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ABSTRACT

This thesis proposes equations extending the Free Surface Actuator Disc Theory to yield
drag forces and interference factors from a series of two porous discs in open channel flows.
The new model includes blockage ratio and Froude number as independent variables,
which are inferred in advance to yield a single solution in the prescribed domain. The
theoretical extension is integrated with the Blade Element Theory in a Double Multiple
Streamtube model (DMS) to predict axial loads and the performance of confined Darrieus
turbines. The turbine thrust force influences the flow approaching the rotor. Hence, a
momentum method is applied to solve the hydraulic transition in the channel, achieving the
unknown inflow factor from the undisturbed flow imposed downstream. The upstream
blockage ratio and Froude number are thus updated iteratively to adapt the DMS to
subcritical applications. The DMS is corrected further to account for the energy losses due
to mechanical struts and turbine shaft, flow curvature, turbine depth, and streamtube
expansion. Sub-models from the literature are partly corrected to comply with the extended
actuator disc model. The turbine model is validated with experimental data of a high-
solidity cross-flow hydrokinetic turbine that was previously tested at increasing rotor
speeds. Turbine arrays are investigated by integrating the previous turbine model with
wake sub-models to predict the plant layout maximizing the array power. An assessment
of multi-row plants shows that the array power improves with closely spaced turbines. In
addition, highly spaced arrays allow a partial recovery of the available power to be
exploited upstream by a new turbine array. The highest array power is predicted by
simulations on different array layouts considering constant array blockage ratio and rotor
solidity. Finally, assuming a long ideal channel, the deviation in the inflow depth is
speculated to become asymptotic after many arrays, implying almost identical power

conversion upstream.
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INTRODUCTION

Based on the articles:

Cacciali L., Battisti L., Dell’Anna S., Soraperra G. Case Study of a Cross-Flow Hydrokinetic Turbine

in a Narrow Prismatic Canal. Ocean Engineering 2021, 234, 109281. DOI:
https.//doi.org/10.1016/j.oceaneng.2021.109281.

Cacciali L., Battisti L., Dell’Anna S. Free Surface Double Actuator Disc Theory and Double Multiple
Streamtube Model for In-Stream Darrieus Hydrokinetic Turbines. Ocean Engineering 2022, 260,
112017. DOI: https://doi.org/10.1016/].0ceaneng.2022.112017.

Cacciali L., Battisti L., Dell’Anna S. Backwater Assessment for the Energy Conversion through
Hydrokinetic Turbines in Subcritical Prismatic Canals, Ocean Engineering 2023, 267, 113246. DOI:
https://doi.org/10.1016/j.0oceaneng.2022.113246.

OVERVIEW

The consumption of fossil fuels for electricity generation due to the global rise in energy
demand negatively impacts the environment in terms of CO: emissions, the greenhouse
effect, and global warming. According to Behrouzi et al. [1], fossil fuels are less reliable in
the long term because of limited reserves and population growth. Therefore, most
developed countries are attempting to exploit renewable sources to diminish the
dependency on fossil fuels, ensuring sustainable development with clean, reliable, and cost-

effective electricity production.

For more than a century, hydropower has been the most consistent source of renewable
energy on the planet, being a continuous resource, with high density, predictable, and
independent of random weather conditions, in contrast to solar and wind power options [1].
Although the scale of hydroelectric power generation varies significantly worldwide, it
accounts for the highest share of global renewable energy conversion, as confirmed by the

statistics of the International Renewable Energy Agency [2].

The total amount of electricity generated from renewables in 2020 was 7.468 TWh, with
percentages illustrated in Fig. 1. 59% of the total (4.356 TWh) is hydroelectric energy, 21% is
wind energy (1.589 TWh), 11% of solar energy (844 TWh), 8 % of bioenergy (584 TWh), 1%
of geothermal energy (95 TWh), and marine energy (1 TWh). The marine capacity installed
in 2020 amounts to 527 MW, and despite its growth, it is exploited only in countries with
access to the coasts. Tab. 1 shows the annual trend of grouped renewable energy
consumption in [TWh] from 2011 to 2019, with limited exploitation of marine energy.
Among recent conversion technologies, much of the scientific community’s interest is

addressed to hydrokinetic turbines, i.e., low-environmentally invasive devices installed in
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tidal estuaries, rivers, and artificial waterways. The power conversion from tidal currents is
an attractive solution, even though the requirement of a stable high-speed current is a key-
element in achieving high-capacity factors. Some enthusiasm is also spreading around In-

Stream River Hydrokinetics, whereby extensive research persists.

s .

= Hydro = Wind - Solar = Bioenergy = Geothermal

Fig. 1. Electricity generated from renewables, by energy source [1].

Tab. 1 World renewable electricity generation [TWh] [2].

Year 2011 2012 2013 2014 2015 2016 2017 2018 2019
Hydropower 3586,42 3772,39 3873,67 3992,50 398895 4160,14 4184,13 4280,51 4321,62
Marine 0,56 0,96 0,93 1,00 1,01 1,02 1,03 1,00 0,98
Wind 433,74 525,53 636,17 712,06 828,05 952,83 113,15 125,81 141,24
Solar 65,63 101,77 137,62 192,76 252,35 326,14 438,18 564,71 693,06
Bioenergy 335,89 371,00 404,16 436,17 459,11 485,11 503,10 526,56 557,85
Geothermal 69,86 70,84 72,36 77,29 81,21 83,27 86,02 89,52 92,05
Total 4401,68 4753,45 5035,77 5319,30 5516,43 5893,85 6222,60 6602,44 6963,45

According to Flambard et al. [3], unlike the electricity generated by wind and photovoltaic
systems, hydrokinetic energy has the advantage of predictions over longer time scales.
Indeed, the energy harnessed near the coasts is periodic, while the energy extraction from

the rivers, with or without dams, presents seasonal variations.

The map from [4] in Fig. 2 shows the most relevant regions of tidal dissipation, i.e., the north
of Australia, New Guinea, Indonesia, the east coast of China, the east coast of Alaska,
Hudson’s Bay in Canada, the area between the UK, Ireland and France, and southern
Argentina. However, this map omits the potential of rivers or estuarine current power,
which does not exclusively concern the countries bordered by the sea. Diversely, the
European map in Fig. 3 from [5] distinguishes between tidal and run-of-water sources. As

clearly identifiable, an abundant run-of-river operation is feasible in Scandinavia and South-

Eastern Europe.



Apart from the tidal energy distribution, the available energy in rivers was mapped
according to different models. One of the most valuable works determining the theoretical
global riverine resource to 58.400 TWh/year + 109 TWh/year, related to a capacity of 6.660 +
0,012 TW, was developed by Ridgill et al. [6].

R Ray, GSFC

Fig. 2. Tidal energy dissipation world map [4]. The highest energy regions are marked in red.
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Fig. 3. Distribution maps of tidal stream and run-of-river resources [5].

Although the high uncertainty of discharge and head due to limitations in remote sensing,

this result provided a first-order approximation of the overall potential for hydrokinetic



energy conversion as a step toward mapping the global riverine resource. Since limited
information is available at a continental scale [7], estimates were achieved by using a data
set of sufficient temporal and spatial resolution for daily discharge [8], i.e.,, a 35-year
discharge record from 1979 to 2013.

The theoretical riverine resource prediction allowed a qualitative spatial distribution in Fig.
4, identifying the regions at a high concentration. These areas comprehend the Himalayas,
Tibetan Plateau, and surroundings, the islands of Borneo, Indonesia, New Guinea, New
Zealand, the Andes, the Pacific Northwest, Scandinavia, the Congo Basin, Equatorial Africa,
and Madagascar. This tool includes major rivers and rivers characterized by a significant

elevation change.

0 50 100 150 200 250 300

Fig. 4. Global distribution of theoretical riverine hydrokinetic resource [6] in [GWh/year].

The Electric Power Research Institute (EPRI) 2012 published a technical report [9] based on
the riverine hydrokinetic resource in the 48 continental United States with Alaska and
excluding tidal waters, providing estimates of the theoretically available energy and the

technically recoverable resource.

A Geographic information system database, containing data of riverbed slope (S) and flow
rate (Qc), was used with the standard hydrological equation calculating hydraulic power P
= yQeAH [W] with y the specific weight of water and AH the variation in hydraulic head
between the beginning and end of a river segment. Only river stretches of a mean annual
flow higher than 1.000 cfs were considered. The technically recoverable resource was
determined by applying a recovery factor to each river segment, considering backwater

effects. The recovery factor was achieved from a hydraulic model in HEC-RAS, including
4



the turbines through a corrected Manning’s roughness coefficient, relying on the models of
Kartezhnikova and Ravens [10] and Garrett and Cummins [11]. However, the former is not
valid for all waterways and only considers the case of a uniform distribution of turbines.
The latter makes a very large approximation by assuming zero hydrostatic variation.

Therefore, their model is considered outdated.

A detailed procedure capturing more closely the physics of the hydrokinetic problem was
illustrated in 2017 by the U.S. Department of Energy [12] intended for planning, design, and
operation of hydrokinetic plants, highlighting the main concerns, such as interruptions of
water supply, flood risks, seasonal water variability, and unfavorable morphological
changes. Based on the case study of an irrigation canal, the report introduces the properties
to be measured, describes power and drag measurements, and illustrates bathymetric
mapping recommendations and water level monitoring. Many of these properties are

discussed later.

In northwest Italy, Botto et al. [13] developed a large-scale mapping of the potential from
irrigation canals in Piemonte, finding 9.376 channels in an irrigable area higher than 450.000.
These were identified and recorded into the Drainage and Irrigation informative system, i.e.,
a database for water management containing data and geographic information on irrigation
canals. However, For completeness of discharge, cross-section area, and bulk flow speed
data, only 1.350 channels were chosen, giving a total available power of 8 MW. For
simplicity, only concession discharges were considered instead of actual values. The
geometric height allowed computing the cross-section area instead of the water level
because when canals are in service, the water level equals approximately that height.
Differences in the flow rate from the considered inlet to the outlet were averaged. Moreover,
for each canal stretch, a cross-section was investigated. Since no specific turbine geometry
was assumed, the whole canal cross-section was considered for estimating the potential,

even though not technically feasible because neglecting the fluid-dynamic losses.

D'Alessio [14] investigated the hydrokinetic potential in some sections of the most
important rivers of the region Lombardia, starting from a hydrologic database and
investigating the rotors to estimate the annual energy production. The average flow speed
at the center of the river was determined with its seasonal characterization, identifying

periods of higher potential and periods of hypothetical reduced operation.



TYPE OF HYDROKINETIC TURBINES

The most widespread small-scale rotors are axial-flow turbines [15], more suitable for
marine and tidal applications. Since operating at high rotor speed, no gearbox is present if
the turbine is ducted [16]. The implementation of pitch control on axial-flow turbines
improves flexibility and efficient operation. However, their high cost is due to the coupling

with the generator, which must be submerged.

For river hydrokinetics and operation in narrow channels, the advantage of vertical-axis
turbines is their ergonomics for placement in streams with limited flow rates and shallow
waters [14]. The costs for the generators are low if installed above the water [15], [16],[17].
Moreover, they are suitable for different flow directions in marine applications. Although
less efficient than axial-flow turbines [15], their cylindrical shape allows the addition of
ducts [15]. Considering their low starting torque, a mechanism for their self-start can be
necessary [15]. In addition, vertical-axis rotors are subject to torque ripple [15], [18].
Vermaak [19] illustrated different types of cross-flow rotors (Fig. 5), including lift and drag-
driven devices, clarifying that Darrieus and Squirrel Cage types are the most common in

river energy applications.

(i} In-plane axis (i) Squirrel cage Darrieus {iii) H-Darrieus

(iv) Darrieus (v) Gorlov (vi) Savonius

Fig. 5. Cross-flow HK turbine: a) In-plane, b) H-Darrieus, c) Darrieus, d) Savonius,
e) Gorlov. Image from [18].



The decommissioned prototypes recalled by Lago et al. [20] in Fig. 6 represented a
breakthrough for marine energy conversion research. The SeaGen 1.2 MW rotor was built
with twin rotors mounted on a monopile support structure, and for years it represented the
largest turbine ever manufactured. The Kobold 150 kW cross-flow turbine was the first H-
Darrieus rotor installed offshore worldwide, deployed in the strait of Messina.

Fig. 6. SeaGen Tidal Generator, Strangford Lough (North Ireland), and Kobold H-
Darrieus Turbine, Messina Strait (Italy), both decommissioned.

Different rotors are currently being engineered and developed for the marine environment,
but In-Stream River Hydrokinetics is a suitable alternative to be investigated. Since the total
energy released from the flow due to mechanical power conversion and wake dissipation
corresponds to a limited head variation, HK turbines can be defined as “ultra-low head

turbines” according to [21] and [22].

State of the art of micro-hydropower employs basin plants or run-off plants in locations
where a static head exists. In rivers, traditional solutions imply large, flooded areas per unit
of power output. Civil works require high investments with a noticeable environmental
impact. In addition, the interruption of the natural dynamics of the streams may heavily
alter the ecosystem. On the contrary, a hydrokinetic plant ensures the minimum
environmental impact, as civil infrastructures like those in the classic basin and run-off
plants (dams, flooded areas, etc.) are not required. The structural support can be realized
with anchorages on the canal bank or floating platforms, reducing the investment cost and

enhancing their reuse in case of relocation elsewhere.

The multi-turbine transversal fence can be mounted on a single supporting structure

allowing a consistent rise in the power promoted by the increase of the blockage ratio, a
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phenomenon well-known in wind tunnel tests. Ideally, a confined turbine extracts more
mechanical power than an unconfined rotor at an equal flow speed due to an enhanced
pressure gradient generated through the rotor. According to [18], the increment in power
conversion represents main advantage of energy exploitation in rivers and existing canals
devoted to hydropower, irrigation, and navigation, even though axial loads rise. Thrust
force and turbine power are affected by the confinement parametrized by the blockage
ratio B, defined as the turbine swept area Ar to the channel cross-sectional area A (or flow
passage) ratio. If calculated relative to the undisturbed cross-section, the blockage is

termed B-, and if defined relative to the inflow cross-section, it is termed B.

Kirke [23] indicated that the turbine purchase and the execution of the civil works could
generate a high cost per kWh. However, additional studies are desirable to demonstrate the
feasibility due to cost and technical limitations, with extensive analysis of the profitability
over the long term, accounting for transport, installation, and maintenance expenses. The
canal selection is a complex task, as requirements of sufficient flow rate, velocity, and depth
must be satisfied during the year. Canals with a sufficiently regular flow to generate
electricity at a high-capacity factor and flow speeds higher than 1.5 m/s are uncommon.
Depth must be sufficient to host a single turbine or more turbines. Clearance between the
turbines” height and the free surface should exist. Therefore, only a few canals used for
irrigation purposes are suitable. The candidates are typically devoted to water
adduction/discharge to existing conventional hydropower plants of great size, as they
ensure higher resource availability during the year, according to Liu and Packey [24]. The
authors explored the attractive combination of hydrokinetic power production and

conventional hydropower facilities to generate additional power cost-effectively.

LOADS AND PERFORMANCE

The total axial load a turbine must withstand is represented by the thrust force, denoted by
T, that occurs due to the pressure difference across the rotor created to balance the loss of
momentum. If a torque Q is imparted to the blades, mechanical power P is collected at the
blade shaft for conversion to electricity. However, in a cross-flow rotor, this occurs

impulsively and results in mechanical stress, as later described in Chapter 1. Thrust, torque,
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and power are normalized henceforth for general treatment. The parameter identifying the
axial load to the total dynamic pressure force of the current is the thrust coefficient Cr. The
torque coefficient Co investigates the effects of the periodic behavior of the forces acting on
the blades, and power coefficient Cr represents the turbine power to the kinetic power ratio.

At the denominator, p and Rr represent water density and rotor radius, respectively.

=1 3
2pATU

These coefficients are expressed as a function of the tip speed ratio, i.e., the tangential speed
(w*Rr) to the actual water speed U, with w denoting the radian speed measured at blade tips.
However, the flow speed, normalizing Cr, Co, Cr, and A, will be specified later to understand

whether the parameter refers to a station upstream or downstream of the rotor.

