the fol-
lowing system of equations:

810p + 0,05 = 0 (3.31)
8,05 + 0,0p =0 (3.32)
8,00, + D0 =0 (3.33)
B0ty — 0y0, = 0. (3.34)

The thermodynamic forces are then expanded to leading order in the hydrody-
namic variables. The chemical potential and pressure have a quadratic dependence
on the normal and superfluid velocities relative to their stationary values [133],
and can therefore be neglected at linear order. Additionally, we neglect the strain-
density coupling v = du/Ou, = 9?E /Opdu,, where € is the energy density, which
has been shown to be very small in the supersolid phase [134]. The constitutive
relations then take the form:

8j = pndun + pIov, (3.35)
1
= —>0p (3.36)
Pok
1
op = E(;p — AUy, (3.37)

where k = (pOu/0p)~! is the compressibility, and A = 9& /du, is the elastic con-

stant, also called the layer compressibility modulus. In one-dimensional structure,
A is the only elastic constant, corresponding to the energy cost due to the change in
the separation between the peaks, i.e. the resistance to compression of the layers.
In the following we drop the index 0 for brevity.

By transforming the linearized hydrodynamic equations into Fourier space, the
system of partial differential equations reduces to a system of algebraic equations.
This is equivalent to looking for solutions of the form f(z,t) = f, exp {i(¢qz — wt)},
where f = {0p, v, dvs, du, }. The resulting equations can be expressed in matrix
form:

—W/q Pn Ps 0 5P
Lpuk —w/q —wps/qpn —A/pa| |60n| _
1/pk 0 —w/q 0 dvg =9, (3.38)

where w is the mode frequency and ¢ is the associated wavevector. This approach
identifies phononic excitations following the dispersion relation w = ¢|q|, where ¢
is the speed of sound. By setting the determinant of the above matrix to zero and
solving the resulting quartic polynomial, the two speeds of sound are obtained:

2 Ci
A== (1 4 B+ /(1 + AR — 4f55/1> , (3.39)
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3.4. Hydrodynamic theory of supersolids

where we introduced ¢, = Vk~!, and the renormalized compressibility modulus
B =M\ pn.

The obtained result corresponds to four sound modes with double degenerate ve-
locities, meaning forward- and backward-propagating waves travel at the same
speed. In the presence of nonzero currents, v, # 0 and v, # 0, these velocities
split into four distinct sound modes due to the Doppler effect. This phenomenon
was recently analyzed in a study I coauthored [135].
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Numerical methods

In this chapter, we present the numerical methods used to study dipolar Bose-
Einstein condensates. Due to the nonlinear and nonlocal nature of the extended
Gross-Pitaevskii equation, analytical solutions are generally not available, making
numerical approaches essential for obtaining solutions.

The ground-state wave function of the system is determined using an imaginary-
time evolution of the eGPE (3.6), or, equivalently, by minimizing the energy func-
tional (3.11) through a gradient descent method. Convergence is accelerated using
the heavy-ball method. The dynamics of the system is studied by evolving the
ground-state wavefunction in real time using the eGPE. The numerical integration
is performed using the fourth-order Runge-Kutta method. Elementary excitations
are analyzed by solving the Bogoliubov-de Gennes eigenproblem (3.16), employing
ARPACK-NG routines. The non-local terms and spatial derivations are calculated
in Fourier space, which also naturally imposes periodic boundary conditions.

The numerical implementation requires discretization of the wave function in both
space and time. We use a Cartesian grid with a uniform step size in both spatial
and temporal dimensions. Additionally, all equations are cast into a dimensionless
form to improve numerical stability and efficiency. The details of this process are
provided in Appendix A.

The numerical codes used in this work were initially developed within our research
group and have been modified and improved based on the needs of the particu-
lar system under study. The ground-state computation and time-evolution codes
are written in Fortran 2003 and are parallelized for GPU acceleration using the
NVIDIA HPC-SDK toolkit. The BdG solver is implemented in C++ [136], rely-
ing on the Intel oneAPI Base/HPC Toolkits and OpenMP for CPU paralelization.
The simulations are conducted on the Galileo100 cluster of the CINECA super-
computer and the Marzola cluster at the University of Trento. The outputs of
these simulations are subsequently analyzed using MATLAB.
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4. Numerical methods

4.1. Ground state calculation

4.1.1. Imaginary-time evolution

The ground state of the system is determined using the well-established imaginary-
time evolution method applied to the eGPE [137]. In this approach, the real-time
variable is transformed into an imaginary quantity. Starting from the eGPE 3.6,
which can be rewritten in the form

0 -
in ¥ =HY, (4.1)

with the extended Gross-Pitaevskii Hamiltonian

h2v2
2m

H=—

+ Vexe (r,) + gl ¥(r, )" + / dr'Vaa(r —x)[O(x', ¢)]* + y(eaa) [T (r, 1),

(4.2)
substituting ¢ — —u7 leads to the corresponding imaginary-time evolution equa-
tion

0

W =_HVU. 4.
or (4.3)

This transformation results in damping out of high-energy components of the
wavefunction, allowing the system to relax toward its ground state or steady-
state solution. The wavefunction evolves into the lowest-energy eigenstate of H as
T — 0.

This equation is discretized and solved iteratively. Starting from an initial guess
Uy, a sequence of iterates {¥,} is generated using Euler’s method [138], the
lowest-order explicit scheme for numerical integration of ordinary differential equa-
tions!:

U1 =V, —drH,U,,, (4.4)

where ]:In is the Hamiltonian evaluated at W,,.

Since imaginary-time evolution does not inherently preserve the norm of the wave-
function, it must be renormalized at each iteration step to ensure particle number

conservation:
N
v, >,/ ——=Y,. 4.5
\/ fdr|\1jn|2 (4:5)

IHigher-order numerical integration schemes could be implemented to improve accuracy, but we
find that the basic Euler scheme is sufficient for this purpose.

38



4.1. Ground state calculation

The optimal choice of the imaginary-time step d7 depends on system parameters,
particularly the spatial grid resolution. We select it as the largest value that
maintains numerical stability and avoids divergence. The iteration continues until
the desired level of convergence is reached, which can be monitored by tracking
the chemical potential at each step:

(| P
[y = AR (4.6)

A more rigorous convergence criterion can be set by evaluating the norm of the
residual:
||Hn\11n _,unanH?; (47)

and continuing iterations until if falls below a chosen tolerance threshold. In
practice, we typically perform a fixed number of 10*-10° iterations, which provides
reliable convergence.

Although imaginary-time evolution theoretically converges to the global ground
state in the infinite-time limit, in practice, the system can become trapped in a
local energy minimum. To avoid this, the choice of the initial wavefunction is
crucial. The initial guess should be selected based on physical intuition about the
expected ground state configuration. For example, when searching for the ground
state in a rotating reference frames, two separate imaginary-time simulations are
performed, one initialized with an imprinted vortex phase and one without. The
solution with the lower energy is then identified as the true ground state. Typically,
we also introduce a small random noise to the initial wavefunction, which can, in
some cases, accelerate convergence.

4.1.2. Energy functional minimization

An alternative approach to ground state calculation is the minimization of the
energy functional (3.11). This is done using a gradient descent method, which is
an iterative optimization algorithm that minimizes a function by moving in the
direction of its steepest descent [138]. The gradient of the energy functional is
determined as its functional derivative with respect to ¥*, leading to the iterative
update rule:

SE[V,]

A
Here, the negative sign is taken to ensure movement in the direction of decreasing
E[V]. Evaluating the functional derivative explicitly shows that this equation is
equivalent to Eq. (4.4), with the parameter aplaying the role of the imaginary

\IITL+1 = \Ijn — (48)
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time step dr. Here as well, the normalization of the wavefunction needs to be
performed after each iteration step.

Alternatively, the normalization condition (3.8) can be included directly into the
minimization procedure by introducing the chemical potential i as a Lagrange
multiplier, and minimizing the modified functional:

Enorm[‘;[j] - E[\Il] - :uN7 (49)

where 1 is given by Eq. (4.6). This formulation ensures that the wavefunction
remains properly normalized throughout the iterative process.

