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ABSTRACT. — We consider the continuity equation 0,4, + div(by,) = 0, where {4, },. g is a measur-
able family of (possibily signed) Borel measures on R? and b: R x RY — R’ is a bounded Borel
vector field (and the equation is understood in the sense of distributions). If the measure-valued
solution 4, is non-negative, then the following superposition principle holds: u, can be decom-
posed into a superposition of measures concentrated along the integral curves of b. For smooth
b this result follows from the method of characteristics, and in the general case it was established
by L. Ambrosio. A partial extension of this result for signed measure-valued solutions x, was ob-
tained in [ABO8], where the following problem was proposed: does the superposition principle
hold for signed measure-valued solutions in presence of unique flow of homeomorphisms solving
the associated ordinary differential equation? We answer to this question in the negative, present-
ing two counterexamples in which uniqueness of the flow of the vector field holds but one can
construct non-trivial signed measure-valued solutions to the continuity equation with zero initial
data.
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1. INTRODUCTION

In this paper we consider the initial value problem for the continuity equation

{ Oy + div(by,) = 0,
Mo =M
for finite Borel measures {4}, (o 7 on R?, where b : [0, T X R? — R? is a given
bounded Borel vector field, 7 > 0 and d e N and e (R9) is a given measure
on R?. This class of measure-valued solutions arises naturally in the limit for
weakly* converging subsequences of smooth solutions, and it appears in various
applications including hyperbolic conservation laws, optimal transport and other
areas, see e.g. [BJ98, AGS08, BPRSI15].

We want to study the relationship between uniqueness of solutions to (PDE)
and uniqueness to the ordinary differential equation drifted by b, i.e.

(PDE)

(ODE) L0 =be50), 1e 1),
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where y € C([0, T]; R?). As usual, a solution to (PDE) is intended in the sense
of distributions, while a solution to (ODE) is defined to be a continuous curve
y € C([0, T]; R?) such that

(1) = p(s) + /Tb(r,y(r))dr for every (s,7) C (0, 7).

Note that this definition is sensitive to modifications of b in a Lebesgue-
negligible set, therefore we underline that b is a function defined everywhere and
not an equivalence class.

Given a solution y € C([0, T]; R?) of (ODE) one readily checks that z, := Oy(r)
solves (PDE), where J, denotes the Dirac measure concentrated at p. Therefore
uniqueness for (PDE) implies uniqueness for (ODE). Hence it is natural to ask
whether the converse implication holds.

In the class of non-negative measure-valued solutions the answer to this ques-
tion is positive, and it was obtained in [AGS08] as a consequence of the so-called
superposition principle. In order to formulate this principle, we will say that a
family of Borel measures {s},c(o 1) is represented by a finite (possibly signed)
Borel measure # on C([0, T7; Rd) if
1. 7 is concentrated on I['p;
2. (e)yn = p, forae. 1,

where e, : C([0, T]; R?) — R is the so-called evaluation map defined by e,(y) :=
7(2), (er);n denotes the image of 7 under e, and I' denotes the set of solutions of
(ODE) (note the T, is a Borel subset of C([0, 7]; R?) by [Ber08, Proposition 2]).
For example, if y € C([0, T]; RY) solves (ODE) then 5 :=J, (as a measure on
C([0, T]; R)) represents the solution , := 6, of (PDE).

A straightforward computation shows that if {s,},.j 7 is represented by
some (possibly signed) measure # then 4, solves (PDE). In this case we will say
that g, is a superposition solution of (PDE). Clearly uniqueness for (ODE) implies
uniqueness for (PDE) in the class of superposition solutions. Indeed, by unique-
ness for (ODE) the continuous mapping ¢, : I'y — R? is injective, hence el is
Borel and thus (eg),n7 = p is equivalent to 5 = (eo‘l)u,uo.

Therefore, when uniqueness holds for the Cauchy problem for (ODE), unique-
ness for the Cauchy problem for (PDE) holds in the class of measure-valued solu-
tions if and only if any measure-valued solution of such Cauchy problem is a
superposition solution.

The superposition principle established in [AGS08] states that any non-
negative solution g, of (PDE) can be represented by some non-negative measure
n on C([0, T]; R?). However, without extra assumptions this result cannot be
extended to signed solutions, because (PDE) can have a nontrivial signed solution
even when I'y = 0 (see e.g. [Gus18] for the details).

Under Lipschitz bounds on the vector field b uniqueness for (PDE) within the
class of signed measures is well known, see e.g. [AGS08, Prop. 8.1.7]. Out of the
classical setting, the first (positive) result is contained in [BC94], where the au-
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thors considered log-Lipschitz vector fields. Later on, in the paper [ABOS8], the
authors proved that the signed superposition principle holds provided that the
vector field satisfies a quantitative two-sided diagonal Osgood condition. More
precisely, in [ABO8] the authors considered vector fields enjoying

(O) it holds

[<b(2,x) — b(z, y),x — y>| < C(2)|lx — yllp([x — »l)
Vx,y e RY Ve (0,T),

where C € L'(0,T) and p : [0,1) — [0,+00) is an Osgood modulus of con-
tinuity, i.e. a continuous, non-decreasing function with p(0) = 0 and

o
—— ds = +o0.
/0 p(s)
(B) |b(t,x)| < D(t) for some D € L'(0, T) for every ,x € ((0, T) x RY).