CONTROL OF CrOSS-FLOW HK TURBINES

Horizontal wind and water turbines are controlled by a pitch strategy above the optimum
power coefficient to smooth the power curve and reduce mechanical loads through a
pitching blade mechanism [26]. Diversely, the stall control reduces the tip speed ratio by an
increase in the angle of attack inducing stall. If present, a pitch mechanism mounted on
vertical-axis rotors should modify the angle of attack over the entire revolution, making its
installation expensive [27],[28]. With no active pitch mechanism, the rotor speed is the
parameter to control by a regulation loop aiming to maximize the power output, control

power over the rated speed, and minimize the effect of cavitation on blades.

To mitigate cavitation, Ginter and Pieper [29] indicated that the reduction in the relative
flow speed W (with a drop in the rotor speed) is more effective than increasing the turbine
speed for reducing the maximum angle of attack, even though the angle of attack is higher
at low tip speed ratio. The torque applied to the rotor by the flowing current is decreased
through a gearbox and transmitted to the high-speed shaft to a synchronous permanent
magnet generator (PMG) supplying the reaction torque. For grid connection, a variable
speed generator [30],[31],[32] with an AC/DC converter is generally used. Asynchronous
generators (SCIG or DFIG) are alternatives to the PMG.

The hydrodynamic power output of the flow rate crossing the rotor of a swept area Ar is

achieved from equation (1). For a given turbine geometry, the turbine power coefficient
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depends on the pitch angle and the tip speed ratio (2), yielding Cr= Cr(3r,A), as illustrated
in Fig. 7. Removing the pitch angle variable 9r for a fixed-pitch turbine, the dependency of
the Cpr relies on a 2-D plane so that the hydrodynamic power is determined analytically. In
power optimization, the controller operates by chasing the optimal tip speed ratio, i.e., A =
Aopt. In this condition, the water flow speed U (3) that belongs to the optimal tip speed ratio
(2) is replaced in equation (1), achieving the maximum hydrodynamic power P (4), which,

in turn, dependent on the cube of the rotor speed.

CP,mzvc:CP(Aopt/ sp,opt)
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Fig. 7. Power coefficient Cr as function of the tip speed ratio A and pitch angle 9. Image from [33].
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For the control strategy of a non-pitching cross-flow hydrokinetic turbine, Ginter and Pieper
[29] remarked that the main challenge is to overcome the instabilities due to the cyclic
pulsating torque varying based on turbine geometry and operative point. Nonlinearities
occur due to the quadratic dependency of the hydrodynamic torque on the flow speed and

the shape of the torque coefficient versus the tip speed ratio.

Based on [33], the power electronics act on the resistant generator torque characteristic

towards variations in the rotor speed. Thus, the hydrokinetic turbine tracks the optimum
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speed considering the fluctuations of the channel flow rate. The maximum power, located
on the mechanical torque - rotor speed plane, is achieved from equation (4), i.e.,, by
replacing Puax with (Qgen'agen), yielding the quadratic equation (5) representing the parabola
in the Q-w plane.

Rt

3
1
Qgen = EPAT (Fpt) CP,maxw2 = C(’-)gen2 )

The strategies in Fig. 8 outline the control regions. On the left, the turbine is in shutdown as
the operation is not economically convenient, assuming the low power output and wear of
components up to cut-in speed. In the region (A-E), the turbine tracks the optimum tip speed
ratio Aot to point E. After point E, the real power separates from the ideal power curve,

leading to some power losses.

G/
N
3 G
g
g
(a W
Vin (m/s)
‘/min ‘/N l/mnx
CPmax Speed-assisted stall = Ideal
- - — Passive stall
[
Q
V'm (III/S)
Vmin | %5 Vmax

Fig. 8. Variable-speed fixed-pitch control strategies with passive stall regulation (AEDG) and speed-assisted
stall regulation (ABCDG ): (a) captured power and (b) power efficiency vs. wind speed. Image from [33].

At low water speeds, the tracking of the Crm is feasible with the variable speed-passive
stall technique, adopted for almost most vertical axis turbines, according to Battisti [34]. Fig.
9 shows the control strategy on the mechanical torque-rotor speed plane. In the low water
speed region (between Vuin and VE), the rotor operates at variable speed along the quadratic
curve AE, finding Crmx. The rotor speed must change in response to the variation in the

flow velocity fixing the velocity triangles [34]. To allow this variation, the controller acts on

11



the electrical resistant torque (Qgn) according to the law (5), allowing the rotor speed to

increase from the cut-in speed (Vi) to Pmax at V.

According to [33], a passive stall regulation implies that, above V&, the turbine operates at a
tixed speed along (E-D), thus inducing stall to limit power. Various operating points are
superposed in the segment (G-D), and the maximum efficiency Cr.max is achieved at a single
water speed intersecting the point E. D denotes the point where the reaction torque
intersects the stall front, i.e., the upper boundary of all hydrodynamic torque characteristics,
which determines the rated power. At a water speed Vb or higher, the turbine stalls and
reduces the mechanical power. Real and ideal power are attached to the point E, after which
the real power separates and induces power losses. Higher water speeds reduce the
hydrodynamic power, and thus the operating point moves back along the generator torque,
reaching the cut-out point G corresponding to V. When the angle of attack o exceeds a
given value, flow separation occurs from the low-pressure side of the hydrofoil, inducing a
differential pressure that reduces the lift force and increases the drag force. This
phenomenon implies a substantial increment in the thrust force with a drop in the tangential

force.

Torque (Nm)

E

Y e

- = "min

Rotational speed (r/s)

Fig. 9. Variable speed fixed-pitch control strategies with passive (AEDG) and speed-assisted (ABCDG ) stall

regulation. Image from [33].

With an assisted stall regulation, the turbine is regulated by chasing Crmax from A to B,
increasing the rotor speed. Since the speed in B is maximum, the operative point moves
along the segment (B-C) as water speed increases. Thus, the generator speed is kept constant
at this water speed region. As water speed increases due to turbulent phenomena, the
control induces stall by moving the torque characteristic toward the point shut-down point

G’ along the rated power hyperbola, thus reducing rotor speed.
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HYDRODYNAMIC PROPERTIES

According to Gunawan et al. [12], the first information required for modeling the canal is
the canal bathymetry. Accurate bathymetry data, including information on bed slope and
cross-section geometry, is available from the canal operator. Although many irrigation
canals have a bottom prone to erosion and deposition, this work aims to predict the

performance of turbines deployed in waterways with a concrete bed.

The interference from tunnels, bottom sills, weirs, drains, etc., must be evaluated case-by-
case. An object deployed in a canal obstructs the flow introducing a drag force. In open
channel flows, this drag force causes a backwater to extend far upstream. The extreme
drawback is the risk of overtopping from the canal banks. Although continuous monitoring
of the water level at the sidewalls is desirable to prevent this issue, an accurate design that
considers the thrust and power extracted from each turbine and a row or “array” of turbines
is an aid in environmental control. According to [12], the main flow field properties and

head parameters are introduced:

a) Mean flow speed (U)

Measurements of streamwise, crosswise, and vertical velocity components achieved from

ADCP measurements (Acoustic Doppler Current Profiler) are required to obtain the bulk
velocity in an undisturbed current, which represents the base for the calculations presented
in this work. In addition, according to Gunawan et al. [12], the same procedure can be used
to determine the inflow speed for assessing turbine performance and loading, evaluating
the flow steadiness, checking the boundary condition in numerical models, and

investigating wake velocity deficit/recovery calculations.

Moreover, velocity components u, v, and w data are required to assess the level of
turbulence in each direction. The time-averaged and spatially-averaged longitudinal
velocity component U yields the bulk velocity or mean flow speed. If the flow rate is almost
steady, Q. can be applied to all cross-sections of the canal stretch, while U becomes the mean
value, with U= Q./A. In the incoming chapters, the flow speed at an undisturbed cross-

section is termed U-~, and the inflow speed is termed Ub.

b) Froude number (Fr)

It indicates the ratio of the flow inertia to gravity, distinguishing between subcritical (Fr <

1), critical (Fr = 1), and supercritical hydraulic regimes (Fr > 1). Only subcritical flows are

13



considered in this work, and the Froude number is calculated by dividing the mean flow
speed U by wave celerity c. Reminding that celerity is (¢*Dr)?, with the hydraulic depth of
the channel denoted by Di. Notice that Dh = h in rectangular channels, with Dr = A/w, the

wetter area termed with A and w denoting the free surface width.

¢) Reynolds number (Rey)

It indicates the ratio of inertia to viscous forces, distinguishing between laminar (Rer <2000),
transient (2000 < Rer< 4000), and turbulent flow (Res> 4000). According to Henderson

[25], Rer plays a limited role in the theory of open channel flow when the flow is on a large

scale. Since it represents an inverse measure of the viscosity effect, at a high Reynolds

number, the impact of viscosity on the flow is not noticeable.

The Reynolds number allows selecting canals suitable for HK applications. Indeed, fast and
turbulent flows are usually characterized by Res > 10° [12]. Rer is given by the product of
water density p, to the mean flow speed U and the hydraulic radius of the canal R», divided
by the dynamic viscosity of water p.

pURp

Ref =

d) Head parameters

In open channel flows problems, the conservation of energy is stated by normalizing all
terms by the unit weight of water, thus attaining bed elevation head z, the piezometric head
(water depth or hydrostatic head) /i, and the kinetic head k, so that the unit is in [m]. If
including the elevation differences, the sum of the three components relative to a canal
cross-section is the total head. Otherwise, the sum of the piezometric and kinetic

components yields the specific energy denoted by E.

According to Henderson [25], the Coriolis coefficient denoted by a. is applied to modify the
kinetic head due to non-uniform velocities over the cross-section. It assumes the velocity
variation over the water column by integrating the magnitude of the current at a generic

point of the cross-section. The same applies to the momentum term (p-Q~U) with the
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Boussinesq correction factor denoted by .. As remarked later, a. and f. are disregarded in
this work. To be distinguished from the flow interference factors (Chapter 2), a subscript c is
used. The head loss due to bed friction /ris defined as the product of the friction slope S to
the longitudinal length involved dx. The turbine head variation, denoted by AHr, and the
head drop due to viscous dissipation, AHuis, cannot be distinguished in the channel flow, so

the total head variation AH:: replaces their sum in the equations of this work.

e) Turbulence parameters (ux’, u,’, uz", TI)

The velocity fluctuates in time and diverges from the time-averaged mean flow speed. The
fluctuating components ux’, uy’, and u:" describe the turbulence level in a 3-D space. The
fluctuating vorticity dominates turbulence; therefore, it can be considered as eddies of
different size breaking and forming new ones. In this diffusive process, the rapid mixing of
molecules leads to the conversion of kinetic energy into heat by viscous forces. According
to the Reynolds decomposition, the total velocity is given by the sum of the mean value plus
the fluctuating component, e.g., ur = uxmtu.’. Hence, the flow speed is calculated by

averaging in space all time-averaged measurements.

As clarified by Gunawan [12], bulk velocity impacts long-time performance and converted
power. In the short term, turbulence determines non-stationary loads on turbine
components, including vibrations, noise, and fatigue. Turbulence intensity TI represents a
measure of turbulence, and it is calculated as the standard deviation of fluctuating velocity
to the mean flow speed ratio. It can be computed relative to each fluctuating component or
to the mean fluctuating value, with ox > 0y> 03, i.e., Tli= 0/U, Tly= 04/U, TL: = 0-/U. The total
turbulence intensity is termed TI = (0:*to/*+0-2)/U. In this work, the treatment of the

turbulent parameters is marginal.

AIM OF THE THESIS

This work aims to develop a tool predicting axial loads and performance of vertical-axis
hydrokinetic turbines in artificial canals. The choice came down to a versatile Double
Multiple Streamtube code for a single rotor to prioritize fast simulations. Blade Element
Momentum codes simulate rotors in unconfined streams, while blockage corrections are
available to approximate the desired performance in unbounded flows from the blocked
output. Diversely, the development of a confined turbine model allowed complying with
the physics of the problem, even though this choice implied a change in the core momentum

equation. According to the literature, the last improvement to the Actuator Disc Theory for
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hydrokinetic turbines in channel flows included blockage ratio and Froude number as
independent variables in a single-disc formulation. The authors attempted to solve these
equations in a Blade Element Momentum model for axial-flow turbines, achieving
satisfactory results. However, no Blade Element Momentum model was developed for
Darrieus rotors based on an extended double-disc theory. In this perspective, a Free Surface
double-disc LMADT may solve the governing equations in a Double Multiple Streamtube

model, facilitating the assessment of In-Stream Darrieus hydrokinetic turbines.

Some modeling limitations have forced bold choices. First, a shear velocity was not applied.
The confined actuator disc dictates the use of a bulk flow speed upstream of the turbine due
to the definitions of the Froude number, implying a flow averaging. The inflow assessment
adapts the turbine model to river currents. Since the sum of the energy harvested by the
turbine shaft and the energy dissipated in viscous friction downstream of the rotor balances
the reduction in upstream bed friction through the backwater, the rise in depth upstream of
the turbine depends on the rotor operating condition. However, the turbine thrust
coefficient and the inflow factor are two unknowns of the problem. Starting from the
undisturbed flow downstream, the interaction between the DMS code and the inflow
correction allows solving this undetermined problem for a single rotor. The model
validation relies on experimental data of a high-solidity H-Darrieus turbine tested in the
subcritical flow of a narrow canal. The code is extended further for assessing multi-array
plants and defining the best solutions within various array layouts based on a different

number of turbines, turbine aspect ratios, turbine spacing, and array spacing.

The experimental activity on the Darrieus rotor is illustrated in Chapter 1. The confined
Actuator Disc Theory with the double-disc extension and the development of the Double
Multiple Streamtube Model, including all sub-models, are treated in chapter 2 and 3,
respectively. The inflow correction for adapting the previous code in subcritical flows is
presented in Chapter 4, while the model developed for turbine arrays is illustrated in
Chapter 5. Outputs and observations are presented in Chapter 6 before the conclusion of
the work in Chapter 7.
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NOMENCLATURE

CP, max

pmux

Qe
Rh
Rer
Sf

TI

Cross-section or flow passage area m?

Turbine swept area m?

Blockage ratio, (A1/A)

Power coefficient, (P/(V20*ArU3))
Maximum power coefficient
Torque coefficient, (Q/(V20*ArRrU?))
Thrust coefficient, (T/(V20*AmU?))
Hydraulic depth m

Specific energy, (h+U?(2-g)) m
Froude number, (U/(g*Dn)"?)
Gravity acceleration m/s?
Hydrostatic head m (see subscripts)
Friction head m

Turbine power W

Maximum power W

Torque Nm

Channel flow rate m%/s

Hydraulic radius m

Channel flow Reynolds number, (o*URn/p1)

Channel bed slope m/m
Friction slope m/m
Axial thrust N
Turbulent intensity

u
UJ(,m
ux’, uy', uz’
w
AHaiss
AHr
AHtot
ac, Be
S

A, Aopt
U

p

sz, O'yz, 022
[

Subscripts

[eS]

0

Short forms
DMS

HK
LMADT

Mean flow speed m/s (see subscripts)
Mean velocity component m/s
Velocity fluctuations m/s

Free surface width m

Head drop due to dissipation m
Turbine head drop m

Total head drop m

Coriolis and Boussinesq coeff.
Blade pitch offset deg

Tip speed ratio, (wR1/U)
dynamic viscosity Pa s

Fluid density kg/m?3

Standard deviation

Angular velocity rad/s

Far-field flow
Inflow

Double Multiple Streamtube
Hydrokinetic

Linear Momentum Actuator Disc Theory
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1. HYDROKINETIC TURBINE TESTS

Chapter adapted to the content of the article:

Cacciali L., Battisti L., Dell’Anna S., Soraperra G. Case Study of a Cross-Flow Hydrokinetic Turbine
in a Narrow Prismatic Canal. Ocean Engineering 2021, 234, 109281. DOI:
https.//doi.org/10.1016/j.oceaneng.2021.109281

This chapter illustrates the experimental activity in a smooth prismatic canal where a cross-
flow hydrokinetic turbine was deployed generating a highly blocked environment, as
disclosed in [1]. Section 1.1 illustrates a literature review involving the testing of small-scale
hydrokinetic rotors. Many of the listed references describe turbine loads and performance,
often disregarding the assessment of a free surface effect such as backwater, which induces
a variation in the turbine inflow. Sections 1.2 and 1.3 illustrate the features of the canal and
turbine used for the experiments, including the test bench and probes. Section 4 shows the
upstream free surface variation at each rotor speed and resumes the measurements of rotor
thrust, mechanical torque, and power. Transients in achieving the hydraulic equilibrium in
the channel were observed after the change in rotor speed, which prompted new
measurements to be executed after regular time intervals. Visualization of wide torque
fluctuations led to the definition of the torque ripple, a common concern in vertical-axis
wind and hydrokinetic turbines. Studies from the literature about rotor solidity and aspect
ratio allowed drawing information to reduce the torque ripple and renovate the rotor for

future tests.
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1.1. LITERATURE REVIEW ON TURBINE TESTS

River hydrokinetics is addressed as micro-hydropower due to the peak power of tens of
kWs, with turbines generating electricity as long as running water is available [2] and
without dams [3]. According to Riglin et al. [4], micro-hydrokinetic turbines have a limited
capacity to produce a large amount of power in rivers due to limitations in wetted areas.