4.1.3. Heavy-ball method

The convergence of the minimization procedure can be significantly improved by
employing the heavy-ball method [139, 140]. This is an accelerated gradient-
descent technique that introduces a "momentum” term that helps the iteration
process move more smoothly and avoid getting stuck in small oscillations. The
iteration procedure is modified as

U1 =0, —aH, 0, + (¥, —U,_1). (4.10)

If the updates remain in the same direction, the additional term increases the step
size, and if the descent direction changes, the step size is reduced. In this was the
convergence is accelerated, and the oscillations along the wall of the function are
damped. This significantly enhances the efficiency of the algorithm. The choice
of the parameter 3 is problem-dependent and typically determined empirically. In
our calculations, we find that g = 0.9 provides a good balance between stability
and convergence speed.

4.2. Time evolution

The time evolution of the wavefunction is governed by the extended Gross-Pi-
taevskii equation (3.6). Starting from the ground state obtained via imaginary-
time evolution described in the previous section, the equation is integrated using
the fourth-order Runge-Kutta (RK4) method, a widely used explicit scheme for
solving ordinary differential equations [138, 141]. RK4 offers significantly higher
accuracy than the simple Euler method without requiring higher-order derivatives
of the function. It provides a good balance between computational efficiency and
precision, making it a standard choice for time-dependent simulations.
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4.3. Treatment of non-local and derivative terms

For a general initial value problem of the form

dy

E = f<t7 y)> y(to) = Yo, (4'11>

where y(t) is the unknown function, f(¢,y) is a known function describing its rate
of change, and o is the initial condition at time ¢y, the goal is to approximate y(t)
at discrete time steps. The RK4 method improves accuracy by evaluating f(t,y)
multiple times within a single step. It samples the derivative at intermediate points
and uses a weighted combination to update the solution.

For a given time step h, the solution at t,,1; = t,, + h is computed as

Ynt1 = Yn + % (ky + 2ky 4 2k3 + k) (4.12)
where the intermediate slopes are
ki = f(tn,yn), (4.13)
ky = f (tn + g Yn + g]ﬁ) ; (4.14)
ks = f <tn + g, Yn + gl@) , (4.15)
ky= f(tn + h,yn + hk3). (4.16)

To apply RK4 method to the eGPE, the equation is rewritten as

ov i~
— =——HV 4.17
identifying f = —iH /h, with the Hamiltonian given by Eq. (4.2). The initial
condition is taken as the wavefunction obtained from imaginary-time evolution.

RK4 achieves a global accumulated error of order O(h*). We typically use the
same time step as in imaginary-time evolution or a slightly smaller one, which
provides a good balance between accuracy and computational cost. The stability
of the simulation is monitored by checking the conservation of the wavefunction
norm, and in specific cases, energy or momentum.

4.3. Treatment of non-local and derivative terms

The Hamiltonian of the Gross-Pitaevskii equation (4.2) includes a non-local term
that accounts for the long-range dipole-dipole interaction:

@dd(r) = /dr'Vdd(r — I'/>’\I](I'/,t)‘2. (418)

41



4. Numerical methods

Evaluating this term presents two issues. First, the integral extends over the entire
space and must be computed at each time step (or four times per step in the RK4
method), which can be very computationally expensive. Second, the dipole-dipole
interaction kernel diverges as |[r — r’/| — 0, making the result highly sensitive to
the choice of the discretization grid, and difficult to treat numerically.

To avoid these issues, the interaction term is computed in Fourier space [55]. Us-
ing fast Fourier transform (FFT) algorithms, which are efficiently implemented for
both CPUs [142] and GPUs [143], this approach significantly reduces computa-
tional cost. Applying the convolution theorem, we rewrite the dipolar potential
as

Daa(k,t) = Vaa(k) x F(|¥(r,¢)?), (4.19)

where the tilde sign denotes the three-dimensional spatial Fourier transform. The
wavevector k is defined on a discrete reciprocal grid in momentum space. The
Fourier transform of the dipole-dipole potential can be calculated analytically and
is given by [55]
~ 4mh?
Via(k) = ”3—%‘1 (3cos?f— 1), (4.20)
m

where 6 is the angle between the wavevector k and the polarization axis z, with
cosf = k,/|k|.

While this approach eliminates the real-space singularity, a subtle issue remains
at k = 0, where cos is not well-defined. Depending on the direction from which
zero is approached (along k,, ky, or k,), the term cos @ can take values {0, —1,1}.
A common practice in the literature is to set

cosf =% 0, (4.21)

which we also adopt. The zero-momentum component of the dipolar potential
corresponds to a constant contribution in real space, effectively shifting the overall
energy reference. As long as this choice is applied consistently throughout the sim-
ulation, it does not affect qualitative system behavior, introducing only a uniform
energy offset.

Similarly, the action of a Laplacian on the wavefunction is evaluated in Fourier
space, eliminating the need for finite difference approximations of derivatives. The
Fourier transform gives

F(V20(r,1)) = —K*U(k,1). (4.22)

After evaluating the product, applying the inverse Fourier transform then gives
the corresponding contribution to HW.
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The action of all other Hamiltonian terms corresponds to straightforward multi-
plication in real space. The integral 5, which enters the beyond mean-field term
7v(€qa), is computed numerically by a quadrature rule. If the scattering length re-
mains constant throughout the simulation, this integral is evaluated only once.

4.3.1. Periodic boundary conditions

The use of Fourier transforms in numerical calculations has both advantages and
drawbacks. An inherent consequence of applying a Fourier transform to a finite
system is that it assumes periodicity, meaning the system is effectively replicated
with a period equal to the system size. While this can be beneficial for study-
ing uniform systems in the thermodynamic limit, it introduces artificial periodic
boundary conditions along confined directions. Due to the long-range nature of
the dipolar interaction, this leads to unphysical interactions between the system
and its periodic replicas.

There are two main approaches to address this issue. The first is to modify the
dipole-dipole interaction by introducing a cutoff distance, beyond which the po-
tential is set to zero [144]. However, a drawback of this method is that the Fourier
transform of the truncated potential can only be computed analytically when the
cutoff is imposed symmetrically, which is primarily useful for fully trapped systems.
Asymmetrical cutoffs, where different cutoff distances are applied along different
directions, generally result in an integral of V4 that is not analytically solvable,
except in special cases, such as a cylindrical geometries with dipoles aligned along
the cylinder axis [145]. In the general case, to the best of my knowledge, the cutoff
method is not applicable.

The second approach, which is adopted in this thesis, is to use a sufficiently large
simulation grid. By extending the grid size, the distance between macroscopic
dipoles is increased, thereby reducing their interaction with the system. The grid
size is increased until the change in energy and chemical potential becomes neg-
ligible. This method, however, comes with a computational cost, particularly for
fixed-step grids as used in our simulations, where many grid points correspond to
regions where the wavefunction is essentially zero. This issue is especially pro-
nounced in elongated trap geometries, where the system is very narrow along the
transverse direction perpendicular to the dipole orientation (y-direction in our
case) due to magnetostriction. In such cases, a large number of grid points are
required to accurately resolve the wavefunction while maintaining a sufficiently
large grid. Despite the computational overhead, for systems with periodic bound-
ary conditions along an extended tube, this remains the only feasible solution.
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4.4. Elementary excitations

The elementary excitations of the system are studied using the Bogoliubov-de
Gennes equations described in Sec. 3.2. This requires solving the eigenvalue
problem given by Eqgs. (3.16)-(3.18). Modern numerical methods provide effi-
cient solvers for such problems, and in this work, we employ ARPACK-NG rou-
tines [146]. Specifically, we use recently developed codes by S. M. Roccuzzo, which
implement these routines to study trapped ultracold dipolar Bose gases [136].
Given a set of system parameters, the code computes a predefined number of the
lowest-energy excitations and their corresponding quasiparticle wavefunctions.

Here, we consider a more specific scenario: a dipolar superfluid confined in a
cylindrical trap of length L, with the external potential of the form

mo o 9 2.2
ViulX) = T (@247 +22%), (4.23)
where the condensate remains unconfined along the x-direction, and periodic
boundary conditions are assumed. Due to the translational symmetry along z,
the wavevector k, becomes a good quantum number. As a result, the quasiparti-
cle amplitudes can be factorized as

e v 1y, 2). (4.24)

U (r) = ﬁ

This formulation allows us to compute the dispersion relation, that is, the exci-
tation energies corresponding to a given wavevector k,. In principle, one could
solve the full three-dimensional BdG equations, assigning wavevectors to the so-
lutions based on the spatial distribution of eigenstates along the z-axis; however,
this would be computationally demanding. Instead, we exploit the factorization
in Eq. (4.24) to derive a reduced, effectively two-dimensional form of the BdG
equations, by substituting this expression into the ansatz (3.12). This derivation
relies also on the fact that the ground-state wavefunction is homogeneous along
the z-direction?:

Uo(r) = ¢o(y, 2), (4.25)

making this method applicable only in the superfluid phase, while not suitable for
the supersolid regime.

