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Abstract

This thesis aims to provide an overview of our novel stabilization strategy
for Reduced Order Models (ROMs) applied to convection-dominated flows
in an under-resolved regime: the Approximate Deconvolution Leray ROM
(ADL-ROM).

In the last decades, Galerkin Reduced Order Models (G-ROMs) have
gained significant attention within the scientific community due to the ability
to drastically reduce the computational cost of numerical simulations, an
essential goal for real-world applications. Despite their success, the use of
ROMs in convection-dominated under-resolved regime has been hindered by
numerical instability. Specifically, while the total energy remains bounded,
the standard G-ROM leads to inaccurate and unreliable solutions. This issue
highlights the necessity of ROM stabilization techniques. One widely adopted
approach to address this challenge is the Regularized ROMs (Reg-ROMs),
which apply explicit spatial filtering to stabilize G-ROMs. A well-known
example is the Leray ROM (L-ROM). However, existing Reg-ROMs often
introduce excessive numerical diffusion in their attempt to mitigate G-ROM
instabilities, potentially compromising solution accuracy.

To overcome these limitations, the new ADL-ROM integrates Approxi-
mate Deconvolution (AD) operators into the classical Leray ROM framework,
enhancing accuracy without sacrificing numerical stability. Specifically, we
propose two ADL-ROM strategies based on Lavrentiev and van Cittert de-
convolution methods. Our numerical investigations demonstrate that, for
relatively large filter radii, ADL-ROM is significantly more stable than the
standard G-ROM, and more accurate than the L-ROM. Additionally, ADL-
ROM exhibits reduced sensitivity to model parameters in comparison to L-
ROM. Furthermore, we prove a priori error bounds for both the AD operator
and the ADL-ROM. To our knowledge, these results represent the first nu-
merical analysis of approximate deconvolution in a ROM context. Then, we
discuss ongoing research meant to extend the ADL-ROM methodology to
parameter spaces. Numerical and theoretical results are illustrated through
several computational simulations of convection-dominated flows.
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Introduction

Reduced Order Models (ROMs) have emerged as powerful surrogate mod-
els capable of drastically reducing the dimensional complexity of Full Order
Models (FOMs), which are obtained through classical numerical discretiza-
tions such as the Finite Element Method (FEM). By leveraging data-driven
approaches, ROMs provide computationally efficient alternatives that retain
the essential dynamics of high-fidelity simulations while significantly lower-
ing their computational cost. Among the various ROM techniques, Galerkin
Reduced Order Models (G-ROMSs) have gained significant attention due to
their systematic construction within a Galerkin framework.

The foundation of G-ROMs lies in the data-driven construction of a low-
dimensional basis. Specifically, a set of optimal basis functions {¢1,...,¢r}
is obtained from training data (i.e., problem and parameters) that encapsu-
lates the dominant structures of the underlying physical system. The leading
r basis functions, where r < R, are then employed in a Galerkin formulation
of the governing Partial Differential Equations (PDEs), yielding a nonlin-
ear r-dimensional system of Ordinary Differential Equations (ODEs). This
dimensional reduction results in computational models that are orders of
magnitude smaller than their full order counterparts.

Galerkin ROMs have demonstrated significant success in the numerical
simulation of diffusion-dominated, or laminar, flows characterized by low
Reynolds numbers in the context of the Navier-Stokes equations |10, |18, 44,
71, 77]. The ability of G-ROMs to effectively capture and reduce the compu-
tational complexity of such flows has made them a widely used tool in model
reduction techniques. However, standard G-ROMs exhibit substantial limi-
tations when applied to convection-dominated flows, such as turbulent flows,
which are prevalent at high Reynolds numbers. These challenges become
particularly pronounced in the under-resolved regime, where the number of
degrees of freedom in the reduced order model is insufficient to accurately
capture the full complexity of the flow dynamics. This limitation poses a
significant drawback since the vast majority of real-world flows encountered
in engineering, e.g., aerospace and automotive industry, and geophysical,
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e.g., weather prediction and climate modeling, applications are convection-
dominated. Consequently, the inability of standard G-ROMs to handle such
convection-dominated scenarios presents a major obstacle to their broader
applicability.

The main reason behind the poor performance of standard G-ROMs in
convection-dominated flows is the inherent complexity of such flows, which
exhibit a wide range of spatial scales. To faithfully represent all these spatial
scales, a quite large number of basis functions would be required, leading
to a high-dimensional reduced order model. However, because G-ROMs are
designed to be computationally efficient and relatively low-dimensional, prac-
titioners typically truncate the ROM basis to a smaller set of modes. While
this truncation reduces computational cost, it also introduces significant in-
accuracies in the numerical results. The resulting under-resolved G-ROM
often exhibits numerical oscillations, which degrade solution accuracy and
stability. The origin of these inaccuracies lies in the omission of higher index
basis functions {¢,1, ...,@r}, which are essential for capturing the fine-scale
dynamics of the flow. These higher index modes play a crucial role in the
dissipation of energy within the system, similar to the classical Fourier rep-
resentation of turbulent flows |21, 84]. When these dissipative effects are not
adequately accounted for in the reduced order model, the energy that should
be dissipated is improperly retained within the lower-dimensional space, lead-
ing to the emergence of unphysical oscillations and numerical instabilities.

To mitigate these stability issues and improve the accuracy of under-
resolved G-ROMs in convection-dominated flows, there are essentially two
strategies:

1. ROM Closures: These methods introduce additional terms, often re-
ferred to as closure models, that aim to reconstruct the effects of the
discarded basis functions. By incorporating corrections that approxi-
mate the impact of the omitted modes {@,,1,...,@r} on the resolved
dynamics, ROM closures enhance the overall fidelity of the model.

2. ROM Stabilizations: Unlike closure models, ROM stabilization tech-
niques modify the standard G-ROM formulation itself by introducing
additional stabilization terms. These modifications improve numerical
stability and mitigate the occurrence of unphysical oscillations.

In this thesis, we focus only on ROM stabilizations since our original idea
was to construct a method that could be easily applied to several problems
without additional considerations and estimates. Several ROM stabilization
techniques have been explored in the literature |2, |1, |7, 12, 14, |19, 26, 139,
46, (51} |74, 75, |76} 93, [L00]. Among these approaches, Regularized ROMs
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(Reg-ROMs) have gained considerable attention due to their effectiveness in
improving stability through the application of spatial filtering mechanisms.

The fundamental principle underlying Reg-ROMs is the use of a ROM
filter to smooth out various terms in the underlying Navier-Stokes equations.
The objective of this filtering process is to remove high-frequency numerical
artifacts while preserving the key physical features of the flow. There are
two primary types of ROM filters currently employed in the construction of
Reg-ROMs:

1. ROM Projection Filter: In this approach, the filtering process takes
place entirely within the ROM space.

2. ROM Differential Filter: A technique where filtering is applied within
the physical space rather than directly in the ROM space. Higher-order
differential filters (DFs) have also been proposed to improve accuracy
and stability [40].

Both the ROM projection filter and the ROM differential filter have been
effectively utilized in the construction of Reg-ROMs, demonstrating improved
stability and accuracy in reduced order modeling of convection-dominated
flows. By leveraging these filtering techniques, Reg-ROMs provide a promis-
ing avenue for enhancing the performance of G-ROMs in complex flow sce-
narios, ensuring better agreement with high-fidelity simulations while main-
taining computational efficiency.

A vparticularly well-studied Reg-ROM is the Leray ROM (L-ROM) [33]
37, [52, 85, [96], which is a ROM stabilization for under-resolved convection-
dominated flows. Leray model, which draws inspiration from Jean Leray’s
pioneering work in mathematical fluid dynamics |63], is base on the following
core idea: the introduction of a filter that smooths the velocity field. The
Leray model was extended to reduced order modeling of the NSE in [96]
(see [85] for earlier work on the Kuramoto-Sivashinsky equations). Specif-
ically, the nonlinear convective term u - Vu in the Navier-Stokes equations
(NSE) is replaced with & - Vu, where & denotes the filtered ROM velocity.
This filtering operation mitigates the unphysical oscillations that often arise
in the under-resolved G-ROM simulations by introducing a controlled amount
of numerical dissipation. The Leray model has been successfully applied to
various convection-dominated flows, e.g., further NSE applications [33, 137,
38, 134, the stochastic NSE [40, 42|, and the quasi-geostrophic equations [35),
30).

Despite the significant improvement over the standard Galerkin ROM,
the L-ROM is not without drawbacks. One notable issue is its tendency to
be overdiffusive when the ROM filter radius, 9, is excessively large, leading
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to the suppression of physically relevant flow structures, e.g., oscillations
and vortices. Additionally, the accuracy of L-ROM is highly sensitive to
the choice of §: small perturbations in the optimal filter radius adversely
affecting the model’s predictive capabilities. These limitations motivate the
development of improved ROM stabilization techniques that can achieve a
balance between numerical stability and accuracy.

To this end, we conceived, constructed and now present the new Approxi-
mate Deconvolution Leray ROM (ADL-ROM), which is a significant improve-
ment of the L-ROM. ADL-ROM builds upon the Leray ROM framework by
incorporating Approximate Deconvolution (AD) operator techniques. Ap-
proximate deconvolution, a well-established methodology in image processing
and inverse problems, enhances the accuracy of filtered quantities by itera-
tively reconstructing higher-order corrections. To construct the ADL-ROM
model, we introduce three ROM AD operators: the ROM Lavrentiev, the
ROM Tikhonov, and the ROM Van Cittert operators. Another novel contri-
bution of the ADL-ROM is that two of these AD operators were never used
at ROM level: the Tikhonov and the van Cittert ones.

Thus, the ADL-ROM innovation is that the filtered velocity field u is
replaced with its approximate deconvolution counterpart D(@), leading to a
refined nonlinear term D(u)-Vu. By leveraging the stability of filtering while
recovering crucial fine-scale structures, ADL-ROM effectively mitigates the
overdiffusive behavior of L-ROM while preserving its stabilizing properties.

The introduction of ADL-ROM marks a significant advancement in ROM
stabilization methodologies, as it represents the first application of approxi-
mate deconvolution in the context of Reg-ROMs. Moreover, our work con-
tributes to the rigorous numerical analysis of ROM stabilizations by deriving
a priori error bounds for both the novel ROM van Cittert approximate de-
convolution operator and the ADL-ROM itself. These theoretical results pro-
vide fundamental insights into the error dependence of ADL-ROM on both
ROM and FOM parameters, bridging the gap between heuristic numerical
assessments and rigorous mathematical analysis.

Overall, the development of ADL-ROM offers a promising pathway for
improving the robustness and accuracy of ROMs in the numerical simulation
of convection-dominated flows. By addressing the key limitations of exist-
ing Reg-ROMs, ADL-ROM provides a more reliable, theoretically grounded
approach to reduced order modeling in fluid dynamics.

This contribution will address all these topics and provide validations
and proofs for the aforementioned statements regarding the AD operators
and the ADL-ROM. The work presented here is original and builds upon
findings and results from a published paper [86], a submitted preprint [68],
and ongoing projects. Notably, some of the results in Chapter [3|and Chapter
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[l are obtained from a collaboration with Prof. T. Iliescu and his PhD student
Mr. I. Moore at Virginia Tech. Regarding the application of ADL-ROM, I
conducted all numerical investigations for the Navier-Stokes equations, while
Ian Moore focused on the Burgers’ equation. His own results are not included
in this thesis. A detailed outline of the thesis follows.

e Part I. This part focuses on establishing the notation and revisiting fun-
damental definitions. It does not present any novel findings but rather
consolidates existing material in a structured and consistent manner,
ensuring uniform notation throughout this thesis. Furthermore, theo-
retical results are accompanied by citations referring to their original
formulations and proofs. This part is structured into two chapters.

* Chapter [ This chapter begins by introducing the Partial Dif-
ferential Equations (PDEs) under consideration, i.e., the Navier-
Stokes equations. It then explores key aspects of the Finite Ele-
ment Method (FEM). Following this, an overview of Reduced Or-
der Methods (ROMs) is provided, with particular attention to the
Galerkin ROM formulation. The Proper Orthogonal Decomposi-
tion (POD) technique is detailed as a method for constructing the
reduced space and performing ROM projection. Additionally, es-
sential lemmas and assumptions required for the development and
numerical analysis of the central topic of this thesis, the Approx-
imate Deconvolution Leray ROM (ADL-ROM), are presented.

Chapter[4 This chapter is divided into two main sections. The
first section focuses on the ROM Differential Filter (ROM-DF),
which, as previously mentioned, is a fundamental tool for ROM
stabilization. Theoretical bounds for ROM-DF are provided, along
with an analysis of its stability and error characteristics, particu-
larly concerning approximation errors arising from finite element
discretization, Proper Orthogonal Decomposition (POD), and fil-
tering operations. ROM-DF plays a crucial role in developing the
Approximate Deconvolution Leray ROM (ADL-ROM), introduced
in Chapter [3]

In the second section, the Leray Reduced Order Model (L-ROM)
is introduced. As previously stated, this approach is effective
in controlling high-frequency errors, making it particularly use-
ful for turbulent flow simulations. While L-ROM enhances ac-
curacy compared to the standard Galerkin ROM (G-ROM), it
has a tendency to produce overly diffusive solutions. To address
this limitation, L-ROM serves as a foundation for constructing
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ADL-ROM, which seeks to preserve the benefits of filtering while

reducing excessive diffusion.

e Part II. The second part of this work is dedicated to our new Reg-
ROM, the ADL-ROM. On one hand, we introduce the techniques and
algorithms underlying ADL-ROM and validate them through several
numerical results. On the other hand, we establish and prove several
theoretical results concerning the ROM AD operators and the ADL-
ROM, further verifying them with numerical experiments.

This section is organized into three chapters. Chapter [3|is based on a
published paper co-authored with I. Moore and T. Iliescu from Virginia
Tech [86)]. Chapter comprehensively details a submitted preprint, also
in collaboration with I. Moore and T. Iliescu [68]|. Lastly, Chapter
discusses part of an ongoing project.

* Chapter[5. This chapter introduces the Approximate Deconvolu-
tion Leray ROM (ADL-ROM), our new Regularized ROM (Reg-
ROM) designed to enhance the performance of the Leray ROM
(L-ROM). ADL-ROM is the first ROM stabilization approach in-
tegrating the approximate deconvolution (AD) framework within
Reg-ROMs.

The chapter begins by presenting three distinct ROM AD op-
erators (van Cittert, Tikhonov, and Lavrentiev). It then de-
scribes the development of ADL-ROM itself. The final section
showcases several numerical experiments comparing ADL-ROM
against L-ROM and G-ROM for convection-dominated flows in
under-resolved regimes.

Chapter [ This chapter provides a rigorous numerical analysis
of the van Cittert approximate deconvolution operator and the
Approximate Deconvolution Leray ROM (ADL-ROM).

The structure of the chapter is as follows: first, we establish
the first error bounds for the van Cittert AD operator at the
ROM level. Then, we present stability and convergence results for
ADL-ROM, specifically deriving the first a priori error bounds for
ADL-ROM, offering insights into how ADL-ROM errors depend
on ROM and FEM parameters. Finally, numerical experiments
verify the theoretical results. These findings represent a signifi-
cant step forward in the numerical analysis of ROM stabilization
techniques.
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* Chapter[5. This chapter investigates an ongoing research project
aimed at extending the ADL-ROM framework to a parametric
setting. While previous chapters concentrated on time-domain
model reduction, this study explores the impact of incorporating
parametric dependencies, particularly variations in viscosity.

Additionally, the chapter introduces the nested-POD (n-POD)
method for simultaneous reduction in time and parameter spaces.
It then formulates the parametric ADL-ROM and presents prelim-
inary numerical results evaluating its accuracy. As this research is
still evolving, further refinements are required to fully assess the
potential of the parametric ADL-ROM.

At the end of the thesis, some conclusions and perspectives are collected.

Furthermore, we highlight that all numerical results presented in this
thesis have been implemented using the RBniCSx library. For additional
details regarding its implementation and usage, refer to Section [3.3.1]
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Chapter 1

Preliminaries

In this chapter, we want to present the theoretical foundations needed for
the rest of this thesis. In particular, we introduce the Partial Differential
Equations (PDEs) we worked mainly on, i.e., the Navier-Stokes equations.
Then we describe and analyze the most valuable concepts for the Finite
Element Method (FEM). In the end, we recall the theoretical background
for the class of methods known as Reduced Order Methods (ROMSs) since we
are interested in using them in all the following chapters. In particular, we
focus on the Galerkin ROM formulation by explaining the use of the Proper
Orthogonal Decomposition to construct the reduced space and the ROM
projection. A collection of lemmas and assumptions are given in this chapter
since they are fundamental to the construction and the numerical analysis
of our new Regularized ROM (Reg-ROM), i.e., Approximate Deconvolution
Leray ROM (ADL-ROM).

1.1 Navier-Stokes Equations

As a mathematical model, we consider the incompressible Navier-Stokes
equations (NSE), which describe the motion of a viscous, incompressible
fluid. These equations form the foundation of fluid dynamics and are ex-
pressed as follows

%—yAqu(u-v)quvp = f, in Qx (0,7), (1.1.1)
V-u =0, inQx(0,7]. (1.1.2)

Here, the various components are defined as follows

9



1.1.

Navier-Stokes Equations

Q) C R? is the spatial domain of interest, where d = 2 or 3 represents
the spatial dimension (2D or 3D flow);

T denotes the final time of the simulation, such that the equations are
solved for ¢ € (0, T;

u = [uy,...,ug)" : Qx[0,T] = R?is the velocity vector field of the
fluid. The components u; represent the velocity in the i-th spatial
direction;

p:Qx[0,T] — R is the pressure scalar field associated with the fluid;

v is the kinematic viscosity, which quantifies the fluid resistance to
shear and is inversely proportional to the Reynolds number (v o Re_l).
Naturally, it is a positive quantity;

f:Qx[0,T] — R? represents the external forcing term (e.g., gravity,
applied forces, etc.).

The NSE consist of two coupled equations, which represent

1. Momentum Equation (1.1.1): This equation governs the conservation

of linear momentum in the fluid, balancing inertial forces, viscous diffu-

sion, convective transport, pressure gradients, and external forces. The
term % represents the temporal acceleration, vAu corresponds to vis-

cous diffusion, (u - V)u models nonlinear convective acceleration, and
Vp accounts for pressure gradients.

. Continuity Equation (1.1.2)): This incompressibility condition enforces

the conservation of mass in the fluid, ensuring that the fluid density
remains constant and the velocity field is divergence-free.

1.1.1 Boundary and Initial Conditions

The NSE are equipped with appropriate boundary and initial conditions to
fully specify the problem

10

Initial Conditions: The initial velocity field is prescribed as
u(z,0) =up(z), forallz e, (1.1.3)

where u is a divergence-free function satisfying V - ug = 0.



1.2. Finite Element Preliminaries

¢ Boundary Conditions: For simplicity, we often consider homoge-
neous Dirichlet boundary conditions, which impose a no-slip condition
at the domain boundaries, i.e.,

u(z,t) =0, forallz € 0 andt e [0,T]. (1.1.4)

Alternatively, other types of boundary conditions, such as free-slip,
inflow /outflow, or periodic conditions, may be used depending on the
application.

1.1.2 Nonlinearity and Dimensional Parameters

The NSE exhibit significant nonlinearity due to the convective term (u-V)u,
making them challenging to solve analytically and numerically. The relative
importance of inertia versus viscous forces is quantified by the Reynolds
number

L
Re — X (1.1.5)

v
where U is a characteristic velocity and L is a characteristic length scale
of the flow. Large Reynolds numbers correspond to turbulence-dominated
regimes, while small Reynolds numbers represent laminar flow.

1.1.3 Applications and Challenges

The Navier-Stokes equations are used in a wide range of applications, includ-
ing aerodynamics, weather prediction, oceanography, and industrial flows.
However, their inherent nonlinearity and coupling between velocity and pres-
sure pose significant computational challenges, particularly for high Reynolds
number flows, where turbulence modeling becomes essential.

1.2 Finite Element Preliminaries

In this section, we present the notation and fundamental numerical analy-
sis concepts for the finite element (FE) discretization of the incompressible
Navier-Stokes equations (NSE). These preliminaries serve as the foundation
for the development and analysis of the FE methods used in subsequent
sections.

11



1.2. Finite Element Preliminaries

1.2.1 Notation and Function Spaces

Throughout this section, || - || and (-,-) denote the L?*(2) norm and inner
product, respectively. We begin by defining the function spaces used for the
weak formulation of the NSE. Let

Q=13 = {se 2@ [4az =0},
X = HY(Q; RY) = {u e HY(Q; RY) | ulon = 0},

where L3(f2) is the space of square-integrable functions with zero mean, and
H(; RY) is the Sobolev space of vector-valued functions that are square-
integrable, with square-integrable first derivatives and vanishing trace on 0f).

1.2.2 Weak Formulation of the Navier-Stokes Equations

The weak formulation of (1.1.1))—(1.1.2)) is as follows: Findu € X and p €
such that

| 55w o+ o(Vu,0) + b, .0) — (Vv.p) = (f0), Vo€ X,
Q

(vu7Q>:O7 VQEQ,
(1.2.1)
where the trilinear form b : X x X x X — R is defined by

b(u,v,w) = ((u- V)v,w). (1.2.2)

To ensure the well-posedness of the weak formulation, we make the follow-
ing regularity assumptions (see Definition 29, Proposition 15, and Remark
10 in [60]):

Assumption 1.2.1. In (1.1.1)-(1.1.2)), we assume f € L*(0,T; L*(Q; R%)),
uy € X, u € L*(0,T; X)NL>(0,T; L*(Q; RY)), Vau € L>(0,T; L*(Q; R™4)),
Uy € LQ(OuTaX*>7 D€ LOO(07T7 Q)

1.2.3 Time Discretization: Backward Differentiation For-
mula

We next proceed to a time discretization by means of the backward differen-
tiation formula of order 2 (BDF2)[] Let k =1,..., K —1 denote the index of

!'Note that other time discretizations are possible, e.g., Crank-Nicolson.

12



1.2. Finite Element Preliminaries

the current time step t,. For simplicity, we will assume that t;,; — t, = At,
i.e., equispaced timesteps, and KAt =T.

We introduce now two notations with subscript ,: the notation wuy is re-
served for the evaluation of the (strong) solution to (1.1.1)-(1.1.2) at time ¢,
i.e., u, = u(ty), while uf is employed to denote the unknown resulting after
time discretization. Similar notations are adopted for the strong pressure
pr = p(ty) and its time-discrete approximation pgt.

BDF2 Time Discretization The BDF2 scheme is an implicit time-stepping
method that uses a weighted combination of the current, previous, and
second-to-last time steps to approximate the time derivative. This scheme is
known for its second-order accuracy and stability properties, particularly in
the context of stiff problems.

After semi-discretization with the BDF2 scheme, becomes

3uAt o 4’U,At —|—’U,At
[P v e (Y Vo) i i )
Q
_(vvvpkAil) = (fk-i—lav)a V'UEX,
(vukA—it-laQ) :Oa VQEQ
(1.2.3)

Here, the first equation represents the momentum equation, and the sec-
ond ensures incompressibility.

Skew-Symmetric Trilinear Form Following, e.g., [60, 92|, the skew-
symmetric trilinear form b* which appears in (1.2.3) is defined as follows:
b* : X x X x X — R, such that,

b (u, 0, w) = % (- V), w) — ((u- V)w,v)]. (1.2.4)

This choice of trilinear form is motivated by stability considerations. As
explained in [60, Section 7.1, we use the skew-symmetric trilinear form b*
in instead of the trilinear form that we used in to ensure the
stability of the velocity field.