However, turbine arrays will be essential to meet commercial power generation goals.

Several experiments investigating turbines immersed in high-blockage test flumes are
available in the literature. Riglin et al. [5] tested an axial-flow turbine deployed in a water
channel, finding maximum power coefficients ranging from 0.35 to 0.37 at flow speeds from
1.5 m/s to 1.7 m/s. Birjandi et al. [6] investigated a two-bladed squirrel-cage turbine at
different depths and chord Reynolds number Re. When partially submerged, a noticeable
drop in performance occurred at all Re investigated due to extensive cavitation caused by
air drawn from the suction side of the blade. Bahaj et al. [7] studied the power coefficient
and thrust coefficient of a 0.8 m diameter horizontal axis marine turbine in a cavitation
tunnel for different flow conditions, showing a peak power coefficient of 0.46 at a yaw angle
of 20° and flow speed of 1.7 m/s. A significant drop in performance occurred for shallow-
tip immersion. McAdam et al. [8] performed extensive tests on hydrodynamic performance
and structural loading of a transverse horizontal axis water turbine as a variant of a cross-
flow Darrieus-type turbine. These were executed at a varying tip speed ratio and at several
blockage ratios, solidities, fixed-offset pitch angles, and flow directions. Lower rotor solidity
and higher blockage exhibited an increase in power conversion, channel efficiency, and
structural loading. This device constantly exceeded the Lanchester-Betz limit. Ross and
Polagye [9] studied a cross-flow rotor in two different test flumes at two blockage ratios.
With interesting contour plots, the authors demonstrated the assumptions of higher bypass
flow velocities around the rotor, reduced wake size, increased turbulence intensity, and
viscous dissipation rate downstream of the turbine. Bachant and Wosnik [10] analyzed a
cylindrical helical turbine for free flows and a spherical cross-flow turbine designed to
operate in circular gravity-flow pipes or channels. Their power coefficients were 0.35 and
0.24, respectively. The authors justified the low performance of the spherical turbine due to
its development for a higher blockage environment. Kirke [11] explored pitching systems
on two cross-flow rotors, i.e., a 1 m diameter turbine with a passive eccentric mechanism
tested in open water at 1.0 m/s and a 0.5 m diameter turbine with a cam-driven pitch to
reduce the dynamic stall phenomenon tested in a towing tank at 0.5 m/s. Two-dimensional
modeling demonstrated an overprediction of the power coefficient from 45% to 49% by
ignoring parasitic drag losses and the pitch mechanism affecting low Re operation.
Shimokawa et al. [12] analyzed a four-bladed Darrieus turbine with different chasings at a

duct outlet as a dam-type rotor, showing a power coefficient higher than the Lanchester-
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Betz limit at each flow condition. Finally, Myers and Bahaj [13] tested a 0.4 m diameter
horizontal axis marine turbine in a water channel, investigating the upstream and
downstream phenomena, i.e., an increase in water depth upstream of the rotor, a decrease
in water depth downstream due to the turbine power, and a rise in depth further

downstream due to the wake reaching the surface.

Different river tests were conducted, even though only some are mentioned for brevity.
Kirke [14] resumed data of helical and straight-blade Darrieus turbines with and without a
variable pitch system. With a diffuser, he observed the improvement of power output by a
factor of three compared to the same turbine without the diffuser. Patel et al. [15] tested a
Savonius turbine in different canal geometries, showing improvements in turbine power by
increasing the kinetic energy upstream of the turbine by enhancing the bottom height of the
canal or reducing the side wall’s distance. Anyi and Kirke [16] reviewed the experiences of
several teams in Australia, South America, and the UK related to different solidity axial flow
turbines for 1-2 kW electrical power generation in rivers for off-grid purposes. The
installation details of various rotors were described, showing how turbines can be
suspended from the bank of small rivers using a pivot arm or from jetties/bridges using a
long pole. According to previous literature experiences, a welded steel structure was
manufactured to resist high thrust force and vibrations generated at the shaft of the cross-

flow turbine illustrated in this chapter and was fixed on the canal embankments.

1.2. CHARACTERIZATION OF THE UNDISTURBED FLOW IN A CANAL

Experimental tests were conducted at the smooth prismatic waterway shown in Fig. 1-1,
where a cross-flow hydrokinetic turbine was deployed, which generated high blockage.
Since no significant change in flow rate and depth was observed during the initial
measurements, a mean flow speed allowed defining the undisturbed condition before the

deployment of the turbine.

The cross-flow hydro-turbine was designed, manufactured, and assembled with its test
bench for deployment in the canal. Measurements of bending moment and mechanical
torque were executed at different rotor speeds. Free surface effects, such as the backwater
profile upstream, including the rise in the hydrostatic pressure at the turbine proximity and
the water depth drop, were visualized. All measurements were performed at a single flow

condition due to the impossible regulation of flow speed and depth.
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Fig. 1-1. The hydrokinetic turbine and its structural support mounted on the embankments.

The canal cross-section is trapezoidal with an additional trapezoidal bottom. The canal is in
the municipality of Dro (Fig. 1-2) near Trento (Italy). It is hydraulically supplied from the

river Sarca to guarantee the minimum vital flow of a neighboring trout farm.

Fig. 1-2. Satellite and transversal views of the test site.

The bottom and walls consist of cement slabs on gently sloping terrain. The mean geometric
slope S of the bottom cement slabs is approximately 0.1% at the measuring station. A part

of the flow rate is collected towards a micro-hydropower plant.

Turbulence parameters were investigated after measurement of the velocity components in

the x, y, and z directions at 50 Hz. Turbulent fluctuations ux’, uy’, and u:" attached in Fig. 1-3
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exhibited an anisotropic behavior and a reduced oscillation on the third component. The
maximum oscillation was achieved by the cumulated mean values of the axial component
u:’, resolving in approximately three minutes, sufficient to characterize the flow with

reliable measurements. Hence, the turbulence intensity of the canal was estimated at 6.67%.

u_ [mis]
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Fig. 1-3. Turbulent fluctuations ux’, uy’, u-".

No historical flow data series were available. Therefore, an entropy model was applied to
calculate the undisturbed bulk flow speed U-. In the literature, entropy models were
declared effective, especially for the flow near the bottom and below the free surface, where
many existing measuring devices face problems [17]. Entropy models [18] are considered a
reliable alternative to the most popular velocity-area approach [19] or multi-variable
regression analyses [20]. According to Chiu and Tung [21], since the maximum velocity in
a channel section often occurs below the water surface, the mean value of the ratio of U-
and maximum flow speed umx at the cross-section represents a stable function invariant with
time and discharge. Moreover, the problem is further simplified as the y-axis is in the middle

section of prismatic channels.

u= %ln[l + (eM — DF ()]

The probability density is obtained as a function of the velocity f(u), which is the specific
random variable [21]-[23]. The probability of the sampled velocity being less than or equal
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to the cumulative distribution function F(u) of the probability density f(u). It is expressed as
(&-E0)/(Emar-Eo), With &, denoting the ith isovel curve, Eme denoting the maximum isovel
occurring at umay, and &o denoting the isovel at u = 0 at the channel bed, with 0 < u < tmax.

Assuming &o =0, it yields,

= [ fwdu

fm ax

Since the most reliable probability distribution is that with a maximum uncertainty
(maximum entropy), the probability distribution of the maximum velocity in a stream is
achieved by maximizing Shannon’s entropy f(u) = e, with e = M/(umux(eM-1)) and az =
M/umax. The cumulative F(u) represents the fraction of the flow area in which the velocity
remains lower than or equal to umax, according to Farina et al. [24]. £ is expressed as a function

of the vertical coordinate y, according to [22]:

In this expression, D represents water depth, and / is the vertical location of umx below the
free surface. According to Chiu and Tung [21], three cases are expected based on the position
of uma, i.e,, h>0, h=0, and h <0. In the first case, Emax 0ccurs below the free surface at y = (D-
h); in the second case, max is at the free surface such that y = D, and &ma occurs on the free
surface, where h loses its physical meaning but becomes a tuning parameter for the

curvature of the velocity distribution, and still y = D.

By substituting y in the previous statement, it is achieved &mar =1 for the first two cases and
D/(D-h)e®P ) for the third. Therefore, the ratios £/Eme become, respectively:

fmax

E = Y e(l_%)
fmax D
fmax D D
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The third equation is evaluated as i — -e. From the probability density function f(u), the
ratio of the mean and maximum velocity, Chiu and Hsu [23] derived the cross-sectional
average velocity U- = f(uma, M) (1.1) as a linear function of the maximum velocity umx on the
vertical axis and the entropy dimensionless parameter M, which represents a constant for a
given cross-section. This equation describes the velocity variation in two dimensions with
the maximum velocity at or below the free surface. Hence, the function (M) is determined

from equation (1.2).

Up = ¢(M)umax (11)
pM) =L (1.2)

Since no records of M were available, velocity samples were collected on the z-axis to
estimate the location of umx giving hi/Di. M was derived from the following empirical
relationship with h/D [21]. Other methods are also available [24] for estimating M. This
regression was assessed in the range 1.0 < M <5.6 and 0 <hi/Di < 0.61, even though validated

only for wide rivers [24].

M 02282
D; G(M)
M_y
G(M) ==
M) = oan

With a maximum velocity #mx of 1.44 m/s and M of 3.62, a mean bulk flow speed U-=1.078
m/s was achieved, generating a flow rate Q. =1.189 m3/s, which isovels are illustrated in Fig.
1-4. From Gauckler-Manning’s formula, a Manning’s coefficient n of approximately 0.016
was calculated, given a hydraulic radius Rr of 0.3922 m and a bed slope S of 0.001 m/m,
demonstrating a consistent result for smooth canals [25]. The hydraulic parameters referred
to in the undisturbed cross-section are resumed in Tab. 1-1. Fr- and the Rer characterizing
the flow yield 0.402 and 3.71e6, respectively. According to Gunawan [26], the Reynolds
number is high enough to consider this canal suitable for HK applications. An absolute error
of 0.0704 m/s was ascertained, calculated to the output of a multi-regression analysis, and

the ADV uncertainty. It was considered as the averaging error.
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Fig. 1-4. Cross-sectional iso velocity curves distribution in the canal.

Tab. 1-1 Parameters identifying the undisturbed flow of the trapezoidal canal.

Variable Symbol / Unit Value
Bed slope S [m/m] 0.001
Manning’s coefficient n [m-153s] 0.016
Cross-section area A~ [m?] 1.1025
Hydraulic radius Rn [m] 0.392
Hydrostatic depth D [m] 0.850
Hydraulic depth Dn [m] 0.735
Free surface width w [m] 1.500
Mean flow speed U- [m/s] 1.078
Volumetric flow rate Qc [m3/s] 1.189
Froude number Fre[-] 0.402
Reynolds number Ret [-] 3.71e5

1.3. THE HYDROKINETIC TURBINE

The turbine in Fig. 1-5 is a self-starting cross-flow hydrokinetic turbine based on the H-
Darrieus concept, with a rotor consisting of three straight and equally-spaced blades with a
zero-pitch offset angle, manufactured with a numerically controlled cutter in aluminum
alloy. The fluid dynamics modeling, and the structural design of the rotor were executed by
the Fluid Machinery Laboratory Staff of the University of Trento to maximize the turbine
performance. The size and shape of blades confer high solidity to the rotor, determined as
o = c:Nu/(2R1) where Ni is the number of blades, c is the chord length, and Rr is the turbine
radius. Its shape confers a tip loss reduction which represents a critical factor for vertical
axis turbines. The blades were designed with a NACAQ021 profile to reduce the rotor
manufacturing cost. In Tab. 1-2, the geometrical features of the rotor are summarized. The
size of the rotor was chosen to generate a significant blockage ratio B-, based on the
maximum value foreseen for a larger-scale experiment (not described in this work). A
refined measurement of the turbine swept area from the chord mid-line for the simulations
illustrated in Chapter 6 yields 0.2257.
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Tab. 1-2 Hydrokinetic turbine features.

Description Value
Diameter (Dr) 0.50 m
Height (Hr) 0.50 m
Blades (Nb) 3

Chord length (c) 0.067 m
Hydrofoil thickness (t)  0.014 m
Profile NACA0021
Blade pitch offset (Op) 0°

Frontal area (Ar) 0.25 m?
Solidity (o) 0.402

Fig. 1-5. The three-bladed cross-flow turbine.

The planimetric arrangement of the turbine and probes is shown in Fig. 1-6. Before the
turbine deployment, the tests of the undisturbed flow speed were performed using an
acoustic doppler velocimeter ADV in position (A) with accuracy + 0.01 m/s. A grid of 5x7
velocity points was acquired from which cross-sectional iso velocity curves were modeled
(Fig. 1-4).
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Fig. 1-6. Planimetric arrangement of pressure probes (P), propeller-type current meter (M), Acoustic doppler

velocimeter (A), turbine (T), and downstream crossbars (C).

Additional measurements were performed with a propeller-type current meter (M) at the
canal centerline. Data on water depth were collected from two pressure probes (P) during
the turbine operation at an upstream station and the turbine proximity, aiming to check the
backwater. Additional measurements were executed into the wake at 1.5 Dr and 2.5 Dr
downstream of the rotor (C). The test bench for this campaign was manufactured to measure
the values of torque and thrust acting on the rotor at different rotor speeds. The test bench

in Fig. 1-7 was essentially provided by:

- DC motor/generator (with nominal power 0.61 kW and nominal speed 1000 rpm)
- electronic drive for the speed regulation of the DC motor (controller)
- network of probes

- data acquisition system
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- structural support, i.e., a tilting frame made of welded steel pipes anchored to the canal embankments

including a vertical translation system to adjust the immersion depth of the rotor.

Fig. 1-7. Turbine test bench: macro components scheme (left) and finite element modeling (right).

The structural support of the test bench is a tilting frame laid on canal embankments
allowing the lifting and the immersion of the turbine. The probes on the test bench, the range
of signals, and the measurement accuracy are shownin Tab. 1-3. The signals from the probes
were sampled at a frequency of 2 kHz with a National Instrument’s Compact RIO (9082).
The torque meter has an integrated encoder mod. Kistler 4503A with accuracy + 0.1 Nm.

Data were continuously displayed and stored in text files.

Tab. 1-3 Characteristics of the probes used for the test bench.

Output signal Probe type Range Accuracy Signal acquisition freq.
Axial thrust [N] Strain gauge + 350 +2.5N
Shaft torque [Nm] Torque meter +200 +0.1 Nm
Rotor speed [rpm] Encoder 0+ 6000 +0.2 rpm 2000 Hz
Flow velocity [m/s] ADV 0.4 +1.6 +0.01 m/s
Water temp. [°C] RTD -200 + 300 +0.012 °C

1.4. MEASUREMENTS

The differences in water depth between the measurements at the stations (P) illustrated in
Fig. 1-6 to the average undisturbed depth are shown in Fig. 1-8. epth measurements were
executed with a running turbine at each rotor speed and with the turbine off. Notice that an
undisturbed depth k- of 0.85 + 0.005 m was measured. The chart also shows the axial thrust
computed from the bending moment measurements acquired with the strain gauge
mounted on the test bench. Each rotor speed corresponded to different thrust and water

depth. The instrumental uncertainty was considered for the computation of the average
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experimental data and the propagation error was evaluated for all dimensionless
parameters. Temporal measurements of the axial thrust result highly concentrated within
approximately + 10 N, consistently with the low fluctuations of flow depth, thus
demonstrating the high reliability of the test procedure.
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Fig. 1-8. Chart of the local water depth differences to the undisturbed depth measured at the upstream
station probe (orange) and the turbine probe (blue), besides axial thrust (grey circles) on the turbine shaft

calculated from bending moment data.