An important step in this reduction is the proper handling of non-local integral

2Note that here ¢g(y, 2) is not normalized.
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terms. Using the convolution theorem, we obtain:
Daq = [ Vaalk) x F(v3(r)) ]
= 7 Vaa(l) x 0(ks) T2 (64, ) |

= 35 [V (g, k) % T (63(9,2))] (4.26)

Similarly, the interaction term involving quasiparticle excitations is transformed
as:

/ dr'Vaa(r—r')¢ho (' )un (r') =

(ky, k) x Ty (¢0(y, 2)Un i (Y, z))] ) (4.27)

Here, F5 denotes the Fourier transform over the y- and z-coordinates, and the
two-dimensional Fourier transform of the dipolar potential takes the form

2 2
> (n) . dmh 3/€Z
Vag (ky, k.) = - Qdd (—ki n kZ e -1, (4.28)
with ko =0.
Using these transformations, we arrive at the following two-dimensional BAG equa-
tions: ) . )
Hy — p+ X X
2o fT T {“n’f} — hw,, [“"’“} . (4.29)
—XQ — <H2 —u+ XQ) Un,k Un,k

The operators Hy and X, are given by

. hZ ~
Hy = —o— (ki + Vi + V2) + Ve + 905 + 765 + 55 [Vd(c(l)) X 3"2@53)} , (4.30)

X 3 i~

Xf = [g¢3 + Wé} [+ 00 Fs [V x Fa(00f) . (4.31)
The numerical routine is adapted to solve this eigenvalue problem for each positive
discrete wavevector k, in the reciprocal space. This results in a set of excitation

frequencies w,, for each wavevector k,,, thereby constructing the dispersion relation
for the dipolar superfluid confined in a cylindrical geometry.
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Quantized vortices in dipolar
supersolids

This chapter explores quantized vortices in dipolar supersolids at the transition
between the superfluid and supersolid phase. Quantized vortices are a key hallmark
of superfluidity; thus, their observation in the supersolid phase constitutes a crucial
probe of the superfluid nature of dipolar supersolids.

The presence of quantized vortices in a supersolid was first discussed in Ref. [33]
in the context of a hypothetical supersolid phase of helium. Using a mean-field
Gross-Pitaevskii formalism with a repulsive soft-core interaction, it was shown
that vortices could be nucleated in the supersolid by an obstacle. The study also
suggested that vortices could be robust when crossing back and forth between the
superfluid and supersolid phases.

A notable feature pointed out in Ref. [147] is that vortices are both energetically
and dynamically more favorable in the supersolid phase than in the superfluid one.
The low-density regions surrounding the droplets of the supersolid phase reduce
the energetic barrier for a vortex to enter the system and facilitate vortex pinning
in the interstitial regions. Even a very slow rotation of the trapping potential
can trigger the dynamical instability that drives vortex nucleation. However, the
direct detection of vortices in the interstitials is largely inhibited because, even in
the absence of vortices, these regions are characterized by a very low density.

Following a brief introduction to quantized vortices, this chapter explores the ro-
bustness of vortices across the superfluid-supersolid phase transition. The con-
servation of angular momentum results in a distinct dynamical behavior, as the
angular momentum per particle associated with a vortex differs significantly be-
tween the two phases. Exploiting these differences, we propose a dynamical proto-
col in which a slowly rotating dipolar condensate is quenched from the superfluid
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5. Quantized vortices in dipolar supersolids

into the supersolid phase. A vortex is nucleated in the supersolid due to the
strongly reduced critical angular velocity, and a subsequent quench back allows
for straightforward vortex imaging in the superfluid phase. This protocol was
successfully employed in experiments, leading to the first detection of quantized
vortices in dipolar supersolids [148].

This approach resembles the method used in the pioneering work of Ref. [149],
where vortices created in a strongly interacting Fermi gas were imaged by quench-
ing from the BCS to the BEC regime, enhancing their visibility after expansion. In
the case of dipolar gases, the procedure is more challenging because the supersolid
and superfluid phases are separated by a first-order phase transition rather than
a continuous crossover.

This chapter is based on the publication [150], co-authored by A. Recati, S. M.
Roccuzzo, L. Santos, and S. Stringari. The content has been adapted to fit the
context of this thesis.

5.1. Introduction to quantized vortices

Quantized vortices are one of the fundamental features of superfluids, occurring
as a response to rotation [22; 23]. The velocity field in a superfluid is inherently
irrotational, as it is related to the gradient of the phase. Consequently, rotation
is possible only through the formation of singularities in the order parameter, in
form of lines along which the density vanishes and velocity field diverges, known
as vortex cores. Moreover, given the single-valuedness of the order parameter,
the rotation occurs in discrete units. The circulation of the velocity field around
a vortex core is quantized, and the phase undergoes an integer multiple of 27w
winding.

The formation and dynamics of quantized vortices have been the subject of intense
work in liquid helium, providing an important signature of superfluidity [151].
With the experimental realization of Bose-Einstein condensation in dilute atomic
gases of alkali atoms, the interest has extended to these systems, and vortex forma-
tion was experimentally achieved in 1999 [152-154]. Recently, in 2022, quantized
vortices were observed in a superfluid phase of a dipolar gas, using a magnetostir-
ring technique that directly relies on magnetic interactions [155].

There are several techniques for creating vortices in ultracold gases, including
optical phase imprinting, stirring the atomic cloud with a laser, and rotating the
trapping potential [22, 23, 156], the latter of which is used throughout this chapter.
This method resembles a rotating bucket experiment in helium, where the angular
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momentum transfer occurs through the friction with the cylindrical container walls.
In ultracold gases, however, the trapping potential needs to be slightly deformed
from a perfectly circular shape for the gas to be set into rotation. Vortex nucleation
is induced by the dynamic instability of the quadrupole mode, and the critical
frequency is given by the relation Qyn = w,/2, where w, is the frequency of the
quadrupole mode in the absence of rotation [157, 158].

Vortices are detected after condensate expansion by observing density holes corre-
sponding to the vortex cores [153]. The angular momentum, which takes quantized
values in presence of vortices, can be measured through the lifting of degeneracy of
the quadrupole mode [159, 160]. This frequency splitting arises from the breaking
of time-reversal symmetry induced by the vortex.

5.2. Quantized vortices in dipolar supersolids

Recent theoretical works have investigated quantized vortices in dipolar super-
solids [147, 161], highlighting the similarities and differences compared to the su-
perfluid phase of dipolar gases. While the mechanism for vortex nucleation in a
rotating harmonic trap remains the same, many of the vortex properties are sig-
nificantly influenced by the partial superfluidity of the supersolid state, and by the
crystal structure of it’s quantum droplets.

As previously mentioned, due to the quantization of rotational motion, there is a
critical angular velocity at which a vortex enters the system. This is defined as
the angular velocity above which the presence of a vortex becomes energetically
favorable, making the energy of the system in the rotating reference frame smaller
for the state with a vortex compared to without one [22]. However, a significantly
higher angular velocity is required to nucleate a vortex by rotating a harmonic
trap, due to the presence of an energy barrier. The former value will be referred
to as the static, and the latter as the dynamic critical angular velocity.

As discussed in Ref. [147], both the static and dynamic critical angular velocities
are reduced in the supersolid phase compared to the superfluid phase, making
vortices both energetically and dynamically more favorable (see also Fig. ).
The low-density regions surrounding the droplets reduce the energy barrier for a
vortex to enter the system, by reducing the density depletion at the vortex position.
Even a very slow rotation of the trapping potential can then trigger the dynamical
instability that drives vortex nucleation.