Their results is the following:

THEOREM 1.1 (Thm. 1 in [ABOS8]). If the vector field b satisfies (O) and (B), then
there is uniqueness for (PDE) in the class of bounded signed measures, i.e. if u, is a
solution of (PDE) such that |u,|(RY) € L*(0, T) then

Ky :X(lv')#ﬂm Vie (0,7),
where X(t,-) is the flow of b, i.e. the unique map solving

{ . X(t,x) =b(t,X(t,x)) tel0,T], xeR?
X(0,x) =x xeR?

Notice that the Osgood assumption (O) is an assumption on b, and it is much
stronger than an implicit assumption of uniqueness for (ODE). For a simple
example one can consider e.g. (for d = 1) b(t,x) = T 0(x) + 2 V(0,400 (x).
Moreover, according to a theorem of Orlicz [Orl32] (see also [Ber08, Thm. 1]),
in the space of all continuous vector fields b (equiped with the topology of the
uniform convergence on compact sets) those fields for which the differential equa-
tion (ODE) has at least one non-uniqueness point is of first category: this shows
that in the generic situation Lipschitz/Osgood conditions are not necessary for
uniqueness.

Let us mention some other generic uniqueness results for (PDE). The one-
dimensional case was studied in [BJ98], where uniqueness of signed measure-
valued solutions was obtained under the assumption that b satisfies a one-sided
Lipschitz condition, i.e. there exists o € L' (0, T) such that 0.b(z, x) < «(t) (in the
sense of distributions). Still in d = 1, uniqueness in the class of absolutely contin-
uous (with respect to Lebesgue measure) solutions was obtained in [Gus19] for
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nearly incompressible vector fields. In the multi-dimensional case uniqueness of
absolutely continuous solutions was obtained in [BB17] for nearly incompressible
vector fields with bounded variation. For generic solutions, besides [AB08], one
can refer to [CJMO17], where uniqueness within the signed framework is shown
for vector fields having an Osgood modulus of continuity.

The generic uniqueness results mentioned above require some regularity of b
(e.g. some form of weak differentiability), but as discussed above one can ask if
uniqueness for (ODE) is sufficient for uniqueness for (PDE). In particular, a nat-
ural question (raised in [ABOS8]) is whether uniqueness for (PDE) (in the class of
signed measures) holds in the presence of a (unique) flow of homeomorphisms
solving (ODE), without an explicit bound like (O) on the vector field. We show
that the answer to this question in general is negative by constructing two coun-
terexamples of bounded vector fields b : [0, 7] x RY — R? (for d = 1 and d = 2)
such that for any x € R? only y(f) = x (Vt € [0, T]) solves (ODE) but (PDE) with
zero initial condition has a non-trivial measure-valued solution {z}, (o 7). More
precisely, this is the main result of the present paper:

MAIN THEOREM. The following claims hold true.

(i) Let d = 1. Then there exist a vector field b : [0, T] x R — R and a measurable
measure-valued map [0, T) > t — y, € M (R) such that
e b is bounded and Borel (in particular it is defined everywhere);
e for any x € R only y(t) = x Yt € [0, T] solves (ODE), hence there exists a
unique flow of homeomorphisms of b,
o [t— pu,) e LY([0, T); 4(R)\L ([0, T); #(R)) is a non-trivial solution of
(PDE) with zero initial condition.
(ii) Let d = 2. Then there exist a vector field b : [0, T] x R* — R? and a measur-
able measure-valued map [0, T] 5 t — u, € 4(R?) such that
® b is bounded and Borel (in particular it is defined everywhere);
e for any x € R? only y(t) = x Vt € [0, T solves (ODE), hence there exists a
unique flow of homeomorphisms of b,
o [t ] € LZ([0, T); .#(R?)) is a non-trivial solution of (PDE) with zero ini-
tial condition.

REMARK 1.2. We stress the fact that in example related to Point (i) of the Main
Theorem the map [z +— w,] ¢ L ([0, T|; .#(R)), i.e. the measure g, is not bounded
in time on every subinterval / C [0, 7. See also Lemma 3.7 below for a rigorous
proof of this fact.

In the examples (i) and (ii) of the present paper the vector field b is only
bounded, but not continuous. However all vector fields that satisfy (O) and (B)
are continuous (see Proposition 5.1). It would therefore be interesting to under-
stand whether for continuous vector fields uniqueness for (ODE) implies unique-
ness for (PDE).