Data of upstream water depth shows a backwater profile propagating from the turbine
upstream. At the highest rotor speed, the water depth was measured at the upstream control
station, demonstrating a maximum increase of 4.5 cm to the undisturbed depth value. This
test clarified that far-field velocity and depth measurements must be executed far from the
turbine at an undisturbed cross-section. Indeed, the flow was still affected by backwater at

twenty-eight diameters upstream of the rotor.

Additional tests were completed to verify whether a supercritical flow condition could
appear at a high turbine load. The flow speed was measured with the ADV at the
downstream crossbars C (Fig. 1-6), but no hydraulic jump occurred, and depth remained
within the safety threshold at the highest rotor speed. Backwater was limited in this canal,
despite the high geometric blockage ratio generated in the cross-sectional area. As expected,
the depth upstream of the rotor increased progressively and proportionally to the axial
thrust on the turbine shaft at each step in the rotor speed. Depth and velocity were measured
after each rotor speed change, outlining flow transients ending with the attainment of a new

flow equilibrium, which was recognized as a new quasi-steady state. The decreasing
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mechanical torque at each operational condition was due to flow transients lasting at least

ten minutes, so measurements were discarded attentively within this time interval.

Averaged T, Q, and P were then calculated at each rotor speed for the remaining dataset, as
depicted in Fig. 1-9 to Fig. 1-11. Uncertainties are specified for rotor speed and thrust in Tab.
1-3, whereas for power, the error interval varies from + 1.16 W at 90.18 rpm to + 2.04 W at
190.9 rpm, with a mean value of + 1.53 W. The maximum mechanical power of 127.42 W is
achieved at the optimum rotor speed of 110.22 rpm. Under the same operating condition,

axial thrust and mechanical torque result in 238.29 N and 11.04 Nm, respectively.

The coefficients Cr~, Co=, and Cr are illustrated in Fig. 1-12 to Fig. 1-14 versus the tip speed
ratio A, i.e., the peripheral speed of the rotor divided by the undisturbed flow speed. The
Reynolds number of the blade chord Re ranges between 1.081e5 and 2.297e5 at the optimum
tip speed ratio A~ of 2.68. At the optimum, a thrust coefficient of 1.64 is indicated, whereas
the power coefficient surpasses the Lanchester-Betz limit at 0.81, although evidently, this
limit represents a meaningless threshold in confined flows. As previously mentioned, the
denominator of the power coefficient accounts for the kinetic energy of the flow,
oversimplifying the mechanism of power extraction. Indeed, the hydrostatic head variation
generated by the turbine is ignored in defining the power coefficient. According to Kirke
[27] and McAdam [28], the energy conversion represents a variation of the total head,
instead of a simple extraction of kinetic flux. Therefore, the ratio of the rotor power to the
total energy removed from the flow represents the hydraulic efficiency of the system. A

prediction of the hydraulic efficiency is executed in Chapter 4.

The error propagation analysis was investigated with a differential-logarithmic method. It
accounts for the instrumental uncertainty of ADV, torque meter, strain gauge, and encoder
and the modeling error on the far-field velocity. The mean absolute error on the
dimensionless parameters is high (+ 0.237 for Cr,», + 0.033 for Co,«, + 0.141 for Cr,«, and *+
0.210 for Ax) due to the influence of the velocity estimate error on other quantities. It is

evident if one observes the non-negligible uncertainty determined for the tip speed ratio.

An example of torque and axial thrust over a complete revolution is presented in Fig. 1-15
for the optimum tip speed ratio of 2.68. An evident torque ripple appeared with high shaft
vibrations, phenomena that are typically related to dynamic stall issues, especially at low
Aw. At this rotor speed, the torque ripple induced high axial thrust fluctuations. This stress
level may accelerate fatigue failure [29],[30]. In addition, the torque ripple produces
oscillations of the mechanical power. Therefore, rotor speed cannot be regulated adequately
by the PI control.
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Fig. 1-9. Averaged axial thrust force T vs rotor speed Q.
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Fig. 1-10. Averaged mechanical torque Q vs rotor speed Q.
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Fig. 1-11. Averaged turbine power P vs rotor speed Q.
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This solicitation can be eventually reduced by increasing the number of blades, according
to Battisti et al. [31], but this would lead to a further increase in solidity. Another option may
be the design of a Gorlov rotor, thus reducing most of the disadvantages of Darrieus rotors,

i.e., self-starting issues, torque ripple, and reduced cavitation [32].

Ditferent methods to evaluate torque fluctuations were previously published [29]. However,
according to the works of Winchester and Quayle [30], Marsh et al. [33], and similarly to
Shiono et al. [34], the maximum torque ripple factor TRF (1.3) was introduced as a parameter
tracing the trend of the torque ripple phenomenon, i.e., the effect determined by pulsating

lift forces on the blades, alternating from positive to negative values.

TRF = Comax — Comin (1.3)
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Fig. 1-15. (Left) Pulsating mechanical torque Q and axial thrust T data series over a
revolution at a mean rotor speed €2 110.2 rpm. (Right) Pulsating mechanical power
P and rotor speed €2 over a complete revolution at a mean rotor speed € 110.2 rpm.

This experience shows that the TRF is maximum at the starting tip speed ratio, and a change
in curvature is achieved at the optimum operating point (A«ot = 2.68), where the mean
torque coefficient Co peaks. The TRF decreases as the rotor speed rises and fits well with the
dynamic stall effect related to a drop in the lift force at low rotor speeds. Fig. 1-16
demonstrates that TRF reduces only at a high rotor speed and far from the optimality, where
mechanical torque and power extracted drop significantly. The tests show excessive
vibrations at the Ao, while at higher tip speed ratios, a reduction in these phenomena is

demonstrated by the drop in TRF. Therefore, a different turbine design is justified to realize
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full-scale machines characterized by a lower turbine solidity, thus reducing the torque

ripple phenomenon.
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Fig. 1-16. Torque ripple factor TRF and mean value of the torque coefficient Co

versus the tip speed ratio Ae.

Tips for turbine design optimization for improving this Darrieus prototype are retrieved
from the literature. Investigating a straight blade rotor with a symmetrical NACA0018
hydrofoil, Brusca et al. [35] remarked that a vertical-axis rotor with a low aspect ratio has
the advantage of higher power coefficient, structural advantages of a thicker blade and
shorter chord, high stability from the great moment of inertia. Simulating vertical-axis rotors
with aspect ratio AR = H7/Dr from 0.25 < AR < 3.0, Zanforlin and DeLuca [36] highlighted
the importance of Re and tip losses, highly affecting the power coefficient. The authors
indicated that the effects of tip losses prevail on those of the chord Re for medium to large-
size turbines, remarking that limiting tip losses is more convenient than increasing the
chord-based Reynolds number. Therefore, longer blades with a high AR are desirable for
large turbines. For smaller rotors and reduced flow speeds, the role played by Re arises, and
the effects of tip losses seem to be balanced by the Re, showing that a change in AR does not
determine a variation in the performance. In practice, turbines of an AR < 0.8 should be
discarded to contain the effects of tip losses. Rezaeiha et al. [37] investigated the impact of
rotor solidity and the number of blades on the optimal performance of VAWTs. A blade
chord yielding a rotor solidity 0.09 < o < 0.036 was fixed for turbines with 2, 3, and 4 blades.
An increase of 0 determined a decline in the optimal tip speed ratio from high to low values
in all turbines, increasing the performance due to higher Re and increasing the thrust
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coefficient asymptotically. The effect on turbine performance was absent by increasing o at
a constant Re. The rise in o allowed an increased contribution of the upwind quartile to the
total power production and a reduced contribution of the downwind quartile. Rezaeiha
found that for a given o, the smaller number of blades induces higher performance due to
the high Re, thus increasing the maximum lift coefficient Cimx and reducing Ca. Therefore,
there are various aspects to consider for the improvement of the fluid dynamics of the

prototype.

An extensive assessment of this rotor, with predictions executed with a specific turbine
model, is illustrated in Chapter 6. The rotor geometry is scaled for a theoretical array design
in an artificial canal. The turbine aspect ratio varies between the alternatives, even though
turbines are simulated with a lower rotor solidity, aiming to limit the main disadvantages.
Although of great importance, the aspect of turbine design is treated in a limited manner in

this work, as priority is given to the momentum model development.
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NOMENCLATURE

F(u)
flu)
Fre

Canal cross-section area m?

Turbine swept area m?

Blockage ratio, (At/A«)

Power coefficient, (P/(V20*ArU=?%)
Torque coefficient, (Q/(V20*ATRrU=?))
Thrust coefficient, (T/(V20*ArU=?))
Drag coefficient

Maximum lift coefficient

Blade chord m

Hydrostatic head m

Hydraulic depth m

Turbine diameter m

Cumulative distribution of f(u)
Probability density of maximum velocity
Froude number, (U=/(g*Dn)*?)

Gravity acceleration m/s?

Turbine height m

Water depth at umax m

Entropy parameter, ref. Chiu & Hsu [23]
Blades number

Manning's coefficient m13s

Turbine power W

Rotor torque Nm

Channel flow rate m?/s

Turbine radius m

Short forms

ux,, Uy', uz’
Unax

HK
TRF

Hydraulic radius m

Chord Reynolds number, (o*W-c/p)
Channel Reynolds number, (0-U=~Rn/)
Channel bed slope m/m

Axial thrust N

Hydrofoil thickness m
Undisturbed flow speed m/s
Velocity fluctuations m/s
Maximum velocity of the flow m/s
Relative velocity m/s

Free surface width m

Vertical coordinate

Velocity function, ref. Chiu & Hsu [23]
Rotor speed rpm

Blade pitch offset deg

Tip speed ratio, (wRt/Us)

Fluid dynamic viscosity

Isovel m/s

Fluid density

Rotor solidity, (N+c/2Rt)

Angular velocity rad/s

Hydrokinetic
Torque ripple factor, (Comax-Cqmin)
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2. THE ACTUATOR DiIsC THEORY FOR OPEN CHANNEL FLOWS

Chapter adapted to the content of the article:

Cacciali L., Battisti L., Dell’Anna S. Free Surface Double Actuator Disc Theory and Double Multiple
Streamtube Model for In-Stream Darrieus Hydrokinetic Turbines. Ocean Engineering 2022, 260,
112017. DOI: https://doi.org/10.1016/].0ceaneng.2022.112017.

The application of the Linear Momentum Actuator Disc Theory (LMADT) to propellers and
turbines has a long tradition in the literature. Its classical development shows the
conservation of momentum of a porous element immersed in an unbounded flow
generating a wake due to boundary layer separation. A flow speed is induced through the
disc due to the pressure drop from upstream to downstream, leaving the side current
unaffected. Being formulated with the assumptions of inviscid and irrotational flow, it holds
for ideal machines. Not surprisingly, a limit for mechanical power extraction under such
conditions was found, namely the Lanchester-Betz-Joukowsky limit. Since the actuator disc
extension [1] is included in a Double Multiple Streamtube model for open channel flows,
the parameters influencing the loading and performance of an ideal machine are
investigated, moving through the literature of wind and tidal energy converters. The use of
an LMADT may seem anachronistic to the reader. Although the same idea swirled in the
mind of the undersigned during the very first mathematical development, the choice of this
method represents the strength of the whole work. A new feature consists of setting
upstream and downstream boundaries of the control volume as unknowns. According to
Cacciali et al. [1], the undisturbed cross-section is placed downstream of the viscous
dissipation induced by the disruption of vorticity. This decision contrasts with what is
shown by the application of actuator discs in the wind and tidal flows, whose undisturbed
boundary is upstream. In subcritical flows, the backwater extending far upstream does not
comply with the inviscid flow statement. Therefore, the double-disc extension interacts with
the method developed for solving the hydraulic transition in Chapter 4. Moreover, by
removing the dependence on the Froude number, the Rigid-Lid LMADT allows the

assessment of ducted vertical-axis turbines for wind or water applications.
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2.1. LMADT FOR UNCONFINED FLOWS

This theory was developed originally by Rankine [2] to estimate the performance of ideal
propellers in adding energy to the flow. Once applied for energy extraction and after
Froude’s improvement [3], the axial induction factor g, i.e., the drop in the axial flow speed
due to the disc-flow interaction, was introduced by Betz and Prandtl [4]. This parameter
was defined by a = (1-a) with a the disc interference factor, i.e., the ratio of the induced

velocity to the bulk flow speed at the upstream station U-.

Betz [5] obtained an expression for the maximum power coefficient for rotors deployed in
an unconfined flow. A recent study [6] demonstrates that this theory was discovered
initially by Lanchester in 1915 [6] and was also published independently by Joukowsky [8]
in the same year as Betz did. The subdivision of the disc in a series of annuli was later added
by Drewecki [9], introducing the chance of solving the momentum equation for a discretized

rotor.

The extension of the theory accounting for the rotation was developed by Betz [10], and
Glauert [11], [12] improved the Betz theory with the introduction of the tangential induction
factor a’, the definition of the power coefficient in terms of 4, a’, and the local tip speed ratio
A. Hiitter [13] further improved the actuator disc theory by expressing both induction
factors as a function of a single variable, the far wake velocity coefficient aw = U/U. The
control volume of the flow involved in final development is shown in Fig. 2-1 from Hansen

[13], with nomenclature modified according to the requirements of this work.

Fig. 2-1. LMADT control volume for unconfined turbine from [14].

Hence, the rotor is idealized as a drag device dissipating part of the energy of the incoming
steady-state flow whose velocity is reduced as shown by streamlines diverging downstream.
Since a pressure drop is applied at the disc section, a drag force is generated, and pressure
recovers downstream. The wake is not rotating due to the irrotational flow assumption,
even though this is corrected according to tangential induction factor a’. At low Mach

numbers, the flow is incompressible and air density p is assumed constant. In addition, no
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internal energy variation is assumed from the inlet to the outlet, thus excluding mixing
phenomena due to the inviscid flow assumption. Although its development is not
illustrated algebraically in this work, the momentum conservation between stations {e} and
{w} allows the drag coefficient Cp to be a function of the axial induction factor 4, i.e.,, Co=
4a+(1-a).

The drag coefficient in Fig. 2-2 peaks at unity and decreases for higher values of a. For a >
0.5, since Uw = (1-2a)U- due to mass conservation in the streamtube, the wake flow velocity
becomes negative and invalidates the momentum theory. Indeed, if 2> 0.5, a turbulent wake
state occurs, according to Eggleston and Stoddard [15]. In this rotor state, an unstable shear
flow occurs at the edge of the separated boundary layer due to a high jump in speed (U--

Uw), enclosing momentum from the outer flow into the wake [14].
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Fig. 2-2. (Left) LMADT solutions for drag coefficient Co and power coefficient Cr vs the axial induction
factor a. (Right) LMADT solutions and Glauert’s correction for the drag coefficient Cp vs the axial induction

factor a.

The performance is assessed with the power coefficient Cr, which is Cr = 4a<(1-a)>. If
differentiated on g, it yields the maximum ideal rotor performance of 16/27 for a = 5. It
represents the Lanchester-Betz-Joukowky limit [6], i.e., the highest ratio of mechanical

power theoretically attainable to the available kinetic power P = V2:p:Ap-U-.

Experimental investigations demonstrated that the Cp equation is valid for values lower
than %5 [14], and thus a correction is mandatory to predict the measurements at a high axial
induction factor. Fig. 2-3 shows the implementation of Glauert’s empirical correction for
heavily loaded rotors [14], according to the following statements. F represents Prandtl’s tip
loss factor correcting the actuator disc assumption of an infinite number of blades. In Fig.

2-2, the curves are plotted with F=1.
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Lapin’s representation of two unbounded porous discs [16] led to the computation of two
induced velocities, approximating the interaction of the upstream and downstream blade
pass into the flow during the rotation. Similar work was executed by Loth and McCoy [17],
who developed a cosine-type velocity interference distribution on two semicylindrical
actuators in series. Similarly, Newman [18] investigated the maximum power coefficient
achieved by two discs in tandem, achieving 16/25, in contrast to the single-disc Betz limit of
16/27 [19].

By performing tests with two porous plates, Newman’s smoke tunnel tests [19] in Fig. 2-3
demonstrated an agreement of the drag coefficient for disc spacings higher than 0.5
diameters. With lower spacings, the model becomes inaccurate due to the curvature of

streamlines at the disc and lack of flow uniformity.