The angular momentum carried by a vortex corresponds to the jump in the angular
momentum of the system at the critical angular velocity. In a fully superfluid
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FIG. 5.1.: An illustration of the integrated density distribution for a pancake-shaped
dipolar supersolid. The two panels correspond to the same state, rotating with an angu-
lar velocity slightly below (left) and slightly above (right) the static critical frequency,
showing the ground state without and with a vortex, respectively. In both cases, the
central density is significantly lower than the droplet density.

system in an axially symmetric harmonic trap, a single vortex line situated in the
center of the trap carries an angular momentum per particle equal to A. In a
supersolid, this value is reduced due to the reduction in the superfluid fraction of
the system.

Instead of forming the well-known Abrikosov lattice!, vortices are pinned in the
low-density regions between droplets, forming a honeycomb lattice that surrounds
the triangular lattice of droplets?. The supersolid lattice also affect the shape of the
vortex core, modifying it from the usual round shape found in superfluids [62]. The
size of the vortex core, which is related to the healing length, increases significantly
with increasing €44, becoming several times larger in the supersolid phase compared
to the deep superfluid phase (and compared to the non-dipolar case) [147].

Given the outlined factors, the direct detection of quantized vortices is largely
inhibited. Even in the absence of vortices, the interstitial region is characterized
by a very low density, as shown in Fig. 5.1. The standard method of identifying
vortices by associating them with holes in the density distribution after expansion,
and even in situ, does not provide a conclusive evidence in this case.

These reasons motivate the present work, where we propose a dynamic protocol for
the unambiguous, indirect detection of vortices in the supersolid. Our approach

Multiple quantized vortices typically arrange into an Abrikosov lattice in most superfluid sys-
tems. However, recent studies have shown that in a superfluid phase of dipolar gases, quantized
vortices instead form a stripe pattern [155].

2The honeycomb lattice vanishes at high angular velocities, for which the intervortex distance
becomes smaller than the period of the supersolid lattice [147].
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involves crossing the phase transition to the superfluid phase, where vortices can
be easily detected [155].

5.3. System description

We numerically investigate quantized vortices in dipolar supersolids using the
Gross-Pitaevskii formalism outlined in Chapter 3. The system consists of a Bose-
Einstein condensate of N = 4 x 10* %Dy atoms, with dipolar length agqq = 132ay
(ap is the Bohr radius), and magnetic moments oriented along the z-axis. Among
all isotopes exhibiting supersolidity, %*Dy is particularly advantageous due to its
strong dipolar moment, which allows supersolid formation at lower densities. This
reduces three-body losses and thereby extends the experimental lifetime of the
system.

The gas is confined in an axially symmetric harmonic trap of the form

1
Vet (T) = émwi (2% +y* + A°27], (5.1)
with w; = 27 x60Hz, and A\ = 2. Stronger confinement along the polarization axis
is needed to counteract the effect of magnetostriction. Under these conditions, the
superfluid-to-supersolid transition occurs at a scattering length of aci = 94.6 ay,
corresponding to eqq = 1.395.

Ground states of the system are calculated using imaginary time evolution in a
rotating reference frame, obtained by adding the angular momentum constraint
—QL, to the eGPE (3.6), where Q is the angular velocity, and L, is the z compo-
nent of the angular momentum operator. Above some critical angular velocity €2,
vortical solutions become energetically favorable.

The critical angular velocities for a stable central vortex line across the phase di-
agram, for the system parameters used in this study, are shown in Fig. . In
the superfluid phase, the critical velocity decreases as the system approaches the
phase transition, followed by a discontinuous jump at the transition to the su-
persolid phase, after which it continues to decrease smoothly. Further increasing
€aqa would eventually drive the system into the isolated droplet phase, where the
critical angular velocity drops to zero [147] (not shown in the figure). It is impor-
tant to notice that €2, is significantly lower than the angular velocity required for
dynamical vortex nucleation, which is associated with a quadrupolar instability,
as previously discussed [147].
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FIG. 5.2.: Critical angular velocities for a stable central vortex as a function of €44, for a
system of 40 000 '*Dy atoms confined in a harmonic trap with w; = 27 x 60Hz and an
aspect ratio A = 2. The dotted blue line serves as a guide to the eye, while the thick gray
line indicates the phase transition. The critical value a.,i; increases slightly by increasing
Q; however, this change remains below 0.5% for the angular velocities considered in this
study. The green square and orange diamond (with the corresponding dashed lines)
mark the superfluid and supersolid states analyzed in this study, respectively.

The obtained ground state is evolved in real time according to the eGPE (3.6).
We investigate the behavior of quantized vortices as the system undergoes an
adiabatic transition between the superfluid and supersolid phases. The superfluid
phase is considered at a = 105ag > aqi, While the supersolid phase is set at
a=94ag < auit- To ensure an adiabatic transition, the parameter €44 is varied
very slowly in time, by performing a linear ramp of the scattering length in 100ms.
Faster quenching protocols would result in the excitation of additional modes and
higher final energy.

5.4. Robustness of quantized vortices across the
phase transition

Quantized vortices are topological defects of the order parameter and are there-
fore robust against small perturbations. As long as the system remains in the U(1)
broken symmetry phase, quantized vortices cannot be smoothly deformed into a
trivial (non-vortex) configuration. This makes them stable features of the system,
with small fluctuations only locally modifying the vortex structure or position. Be-
low, we explore the robustness of vortices when crossing the superfluid-supersolid
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phase transition in both directions.

5.4.1. Crossing the superfluid-to-supersolid transition

We consider two superfluid ground states, obtained for angular velocities slightly
below (2 = 0.21w,; < Q.) and slightly above (2 = 0.22w; > Q) the critical
frequency. They correspond to a vortex-free state, and a state with a vortex in the
center, as shown in Figs. (a,1) and (b,1), respectively. The associated phase
profiles show a uniform phase in the first case, while in the second case, a 0 to 27
phase winding is present around a vortex core. In the superfluid phase, the vortex
is characterized by an angular momentum per particle L,/N = [, = h. The state
without a vortex core carries no angular momentum.

Starting from these ground states obtained in the rotating reference frame, the
time-dependent simulations are performed in the laboratory reference frame (with-
out trap rotation). The s-wave scattering length is ramped down in 100 ms to a
value a = 94 ag, which corresponds to the supersolid phase at equilibrium. In-
deed, once the transition is crossed, a strong density modulation emerges on a
very short timescale, leading to the formation of droplets. After a certain waiting
time, the system acquires a configuration close to the ground-state shape, with
three droplets arranged in a triangular lattice (Fig. 5.3 (iii)).

The vortex-free state remains vortex-free after the phase transition, retaining a
mostly flat phase profile and stationary droplets. Although the initial superfluid
state was prepared in a reference frame rotating with relatively high angular ve-
locity, there is no angular momentum transfer in the absence of a vortex. Con-
sequently, the resulting supersolid state remains non-rotating, with zero angular
momentum. Note that the ramping of the scattering length conserves angular
momentum (while it doesn’t conserve energy).

The state containing a vortex also retains its vortex after the transition. Despite
the occurrence of small oscillations caused by crossing the first-order phase transi-
tion, the vortex survives at the trap center, with its characteristic phase pattern.
Since the angular momentum per particle carried by the vortex in the supersolid
phase is smaller than A due to the reduced global superfluidity, the remaining an-
gular momentum is carried by the droplets, whose centers of mass rotate in the
laboratory frame with an angular velocity larger than €. It is interesting to no-
tice that in most cases there is a transient regime (see Fig. (b,ii)) where the
number of density peaks is initially larger (four droplets), before settling into a
ground-state-like configuration.
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FIG. 5.3.: Density and phase profiles in the z = 0 plane through the superfluid-to-
supersolid crossing at ¢ = 0, 0.5, and 2.1s. The initial ground states are prepared in
a superfluid regime (a = 105ag) within a rotating reference frame: (a) Q/w,; = 0.21,
corresponding to a vortex-free state, and (b) Q/w; = 0.22, corresponding to a state
with a vortex. The s-wave scattering length « is then linearly ramped in 100ms down to
a = 94 ag, bringing the system into the supersolid phase. The system consists of 40000
164Dy atoms confined in a harmonic trap with w| = 27 x 60Hz and A\ = 2.
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5.4.2. Crossing the supersolid-to-superfluid transition

The same analysis is performed in the opposite direction in the phase diagram,
following the fate of a quantized vortex initially present in the supersolid phase -
an especially relevant case for the protocol discussed below. The critical angular
velocity €2, for which the vortex becomes energetically favorable, is significantly
lower in the supersolid phase than in the superfluid phase. We consider two super-
solid ground-state configurations, obtained for Q@ = 0.15w,; < Q. (Fig. (a,1)),
and for Q = 0.16w,; > Q. (Fig. (b, 1)), corresponding to vortex-free and vortex
states. These states are characterized by an angular momentum per particle of (a)
[, =0.1h and (b) [, = 0.87 h, respectively.