We also note that the trilinear forms b and b* are equivalent in the con-
tinuous case (i.e., b(u,v,w) = b*(u,v,w),Vu € X, v € X, w € X, see [60,
Lemma 18]), but not in the discrete case. Furthermore, we recall the follow-
ing result from |60, Lemmas 13 and 18]
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1.2. Finite Element Preliminaries

Lemma 1.2.1. For allu,w,v € X, the skew-symmetric trilinear form b*(-, -, )
satisfies
b*(u,v,v) =0,

b*(w,v,w) < C ||Vl [[Vo]| [[Vaw],

and a sharper bound

0 (u,v,w) < C/ful [[Vul [Vo] [V

These properties ensure the stability and boundedness of the nonlinear
convective term in the Navier-Stokes equations.

Discrete Gronwall Lemma For later use, we also recall the following
discrete version of the Gronwall lemma, as stated in [59, Lemma 2.18:

Lemma 1.2.2 (Discrete Gronwall Lemma). Let At > 0, E > 0. Further-
more, let {ax}i g, {brhi—ys {1k )iy s {di}i_y be nonmegative sequences such
that

K K K
k=0 k=0 k=0
and 1
dk<E fork=0,..., K. (1.2.6)
Then,
K K d K
At b < AtS  —F | At E]|. 1.2.
ak + ;k_eXp ;1—&@ ’;CmL (1.2.7)

This lemma is instrumental in establishing stability estimates for time-
discrete systems, particularly in the context of numerical schemes for partial
differential equations. It provides a mechanism to bound solution growth
over time in terms of initial data and forcing terms, a critical step in the
convergence analysis of numerical methods.

1.2.4 Spatial Discretization: Taylor-Hood Finite Ele-
ments

The fully discrete scheme is finally obtained by applying a further discretiza-
tion in space by means of the finite element method. In particular we use
the Taylor-Hood finite element spaces.
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1.2. Finite Element Preliminaries

Taylor-Hood Finite Element Spaces The Taylor-Hood finite element
spaces are widely used in computational fluid dynamics for the numerical
solution of incompressible flows due to their well-established stability and
convergence properties. The spaces are defined as follows:

e X": The space of vector-valued piecewise polynomials of degree m + 1
(e.g., P™*1 elements for velocity), with m a positive integer, which are
continuous across element boundaries;

e Q": The space of scalar piecewise polynomials of degree m (e.g., P™
elements for pressure), also continuous across element boundaries.

The higher-order polynomial degree for the velocity field compared to the
pressure field ensures the stability of the mixed formulation while maintaining
computational efficiency. The parameter h represents the characteristic mesh
size, with smaller h leading to finer spatial resolution.

These spaces are specifically chosen to satisfy the Ladyzhenskaya-Babuska-
Brezzi (LBB) condition, ensuring the stability of the velocity-pressure pair
in the mixed finite element formulation.

The Taylor-Hood finite element spaces yield the following finite element
discretization. Given u! € X", find u},, € X" and p},, € Q", such that

ot dr + V(VUZHv Vo) + b* ('“ZHvUZHa”h)

h hoy gh
/ Supyy — dup +uy
Q

2At
_(v 'vhvaJrl) - (f]kl+17'vh)7 \v/lvh € Xha
(V- uii,q") =0, Vg € Q"
(1.2.8)

Here, the first equation corresponds to the momentum balance, discretized
in both time and space, and the second one enforces the incompressibility
condition for the velocity field at each time step.

To simplify the notation, the fully discrete solutions are denoted as u} and
ph. Strictly speaking, these should be written as ukAt’h and pkAt’h to indicate
their dependence on both the time step At and the mesh size h. However,
since the semi-discrete scheme in serves only as an intermediate step,
we opt for the simpler notation u} and pf.

Asymptotic Error Bound We assume the following asymptotic error
bound for the finite element approximation, similar to the assumptions in [99,
Assumption 2.2|:
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1.3. Reduced Order Model Preliminaries

Assumption 1.2.2. The finite element approxzimation u" satisfies

K
lug —ul||* + Atz IV (u —up)||? < C (P + AtY). (1.2.9)

k=1

Moreover, for the pressure field, we assume the standard approximation prop-
erty
inf ||p—¢"|| < O™ VpeQ. (1.2.10)
qheQh

From now on, C'is a generic constant that can depend on the problem
data, but not on the finite element parameters (e.g., h,m, At) or, in the con-
text of the next section and chapters, the ROM parameters (e.g., r, A;). The
bound in reflects the combined spatial and temporal discretization
errors. The term h?™*2 corresponds to the spatial error, while At* accounts
for the second-order accuracy of the BDF2 time-stepping scheme.

Discussion of Stability and Convergence The stability of the fully dis-
crete scheme follows from the properties of the Taylor-Hood elements and the
choice of the skew-symmetric trilinear form b*. The latter ensures that the
nonlinear convective term does not introduce numerical instabilities. Con-
vergence is guaranteed by the consistency of the finite element spaces and
the boundedness of the discrete operators.

The Taylor-Hood element pair is particularly advantageous for incom-
pressible flows because it

e Satisfies the inf-sup condition, ensuring pressure stability;
e Provides higher accuracy for velocity due to the use of P™! elements;
e [s computationally efficient for a range of practical problems.

In the context of the Navier-Stokes equations, these properties make the
fully discrete scheme robust for various flow regimes, including low Reynolds
number flows and mildly turbulent cases. Refer to [60] for the P™*!/P™
Taylor-Hood pair for the FE space discretization, and a second-order time
stepping scheme; see also error bound (2.7) in [66].

1.3 Reduced Order Model Preliminaries

In this section, we briefly describe the construction of the standard G-ROM.
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1.3.1 Proper Orthogonal Decomposition

We will briefly discuss proper orthogonal decomposition, referred to as POD,
which is one of the primary techniques used in Galerkin reduced order mod-
eling to obtain a low-dimensional basis. A more thorough presentation of the
topic is given in, e.g., [58]. For a specific time t;, we call u(z, t;) a velocity
snapshot. This snapshot contains data for all € () at that specific time. If
the exact solution u were available, then ui(z) could be used as snapshot at
time t;; in practice, since the exact solution is not available, u}(zx) is used
instead.

A further step could be to compute the centered snapshots, i.e. {ul —
U'ul —U" ... ul. —U"}, where the centering trajectory U" of the flow is
defined as U(z) = KLH Zk:K:O ul(z). This additional stage is needed if the
used BCs are not Dirichlet homogeneous BCs.

Remark 1.3.1. To simplify the presentation, we assume that U" = 0 and
that the NSE (1.1.1])-(1.1.2)) are equipped with homogeneous Dirichlet bound-

ary conditions. '

Given an ensemble of snapshots {u(z,t;)}~_,, the POD method obtains
a low-dimensional basis, {¢1,...¢,}, that approximates the given data by
solving the following minimization problem [58|

2
K T

e u(x,m—z(u(m,m,soj(x))soj(m), (13.1)

min
{‘PJ K + 1 =1

subject to (¢;,¢;) = 0;;, the Kronecker delta. We introduce the corre-
lation matrix C € RETDXEHD “where Cp = 25 (u(e, ti), u(, ty)) for
k,0 =0,...,K. The solution to (|1.3.1) may be found by solving the eigen-
value problem Cv; = )\j'vj. These eigenvalues Aj are positive and sorted in
descending order Ay > -+ > A" > ... > A > 0, where R = rank(C). Then,

a set of basis functions of dimension 7 < R satistying (1.3.1)) can be shown
to be given by @;(x) = + Zk (()u(z,ty), j=1,...,r. Here, (v;); is the

k'™ component of the j™ eigenvector v;. Importantly, choosing a basis of
dimension r < R leads to an approximation error equal to the sum of the
discarded eigenvalues [58|:

2

T v ) - > (uteto@ Jor@| = 3 A (132)
k‘ j=1 j=r+1

The POD algorithm introduced above is now employed to define a reduced
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1.3. Reduced Order Model Preliminaries

velocity space span{py,...,¢"} = X" C X". Finally, we introduce S", the
ROM stiffness matrix corresponding to the diffusive term, with components
S = (Vei, Ve;). The spectral norm [S7[|y = omax(S™) of this matrix
is important in the numerical analysis of the error introduced by POD, as
illustrated next. Furthermore, it also appears in the following POD inverse

inequality
Vo[ < VISl [R7]] W € X7, (1.3.3)

as shown in [58, Lemma 2 and Remark 2.

1.3.2 ROM Projection

In this section, we present the concept of the Reduced Order Model (ROM)
projection and discuss several fundamental results that are critical for the
numerical analysis of ADL-ROM in Chapter @l The ROM projection is a
crucial mathematical tool for reducing the complexity of high-dimensional
systems while preserving their essential features within a reduced subspace.

Definition 1.3.2 (ROM Projection). For any u € L%(Q;R?), define P"(u)
as the unique element of the reduced space X" such that

(P"(u),v") = (u,v") Vo e X" (1.3.4)

Here, X" is the reduced subspace spanned by the POD basis functions, and
the inner product is defined in the standard L? sense. The ROM projection
P’ can be interpreted as the L2-orthogonal projection of u onto X".

The ROM projection plays a key role in reduced order modeling by provid-
ing a mechanism to approximate high-dimensional solutions using a lower-
dimensional representation. For practical applications, such as fluid flow
simulations, this approach ensures an high computational efficiency.

In the numerical analysis of ADL-ROM (Section , the ROM projec-
tion is applied to the sequence {uy},_,, i.e., the sequence of weak velocity
solutions. The following lemma, proven in [49, Lemma 3.3|, provides error
bounds for the ROM projection.

Lemma 1.3.3. The sequence of ROM projections {Pr(uk)}fzo satisfies the
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1.3. Reduced Order Model Preliminaries

following inequalities

K R
1
= N g — Pr(wy) |2 < O | R A+ x|, (135
J

k=0 j=r+1

Z uk _pPr uk))”2 <C (h2m+2 + HSTH p2m+4

R
+H(1+ 197 )AL + D IVeslPA
Jj=r+1

(1.3.6)
This lemma can be interpreted as follows

e First inequality (I.3.5): This provides the L? error bound for the
ROM projection. The error depends on the spatial discretization pa-
rameter h, the time step At, and the neglected eigenvalues {)\j}fzr 41
These terms quantify the contributions of spatial resolution, temporal
resolution, and the truncation of POD modes, respectively.

e Second inequality : This captures the H! error bound (gra-
dient error), which is influenced by similar factors, but includes the
spectral norm [|.S”||2 of the reduced order stiffness matrix, highlighting
its impact on the gradient’s accuracy.

As in [99, Assumption 4.1], we have to introduce a stronger assumption
for later use in Section 2.1 and in the proof of Theorem [4.2.3]

Assumption 1.3.1. The sequence of ROM projections {Pr(uk)}fzo satisfies
the pointwise-in-time error bounds

R
[y — P(ug)[|> < C [ B4 A+ YN ] (1.3.7)

j=r+1

IV (i = P () )||* < O (B*™72 4 || 87|22 + (1 + ]|S7[|2) At

R
+ > IVeslPA | - (1.3.8)

Jj=r+1

Remark 1.3.4. The pointwise-in-time error bounds stated in Assumption[I.3.1]
play a critical role in the proof of Theorem [4.2.3] Specifically, the inequality
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is utilized in the derivation of Lemma Without these bounds,
the analysis leading to inequality would rely on alternative esti-
mates that yield suboptimal results. Indeed, as highlighted in the proof
of Lemma replacing with directly would lead to a less
favorable bound for the desired inequality.

The necessity of Assumption has been previously justified in the
literature. For example, in [55] (see also Remark 3.2 in [49]), we demon-
strated that relying solely on the bounds in Lemma [1.3.3| can result in sub-
optimal error estimates. This was further substantiated in [55] through two
carefully constructed counterexamples, which showed that when Assump-
tion does not hold, the resulting error bounds fail to achieve optimality.

To address this issue, a more robust approach was proposed in |55, where
we proved that incorporating both the snapshots and the snapshot difference
quotients in the construction of the reduced order model (ROM) basis enables
the derivation of optimal error bounds without relying on Assumption [1.3.1}
Subsequent research has refined this methodology. For instance, [24] and |28|
showed that optimal error bounds can still be achieved by using only the
snapshot difference quotients along with either the snapshot at the initial
time or the mean value of the snapshots. These advances were further ex-
tended in the recent work [29|, which introduced additional simplifications
and improvements to the theoretical framework.

Despite these advancements, for the sake of simplicity and to focus on the
primary contributions of this thesis, we have chosen not to include snapshot
difference quotients in our analysis. Instead, we directly assume the valid-
ity of the pointwise-in-time error bounds specified in Assumption [I.3.1} This
assumption allows us to streamline the presentation and focus on the key the-
oretical insights without delving into the additional complexities associated
with alternative ROM basis construction techniques. '

In the end, the ROM projection is a cornerstone of reduced order model-
ing. Its theoretical properties, particularly the error bounds presented here,
provide the foundation for developing efficient and accurate ROMs for com-
plex dynamical systems.

1.3.3 Galerkin ROM

The Galerkin Reduced Order Model (G-ROM) combines Proper Orthogonal
Decomposition (POD) with the Galerkin projection to reduce the computa-
tional dimension of the system corresponding to solving the Navier-Stokes
equations (NSE) for complex fluid dynamics. By leveraging POD truncation,
the G-ROM approximates the velocity field u(z, t) as a linear combination of
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1.3. Reduced Order Model Preliminaries

a reduced set of POD basis functions, which are derived from a set of high-
fidelity simulation data (snapshots). Mathematically, this approximation is
expressed as

u(z,t) ~u'(z,t) = Zaj(t)goj(z), (1.3.9)

where u(z,t) represents the full order velocity field, u"(z,t) is its reduced
order approximation, {¢;}’_, are the POD basis functions, and {a;(t)}’_,
are time-dependent coefficients to be determined.

Derivation of the G-ROM To derive the G-ROM, we substitute the
reduced order approximation u” into the NSE —. Then, we apply
the proper Galerkin method by testing the resulting equations with the POD
basis functions ¢;, j = 1,...,r, which form an orthonormal basis of the
reduced space X". In other words, we project the resulting equations onto
the ROM space X". This process leads to the formulation of the G-ROM for
the NSE, which can be stated as: Find u” € X" such that

8 r
<8_1:5’90)+V(VU'",V90)+6* (W u', ) = (f.@), YoeX', (13.10)

with the initial condition u"(-,0) € X". Here, b* represents the nonlinear
convective term
b*(u",u", @) = /(ur -Vu" - pdz. (1.3.11)
Q
The ROM velocity fields 4" € X" are inherently weakly-divergence free
due to the construction of the POD basis from divergence free snapshots.
Consequently, the pressure term in the NSE does not appear in (1.3.10). If
pressure approximation is desired, alternative ROM formulations, such as
those using supremizer enrichment [10] or artificial stabilization [22], must
be employed. These approaches address the need for pressure contributions
in certain applications, particularly when enforcing boundary conditions or
analyzing pressure-driven flows |71}, 82, [83] 90].

The accuracy and stability of the G-ROM have been extensively analyzed
in the literature. Studies have explored error bounds for both spatial and
temporal discretizations, addressing their dependence on parameters such as
the viscosity v and the number of retained modes r. For details, see, e.g., |20,
48, 156, 58, |57, |65}, [89]. These works provide a rigorous theoretical foundation
for understanding the performance of the G-ROM in various regimes.
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Matrix-Vector Form of G-ROM Using the expansion (1.3.9), the G-
ROM can be rewritten as a system of differential equations for the vector of
time coefficients, a = a(t) as follows:

a =b+ Aa+a'Ba, (1.3.12)
where a’ = %, and the vector b, the matrix A, and the tensor B are defined
as follows

b; = (@i, f), (1.3.13)

A = —v (Vei, Vo), (1.3.14)

Bimn = = (@i, Pm - Vion) (1.3.15)
fori,m,n=1,...,r.

Remark 1.3.5 (Centering Trajectory). In the case of inhomogeneous BCs,
U" will appear in (1.3.9)), (2.2.2)), (3.1.3), (3.1.9), and (3.1.14). The resulting
expansions will be the following:

u'(x,t) = U(x) + z": a;(t)pi(z), a=lay,...a]", (1.3.16)
w(z,t) =Ulz) + Zai(tm(m), a=la,..  al, (1.3.17)

wyip(z,t) =U"(z) + Z aapi(t)@i(®), @ap = laapy, - aap,]
i=1
(1.3.18)

Moreover, the vector b, the matrix A, and the tensor B will be defined as
follows:

b = (¢i, f) — (¢:,U" - VU") — Re™' (Vep;, VU") (1.3.19)

Aim = — (0, U" - V) — (i,0m - VU") — Re ' (V. Vep,,) . (1.3.20)

Bimn = — (@i, 0m - Veon) , (1.3.21)
fori,nm=1,...,r.

We note that a nonzero centering trajectory will actually be required in

Section to handle the nonzero inlet conditions. The methodology intro-
duced in this chapter readily extends to that case, which yields additional

22



1.3. Reduced Order Model Preliminaries

terms on the right-hand side of (2.1.10)), (3.1.6), (3.1.11]), and (3.1.15]). For

instance, following the same approach as that used in (|1.3.19)), we obtain the

following modification of ([2.1.10))

(M"+6*S")e=M'c+g,
where

9i = —(p:,U") = 6*(Ve;, VU") .

Time Integration Scheme for the G-ROM In practice, solving the G-
ROM requires temporal discretization. A useful choice is the second order
backward differentiation formula (BDF2). As said before, our time-scheme
choice is not mandatory and all the theoretical and computational results

shown in this thesis are valid for other time schemes.
The BDF2 scheme for the G-ROM yields: For At > 0 and for k£ =
L,...,K —1, given uj,_;,uj, € X", find uj_, € X" such that
(Bup,, — 4dul +uj_;,v")

2At

+v (Vu71;+1a V'UT) + 0" (UZ—&-DUZ—&-I"UT)

= (frp1,v"), W €X' (13.22)

In Algorithm [T} we outline the main steps of the G-ROM discretization.

Algorithm 1 G-ROM Pseudocode

1: u_q, Uy, Wiy, T > Inputs needed
2: for ke {1,..., K — 1} do > Time loop
3 FOM simulation to compute u]’_, > Snapshot collection
4: end for

5. X" =POD <{u2}szl ;r) > POD for velocity space
6: for ke {1,...,K —1} do > Time loop
7 Solve to compute u,_ > G-ROM
8: end for

While the G-ROM offers significant computational savings due to POD
truncation, its performance is often limited to laminar flows or mildly turbu-
lent regimes. This limitation arises from the model’s inability to fully capture
the complex dynamics of turbulence using a reduced basis. Extensions such
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as Regularized ROMs (Reg-ROMs) have been developed to overcome these
challenges and enhance the applicability of ROMs to more complex flow sce-
narios. In particular, the aim of the rest of this thesis is to fully introduce,
describe and analyze our novel Reg-ROM, i.e., the Approximate Deconvolu-
tion Leray ROM (ADL-ROM).
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Chapter 2

Leray Model

The ROM Differential Filter (ROM-DF) represents a fundamental tool in
the numerical analysis of reduced order models (ROMs) applied to complex
systems such as fluid dynamics. In this chapter, we focus on establishing
theoretical bounds for the ROM-DF, providing insights into its stability and
error characteristics. These bounds are crucial for understanding how the
ROM-DF interacts with various sources of approximation error, including
those arising from finite element discretization, the Proper Orthogonal De-
composition (POD) process, and the filtering operations. The ROM-DF is
one of the most important ingredients for constructing the Approximate De-
convolution Leray ROM (ADL-ROM), which we propose in Chapter [3)

In addition to analyzing the ROM-DF, this chapter introduces and de-
scribes the Leray Reduced Order Model (L-ROM), a modified ROM frame-
work designed to enhance the numerical stability and physical fidelity of
reduced order simulations. The Leray ROM achieves this by incorporating
the ROM-DF directly into the ROM formulation. This approach effectively
mitigates the propagation of high-frequency errors and improves the overall
accuracy of the reduced order solution.

The L-ROM is particularly important in applications where turbulent
flows are involved, as it provides a more robust representation of the under-
lying physical phenomena while maintaining computational efficiency. By
blending the advantages of ROM-DF and the Leray strategy, this model
addresses critical challenges in reduced order modeling, such as numerical
instabilities and sensitivity to the choice of basis functions. One of the essen-
tial issues with L-ROM is that, in addressing the inaccuracy of G-ROM for
turbulent flows, it often produces overdiffusive solutions. Thus, we wanted
to give an overview of L-ROM in this thesis since it was our starting point to
construct ADL-ROM. Indeed, we wanted to create a new Reg-ROM capable
of overcoming the inaccuracies of G-ROM by filtering them as L-ROM, but
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not too overdiffusive.

2.1 Differential Filters

In this section, we thoroughly present a continuous spatial filter and two
discrete spatial filters, i.e., the finite element and the reduced order ones.
These filters serve as fundamental components in the construction of ad-
vanced ROM frameworks. Specifically, in Chapters [3] and [4], we focus exclu-
sively on the explicit ROM spatial filtering approach to formulate our novel
Reg-ROM, known as the ADL-ROM.

2.1.1 Explicit ROM Spatial Filtering

To establish the foundation of our new framework, we adopt the explicit
Differential Filter (DF). This section delineates the continuous formulation
of the DF in Section 2.1.1.1, along with two discrete variants detailed in
Sections 2.1.1.2 and 2.1.1.3.

The Differential Filter (DF) was initially introduced in the field of Large
Eddy Simulation (LES) by Germano |31}, 30|. Its utility was later extended to
ROMs, providing a robust mechanism for developing regularized ROM frame-
works. Notably, the ROM-DF was first applied in [85| to the 1D Kuramoto-
Sivashinsky equation under periodic boundary conditions. Subsequently, the
ROM-DF was employed in [96| for the three-dimensional Navier-Stokes equa-
tions (3D NSE) within a general, non-periodic domain configuration.

2.1.1.1 Continuous Differential Filter (C-DF)

The Continuous Differential Filter (C-DF) represents a crucial tool for con-
structing various models in computational science. Its strong formulation is
presented as follows:

Definition 2.1.1 (Continuous Differential Filter). Let § € R be a fixed filter
radius, determining the scale of filtering. For a given function ® € C°(Q); R?),
the continuous differential filter is a map

F:C%Q; RY) = C*(Q; RY), &+ @,

such that ® € C?(§; RY) is the unique solution to the elliptic boundary value
problem

(2.1.1)

(I — 52A)5 =® inQ,
®=0 on 0f).
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The C-DF formulation in (2.1.1)) employs a linear spatial filtering operator
to achieve smoothing of input variables by attenuating high-frequency com-
ponents (small scales). This process ensures that the resulting data retains
only the large-scale structures, as discussed in [15].

Despite its theoretical appeal, the direct implementation of the C-DF in
combination with a Full Order Model (FOM) or a Reduced Order Model
(ROM) poses practical challenges. Specifically, the reliance on a strong for-
mulation of the elliptic operator (I — §2A) necessitates an alternative ap-
proach. For practical applications, a weak formulation of (I—4§2A) is utilized,
which underpins the development of the discrete differential filters introduced
in subsequent sections.

One noteworthy property of the continuous differential filter is stated in
the following lemma, which was proved in [53].

Lemma 2.1.2. The Continuous Differential Filter, as defined in(2.1.1], is a
self-adjoint operator on L?(£; R?).

Proof. Let ®,W¥ € L2(Q2; RY). By the definition of the C-DF, the filtered
function ¥ satisfies

U — AU =¥ in Q, (2.1.2)
U=0 on 09). (2.1.3)

LS

Multiplying (2.1.2)) by ®, integrating over €, and applying integration by
parts (noting that ® = 0 on Jf2), we obtain

3V, V®) + (,®) = (I, ®) in Q. (2.1.4)

Similarly, multiplying the first equation in (2.1.1) by ¥, integrating by
parts, and using (2.1.3]), we arrive at

§3(V®,VV¥) + (®,¥) = (®,¥) in Q. (2.1.5)
Equations and (2.1.5)) prove the lemma. O

2.1.1.2 Finite Element Differential Filter (FE-DF)

The Finite Element Differential Filter (FE-DF) represents a discrete imple-
mentation of the differential filter, tailored for finite element (FE) spaces.
This method is essential in numerical simulations, as it effectively enables

27



2.1. Differential Filters

spatial filtering while conforming to the discretized finite element framework.
The formal definition of the FE-DF is

Definition 2.1.3 (Finite Element Differential Filter). Let § € RT be a fixed
filter radius that dictates the scale of the filtering operation. Given an input
function ® € L*(Q; R?), the FE differential filter is a map

F': L R —» X' & — &,

where X" denotes the finite-dimensional FE space. The filtered output ® €
X" is determined as the unique solution to the following boundary value
problem

{(1 —A)® =% inQ, 216)

®=0 on 0f).