Fig. 2-3. Newman’s smoke tunnel test for double-disc spacing/diameter of 0.66 [18].

2.2. LMADT FOR CONFINED FLOWS

In the past, blockage problems were solved with semi-empirical formulae correcting the
dimensionless coefficients of the turbines tested in wind tunnels. Glauert [20] developed a
model accounting for wind tunnel wall interference by modifying the thrust coefficient of a
machine operating with a high axial induction factor. Maskell [21] published a method for
bluff bodies in confined flows based on experimental evidence to improve the prediction of
the thrust coefficient. Other works aimed to remove the effects of blockage by taking
advantage of the actuator disc theory. Barnsley and Wellicome [22] implemented a

procedure predicting the thrust coefficient by iterating the ratio of the bypass to core
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interference factors. Later, Mikkelsen and Serensen [23] developed a correction based on the
wake expansion numerical computation. Finally, Werle [24] corrected blocked wind
turbines, illustrating the parametric conditions for the maximum extracted power and

contemplating the viscous pressure drop related to the downwind flow mixing.

Although limited experimental validation is present in the literature, these corrections have
been used for years to remove the blockage ratio and achieve the performance
corresponding to an equivalent unconfined flow. A recent work involving the mentioned
methods for wind and water applications was published by Ross and Polagye [25], who
demonstrated better results with thrust force correction than power. The authors pointed
out that there is no guarantee that these corrections give satisfactory results for an arbitrary

test condition.

The development of the actuator disc theory with blockage for hydrokinetics was widely
studied from the work of Garrett and Cummins [26] onwards. Notice that the roots of the
Garrett and Cummins equation (2.22) are numerically equivalent to Mikkelsen and
Serensen’s for wind tunnels. However, the Rigid Lid Actuator Disc Theory (i.e., built with
a fixed free surface) demonstrated better results for turbine installation at greater depths.
Afterward, Whelan’s extension [27] included the Froude number to account for the free
surface deformation in shallow water applications. An improvement with two discs was
proposed already by Draper and Nishino [28]. Their development helped predict optimal
turbine arrangements in tidal channels with centered and staggered configurations, besides

the difficulty of extrapolating a realistic flow condition, as stated by Bonar et al. [29].

2.3. DOUBLE ACTUATOR DI1SC ALGEBRAIC DEVELOPMENT

The purpose of extended LMADT is not just to determine the analytical performance of
ideal machines in canals. According to Cacciali et al. [1], the double-disc extension aims to
solve numerically a Double Multiple Streamtube code, iterated with the additional inflow
correction presented in Chapter 4. Although the extension for cross-flow rotors also applies

to tidal applications, this is not investigated further in this work.

This chapter illustrates only the core equations of the Double Multiple Streamtube models
presented in Chapter 3 and elaborated for turbine arrays in Chapter 5. This chapter shows
the full algebraic development of Free Surface LMADT and Rigid Lid LMADT, unlike the

abbreviated treatment depicted in the paper.
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2.3.1. Free Surface LMADT

Whelan’s model [27] simulates the drag force of a single porous disc spanning over the
channel width. The drag simulation agrees with measurements, while the predicted free
surface drop is aligned with the prediction of perforated plate tests for blockage ratios up
to 0.5, according to Pelz et al. [30]. Whelan’s actuator disc theory is extended hereafter to
account for an additional porous element representing the downstream blade interaction
with the flow. This extension still represents a quasi-1-D model, as it processes only axial
flow speeds and axial forces. Geometry and pressure scalar data are related to the Free

Surface scheme in Fig. 2-4.

Fig. 2-4. Free Surface scheme for the double-disc LMADT.

Consider a channel flow with negligible wall friction and a series of two porous discs
positioned a short distance apart. Upstream of the rotor, inflow depth and flow speed vary
according to the axial thrust exerted by the turbine, and a pressure equilibrium is
established at the stations {0}, {e}, and {w}, so that depths ho, h, and hv can be specified in
the control volume. Notice that {e} represents the depth achieved by modeling the wake of
a single-disc. Since a single-disc must be solved first to solve the double-disc, the station {e}
is mandatory for computational purposes, as stated by Draper and Nishino [28]. The
momentum conservation over the entire free surface variation {0-w} should account for

static and dynamic contributions, implying the streamtube deformation due to gravity.

The static pressure immediately upstream and downstream of each disc can be inferred
from the stream filament theory whether constant interference factors are assumed. It is the
sine qua non-condition for solving the velocity triangles of a blade when combining
momentum and blade element theories. Diversely, a DMS model would become

inapplicable.
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Moreover, the streamtube deflection of Ah/2 for a plate deployed above half depth of a
channel, as shown by Schmitz et al. [31], cannot be included in solving a DMS model.
However, another approach to account for the turbine installation depth is presented. The
assumptions for the Actuator Disc Theory account for an infinite number of blades, a non-
rotating wake, steady inviscid flow, incompressible fluid homogeneously distributed over
the channel cross-sectional area, and pressure equilibrium between each station. A

dissipative drag force proportional to the static pressure drop is achieved at each disc.

The sketch indicates Ao and ao for the upstream wake, Ar for the disc/turbine, A. and a. for
the equilibrium station, Aw, and av for the near-wake. The stations are in sequence, and all
dimensionless interference factors are scaled to the flow speed Uy, unlike the work of Draper
and Nishino [27]. These factors are formulated as the local velocity divided by the upstream
tlow speed, i.e., a1 = U1/Uo, az = U2/Uo, ae = Ue/Uo, aw = Uw/Uo, y = Uy/Uo, e = Ure/Uo, and Puw =
Uw/Uo for discs, wakes, annulus flow, and bypass flows, respectively. Blockage ratio and
Froude number are defined respective to the station {0} as well, in line with the notation of
the interference factors, i.e., B = A1/(w+ho) and Fr = Uo/(g*ho)".

The distance between the two discs is assumed small enough to prevent flows from mixing,
but sufficient to ensure the pressure equalization at station {e}. Therefore, while the bypass
and annular flows accelerate from {e} to {w} (from . to pw and from a. to yw), the core flow
of the streamtube decelerates (from a. to aw). The acceleration of the annular flow implies a
contraction between {e} and {w}, consistent with the wake deformation previously indicated,

although not visible in the image.

Upstream and downstream static pressure is denoted by po and pu, respectively, while p.
represents the pressure at the equilibrium between single-disc and double-disc schemes.
These correspond to depths h, ke, and hw in the free surface LMADT. Each drag force D: and
D: (with D:< Ds) relates to the corresponding interference factors a: and az. Henceforth, free-
surface LMADT model is developed.

a) Upstream disc

The control volumes between stations {0-e} are deduced from Fig. 2-4. Continuity equations
(C1.1-C1.2) are written for the core streamtube, while (C1.3) is related to the bypass flow
control volume. Bernoulli’s equations (B1.1-B1.2) are defined for upstream and downstream,
while B1.3 is attained for the bypass flow. The momentum equations (M1.1-M1.2) account
for gravity acceleration. Notice that the disc pressure drop Ap: in equation (2.1) represents

the output of the energy conservation between the upstream {0} and downstream {e}
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boundaries of the streamtube. Ap1 is achieved by combining (B1.1), (B1.2), and (B1.3). In turn,
the axial drag force (2.2) is determined from (M1.1) and (1). The definition of the drag
coefficient (2.3) is straightforward.

Continuity

Ay =Ara, (C1.1)
Aray = Aqa, (C1.2)
(wh — Ag) = Be(wh, — A,) (C13)
Bernoulli

P0+PU%2=P1++P# (BL1)
p1‘+p$=pe+p@ (B1.2)
P0+P%2=Pe+l)%ﬁez (B1.3)
Momentum

D, = Ap Ay (M1.1)
pUo*Ac(Be® — ac?) + pUs*why — pUy? Be*whe + %pgw(hoz —h*) =D, (M1.2)

Ao and Ae (2.4-2.5) are due to the mass conservation at the streamtube control volume. The
wake hydrostatic pressure h. (2.6) is derived from the (B1.3), after substituting ho with
Us*/(gFr?), attained by reversing the definition of the Froude number. The disc interference
factor a1 as a function of B and Fr in (2.7) is the outcome of continuity at the bypass control
volume (C1.3) if Ao, Ae, and h. are substituted by the right-hand side of (2.4-2.6). Similar
definitions were derived by Whelan et al. [27] and Vogel et al. [32].

Introducing the blockage ratio and (2.3-2.7) into the momentum (M1.2), one achieves a
quartic polynomial, which unknowns are a. and f.. For simplicity, Whelan’s equation is
implemented instead (2.8). This is a function of the parameters written relative to the

upstream station i.e., B, Fr, and implicitly, Cp.
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2
apy = p(Be” - a.?) 1)

1
Dy = - pArUo®(B.* — a.?) (22)
Cp1 = (ﬁez - aez) (23)
AO = alAT (24)
A, = %AT (2.5)
F 2
he = ho [1 = 2= (B> - 1) (2.6)
2
aeife 1_1(:892_1) -1
a = { [ B(;e_ae) ] } (2.7)
Fr2B,* + 4a,Fr2B,> + (4B — 4 — 2Fr®)B,% + (8 — 8a, — 4Fr?a,)B, + (8a, — 4 + Fr? — 4a,2B) = 0 (2.8)

b) Upstream and downstream discs in tandem

Once the upstream actuator disc is solved, the terms Ao, Ac, a1, ae, fe, and Cp: are known.
Continuity, Bernoulli, and momentum equations of the entire system are derived.
Additional equations are reserved for the annulus flow delimiting the downstream disc
(C2.4), and (B2.4), while the bypass flow further accelerates from f. to fv. The annular flow

also accelerates from a. to y«, thus justifying its slight contraction.

Continuity

AeQe = QA7 (C2.1)
aAr = ayay, (C2.2)
(why — 4p) = By (Why, — Ay,) (C2.3)
ae(A, — a.) = vw(Ay — ay) (C2.4)
Bernoulli

pﬁﬁ#ﬂ?fﬂ)# (B2.1)
P +p L =, 4 ple (B2.2)
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UZ UZ WZ
Do+ P =p,, + p (B2.3)

2 2 2
e Uo“yw

U, 2
Pe + = = py + p T (B2.4)
Momentum
D, = Ap,Ar (M2.1)

pUOZWhO - pUOZ.BWZ(WhW - Aw) - pUOZVWZ(AW - aw) - onzawzaw + %pgw(hoz - hwz) =D, +D, (M22)

The equality of equations (B2.3) and (B2.4) is used to solve for B (2.9). Hence, .’ is
substituted into (2.10) to obtain the pressure drop at the downstream disc. Coherently to the
previous disc analysis, the right-hand side of the pressure drop (2.10) is implemented into
the momentum equation (M2.1), yielding the drag force (2.11) and the drag coefficient (2.12).
Auw, a., and aw (2.13-2.15) are due to the mass conservation applied to the streamtube control
volume. Notice that (2.13) is needed only to define A« (2.15). Downstream depth hw in (2.16)
is derived as a function of the upstream depth ho from Bernoulli’s equation (B2.3) if in a

specific energy form.

The development of (M2.2) with equations (2.9, 2.14-2.16, and 2.17) gives the final double-
disc statement (2.18) in two unknowns, i.e., y» and aw. Once y» and aw are solved with the
method proposed in Section 3, fv is determined from the equation (2.9), and finally, the disc
interference factor a: is calculated. The polynomial (2.18) is convenient to easily derive the
Rigid Lid LMADT, as illustrated in the next section.

Bw = 1P’wz + ﬁez —a,? (2.9)

4p, = p P (B2~ B2+ @t~ a,2) = p U (2 — @) (2.10)
Dy == pArU* (y? — @y?) @.11)
Cpz = (w® — @) (2.12)
a. =2 Ar (2.13)
0, =24, (2.14)

aw
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_ A_T a(Yw—aw)
Ay =1 o + ol | (2.15)

by = ho[1 =2 (8,2 = 1)) (2.16)

The terms Ao, Aw, and hv are replaced into the bypass continuity (C2.3) from equations (C1.1),
(2.15), and (2.16), respectively.

Fr2 w w
why — a;Ar = B,why [1 - % (ﬁwz - 1)] - %AT - Z;ﬁw Yw — aw)Ar

After collecting a1 at the right-hand side, the blockage ratio appears by dividing the left and
right-hand sides by the product w-h, i.e.,

'aZ(yW_aW)BWB = ﬁw [1 - F%z(ﬁwz - 1)] -1- alB (B_W - 1)

AwYw Yw

Hence, the output of the mass conservation applied at the bypass control volume gives the
new disc interference factor a: (2.17). Since the downstream disc interference factor can be
calculated only after having solved a system built with the final LMADT equation, the local

Cpi, and equation (2.9), a2 is allowed to be a function of S, y«, and aw.

awVw{Bw [1_FTTZ(BW2 _1)]_1_33_‘:/([;\” _Vw)}

B(yw—aw)Bw

a, = (2.17)

However, a2 can be expressed as a function of aw and yw to allow the LMADT derivation.
Thus, (2.17) is further manipulated by replacing directly B. with equation (2.9).

Conveniently, Cp: is used instead of (B-a.?).

2
aw]/w{\/ sz+CD1[1_%(VWZ+CD1_1)]_1_B;,Z_;( Vw2+CD1_Vw)}

B(yw—aw)Vyw?+Cp1

(,Zz:
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Combining the momentum conservation (M2.2) with equations (2.14), (2.15), and (2.16),

gives:

Fr2
_pWhOUOZ(.BWZ - 1) + pWhOUOZ%.BWZ(ﬁWZ - 1) + pATUOZ;Z_;(ﬁWZ - ywz) + pATUO2 a:jiw (yw - aw)(ﬁwz -

1 1 1 1 Fr? 2
sz) + pATUOZZ_‘i(yWZ - a,’) + EPWhoUozﬁ - ;PWhoUozm [1 - %(ﬁwz - 1)] =D+ D,

Dividing the left and right-hand sides by the upstream dynamic pressure force (¥2:p-w-ho-U?),
the sum B+(Cpi+Cp2) is achieved at the right-hand side. Replacing (Ar/(w+ho)) with the

blockage ratio B, and collecting the a2 terms with a slight manipulation, yields:

1

_Z(ﬁwz - 1) + FTZ.BWZ(.BWZ - 1) + ZB;[_‘:(.BWZ - ywz) + 2B 2 (yw - aw)(ﬁwz + awyw) Tt = [1 +

aw¥w Fr2  Fr2

" (Bu? = 1)" = Fr2(B.? = 1)| = BCoy + B,

By substituting Cp: with the definition (2.12), thus collecting (1/Fr?) and ordering all terms

according to the following order, gives:

az

AwYw

_(ﬁwz - 1) + FTZ.BWZ(.BWZ - 1) - F%Z(ﬁwz - 1)2 - BCDl - B(yw2 - awz) + ZB;[_‘:(.BWZ - ywz) + 2B (yw -

aw)(ﬁwz + awyw) =0

Further collecting the terms multiplied by the Froude number,

—(80? = 1) + P8t = 1) [Bu? =25 - By - BOW? - @,?) + 2B (8,7~ 1,7) + 2B (n, -
aw)(ﬂwz + awyw) =0
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Applying the lowest common denominator to the terms within square brackets and
carefully substituting p. with the equation (2.9) while using Cp: instead of (f-a.?) for

convenience, the following algebraic building blocks are obtained:

Fr? Fr?
(B = 1D(BB + 1) = (? + Cpy — DBR,* +3Cp; +1)
* 1+ Bay,?
- ﬁwz - BCDI - ywz = _(1 + B)(ywz + CDl)

* 2B2(B" —1?) = 2B 2 Cp

In the last algebraic component, a: is replaced by the equation (¥),

2
Z(Vw2+CD1+awVw){\/ Yw?+Cp1 [1_%(VWZ+CD1_1)]_1_B;,{_;( Vw2+CD1_'Vw)}

Vrw?+Cp1

az

AwYw

= 2B

(Vw - aw)(ﬁwz + aw]’w) =

These terms are arranged to ensure the construction of an equation with a similar
appearance for Free Surface and Rigid Lid models. Therefore, the final double-disc

statement (2.18) in two unknowns, i.e., aw and yw, is achieved.