After ramping the scattering length up to a = 105a¢ over 100ms to reach the
superfluid phase, the first state remains vortex-free, while in the second case,
the vortex remains clearly visible (Figs. (ii) and (iii)). The density profile
retains some density modulations, which are the remnants of the original droplets
characterizing the supersolid phase.

The conservation of total angular momentum leads to different effects in the two
scenarios. In the first case, due to the small initial angular momentum, vortices
appear at the surface of the superfluid. In the second case, the vortex in the su-
perfluid phase carries a larger angular momentum (%) compared to the initial one,
which is compensated by the formation of anti-vortices (with opposite phase wind-
ing) near the edge of the atomic cloud. This is also accounted for by the motion of
residual density modulations, and, in some cases, by a slight displacement of the
vortex core from the center of the trap.
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FIG. 5.4.: Density and phase profiles in the z = 0 plane through the supersolid-to-
superfluid crossing at ¢ = 0, 0.5, and 2.1s. The initial ground states are prepared
in a supersolid regime (a = 94 ag) within a rotating reference frame: (a) Q/w, = 0.15,
corresponding to a vortex-free state with an angular momentum per particle of [, = 0.1 A,
and (b) Q/w,; = 0.16, corresponding to a vortex state with I, = 0.87h. The s-wave
scattering length a is then linearly ramped in 100ms up to a = 105ag, bringing the
system into the superfluid phase. The system consists of 40 000 154Dy atoms confined in
a harmonic trap with w; = 27 x 60Hz and an aspect ratio A = 2.

26



5.5. Protocol for vortex nucleation and detection

5.5. Protocol for vortex nucleation and detection

As demonstrated in the previous section, vortices remain robust when crossing the
superfluid-supersolid phase transition in both directions. We exploit this topologi-
cal robustness to design a protocol that first allows for an alternative mechanism for
vortex nucleation in the supersolid phase and, second, for probing their existence
by imaging them in the superfluid phase, where they are more easily detectable.

The starting point is a slowly rotating trapped dipolar gas in the superfluid phase
(a = 105ay). This state is prepared by suddenly introducing rotation to the super-
fluid ground state in a slightly deformed trap in the xy-plane. This corresponds

(a) t =0.0s (b) t=0.5s (c) t=2.1s (d) t=24s

0.0 1.1 2.2 0.0 3.9 7.8 0.0 4.1 8.2 0.0 1.4

y [pm]

SD
-5 0 5
a [pm]

FIG. 5.5.: Density and phase profiles in the z = 0 plane, showing vortex nucleation
employing the protocol described in the text, for a system of 40000 '®*Dy atoms. (a)
Initial vortex-free superfluid state with a scattering length of a = 105 ag, confined in a
slightly deformed harmonic trap (5.2) (w; = 27 x 60Hz, A\ = 2, ¢ = 6.6%), rotating
with an angular velocity of Q = 0.3w,. (b) The scattering length is linearly ramped in
100ms down to as = 94 ag, resulting in a transition to the supersolid phase. (c) After
some time, a vortex is nucleated at the center of the trap. (d) The isotropy of the trap
is restored (¢ = 0), and the scattering length is linearly ramped back to its initial value
in 100ms, resulting in a superfluid with a readily detectable vortex core.
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to a harmonic potential of the form

Vext (1) = %mwi [(1 — &) (z cos(Qt) + ysin(Qt))2 5.9
+ (1 &) (—sin(§2) + yeos(@))” + X222 '

where the parameter ¢ = 6.6% is a measure of the trap deformation. The trap
rotates with an angular velocity of {2 = 0.3w_, which is well below the dynamical
critical frequency for vortex nucleation, Qyy = 0.45w ;. The system is then left
to equilibrate for 200ms, obtaining an initial state shown in Fig. 5.5 (a).

This angular velocity is instead large enough for vortex nucleation in the super-
solid phase. Therefore, we reduce the value of the scattering length with a linear
ramp in 100ms down to a = 94 ag. Upon entering the supersolid phase, the first
droplets are formed (Fig. 5.5 (b)) and after some time, a vortex is nucleated in
the center (Fig. 5.5 (c)). It should be noted that the timescale for this process is
relatively slow in the present simulation. However, in a real experimental setting,
the time scale is expected to be much faster, as a consequence of thermal noise,
which is not accounted for in our calculations.

Once the vortex has formed (Fig. 5.5 (¢)), the isotropy of the trap is restored (¢ =
0), recovering the static external potential 5.1. This step ensures the robustness
of the vortex and the conservation of angular momentum. The scattering length
is then ramped back to its initial value using the same ramping procedure. After
a certain evolution time (Fig. 5.5(d)), the system reenters the superfluid phase,
recovering a configuration very similar to that of Fig. (b, iii).

We have verified that if the same procedure is performed with the scattering length
reduced only to a value slightly above the phase transition, the system does not
nucleate a vortex, as the angular frequency remains insufficient. This confirms
that vortex formation is indeed induces by crossing to the supersolid phase.

Recently, the group of Ferlaino experimentally detected quantized vortices in the
supersolid phase for the first time, by following the procedure outlined in this
section [148]. Their study also demonstrates that a vortex in a supersolid state
can be directly observed through time-of-flight interference patterns.

IThis value remains nearly constant throughout the observed superfluid region.
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5.6. Multiple vortex nucleation

The same protocol can be employed to nucleate multiple vortices by increasing the
angular velocity €2 of the rotating trap. Figure 5.0 presents the results for different
angular velocities in our protocol. The upper panel shows the atomic cloud in the
supersolid phase right before inverting the ramping of the scattering length. The
lower panel depicts the final density distribution after the scattering length has
been restored to its initial value.

The case with € = 0 is particularly significant, as it demonstrates that despite the
strong density modulation in the supersolid regime, no vortex core emerges upon
returning to the superfluid phase. The final density remains smooth and char-
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FIG. 5.6.: Density profiles in the z = 0 plane, showing the results of the dynamical
protocol for different angular velocities: Q/w; = 0 (a), 0.3 (b), 0.35 (c), and 0.4 (d).
The parameters and procedure are the same as in Fig. 5.5. The upper row corresponds to
the configurations in the supersolid phase at ¢t = 2.1s, just before inverting the ramp of
the scattering length. The lower row corresponds to final configurations in the superfluid
phase at t = 2.4, after ramping the scattering length back to its initial value. Imaging
in the superfluid phase should clearly reveal the presence of zero, one, two and three
vortices, respectively. The final angular momentum per particle (once the isotropy of the
xy trapping is restored) is (a) I, =0, (b) I, = 1.03h, (¢) I, = 1.85h, and (d) I, = 2.42 h.
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acterized by a maximum in the center, closely resembling the initial equilibrium
configuration.

By increasing ) we eventually observe one vortex nucleated in the center using
2 = 0.3w, (same as Figs. 5.5(c) and (d)), two vortices using = 0.35w, and
three vortices using {2 = 0.4w,. Note that in all cases the vortices are nucleated
in the supersolid phase, as the angular velocity is not large enough for vortex
formation in the superfluid.
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Sound in ring dipolar supersolids

According to the Goldstone theorem, the spontaneous breaking of a global con-
tinuous symmetry gives rise to a gapless excitation mode in the spectrum. These
Goldstone modes are of central interest in various fields of physics, including ele-
mentary particle physics, magnetism, superfluidity, and superconductivity. Their
identification and experimental observation are essential, as they characterize col-
lective excitations associated with broken symmetries.

The recent realization of supersolidity has raised the question of identifying the cor-
responding Goldstone modes. In three-dimensional supersolids, four gapless modes
emerge: one associated with phase symmetry breaking and three corresponding
to the breaking of translational invariance along the three spatial directions [125].
They take the form of a phononic dispersion relation in the long-wavelength limit,
with characteristic speeds of sound.