While (2.1.6) is formulated in strong form and is applicable to any func-
tion u € X C L2(); RY), its practical implementation is limited to finite
element (FE) velocity fields u". Consequently, solving the boundary value
problem described in translates, in practice, to solving a linear sys-
tem obtained through the finite element discretization. This linear system is

given by
(Mh + 525h> a" = M"a", (2.1.7)

where M" € RP*P is the finite element mass matrix. This matrix arises
from the inner product of basis functions and accounts for the discretization
of the L? inner product. S* € RP*P is the finite element stiffness matrix.
This matrix encapsulates the discretization of the Laplacian operator A in the
weak form. a” € R? is the vector of finite element coefficients corresponding
to the filtered output variable 4" and a" € RP is the vector of finite element
coefficients associated with the input variable u”.

From now on, D denotes the dimension of the finite element velocity space
X", ie., the number of degrees of freedom in the discretized finite element
representation|||

Properties and Practical Considerations The FE-DF framework pro-
vides a computationally efficient way to perform spatial filtering in a dis-
cretized setting, leveraging the structure of finite element spaces. The com-
bination of the mass matrix M" and stiffness matrix S" ensures that the

!The dimension D is determined by the choice of the finite element basis and the mesh
resolution used in the discretization.
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filter preserves essential numerical properties, such as symmetry and positive
definiteness, under appropriate conditions.

The parameter §, representing the filter radius, plays a critical role in
determining the extent of filtering. Larger values of § correspond to stronger
smoothing effects, as the filter attenuates higher frequencies more aggres-
sively. Conversely, smaller values of ¢ yield less filtering, allowing finer scales
to persist in the solution.

By solving the linear system (2.1.7), the FE-DF effectively smooths the
input data u”, producing a filtered result u” that retains only the desired
large-scale structures. This makes the FE-DF an indispensable tool for regu-
larization and stabilization in numerical simulations, particularly in contexts
such as Reduced Order Modeling and Large Eddy Simulation.

2.1.1.3 ROM Differential Filter (ROM-DF)

The Reduced Order Model Differential Filter (ROM-DF) is a discrete spatial
filter specifically designed for reduced order models (ROMs). It is particularly
well-suited for computationally efficient simulations, as it operates within the
low-dimensional subspace spanned by the ROM basis functions. The formal
definition of the ROM-DF is as follows:

Definition 2.1.4 (ROM Differential Filter). Let 6 € RT be a constant filter
radius, which controls the scale of filtering. Given an input function ® €
L*(Q; RY), the ROM differential filter is a map

Fr:L*(Q; RY) = X", &+ @,

where X" is the reduced order velocity space. The filtered output ® € X" is
defined as the unique solution to the following weak formulation

VP, Vo) + (®,0") = (®,v") W' € X" (2.1.8)

In this context, the operator I applies the filter to the input @ to produce
a smoothed output ®. For simplicity, the shorthand notation ® will be used to
represent the filtered result of any input e, which will typically be a velocity
fieldu € X C L*(Q; RY).

We note that the filtering operator ® depends on the dimension r of
the reduced velocity space X". However, to avoid notational clutter, the
parameter 7 is not explicitly included in the overline notation.

The ROM-DF operator F” = (I —§?A)~! can equivalently be expressed in
terms of a PDE. For a given input function w, the ROM-DF involves solving
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the following boundary value problem

N (2.1.9)
u =0, on 0f),

{(I —?AYg =u, inQ,
where 0f2 is the boundary of the spatial domain 2. This formulation high-
lights the direct relationship between the ROM-DF and the elliptic operator
(I —5%A).

Although is written in strong form and applies to any function u,
in practice, the ROM-DF is applied to ROM velocity fields 4”. To do so, the
Galerkin method is employed to discretize the PDE in the reduced
space spanned by the ROM basis functions {1, ...,¢,}. This leads to the
following linear system

(M"+6°S")a = M'a, (2.1.10)

where M" € R"™*" is the POD mass matrix (which is the identity matrix since
the POD basis functions are orthonormal), S™ € R™*" is the POD stiffness
matrix, @ € R" is the vector of POD coefficients of the output filtered variable
u”, and @ € R" is the vector of POD coefficients of the input variable u".

The entries of the mass and stiffness matrices are computed as

Msz - ((PZ,QDm),S:m - (V(ngvsom), i,m = 1, Lo, T

Efficiency and Computational Advantage One of the key advantages
of the ROM-DF lies in its computational efficiency. The size of the linear
system in ([2.1.10]) is r xr, where r is the dimension of the reduced order space.
This is significantly smallelﬂ than the D x D system associated with the FE-
DF. As a result, the ROM-DF offers a substantial reduction in computational
cost, making it an attractive option for complex numerical simulations, e.g.,
turbulent flow simulations.

Moreover, the user-defined filter radius ¢ provides flexibility in controlling
the extent of smoothing, allowing the ROM-DF to be tailored to specific
problem requirements. By carefully selecting 9, the ROM-DF can effectively
balance the trade-off between filtering out small-scale noise and preserving
important large-scale features in the solutions.

2In order to have a meaningful ROM, both G-ROM and Reg-ROMs, we have to choose
r < D. Otherwise, the ROMs lose their excellent computational efficiency in comparison
to FEM.
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2.1.2 ROM-DF Bounds

This section provides a brief examination of the theoretical bounds associated
with the ROM-DF. These bounds quantify the sources of error that arise from
various aspects of the filtering process.

To establish these bounds, we present key lemmas from the literature,
including results from [99] and [59]. These lemmas provide insights into the
stability and accuracy of the ROM-DF and highlight differences between the
ROM and FEM frameworks.

The following lemma, originally proven in |99, Lemma 4.3|, provides an
important bound that forms the foundation of the ROM-DF error analysis.
For clarity and conciseness, we reproduce the lemma below with a slight mod-
ification: we omit an additional term on the left-hand side of the inequality,
as it is not utilized in the scope of our analysis.

The bound in Lemma [2.1.5| plays a critical role in categorizing the dif-
ferent sources of error that emerge during the filtering process. These error
sources can be grouped into four distinct categories: those originating from
the FE data, those resulting from the POD process, those associated with
the filtering procedure itself, and finally, terms that involve interactions or
combinations of these factors.

Lemma 2.1.5. Let up, = u(z,t;) € X denote a solution to (1.2.1)), with
the additional regularity condition Auy, € L*(Q). Assuming that Assump-
tion holds, the following inequality holds, for all k,

R
[, — | < C | B2 4 At 4 YN

Jj=r+1

R
+C% | B2 |87l P 4+ (L4 1S [l2) At + D [V PN

j=r+1

+ OY| Ay 2.

In addition to the above lemma, we recall several useful estimates from
[99, Lemma 4.4], which are presented below.

Lemma 2.1.6. Let u € X. Then, the following bounds hold

[} < ffaell, (2.1.11)
IVl < V1S [l2 [l (2.1.12)
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Furthermore, if u € X", then the stronger bound holds
|Val|| < ||V (2.1.13)

Remark 2.1.7. The stability bounds outlined in Lemma [2.1.6] originally
proven in |99, Lemma 4.4], exhibit notable differences compared to the FE
stability bounds presented in [59, Lemma 2.11].

Specifically, in the ROM context, we establish two distinct bounds in

Lemma [2.1.6
e For u € X, we derive the bound given in (2.1.12)).
e For u € X", we derive the stronger bound stated in (2.1.13]).

In contrast, within the FEM framework, the stronger bound (analogous to
(2.1.13)) is established for w € X in inequality (2.22) of [59]. The derivation
of this FEM bound relies on the use of the Ritz projection, as communi-
cated by William Layton (personal communication). However, extending
this approach to the ROM setting remains challenging, as the approximation
properties of the Ritz projection within the context of POD are not fully
understood [48, [55]. As a result, proving the ROM analog of for
u € X is an open problem in this area of research. '

Finally, it is worth noting that (2.1.11]) suggests the definition of an aux-
iliary operator F” : X — X", defined as F" = F"|x. Under this definition,
(2.1.11)) implies that F" is a bounded operator on X. However, it is impor-

tant to highlight that no analogous conclusion can be drawn in general for
the operator I on the broader space L?(Q;RY) D X.

2.2 Leray ROM

The Leray model is rooted in the pioneering work of Jean Leray in 1934, who
introduced the Leray model to provide a theoretical framework for the exis-
tence of weak solutions for the Navier-Stokes equations (NSE) [63]. His work
was instrumental in laying the mathematical foundation for studying turbu-
lence and fluid dynamics, emphasizing regularization techniques to manage
the complexity of these equations. Over the decades, Leray’s ideas have
inspired numerous advancements in fluid mechanics, particularly in stabi-
lization methods for computational models.

More recently, the Leray model has been adopted as a computational
tool for simulating convection-dominated flows, such as turbulent flows, us-
ing conventional numerical methods [32]. These methods include the finite
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element method [62], which allows for the practical implementation of Leray-
inspired stabilization strategies. When the differential filter is employed, the
Leray model closely resembles the NS-a model proposed by Foias, Holm, Titi,
and their collaborators [27], demonstrating its versatility and alignment with
other modern approaches.

In the past decade, the Leray model has been successfully extended to the
realm of reduced order modeling (ROM). Initially applied to the Kuramoto-
Sivashinsky equations [85], it was later adapted for the NSE [95, 96| and
the quasi-geostrophic equations [35, |36]. These extensions have opened new
avenues for efficiently approximating complex, high-dimensional systems.

The L-ROM employs a stabilized approach by incorporating a filtered
velocity field, inspired by Leray’s regularization techniques, to address the
challenges faced by traditional Galerkin ROMs (G-ROMs). These challenges
include spurious energy transfer and numerical instabilities in convection-
dominated flows. The filtering process reduces the influence of unresolved
scales, enhancing the stability and accuracy of the reduced order model.

2.2.1 L-ROM Time Discretization

In our setting, the L-ROM time discretization is formulated as follows: Given
wy, and wj_,, find uj,, such that

ul  — dur 4+ lyr 2 2/,
( - 3Akt 1 1’901' +§’/ (V%Hav%‘) +§ ((u2+1'v) u7l;+1790i>

= (frr1.00) (2.2.1)

forall k=1,..., K —1andi=1,...,r, where At is the time step.

Utilizing the ROM-DF (2.1.8) outlined in Section [2.1] the filtered convec-
tive term in (2.2.1) is defined by the following expansiorf]

W@ t) = Y T (@) (2:2.2)

The coefficients @41 in (2.2.2) are determined by solving the following re-
duced linear system

(M"+6%5") @py1 = M ay1, (2.2.3)

3We assume the same kind of expansion in (1.3.9), i.e., we use the same procedure as
for G-ROM.
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where M" and S” are the POD mass and stiffness matrices, respectively, ¢ is
the radius of the ROM-DF, @y, is the vector of reduced coeflicients of the
output variable, u"y 1, and @y is the vector of reduced coefficients of the
input variable, uy_ ;. This linear system introduces minimal computational
overhead due to its reduced dimensionality, as it is of size r x r.

A second order backward difference formula (BDF2) time discretization is
employed in , although other time discretizations can be used. At each
time step tx.1, the L-ROM time discretization yields the following nonlinear
system

1 4 1 2 2
EM (akH — gak + gak_l) + gl/S Qi1 + §C<ak+1)ak+1 = bk+1, (224)

where a1 is the unknown reduced coefficient vector of the unfiltered solu-
tion at tg,1, a1 is the filtered velocity coefficient vector, by, is the vector

introduced in (1.3.13), and C(a@x1) is defined as
Cl@rt1)i = ((“ZH : V)%‘;‘Pj) : (2.2.5)

System ([2.2.4])) is solved using the Newton method. At each iteration, @,

is updated via (2.2.3)), and the residual of ([2.2.4)) is evaluated. Algorithm
outlines the main steps of the L-ROM discretization.

Algorithm 2 L-ROM Pseudocode

1t u_q, Ug, Wiy, T > Inputs needed
2: for ke {l,...,K —1} do > Time loop
3: Perform FOM simulation to compute ], > Snapshot collection
4: end for

5. X" =POD ({uﬁ}szl ;7") > POD for velocity space
6: for ke {l,..., K —1} do > Time loop
7: Solve (|2.2.4]) to compute a1 > L-ROM
8: Solve (|2.2.3]) at each nonlinear iteration > Leray filtering
9: end for

2.2.2 Discussion and Limitations

The Leray Reduced Order Model (L-ROM) represents a significant advance-
ment over the standard Galerkin Reduced Order Model (G-ROM) (]1.3.22)),

particularly in its ability to mitigate spurious numerical oscillations that com-
monly arise in convection-dominated flows. These oscillations, which result
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from the inherent instability of the G-ROM formulation in such settings,
can lead to inaccuracies and inefficiencies, making the G-ROM unreliable
for many practical applications involving turbulent, or high Reynolds num-
ber, flows. By incorporating spatial filtering into its formulation, the L-ROM
effectively dampens these oscillations, enhancing both the stability and phys-
ical fidelity of the reduced order solution.

The spatial filtering mechanism in the L-ROM is achieved by introducing
a filtered velocity field into the nonlinear convective term. This modification
reduces the impact of unresolved modes and suppresses the transfer of energy
to smaller, unrepresented scales. As a result, the L-ROM provides a more
stable and accurate approximation of the underlying flow dynamics, making
it particularly suitable for scenarios where the G-ROM might fail to produce
meaningful results.

However, the L-ROM is not without limitations. Excessive filtering, char-
acterized by a large filter radius §, can result in overdiffusion. This phe-
nomenon, in which the flow dynamics are overly smoothed, leads to the
suppression of physically relevant small-scale features, ultimately reducing
the accuracy of the model. Such overdiffusion can undermine the benefits of
stabilization and compromise the model’s ability to capture essential charac-
teristics of the flow, such as fine-grained vortices or sharp gradients.

Moreover, the performance of the L-ROM is highly sensitive to the choice
of the filter radius 0. Even small variations in 0 can lead to significant
changes in the accuracy and stability of the solution. For instance, an overly
small 0 may fail to adequately stabilize the model, reintroducing numerical
oscillations, while a slightly larger ¢ might oversmooth the solution. This
sensitivity necessitates careful calibration of ¢ based on the specific problem
and flow characteristics, i.e., the FEM mesh size h, under investigation. In
summary, while the L-ROM offers substantial improvements over the G-
ROM, its effectiveness depends on judicious parameter selection, particularly
the filter radius ¢.

These reasons were the key drivers behind the start of our research. Our
goal was to develop a new Reg-ROM, ADL-ROM, that retained the stabiliz-
ing benefits of spatial filtering while preserving the essential physical features
of the flow, such as the accurate representation of physical vortices. In other
words, we wanted to combine the better parts of G-ROM, i.e., preserving the
physical features of the flow, and L-ROM, i.e., smoothing out the spurious
oscillations.
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Chapter 3

Approximate Deconvolution
Leray Model

Despite the significant improvements achieved by the L-ROM over the stan-
dard G-ROM, numerical investigations reveal two key drawbacks of the L-
ROM. First, it exhibits an overdiffusive nature when the ROM filter radius, ¢,
is excessively large. In such cases, the filtering process introduces an undue
amount of dissipation, compromising the model accuracy. Second, the L-
ROM demonstrates a high sensitivity to variations in the ROM filter radius.
Even minor deviations from the optimal filter radius can lead to noticeable
reductions in the model accuracy, highlighting a potential limitation in its
robustness.

To address these drawbacks of the L-ROM, we proposed a novel Regular-
ized ROM (Reg-ROM) in [86], known as the approximate deconvolution Leray
ROM (ADL-ROM). This innovative approach represents a significant im-
provement over the L-ROM. To our knowledge, this was the first instance of
utilizing the approximate deconvolution (AD) framework to construct ROM
stabilizations such as Reg-ROMs. Moreover, in reduced order modeling, the
AD concept had only been employed once before, in [98], for a distinctly
different purpose, namely, to develop a ROM closure model.

The core innovation of the ADL-ROM lies in leveraging approximate de-
convolution, a classical methodology widely used in the image processing and
inverse problems communities, to enhance the accuracy and robustness of the
L-ROM. Specifically, in the ADL-ROM, the filtered L-ROM velocity, u", is
replaced by the AD velocity, D" (u"). Consequently, the ADL-ROM nonlin-
car term is defined as D"(u”) - Vu”. Since the AD operator D" (u") provides
a stable and accurate approximation of ", its inclusion in the ADL-ROM

improves the accuracy of the nonlinear term while preserving the enhanced
stability introduced by the ROM filtering of u”. As a result, the ADL-ROM
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strikes a balance between the baseline G-ROM and the overdissipative L-
ROM, offering a compromise that combines accuracy and stability.

In this chapter, we guide the reader through the development of the ADL-
ROM, elucidating its construction and practical application. We begin in
Section by introducing three distinct AD strategies: the van Cittert,
Tikhonov, and Lavrentiev AD operators. Next, in Section [3.2] we detail
the formulation of the ADL-ROM itself. Finally, in Section we conduct
a series of numerical investigations to evaluate the performance of the AD
operators and the ADL-ROM. Specifically, we compare the three AD op-
erators and assess the ADL-ROM in relation to the classical L-ROM and
the standard G-ROM in the context of convection-dominated flow past a
backward-facing step.

Some of the content in this chapter is derived from our foundational work
on the ADL-ROM, as published in [86].

3.1 Approximate Deconvolution Operators

To develop the Approximate Deconvolution Leray ROM (ADL-ROM), it is
essential to define and understand the ROM Approximate Deconvolution
(AD) operators. The AD operators play a crucial role in this context by
transforming an overly smoothed solution component into a more refined
and accurate approximation of the desired solution. This approach ensures
better accuracy and stability in numerical computations.

The concept of approximate deconvolution is not new and has its roots
in various applications such as image processing and inverse problems. Over
the years, it has been effectively extended to the realm of ROM closures [98|
and ROM stabilization [86]. These advancements highlight the versatility
and significance of AD in computational modeling.

The primary objective here is to compute u’, ~ (F")~' w” without
explicitly relying on the inverse operator (F")~!. Instead, we employ an AD
operator to achieve this task. Direct application of the filter inversion would
result in an algorithm with poor numerical conditioning and potential ill-
posedness, as discussed in |16, 43},(97]. Moreover, even if numerical instability
could be mitigated, applying both F" and (F")~! would nullify the filtering
effect, thereby defeating the purpose of the procedure.

Various AD operators are available for use in this context. In this thesis,
we focus on three notable options:

e The van Cittert operator, which has been applied at the finite element
level in [59];

38



3.1. Approximate Deconvolution Operators

e Two classical regularization methods, both widely utilized in image pro-
cessing and large eddy simulation |16} 62|, and in modern regularization
approaches, such as those discussed in [13|. These two regularization
method are

— the Tikhonov regularization;

— the Lavrentiev regularization.

3.1.1 The Van Cittert AD

The van Cittert operator is an AD operator that iteratively refines an overdif-
fusive solution. Below, we define its continuous and ROM versions.

Definition 3.1.1 (Continuous van Cittert operator). The continuous van
Cittert operator Dy : C°(Q; RY) — C°(Q; R?) is defined as the map

& Dyd = i([ — F)"®, (3.1.1)

n=0
where N € N represents the order of the operator.

Definition 3.1.2 (ROM van Cittert operator). The ROM van Cittert oper-
ator D% : L2(€2; R?) — X7 is defined as the map

N
@~ Dy® =) (I-F)" 9, (3.1.2)

n=0
where N € N is the order of the operator.

Although the ROM van Cittert operator in can be applied to any
function u € L%(Q; R%), in practice, it is specifically used for ROM filtered
velocity fields w”. In other words, for a positive integer N, the ROM AD
velocity is computed as

N
Wy, =D =) (I-F)"w, (3.1.3)

n=0

following a similar formulation to the FEM AD velocity in |62, Section 3.1.1].
To implement this operator, we use a Richardson iteration process |62,
Section 3.3.4] defined as

uv;i(DnJrl) _ Ugg) + {,17 _FT u;i(g)}’ n=20,..., N — 1, (3.1.4)
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where the initial value uZi(DO) is set as w”. By running the iteration (3.1.4)

N times, we obtain vy, = ui{%v) as the N*® order van Cittert operator
applied to u”. However, to make this iteration practical, we need to recall

that each application of the filter F" requires the inversion of a differential

operator. Therefore, denoting by u”("+1) the quantity u~"+1) = FTuZ’(D"),

and substituting in our filter from (2.1.8)), we observe that u™("+1 is found
by solving for n = 0,..., N — 1 the following problem

(I —02A) 1) = wrt) = (1 — 82 A)ur 1) = 31 (3.1.5)

To employ the van Cittert AD in a ROM framework, we project this
linear system onto the ROM space. By multiplying by ROM test
functions and expanding the solution using ROM basis functions, we derive
the system

(M” + 6257) antV) = M"al}), (3.1.6)

where M" € R™" is the POD mass matrix (which is the identity matrix
due to the orthonormality of POD basis functions), S™ € R™" is the POD

e~

stiffness matrix, a(®*t1) € R" represents the POD coefficients of the output

e~

variable "+ and @}, € R" denotes the POD coefficients of the input AD
variable u’}\".
The iterative process (3.1.4) is then as follows:

1. Initialize a'{), = a;

2. Update the coefficients iteratively as

at) =a§) + {@—amt},  n=0,... N1,

3. In the end, define aap = ag\g at the completion of the N-th iteration.

3.1.2 The Tikhonov AD

The Tikhonov operator is an AD operator that refines an overdiffusive solu-
tion by solving of a linear system. Below, we define its continuous and ROM
versions.

Definition 3.1.3 (Continuous Tikhonov operator). The continuous Tikhonov
operator Dr, : C°(Q2; RY) — C°(Q2; RY) is defined as the map

® 5 Dr,® = (F*F + pl) ' F*®, (3.1.7)
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where F* denotes the adjoint of the operator F', and u € R is a positive
constant.

Definition 3.1.4 (ROM Tikhonov operator). The ROM Tikhonov operator
Dy, L*(; R?) — X" is defined as the map

& Dy, & = [(F)F" +ul] " (F')" ®. (3.1.8)

where (F")* denotes the adjoint of the operator F", and u € RT is a positive
constant.

Although the ROM Tikhonov operator described in (3.1.8)) applies to any
function uw € L2(); RY), in practice, it is applied to ROM filtered velocity
fields w”. In other words, the Tikhonov method is defined as

T T o T\* T -1 T\ ko T
whp = Dipum = [(F7)'F +pl] (F7) W (3.1.9)

We refer, e.g., to |62, section 3.3.1| for further details on the Tikhonov AD
operator. When plugging in the specific filter from (2.1.8) and proceeding
formally, we can write

[(F7) F’"—i—,u[]uAD—( ) ur,
(I —8*A)* (I —8*A) "+ u[] uy, = (I —&A) ",
(I —6A)7" +uI SN uly, =,
[+ p(I = 0*A)I - *A) | ulyy = (I — P A)u”
[+ p(I = 0PA" — A+ FPAFPAY) | ulyy = (1 — 5 )u’",
[I+ p(I —20°A+ 6 A% ulyy, = (1 — A (3.1.10)

In (3.1.10), we have utilized the fact that the Laplacian operator is self-
adjoint. This intrinsic property of the Laplacian simplifies many theoretical
and computational considerations.