Note that our examples (i) and (ii) are based on a one-dimensional vector field
that does not have integral curves and hence cannot be continuous (in view of
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Peano’s theorem). And in fact for d =1 it is possible to prove that if b is sta-
tionary and continuous then uniqueness for (ODE) implies uniqueness for (PDE)
(see Proposition 5.2). It is interesting to note that such b can be very irregular
and hence one cannot apply to it any of the generic uniqueness results discussed
earlier.

Let us also mention that (still for d = 1) if b is continuous and for any ¢
the function x +— b(¢,x) is non-strictly decreasing then uniqueness holds both
for (PDE) (this follows from [BJ98]) and for (ODE) (this can be shown di-
rectly: if y, and y, are integral curves of b such that y,(0) = y,(0) and y,(?) <
75(2) for all sufficiently small 7 > 0 then 0,(y,(¢) — y,(2)) = b(¢,7,(2)) — b(z,7,(2))
> 0).

2. PRELIMINARIES

In the following, we will denote by %(R¢) the Borel g-algebra on R?. We recall
some basic definitions.

DEFINITION 2.1. A family {4}, 7) of Borel measures on R is called a Borel
family if for any A4 € (R“) the map ¢ — ,(A) is Borel-measurable.

The following propositions are well-known (see, e.g. [AFP00, Prop. 2.26 and
(2.16)]):

PROPOSITION 2.2, If {4}, 9 7y IS afamzly of Borel measures on RY such that
t — u,(A) is Borel for any open set A C RY then {,u,}[e o,7] is a Borel family.

PROPOSITION 2.3. If {4}, (o 7y is a Borel family then {|u|},c(o 1) also is a Borel
family.

PROPOSITION 2.4. If {1,},c(o 7y is a Borel family then for any bounded Borel
function g : [0, T] x RY — R the map t — [ g(1,x) du,(x) is Borel.

In what follows we will write that [r — u,] € L'((0, T); 4(R")) if {,},cp0.11
is a Borel family and '

T
/ 1 |(RY) dt < +c0.
0

If, in addition,
€SS SUP;c o, 77 |ﬂr|(Rd) <+,
then we will write [ — u,] € L*((0, T); .4(R%)).

In view of Proposition 2.4 the distributional formulation of the continuity
equation is well-defined:
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DEFINITION 2.5. A family [t~ g, e L'((0,

T);.#(R?)) is called a measure-
valued solution of (PDE) if for any ¢ € C!([0, T

) x RY)

T
2.1) /0 / (@ b(1,3) - V(1)) dp (x) i+ /R p(0.x) dj(x) = 0.

Even though the distributional formulation of the Cauchy problem for (PDE)
is well-defined for [t — g,] € L'((0, T);.#(R?)), it is much more natural in the
class [t — u,| € L*((0, T); .#(R)), because in this class the initial condition can
be understood in the sense of traces, considering a weak*® continuous representa-
tive of [z +— w,]. More precisely, we have the following Proposition (for a proof
see e.g. [Bonl7, Chapter 1, Prop. 1.6]).

PROPOSITION 2.6 (Continuous representative). Let {,},c1 71 be a Borel fam-
ily of measures and assume [t — ) € L*((0,T); .4(R?)). Then there exists a
narrowly continuous curve [0,T] 3t — g, € #(R?) such that u, = i, for a.e.
te [0, 7).

3. NON-UNIQUENESS IN THE CLASS L!((0, T); .#(R))
In this section we prove the following result:

THEOREM 3.1. There exist T >0, a bounded Borel b:[0,T] xR — R and
[t ] € L'((0, T); .4(R)) satisfying the following conditions:

(i) b has only constant characteristics, i.e. y € Ty if and only if there exists x € R

such that y(t) = x for all t € [0, T,
(it) {#:},ep0, ) is not identically zero and solves (PDE) with zero initial condition.

3.1. Auxiliary result

We begin by the following auxiliary result: although it is well-known, we give a
proof because some details will be used later.

LEMMA 3.2. There exist a Borel sets P, N C R such that

1) PAN =0,

2) PUN = R;

3) for any nonempty bounded open interval I C R it holds that |I n P| > 0 and
[ITAN|>0,

where |A| denotes the Lebesgue measure of A C R.

PrOOF. Let {qi}, .y be the set of all rational numbers. Let fo(x) :=1 (x € R),
Ey:=0and g := 1.
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Consider k € N, kK > 1 and suppose that the set E;_1, the number g_; > 0
and the function f;_; are already constructed. We assume that Ej;_; is finite,
E;_1 n @ = 0, hence R\E;_; is a union of finitely many open intervals. We also
assume that f;_; is either +1 or —1 on each of these intervals.

Since dist(qg, Ex—1) > 0 there exists g > 0 such that

(3.1) & < 27k8k,1,
(3.2) (qk — &x, qr + &) C R\Ej_1,

and moreover

1
(3.3) qr £ 5k ¢ Q.