The theoretical study of Goldstone modes in supersolids dates back to the pio-
neering work of Andreev and Lifshitz [4], which, using a hydrodynamic approach,
predicted four phononic excitation modes. There are many subsequent works
extending this description and exploring additional effects [34, 126-130]. More
recently, the studies employing numerical simulations explored Goldstone modes
in various supersolid platforms, including atomic Bose gases with soft-core in-
teractions [109, 162, 163], spin orbit coupled gases [164, 165], multimode cavity
systems [166], and dipolar gases [15, 56].

Experimentally, the first evidence of Goldstone modes in a supersolid phase was
recently reported in dipolar Bose-Einstein condensates confined in harmonic traps
[59-61]. These experiments revealed the emergence of novel crystal-like oscillations
upon entering the supersolid regime. However, due to the presence of the external
trapping potential, the modes take the form of discretized oscillations rather than
continuous excitations. Additionally, the trap imposes the inhomogeneous density
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distribution of the gas, and restrict the system to a finite, small number of droplets
that constitute the supersolid. These constraints limit the direct observation of
bulk supersolid dynamics and the full characterization of collective excitations.

To overcome these limitations, it is essential to study supersolids in a homoge-
neous setting and in the thermodynamic limit. Numerically, the speeds of sound
in such configurations have been the object of study for both soft-core [109, 162]
and dipolar gases [56, 167], based on the use of proper periodic boundary con-
ditions. Experimentally, however, reaching the thermodynamic limit in a dipolar
gas remains challenging. Standard box potentials, which are commonly used to
achieve homogeneous ultracold gases, lead to strong dipole accumulation at the
boundaries, introducing edge effects [168, 169].

In this study, we employ a tubular potential with periodic boundary conditions,
which, for a sufficiently long tube, allows to approach the thermodynamic limit.
This effectively corresponds to a ring-shaped potential, which has been explored
theoretically in the context of dipolar supersolids with persistent currents [170]
and has recently started to be employed experimentally [122]. Additionally, ring
geometry provides a simple platform for realizing of matter-wave circuits, with
important perspectives in the emerging field of atomtronics [19, 171]. The results
obtained in the tubular geometry are compared with those from a ring geometry,
and only minor differences are found, which can be contributed to the curvature
effects.

To investigate the longitudinal Goldstone modes, we excite them by suddenly re-
moving a periodic perturbation along the longitudinal direction. The resulting
values of the sound velocities are analyzed using the hydrodynamic theory of su-
persolids, which provides valuable new insights into the origin of the two sound
modes. In particular, using the sound velocities obtained from our simulations,
we determine for the first time the layer compressibility modulus and confirm the
prediction for the superfluid fraction of a dipolar supersolid based on the Leggett’s
estimation [117].

The content of this chapter is based on the publication [172], co-authored by T.
Zawislak, A. Recati, and S. Stringari, and has been adapted to fit the context of
this thesis.

6.1. The system and its phases

For simplicity, we consider a one-dimensional supersolid configuration, where two
phononic Goldstone modes are expected, each associated with a distinct sound
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velocity. The system is confined in a tubular potential, with harmonic confinement
in two transverse directions (denoted as y and z), while the third direction (z)
remains unconfined and is subject to periodic boundary conditions. The external
potential is given by:

‘/Yext = %mwl(y2 + 22)7 (61)
where the transverse trapping frequency is set to w; = 27 x 100Hz. The tube
has a length of L = 48um along the x-axis, which corresponds to a ring of radius
R = 7.6um. Although this system is not large enough to fully reach the thermo-
dynamic limit, and some finite-size effects are present, the chosen parameters are
both experimentally realistic and well-suited for observing the effects of interest.

The system consists of N = 80.000 atoms of '®*Dy, with a dipolar length of
agqa = 132agy, where the dipoles are oriented along the z-axis. Depending on
the value of the scattering length, the system can exist in one of three phases:
superfluid, supersolid, or isolated droplet phase, with the corresponding density
profiles shown in Fig. . The superfluid-to-supersolid transition occurs at a
scattering length of a = 95.2ag (eqq = 1.987), while the supersolid-to-droplet
phase transition takes place at approximately a = 84 ag (eqq = 1.571).

These states are obtained through imaginary-time evolution of the extended Gross-
Pitaevskii equation (3.6). In our simulations, we consider configurations with the
same number of density peaks (equal to 13) in both the supersolid and crystal
phases. In principle, exact energy minimization would predict a gradual decrease
in the number of droplets as the system approaches the transition to the crys-
tal phase, leading to small discontinuities in the resulting values of the observed
quantities. However, this constraint does not affect the main conclusions of this
study. The pinning of the number (and position) of the droplets can be achieved by
introducing a weak additional periodic potential during the initial stage of the su-
persolid state preparation. Once this potential is removed, the number of droplets
remains unchanged throughout the subsequent time evolution.

6.2. The protocol for sound excitation

The system is initially prepared in a stationary state in the presence of a weak
static perturbation of the form

Voert = — Vg cos (qx), (6.2)

where ¢ = 27/ L is the smallest characteristic wavevector of the system, inducing
stationary density modulations. At t = 0, we suddenly set V = 0, resulting in
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the excitation of longitudinal phonon modes propagating along the z-axis. In a
ring geometry, this perturbation takes the form V,ey = —V{ cos (), where ¢ is the
azimuthal angle along the ring. Similar excitation protocols have been previously
employed to study the Doppler effect caused by the presence of quantized vortices
in a ring [173] and, more recently, to investigate the effect of superfluidity on sound
propagation in a dilute Bose gas confined in a box in the presence of an external
periodic potential [121].

Within linear response theory, the time evolution of the quantity

F(t) = {cos (q)) (1) (6.3)
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FIG. 6.1.: Density profiles in the y = 0 plane for the superfluid (top panel), supersolid
(middle panel), and isolated droplet (bottom panel) phases. The system consists of
N = 80.000 '%*Dy atoms confined in a tubular potential, with a transverse trapping
frequency of w; = 27 x 100Hz along the y and z directions, while the z-direction remains
unconfined. Periodic boundary conditions are applied at * = £24um. The colormap
represents the densities relative to their maximum value.
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6.2. The protocol for sound excitation

reveals the modes excited by the perturbation. In the superfluid phase, F(t)
exhibits a single-frequency oscillation, whereas in the supersolid phase, it shows
a characteristic beating pattern due to the presence of two distinct modes, as
presented in Fig.

In the supersolid phase, the function F'(¢) can be expressed as

F(t) = Vo Z xi(q) cos (wi(g)), (6.4)

while in the superfluid phase, this reduces to a single-mode contribution. For
sufficiently small ¢ (and hence large L), the mode frequencies w;(q) approach a
linear phonon dispersion relation,

wila) = ciq, (6:5)

where ¢; and ¢y denote the first and second sound velocities, respectively. The
coefficients x;(q) represent the contributions of the two modes to the static response

function,
x(q) = x1(q) + x2(q)- (6.6)

+ €qq = 1.375)4

F(t)[10?

© €dd = 1.404 ||

F(t) [10°]

0 100 200 300 400 500
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FIG. 6.2.: Time evolution of the parameter F'(t) = (cos(2mx/L))(t) for two values of
€4qa corresponding to the superfluid phase (top panel) and the supersolid phase (bottom
panel). The data points are fitted with a single cosine function in the superfluid phase
and a superposition of two cosine functions in the supersolid phase, showing excellent
agreement.
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6. Sound in ring dipolar supersolids

Thus, from the analysis of the measurable signal F'(t), one can extract the sound
velocities ¢; and ¢y, and the weights of the two modes y; and xs.

According to the compressibility sum rule, the static response function approaches
the compressibility of the system in the long-wavelength limit ¢ — 0:

X@yzﬁmﬁuﬂ%“)—»gf. (6.7)

w q—0 2

Here, S(q,w) is the dynamic structure factor, and the compressibility is given by

where p is the chemical potential, and p = N/L is the linear density. The com-
pressibility is related to the speed of sound in uniform systems as ¢, = V&1,
where we set m = 1 with m the atomic mass.

Due to the finite size of the tube, the smallest accessible value of the wavevector
is ¢ = 27/ L, leading to deviations between the obtained static response function
x(q) and the compressibility k. In our system, these finite size effects result in
discrepancies of approximately 15% in the superfluid phase and up to 30% near
the transition to the crystal phase. For consistency, we use the values of xk given
by the "measured” values x(q = 27/L).