In the numerical comparison of the three Approximate Deconvolution
(AD) approaches presented in Section , for the sake of simplicity and
ease of implementation within our finite element (FE) framework, we have
chosen to neglect the term §*A2. This decision is grounded on both practical
and feasibility considerations, as outlined below.

1. Practical Reasons:

e When § is small, the term §* becomes negligible, rapidly approach-
ing zero. This diminishes the overall contribution of the §2A? term
to the solution.
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e The Tikhonov regularization method is designed to handle general
filter operators F". However, in our specific application, we are
using a tailored filter. The Lavrentiev methods, discussed in Sec-
tion [3.1.3] are better suited for self-adjoint and positive definite
filters, such as the one described in (2.1.8)). For a rigorous proof of
the self-adjointness and positive definiteness of this filter within a
Reduced Order Model (ROM) framework, we refer the reader to
[98].

2. Feasibility Considerations:

e The calculation of fourth-order operators like A? poses significant
challenges in a ROM context. The computational overhead as-
sociated with such calculations is non-trivial, particularly when
dealing with large-scale systems.

Given these practical and feasibility constraints and since we will ulti-
mately not be using the Tikhonov method in our full simulations, we have
opted to omit the 3*A? term. Although this simplification renders the formu-
lation more manageable, it remains an open question whether including this
term would lead to a substantial improvement, especially when considering
filters other than the specific one employed in this study. Future research
could focus on studying this aspect in greater detail.

To proceed, we expand our desired solution as linear combinations of
the ROM basis functions. This allows us to reformulate the problem as a
linear system for the vector of coefficients a4 p, which satisfies the following
equation

(14 p)M"™ +2ué%S"jaap = (M" + 6°S")a, (3.1.11)

where M" € R™" is the POD mass matrix, S™ € R™*" is the POD stiffness
matrix, a4p € R is the vector of POD coefficients of the output AD variable
u’y, and @ € R" is the vector of POD coefficients of the input filtered variable
u”.

By neglecting the A? term, the Tikhonov regularization linear system in
(3.1.11)) simplifies significantly, resulting in a formulation that closely resem-
bles the Lavrentiev regularization system, with the primary distinction being
the additional factor of 2.

3.1.3 The Lavrentiev AD

The Lavrentiev operator is an AD operator that refines an overdiffusive solu-
tion by solving of a linear system. Below, we define its continuous and ROM
versions
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Definition 3.1.5 (Continuous Lavrentiev operator). The continuous Lavren-
tiev operator D, : C°(Q; R?) — C°(Q; R?) is defined as the map

®— D,®=(F+ul)'®, (3.1.12)

where p € RT is a positive constant.

Note that the Lavrentiev parameter i helps balance the contributions
from the filtering operator F' and the identity operator I. The parameter
i plays a crucial role in determining the trade-off between fidelity to the
original data and the smoothing effect introduced by the filter.

Definition 3.1.6 (ROM Lavrentiev operator). The ROM Lavrentiev oper-
ator Df, , + L*(Q; R?) — X" is defined as the map

®— D/®=(F +pul)" @ (3.1.13)

where p € RT is a positive constant.

The Lavrentiev method modifies the Tikhonov regularization technique
to adapt it for self-adjoint, positive definite operators. This makes it partic-
ularly suitable for problems where these properties hold, such as those in-
volving the filter described in . These properties of the filter in (2.1.8)|)
are rigorously established in 98|, demonstrating its theoretical soundness in
a ROM context.

Although the ROM Lavrentiev operator described in is mathe-
matically applicable to any function u € L?(£2; RY), in practical scenarios,
it is predominantly applied to ROM filtered velocity fields w”. This ensures
that the Lavrentiev method is computationally efficient while retaining the
desired filtering properties. To elaborate, given u € R*, the Lavrentiev AD
velocity is given by

whp = Diu=(F"+pul) ' (3.1.14)
We solve for u’y, by substituting F" with its own definition as
wypy = [(1=0°A) "+ ul] ',
(I = *A) + pl ] ulyp =7,

[ 4 p(1 =8N wlypy = (I — AN,
(14 )] — ud®A]wy, = (I — A

Expanding our solution as a linear combination of the ROM basis func-
tions, multiplying by a test function, and integrating by parts, we obtain the
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following linear system to be solved for the vector of coefficients ap
[(1+ )M + p6*S" aap = (M"™ +6°5") @, (3.1.15)

where M" € R™" is the POD mass matrix, S” € R™*" is the POD stiffness
matrix, a4p € R is the vector of POD coefficients of the output AD variable
u’yp, and @ € R" is the vector of POD coefficients of the input filtered variable
ur.

3.2 Approximate Deconvolution Leray Reduced
Order Model (ADL-ROM)

The Leray ROM (L-ROM), introduced in Section [2.2] has been a powerful
tool for the numerical simulation of convection-dominated flows. However,
one of its main limitations is the potential for overdiffusiveness, especially
when the filter radius is chosen to be too large [86]. Overdiffusiveness can lead
to an overly smoothed solution that may not capture critical flow features
accurately.

To mitigate this issue, we propose incorporating Approximate Deconvo-
lution (AD) techniques into the L-ROM framework to enhance its accuracy
while maintaining its stability. The AD approach builds on the same basic
differential filtering concept used in L-ROM, which ensures a straightforward
implementation from existing L-ROM codes. This leads to the formulation of
a new regularized ROM, termed the Approzimate Deconvolution Leray ROM
(ADL-ROM). The ADL-ROM is inspired by earlier works in the finite ele-
ment setting by Adrian Dunca [59, 61}, 62|, which demonstrated the potential
of AD techniques to improve numerical accuracy in similar contexts.

The core idea of the ADL-ROM is simple yet effective: replace the filtered
L-ROM velocity, u”, with an approximate deconvolution velocity, D" (u"),
where D" is one of the AD operators defined in Section This substitu-
tion refines the nonlinear term in the L-ROM, improving accuracy without
compromising stability. Numerical experiments, presented in Section [3.3.3]
demonstrate that computationally this modification enhances the represen-
tation of convective effects while retaining the robustness of the original L-
ROM. Furthermore, theoretical results in Sections 4.1 and [4.2| establish error
bounds for the AD operators and the ADL-ROM, validating its mathematical
foundations.

Thus, the ADL-ROM strikes a balance between the numerically unsta-
ble G-ROM and the potentially overdiffusive L-ROM, offering an effective
compromise for convection-dominated flow simulations.
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3.2. Approximate Deconvolution Leray Reduced Order Model (ADL-ROM)

3.2.1 ADL-ROM Time Discretization

Using the same time stepping schemeﬂ as in the FOM and other ROMs,
specifically the backward differentiation formula of second order (BDF2), the
ADL-ROM time discretization is expressed as follows: Given u} and u_,,
find uj_ , such that

= (fr+1,0i) (3.2.1)

forallk=1,...,K—1landi=1,...,r, where At is the time step and D"(+)
is one of the AD operators defined in Section [3.1]

ul, , — qur + Lyt 2 2 -
( R Va kil?‘pi + v (VU};HvV‘Pi) +3 ((DT(%H) : V) u7l;+17‘10i>

3.2.2 Definition of AD Convective Term

The AD convective term in (3.2.1)) is defined using the ROM differential
filter (2.1.8]) as follows:

r

UWyp i (,1) =D (u),) = Z aapi+1,(t) @;(@). (3.2.2)

j=1

The coefficients a4p 41 in are obtained by solving a reduced linear
system, which is derived from either (3.1.6), (3.1.11)), or (3.1.15)), using the
current approximation of the filtered coefficients a; ;. These coefficients, in
turn, are computed by solving the linear system .

At each time step t**1, the ADL-ROM discretization leads to the following
nonlinear system:

1 4 1 2 2
EMT (ak—l—l . gak + gak:—l) + gysrak—&-l + gc(aAD,k—‘rl)aIH_l _ bk+17
(3.2.3)

where a1 represents the unknown reduced coefficient vectors of the unfil-
tered velocity field, and a4p y4+1 corresponds to the coefficients of the AD
ROM velocity field. These coefficients are derived from and one of
the approximate deconvolution linear systems. The vector by, is defined as
in (1.3.13), and the operator C(@y.1) is given by

Claapr+1)ij = ((DT(‘TH) : V)‘Pu%‘) : (3.2.4)

!The time discretization scheme can be safely replaced with another scheme.
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3.3. Numerical Results

The nonlinear system (3.2.3)) is solved using the Newton method. Each
Newton iteration involves solving two additional reduced r x r linear systems
to compute the filtered and deconvolved coefficients. These operations intro-
duce minimal computational overhead due to the low dimensionality of the
systems.

3.2.3 ADL-ROM Implementation

The pseudocode for the ADL-ROM implementation is summarized in Algo-
rithm Bl

Algorithm 3 ADL-ROM Pseudocode

1D u_q, Ug, Wiy, T > Inputs needed
2: fork=1,..., K —1do > Time loop
3: Perform FOM simulation to compute ],

4: end for

5: Compute X" = POD ({u]} ;;7) > POD basis generation
6: for k=1,..., K —1do > Time loop for ROM
7 Solve to compute a**!, which requires:

8: Solve at each nonlinear iteration > Leray filtering
9: Solve one of (3.1.6]), (3.1.11)), or (3.1.15))

10: at each nonlinear iteration > Approximate Deconvolution
11: end for

This algorithm efficiently combines approximate deconvolution with the
Leray ROM framework, offering a robust and accurate reduced order mod-
eling approach for convection-dominated flows.

3.3 Numerical Results

In this section, we aim to present and analyze a series of computational
results that demonstrate the effectiveness of the proposed methods. Specifi-
cally, we provide an extensive set of numerical simulations to investigate the
behavior and performance of both the AD operators and the ADL-ROM it-
self. As said before, some of the results included in Section [3.3.3 have already
been published in our first work on ADL-ROM [86]. We omit the results on
Burgers’ equations since they have been produced by Ian Moore, while the
NSE results have been completely produced by this thesis author.

In Section we conduct a comprehensive comparison involving the
three distinct AD operators introduced in Section Additionally, we com-
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3.3. Numerical Results

pare the three ROM approaches explored in this thesis: G-ROM (introduced
in Section , L-ROM (detailed in Section , and ADL-ROM (presented
in Section . It is important to note that we utilize only the Lavrentiev
and van Cittert AD operators to construct the ADL-ROM in this work.

Furthermore, all the numerical implementations in this work are carried
out using the RBniCSx software. To offer context and insight into this tool,
Section includes a concise introduction to RBniCSx, see |79] for further
details.

3.3.1 RBniCSx

RBniCSx represents the latest evolution of the RBniCS software [78], specif-
ically designed for reduced order modeling. The primary distinction between
RBniCS and RBniCSx lies in their foundational frameworks: while RBniCS
is built on FEniCS, RBniCSx is developed on FEniCSx. A key enhancement
in FEniCSx, and consequently RBniCSx, is its support for computations
involving complex numbers, which is not available in the earlier version.

In our implementation, RBniCSx was chosen for two major reasons.
Firstly, this software is purposefully developed for constructing reduced or-
der models, making it exceptionally convenient for researchers. It offers an
extensive amount of prebuilt functions that not only streamline the the-
oretical steps of implementation but also enhance users’ understanding of
how these functions operate. Secondly, as a FEniCSx-based platform, RB-
niCSx integrates several advanced reduced order modeling techniques, in-
cluding the Certified Reduced Basis (CRB) method and Proper Orthogonal
Decomposition-Galerkin (POD-Galerkin) methods. The truth solution, or
high-fidelity approximation, is computed using a high-order finite element
solver provided by FEniCSx.

Currently, RBniCS and RBniCSx are actively developed and maintained
at SISSA mathLab under the guidance of Prof. Francesco Ballarin and su-
pervised by Prof. Gianluigi Rozza as part of the AROMA-CFD ERC CoG
project. For further details, readers are encouraged to visit the RBniCS [78§]
and RBniCSx [79] websites.

FEniCSx

The FEniCS Project 25| is an influential research and software initiative
dedicated to the development of mathematical methods and software for au-
tomating computational mathematical modeling. Its central aim is to create
user-friendly, efficient, and adaptable software for solving partial differential
equations (PDEs) using finite element methods.
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3.3. Numerical Results

Launched in 2003 as a collaborative effort between the University of
Chicago and Chalmers University of Technology, the project quickly gar-
nered global participation. Notable contributors include researchers from
institutions such as the University of Cambridge, Royal Institute of Technol-
ogy, University of Luxembourg, and Argonne National Laboratory. Over the
years, FEniCS has seen significant updates and enhancements, including the
expansion of online tutorials and the release of new versions, making FEniCS
a remarkably stable software. This process culminates in the development of
FEniCSx. This latest version of FEniCS incorporates support for computa-
tions over the complex field. For additional information, refer to the official
FEniCSx website [25].

FEniCSx comprises a suite of free and open-source software (FOSS) com-
ponents, ensuring universal accessibility. These components facilitate work
with computational meshes, finite-element variational formulations of dif-
ferential equations, and numerical linear algebra. Key building blocks of
FEniCSx include DOLFINx [11], FFCx [54], UFL [3|, Basix [88}, 87|, among
others. In order to have an overview of FEniCSx, the reader may refer to
[64]. To aid users in optimizing their experience with FEniCSx, we provide
a brief overview of its primary components:

e UFL implements the abstract mathematical language that allows users
to express variational problems intuitively.

e FFCx is the fundamental code generation engine of FEniCSx (the form
compiler), responsible for generating efficient C+-+ code from high-level
mathematical abstractions.

e DOLFINx is the computational high-performance C++ backend of
FEniCSx. Moreover, it implements data structures such as meshes,
function spaces and functions, computationally intensive algorithms
such as finite element assembly and mesh refinement, and interfaces to
linear algebra solvers and data structures such as PETSd? DOLFINx
also implements the FEniCSx problem-solving environment in both
C++ and Python.

e Basix is a finite element definition and tabulation runtime library. It
is part of FEniCSx, alongside UFL, FFCx and DOLFINx (C++ docs,
Python docs). Basix can create finite elements on intervals, triangles,

2The Portable, Extensible Toolkit for Scientific computation (PETSc, pronounced
PET-see) is a suite of open source software libraries for the parallel solution of linear
and nonlinear algebraic equations. PETSc uses the Message Passing Interface (MPI) for
all its parallelism.
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3.3. Numerical Results

quadrilaterals, tetrahedra, hexahedra, prisms, and pyramids. FEniCSx
supports all the principal types of finite elements and the notation to
use them is the one defined in Periodic Table of Finite Elementslﬂ [4].

3.3.2 Flow Past a Cylinder

Goals This section presents the first set of numerical tests conducted as
part of this study. The primary objective of these experiments was to verify
whether employing the AD operators produces results that are intermediary
between the reduced solution and the filtered reduced solution. Essentially,
we aimed to validate our initial hypothesis. To achieve this, we started by se-
lecting a well-known domain: the 2D flow past a cylinder. Using this domain,
we computed both the Full Order Model (FOM) solution and the Galerkin
Reduced Order Model (G-ROM) solution, as detailed in the subsequent sec-
tions.

Instead of directly solving the Leray Reduced Order Model (L-ROM) or
the Approximate Deconvolution Leray Reduced Order Model (ADL-ROM),
we opted to apply the ROM differential filter (ROM-DF) outlined in
and one of the AD operators described in Section [3.1| to the G-ROM solution
during post-processing.

For consistency with the only previous instance where AD methods were
applied in ROMs [98| and for reasons elaborated in Section this section
focuses on the Lavrentiev AD method presented in Section [3.1.3] Conse-
quently, any references to ADL-ROM in our numerical results should be
understood as referring specifically to ADL-ROMs constructed using the
Lavrentiev regularization method.

Thus, the overarching goals are to validate our conceptual approach to AD
operators (specifically the Lavrentiev AD operator), demonstrate why exact
deconvolution is impractical, and investigate how to tune the Lavrentiev
parameter .

Computational setting We consider the motion of an incompressible flow
within the computational domain Q = {[0,2.2] x [0,0.41]} \ {(z,y) € R*:
(x —0.2)% + (y — 0.2)2 — 0.052 = 0}, illustrated in Figure 3.1 The kine-
matic viscosity is set to 1072, and no-slip boundary conditions are applied to
0wl = 9Q),,, which includes the bottom, cylinder, and top walls of the chan-
nel (indicated by the solid blue boundary in Figure . The inlet boundary
00 (dashed red line in Figure features a time-varying velocity profile

3https:/ /www.femtable.org.
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Figure 3.1: The computational domain, Q. 9Qp = 9% U IQ¥ where
the inlet boundary 9Q% is represented by a dashed red line and the no-slip
boundaries by a solid blue line.

Uu;,,, prescribed as follows

i, = ( 06 in (”—t) (041 — y), 0) , (3.3.1)

0.412 8

for t < 4, and u;, = (1,0) otherwise. Homogeneous Neumann boundary
conditions are applied to 92y (denoted by the solid teal line in Figure .

Figure 3.2: The FE mesh.

Snapshot generation The numerical tests are performed on a triangular
mesh with minimum element size of A, = 0.004 and maximum element
size of hyax = 0.032 (see Figure . Spatial discretization is achieved using
the inf-sup stable Taylor-Hood P? — P! finite element pair for velocity and
pressure, respectively. This discretization results in a finite element space
with a total dimension of D = D), = D}y + D} = 12488 4+ 1621 = 14109. A
second-order backward differentiation formula (BDF2) scheme is employed
for temporal discretization with a time step size of At = 1072 for both
FOM and G-ROM simulations. The FOM is run over the time interval
[Ty, T] = [0, 20], with initial conditions u_; = uo = (0, 0).
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3.3. Numerical Results

1072

Figure 3.3: Normalized singular values from POD procedure with 7,,,, = 50.

ROM construction To construct the Galerkin reduced order model (G-
ROM) basis functions, 400 snapshots of the velocity field are collected over
the whole time interval [0, 20]. The first » = 50 POD modes capture approx-
imately 98% of the flow’s energy, as shown in Figure [3.3] We deliberately
restrict the number of POD basis functions to this value to highlight the
effects of regularization in scenarios where the ROM cannot fully resolve
all scales of motion, that is a common occurrence in practical applications.
These modes are utilized to construct the G-ROM, which is analyzed over
the entire time interval [0, 20].

Parameters The inlet velocity, the dimensions of the domain and the vis-
cosity value, i.e., v = 1073, lead to a Reynolds number Re = 1000.

One of the most important parameters of ROM-DF and AD operators
is the radius of the ROM differential filter introduced in Section [2.1.0] 0.
To illustrate the case of an aggressive choice of the L-ROM filter radius, in
our numerical investigation we used o = 0.1, as it is significantly larger than
Poas-

The other parameter of interest is the Lavrentiev regularization param-
eter, ;. In this case, by keeping the value of § fixed, we chose to use three
different values of u:

e 1 = 0, corresponding to perform an exact deconvolution instead of an
approximate one;

e 1 = 0.03, corresponding to give more importance to the original data,
i.e., the G-ROM solution;
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3.3. Numerical Results

e 11 = 0.3, corresponding to give more importance to the filter data, i.e.,
the filtered G-ROM solution.
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Figure 3.4: At t = 10, 15: FOM solution u", 2": G-ROM solution u" for
r = 50, 3"%: absolute pointwise error between the solutions «" and u".
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Figure 3.5: At the final time 7" = 20, 1°*: FOM solution ", 2"4: G-ROM
solution u” for r = 50, 3": absolute pointwise error between the solutions u”
and u".

u and Pointwise Error

Numerical results First of all, we present the representative FOM and
G-ROM solutions of the velocity field at ¢ = 10 and at the final time 7' = 20
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3.3. Numerical Results

in Figures[3.4]and [3.5] respectively. The plots reveal that G-ROM is not able
to perfectly reconstruct the solution provided by FOM, even if a quite large
number of basis functions is used, i.e., r = 50.

As additional proof, we exhibit the plot of absolute pointwise error func-
tions, i.e., the pointwise difference between the FOM and the G-ROM so-
lutions, depiscted in the last row of Figures and 3.5l The previously
observed difference in the accuracy of the G-ROM solution is even clearer in
this plot. Indeed, the maximum pointwise error value in both plots further

accentuates the limited accuracy of the G-ROM solution in reconstructing
the FOM results.
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Figure 3.6: At the final time 7" = 20 for » = 50, 15*: G-ROM solution u",
28d: filtered G-ROM solution F"(u") for § = 0.1, 3'4: AD filtered G-ROM
solution D7, (F"(u")) for 6 = 0.1 and p = 0.03.

Next, Figure [3.6] compares the performance of the G-ROM solution u",
the filtered G-ROM solution F"(u"), and the Approximate Deconvolution
(AD) filtered G-ROM solution Dy, (F"(u")) for 7 = 50, § = 0.1, and p = 0.03
at the final time T" = 20. The results demonstrate that the filtered G-
ROM solution is severely overdiffusive. In contrast, the AD filtered G-ROM
solution achieves a balance between the solutions 4" and F"(u"), preserving
the primary flow characteristics by mitigating excessive diffusion. These
observations confirm our initial hypothesis.

For our third and final test in this section, we want to show how, with
some adjustments to the value of u, the AD reduced solution can mitigate
the noise introduced by the filtered reduced solution. Furthermore, we pro-
vide some practical evidences to demonstrate why exact deconvolution is
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Figure 3.7: At the final time T = 20 for r = 50 15%: u", 2"4: F7(u") for § = 0.1,
3: little disturbed F7(u"), ie., F"(u"), for § = 0.1, 4™ D7 (F"(u")) for
§ = 0.1 and p = 0.0, 5" D7, (F7(u")) for § = 0.1 and p = 0.03, 6™
Dy, (F"(u")) for 6 = 0.1 and p = 0.3.

ineffective since it amplifies numerical errors. The steps of this test are as
follows:
1. filter the G-ROM solution «” and obtain F"(u");

2. add some noises to F"(u") and obtain the disturbed filtered reduced
solution F"(u");

3. apply the AD operator D}, to F "(u") for different values of the Lavren-
tiev regularization parameter .

As said previously, we set the filter radius 0 to 0.1 in order to have a
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3.3. Numerical Results

highly diffusive filtered reduced solution F"(u") and make more challenging
to AD operator restore the flow behavior.

For the results shown in Figure we added to F"(u") random noise
with a magnitude between —1072 and 1072 to each component. As shown by
the plots in Figure [3.7], at the final time the noise is visible in the third row.
This causes the complete failure of the exact deconvolution reduced solution
(fourth row), but also not so great results for the AD reduced solutions both
with p = 0.03 (fifth row) and with p = 0.3 (sixth row).
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Figure 3.8: At the final time 7' = 20 for r = 50 15%: u", 2°d: F"(u") for
§ = 0.1, 3% very little disturbed F"(u"), ie., F"(u"), for § = 0.1, 4
Dy (F"(u")) for 6 = 0.1 and p = 0.0, 5" D7 (F7(u")) for 6 = 0.1 and
= 10.03, 6": Dy (F"(u")) for § = 0.1 and p = 0.3,

For the results shown in Figure we added to F"(u") random noise

with a magnitude between —1072 and 1073 to each component. This time,
as shown by the plots in Figure [3.8] at the final time the noise is not visu-
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3.3. Numerical Results

ally detectable in the third row. Even in this case, the exact deconvolution
approach (fourth row) still leads to an amplification of the error, but the
approximate deconvolution both with x4 = 0.03 (fifth row) and with g = 0.3
(sixth row) behaves a lot better. In particular, for ;1 = 0.03 the AD reduced
solution D, (F7(u")) is very similar to the G-ROM solution u”, albeit slightly
too chaotic. Instead, for = 0.3 the AD reduced solution is too diffusive as
the original filtered reduced solution F"(u"). This suggests that an optimal
i could lay between p = 0.03 and p = 0.3.

All the results of this section corroborate our expectations regarding the
AD operators, particularly the Lavrentiev AD operator, demonstrating its
efficacy in addressing the challenges of overcoming noises and overdiffusion.