2
F%(sz +Cp1 —DBWA+3Cp + D)+ (1 +Ba,®) — (1 +B)(y* +Cpy) + ZB%CDl +

2
21> +Cor+an )|V +Coa| 1-T5- (1w +Cp1-1)|-1-BEL (V1 Z4Cp1 -1 )}

Vyw?+Cp1

=0 (2.18)

2.3.2. Rigid lid LMADT

Even though the double-disc Rigid Lid equations are achieved by setting Fr=0in (2.17) and
(2.18) as shown in [1], the complete development is illustrated. It is valid for cross-flow
turbines under an almost flat free surface in deep water (as an approximation) or for vertical-

axis turbines in water and wind tunnels.
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In this model, static pressure p is used instead of hydrostatic pressure. As in the previous
model, since a pressure drop is created by the porous disc exerting a drag force and
dissipating energy, the static pressure is not recovered downstream (po < pw). The bypass

flow is accelerated as the flow passage becomes more constricted by the wake expansion.

All equations of the Free Surface scheme hold, except (C1.3) and (M1.2) for the single-disc
and (C2.3) and (M2.2) for the double-disc, substituted by their variant with (v) indicated
below. Since water depth does not vary, the dimension w represents an area per unit width
or depth. Even though the scheme in Fig. 2-5 shows the channel area per unit depth, it holds

for the areal assessments. In addition, equations (6) and (16) lead to the result hw = ho.

Fig. 2-5. Rigid Lid scheme for the double-disc LMADT.

Continuity
(W —4p) = Pe(w—4.) (C1.3v)
(w—4p) =pu(w—A4,) (C2.3v)
Momentum
pU*Ae(Be” — ae?) = pUo*w(Be” — 1) + w(po — pe) = Dy (M1.2v)
pUo*Aw(Bu® — vw?) + pUs"ay (v? — a?) — pUs*w(By* — 1) + w(py — pw) = Dy + D, (M2.2v)

55



a) Upstream disc

Since straightforward, the single-disc algebraic development is omitted. Following the
previous steps from the bypass continuity equation (C1.3v), the first interference factor is
easily derived in equation (2.19). A similar result was achieved by Draper and Nishino [28].
The momentum equation (M1.2v) is developed in the same manner as before, achieving the

same quadratic polynomial in (2.20) published by Garrett and Cummins [26].

_ ae(Be—1)
17 B(Be—ae) (2.19)

B.2(1-B) —28,(1—a,)+1—2a,+Ba,2=0 (2.20)

b) Upstream and downstream discs in tandem

The terms Ao and A« are replaced in the bypass continuity (C2.3v) by the equations (C1.1)
and (2.15).

a1 Bw AT _ az2Bw

w—aAr = B,w — o T Yw — aw)Ar

After collecting a1 at the right-hand side, the blockage ratio appears by dividing the left and
right-hand sides by w, i.e.,

cttwlep = g, —1-aB (M- 1)

AwYw

Therefore, the new disc interference factor a: is achieved in equation (2.21) as a function of

Pw, Yw, and aw, according to the previous algebraic development.

awVw{Bw_l_Bs_‘;(Bw—Vw)}

B(yw—aw)Bw

ay = (.21)
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The interference factor a: is allowed to be a function of aw and yw in (#) for the next LMADT

derivation:

aw]/w{ Vw2+CD1_1_B;f_Vt( Vw2+CD1_Vw)]

B(yw—aw)\yw?+Cp1

a, =

()

The development of (M2.2v) with equations (2.14), (2.15), and the Bernoulli equation (B2.3)

gives:

a

_PWUOZ(ﬁwz - 1) + pATUOZ;Z_;()BWZ - sz) + pATUOZ .

~pwU*(B,,* = 1) = Dy + D,

i’w (yw - aw)(ﬂwz - ywz) + pATUO2 Z_‘i(ywz - awz) +

Reminding that w represents an area per unit depth, dividing the left and right-hand sides
by the upstream dynamic pressure (¥2p-w-Ue?), the sum B+ (Cp1+Cnz2) is achieved at the right-
hand side. Replacing (Ar/w) with the blockage ratio B, and collecting the a: terms with a

slight manipulation, yields:

_Z(ﬁwz - 1) + ZB;Z_;(.BWZ - ywz) + 2B 2 (yw - aw)(ﬂwz + awyw) + (.sz - 1) = BCDl + BCDZ

AwYw

By substituting Cp: with the definition (2.12) and ordering all terms,

az

AwYw

_(ﬁwz - 1) - BCDl - B(yw2 - awz) + ZB;Z_;(.BWZ - ywz) + 2B (yw - aw)(ﬂwz + awyw) =0

By substituting carefully p« with the equation (2.9) while using Cp: instead of (32-a.?) for

convenience, the following algebraic building blocks are obtained:

* 1+ Ba,?
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- ﬁwz - BCDI - ywz = _(1 + B)(ywz + CDl)

= 2B2(Bw" —1?) = 2B 2Cpy

In the last algebraic component, a: is replaced by the equation (#):

Z(VWZ+CD1+“WVW){ Vw2+cD1_1_B;t_‘:,( Vw2+CD1_YW)}

= 2B
Vyw?+Cp1

a]Z/W (Vw - aw)(ﬁwz + aw]’w) =

aw

The Rigid Lid LMADT in equation (2.22) is analogous equation (2.18) and it is a function of

two unknowns, i.e., aw and Y,

Z(VW2+CD1+aWyW)[ Vw2+CD1_1_B;7_‘:/( Vw2+CD1_VW)]

1+ Ba,?— (1 +B)(yy? + Cp1) + 2B—=Cpy + Vrw2+Cp1

a
Yw

=0 (222

2.3.3. Boundary conditions

The boundary conditions allow to exclusion of non-physically acceptable solutions. These
are illustrated in Tab. 2-1 for upstream and downstream discs. Upstream, the turbine
operation implies the acceleration of the bypass flow and the velocity reduction into the
wake, such that . >1 and a. <1, with equality occurring whether no power extraction occurs.
Solutions for f. < 1 are excluded from our interest since energy would be added to the flow
instead of being subtracted. In addition, negative solutions of a. and f. characterize a flow
reversal, so they are disregarded. Since the wake flow is slower than the induced flow at the

disc, i.e., a. < a1, the disc interference factor a1 must be bounded between a. and 1.

The downstream bypass flow is faster than 3, and thus v > . due to additional restriction
of the flow passage. Assuming the mathematical relationship between fu, yu, fe, and a. in
(2.9), the downstream annular flow accelerates such that y« is higher than the wake flow
exiting the first disc, i.e., yv > a., thus shrinking slightly the outer streamtube in the
downstream half. Notice that the acceleration in the bypass flow v from f. is smoother than
the acceleration in the annular flow yw from a.. At the core of the streamtube, the wake

deceleration towards aw is achieved in such a manner that the disc interference factor a- is
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bounded between its minimum speed and maximum, i.e., aw and a.. Another boundary

condition discarding the supercritical solutions is introduced in the next section.

Tab. 2-1 Boundary conditions for the upstream and downstream interference factors.

Description Validity Scheme
o1 de<a; =<1 Disc 1
Oe 0<oe<a Disc 1
Be Be>1 Disc 1
o2 Ow < 02 < Ole Discs 1+2
O O0<ow=<o Discs 1+2
Y te < Yw < Bw Discs 1+2
Bw Bw > Be Discs 142

2.4. LMADT SOLUTIONS

The 2-D solution space of the ideal Cp: and Cr: versus the axial induction factor a: are
depicted from Fig. 2-6 to Fig. 2-13 at increasing blockage ratio B and Froude number Fr. The
curves are bounded by the conditions of Tab. 2-1, even though evidence of a feasible
performance beyond the Lanchester-Betz limit is demonstrated for the maxima within Rigid

Lid and Free Surface solution spaces.

As noticeable, the solutions space for Cp: and Cr: is visible for the full domain of a: [0,1] for
all blockage ratios only at Fr = 0. Diversely, as B and Fr increase, the curve may be
interrupted due to a lack of feasible solutions. The availability of solutions shrinks even

more for Fr>0.7. For higher Fr, plots of Cp: and Cr: are missing, due to poor outputs.

Moreover, since the drag coefficient always increases for the solutions respecting the
boundary conditions, the Glauert correction becomes of doubtful utility. Hence, it is omitted
in the LMADT treatment of the Double Multiple Streamtube model, as anticipated in [1].

The tests on single porous plates spanning the test channel width performed by Schmitz
and Pelz [31] show that the drag coefficient predicted by the numerically equivalent models
of Whelan et. al [27] and Houlsby et al. [33] yield sufficiently accurate outputs. It is enough
for experimental validation of the Free Surface LMADT, even though a few considerations
related to the turbine depth arise, as discussed in the next section. In addition to the previous
boundary conditions, a constraint for checking whether a supercritical condition occurs in
the channel flow is formulated. Hence, unfeasible solutions are discarded according to a

mathematical statement.
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The critical energy in the bypass flow is achieved whether the Froude number at the station
w (or e, identically) equals unity, i.e., Uwc = (g*hwc)'?, with subscript ¢ indicating the critical
condition. Since Uwc = UoPuc after the normalization of left and right-hand sides by ho,
replacing Uo/(g*ho)? with Fr, yields:

According to equations (2.6) or (2.16), the specific energy conservation between the

boundaries of the bypass flow control volume gives:

.

: Fre 2
he 177 e )

Both statements are combined, achieving the constraint for the bypass flow remaining
subcritical in (2.23).

(2.23)

2+Fr2
Bw < Bwe = ,/ 3Fr2

The drag coefficient Co: and the interference factor at disc a: appear in the double-disc
equations (2.17-2.18) and (2.21-2.22). It implies that the solution of the double-disc
polynomial depends on the first disc drag coefficient and disc interference factor. Since we
are not yet solving the turbine velocity triangles, the solution space of the downstream disc

is determined only by choosing the upstream disc parameters due to its dependency.

For better understanding, the downstream disc is solved from the optimal solutions of the
upstream disc at each B and Fr, yielding the following charts. Again, as Fr and B increase,
the curves may disappear at a certain point. It is due to the achievement of results
invalidating the boundary conditions in Tab. 2-1, upstream or downstream. The choice of
modeling each interference factor based on the inflow speed U implies that the domain of

the induction factor a: starts from values higher than zero so that only part of the domain
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[0,1] is enclosed. In double-disc simulations, Cp: and Cr2 curves may be constructed as a
function of the equilibrium axial induction factor 2. However, the model of this work
allows the downstream interference factor to be represented simply as the ratio Uz/U,

considering that the equilibrium station at the center of the rotor is purely artificial.
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Fig. 2-6. Drag coefficient Cp: (left) and power coefficient Crs1 (right) in a Rigid-Lid LMADT (Fr = 0) versus the

axial induction factor a: and for B ranging from zero to 0.6. (Unconfined values obtained from the classical

LMADT).
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Fig. 2-7. Drag coefficient Cp: (left) and power coefficient Cr: (right) in a Rigid-Lid LMADT (Fr=0.1) versus
the axial induction factor a: and for B ranging from zero to 0.6. (Unconfined values obtained from the
classical LMADT).
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Fig. 2-8. Drag coefficient Cp: (left) and power coefficient Cr: (right) in a Rigid-Lid LMADT (Fr = 0.2) versus

the axial induction factor a: and for B ranging from zero to 0.6. (Unconfined values obtained from the

classical LMADT).
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Fig. 2-9. (Left) Drag coefficient Cp1 (left) and power coefficient Cr: (right) in a Free Surface LMADT (Fr = 0.3)

versus the axial induction factor a: and for B ranging from zero to 0.6. (Unconfined values obtained from the

classical LMADT).
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Fig. 2-10. Drag coefficient Cp: (left) and power coefficient Cp: (right) in a Free Surface LMADT (Fr=0.4)
versus the axial induction factor a: and for B ranging from zero to 0.6. (Unconfined values obtained from the
classical LMADT).
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Fig. 2-11. Drag coefficient Cp: (left) and power coefficient Cr: (right) in a Free Surface LMADT (Fr=0.5)

versus the axial induction factor a: and for B ranging from zero to 0.6. (Unconfined values obtained from the

classical LMADT).
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Fig. 2-12. Drag coefficient Cp: (left) and power coefficient Cr: (right) in a Free Surface LMADT (Fr = 0.6)

versus the axial induction factor a: and for B ranging from zero to 0.6. (Unconfined values obtained from the

classical LMADT).
Fr=07 Fr=0.7
10 5
—B=00 ——B=00
°Tl—B=01 45 ——B=0.1
8 B=02 4 B=0.2
——B =03 ——B=03
; e 35 ——B=04
& B=05 5 B=05
= ——HB=06 o ——B=06
5 5 25
(8] 1]
4 2
3 1.5
2 1
1 /——,_ 0.5 /\
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
a, [ a, [

Fig. 2-13. Drag coefficient Cp: (left) and power coefficient Cp: (right) in a Free Surface LMADT (Fr=0.7)
versus the axial induction factor a: and for B ranging from zero to 0.6. (Unconfined values obtained from the
classical LMADT).
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The plots of Cp2 and Cr2 versus the induction factor a2 and versus the equilibrium induction
factor a., i.e., a2 = (1-az/ae) are shown in Fig. 2-14 and Fig. 2-15. For simplicity, the curves at

higher Fr are not shown but are obtained by solving both discs, as shown previously.

The juxtaposition in Fig. 2-16 of the upstream and downstream drag and power coefficients
(Cp1, Cr1, Cp2, Cr2, respectively) in turn, achieved from the maxima of the previous solutions,
demonstrates that the downstream disc generates curves that are superimposable but very
different in magnitude, giving the overall performance a limited increase in power and drag

force.

According to Cacciali et al. [1], if B = 0, the freestream double-disc model [34] should be
applied instead. Diversely, acceptable outputs are obtained from a small blockage ratio B <<
1 towards (1-B) << 1. The solution for the maximum power coefficient as a function of the
blockage ratio disc was achieved by Garrett and Cummins, i.e., Crimx = 16/27+(1-B)?, leading
to the Lanchester-Betz limit of 16/27 if B << 1. Since f. = 1 in a freestream flow, the Froude

condition is demonstrated, i.e., a1 = (1+a.)/2.

For intermediate blockage ratios, the power coefficient enhances according to the increased
momentum exchange in the flow. The swept area may occupy the cross-section entirely such
that B = 1. However, the numerical solution with the confined actuator disc theory fails
precisely at B=0 and B =1, while Garrett and Cummins [26] justify the asymptotic behavior.
For 0 < B <1, the power removed from the flow by the entire system would be Pt = P1+P>.
Since the axial forces D: and D: are nothing but the product of the drag coefficient to the
upstream dynamic pressure force, if Pi+P: is written as Uo(ar-Ditaz2D2), Piwt becomes
VopArUo* (arCor+a2Cpz).
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Fig. 2-14. (Left) Drag coefficient Cp:z versus the axial induction factor azand (right) drag coefficient Cp2

versus the equilibrium axial induction factor azesin a Rigid Lid LMADT (Fr=0) for B ranging from zero to 0.6.
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Fig. 2-15. (Left) Power coefficient Cr2 versus the axial induction factor azand (right) power coefficient Cr2

versus the equilibrium axial induction factor az¢in a Rigid Lid LMADT (Fr = 0) for B ranging from zero to
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Fig. 2-16. (Left) Power coefficient Cr: versus the drag coefficient Cp: and (right) power coefficient Crz versus
the drag coefficient Cpz in a Rigid Lid LMADT (Fr = 0) for B ranging from zero to 0.6.

The total power Pt to the inflow kinetic power ratio gives the LMADT global performance

Crut in (2.23), i.e., a function of Cp:. Notice that the performance of the second disc depends

on the energy made available from the previous disc.

CP,tot = al(ﬁez - aez) + az(ywz - awz)

(2.23)

If the drag force exerted by the first disc increases, the global performance Cr,: of the system

rises accordingly, while the lower available energy at the downstream disc inevitably

reduces the performance Cr2. Although a small amount of power is extracted downstream,

the second disc allows power to be recovered from the tailwater of the first disc, thus
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increasing the overall capacity. If the upstream disc does not extract energy (no drag force
is exerted), Cp: yields zero, while a1, a., and f.become unitary. By substituting this result
into the double-disc Rigid Lid equation (2.20), the single-disc Garrett and Cummins’
equation is achieved again in (2.24) with a new Nomenclature. Therefore, the downstream

disc would behave like the upstream disc since exerting the same drag force.

nw?@-B)-2y,1-a,)+1-2a, +Ba,?=0 (2.24)

Newman [18] calculated the performance of a double-disc in a freestream flow, predicting
a Crt of 16/25, higher than the single-disc Lanchester-Betz limit of 16/27. In Fig. 2-17, it is
demonstrated that the asymptotic trend of Crt is perfectly aligned with Newman'’s
prediction if the second disc is solved for the Cp: solutions corresponding to Cr: maxima.