Another useful quantity to consider is the relative contribution of the second sound
mode to the compressibility sum rule, which can be expressed in terms of the sound
velocities in the following way:
2 _ 2
c;—c¢
R=X2_9"% (6.9)

D) 2
X €1 — G

This follows from the compressibility sum rule 6.7 and the f-sum rule,
N¢?

mlz/ dw S(q,w)w = 5 (6.10)
0

This quantity is particularly useful in experiments since it can be determined
without precise knowledge of the perturbation strength Vj, which is often difficult
to estimate accurately. Instead, it only requires the relative weights of the beating
signal. However, the Eq. (6.9) is based on a two-mode approximation, which holds
in most of the supersolid regime but becomes less accurate near the transition to
the superfluid phase, where additional modes are excited by the perturbation.

Analogously, the contribution of second sound mode to the f-sum rule is given
by
m{? _gd—c

2
K

= . 6.11
m 2t —c3 ( )
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6.3. Hydrodynamic predictions

6.3. Hydrodynamic predictions

The central conclusion of this work lies in the combined application of the exci-
tation protocol and the hydrodynamic theory of supersolids. The hydrodynamic
model introduced in Section 3.4 predicts the following expression for the two sound
velocities, reprinted here for completeness:

2

2, = % (1—|—5/<;:|: \/(1-}-6/{)2—4f55/i>. (6.12)

This expression depends on three fundamental parameters: the velocity ¢, deter-
mined by the compressibility parameter x; the renormalized layer compressibility
modulus 8 = B/p,; and the superfluid fraction fs. Depending on the phase of the
dipolar Bose gas, the sound velocities take different forms, as discussed below.

(i) Superfluid phase (fs =1 and § = 0).

Only the upper solution (first sound) of Eq. (6.12) is present, and the sound velocity
is simply given by
c1 = Cg, (6.13)

as expected for a uniform superfluid at zero temperature.
(ii) Supersolid phase (0 < f; <1 and § # 0).

This is the most interesting regime, where the deviations of the sound speeds from
¢, arise due to the presence of both the superfluid and crystalline components.
The sound velocities are influenced by the dimensionless parameter S« and the su-
perfluid fraction fg. Near the transition to the crystal phase, where the superfluid
fraction is expected to vanish, the sound velocities approach the limiting values:

les—_m—)\/l—f—ﬁl-{— fsBr Cres

1+ Bk
(6.14)
fs—0 Br
Co — fSl + 5561‘%
while the ratio R given by Eq. (6.9) approaches the value
R0 8 (6.15)
1+ Bk

Additionally, and interesting limiting case arises when Sk > 1, where the lower
sound velocity simplifies to
cr = ¢\ [s- (6.16)
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6. Sound in ring dipolar supersolids

In this regime, the second sound mode exhausts the compressibility sum rule,
while its relative contribution to the f-sum rule (Eq. (6.11)) exactly matches the
superfluid fraction fg. This behavior is analogous to that of a superfluid in the
presence of an optical lattice, where translational invariance is explicitly broken
and the upper mode w; = c¢1q is replaced by a gapped excitation. This case has
been recently explored both theoretically and experimentally in [121].

(iii) Crystal phase (fs =0 and 3 # 0).

In this regime, only the first sound mode remains, with a velocity given by

c1 = ¢/ 1+ Bk, (6.17)

This is consistent with the fact that the isolated droplet phase breaks only one
continuous (translational) symmetry. However, unlike in the superfluid phase,
where a single sound mode exhausts both the compressibility and f-sum rules, in
the crystal phase, the first sound mode exhausts only the f-sum rule. It does not
exhaust the compressibility sum rule, which reveals the occurrence of a diffusive
mode at zero frequency. This diffusive mode is the natural continuation of the
second sound mode beyond the transition to the crystal phase [127, 174].

The transformation of second sound from a propagating to a diffusive mode is
analogous to the fate of second sound in a uniform superfluid above its critical
temperature, where it becomes a thermal diffusive mode (see, e.g., [175, 176]),
hence the name analogy.

6.4. Sound velocities from the excitation protocol

From the analysis of the signal F'(¢) for different values of €449, we obtain the
first and second sound velocities across the phase diagram, as shown on Fig.
(blue diamonds and green squares). Both sound velocities exhibit a discontinuity
at the supersolid-superfluid phase transition, with the second sound showing a
more pronounced jump. As the system approaches the isolated droplet phase, the
second sound velocity ¢y, which can be associated with oscillations of the superfluid
component, gradually decreases and eventually vanishes, coinciding with the loss of
global superfluidity. In contrast, the first sound velocity ¢;, which can be associated
with the crystalline oscillations, increases before saturating, and remains the only
mode in the droplet phase.

The saturation of ¢; is a consequence of the number of droplets in the system being
fixed. Otherwise, as the droplets move farther apart (i.e. their number decreases
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6.4. Sound velocities from the excitation protocol

in the case of a finite system), the first sound mode would also gradually decrease
toward the droplet phase (while remaining finite). It is important to note that the
two sound modes cannot be strictly classified as superfluid or crystal sound, as
they result from a hybridized contribution of both components, particularly near
the supersolid-superfluid phase transition.

Figure also shows the value of ¢, throughout the phase diagram, obtained from
the static response function y (orange dots). In the superfluid phase, ¢, coincides
with the single sound velocity, while in the supersolid phase, it does not match
either of the two sounds. Near the transition to the superfluid phase, ¢, matches
the value of c;, also resulting in R — 0.

These trends are consistent with the results reported in [167] obtained for an infi-
nite tube, confirming that our mesoscopic system correctly captures the behavior
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FIG. 6.3.: Sound velocities ¢; and cg, extracted from the excitation protocol described
in Sec. 6.2 (blue diamonds and green squares, respectively), across the superfluid and
supersolid phases for the system described in Sec. 6.1. The orange dots represent the
velocity ¢, fixed by the compressibility «, which is obtained from the static response
function x(27/L). The limiting expressions for the sound velocities, given in Eq. (6.14)
(blue and green thick solid lines), accurately capture the behavior of ¢; and c¢o even far
from the crystal phase. For comparison, the prediction c.+/fs (gray dotted line), which
is valid for a Bose gas in an optical lattice, c,/fs, shows poor agreement.
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6. Sound in ring dipolar supersolids

expected in the thermodynamic limit.

We include also the lowest-order expressions for the two sound speeds in the limit
fs — 0, given by Eq. (6.14) (blue and green continuous lines). These approxima-
tions show good agreement with the calculated values over a broad range of €4y,
even when the superfluid fraction is not negligible.

For comparison, we also show the prediction ¢y = c./fs (gray dotted line), which
would hold in the presence of an optical lattice (B — oo). This expression sig-
nificantly overestimates the the actual values of ¢y in the supersolid phase. While
this relation has been successfully used to extract the value of fg in a BEC gas in
an optical lattice [121, 177], it does not apply to the supersolid phase.

6.5. Superfluid fraction and layer compressibility

From Eq. (6.12), the superfluid fraction f; can be directly related to the first and
second sound velocities through

2 2
€16

L= . 6.18

I Er=Er) (619

The resulting values, shown as purple dots in Fig. 6.4, show a smooth transition

from the value close to 1 in the superfluid phase, to vanishing values approaching
the droplet phase.

Both the superfluid fraction and the layer compressibility modulus can, in prin-
ciple, be calculated from the Gross-Pitaevskii theory (see, e.g., [34]). Several
numerical studies have investigated the superfluid fraction in dipolar gases with
one-dimensional periodic structures using the extended Gross-Pitaevskii equation
(e.g., [56, 102, 167]). In our narrow tube geometry, the superfluid fraction es-
sentially coincides with the non-classical fraction of the moment of inertia, which
was found to be in strong agreement with the Leggett upper bound in an in-
finite tube [102]. For comparison with the values extracted from our protocol,
the Leggett upper bound is shown as a gray line in Fig. 6.1. The close agree-
ment between these two predictions demonstrates the consistency of the extended
Gross-Pitaevskii theory with the hydrodynamic model of supersolidity.