3.3.3 Backward Facing Step

Goals In this section, we undertake a detailed analysis and comparison
of the performance of the three previously introduces reduced order mod-
eling approaches: the Galerkin Reduced Order Model (G-ROM) described
by (1.3.22)), the Leray Reduced Order Model (L-ROM) given by (2.2.1), and
the Approximate Deconvolution Leray Reduced Order Model (ADL-ROM)
outlined in ([3.2.1)). These methods are applied to the Navier-Stokes Equa-
tions (NSE) (L.1.I)-(1.1.2) to evaluate their effectiveness under the chosen
test conditions.

The primary objective of this investigation is to assess the accuracy and
reliability of the ADL-ROM approach in capturing the essential dynamics
of the flow. To this end, we focus on a benchmark case of 2D incompress-
ible fluid flow over a backward-facing step. The flow is characterized by a
Reynolds number of Re = 1429. This test case serves as an ideal scenario for
measuring the capabilities of ADL-ROM, particularly in terms of its ability
to approximate key flow characteristics with reduced computational cost.

By systematically comparing the results of G-ROM, L-ROM, and ADL-
ROM, we aim to highlight the advantages of ADL-ROM, especially in han-
dling the challenges posed by this type of flow configuration. The analysis
includes both quantitative metrics and qualitative assessments to provide a
comprehensive understanding of ADL-ROM performance.

Computational setting We consider the motion of an incompressible flow
in the same domain as that used in [6} section 4.4| and in |69, section 3.5,
ie, Q= {[0,44] x [0,9]}\{[0, 4] x [0,1]}, which is depicted in Figure [3.9] We
set a kinematic viscosity of 7 x 10™* and use no-slip boundary conditions
on OO = 9O U 9Oy, representing the union of the bottom 9y and
top walls Qr of the channel (solid blue boundary in Figure [B.9)), with a
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Figure 3.9: The computational domain, Q. 9Qp = 9Q% U IQW! | where
the inlet boundary 9% is represented by a dashed red line and the no-slip
boundaries by a solid blue line.

constant inlet velocity profile u;,, = (1,0) on 9Q% (red dashed line in Figure
3.9). Furthermore, we employ homogeneous Neumann boundary conditions

on 0Ny (green line in Figure [3.9).
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Figure 3.10: The FE mesh.

Snapshot generation We perform our tests on a triangular mesh with
hmin = 0.15 and hpya = 0.6 (Figure . For the spatial discretization,
we employ the inf-sup stable Taylor-Hood P? — P! FE pair for velocity and
pressure, respectively, and this leads to a FE space of dimension D = D,, =
D¥ + D7 = 18404 + 2370 = 20774. A second-order backward differences
(BDF2) scheme has been used with the time step At = 5 x 1072 for both
FOM and ROM time discretizations. The time interval on which FOM is
performed is [Ty, 7] = [0, 150]. The value of the initial conditions u_; and u,
is (0,0).

At the FOM level, since we work in the under-resolved regime, we ap-
ply a regularization strategy. Specifically, we employ the evolve-filter-relax
(EFR) strategy (for details, see [91]). The EFR stabilization strategy al-
lows us to obtain accurate results in the convection-dominated regime on
the coarse mesh in Figure [3.10, We use EFR as a stabilization strategy
for the following reasons: EFR has been widely used at the FOM level, is
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easy to implement, is effective, and has been used successfully in our nu-
merical investigations [40, (67, 70, 91} 95, 96]. We emphasize, however, that
other regularization strategies (e.g., Leray or even ADL, which would ensure
FOM-ROM consistency [91]) or stabilization approaches could be investi-
gated. This could be subject of future work. In Figure|3.11} we plot the time
evolution of the FOM kinetic energy on the time interval [100,150]. This
plot shows that the flow over € is not periodic or periodic-like.

Kinetic Energy (FOM)

9.070 4
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9.060 +
¥
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9.045 4
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Figure 3.11: Time evolution of FOM kinetic energy.

ROM construction To build the ROM basis functions, we collect 1000
snapshots of the velocity field over the time interval [100.05, 150], as in [69]
and [81]. The first » = 10 POD modes capture about 80% of the flow’s energy,
as it is shown from Figure[3.12] We limit ourselves to a small number of POD
basis functions for the purpose of showing the effect of regularization when
the ROM cannot accurately describe all scales of motion, which is the case
in many realistic applications. These modes are used to construct all ROMs.
All the ROMs are investigated on the reduced time interval [100.05, 150].

AD Comparison Before proceeding to the discussion of ADL-ROM re-
sults, we report here on the choice of AD to use given the options discussed
in Section [3.1] To do this, we will briefly examine the effects that these AD
methods have on a standard G-ROM solution. The G-ROM solution will be
calculated following the methods discussed in Section [I.3|and in the previous
paragraph. In this case, we use the time interval [0,20] with a fixed time
step At = 1072,

In Figures |3.13| and |3.14) we plot the pointwise difference between the
computed G-ROM solution at the final time 7" = 20 and each of the AD
methods applied to the G-ROM solution. Figure [3.13| also shows that, with
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0 10 20 30 40 50 60

4.6e-21

Figure 3.13: Pointwise difference between AD applied to G-ROM and G-
ROM, r = 10, § = 0.6 and . 1°%: Lavrentiev with p = 0.1; 2"¢: Tikhonov
with g = 0.1; 3"%: van Cittert with N = 10.

AD parameters chosen as labeled, the Lavrentiev AD method produces re-
sults which are the least similar to the Tikhonov or van Cittert methods.
However, this is mostly a matter of tuning: Figure [3.14] shows that altering
the AD parameters of p for the Tikhonov or N for the van Cittert method
will make those methods produce very similar results as to the Lavrentiev
method in the first plot of Figure |3.13|

Each of the AD methods shown in Figures and affects the com-
puted G-ROM solution most strongly near the backward facing step, which
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Figure 3.14: Pointwise difference between AD applied to G-ROM and G-
ROM, r = 10, § = 0.6. 1°*: Tikhonov with g = 0.05. 2"?: van Cittert with
N =12.

is the primary place where vortices are formed and is where we want the
smoothing to be focused. Additionally, by varying either § in the original
filter or one of the AD parameters p or N as in Figure each of the
AD regularization methods can produce similar results to the other meth-
ods. For these reasons, the numerical results of this chapter focus only on
the Lavrentiev and the van Cittert AD methods described in Section
and B.1.1]

Parameters As mentioned before, the inlet velocity and the size of the
step lead to a Reynolds number Re = 1429. For the EFR FOM stabilization
strategy, there are two parameters: the filtering radius of the differential
filter, 0grr, employed in the Filter step, and the relaxation parameter, y €
[0, 1], employed in the Relaz step. For the rest of the chapter, we present
results for dgpgr = 0.01 and xy = 0.01. This choice limits the amount of
dissipation introduced by the differential filter in the EFR algorithm.

One of the most important parameters of L-ROM and ADL-ROM is the
radius of the ROM differential filter introduced in Section 0. To avoid
confusion between the filtering radius of the EFR step dgrpr, and the filtering
radius of the ROM-DF, in the discussion we will denote by droas the radius
of the ROM-DF, instead of 4. To illustrate the case of an aggressive choice of
the L-ROM filter radius, in our numerical investigation we used droyr = 0.6,
that is the same value as hpay.

Two other important ADL-ROM parameters are

e The Lavrentiev regularization parameter, p. In the image processing
and inverse problem communities (see , ), numerous approaches
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are proposed to determine the regularization parameters. In our nu-
merical investigation, for the fixed dgron = 0.6 value, we choose the p
value that ensures that the ADL-ROM solution is as close as possible
to the FOM solution. This approach yields the value u = 0.06.

e The van Cittert order, V. Also in this case, in our numerical inves-
tigation, for the fixed droys = 0.6 value, we choose the N value that
ensures that the ADL-ROM solution is as close as possible to the FOM
solution. This approach yields the value N = 8. We will give more
explanation on this decision later on.

Criteria We test the ROMs accuracy by using the velocity field L? absolute
and relative errors, and the kinetic energy. The errors are defined as

Ea(t)
E;(t) = ||u(t) —u,.(t) and FE,(t) = ——"—, (3.3.2)
H HL2(Q) [w()] 2@
while the kinetic energy is defined as
1 2
Kalt) = 5 (1) 30 (33.3)

To compare the ROMs’ performance, we also use the following error metric
K
time-average L? norm: &%"(L%) = — Z B (t (3.3.4)

where the a and r superscripts refer to the absolute and relative errors,
respectively.

Numerical results In Table [3.1] we list the average absolute and relative
L? errors for the G-ROM, L-ROM, and ADL-ROM. In particular, for
ADL-ROM we use both Lavrentiev AD with u = 0.06 and van Cittert AD
with N = 5,8,10. These results show that both the G-ROM and the ADL-
ROM are more accurate than the L-ROM, with the G-ROM being about
30% more accurate than the L-ROM, and the ADL-ROM about 60% more
accurate than the L-ROM. Furthermore, the ADL-ROM is consistently more
accurate than the G-ROM with a difference of about 30%.

Remark 3.3.1. We have to emphasize that L-ROM works worse than G-
ROM and ADL-ROM since we chose a quite large value of drons, i.€., dron =
0.6. This ensures that the L-ROM solutions are overdissipative and inaccu-
rate. Anyway, we chose to use this value since lower values of dgoys are less
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Average L? errors

Model u/N | &(L?) | &"(L?
G-ROM - 1.2668 | 7.25e-02
L-ROM - 1.6061 | 8.88e-02

Lavrentiev ADL-ROM | 0.06 | 1.0144 | 5.60e-02
van Cittert ADL-ROM | 5 1.0135 | 5.60e-02
van Cittert ADL-ROM | 8 | 9.45e-01 | 5.23e-02
van Cittert ADL-ROM | 10 | 9.76e-01 | 5.40e-02

Table 3.1: Average absolute and relative L? errors for G-ROM, L-ROM, and
ADL-ROM with two different AD operators and different N values.

Absolute L2 Errors Relative L2 Errors
2.25
—— G-ROM
FE A A0 oS
. /
175 / / A\ / /N
Lo x10-2 /[ NL o~
& 1.25 7\ &, u / \J \
c K T e
\/ 3x1072
0.75
/ // —— G-ROM
0.50 / 2x10°2 —— L-ROM
/ ’ —— ADL-ROM
0.25 ¢ .

100 110 120 130 140 150 100 110 120 130 140 150
t t

Figure 3.15: Time evolution of the absolute and relative L? errors for G-ROM
(red), L-ROM (green), and Lavrentiev ADL-ROM (blue).

challenging for ADL-ROM. Moreover, from our tests, L-ROM seems to be
more sensitive to parameter choice than ADL-ROM and this is another rea-

son why it is easier to choose effective parameter values and get good results
for ADL-ROM than for L-ROM. '

Moreover, the results in Table [3.1] for the van Cittert operator show that
the average absolute and relative L? errors are the smallest ones for N = 8.
This supports our decision to show the van Cittert AD solutions only for
N =8.

Also the temporal trend of the absolute and relative L? errors ,
displayed in Figures and confirms this conclusion. It shows that
both Lavrentiev and van Cittert ADL-ROM always performs better than L-
ROM and starts to perform better than G-ROM after a while. On the other
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Figure 3.16: Time evolution of the absolute and relative L? errors for G-ROM
(red), L-ROM (green), and van Cittert ADL-ROM (blue).

Kinetic Energy

FOM projection
G-ROM
L-ROM
ADL-ROM

9.08 4

9.06 4
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9.02 -
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Figure 3.17: Time evolution of the kinetic energy for FOM projection (black),
G-ROM (red), L-ROM (green), and Lavrentiev ADL-ROM (blue).

hand, G-ROM performs better than L-ROM except for the time interval
[134,142]. In Figures and [3.18] we plot the time evolution of the kinetic
energy (13.3.3)) of the FOM projection, G-ROM, L-ROM, and Lavrentiev and
van Cittert ADL-ROM, respectively. These plots support the conclusions in
Table and in Figure [3.15 Specifically, the G-ROM and L-ROM results
are relatively inaccurate, while the ADL-ROM results are significantly more
accurate.

As last test to compare the consistency of the van Cittert ADL-ROM in
respect to the filter radius ¢ and its order N , we compute the average kinetic
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Kinetic Energy
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Figure 3.18: Time evolution of the kinetic energy for FOM projection (black),
G-ROM (red), L-ROM (green), and van Cittert ADL-ROM (blue).

Average L? kinetic energy
L-ROM ADL-ROM
5 | K(L2) | K(L2), N=5] K(L2), N =10 | K(L?), N =15

0.6 | 9.0182 9.0362 9.0498 9.0580
0.3 | 9.0268 9.0626 9.0689 9.0700
0.1 | 9.0549 9.0703 9.0703 9.0703
0.05 | 9.0655 9.0703 9.0703 9.0703
0.01 | 9.0701 9.0703 9.0703 9.0703

Table 3.2: L-ROM and van Cittert ADL-ROM average kinetic energies for
various filter radii (§) and van Cittert orders (N). FOM K (L?) is 9.0417,
G-ROM K (L?) is 9.0703.

energy for ¢ in [100.05,150] as

K(L?) == Ku(ty). (3.3.5)

=

We use this quantity to show that the van Cittert ADL-ROM produces
results which are more consistent across various ranges of § and across the
AD parameter N. Indeed, in Table [3.2] we plot K (L?), the average kinetic
energy for ¢ in [100.05,150], in which the ADL-ROM results are more similar
to each other than the L-ROM results. If the ADL-ROM is a good model
for the problem at hand, then less tuning of the filter radius ¢ is required.
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1.5e+00
14

0.0e+00

Figure 3.19: At the final time T = 150, 1**: FOM solution; 2"*: G-ROM
solution; 3"%: L-ROM solution; and 4‘"*: Lavrentiev ADL-ROM solution for
r =10 with 6 = 0.6 and p = 0.06.
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Figure 3.20: At the final time T' = 150, 1%!: absolute pointwise error between
FOM and G-ROM solutions; 2"?: absolute pointwise error between FOM
and L-ROM solutions; and 3"%: absolute pointwise error between FOM and
Lavrentiev ADL-ROM solutions for » = 10 with § = 0.6 and u = 0.06.

Pointwise Error
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Figure 3.21: At the final time 7 = 150, 1%*: FOM solution; 2"¢: G-ROM
solution; 3"%: L-ROM solution; and 4**: van Cittert ADL-ROM solution for
r =10 with 6 = 0.6 and N = 8.
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Figure 3.22: At the final time T = 150, 1": absolute pointwise error between
FOM and G-ROM solutions; 2"?: absolute pointwise error between FOM
and L-ROM solutions; and 3"%: absolute pointwise error between FOM and
van Cittert ADL-ROM solutions for » = 10 with 6 = 0.6 and = 0.06.
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We show representative solutions of the velocity field for the final time
T = 150 in Figures and B.2I] It is clear that the L-ROM is not able
to reconstruct the solution provided by the FOM, while the G-ROM leads
to more accurate results and the ADL-ROM leads to the best results both
when the Lavrentiev AD operator is used and when the van Cittert operator
is used. As additional proof, we exhibit the plot of the absolute pointwise
error functions, i.e., the pointwise difference between the FOM and the ROMs
solutions in Figures and The previously observed difference in the
accuracy of the ROMs solutions is even clearer in this plot by considering
the maximum pointwise value in each of the plots.

The errors listed in Table[3.I]and all the plots show that both the G-ROM
and the ADL-ROM are more accurate than the L-ROM. Furthermore, the
ADL-ROM is more accurate than the G-ROM.

Computational performance The FE solution has 20774 degrees of free-
dom. The CPU time required by the 3000 time steps of the FE simulation
is 9900 s, and the CPU time required by the last 1000 final time steps is
3000 s. The final 1000 time steps of the ROM solutions plotted in Figures
13.19 and [3.21] require 2.20 s (G-ROM), 2.35s (L-ROM), 2.47 s (Lavrentiev
ADL-ROM), and 2.56 s (van Cittert ADL-ROM). The mild increase in CPU
time from G-ROM to L-ROM is due to line 8 in Algorithm [2] which is required
only by L-ROM. Similarly, the mild increase in CPU time from L-ROM to
the two ADL-ROMs is due to line 9 in Algorithm [3|, which is required only
by ADL-ROM. We emphasize, however, that all the ROMs yield a signif-
icant speedup: 1363.63 (G-ROM), 1276.59 (L-ROM), 1214.58 (Lavrentiev
ADL-ROM), and 1171.88 (van Cittert ADL-ROM).
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Chapter 4

Numerical Analysis

In general, reduced order model (ROM) stabilizations (or closures), includ-
ing our newly proposed Reg-ROM, are typically assessed through heuristic
approaches. Specifically, these models are implemented in numerical simula-
tions, where their effectiveness is evaluated by demonstrating improvements
in numerical accuracy compared to the standard Galerkin ROM (G-ROM)
and/or other ROM stabilization techniques.

However, many fundamental questions in the numerical analysis of ROM
stabilizations and closures remain largely unresolved. Issues such as stability,
convergence, and the rate of convergence are still open problems for the
majority of existing ROM closures and stabilization methods. While some
initial steps have been taken to address these challenges, as highlighted in
the numerical analysis of ROM closures |9 Section 4.6] and stabilizations |9,
Section 4.5], these efforts are still in their beginning. In comparison, the
numerical analysis of full order model (FOM) closures and stabilizations is
significantly more developed, leaving a noticeable gap in understanding these
topics at the ROM level.

In our second paper [68], we take a significant step toward addressing this
gap. Specifically, we establish rigorous a priori error bounds for both the
newly proposed ROM van Cittert approximate deconvolution operator and
the novel Reg-ROM, namely the Approximate Deconvolution Leray ROM
(ADL-ROM), which was first introduced in [86].

To the best of our knowledge, these results represent the first instance
of numerical analysis for approximate deconvolution operators at the ROM
level. The derived a priori error bounds provide a detailed characterization
of how the ADL-ROM error depends on both the ROM parameters (e.g.,
the number of modes and filter parameters) and the FOM parameters (e.g.,
viscosity and mesh size).

In this chapter, we present a detailed exposition of our theoretical results,
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supported by lemmas, theorems, and their proofs. The structure of this
chapter is as follows:

e In Section [4.1, we begin by introducing error bounds for the approx-
imate deconvolution (AD) operator itself. For this analysis, we focus
exclusively on the van Cittert regularization method.

e In Section [4.2] we present the main contributions of our work, namely
rigorous numerical analysis results for the ADL-ROM. These results in-
clude proofs of stability and convergence, which constitute a significant
advancement in the numerical analysis of ROM stabilizations.

e Finally, in Section [4.3] we provide numerical results that validate the
theoretical findings. In particular, we illustrate the a priori error
bounds derived in the previous sections through carefully designed nu-
merical experiments.

It is worth noting that some of the theoretical and computational content
presented in this chapter is derived from our initial work on the numerical
analysis of the ADL-ROM, as in [68].

4.1 Numerical Analysis of AD Operators

In this section, we undertake a rigorous numerical analysis of the AD opera-
tors at the Reduced Order Model (ROM) level. To the best of our knowledge,
this represents the first formal and detailed treatment of such stability prop-
erties. For related results in the context of the more thoroughly investigated
finite element (FE) framework, we refer the reader to foundational works
such as [59] and [23].

Lemma 4.1.1. Letu € X. Then
[Dyall < C(N)|luf (4.1.1)
IVDRall < CN)VIS e Jull- (4.1.2)
Furthermore, ifu € X", then
IVDyal| < C(N)[|Vul|. (4.1.3)

Slmllarly to Lemma [2.1.6) - the first bound ({ 1mphes that the com-
position D}"V o F" is a bounded operator on X Where DN = D}|xr is the
restriction of D}, to X" and Fr= FT|xr is the restriction of F” to X".
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Proof. Since the uniform in N boundedness of FT s guaranteed by ,
it is clear that to prove (4.1.1) we only need to prove that IN)TN is a bounded
operator from X" to itself. When ® € X", F" in can be replaced by
E". Upon such replacement, the right-hand side of contains linear
combinations and compositions of the continuous operator I — F ", implying
that 5}”\, is continuous as well, with a continuity constant that depends on
N.

To prove (4.1.2), we use the POD inverse inequality and the bound
in (4.1.1)):

IV Dy UII \/IIS’“ 2 [ Dy UII NIVIS 2 [l (4.1.4)

Upon recognizing that DY can be replaced by ﬁTN in @ , we finally
prove - by induction. The base case N = 0 follows from (2.1.13)), and
results in C(0) = 1. For the induction step, assume that @D holds for
N — 1. We first rewrite D” as

N N
D= I-F)®=&+> (I-F)"®

=2

=D+ (I—F)> I—F)Y®=(I+(I—-F)Dy )® (4.15)

to obtain, in particular,

and thus
triangle
~. inequality - ~. . =~ —
|V Dyl S [Val|| + [VDy_ul + VDY _ull
. gy BN
HVUH +2||VDy_ (1+2C(N —1)) [[Vull,
which concludes the proof. O

Building on the results established in Lemma [2.1.5], we now present and
prove the main ROM AD lemma of our work. This result is used to bound the
AD term in our ADL-ROM scheme in . While this lemma is tailored
specifically to the van Cittert regularization method, the approach can be
adapted to other approximate deconvolution methods.
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Lemma 4.1.2. Let up = u(z,t;) € X be a solution to (1.2.1) with Auy €
L3(Q). If Assumption holds, then, for all k

R
lu, — Dyl < C(N) | B2 4+ At + >\

j=r+1

+ C(N)o? (h2m+2 + 1157 |la RFT 4 (14 ||S7||2) At
R
+ ) IV@lPA |+ C(N)8 | Ay
j=r+1

Proof. First, we recall that from (4.1.5)) the computation of D3u can be
equivalently carried out by means of the following iterative process

0) —g = F7
womum e (4.1.6)
w" ) = Fry 4+ (I — F ™, n=0,...,N—1.
We wish now to obtain a recurrence formula for the AD error
e™ = Dhva—u=u?) —u.
To do so, replace F™u in (4.1.6) by exploiting the identity
Fu=u—(I—F)u
to obtain
O —g—u=—(—F"
e u—u u
~ ( Ju. (4.1.7)
et = (I — Fr)e, n=0,...,N—1,
and hence, in particular,
~\N
e®™) = (1 - F) (@ — u). (4.1.8)

~\N
We now consider (I - F ’") as an operator on X, and show that

T N 7| N rin\ NV
(1=F) | <= F1" < (1 + 1F0)Y < o),
by standard properties of operator norms and the triangle inequality, where
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the final inequality is due to the fact that F, is a bounded operator on X, as
shown by ([2.1.11]). Using this, we obtain

1D —ul| < C(N)|[w — ul],

and conclude by bounding the right-hand side with Lemma [2.1.5] ]

Remark 4.1.3. Lemma may be extended to establish deconvolution
accuracy scaling as 02V 2, a result that aligns with the findings in |59, Lemma
2.14] for similar analyses conducted at the finite element level. However,
achieving such scaling relies on the additional assumption that the function u
resides within the Sobolev space H3"*2 or exhibits smooth periodicity across
the domain. This prerequisite introduces a constraint on the regularity of u,
which is not universally applicable in practical scenarios.

While we have indeed observed instances of deconvolution accuracy ex-
ceeding the baseline 62 scaling for select problems, it is crucial to recognize
that these occurrences are problem-dependent and may not generalize. In
our study, as elaborated in Section the numerical tests are intentionally
designed to operate within non-smooth settings. This decision reflects the
realities encountered in many practical simulations where flows are inherently
irregular and do not conform to idealized smoothness assumptions.

Consequently, our numerical analysis of the ADL-ROM methodology
adopts a conservative approach by imposing minimal assumptions on the
regularity and smoothness of the underlying flow to be simulated. By doing
so, we aim to ensure that our findings remain broadly applicable to the ROM
configurations most commonly utilized by practitioners. For alternative ap-
proaches that incorporate more stringent regularity assumptions to derive
enhanced error bounds, readers are referred to works such as [72)].