We then define

1 1
(3.4) I, = <qk — Eek,qk + 28k> C R\Ek,l

and

ﬂ—l(x)a X ¢ I_kv
(3.5) Ji(x) = ~fia(x), x €L,
0, x € ol

and Ej := Ej;_) v d0l;. It is easy to see that Ey, g and f; satisfy the same assump-
tions as Ey_1, &1 and f;_;. Therefore we can construct inductively the sequence
{Ek, ek, fiteen- _

Consider the set Ry :=J,_;; 1, on which the function f, (n > k) may differ
from f;. By (3.1)

o0 0 0 0 1
(36) IRl < D en=) a<y 27" g <g )y 27 < ek
n=k n=k

n=k+1 n=k

For any x € R\Ry it holds that f,(x) = fi(x) for all n > k. Since & — 0 as
k — oo, we conclude that f; converges a.e. to some function f: R — R as
k — oo. Moreover, on the complement of Lebesgue negligible set (), . Rk U
Uy 0Ix the function f by construction takes only the values +1. We therefore
set

(3.7) P:=f71({+1}), N:=R\P.

Consider an arbitrary nonempty bounded open / C R. There always exists a
nonempty open interval J such that J C I. Since J contains infinitely many ra-
tionals and g — 0 as k — oo, there exists ky € N such that (qx — &, qx + &) C 1
for some k > k.
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Without loss of generality let us assume that fi_; = +1 on (qx — &k, gx + &)
(the argument is the same when this value is —1). Hence by construction

v fax) =41, xe (g — e qx + e\,
filx) = { —fic1(x) = -1, xel.

Ultimately, by (3.6) the function f may differ from f; only on the set R; and
|Ri| < %é. Therefore

— 15 &
APl = (g = e i+ e\l = |Rel 2 e =5 =7

and

15 15
‘IﬂN|Z|Ik|—|Rk|28k—Ek=Ek. O

3.2. The construction of the counterexample

Given the sets P, N C R constructed in Lemma 3.2 we now set

(3.8) f(r) =2+ Ar<ﬂp(7) —1An(r))dr and F(7):=(f(7),7)

where 7 € [0, 1]. Since the derivative of f is equal to 1p — 1y a.e., for convenience
we denote f’:=1p — 1. Notice that since N = R\P the function f” is defined
everywhere and takes values in {+1} and it is a Borel representative of the deriv-
ative of the function f defined in (3.8).

We now set 7" := 4 and define

(3.9)  b(t,x) ;:ﬂm”(z,x)-m and fi, = Y sign(f’(x))ds.
xef (1)

By definition b is Borel and bounded. Moreover by the area formula {£}, [y 7y is
a measurable family of Borel measures (see also Figure 1).

LemMaA 3.3. For b and i, defined above
Oult, + div(bi,) = —0p() +p@0) n Z'((0,T) X R).

PRrROOF. Using the area formula (since ([0, 1]) C (0, 7)) we get

/ ' [+ b o

/ Z 9+ 7 Oo0)00) ()

xef!
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t

0 1

Figure 1. Graph of the function 7 = f(x) (approximation step). At each 7 € [0, T] the
measure f, is a superposition of Dirac masses with weight given by sign f’(x), where
x € f71(7) (notice the red/green parts).

1
f'(x)

1
= [ (@99 + 75 0 (109, 0) £ ()

1
= /O (f" () (@) (f (x), %) + (2x) (f (x), X)) dx

1
_ / 0u(p(f (x), %)) dx = p(£(1),1) — p(£(0),0). o

To get rid of the defect —dp (1) + Jdp() we simply add to f, solutions concen-
trated on constant in time trajectories (since b is 0 outside F ([0, 1])). More pre-
cisely, one readily checks that

He 1= By 0100, 400) (001 = T £(0), 400 ()00

solves (PDE).
To conclude the proof of Theorem 3.1, it remains to study the integral curves
of b. This issue is addressed in the following Lemma:

LEmMMA 3.4. For any (t,x) there exists a unique characteristic of b passing
through x.

PrOOF. Clearly points y(¢) = x, ¢t > 0, are characteristics of b. Since the image
of [0,1] under F is closed, b vanishes identically in a neighbourhood of any
(1,x) ¢ F(]0,1]). Therefore for (¢, x) ¢ F([0, 1]) the claim is trivial.

Hence it is sufficient to prove that any characteristic y = y(¢) of b intersects
F([0,1]) at most in one point. We argue by contradiction: suppose there exist
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x < y such that

(3.10) y(f(x) =x and »(f(y)) = y.
Since y" = b(¢,y) and ||b||, < 1 it holds that
(3.11) x =y =p(/(x) =y(FODI < 1f (x) = f(D)]

On the other hand, by properties of the sets P and N

(3.12) ) =S =

/y(ﬂp(z) —1n(2)) dz

X

=[x, Y] Pl =[x, )] N < |x = yl.