Hence, the sum of Cri and Cr: maxima yields the global result at a variable blockage ratio.
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Fig. 2-17. Power coefficient maxima for upstream and downstream discs, Cr1 (blue line) and Cr:2 (yellow
line), respectively, and total power coefficient Cp,or (red line) at a variable blockage ratio B up to 0.6. The
blue line tends asymptotically to the Lanchester-Betz limit of 16/27 at B = 0, whilst the red line tends to

Newman’s limit of 16/25.

2.5. RIGID LID AND TURBINE DEPTH

A porous plate immersed in a flow at high depths experiences a different drag force than

that deployed just below the free surface due to higher axial flow speed near or just below
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the water still level. The vertical shear over the vertical axis is allowed in unconfined flows,
but in confined flows, the flow is averaged when the blockage ratio is introduced. In
addition, both independent variables (B and Fr) prevent the possibility of locally including
the vertical shear without altering the average value. To include this drop in the drag force,
it is perhaps simpler to modify the momentum equations when the submergence depth is

increased.

Measurements of the drag force were performed in the facility of DICAM Unitn Hydraulic
Laboratory, with plates (1, 54 mm x wy 280 mm) built from a porous metallic frame deployed
to occupy almost entirely the rectangular channel span (w. = 305 mm). Depth and Froude
numbers were allowed to vary in a subcritical hydraulic regime (Fr < 1) by adjusting the

downstream drain and thus automatically modifying the blockage ratio.

The visualizations depicted in Fig. 2-18. were achieved by moving the perforated plate from
the free surface level to the bottom while keeping a constant discharge. Both images refer to
a flow of Fr <1, with a) high free surface drop due to a moderate blockage ratio, assuming
the plate positioning in the vicinity of the water level, and b) almost negligible free surface

drop due to a lower blockage ratio, with an increased submergence depth.

9 L s il

Fig. 2-18. a) Single plate, subcritical flow, consistent free surface variation. b) single plate, subcritical flow,

negligible free surface variation. Flow direction from right to left.

An almost flat free surface was achieved experimentally, demonstrating that a Rigid Lid-
alike condition is allowed by submerging the plate at high depth in a flow of a small Fr. The
measurement of the drag force at the shaft revealed that the power dissipated by the second
plate is of a smaller magnitude than that originated at the free surface proximity. Indeed,

the velocity profile at higher depths drops consistently.

Algebraically, the Rigid Lid condition of hydrokinetic turbines in open channel flows was
approximated by Garrett and Cummins [26] by invoking momentum and energy

conservation in a pipe flow and assuming a flat-water profile ho = h-.
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It led to considering the drag force D proportional to the static pressure drop Apo~, i.e., D =
A~Apo-. Substituting Apo-= D/Ao into the energy conservation Pt = A-=U~Apo.-, yields Pt =
D-U-. Although this solution is valid for water and wind tunnels, this does not hold in open
channel flows because a hydrostatic pressure gradient is always present when power is
converted [35], [30]. The consequence is that the efficiency model proposed by Garrett and
Cummins is meaningless for the computation of the power recovered in riverine flows,
partly invalidating the models built on that approximation, e.g., EPRI [36], Kartezhnikova
and Ravens [37].

As further clarified in Chapter 3, the available power Pw: must be proportional to the total
head drop AH:wt developed within the channel length, built as a sum of hydrostatic, kinetic,
and geodetic head variations. Hence, in subcritical flows, the Rigid Lid model is used only
for approximating the flow at high depth. According to Gauvin-Tremblay and Dumas [38],
turbines in different configurations were found almost insensitive to the Froude number,
especially at the deepest submergence for di/Dr > 2, where turbines experience almost no

local interaction with the free surface.

Therefore, a correction of the momentum theory, including the installation depth, is
considered. The deletion of the free surface drop is assumed for di/Hr > 2, being di the
distance from the water level to the turbine top measured at s, and Hr the turbine height of
the porous element substituting the turbine diameter Dr. A calibration parameter & is
defined such that a constant water level is approximated whether & = 1. Diversely, a

complete free surface drop occurs if £ =0.

In practice, this sub-model allows the Free Surface LMADT to be relaxed according to the
turbine depth, while the Froude number is the parameter to be corrected. In the upstream
and downstream actuator disc equations (2.7-2.8) and (2.17-2.18), each quadratic term Fr? is
multiplied by a factor (1-&). The expected impact of the Froude number on power extraction
and drag force is less significant as the turbine depth increases. The difference (1-&) reduces
the effect of the Froude number on the flow. ¢ is calculated as dr/(2HT), such that 0 < £ <1,
based on the investigations of Gauvin-Tremblay and Dumas. Even though a real validation
on this calibration parameter is absent, the outputs of this correction are visible directly from
the Double Multiple Streamtube simulations shown in the next Chapter. The installation
depth diis initialized according to the downstream fixed reference and is updated as (Inflow

+ DMS) iterations proceed.

While exploring the turbine immersion depth, several visualizations of standing waves
were achieved at the Hydraulics facility, according to the findings of Myers and Bahaj [39],

while approaching the perforated plate to the bottom. Standing waves represent an issue
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because altering the downstream flow. Apart from their visualization, it is worth
mentioning that it can be the consequence of a sub-optimal design resulting in undesirable

flow alterations.

Fig. 2-19. Standing waves generated by moving the plate toward the channel bottom. Flow direction from
right to left.

To conclude, the Free Surface actuator holds when the rotor is just immersed in water. The
other extreme condition is obtained by removing the effect of the Froude number on the free
surface variation and consequent flattening. Therefore, the model becomes dependent only
on the blockage ratio, i.e., a full Rigid Lid actuator disc, even though this extreme condition
is approximated. Further explanations of this method applied to the Double Multiple

Streamtube are given in Chapter 3.
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NOMENCLATURE

Wider streamtube area m?

Actuator disc area m’

Narrower streamtube area m’

Upstream axial induction factor, (1-a)
Downstream axial induction factor, (1-a2)
Blockage ratio, (At/(w=ho))

LMADT drag coefficient, (D/Y2+pAr«Ug?)
LMADT power coefficient, (P//axpsAr+Uo?)
Drag force N

Turbine diameter m

Distance from water level to turbine top m
Froude number, (Uo/(g+ho)”)

Gravity acceleration m/s’

Turbine height m

Water depth m

Disc power dissipated W

Static pressure Pa

Axial thrust force N

Flow speed m/s (see subscripts)

Bypass flow speed m/s

Wake flow speed m/s

Annulus flow speed m/s

Channel width m

Depth variation m

Pressure variation Pa

Subscripts

Short forms

D N R ™R

TR ~O 8

Suffix
+

DMS
LMADT

Core flow interference factor, (Uy/Uyp)
Bypass flow interference factor, (Uy/Uy)
Annulus flow interference factor, (U,/Uy)
Tip speed ratio, (w+R1/Uyp)

Depth parameter, (dw/(2Hr))

Fluid density kg/m?

Undisturbed flow

Inflow

Flow at the upstream disc
Flow at the equilibrium
Flow at the downstream disc
Near-wake flow

Total

Maximum

Critical

Immediately upstream flow
Immediately downstream flow

Double Multiple Streamtube
Linear Momentum Actuator Disc Theory
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3. DOUBLE MULTIPLE STREAMTUBE FOR IN-STREAM HYDROKINETICS

Chapter adapted to the content of the article:

Cacciali L., Battisti L., Dell’Anna S. Free Surface Double Actuator Disc Theory and Double Multiple
Streamtube Model for In-Stream Darrieus Hydrokinetic Turbines. Ocean Engineering 2022, 260,
112017. DOI: https://doi.org/10.1016/j.0ceaneng.2022.112017.

The Double Multiple Streamtube illustrated in this chapter solves the extended actuator
single-disc equation of Whelan’s model with the double-disc LMADT, introduced in
Chapter 2 and based on [1]. The 2-D blade element theory is coupled with the extended
momentum theory to achieve numerically the axial induction factors of upstream and
downstream discs at each azimuthal blade position. The DMS developed can thus predict
the performance of rotors deployed in confined waters, even though several sub-models are
added to account for different fluid-dynamic losses. The finite length of the blades, the
shading due to the rotating shaft, the effect of mechanical struts, flow curvature, and turbine
depth represent some corrections implemented for a steady-state prediction. Finally, a
streamtube expansion sub-model developed for confined applications is presented in the

last section.
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3.1. INTRODUCTION TO BLADE ELEMENT MOMENTUM CODES

The prediction of rotor power and thrust force of hydrokinetic turbines in confined flows
achieved high accuracy with Navier-Stokes solvers, increasingly popular in companies and
academic environments. Many recent works based on numerical simulations of cross-flow
hydrokinetic turbines currently rely on time-averaged 2-D RANS equations due to the
reducing computational effort ensured by fully modeling the turbulence scales. Some
examples are reported underneath. Bachant and Wosnik [2] modeled a cross-flow turbine
solving with 2-D and 3-D RANS equations and different turbulence models. A turbine
loading overprediction was achieved with 2-D simulations compared to experimental data
due to the omission of blade effects, struts, and increased blockage. Doan and Obi [3]
implemented 2-D RANS equations to investigate a laboratory-scaled rotor and used a
blockage correction for validation. By modeling counter-rotating turbines, the authors
demonstrated higher power conversion than equally rotating turbines. Kinsey and Dumas
[4] assessed numerical blockage corrections for axial-flow and cross-flow turbines and
showed that the Rigid Lid Actuator Disc Theory holds for axial-flow and low-solidity cross-
flow rotors. The authors demonstrated an underpredicted drag correction factor at high
rotor solidity. Consul et al. [5] explored the influence of blockage with 2-D RANS on the
hydrodynamic performance of a marine cross-flow turbine operating at a low Froude
number, , showing similar outputs from Rigid Lid and Free Surface LMADT when blockage
is small. The authors demonstrated that water depth deformation highly depends on the
Froude number variation, whereas this effect becomes less sensitive at a reduced Froude
number. Shives et al. [6] used an actuator cylinder method with 2-D RANS equations to
estimate the performance of a floating H-Darrieus turbine, including a blockage correction
to adjust the rotor performance. Concerning drag-driven devices, Shashikumar et al.
performed several 2-D and 3-D CFD modeling for rotors operating at a low flow speed.
Conventional and tapered Savonius turbines were modeled [7]. The predictions
demonstrated that the conventional machine performs slightly better than the tapered rotor.
The authors also assumed different blade shapes. The authors also assumed different blade
shapes [8], and aspect ratios [9] and included transient simulations at different depth
positions [10].

The effective control over the physical process represents one of the most evident
advantages of these CFD simulations. However, the computational effort can be demanding
and often time-consuming. Fast predictions are often desirable, and this is an advantage for
momentum models such as the Blade Element Momentum (BEM). For vertical-axis rotors,
the performance prediction often relies on Double Multiple Streamtube models (DMS),
which can still play a role as preliminary prediction tools. The following literature about
extended actuator disc theories implies that the increase in the power conversion per square
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meter represents the main advantage induced by the physical blockage of turbines in
confined flows. Instead of applying blockage corrections to the outputs of free-stream BEM
simulations as performed by Allsop et al. [11], the DMS equations can be directly modified
to account for blockage and Froude number as independent variables. In pursuing this goal,
Vogel et al. [12] implemented the single-disc Rigid Lid LMADT in their code as a closure for
the equations based on Glauert’s Blade Element Theory. The authors pointed out that the
effect of a constant volume flux on the interaction between rotor tips and bypass flow is
uncertain due to the increased velocity of the bypass flow compared to the free-stream flow.
Vogel questioned the reliability of Prandtl’s tip loss correction in blocked flows.
Nevertheless, the code demonstrated the agreement to power and thrust predictions within

three percent of equivalent simulations.

A single streamtube model correcting Glauert’s model for aircraft propellers [13] was first
introduced by Templin [14], but only for the drag coefficient in low-solidity rotors was
validated. The improvement of the theory with multiple streamtubes based on the
discretization of the flow across the rotor in a series of parallel streamtubes was suggested
by Wilson and Lissaman [15], then Strickland [16].

Paraschivoiu [17] and Berg [18] introduced multiple streamtube models based on two
actuator discs, with induction factors calculated with a double iteration along each
streamtube. Corrections for tip effects and finite aspect ratio were then added later by

Paraschivoiu [19], whereas different dynamic stall models were developed.

To our best knowledge, apart from Whelan [20] and Vogel’s BEM models [12] dedicated to
axial-flow rotors, no code predicts the performance of a cross-flow turbine with confined
double-disc equations. Hence, a double-disc extension of Free Surface LMADT is

implemented in a DMS procedure as a closure for the 2-D blade element theory.

In VAWT double multiple streamtube models, it is common practice to indicate the
upstream station as the known inflow speed. However, this is feasible only if the rotor does
not interfere with the upstream flow. Unlike previous DMS models, the upstream {0} and
downstream {w] flow stations indicated in Fig. 3-2 do not represent any known flow
condition. Since the upstream subcritical current is controlled from downstream, the far-
tield speed U- is fixed downstream of the mixing region. Thanks to this additional
procedure disclosed in Chapter 4, Froude number Fr and blockage ratio B and the DMS are
updated numerically up to convergence of the inflow factor, highly improving the reliability

of the numerical method.
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Different corrections are developed into the DMS to account for flow curvature, shading on
the downstream flow due to the rotor shaft, and fluid-dynamic losses due to the struts of
the blades. Additional sub-models correcting the installation depth of the machine and a
new method for the streamtubes expansion are implemented further. Thus, validation with

experimental data is thus executed in Chapter 6.

3.2. LIFT AND DRAG COEFFICIENTS

The blade element is investigated to visualize the hydrodynamic forces as depicted in Fig.
3-1 from Paraschivoiu [21]. The lift force per unit length denoted by [ represents the
component of the reacting force in a perpendicular direction to the relative velocity denoted
by W, and the drag force d represents the parallel component. a represents the angle of
attack, i.e.,, the angle at which the blade chord ¢ meets W. Hydrofoils are optimized to
maximize the ratio Ci/Cs, with Ci the lift coefficient and Cui the drag coefficient, which
equations are indicated in (3.1-3.2). For usual hydrokinetic turbine rotor speeds, Ci and Cu
are only functions of the angle of attack and the Reynolds number, in turn, defined as
(pW-c)/u, with density p, dynamic viscosity u. Notice that p and p are both assumed
constant for the hydrokinetic applications.

3.1)

(3.2)

Fig. 3-1. Force coefficients of a blade element hydrofoil from [21].

If the hydrofoil is aligned with the upstream flow (zero a), the drag is the only force acting

on the blade element, and the boundary layer remains attached. As the angle of attack «
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increases, the pressure gradient rises to allow the streamlines to bend along the profile and
lift generates. The dynamic variation of a during the revolution is such that it does not
appear instantaneously as a load but has a delay proportional to ¢/W. The response to the
hydrodynamicload depends on whether the boundary layer is attached or partly separated.

3.3. CONFINED DOUBLE MULTIPLE STREAMTUBE MODEL

The flow in Fig. 3-2 is modeled with a cosine distribution of parallel tubes, azimuthally and
vertically discretized. The streamtubes are crossed twice per revolution by a single blade,
and this is obtained by two actuators inducing the flow speeds U: and Uz, upstream and
downstream, respectively. Initially the streamtubes are kept straight, while their expansion

is allowed a second phase.
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Uy U,{. s Ue }Uz Vs
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Fig. 3-2. Cosine discretization of multiple streamtubes.

3.3.1. Iterative scheme vs root-finding algorithm

The DMS method implies the iterative scheme depicted in Fig. 3-3, whose focus is reducing
the numerical error on the axial induction factor of a single streamtube. Indices 7 and j refer
to iteration and streamtube numbers, respectively. The converged solution of a: and Cos is

used to solve the downstream momentum equation of the same streamtube.
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Fig. 3-3. Iterative scheme for a single streamtube of the DMS.
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Fig. 3-4. Root-finding algorithm for the DMS.