This perspective underscores our commitment to balancing theoretical
rigor with practical applicability, thereby making our analysis relevant to a
wider range of real-world scenarios. 12

4.2 Numerical Analysis of ADL-ROM

The following lemma gives a a prior: bound, or stability estimate, for the
BDF2 ADL-ROM scheme in [3.2.1] We note that our study was the first one
in which the stability of the ADL-ROM is proved.

Lemma 4.2.1. The approzimation scheme in (3.2.1)) has a solution w}, at
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each time step k = 2,..., K which satisfies the following a priori bound

K1 K-1
luell? + 208 3 | Vul | < il + 125 - wgll® + 207" A8 Y [ fsa?
k=1 n=l
=C (up,uf, f,v ).

(4.2.1)

Proof. We choosev” = uj,, in and note that b*(Dyup, | uj 1, %}, ) =
0 by Lemma [I.2.1] Thus, we obtain
1
3 (3uj g — dup, +uj_y,upy) + VAL (Vup,, Vg, ) = At (fra,uf) -
(4.2.2)
The proof follows by using the Cauchy-Schwarz and Young inequalities, as
well as the algebraic identity used in the proof of |66, Lemma 4.1], i.e.,

%(Sa —4b+c)a = i [a® + (2a — b)*] — }1 [b* + (20— ¢)*] + }l(a —2b+c)?
(4.2.3)
[

The following lemma plays a crucial role in ensuring the optimality of the
error bound presented in Theorem [£.2.3] Specifically, it explains how As-
sumption is used to derive optimal error bounds within the ADL-ROM
framework. By leveraging this assumption, we can rigorously demonstrate
the theoretical foundations that underlie the efficiency and accuracy of re-
duced order modeling in this context.

It is important to highlight that this lemma, while indispensable in the
context of reduced order models (ROMs), is not required when dealing with
numerical methods based on finite element techniques. This distinction un-
derscores a fundamental difference between the numerical analysis of ROMs
and that of more traditional numerical methods, such as the finite element
method. In the finite element context, the inherent structure and design of
the method naturally provide the requisite stability and convergence proper-
ties without necessitating such additional lemmas.

This additional lemma addresses these challenges by ensuring that the
approximation properties and stability conditions of the ADL-ROM are pre-
served, thus enabling the derivation of robust error bounds. This divergence
in analytical requirements between ROMs and traditional methods exempli-
fies the specialized considerations necessary for advancing ROM-based nu-
merical analysis.
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Lemma 4.2.2. For any k=1,..., K — 1, the following inequality holds

2

K-1
A 19| (s~ P ()
k=1

R
< C<h2m+2 + BPH|ST| | + A (L4 ]1ST,) + Z ||V<,ojH2 Aj>,

j=r+1
(4.2.4)
where P" is the ROM projection in Definition [1.5.2,
Proof. To prove (4.2.4), we use Lemma and Assumption m
K-1 )
A0S | 97 s = P |
- - 2
N Z [V, | Hv wpst — P (um))H
< O max |V (wr — P () H Atz [V, |
() 2
< Ck:(r)?%x HV Uy — P’ (Uk+1))
(33 R )
<O R RIS, + A (L (1S7) + Y (Ve A
j=r+1
(4.2.5)

In the first inequality in (4.2.5)), we employ the first term on the left-
hand side of the stability estimate (4.2.1) in Lemma to obtain that
HuZHH is bounded by a constant C for every k = 1,..., K — 1. In the second

2
out of the sum,

in order to be able to use again (4.2.1) on At ZkK:_ll HVU’,; +1H next. In the

third inequality, we estimate At Zf;ll HVUZ +1|| using the Cauchy-Schwarz
inequality first, and then the second addend on the left-hand side of (4.2.1)),
namely:

inequality, we pull the maximum of HV (ukﬂ — Pr(ukﬂ))

2

K-1 N K-1 ) )
MY [Vupf < a0 6 3 vup )] &

k=1 k=1
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1
Atz

Att O AtZHVukHH <CC=c.

In the fourth and final inequality in (4.2.5)), we use ([1.3.8]) in Assumption
to conclude. We emphasize that we would have obtained a suboptimal
estimate if we had used instead of in Assumption . Indeed,
multiplying both sides of by K +1

IV (i — P () ||

< IV (ur — Prw))||?

k=1

R
SO R2 4 |187l2 RP A (L (ST I2) A+ Y [VeslPAy | (K + 1),

Jj=r+1

which would have multiplied (4.2.33) by K + 1, which scales as (At)~! and
would have caused the suboptimality. m

We are now in a position to present the primary contribution of this
chapter, which is the establishment of a rigorous theoretical result for the
Approximate Deconvolution Leray Reduced Order Model (ADL-ROM). This
main result represents the first instance of providing a prior: error bounds
for the ADL-ROM framework. By meticulously addressing the mathematical
and computational challenges inherent to this framework, we demonstrate
the ability to derive robust bounds on the error of our approximation. These
bounds not only validate the practical applicability of the ADL-ROM in
capturing complex flow dynamics but also offer new insights into its stability
and accuracy.

Theorem 4.2.3. Let (u,p) be a strong solution of the NSE (1.1.1))-(1.1.2)
with homogeneous Dirichlet boundary condz’tz’onsﬂ foru. Assume the initial
conditions are uy = P" (ug) and u} = P" (uy). Then, under the regularity
assumption on the exact solution (Assumption , the assumption on
the FE approximation (Assumption , and the assumption on the ROM
projection error (Assumption , there exists At* > 0 such that, for all

IThe results can be extended to the inhomogeneous case with some additional work,
but without major difficulties.
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4.2. Numerical Analysis of ADL-ROM

At < At*, the following bound holds:

K-1 9
ke =il + A Y|V (s — i)

k=1

SCQ(57 At h, HSTHQv {Aj}f:r—i-lv {HVSOJ'H};Q:T—H)? (426)

where C'= C(N,uf,ui, f,v) and G is defined as

g(57 Atv hv ||ST||2a {)‘j};{:'r—l—lﬁ {HV(pJH}f:T-Fl)

R
1
= (118 [ are 3

Jj=r+1

R
1
+ <1 +0° HS’"HS) W2 |87l B (L ST )AL+ Y (Ve [1PNy

Jj=r+1

+ 64873 (4.2.7)

Proof. We begin with the weak formulation of the NSE given in (1.2.1)). At

a continuous level, recall that for v,w,u € X,

b*(u,v,w) = b(u,v,w) = (u- Vo, w).

Then, at time t;.1, the NSE in (1.2.1)) with v =v" € X" yield

<uf“,vr> + 0" (g1, U1, ") + v (Vagyr, V)
— (Prs1, V- 0") = (fre1,0) (4.2.8)

Subtracting (3.2.1]) from (4.2.8]), we obtain

3u; ., — du; +uj,
+ k+1 k k—1
( f ' - 0"

2At
+0* (Uks1, U1, v") — b (DL, ufyq,07)
v (Vg1 — Vg, Vo) — (pry1, V-0") = 0. (4.2.9)
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4.2. Numerical Analysis of ADL-ROM

Suppr — 4wy, +up_q
2At

Adding and subtracting ( ,'vr), we have

2At
N (3’u,k+1 —duy tupg Bujy — g tup ,UT)

w1 — duyp +up_y
<’U,f+1 . + 7,07'

2At 2At
b (uk+1vuk+17vr) - (D?qul;Jrl’ u2+17')r)
+v (Vg — Vg, Vv') = (peg, V- 07). (4.2.10)

We decompose the error as follows:

T _ T r r _ r
U1 — Up g = (Uk+1 - wk+1) - (uk+1 - 'wk+1) =Mer1 — Ppyy,

where wj,; = P (uj1) is the L? projection of w1 on X", i.e.,

(ﬂk+1=‘)0r) = (uk+1 - 'w2+1a‘PT) =0, v(pr X" (4211)

: . gy — duy + up—
Choosing v" = @}, and letting ry; = uf ™t — 1 2A11: b 1,

(4.2.10) becomes

IAL (3(77k+1 - ‘I’Zﬂ) —4(n — @) + (M1 — ‘I)Zfl)vq)erl)
—v (V®}, 1, V® 1) + v (VNs1, V)
+b* (uk—i-l;uk—l-la ‘I)ZH) -0 (DyVQTﬂa u};ﬂ, ‘I’ZH)
+ (res1, @ 1) = (o1, V- @) - (4.2.12)

Since @}, € X", (4.2.11)) implies that (n,, ®},,) =0for k = k—1,k k+
1. Thus, (4.2.12]) becomes

1
S (B8, —49) + @[, 8],) + v (V8] VB[,
= (Tk+1,‘1>7/;+1) +v (Vnk+17 V‘I’ZH) + b (Uk+1,uk+1,‘1’2+1)

—b* (Dt W, ®h) — (P41, V- @) - (4.2.13)
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4.2. Numerical Analysis of ADL-ROM

We write the left-hand side of (4.2.13) as

1 1
a7 (195all + 1205, — #1I) - 7 (1051 + 225 - &p )
1
+ a7 125 — 20+ o, | +v||vey, | (4.2.14)

by applying the algebraic identity (4.2.3)).

We now use the Cauchy-Schwarz, Young, and Poincaré inequalities to
bound the first two addends on the right-hand side of (4.2.13)) as follows:

(o1, @pry) < Pl || @y ]

1
<G (4—5 Irial® + & Hv<1>;;+1H2) : (4.2.15)

v (V’ﬂkzﬂ, V‘I:‘ZH) < v |Vl ||V‘I’Z+1H

1
<Gy <4—€ IV ll” + e ||v<1>;;+1||2) , (4.2.16)

with € > 0 to be chosen later.

The nonlinear terms on the right-hand side of (4.2.13|) can be written as
follows:

b* (Uk+17uk+17 <I)71;+1) - b (Djrvfma Up iy, (I)2+1)
= 0" (wpr1, U1, @pyy) — 0" (DN g, Uy, By y)
+ 0" (D;VIIT—FU Uk+1, <I)2+1) — b (Dlr\ﬂmv u2+1= (I)2+1)
=0 (uk+1 - DTN’T—H? uk+17¢2+1) + b (DJTVIIT-HJ Uk+1, (I)2+1)
b (DR e @) + b (DR e, B) — b (DA B)
= 0" (w1 — Dy e, By ) + 0% (DT, s, By )

- <DTN‘I)Z+1=Uk+1=(I’Z+1) + 0" (DTN“ZHWHL‘I’ZH) _W’

(4.2.17)

where in the last term we have used Lemma [[.2.1]

For the last three addends in (4.2.17)), we apply Lemmas [1.2.1| and [4.1.1}
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4.2. Numerical Analysis of ADL-ROM

and Young inequality:

[ — 1 1
b (D et @) < C | D [ |V DR [P 93 || V2 |

1 1
C llaicaall* Ve [[* 19301 [[ V@R

1
C3 (4_5 [t || [Vt | V02 ]” + € HVQZHW) .
(4.2.18)

TNV NS

For the second

1 ., 1 ,
C | Dt |2 [V Dt |2 (| Vg || ||V |
1 . i 1 .
Cllmesall2 1SN ka1 [ Ve || ||V |

Lo o2
1 (2 1571 Il 1P 7817
(4.2.19)

b* (DTNW, Up 41, ‘I)ZH)

IA I/\E I/\E

Lastly,

* T & T 12l % % T
b (DN(I)k+17uk+l7q)k+1> < C‘ ||v“k+1|| chpkﬂH

T s
DN(I)k—H

VD&,

1 3
C @ | Vet ||V |

1
G (2 Il 5.+ <[99
(4.2.20)

A A

Similarly, for the first addend in (4.2.17)), we get

* r — r
b (Uk+1 - DNuk+17uk+17(I)k+1)

IV | | V@ |

)

te || ver). (4.2.21)

)

T
‘V (uns1 — Dy

iwal . 1 -
< CHukH DNukHH HV(W;H D 5

IVt ||

1
< Ci (3 uwer — D]

Since @}, € X" and X" is a space of weakly divergence-free functions,
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4.2. Numerical Analysis of ADL-ROM

the pressure term on the right-hand side of (4.2.13]) can be written as
~ (o1 V@) = = (prs — 0V ).

where ¢" is an arbitrary function in Q". Thus, the pressure term can be
estimated as follows by using the Cauchy-Schwarz and Young inequalities:

1 2
eV 2) <G ([~ [ e Ivera ). a222)

Now choose € > 0 such that 4v—4e (Cy + Co + C3 + Cy + C5 + Cg + Cr) =

-----

once the choice of € for Cs has been made. Then, substituting inequalities
(T.2.14)-([F.2.16), [F-2.18)-(E.2.21), and ([£.2.22) in (F.2.13), we obtain

@5 * + l120% — 25" — (151 + 225 - 25, ]|°)
+ || @5y — 205 + @5, ||* + CoAt |V |
< Cy (At st || + At [ Vi ||” + At {Jug o || ||Vt || 11V752 )12
FALS3 s | [ Vs | + At [V | @

V]

0t [luger = Dy ||V (e — D)

+At [prs — anll) (4.2.23)

Summing (4.2.23)) from £k =1 to k = K — 1, we have

K-1
r r 2 r r r
15 1” + Cst Y [V < (197]1° + (1297 — &5
k=1
K-1 K-1 K-1

+ CoAL | ekl + D IVmeall? + D g || || Vs |1 V011
k=1 s o

1|V (e — Dy

K-1
+ 3 |lwees — Dy V]
k=1

K-1

Z [P+ — qh||2
k=1

K—1
_ 2 2
H 1S Vst | e I +
k=1
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K-1

+ 3 IVak || @5 ] - (4.2.24)

k=1

The first two terms on the right-hand side of vanish, since u; = wy
and u] = w’.

To estimate the third term on the right-hand side of , we expand
u* and u*~! about t;,, with Taylor’s theorem. Then,

1 te+1 ]
uf = ot —uf AL §uft“At2 - / iuttt(s)(tk —s)%ds,  (4.2.25)

tg

te+1 1
Tt = uF T - T AL 4 2ul T AR — / iuttt(s)(tk,l — 5)%ds. (4.2.26)

te—1

Multiplying (4.2.25)) by —4, adding the result to (4.2.26]), and rearranging

terms, we obtain
tet1
ui AL — <3uk+l — du® +uk_1) = —2/ e () (b — 5)°ds
tg

tet1 1
+ / “Uyy () (tpy — 8)%ds. (4.2.27)

th—1 2

The left-hand side of divided by 2At is r,41. When taking the L?
norm in space of , the result is the norm of a difference of two similar
integrals. We use the triangle inequality to bound these norms individually
such that both have a factor of At3/2 multiplied by a constant. We now
demonstrate how to bound the first term on the right-hand side of (4.2.27):

2 3
tet1 (tk—8)2
= Uy (S)———ds | dzx| .
/ ( JRRZCESS

(4.2.28)
Using the Cauchy-Schwarz inequality for the time integral yields

1 tht1 )
—E . 2/ uttt(S)(tk — S) ds

tr

/g)(/t:ﬂluttt(s)%ds)de 2
< /Q ( /:H (uttt(s))2d3> ( /t:kﬂ %@) de| . (4.2.29)

=
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4.2. Numerical Analysis of ADL-ROM

Noting that |t — s| < At and evaluating the integrals in (4.2.29)), we
obtain

1
te+1 tet+1 t, — )4 :
/ (/ (uttt(s))2d5> (/ %dS) dx < HutttHLQ(LQ)At%a
Q tr ti

(4.2.30)
where || - || 2(z2) refers to the L* norm in both space and time over 2 and the
time interval [t;_1,tx41]. This change to a larger time interval than in (4.2.29
is informed by the next point, which is that the second integral in (4.2.27
may be bounded in a similar manner by noting that |tx_; — s| < 2At over

[th—1, tht1)-

Using (4.2.27)-(4.2.30) with a constant Cy depending on ||| 1212y, we
obtain the following bound:

K-1
At Z ||rk+1||2 S CloAt4. (4231)

k=1

Using ([1.3.6)), the fourth term on the right-hand side of (4.2.24]) can be

estimated as follows:

K-1
At Z IVns ||
k=1

R
< On [ B2 4 RISy + A (L 1571) + Y IV A
j=r+1
(4.2.32)

To estimate the fifth term on the right-hand side of (4.2.24]), we use
Lemma [£.2.2}

K-1
A et || [ Vet || V0051
k=1
R
< Oy [ R t2 4 p2mtd 15" |l + At (1 + HSTH2) + Z HV%‘HQ)\]'

Jj=r+1

(4.2.33)

To estimate the sixth term on the right-hand side of (4.2.24), we use
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4.2. Numerical Analysis of ADL-ROM

(4.1.2)), Lemma and Assumption [1.2.1}

K-1
At e = D |9 (e — D) | IV
k=1

A 1 K-l 9
< CulsTl3 At Y flure — Dy || [ Vi |
k=1
K-1 R
~ 1
< CullSE ALY [Vu | || A+ YT N
k=1 j=r+1

R
+6% | B2 RP|ST|, 4+ A (1 +]1ST,) + Z HV<ij2Aj + %

j=r+1

R
21 1
< CusllSTNE [ R A YN

Jj=r+1

R
+07 | B2 4 RIS, + A (14 1S7]l,) + Z HVgojHZAj + o

Jj=r+1

(4.2.34)

Using Assumption [1.3.1, the seventh term on the right-hand side of
(4.2.24)) can be bounded as follows:

K-1
r % 2 2
157113 A8y~ Vet | e |
k=1
~ PRt R
< Cult][ST3D IVup|* [ B+ A+ YN,
k=1 j=r+1
2T 1 il
< ST LR A > N (4.2.35)
j=r+1

Since in (4.2.22)) ¢" is an arbitrary function in Q", we can use Assumption
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4.2. Numerical Analysis of ADL-ROM

to bound the eighth term on the right-hand side of (4.2.24)) as follows:

K-1

ALY lprss — anl® < Cish? 2. (4.2.36)

k=1

Collecting (4.2.31))-(4.2.36)), equation (4.2.24]) becomes

K—-1
1512 + Csat Y [V, |

k=1

K-1

< Cip AL [V [*[|@F ]| + At
k=1

R
4 | p2m2  p2med ||STH2_|_A254 (1+HSTH2)+ Z HV(‘DJ'HQ)V

Jj=r+1

R
4 | p2m2  p2med ||STH2_|_A254 (1+HSTH2)+ Z “V¢j‘}2)\j

j=r+1

R
1
+ 15712 | h2mHt 4 At + Z by

Jj=r+1

R
Y875 [ B2 R8T, + A (LIS + Y Vel

j=r+1

R
1 1
+ 54HSTH22 +HSTH22 h2m+4+At4—|— Z )‘j +h2m+2
j=r+1
K-1

= Cig ¢ ALY [ Va5

k=1

R
[ B RS+ A (L ST, + Y (Ve P A

Jj=r+1

R
+ 02 ISTNF | B2 RS, + A (L (1S7]) + Y (Ve A

j=r+1
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R
+ S STIE +STIE | P A YN

Jj=r+1

@27) K-l 4 2
= Cir QALY [V || || @544 |

k=1

+ GO AL S A IV ) - (42.37)

Lemma implies that, for small enough At (in particular, At <
(Cir max << ||V ||") 1), the following inequality holds

K-1
r r 2
15 [I* + CsAL > [V, |
k=1
S C118 g(67 Ata ha ||ST||2a {)‘j}f:r-ﬁ-l? {HVQDJ”};{:H—I) (4238>

By using (4.2.38)), the triangle inequality, and (|1.3.6])-(1.3.7]), we obtain

K-1
2
g — el + A Y Hv (s — ) (4.2.39)
k=1
< CG6, O b, |57 | AN 1 AV 1 ). (4.2.40)
This completes the proof. n

4.3 Numerical Results

Goals In this section, we perform a comprehensive numerical investigation
to evaluate the theoretical results derived in Sections [£.1] and 4.2l The pri-
mary objective of this analysis is to determine whether the outcomes of our
numerical experiments align with the a priori error bounds established for
the ROM approximate deconvolution operator, as detailed in Lemma [4.1.2]
and for the ADL-ROM approximation, as formulated in Theorem [4.2.3]

To ensure consistency and fidelity to the theoretical framework, this sec-
tion concentrates exclusively on the van Cittert approximate deconvolution
(AD) method described in Section As such, any references to ADL-
ROM in the context of our numerical results should be explicitly interpreted
as ADL-ROMs constructed using the van Cittert regularization method.

Furthermore, it is important to note that, as in previous sections, the
methodologies under consideration are applied to the Navier-Stokes Equa-
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4.3. Numerical Results

tions (NSE) (1.1.1)) and (1.1.2)). By grounding our investigation in this well-

established mathematical framework, we aim to rigorously validate the the-
oretical developments and provide deeper insights into the performance and
accuracy of the proposed ADL-ROM approach.

A1

00, 00,

(0,0) 20 0.1)

Xn

Figure 4.1: The computational domain, €).

Computational setting For our numerical investigation, we adopt a sim-
ilar test problem and computational setup as those described in 7 Section
5. The problem involves the 2D incompressible fluid flow with a known an-
alytical solution. Specifically, the exact velocity, denoted by u = (u,v), is
defined by

"= %arctan (—%(y - t)) sin(ry) (4.3.1)
" v %arctan <—%(9£ - t)) sin(rz) (4.3.2)

Additionally, the exact pressure is constant, given by p = 0.

We conduct two tests by setting two different viscosity values, i.e., v =
1072 and v = 5 x 107%, and then select the forcing term to match the exact
solution.

We consider the motion of the incompressible flow within the computa-
tional domain © = [0, 1] x [0, 1], illustrated in Figure
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The exact solution satisfies the following boundary conditions:

u=20 on 0f),, and 0€,,,
v=20 on 02, and 0, ,

4 (4.3.3)
&=0 on 0%, and 0%,
Gu =0 on 02, and 0€,, .

Since the snapshots are obtained from the exact solution (by interpolating
it on the finite element mesh), as explained after, the snapshots inherit the
homogeneous Dirichlet and Neumann boundary conditions satisfied
by the exact solution. Thus, at the ROM level there is no need to enforce
the boundary conditions since the POD basis and, as a result, the ROM
solution will automatically satisfy the homogeneous Dirichlet and Neumann

boundary conditions (4.3.3)).

Figure 4.2: The FE mesh.

Snapshot generation The numerical tests are performed on a triangular
uniform mesh with h = &; (see Figure . Spatial discretization is achieved
using the inf-sup stable Taylor-Hood P? — P! finite element pair for velocity
and pressure, respectively. This discretization results in a finite element space

with a total dimension of D = D), = D} + D} = 38578 + 4887 = 43465. We
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4.3. Numerical Results

gather the snapshots over the time interval [0, 1] at intervals of At = 1072,
interpolating the analytical solution (u,v) on the finite element mesh.

107

=1

20 40 60 80 100

Figure 4.3: Normalized singular values from POD procedure with v = 1073
and 7,4 = 100.

Figure 4.4: Normalized singular values from POD procedure with v = 5 x
10~ and 7,40 = 100.

ROM construction To construct the POD basis functions, 200 snapshots
of the velocity field are collected over the whole time interval [0, 1]. In this
case, rather than employing the common centering trajectory approach, we
directly apply the method of snapshots to the snapshot data since we did not
use a proper FEM solution. The resulting POD basis has a dimension of 100.
The first » = 100 POD modes capture more than 99.9% of the flow’s energy
both for v = 1073 and for v = 5 x 107%, as shown in Figures and [4.4]
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respectively. We deliberately take a large number of POD basis functions to
validate the theoretical error bounds in Lemma and Theorem by
using very accurate solutions. The POD modes are utilized to construct the
ADL-ROM, which is analyzed over the entire time interval [0, 1].