The inequalities (3.11) and (3.12) are not compatible, hence the proof is
complete. O

Therefore we have constructed a vector field b for which the characteristics
are unique, but there exists a nontrivial signed solution of the CE. Using a minor
modification of the present construction one can construct a similar example of
(4, b) having compact support in spacetime.

REMARK 3.5. The constructed solution {g,} is not a superposition solution
(see Introduction).

As we in Section 2, the distributional formulation of the Cauchy problem for
(PDE) is well-defined for [¢+ ] € L'((0, T);.4(R)) but it is best suited in the
class [t+— y,| € L*((0,T);.#(R)), because of Proposition 2.6. Unfortunately
for the present construction this bound on the solution [z — g,] does not hold, as
the following Proposition shows.

PROPOSITION 3.6. The function [t — u,] is not bounded on any open subinterval
Uc(0,T),ie [t u)¢L”(U;MR)).

Before presenting the proof of Proposition 3.6 we need the following auxiliary.

LeMMaA 3.7. Let g € Lip((0,1)) be such that g' # 0 a.e. and let O C g((0,1)) be a
non-empty open interval such that

(3.13) esssup,. o #(g ' (1)) < 0.

Then there exists a nonempty open interval I C (0,1) such that g is strictly mono-
tone on 1.

PrOOF (OF LEMMA 3.7). Tt is sufficient to prove the Lemma under the
assumption

esssup, . #(g~' (1)) < 0.
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Figure 2. Situation described in the proof of Lemma 3.7. The intervals /; are depicted in
blue.

Indeed, being g Lipschitz continuous, the preimage g~ (0) C (0, 1) is an open set
and it can be written as countable union of disjoint, open intervals. Let (o, 5) be
one connected component of g~ (0) and consider the restriction § of g to («, ).
Then it holds

esssup,p #(g (1)) < o0,

because if ¢ € O this is (3.13), while if € R\O we have §~'(z) = 0. It is now
clear that it is enough to prove the Lemma for g, because if we prove that g is
strictly monotone (on a subinterval of (o, f)) so is the function g. Let C denote
the set of points x € (0, 1) where g is not differentiable or g’(x) = 0. By the as-
sumptions (and Rademacher’s theorem) C has measure zero. Then by the area
formula

o / _ —1
0= / l9'(x)| dx = /g(c)#m (1)) dr.

hence g(C) has zero Lebesgue measure (since #(g~'(¢)) > 1 for all ¢ € g(C)).
Let

M = esssup,. #(g7(1).

Since for any 7 € R we have #(g~!(¢)) € N U {0}, there exists a set R C R with
strictly positive measure such that #(g~!(¢)) = M for all ¢ € R. In particular, we
can take t € R\g(C). Then g~'(¢) = {x1,x2,...,xy} and g'(x;) # 0. Hence there
exist disjoint open intervals I; containing x; such that g(-) — ¢ has different signs
on 0l;, where i =1,2,..., M.

Using continuity of g we can always find an ¢ > 0 such that [t —¢&,7+¢] C
ﬂ,ﬁi , 9(I;). Hence, by the intermediate value property we can find nonempty
open intervals J; C I; (with x; € J;) such that g(0J;) = {t — &, + ¢} for each i €
1,2..., M.
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By the intermediate value property for each 7 € [t — ¢, + ¢ we have
(3.14) #g (D)) =1, iel,....,M.

On the other hand for all 7 € [t — ¢, t + ¢] we have

(3.15) f:#(g”(f) nJ;) <M.
i=1

Indeed, by the definition of M the estimate (3.15) holds for a.e. 7, and if it fails
for some 7, then at least for some i it holds that #(g~'(z) nJ;) > 2. Since g’ # 0
a.e., by the intermediate value property this implies existence of & > 0 such that
#(g (s)nJ;) =2 forall s e [r,7+¢) (orall s € (r — &, 7]), and in view of (3.14)
this clearly contradicts the definition of M.

From the estimates (3.14) and (3.15) we conclude that for all t € [t — ¢, + ¢] it
holds that

#g ') n) =1, iel,... M.

Therefore for each i € 1,..., M the function g is injective on J;, hence it is strictly
monotone on J; (by continuity). O

Now we are in a position to prove Proposition 3.6.

PROOF (OF PROPOSITION 3.6). We need to show that the map [f+— g,] con-
structed in the proof of Theorem 3.1 is not bounded on any subinterval U C
(0, T). We argue by contradiction. Since by (3.9) for a.e. ¢

| = #(7(0),

the inclusion [t+— p,| € L*(U;.#(R)) is equivalent to the inequality
esssup, . #(f~1(¢)) < co. From Lemma 3.7 it follows that the function f con-
structed above is monotone on some nonempty open interval I C (0, 1). But then
f’ = 0a.c. on I, and this contradicts the construction of f* (more specifically, the
sets P and N). O