To assess the applicability of our approach in experiments, we tested the sensitivity
of the superfluid fraction to finite-size effects by using a larger value of the phonon
wave vector for perturbation, ¢ = 47/L instead of 27 /L. The superfluid fraction
was found to be very weakly affected, with only a few percent change. Additionally,
since this modification nearly doubles the oscillation frequency, it also enables
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FIG. 6.4.: Superfluid fraction, obtained by applying the hydrodynamic model to the
results of the extended Gross-Pitaevskii simulation employing our protocol (Eq. (6.18)),
is shown as purple dots. The theoretical prediction for the Leggett upper bound
(Eq. (3.24)), calculated from the ground-state density distributions, is represented by
gray solid line. The two predictions show close agreement.

shorter observation timescales, thereby reducing the impact of the finite lifetime
of the system.

Notably, the superfluid fraction has only recently been assessed experimentally,
using a different approach based on the Josephson effect [122].

Similarly, the dimensionless parameter Sk can be expressed in terms of the ex-
tracted sound velocities as follows:

2, .2
]t

fr = a 1. (6.19)

from this calculation are presented in Fig. (a), together with the ratio R, ob-

tained from the analysis of the signal F'(f). An interesting observation from our
analysis is that while the sound velocities, compressibility, and the parameter Sk
exhibit a jump at the superfluid-supersolid transition, the contribution of the sec-
ond sound mode to the compressibility sum rule, R, smoothly approaches zero.
A similar continuous vanishing is observed for the layer compressibility modu-
lus B, as shown in Fig 6.5 (b). This behavior of B was confirmed in subsequent
Gross-Pitaevskii calculations in the ground state of a dipolar gas [134].
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FIG. 6.5.: (a) The dimensionless parameter Sk (green squares), derived from the ex-
tracted sound velocities (Eq. (6.19)), and the ratio R = x2/x (blue diamonds), obtained
from the analysis of the signal F(t) (Eq. (6.4)). (b) Layer compressibility modulus
B = py, calculated from the parameter Sk.

6.6. Excitation spectrum

An additional advantage of the proposed protocol is the possibility to excite modes
with larger wavevectors ¢, beyond the long-wavelength phononic mode. This is
achieved by applying a perturbation of the form

Vert = —Vp cos (nqx), (6.20)
with ¢ = 27/L and n = 1,2,3,.... In this way, the entire phonon-maxon-roton
dispersion relation can be obtained, as shown in Fig. . The results correctly

show that the roton minimum becomes more pronounced as the system approaches
the transition to the supersolid phase.

The dispersion relation obtained using our protocol is compared with the pre-
dictions of the Bogoliubov—de Gennes theory introduced in Sec. 3.2), showing
excellent agreement across all values of e4q considered. This demonstrates that
the proposed protocol provides a feasible alternative for measuring the excitation
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FIG. 6.6.: Excitation spectrum obtained using the proposed protocol for three values
of €qq approaching the superfluid-supersolid transition (points), revealing the phonon-
maxon-roton dispersion. The roton mode softens near k = v/2/l,, where I, = \/ﬁ/ mw,
is the characteristic transverse harmonic oscillator length, consistent with [84]. These
results are compared with the predictions of the Bogoliubov-de Gennes calculations
(solid lines), showing excellent agreement.

spectrum in elongated configurations of superfluid dipolar gases, complementing
standard Bragg spectroscopy experiments [91].
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Conclusions

This thesis has investigated the fundamental properties of dipolar supersolids,
with a particular focus on two key aspects: quantized vortices (Chapter 5) and
the propagation of sound modes (Chapter 6). These two studies contribute to a
deeper understanding of the unique quantum properties of dipolar supersolids.

In Chapter 5, we studied quantized vortices in dipolar condensates and their sta-
bility across the superfluid-to-supersolid phase transition. As a key signature
of superfluidity, the existence of quantized vortices provides crucial insight into
the superfluid nature of dipolar supersolids. Through numerical simulations, we
demonstrated that vortices remain robust through the transition in both direc-
tions, with angular momentum conservation leading to either droplet rotation or
antivortex formation, compensating for the reduced vortex angular momentum in
the supersolid phase.

We further proposed an experimentally feasible protocol for controlled vortex nu-
cleation and detection. This method relies on ramping the scattering length across
the superfluid-to-supersolid transition, exploiting the intrinsic properties of the
supersolid phase to induce vortex nucleation. Starting from a slowly rotating,
vortex-free superfluid, entering the supersolid phase induces vortex nucleation,
while ramping back into the superfluid allows for direct vortex imaging. The
larger vortex size in dipolar condensates further enhances their visibility. This
method also enables the controlled creation of multiple vortex configurations. Our
approach was recently employed in experiments for the first detection of quantized
vortices in dipolar supersolids, reinforcing its feasibility.

In Chapter 6, we investigated sound propagation in a dipolar supersolid confined
in a tube geometry with periodic boundary conditions, which is equivalent to a
ring geometry. A key feature of supersolids in this one-dimensional configuration is
the emergence of two gapless Goldstone modes: one associated with the breaking
of phase invariance, leading to superfluidity, and the other with the breaking of
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translational symmetry, giving rise to crystalline order. By combining numerical
simulations based on the extended Gross-Pitaevskii theory with the hydrodynamic
theory of supersolids, we analyzed these excitation branches.

We proposed an experimentally feasible protocol to determine these Goldstone
modes by applying a weak periodic perturbation and observing the resulting re-
sponse of the system in time. Using the results of our simulations alongside su-
persolid hydrodynamics, we outlined a method to extract key hydrodynamic pa-
rameters. In particular, we demonstrated how sound velocity measurements can
provide direct access to the superfluid fraction and layer compressibility modulus.
Our mesoscopic setup accurately captures the essential features of the thermo-
dynamic limit. Alternatively, our findings can be used to determine supersolid
hydrodynamic parameters in the thermodynamic limit by using existing estima-
tions of sound speeds in infinite systems [56, 167].

It is worth noticing that our protocol is not limited to dipolar supersolids. It can
be equally applied to dipolar mixtures, which are expected to have longer lifetimes
than single-component dipolar gases [178-181] and whose excitation spectrum has
been recently investigated [182]. Another interesting system for the application of
our protocol are semiconductor dipolar excitons, where ring configurations natu-
rally occur (see, e.g., [183, 184] and references therein), and where cluster crystal-
lization has been observed [185, 186].

76



Appendix

A.1. Scaling and dimensionless formulation of the
equations

The first step in numerical implementation is to rescale the equation, to avoid
excessively large or small numbers that could lead to numerical inaccuracies due
to finite floating-point precision. This is done by selecting appropriate reference
parameters and expressing all variables in terms of them.

To introduce a natural scaling for the system, we define the reference frequency as
the geometric mean of the trapping frequencies along the three directions:

Wref = J/WzllyWw,. (A.1)

If the system is unconfined in one (two) directions, the reference frequency can
be adapted by considering only the remaining two (one) trapping frequencies.
This choice sets the characteristic timescale, allowing to express the harmonic
frequencies in dimensionless form:

Oy = 2 g =g = 2 (A.2)

) Yy ) .
Wref Wref Wref

Accordingly, time and its derivative transform as

(A.3)

To establish a natural length scale, we use the corresponding harmonic oscillator
length:

(A4)
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All spatial coordinates are then rescaled as

x . Y . z
) y = 9 z = *
Qref Qref Qref

(A.5)

T =

Similarly, the s-wave scattering length and dipolar length are expressed in terms
of Qref-

i= 2 g = 2ad (A.6)
Qyef Qref
The Laplace operator transforms accordingly:
1 0? 0? 0? 1
A=— | ==+ ==+ =—= | = 5 A AT
a?ef (8i2 " 8@2 - 822) a?ef ( )
To maintain the normalization of the wavefunction, we introduce the rescaling
U=a?v. (A.8)

With these transformations, the extended Gross-Pitaevskii equation (3.6) takes on
its dimensionless form:

i = HY =
1. . . 3 3 T (A.9)
5B+ Vi + TP + /df’Vdd(f _W )P + 58P |
Here, the interaction strengths are rescaled as
o h? .
g = —Qrf g, 7= _afe/fQ - (AlO)
m m
The external potential in dimensionless form becomes
~ 1, .. o o
Vet = 5 (@22% + o2 + @27%) (A.11)
and the rescaled dipole-dipole interaction potential is given by
~ 1 —3cos?0
Vaa(F — ) = 3gq——n (A.12)

TP

Similarly, the stationary eGPE (3.10) can be expressed in a dimensionless form
as

i = A1, (A13)
where the chemical potential is rescaled as
_

= : A.14

A= G (A.14)
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