A second-order backward differentiation formula (BDF2) scheme is em-
ployed for temporal discretization of the ADL-ROM simulations with a time
step size of At = 1073, The initial conditions for ADL-ROM solution are
u"; =u_; and u{ = ug, where u_; and u, are the first two time steps of the
analytical solution interpolated on the reduced space.

Parameters The inlet velocity, the dimensions of the domain and the vis-
cosity values, i.e., v = 1072 and v = 5 x 107%, lead to the following Reynolds
numbers: Re = 1000 and Re = 2000.

One of the most important parameters of ROM-DF and AD operators
is the radius of the ROM differential filter introduced in Section 0.
To validate our theoretical error bounds we employ different § values as
illustrated in Sections and [£3.3

The other parameter of interest is the van Cittert order, N. For this case,
we chose to keep the value of N fixed. In particular, after some preliminary
tests we chose N = 5.

4.3.1 ADL-ROM Solutions

In this section, we present a detailed comparison of the exact and ADL-ROM
solutions for the velocity field. The reduced solution is computed using r = 99
POD modes. For the approximate deconvolution process, we employ the van
Cittert method with the order of approximation N set to 5.

140400 1.46+00

13 13

12 12

1 1
1, )

—-09 —09

—08 —08
-07 —07

~06 L 06

05 05
04 04
03 g 03
02 02
01 . I' 01
00e+00 006400

Figure 4.5: Exact solution (left) and ADL-ROM solution (right) at ¢ = 0.5,
for v =1073, r =99, § = 6.25 x 1072, and N = 5. Color and position are
determined by the magnitude of the velocity field.
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1.0e+00

— 02

L.

04
06
0.8 L
»
-1.0e+00

1.0e+00

— 02

04
06
08
-1.0e+00

Figure 4.6: Exact solution (left) and ADL-ROM solution (right) at ¢t = 0.5,
for v = 1073, r = 99, § = 6.25 x 1072, and N = 5. Color and position are

determined by the x-component of the velocity field.

1.0e+00

uy
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1.0e+00
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o
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Figure 4.7: Exact solution (left) and ADL-ROM solution (right) at ¢t = 0.5,
for v =1073, r =99, § = 6.25 x 1072, and N = 5. Color and position are

determined by the y-component of the velocity field.

Figure [4.5 illustrates the solutions obtained at ¢ = 0.5 with the viscosity
parameter set to v = 107 and the filter radius J chosen as 6.25 x 1072. From

these plots, two key points emerge:

1. The foremost challenge in this scenario is the accurate reproduction of
the wave propagation present in the exact solution. This difficulty is
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4.3. Numerical Results

especially apparent in Figures [4.6] and [4.7, where the dynamics of the
wave are intricately captured.

. Despite the inherent challenges, the ADL-ROM solution demonstrates
a commendable ability to approximate the exact solution, thereby vali-
dating the efficacy of the van Cittert-based approach within this ADL-
ROM framework. This is particularly evident in the left-hand plot of

Figure

1.4e+00

13

12
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—09
—08
—07
—06
05
04
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02

0.1
0.0e+00

Figure 4.8: Exact solution (left) and ADL-ROM solution (right) at ¢ = 0.5,
forv =5x107% r =199, § = 1.25 x 107!, and N = 5. Color and position
are determined by the magnitude of the velocity field.

u_x

— 02 — 02
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.
-1.0e+00 -1.0e+00

Figure 4.9: Exact solution (left) and ADL-ROM solution (right) at ¢ = 0.5,
for v =5 x 1074, r = 99, 6 = 1.25 x 1071, and N = 5. Color and position
are determined by the x-component of the velocity field.
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1.0e+00

08

06

—04

—02

uy
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02 — 02
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-1.0e+00 -1.0e+00

Figure 4.10: Exact solution (left) and ADL-ROM solution (right) at ¢ = 0.5,
forv =5x10"% r =299, 6 = 1.25 x 107!, and N = 5. Color and position
are determined by the y-component of the velocity field.

Similarly, Figure depicts the solutions at ¢ = 0.5 for a different pa-
rameter setting, i.e., the viscosity is reduced to v = 5 x 107, and the filter
radius is increased to § = 1.25 x 107!, In this case, the same two crucial
observations from the previous configuration remain valid:

1. Accurately capturing the wave propagation remains a primary diffi-
culty, as clearly illustrated in Figures [4.9] and [£.10]

2. The ADL-ROM solution continues to provide a reliable approximation
of the exact solution, even for this reduced viscosity value. This is par-
ticularly evident in the right-hand plot of Figure [4.11], which showcases
the accuracy and robustness of the method across varying parameters.

Through these numerical results, we observe the strengths of the ADL-
ROM framework in approximating the velocity field of the exact solution
under different parameter configurations. These findings underline the po-
tential of the van Cittert-based ADL-ROM in addressing the complexities
for fluid dynamics problems.

4.3.2 AD Rates of Convergence

In this section, we perform a numerical investigation of the van Cittert ap-
proximate deconvolution method itself, independently from the online run-
ning of the ROM. Specifically, we investigate numerically how ||u; — Dy ug||
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1.5e+00
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01

3.4e-20 0.0e+00

Figure 4.11: At t = 0.5, for N = 5 and r = 99 Pointwise absolute error
between the exact and the ADL-ROM solutions for v = 1073 and § = 6.25 x
1072 (left) and for v =5 x 107* and 6 = 1.25 x 107! (right).

scales with respect to the filter radius, 0. We recall that D\uy is the in-
terpolated exact solution at time ¢, after the van Cittert AD operator in
and the filter in are applied to it. To this end, we note that a
theoretical scaling is provided by the a priori error bound in Lemma [4.1.2]
which, for completeness, we include below

R
lux — D> < C(N) | B2+ At + D\

Jj=r+1

+C(N)O* (B2 4[| STl A2+ (1 4+ [|572) At

R
+ Y Ve lIPA | + CN)6" || A . (4.3.4)

Jj=r+1

To investigate how ||uy — Dy || scales with respect to the filter parameter
d, we make the other sources of error (i.e., those associated with the finite
element and ROM truncation errors) small compared to those associated
with 9.

Our primary sources of error in Lemma [£.1.2] depend on h, At, §, and
the ROM truncation errors A7, = Z] oAy and AL, = Z] S ||V<pj|\2)\
Because our snapshots are projections of the analytlcal solution on the finite
element space, the approximation error is independent of the time step, At.
Fixing h = 1/64, m = 2 since we use the Taylor Hood element, and r = 99,
we have that h*™ = O(107%), A}, = O(107°), A}, = O(10°), and ||S, ]2 =
O(10°%).
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5 EAD

1.00 x 1071 | 8.02 x 102
8.20 x 1072 | 5.78 x 1072
6.40 x 1072 | 3.82 x 1072 o

4.60 x 1072 | 1.87 x 1072
2.80 x 1072 | 7.06 x 1073

1.00 x 1072 | 9.12 x 10~* ‘
Table 4.1: AD approxima- Figure 4.12: Linear regression of
tion error E}:‘QD for decreas- E‘L“QD with respect to § for v =
ing 0 values and for v = 1073,

1073,

The a priori error bound suggests the scaling |lu,— Diag|| = O(6%)
when all other sources of error are small. To investigate numerically this
theoretical scaling, we use the following error metric, with u’ referring to
the FE projection of the known solution at the final snapshot used for POD:

EAP = ||luh — Dl . (4.3.5)

Results for v=10"3

In Figure , we validate the theoretical scaling EfQD = O(4?) by examining
the behavior of the L?-norm error Eng . Specifically, we compute and plot the
error values for » = 99 POD modes. The filter radius 0 is varied systemati-
cally within six evenly spaced values ranging between 102 and 10~!. These
filter radius values and the corresponding error data are detailed in Table[4.T],
providing a clear numerical foundation for the theoretical expectations.

Results for v=5 x 1073

Similarly to the previous section, in Figure 4.13] we further validate the
theoretical scaling E7 = O(?) by plotting the error £ for the same
configuration as before, i.e., with r = 99. In this case, the filter radius
d is chosen from six evenly spaced values within the range from 107! to
4 x 107!, The corresponding values of § and the calculated error data are
comprehensively documented in Table
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b EAP
4.00 x 107 | 5.49 x 1072 — ;
3.4 x 107" | 2.45 x 1072 [
2.80 x 107! | 8.82 x 1073 ;
2.22 x 107! | 4.62 x 1073 T
1.60 x 107! | 3.82 x 1073 I .
1.00 x 1071 | 3.12 x 1073 ¢ e e

Table 4.2: AD approxima- Figure 4.13: Linear regression of
tion error E‘L42D for decreas- E’L42D with respect to d for v =5 x
ing 0 values and for v = 1074

5x 1074

Through all these plots and tabulated results, we demonstrate that the
numerical experiments are consistent with the theoretical prediction, high-
lighting the quadratic dependence of the error on the filter radius . These
findings reinforce the reliability of the AD operators in the ROM framework
and their alignment with the underlying theoretical analysis.

4.3.3 ADL-ROM Rates of Convergence

In this section, we perform a numerical investigation of the ADL-ROM a
priori error bounds f in Theorem % The ADL-ROM ap-
proximation error at the final time step is E‘L“f L=ROM _ Hu’}( — u%H, where
u} is the ADL-ROM solution at the final time step. We numerically inves-
tigate the rates of convergence of E‘L42D L=ROM with respect to the filter radius
¢ and the ROM truncation error A%, = Zf:Hl Ve, [I2A;.

To determine the ADL-ROM approximation error rate of convergence
with respect to 6, we fix h = &, r = 99, At = 107*, N = 5, and vary
6. With these choices, h?™ = O (107%), At* = O (107'2), A}, = O (107°),
A% = ©(10°), and [|S"||, = O (10°). Thus, the theoretical ADL-ROM a
priori error bound predicts the following rate of convergence of E’L42D L=ROM
with respect to 9:

EPEROM = 0 (87). (4.3.6)
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5 EADL-ROM
L Estimated Slope: 1.958222
6.50 x 10! | 2.66 x 10~ ot
5.00 x 107! | 8.72 x 102 " —
2.50 x 107! | 4.74 x 1072
1.80 x 107! | 2.44 x 1072
1.25 x 107 | 8.05 x 1072
6.25 x 1072 | 2.06 x 1073 :
Table 4.3: ADL-ROM Figure 4.14: Linear regression of
approximation error E}j‘QD L=ROM with respect to § for

ESQDL_ROM for decreasing ¢ v=1073

values and for v = 1073.

To determine the ADL-ROM approximation error rate of convergence
with respect to Af, we fix h = g7, At =103, 0 = 6.25 x 1072, N =5, and
vary 7. With these choices, h*™ = © (107®%) and [|S"||, = © (10%) — O (10°).
Thus, the theoretical ADL-ROM approximation error bound predicts the
following rate of convergence of EfQD L=ROM ith respect to Al

E}PEROM = O (Afp) . (4.3.7)

Results for v=10"3

The ADL-ROM approximation error EfQD L=ROM 5 listed in Table for
decreasing 0 values. The corresponding linear regression, which is shown in
Figure [£.16] indicates the following ADL-ROM approximation error rate of
convergence with respect to d:

EpPEROM — © (61%) . (4.3.8)

Thus, the theoretical rate of convergence is numerically recovered.

The ADL-ROM approximation error E‘L42D L=ROM i5 listed in Table for
increasing r values. The corresponding linear regression, which is shown in
Figure [£.17] indicates the following ADL-ROM approximation error rate of
convergence with respect to A7;;:
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r - EaAPL—ROM PP :
10 | 2.14 x 10* | 9.55 x 1072 ) e
20 | 1.71 x 10* | 4.98 x 102 “

30 | 1.34 x 10* | 3.37 x 102 ‘.

40 | 1.02 x 10* | 2.34 x 1072 o]

50 | 7.36 x 10 | 1.83 x 1072 e

Ny

Table 4.4: ADL-ROM approx-
imation error E‘LL‘ZD L=ROM ).
increasing r values and for v =

1073.

Figure 4.15: Linear regression of
E’LL‘Z,D L=ROM (ith respect to A’ for
v =103

B — 0 (7)),

Thus, the theoretical rate of convergence is numerically recovered. We note
that the rate of convergence displayed by the numerical results in Figure |4.17]
(ie., 1.50) is higher than the theoretical rate of convergence in (4.3.7). We
believe that this higher rate of convergence in Figure is in part due to
the outlier data point in the top right corner of the plot, which corresponds
to the largest value of A%,;. This r value yields the lowest ROM resolution
results, which are less accurate than the results corresponding to the other r
values.

Results for v=5 x 1073

The ADL-ROM approximation error E’L42D L=ROM 5 listed in Table for
decreasing ¢ values. The corresponding linear regression, which is shown in
Figure [4.16] indicates the following ADL-ROM approximation error rate of
convergence with respect to d:

EfQDL_ROM —© (52.32) )

Thus, the theoretical rate of convergence is numerically recovered.

The ADL-ROM approximation error E’L42D L=ROM is listed in Table for
increasing r values. The corresponding linear regression, which is shown in
Figure [4.17] indicates the following ADL-ROM approximation error rate of

(4.3.9)
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S EAPL=ROM
L

3.00 x 107! | 5.37 x 102

2.50 x 1071 | 4.73 x 1072

2.00 x 107! | 3.08 x 1072

1.80 x 1071 | 2.29 x 1072

1.50 x 1071 | 1.23 x 1072

1.25 x 1071 | 7.64 x 1073
Table 4.5: ADL-ROM
approximation error

ADL—ROM

for decreasing ¢

values and for v = 5 x 107%.

r A%l E1L42DL—ROM
5 | 3.66 x 10* | 1.28 x 107!
10 | 3.36 x 10* | 1.42 x 10~*
20 | 2.81 x 10* | 6.30 x 1072
30 | 2.28 x 10* | 4.31 x 1072
40 | 1.78 x 10* | 2.80 x 1072
50 | 1.28 x 10" | 2.02 x 1072

Table 4.6: ADL-ROM approx-
imation error E’L42D L=ROM ;.
increasing r values and for v =
5x 1074,

convergence with respect to A;;:

Estimated Slope: 2.324706

Figure 4.16: Linear regression of
E};DL_ROM with respect to § for
v=>5x10"%

Estimated Slope: 1.822738

Figure 4.17: Linear regression of
EZ‘QDL_ROM with respect to A}, for
v=>5x 1074

ESQDL,ROM —~-© (( 7nHl)I.SQ) .

Thus, the theoretical rate of convergence is numerically recovered. We note

99



4.3. Numerical Results

again that the rate of convergence displayed by the numerical results in Figure
m (i.e., 1.82) is higher than the theoretical rate of convergence in (4.3.7)).
Also in this case, we believe that this higher rate of convergence in Figure
[4.17)is in part due to the two outlier data points in the top right corner of
the plot, which correspond to the largest values of A%;;. These r values yield
the lowest ROM resolution results, which are less accurate than the results
corresponding to the other r values.
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Chapter 5

Parametric Approximate
Deconvolution Leray Model

In this chapter, we present and discuss a currently ongoing research project,
aimed at further extending and evaluating the potentiality of the ADL-ROM
methodology in a parametric setting.

More specifically, in Chapter 3] we provided a comprehensive and detailed
exposition of the construction process underlying our newly proposed Reg-
ularized Reduced Order Model (Reg-ROM), referred to as the ADL-ROM.
This development was carried out within the framework of model reduction
performed exclusively in the time domain. In contrast, the present chapter is
dedicated to a numerical investigation of the ADL-ROM in a scenario where
model reduction is not limited to the time domain, as extensively examined
in Chapters 3| and |4}, but is also extended to the parameter domain. In par-
ticular, we introduce parametric dependence by considering variations in the
viscosity parameter v.

The organization of this chapter is as follows:

e In Section [5.1} we provide an overview of how model reduction can be
performed simultaneously in both the time and parameter domains. In
this context, we introduce an additional Proper Orthogonal Decompo-
sition (POD) technique, namely the nested-POD (n-POD), which is
specifically designed to handle such a double reduction framework.

e In Section [5.2] we develop and present the appropriate formulation of
the ADL-ROM when model reduction is applied not only in the time
domain but also in the parameter domain. This formulation accounts
for the parametric dependence introduced via the viscosity coefficient
v.
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5.1. Model Reduction: With Respect to Time and Viscosity

e Finally, in Section[5.3 we present a set of preliminary numerical results
aimed at assessing the accuracy of the ADL-ROM in reconstructing
reference solutions, particularly in its parametric variant. To conduct
this analysis, we specifically focus on the van Cittert AD operator.

It is important to emphasize once again that the present study represents
an initial step in exploring the parametric version of ADL-ROM. Since our
research in this direction is still in progress, further refinements and exten-
sive investigations are required before arriving at a definitive and complete
understanding of the topic.

5.1 Model Reduction: With Respect to Time
and Viscosity

We consider the incompressible Navier-Stokes equations (NSE) in ([1.1.1))-
(1.1.2) with a variable kinematic viscosity v, which is assumed to lie within
a predefined range

V € [Vinins Vmax) C RT.

A more detailed discussion regarding the choice of the parameter and its
range will be provided in Section [5.3

Performing model reduction simultaneously in both the time domain and
the parameter domain presents significant computational efforts. A standard
proper orthogonal decomposition (POD) approach that compresses data con-
currently in time and across the parameter space would require substantial
computational resources. Consequently, to circumvent the high computa-
tional cost associated with this brute force POD approach, we employ an
alternative and more efficient strategy: the nested-POD (n-POD) algorithm.
This hierarchical compression technique is widely recognized in the reduced
order modeling community and is often referred to by various names in the
literature (see, e.g., |5 8, 17, 145]).

The n-POD algorithm performs data compression through a sequential
two-stage process, initially targeting the temporal domain before addressing
the parameter space. Specifically, in the first stage, each time trajectory as-
sociated with the selected parameter undergoes compression. Subsequently,
in the second stage, a POD-based reduction is applied to the already time
compressed parametric solutions. By systematically separating the time do-
main reduction from the parameter domain reduction, the n-POD algorithm
achieves notable savings in both computational time and storage require-
ments when compared to the conventional monolithic POD approach. In our
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5.1. Model Reduction: With Respect to Time and Viscosity

numerical study, we adopt the n-POD algorithm as formulated in [50], which
is structured into two decoupled levels:

1. Initial Compression of the Time Trajectories:

Tv

e In the first stage, a set of training parameters {v;};”, is selected
within the given parameter space.

e For each selected parameter value v;, a standard POD procedure
is applied in time, retaining only the first * dominant modes cor-
responding to the velocity field.

e These POD modes, scaled by their associated singular values (as
outlined in Section [1.3.1)), are denoted as @y, ; for j =1,... 7"

),

2. Global Compression of the Scaled Modes:

e In the second stage, a global POD procedure is employed to further
compress the previously obtained time-reduced modes across the
parametric domain.

e The final reduced space for the velocity field is constructed as
X" =POD ({uoni} )y {utri} ) ) (5.1.1)

For the sake of readability, we introduce the following compact notation

for the reduced space associated with the ROM velocity field

X" = n-POD <{u ()} ;rt> . (5.1.2)
Here, 1! corresponds to the dimension of the time-reduced basis obtained in
the first compression stage, while r denotes the final reduced space dimension
for the velocity field.

Consistently with the approach adopted throughout this thesis, we do not
explicitly consider the pressure term in the reduced model. This decision is
justified since the POD modes associated with the velocity field are inherently
solenoidal and, by construction, satisfy the prescribed boundary conditions.
Nevertheless, should a pressure approximation be required, the nested-POD
procedure can be smoothly extended to alternative ROM formulations, such
as those incorporating supremizer enrichment strategies.

Through the application of the n-POD algorithm, we achieve a substantial
reduction in both computational time and storage requirements when com-
pared to the conventional monolithic POD approach. Moreover, the reduced
basis functions obtained through the n-POD are comparable with those that
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5.2. Parametric ADL-ROM

could be obtained through the conventional POD. Thus, these two charac-
teristics make the n-POD method a compelling choice for parametric model
reduction in complex fluid flow problems.

5.2 Parametric ADL-ROM

In Algorithm [4 we show the pseudocode for the Approximate Deconvolution
Leray ROM approach coupled with the n-POD algorithm. As it is easily no-
ticeable from the comparison with Algorithm [3] the main difference between
them is an additional loop on the parameter domain.

Algorithm 4 ADL-ROM Pseudocode

1 u_q, ug, Win, 7, 1, 7, > Inputs needed
2: fori=1,...,r,do > Parameter loop
3: fork=1,..., K —1do > Time loop
4: Perform FOM simulation to compute uj., ()

5: end for

6: {ul(v:) Yy € {up(vi) ey > Snapshot collection
7: end for

8: Compute X" = n-POD ({u"(1;)}/“ ;1) > POD basis generation
9: fork=1,..., K —1do > Time loop for ROM
10: Solve to compute a**!, which requires:

11: Solve at each nonlinear iteration > Leray filtering
12: Solve one of (3.1.6]), (3.1.11)), or (3.1.15))

13: at each nonlinear iteration > Approximate Deconvolution
14: end for

5.3 Numerical Results

Goals In this section, we present the initial numerical investigation aimed
at evaluating the performance of the Approximate Deconvolution Leray ROM
when the model reduction is carried out in both the time and parameter
domains. This analysis follows the methodologies detailed in Sections
and 5.2l The primary goal of this study is to assess whether the ADL-ROM
solution can effectively approximate the underlying flow dynamics with a
certain level of accuracy.

Given that this work represents an early stage in our research on the para-
metric extension of ADL-ROM, the results presented here primarily focus on
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5.3. Numerical Results

analyzing the behavior of the ADL-ROM solution and computing various L?
error metrics. A more detailed discussion regarding the evaluation criteria
employed in this study is provided in the Criteria paragraph later in this
section.

To maintain coherence with the framework established in the previous
chapter, our numerical experiments are exclusively based on the van Cittert
approximate deconvolution (AD) methodology, which is thoroughly described
in Section 3.1.1] Consequently, any reference to ADL-ROM within the con-
text of the numerical results presented in this section should be understood
as ADL-ROM specifically constructed using the van Cittert regularization
approach.

Furthermore, it is essential to emphasize that, in line with prior sections,
all methodologies under consideration are applied to the Navier-Stokes Equa-
tions (NSE), as formulated in Equations (1.1.1)) and (1.1.2)).

A1

00, 0,

(0,1)

©0 002,

A

Figure 5.1: The computational domain, 2.

Computational setting For our numerical investigation, we adopt a sim-
ilar test problem and computational setup as those described in Section [£.3]
The problem involves the 2D incompressible fluid flow with a known analyt-
ical solution.

Specifically, the exact velocity, denoted by u = (u,v), is defined by

2 1
u = — sin(my) arctan ~3, (y — sin? (gt)) (5.3.1)

™
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and

2 1
V= sin(mz) arctan ~3, (x — sin? (gt)) (5.3.2)

Additionally, the exact pressure is constant, given by p = 0.

In our numerical investigation, we consider the parametric domain v €
[10_3, 2.5 X 10_3] , and then select the forcing term to match the exact solu-
tion.

We consider the motion of the incompressible flow within the computa-
tional domain = [0,1] x [0, 1], illustrated in Figure [5.1]

The exact solution is subject to the following boundary conditions:

u=20 on 0€),, and 0%,
v=20 on 082, and 0, ,
P — on 0%, and 0%,
du — ) on 02, and 0€),, .

(5.3.3)

Since the snapshots used in the ROM framework are directly derived from
the exact solution by interpolating it onto the finite element mesh, as will
be elaborated later, they inherently satisfy the homogeneous Dirichlet and
Neumann boundary conditions given in Equation (5.3.3). Consequently, at
the ROM level, it is unnecessary to explicitly enforce these boundary condi-
tions, as the POD basis functions naturally adhere to them. As a result, the
ROM solution inherently preserves the homogeneous Dirichlet and Neumann
boundary conditions without any additional constraints.