REMARK 3.8. We remark that if f were monotone on some interval / then
uniqueness would fail for the Cauchy problem for (ODE) with b constructed in
the proof of Theorem 3.1. Indeed, without loss of generality suppose that f is
strictly increasing on 7. Then for any x € I there exist at least two (actually, infi-
nitely many) integral curves y € I, such that y(0) = x. Indeed, clearly y(z) := x
(Vt € [0,T]) belongs to I'y. On the other hand, for any y € I such that y > x
one can define y by

X, t< fi(x);

p0) =< SN0, fx) <1< f(p);
¥, 1> f(y)
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Then one readily checks that y € T, since for a.e. t € (f(x), f(»)) it holds that

4. NON-UNIQUENESS IN THE CLASS L*((0, T); .4/(R?))
The aim of this final section is to show the following result:

THEOREM 4.1. There exist T >0, a bounded Borel b:[0,T] x R* — R* and
[t w] € LZ((0, T); .4 (R?)) satisfying the following conditions:

(i) b has only constant characteristics, i.e. y € Ty if and only if there exists x € R>
such that y(t) = x for all t € [0, T);
(1) {4}iepo, 77 is not identically zero and it solves (PDE) with zero initial condition.

ProOOF. The proof will consist in essentially two steps. We will first work in 2D,
constructing an example very similar to the one discussed for the proof of Theo-
rem 3.1. We will then suitably embed this into the three-dimensional euclidean
space R? in such a way that the path of measures resulting from this construction
will be uniformly bounded.

Consider the three dimensional Euclidean space with the coordinates (x, y,
Let (&,7,{) denote the coordinates in the Cartesian system with the origin O’ =
(%,%,O) and the axes O'¢, O'n and O'¢ having directions e] := 1 (—1,1,0),
e = %(—17 —1,2) and €} := \/%(1, 1,1) respectively (see Fig. 3a).

The 2D construction. Let us consider the plane O'¢n and work in the coordi-
nates (£,#). Let f and f; (k € N) be the functions constructed in the proof of
Lemma 3.2. We set P:= f (1), N := R\P, P* := (f%)"'(1) and N¥ := R\P*.
Let

W(évn) = (lvﬂP(é) - ﬂN(é))v Wk(éan) = (lvﬂP"(é) - ﬂN"(é))v

where o > 0 is a geometrical constant to be specified later. Clearly dive ,(W) =0
and the 7-component of W (and W) takes only the values +.

Let now D C [Rié be an open, bounded set with piecewise smooth boundary
0D and assume that 0D does not contain vertical segments. We claim that

V2

(4.1) diviipW) =W -v#'L,, in Z'(R?),

where v is the outer unit normal to 0D and #'L 5, is the restriction of #! to oD.

Indeed, W* are piecewise constant inside D, so decomposing D into finitely
many pieces, applying the classical Gauss—Green Theorem for each piece and
summing the results we get that for any test function ¢ € CC?O([RRz)

/Wk~V¢dx:/ oW vda!,
D oD
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(a) The coordinates (z,y,t) and (§,7,¢).

(b) Extension of the vector field using reflections.

Figure 3. Construction of the vector field B and the function u.
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Since 0D does not contain vertical segments, by construction of the sets PX and
N* (see Lemma 3.2) we have W* — W #'-a.e. on 0D as k — oo. Passing to the
limit by means of Dominated convergence Theorem we get (4.1).

Passage to 3D. We extend W to the whole space using the coordinates (&, 7, ()
as follows:

V(&) =a-(1,1p(<) — 1n(E),0).

Let us switch to the coordinates (x,y,z). Then V¥ becomes a function of
(x, y, 1), which we still denote as ¥(x, y,). Since at each point (x, y, 7) we have
V(x,y,t) = oe] + ae) (Where the sign depends on (x, y, 7)), clearly (0,0,1) -V =
.—_i-o:— % = +ay/2/3, hence fixing o = 1/3/2 we achieve that the -component of V
is +1.

Let X:={(x,»0)|x,»,t>0,x+y+t=1}. By (4.1) it holds that
div(ly V%z) =g1+¢g>+g3 whereg, =V - n#'_E; and

E ={0,p,0]p.1>0, y+1=1}, m=(-2,1,1)/V6,
E, = {(X>O7l) |X,l> 0, x+1= 1}7 n; = (17_27 1)/\/87
E3 Z{(x,y,0)|x,y>0,x+y: 1}3 n3 = (171)_2‘)/\/6
We define U : R?® — R? as follows:
Ux,y,t) = Z Ts(s1x, 829, 83) Uy, 5, 5, (81X, 820, 831),

51,582,853 € {£1}

where
Us, 5.5 (%, 3, 1) = (s253V1(x, 3, 1), s1s3Va(x, p, 1), s152V3(x, p,1)).
Observe that
(4.2) div(U#?) =g
in the sense of distributions, being
3
glx, y,1) = Z Z 51825391 (51X, 521, 831).
i=1 51,50, 55 € {+1}
Notice that also gi(x, y,7) = gi(—x, y,1), g2(x, ¥, 1) = g2(x, =y, t) and g3(x, y, 1)