Snapshot generation The numerical tests are performed on a triangular
uniform mesh with h = 6—14 (see Figure . Spatial discretization is achieved
using the inf-sup stable Taylor-Hood P? — P! finite element pair for velocity
and pressure, respectively. This discretization results in a finite element space
with a total dimension of D = D), = D} + D} = 38578 + 4887 = 43465. We
gather the snapshots over the time interval [0, 1] at intervals of At = 1072

interpolating the analytical solution (u,v) on the finite element mesh.

ROM construction During the offline phase, we collect a total of 200
snapshots of the velocity field over the entire time interval [0, 1]. Unlike the
commonly used centering trajectory approach, we opt for a direct application
of the method of snapshots to the collected data. This choice is motivated
by the fact that we did not employ a standard FEM solution, making the
direct method more suitable for our study.
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Figure 5.2: The FE mesh.

Figure 5.3: Normalized singular values from POD procedure with v €
[1073,2.5 x 107%] and rypqe, = 105.

In the nested-POD (n-POD) algorithm, the first compression stage in-
volves selecting a temporal basis truncation parameter, rf, with a value of
21 for each sampled parametric instance. Additionally, we select r, = 5
parameter values, equally distributed within the range [107%,2.5 x 107%].
The choice of r* is made heuristically, striking a balance between achieving
an accurate representation of the time evolution across different parametric
snapshots and maintaining reasonable running times. Given that this study
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serves as an initial exploratory investigation, we prioritize computational
feasibility alongside accuracy.

The decision to set r, = 5 is also driven by the necessity to limit compu-
tational costs associated with the basis construction phase. We acknowledge
that a more exhaustive investigation could likely identify an improved set of
parameters that would yield more accurate reduced order approximations.
Refining these parameters is one of the key aspects we aim to explore in the
upcoming phases of our research.

In the second compression stage of the n-POD algorithm, we generate
a POD basis with a total dimension of 105. The first r,,,., = 105 POD
modes successfully capture more than 99.9% of the total energy of the flow
field, as illustrated in Figure [5.3] We deliberately choose a relatively large
number of POD basis functions to gain deeper insight into the behavior of the
parametric version of the ADL-ROM. However, for the actual construction of
the ADL-ROM, we employ only the first » = 50 POD modes, ensuring that
the reduced order model remains computationally feasible while preserving
a certain degree of accuracy. The resulting ADL-ROM is then analyzed over
the full time interval [0, 1].

To discretize the ADL-ROM in time, we utilize a second-order backward
differentiation formula (BDF2) scheme, selecting a uniform time step size of
At = 1073, The initial conditions for the ADL-ROM solution are given as
u"; = u_; and u{, = uy, where u_; and u, correspond to the first two time
steps of the analytical solution interpolated on the reduced space. This ini-
tialization ensures consistency between the ROM and the analytical solution.

Parameters The problem setup involves an inlet velocity, specific do-
main dimensions, and a viscosity parameter v that varies within the range
[1073,2.5 x 107%]. These physical conditions correspond to a Reynolds num-
ber range of Re € [400,1000]. However, instead of sampling the viscosity v
directly, in our setting we sample the parameter 6, defined as

1
v’

0 —

which appears in the arctan function of the exact solution, as described in

Equations (5:31)- (5:32).

By making this substitution, we redefine our parametric domain in terms
of 6:
0 € [Omin, Omax] = [—500, —200] . (5.3.4)

This transformation simplifies our computational framework and allows for a
more effective parameter sampling strategy. Our training set for constructing
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the n-POD basis is defined as
6" = [~500, —425, —350, —275, —200] .

For the numerical experiments, we also evaluate the ADL-ROM on a sep-
arate testing set, consisting of parameter values different from those used in
the training phase. Since our focus is on maintaining computational feasibil-
ity during this preliminary investigation, we limit the number of test samples.
The selected testing set is given by

gest — [—475, —400, —325, —250] .

A crucial parameter in the ROM differential filter (ROM-DF) and the
AD operators, as introduced in Section [2.1.1] is the filter radius 0. For the
purposes of this study, we adopt a value of § = 0.1313.

Another key parameter of interest is the van Cittert order, denoted by
N. For this investigation, we opt to keep N fixed. Based on preliminary
numerical tests and in alignment with the results obtained in the previous
chapter, we select N = 5. This choice ensures stability and consistency in
our computations.

Criteria We test the ADL-ROM accuracy by using the velocity field L?
minimum, maximum, average, and final-time absolute and relative errors.
The errors are defined as

e the L? minimum errors

e = ]:I{HHK Ju(t;) — uT(tj)HL2(Q) (5.35)
and
- Jut;) - w(tﬂ!!LQ(m; (5.3.6)
u =LK u(t) |2
[ ) the L2 maximum errors
guase = max u(t;) — Ur(tj)HLz(Q) (5.3.7)
and
O [[u(t)) _ur(tj>HL2(Q); (5.3.8)
u =LK ety |
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e the L? average errors

ave,a _- 1 N
= e Lot~ s (5:39)

and
1 o ||u(tj)_u7“(tj)HL2(Q)‘

g = le o (5.3.10)
e the L? final-time errors
& = ||ju(T) — u,,(T)HB(Q) (5.3.11)
and
ghr = e - UT(T)”LQ(Q), (5.3.12)

[w(T) | 2

where the a and r superscripts refer to the absolute and relative errors,
respectively, u, is the ADL-ROM solution, and the final time 7" is set to 1.

Numerical results To begin our analysis, we present a comparison of the
exact and ADL-ROM solutions for the velocity field. The reduced solution
is obtained using a reduced space composed of r = 50 POD modes. For the
approximate deconvolution procedure, we employ the van Cittert method
with an order of approximation of N = 5 and a filter radius parameter of
0 =0.1313.

Figure 5.4: Exact solution (left) and ADL-ROM solution (right) at ¢ = 0.5,
for 6 = —200, r = 50, 0 = 0.1313, and N = 5. Color and position are
determined by the magnitude of the velocity field.
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Figure 5.5: Exact solution (top left) and ADL-ROM solution (top right), and

absolute pointwise error between the two solutions (bottom) at ¢ = 0.5, for
0 = —200, r =50, 6 = 0.1313, and N = 5.

Figures [5.4] and [5.5] illustrate the exact and the ADL-ROM solutions, in
both three-dimensional (3D) and two-dimensional (2D) representations, at
time t = 0.5 for § = —200, i.e., the viscosity is set to 2.5 x 1073, while the
filter radius remains fixed at 6 = 0.1313.

From these plots, we observe that, as in the test case discussed in Section
the primary challenge of these numerical simulations lies in accurately
capturing the propagation of waves observed in the exact solution. This
behavior is particularly evident in Figure 5.4, Furthermore, in the paramet-
ric case with » = 50 POD modes, the ADL-ROM solution demonstrates a
sufficient capability of approximating the exact solution when the selected
parameter value belongs to the training set. Indeed, from Figure [5.5 we see
that the error is primarily concentrated close to the discontinuity of the so-
lution, while it is almost irrelevant in the rest of the computational domain.
In particular, the absolute pointwise error is less than 7 x 1072 on about the
89% of the computational domain.

In Tables p.1} 5.2} 5.3}, and we present a comprehensive summary of
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gtrain gminr
—200 | 7.67 x 1073
—275| 7.82 x 1073
—350 | 7.94 x 1073
—425 | 8.04 x 107
—500 | 8.12 x 1073
Table 5.1: Minimum relative L2

errors for decreasing 0" values
and for 9 = 0.1313.

gtrain gmaxr
—200 | 6.39 x 1072
—275 | 7.58 x 1072
—350 | 8.74 x 1072
—425 1 9.20 x 1072
—500 | 9.95 x 1072

Table 5.2: Maximum relative L?

errors for decreasing
and for 0 = 0.1313.
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8.1x 1077

7.9x 1073
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gtrain gaver

—200 | 3.99 x 102
—275 | 4.62 x 1072
—350 | 5.05 x 1072
—425 | 5.36 x 1072
—500 | 5.60 x 1072

Table 5.3: Average relative L? er-
rors for decreasing 0"%" values
and for 6 = 0.1313.

gtrain 85”
—200 | 1.90 x 1072
—275 | 1.95 x 1072
—350 | 1.98 x 1072
—425 | 2.00 x 1072
—500 | 2.01 x 1072

Average Relative L2 Error for different 673" values
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Figure 5.8: Behavior of &5V¢" with
respect to 87" for § = 0.1313.
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Table 5.4: Final time relative L?
errors for decreasing 6" values
and for 6 = 0.1313.

Figure 5.9: Behavior of &' with
respect to 84" for § = 0.1313.
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the relative L? errors associated with our analysis. Specifically, these tables
report the minimum relative L? error, maximum relative L? error, average
relative L? error, and the relative L? error at the final time for the five distinct
values of the training parameter set 7",

By examining the data provided in these tables, we can observe a dis-
cernible trend: as the parameter 6 decreases, which corresponds to a decrease
in the viscosity, the relative L? errors exhibit a slight increase. This behavior
aligns with our theoretical expectations, as a decrease in the viscosity leads
to an increase in the Reynolds number. A higher Reynolds number, in turn,
makes the problem more challenging to approximate accurately.

Despite this slight increase in the errors, the obtained values remain suffi-
ciently small for all considered values of 77%" as evidenced by the numerical
results presented in the tables. Moreover, these observations are further sup-
ported by the plots in Figures[5.6], 5.7} [5.8] and [5.91 The consistency between
the numerical data and the graphical visualizations reinforces our confidence
in the accuracy of the ADL-ROM approach.

These results also validate our previous analyses and interpretations of
the solution plots, confirming that the ADL-ROM solution provides an ad-
equate approximation of the exact solution for all the values of 8" under
consideration.

Figure 5.10: Exact solution (left) and ADL-ROM solution (right) at ¢t = 0.5,
for & = —400, r = 50, 6 = 0.1313, and N = 5. Color and position are
determined by the magnitude of the velocity field.

Next, we extend our analysis to a different parameter setting, examining
the numerical solutions for # = —400. Figures [5.10] and [5.11] depict the
solutions, again in both 3D and 2D, at ¢t = 0.5, for § = —400, i.e., the
viscosity is set to 1.25x 1073, and the same filter radius as before, § = 0.1313.

As expected, in this scenario, we observe that the primary challenge re-
mains the accurate reconstruction of wave propagation, mirroring the diffi-
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Figure 5.11: Exact solution (top left) and ADL-ROM solution (top right),
and absolute pointwise error between the two solutions (bottom) at ¢ = 0.5,
for 6 = —400, r = 50, 6 = 0.1313, and N = 5.
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culties encountered in the previous case, as seen in Figure [5.4, However, an
important distinction is that the chosen parameter value, § = —400, belongs
to the testing set rather than the training set. Consequently, the recon-
struction of the flow dynamics becomes more challenging. As a result, the
ADL-ROM solution in this case exhibits a slightly diminished accuracy com-
pared to the previous case. Nevertheless, it still retains the dominant features
of the flow, as evidenced by the bottom plot of Figure [5.11], where the abso-
lute pointwise error does not increase excessively. In particular, the absolute
pointwise error is less than 7 x 1072 on about the 83% of the computational
domain.

Furthermore, in Tables[5.5] and 5.8 we present the corresponding
relative L? errors for the four values in the testing parameter set, 87°¢. These
tables include the minimum, maximum, average, and final time relative L2
errors, offering a comprehensive assessment of the model performance on the
testing parameter values.

By analyzing this additional data, we can confirm a similar trend as
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Qtest gmin,r
u

—250 | 7.75 x 1073
—325 | 7.89 x 1073
—400 | 8.01 x 1073
—475 [ 810 x 1073

Table 5.5: Minimum relative L2

errors for decreasing 6"' values
and for 0 = 0.1313.
Qtest 83130{,7‘

—250 | 7.20 x 1072
—325 | 8.46 x 1072
—400 | 9.00 x 1072
—475 1 9.79 x 1072

Table 5.6: Maximum relative L2
errors for decreasing 6% values

and for § = 0.1313.

116

Minimum Relative L2 Error for different 6%t values

Figure 5.12: Behavior of &mnr
with respect to 8% for § = 0.1313.

Maximum Relative L2 Error for different 6 values

—450 —400 -350 -300 —250

Figure 5.13: Behavior of &*%"
with respect to 6" for § = 0.1313.



5.3. Numerical Results

Average Relative L2 Error for different 65t values

5.4% 1072

52x1072

5x1072

4.8x1072

4.6x 1072

ptest gaver
—250 | 4.44 x 1072
—325 | 4.92 x 1072
—400 | 5.27 x 1072
—475 | 5.53 x 1072

Table 5.7: Average relative L? er-

4.4x% 1072

o g

Figure 5.14:
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Behavior of &3¢"

rors for decreasing 0**** values and
for 6 = 0.1313.

gtest grr

—250 | 1.93 x 1072

—325 | 1.97 x 1072

—400 | 1.99 x 1072

—475 | 2.01 x 1072

Table 5.8: Final time relative L2
errors for decreasing 0! values

and for § = 0.1313.

with respect to 8*! for § = 0.1313.

Final Time Relative L2 Error for different 85t values
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Figure 5.15: Behavior of 1" with
respect to ' for § = 0.1313.
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before: as the parameter § decreases, the relative L? errors experience a slight
increase. This observation is in line with our theoretical expectations and the
behavior seen in the training set results. Moreover, as anticipated from both
theoretical considerations and the solution plots, the errors associated with
test parameter values, i.e., 6 € 6" are slightly larger than those obtained
for the training parameter values, i.e., # € 8"%". This behavior is expected,
as the model naturally performs slightly better on training values than on
testing values. Nevertheless, it is important to note that the errors associated
with the testing values of § are still of the same order of magnitude as those
associated with the training ones.

Thus, the errors for all considered %' values remain sufficiently small,
as clearly demonstrated in both the tables and the plots in Figures [5.12]
[5.13] [5.14] and [5.15] This confirms that the ADL-ROM solution adequately
approximates the exact solution for all the values in 8°*!| albeit with a slightly
lower accuracy compared to the training set.

This study represents an initial step in validating the effectiveness of the
van Cittert-based approach within the ADL-ROM framework in scenarios
where the model reduction is performed in both the time and parameter
domains. These findings provide a foundation for further investigations into
this topic.
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The motivation behind the Approximate Deconvolution (AD) method aligns
closely with the objectives of Large Eddy Simulation (LES), where the pri-
mary goal is to obtain accurate representations of dominant flow structures
in under-resolved, convection-dominated fluid flow simulations while main-
taining computational efficiency. In the Reduced Order Modeling (ROM)
framework, resolving the finer flow scales in full detail is impractical. How-
ever, these small-scale structures significantly influence the accuracy of the
solution. This challenge has been previously addressed using Leray-type
models, which mitigate nonlinear effects to an extent sufficient for stabilizing
convection-dominated flows [33] [37, 41, 47, 52, 85, 96, 99]. Nevertheless, a
notable limitation of the Leray Reduced Order Model (L-ROM) is its strong
dependence on the filter radius, d, which is used to smooth out spurious nu-
merical oscillations present in the standard Galerkin Reduced Order Model
(G-ROM). Extensive numerical investigations on L-ROM have revealed that
even slight deviations from the optimal § values, i.e., those that yield the most
accurate L-ROM results, can lead to significant inaccuracies. For instance,
selecting an excessively large § value to aggressively dampen the G-ROM os-
cillations often results in an overly diffusive L-ROM, reducing its predictive
accuracy.

To counteract the overdiffusive nature of L-ROM while maintaining nu-
merical stability, we propose our novel regularized ROM, the Approximate
Deconvolution Leray ROM (ADL-ROM). This new framework incorporates
approximate deconvolution techniques |16} [62] to enhance the accuracy of L-
ROM without sacrificing its stabilizing properties. The principal innovation
of ADL-ROM is the substitution of the L-ROM nonlinear term, u - Vu, with
D(w) - Vu, where D(u) represents the approximate deconvolution of the fil-
tered ROM velocity, u. Additionally, ADL-ROM introduces two novel types
of approximate deconvolution operators at ROM level: the van Cittert AD
and the Tikhonov AD.

Below, we summarize the main features emerged in this work from the

numerical results of ADL-ROM in Section [3.3] of Chapter
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e Firstly, we validate our initial hypothesis: the application of AD oper-
ators yields results that are intermediary between the reduced solution
and the filtered reduced solution. To verify this claim, we conduct nu-
merical experiments on the 2D flow past a cylinder, a widely studied
benchmark test case, in Section [3.3.2] By computing the G-ROM solu-
tion and subsequently applying the ROM Differential Filter (DF) and
AD operators to it, we compare the results against the FEM reference
solution. The numerical results confirm that AD solutions outperform
both the reduced and filtered solutions, while the use of exact deconvo-
lution proves to be computationally dangerous, other than theoretically
useless.

e To further evaluate the effectiveness of ADL-ROM, we conduct com-
parative analyses of it with the standard L-ROM and G-ROM in sim-
ulations of convection-dominated flow past a backward-facing step, as
discussed in Section [3.3.3] The findings of this numerical study lead to

the following conclusions:

1. When a large filter radius is used, ADL-ROM produces signifi-
cantly more accurate results than both the classical G-ROM and
standard L-ROM. Specifically, ADL-ROM introduces a minimal
yet sufficient amount of numerical diffusion to stabilize the ROM
simulation, whereas L.-ROM suffers from excessive diffusion, re-
sulting in reduced accuracy.

2. ADL-ROM exhibits reduced sensitivity to variations in parame-
ter values compared to L-ROM. Identifying optimal ADL-ROM
parameters proves to be substantially more straightforward than
determining the ideal L-ROM parameters. Consequently, ADL-
ROM results demonstrate greater robustness concerning filtering
parameters, and the differential filter concept facilitates the exten-
sion of this approach to broader regularization techniques beyond
those examined in this work.

3. When appropriately tuned, the three ROM approximate deconvo-
lution strategies investigated, i.e., Lavrentiev AD, Tikhonov AD,
and van Cittert AD, yield comparable performance, as elaborated

in Section Paragraph AD Comparison.

This thesis also presents the first comprehensive numerical analysis of the
ROM approximate deconvolution operator (Section , which holds general
applicability to all the AD ROM methodologies. This analysis establishes a
crucial foundation for understanding the behavior and performance of ROM
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AD operators in practical computational settings. More specifically, we rig-
orously derived an AD approximation bound, which is formally stated in
Lemma To further substantiate this theoretical result, we conducted
an extensive numerical investigation, illustrating the corresponding rates of
convergence in Section [£.3.2] These numerical experiments provide empir-
ical validation of our theoretical findings and offer deeper insight into the
accuracy of the approximate deconvolution process in ROM contexts.

Additionally, this thesis contains the first numerical analysis of the newly
developed ADL-ROM (Section. In particular, we established an a priori
error bound for ADL-ROM, which is rigorously formulated in Theorem [4.2.3]
It is important to highlight that these newly obtained a priori error bounds
offer a precise characterization of how the ADL-ROM error depends on both
the ROM parameters and the FOM parameters.

To complement this theoretical result, we performed numerical experi-
ments in Section [4.3.3] demonstrating the validity of the derived error bounds
in practical computational scenarios. The convergence rates obtained in Sec-
tion not only confirmed our theoretical predictions but also provided
valuable guidance regarding the impact of filter radius § in both general
AD methodologies and specific applications to the Navier-Stokes Equations
(NSE). This is particularly relevant for practical computational settings,
where trade-offs must be made between solution accuracy, resolved flow
scales, and computational efficiency. In real-world scenarios, selecting an
appropriate filter radius ¢ is often a challenging task that requires balancing
numerical stability with accuracy. Without a rigorous mathematical frame-
work describing the behavior of these filters, parameter tuning can only be
performed heuristically on a case-by-case basis. As a result, ROMs tend to
lack robustness and require recalibration whenever computational settings
are modified.

To the best of our knowledge, the critical role played by the filter radius
in ROM performance has primarily been investigated through numerical ex-
periments. Relevant studies include the ROM-adaptive lengthscale method
proposed in [70] and sensitivity analyses on ¢ conducted in 37, [94]. Chapter
of this work represents a significant advancement in this field by intro-
ducing, for the first time, a numerical analysis strategy for systematically
assessing the influence of the filter radius on ROM accuracy and stability.
Our approach provides a more rigorous alternative to previous heuristic tun-
ing methods, thereby enhancing the robustness and predictive capabilities of
ROM-based simulations (see [80] for a related yet distinct approach).

At the end of this work, we have also introduced the first extension
of ADL-ROM to a parametric setting, marking an important step towards
broadening its applicability. Specifically, in Chapter [5, we laid the ground-
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work for validating ADL-ROM in scenarios where space reduction is carried
out not only in the time domain but also in the parameter space. This ex-
tension is crucial for ensuring that ADL-ROM remains effective in a wider
range of practical applications where variations in physical or geometrical
parameters play a significant role.

To this end, we conducted an initial numerical investigation aimed at
evaluating the behavior of ADL-ROM under varying parameter values. The
corresponding numerical results, presented in Section [5.3 demonstrate the
ability of ADL-ROM to accurately capture the flow dynamics associated with
an analytical reference solution, even in this more general setting. These ex-
periments provide an encouraging first empirical validation, suggesting that
the ADL-ROM framework can successfully accommodate parametric depen-
dencies while maintaining its accuracy and stability.

Nevertheless, further numerical investigations are required to fully com-
prehend the implications of introducing parameter dependence into ADL-
ROM. More extensive testing is needed to systematically analyze its perfor-
mance across a broader range of parameter values and flow regimes. This
additional research will allow for the refinement of the parametric ADL-ROM
approach and enable a more comprehensive understanding of its behavior in
practical applications.

In conclusion, this thesis has successfully integrated classical Approximate
Deconvolution (AD) methodologies with Reduced Order Model (ROM) reg-
ularization techniques, representing a significant advancement in the field.
The first-ever application of approximate deconvolution for constructing a
regularized ROM, specifically the newly introduced ADL-ROM, has demon-
strated promising results in improving the accuracy and stability of ROM
simulations. Despite these achievements, several avenues for future research
remain open and merit further exploration.

A primary direction for future work involves assessing the performance
of ADL-ROM in the numerical simulation of more complex and challeng-
ing convection-dominated flows. For instance, the turbulent channel flow
problem [70] serves as an ideal test case to evaluate the robustness and ef-
fectiveness of ADL-ROM under highly turbulent and under-resolved flow
conditions.

Another promising research trajectory lies in integrating Reg-ROMs with
new AD methodologies. Indeed, many AD techniques originate from the field
of image processing, which has recently undergone rapid transformation with
the advent of advanced machine learning algorithms. However, these modern
AD advancements have not yet been incorporated into ROM research. There
is substantial potential to investigate the effectiveness of contemporary AD
techniques in a ROM framework, including both methods reminiscent of
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classical AD approaches 13| and those leveraging deep learning architectures
[73].

Additionally, while ROM regularization techniques provide an efficient
and cost-effective means of improving model accuracy, alternative strategies
such as ROM closure models 98| offer a complementary approach to address-
ing the issue of unresolved flow scales. Further research could explore how
ROM closure models might benefit from recent advances in ROM AD meth-
ods, potentially leading to hybrid approaches that combine the strengths of
both regularization and closure strategies.

Lastly, establishing rigorous numerical analysis foundations for future
ROM AD methodologies remains a crucial research goal. In particular, prov-
ing a priori error bounds for new ROM AD techniques would be instrumental
in enhancing the reliability and predictive capabilities of ROM simulations.
Providing robust theoretical justifications for these novel strategies will not
only solidify their mathematical underpinnings but also foster broader adop-
tion in practical applications.

In summary, while this thesis has made substantial progress in bridg-
ing AD methods with ROM regularization, numerous research opportunities
remain for further development. By exploring more complex flow scenar-
ios, incorporating modern AD techniques, refining ROM closure models, and
advancing numerical analysis frameworks, the field of AD-based ROMs can
continue to evolve toward more accurate, stable, and computationally effi-
cient solutions.
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