= g3(x, y, —1). Because of this symmetry the right hand side of (4.2) is zero. For
instance, for i = 1 we have

Z 51528391 (81X, 82, 831) = Z 528391 (X, 82, 531)

s1,82,83 € {£1} 52,83 €{£1}

+ Y (=Dsassgi(—x, 529, 810) = 0.
5,83 € {il}
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Consider the octahedron A := {(x, y,7) : U(x, y,t) # 0} and let

u(x [) = U3(X7 y’ l)’ (X, )/, [) € A7
sy Vo)t 0, (X,y’[)¢A’

U(x, 1) .
B(x, 3,0 =4 ulw,pop) ) B EA

(0,0,1),  (x, 3,0 ¢A.
Then B; = 1 (everywhere) and by (4.2) we have div(1,uB#?) = div(U#?) =
0 (in the sense of distributions). Hence for any test function ¢ € C*(R?)

(4.3) / uB -V, pd#?* =0,
A

Denoting with S, := {x,y € R|(x,»,7) € A} and disintegrating the measure
HPLA as

HLA = /v, dt, where v, = o #'LS,,

(see e.g. [AFP00, Thm. 2.28]) we can rewrite (4.3) as

/ / (uB . V_x7}77[(0) dv[ dl - 0
R JR?

Then the family of measures
lth =U-V
satisfy (PDE) with

b(xv Vs t) = (B](X, Vs t)vB2<x7 Vs t))

The characteristics of b. We claim that y € C(R; R?) is a characteristic of b if
and only if y(¢) = y(0) for all z. This claim follows immediately if y(7) ¢ A for all
since outside of A the vector field b is zero. Therefore it is sufficient to show that y
can intersect each face of A at most once.

Suppose that y intersects the face ¥ (defined above) in two points. Since b
is zero outside of A this is possible only if there exists some nonempty segment
[a,b] such that (y,(7),7,(7),7) € A for all € [a,b]. Then in the coordinates
(&,1,() the ODE for y can be written as

E=0(8) =a(1p() = 1n(¢), A=o, (=0

But the first equation does not have solutions. (Indeed, suppose that & = &(7) is
a non-constant solution of & = v(¢) such that &(7) > £(0) for some 7 > 0. Then
there would exist a Lebesgue point z for v such that £(0) <z < &(z) and
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v(z) < 0. By continuity of ¢ there exists 7, := min{¢ : &(¢) = z}. But then &'(z,,) =
v(&(tm)) = v(z) < 0, which contradicts the minimality of #,. We refer e.g. to
[Gusl8] for the details). Hence we have obtained a contradiction.

The uniform bounds. Ultimately, by definition of v,

1—t, te]0,1];
Vl(R?) = a-4v2-{ 141, te[-1,0];
07 l¢[_171]7

hence |u,| < o - 4v/2, i.e. the family of measures {z,} is uniformly bounded.

5. CONTINUOUS VECTOR FIELDS

In this section we prove some partial results for continuous vector fields that were
mentioned in the Introduction.

PROPOSITION 5.1. If a vector field b: (0,T) x RY — RY satisfies (O), then b
is continuous in the space variable, i.e. for a.e. t € (0,T) the map b,(-) = b(¢,-) is
continuous.

PRrROOF. Let us first show that if b: (0, 7) x R? — R? satisfies (O), then b, is
locally bounded in space for a.e. t € (0, T). Let x € RY be fixed and suppose by
contradiction that there exists a sequence (x,),., C R? such that x, — x and
|b:(x,)| — +o0. In this case, up to subsequences,

bt(xn)
LACH]

— 7z

as n — +oo for some z € R with |z| = 1. By Osgood condition (O) for every

yeRY
bi(x1) — bi(y) (1)
gt =)= o 1o =)

and passing to the limit (since |b;(x,)| — +o0) we obtain
|<Zv X — y>‘ <0

for every y, from which z = 0, a contradiction.

Now we can prove that b, is (sequentially) continuous. Arguing again by con-
tradiction, suppose that for some 7 € (0,7), x € R? and {Xn},cn it holds that
x, — x and b,(x,) /4 b(x) asn — co. Being b, locally bounded, by passing if nec-
essary to a subsequence, we may assume that b,(x,) — b,(x) + z’ for some z’ € R?
asn — oo. By (O) for any y € R?

|<bi(%n) = bi(); %0 = ¥| < C(O)|xn = ylp(ln = Y1)
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Passing to the limit in both sides of this inequality we get

1<z + bi(x) = by(y),x — )| < C(1)|x — ylp(]x — yl).

Hence by triangle inequality using (O) again we obtain

[<z',x = p>| = [<2" + by(x) = bi(y),x — ¥)> — {bi(x) = by(),x — p)|
<2C(0)|x — ylp(|x — y).

Taking y = x + s - z with s > 0 we get
2] < 2C(0p(slz')).
Passing to the limit as s — 0 we get |z’| = 0, and this concludes the proof. O

PROPOSITION 5.2. Suppose that b € C(R) and for any (t,x) € R? there exists a
unique y € Ty such that y(t) = x. Then for any i € M (R) the Cauchy problem for
(PDE) with the initial condition p,|,_, = fi has a unique solution [t — ] € L'(0, T;

PROOF. Suppose that [+ ] € L'(0, T;.%(R)) is a (signed) measure-valued so-
lution to the continuity equation with & = 0. Then there exists a Lebesgue negli-
gible set N C (0, T) such that for all 7 € (0, T)\N for any ® € C!(]0,7] x R) it
holds that

(5.1) [ o)~ [ @024

= /T/[G,(D(t, X)+b-0,D(t,x)] du,(x) dr.
0 JR

(Indeed, first one can consider finite linear combinations of functions ® hav-
ing the form ®(z,x) = y(¢)¢(x), where ¢ belong to some countable dense sub-
set of C!(R) and ¢ € C!([0,T]) are arbitrary. For such test functions (5.1)
follows from (2.1), and in the general case one can apply an approximation
argument.)

There are countably many open intervals where » > 0 or » < 0 (and b = 0 on
the complement of the union of all those intervals). Consider one of the intervals,
i.e. suppose that b(o) = b(f) =0, 2« < fand b > 0 on (o, f). Fix xo € (o, ) and
for all x € (o, f) let

(5.2) Flx) = /%

(Note that } € L'[xo, x] since minj,, b > 0 by continuity.) Clearly F € C'(a, §).
If f=+o0 then F(f —0) = F(+c0) = +o0. Otherwise there exists ¢ € R such
that |, ;ﬂ % < T. This would mean that the solution y of (ODE) with the initial

condition ¢ escapes to infinity in finite time, which contradicts the existence as-
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sumption that y € I';. Analogously, if « = —oo then F(a+ 0) = F(—o0) = —o0.
Finally, if o, f € R then by uniqueness of the integral curves F (o 4+ 0) = —oo and
F(f—0)=+oo0.

Furthermore, F is strictly increasing and continuous, hence F~! : R — (o, )
is continuous and strictly increasing as well. Since F € C'(«,8) we also have
F~' e C'(R). Hence

X(t,x) = F Y (F(x) + 1)

belongs to C!'(R x («,f)) by the chain rule. Moreover, X(-,x) solves (ODE).
Let now w e C!(a,8) be an arbitrary test function and fix 7 € (0, 7). Then
define

(5.3) p(t,x) := o(X (7t — t,x))

which belongs to C!([0,7] x («, 8)). (Indeed, if [u, v] C (2, ) contains the support
of w, then the support of ¢ is contained in [0, 7] x [X(—71,u),v].) Moreover, ¢ sat-
isfies the transport equation 0,9 + bo.p = 0 (pointwise) with the final condition
¢(7,x) = w(x). Using the test function ® = ¢ in (5.1) we get

/ o(x) it (x) = 0
R

and by arbitrariness of « this implies that x, = 0 for a.e. 7 € (0, T) (more pre-
cisely, for all 7 € (0, 7)\N). In particular, this implies that the solution ()L, g
=0 for a.e. ¢ and hence yu, vanishes on every connected component of the set
{b > 0}. Similarly, one can show that g, vanishes for a.e. # on every connected
component of the set {h < 0}. We have thus proved that z, is concentrated on
{b =0} and then it solves (PDE) with b =0. Hence y, =0 globally for a.e.
t € (0, T) and this concludes the proof. O

REMARK 5.3. Currently it is not known to us whether Proposition 5.2 can
be extended to more than one space dimensions, or for non-autonomous one-
dimensional case. Our proof of Proposition 5.2 relies on C! regularity of the
flow X (z,x) of b on the set [0, 7] x {x € R: b(x) # 0}. This allows us to con-
struct C! solutions ¢ of the transport equation and use them as the test functions
in the distributional formulation of the continuity equation.

But in the case when d > 1 (and also in the case when d =1 and b is non-
autonomous) the flow of b in general is not differentiable on the set where b # 0.

Indeed, let / : R — R be a Lipschitz function. Then the flow of b: R? 3 x —
(0, f(x1)) € R? is given by X (¢,x) = (x1,x2 +¢- f(x1)). It is evident that for all
t > 0 the function X(z,-) is differentiable at x € R? if and only if f'(-) is differen-
tiable at x;.

Similarly, in the one-dimensional non-autonomous setting one can show that
if f is a strictly increasing biLipschitz function such that f(0) =0 then there
exists T > 0 (dependent on the Lipschitz constants for f and f~') such that the
function X (¢, x) := x+¢- f(x) for every ¢ € [0, T] is biLipschitz (as the function
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of x € R). Then denoting with Y (z,-) the inverse of X (¢,-) one can show that X is
the flow of continuous function b(z, x) := f(z, Y (¢, x)).
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