This tool can be replaced by a root-finding algorithm to be less dependent on the choice of
the seed for the induction factor, thus allowing the graphical solution depicted in Fig. 3-4.
Previous works [14],[16] show that convergence issues occur in the momentum theory for
highly loaded rotors in the blade element code due to inflection points due to the empirical

correction.

Mclntosh et al. [22] visualized multiple intersections between the momentum and blade
element model and solved the equations with a root-finding algorithm for locating crossing
points. The numerical solution improves with the graphical solution by increasing the
resolution of drag coefficients for the momentum model and induction factors for the blade

element model, at the expense of the processing time.

An example is depicted in Fig. 3-5 with the solution at the Ao+ found with graphical method
for an azimuthal angle of 90°. An equivalent solution is found with the iterative scheme,
while a slight divergence is found for angles near 0° and 180°, where notoriously, Blade

Element Momentum codes are less accurate.

25

Momentum
Blade Element

0.5

Fig. 3-5. Graphical solution of the root-finding algorithm for the upstream rotor region.

3.3.2. Upstream half of the rotor

According to the Nomenclature, the first interference factor a: reduces the flow speed at the
tirst blade pass (3.3). The local relative velocity perceived by the blade Wi in (3.6) is found
by solving the velocity triangle at each azimuthal position as depicted in Fig. 3-6, i.e., by a
vector sum up of tangential (3.4) and normal velocities (3.5). ¥ represents the azimuthal
displacement, r the local radius, w the angular velocity, and 6 the angle between the blade

normal and the equatorial plane, nonzero for curved blades (Fig. 3-7).
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Uy =a,U, (3.3)
U = U; cos8 + wr (3.4)
U, = U, sinf cosd (3.5)
W, = /(U; cosb + wr)? + (U sind cosd)? (3.6)

The normalization of the left and right-hand sides of W: with Uo in (3.7) is used later to
achieve the time-averaged drag. With non-pitching blades, the angle of attack « (3.8) is given

by the normal to tangential velocity ratio.

Uv
[
a) L\ P
== U:
Ur Wi
6-180°
Fig. 3-6. Velocity triangles solved for all azimuthal positions.
W, 2 .
U—: = \/(al cos 9 + i—:) + (a, sin 9 cos )2 (3.7)
_ —1 | @1 sinf cosé

a =tan [—al cose+;‘]’—; (3.8)
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Fig. 3-7. Definition of the angle 6 between the blade normal and the equatorial plane. Image from

Paraschivoiu [21].

The blade rotation describes pulsating lift and drag forces generating normal and tangential
components. The corresponding coefficients C» and C:in (3.9) and (3.10) are written in terms

of the lift and drag coefficients C: and Cs at each angle of attack.

C, = Cycos(a) + Cy sin(a) (3.9)

C; = C;sin(a) — C4 cos(a) (3.10)

Since the angle of attack is positive in the upstream rotor half and negative in the
downstream half, these statements are valid for both the upstream and downstream halves.
On the hydrofoil reference frame, a blade element with chord c and height dz is subject to a
normal force dF» and a tangential force dF:, where ¥2:p-W? is the relative dynamic pressure.
Equations (3.11) and (3.12) are valid at each azimuthal position, with W= Wi upstream and

W =W: downstream.

1 2
pW*<c

dF, = C, 2~ (3.11)
1 2

dF, = C, 22—~ (3.12)

cosé
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According to Templin [14], the instantaneous drag force dD: generated on the surface of a
single hydrofoil (c'dz) in (3.13) can be defined as a function of the azimuthal angle 0. For a
single revolution, the time required for a blade crossing a streamtube once is 40/27. Hence,
the time-averaged drag force Dis; performed by Ni blades is proportional to (d0/27)Ne
(3.14). Upstream, the average hydrodynamic drag coefficient of the ith streamtube Co:
(3.15.a) is written by normalizing the time-averaged drag to the dynamic drag force (¥2:p-U?)

on a streamtube of area A, in turn, replaced by dz-+-d0-sin(0).

The ratio (Wi/Uo) is obtained from the previous equation (3.7). Notice that for an H-Darrieus
rotor, whose local radius r = R1, the quantity Nic/(2Rr) can be substituted by the rotor
solidity ¢ in the equation (3.15.b). The modulus of sin(6) is used to consider the sign of the
drag force component when shifting from a normal-tangential reference frame to a channel

x-y reference frame.

dD, = dF, sinf cosé — dF, cosd = %lezcdz (Cn sinf — C, EZiZ) (3.13)
1 daé . [
Dy avg = 3pWi%cdz (52N, ) (Cy sind — €, 522) (3.14)
_ Diavg _ (Npc\ (1) (W1 2 sing cos6
CDl - lpAUO2 - ( 2r ) (n’) (UO) (Cn |sin@| Ct |sin6| cos6) (3.15.&)
2
_ Diayg _ (o) (W1 2 sind cosf
CDl - %pAUO2 - (n) (Uo) (Cn |sin@| Ct |sin6| cos6) (3'15'b)

3.3.3. Downstream half of the rotor

The second interference factor az implies a further reduction of the flow speed to a value U:
< U.in (3.16), from which the relative velocity W2 (3.17), the ratio W2/Uo (3.18), and the angle
of attack a (3.19) are attained. Consider that also W: is conventionally divided by U and not
by U, thus simplifying the discussion.

Ul = C(l UO (3.16)

W, = \/(Uz cos + wr)? + (U, sinb cosd)? (3.17)
2

?]/—j = \/(az cosV + 3—:) + (ay sin¥ cos 6)? (3.18)
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a; sinf 6056] (3'19)

a=tan™! T
a c059+U—0

The downstream instantaneous drag force dD: in the x-y plane is now dependent on W:
instead of Wi, and so do the average drag force D:2mwg and the streamtube drag coefficient Co,
with different normal and tangential coefficients due to the downstream position. These
parameters are listed in equations (3.20-3.22). Notice that the equation (3.22.b) is attained
for straight blades.

dD, = dF, sinf cosé — dF, cosd = %pWZZCdZ (Cn sinf — C, EZjZ) (3.20)
1 e , 0
Dy vy = EpWZZCdz (; Nb) (Cn sinf — C, EZ;) (3.21)
_ Dravg _ Npc\ (1) (W2 2 sinf _ cos6
CD2 1 AUg2 - ( 2r ) (n’) (UO) (Cn |sin@| Ct |sin@| cosd) (3.22.&)
2P4U0
_ Dravg _ (o) (W2 2 sinf cos@
Cp2 = ZpAUGE (n) (uo) (C" jsind] ~ CtTsing] 6056) (3.22.b)

3.3.4. Turbine power

The mechanical power converted is computed from the torque generated from the
tangential components of the force on blade elements. The elementary torque 4Q (3.23) is

the product of the local radius r to the tangential force component dF:.

lpWZT'c

— 2
dQ - Ct cosé

dz (3.23)

According to Strickland [16], the average rotor torque Q is the integral of all elementary
torque contributions over rotor height and a revolution due to Ni blades in equation (3.24),
with Ny the number of azimuthal positions and N: the number of vertical blade segments of
length (dz/cosd). The product of the average torque and the angular velocity Q'w in (3.25)

represents the turbine power.
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N
Q= 2T X2, d0y, (3.24)

P = 0w (3.25)

The known undisturbed flow speed U~ does not appear in LMADT equations as these are
developed for the volume {0,w}. U- is used only at the end of the DMS procedure to
normalize the thrust force T, mechanical torque Q, and the extracted power P, yielding
turbine thrust, torque, and power coefficients, ie. Cr~ = T/(Y2p-ArU-?), Co- =
Q/(Vrp:ArRrU-?), and Cp = P/(V2p-ArU-3), respectively.

3.4. MODEL CORRECTIONS

The sub-models implemented in this work account for polars database extension, Prandtl’s
tip loss correction for straight blades, downstream flow correction due to the shading of the
shaft, struts interference correction, flow curvature, and turbine depth correction. Lately,
also a modified version of the streamtube expansion is introduced. Although Gormont’s
dynamic stall model adapted by Paraschivoiu [21] and Berg [18] was implemented into the
code, since only steady state conditions are assessed in this work, the dynamic stall function
is left to the background. The work of the Politecnico di Milano [23] is suggested to account

for supplementary polar correction for the dynamic stall, if included.

Conventionally, a DMS streamtube model relies on Glauert’s empirical correction [24] for
heavily loaded streamtubes. However, this does not hold in a confined flow, where the
momentum increases with the induction factor. Therefore, Glauert’s correction is not

incorporated since questionable whether the blockage is present.

3.4.1. Database extension

The code takes advantage of the method suggested by Battisti et al. [25], correcting the post-
stall behavior of the aerodynamic profile. Relating the 3-D behavior of the blade profile in
the post-stall to that of a bluff body, the 2-D polars are extended in the post-stall region with
the Viterna-Corrigan’s method [26], while the experimental database [27] of the hydrofoil
and the separated flow curve are linked from the deep-stall angle by an interpolating

function.
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3.4.2. Finite aspect ratio correction (Lanchester-Prandtl’s theory)

According to Abbott [28], an early wind tunnel experiment on wings demonstrated that the
rate of change of Ci and Cu with the « is strongly affected by the aspect ratio (AR) of the
tested model. The slope of the Ci curve is seen to rise progressively with the increase of the
wing’s AR, with a consistent drop in the Ca. Airplane wings of a different AR are observed
to have the same a at zero lift Fig. 3-8 shows the effect of these findings for the wings of a

different aspect ratio. The same phenomenon applies to turbine blades.
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Fig. 3-8. (Left) Lift coefficient C: plotted as a function of the angle of attack & for aspect ratios from 1 to 7.

(Right) Polar diagrams for seven wings with aspect ratios from 1 to 7. Figures from Abbott [28].

A finite blade length (e.g., the straight blades of an H-Darrieus turbine) induces 3-D effects
that modify lift and drag coefficients from their 2-D values. Two phenomena are described.
The former is due to streamline deflection that occurs as the flow passes from high pressure
to low pressure, altering the angle of attack and the hydrodynamic forces [23]. The latter is
due to tip trailing vorticity being the source of the induced drag Csi, and downwash

component of the angle of attack, leading to energy losses [29].

A correction for finite blade lengths was developed in the DMS based on Goude's work [29].
However, if the Darrieus turbine is without blade tips, the vortices released from each blade
are distributed over the blade length, and the tip-loss correction is not activated, as

recommended by Paraschivoiu [21].

The blade aspect ratio (3.26) is the squared blade span to the blade area ratio, reducing the
span to the chord ratio for a rectangular blade. With ao from (3.27), the 3-D polars Cisp, and

Casp are determined from the 2-D polars (i.e., relative to a blade of an infinite aspect ratio
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with all flow components orthogonal to the blade span) based on equations (3.28-3.29).
These equations were derived with the assumptions of a constant @, which is accurate only
at a low angle of attack where the Ci = f(a,Re) shows a linear trend and the assumption of tip
vortices released along a straight line with an elliptical distribution. Hence, as Goude

pointed out, this can result in limited accuracy when simulating straight blades.

AR == (3.26)

a =187 (1+08°) (3.27)
Ci2p°

Cisp = Cazp + [ 7ar (3.28)
AR
Ci3p°

Caszp = Ca2p + (3.29)

AR

3.4.3. Rotating shaft correction

This correction is implemented by computing a Gaussian velocity deficit distribution of the
normal component AU. downstream of the shaft. This sub-model was derived from the
velocity distribution behind a cylinder, according to Hinze [30]. The wake of the rotor shaft
is produced at the equilibrium velocity U., in turn, taken as the characteristic length to define

the Reynolds number of a rotating cylinder.

The velocity deficit is calculated at a distance x = /Do, where r is the local turbine radius and
Do is the shaft diameter. In an H-Darrieus turbine, it is simply x = R1/Do, with Rr the
maximum rotor radius. Calamote’s experiments [31] showed that the wake flow of a
rotating cylinder is not so different from that of a fixed cylinder under normal Darrieus rotor
operating conditions. Hence, the correction of the wake of a rotating cylinder with the drag

coefficients of the fixed cylinder at the operating Re and A- leads to a small error.

The parameters b = 1.136, ¢ = 0.00765, xo = 3.24, x1 = 0.095 were estimated from the
measurements reported in [31], [32], [33], and [34] for a fixed cylinder and Re = 10*
experiencing the drag coefficient Cpo = 1.15. The drag is chosen according to Paraschivoiu
[21], since for 300 < Re <3-105, the Strouhal number St = f-Do/U. of a free-vortex frequency fis
constant and equals 0.21. Hence, the velocity variation is replaced by the mean velocity

variation AU+/2 acting on the radius of the shaft wake [«.

87



Fig. 3-9. Shaft and Gaussian induced velocity deficit from [21], with modified Nomenclature.

Once determined the lateral distance x at which the velocity deficit AU. occurs, one can
derive the equation (3.30) for calculating the approximated radius [+ of the shaft’s wake
intercepting the downstream velocity distribution illustrated in Fig. 3-9. Hence, from the
velocity deficit AU. attained in (3.31), a function tailored for intercept the geometry of the
Gaussian velocity distribution yields the updated velocity component U» according at each
azimuthal position. The work of Paraschivoiu [21] is recommended for a more detailed

description of the procedure.

L, =/ Doc(x + x1) (3.30)

av _ [B0s (3.31)

Ue xX+xq

3.4.4. Struts correction

The struts correction was introduced by Moran [35] with the overlap of a constant drag
coefficient at each radial element. However, as the impact of a fixed drag is high in small
Darrieus rotors, the method showed poor results. Goude et al. [36],[37] included the effect
of the struts in a DMS model and considered a linear proportionality between the flow speed
at the disc and the turbine center in a streamtube. It allowed finding the velocity perceived
by each radial element of a strut over the radial length Rs. The present correction is very
similar to Goude’s implementation even though the reference frame is different, as
illustrated in Fig. 3-10. Since the components of radii along the Y-axis, namely r-cos(0) and
Rs'cos(0r) are equal, the unknown angle perceived by the radial element O: is determined by

equation (3.32), with r the radius of the discrete element.
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9, = arccos [(RLS) cos(ﬁ)] (3.32)

The components along the x-axis are instead defined by r+sin(0) and Rssin(6r) which ratio

gives:

rsin(¥9) _ rsin(9)
Rgsin(dr) - Rssin(arccos[(RLS)cos(ﬁ)D

rsin(9)

Rs%2—12c052(¥9)

Since sin(arccos (x)) = V1 — x?, the ratio yields

As the angle perceived by the radial element J: is determined, the sub-model interpolates
the interference factors made available by the DMS at this angle and calculates the local strut

tlow speed U:s in equation (3.33).

(U1-Ug)rsin(9)

Rs%-12c0s(¥9)

Ups = U, + (3.33)

Lift and drag coefficients and normal and tangential coefficients are derived after the
calculating the relative velocity. Achieved the axial and tangential forces, the definition of

parasitic torque and thrust is straightforward.

Rotating the reference frame by 90° the components of radii along the X-axis, namely
rsin(0') and Ressin(0r') are equal. Since 0! = (0-11/2) and 0! = (0--11/2), from trigonometric
relations, we achieve that sin(6-n/2) = -cos(0), and sin(0-m/2) = -cos(0:), yielding again
equation (3.32). Once substituted 0 and 0}, the components along the Y-axis are instead
represented by r-cos(0') and Rs-cos(0+). Since cos(0-1t/2) = sin(0), and cos(0r-11/2) = sin(0:), their
ratio r-cos(0')/Rs-cos(0:!) yields again r+sin(0)/Rssin(0r), from which equation (3.33) is derived

once more.
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Fig. 3-10. (Left) Struts correction based on Goude’s model modified according to this reference frame.

(Right) Definition of the strut angle relative to the horizontal plane from [36].

Downstream, the reference frame is equivalent to that of the first quadrant, with the
difference that 0' = (0-n) and 0,! = (0-11). The mathematical development gives equations
(3.34-3.35). Therefore, the conclusion is that (3.32-3.33) are valid for upstream azimuthal
angles, while equations (3.34-3.35) for downstream, respectively. The relative velocity, angle
of attack, and axial and tangential forces are based on equations (3.36-3.39), contributing to
the local torque and power. According to Goude, equations (3.36-3.38) are different from
(3.6), (3.8), and (3.14) due to the definition of the angle n and because of the discretization

made in the radial direction.

9, = arccos [(RLS) cos(¥ — n)] +m (3.34)
U = U + (Ue—U)rsin(9—m) (3.35)
=U, + === .

i Rs%-12 cos(9-m)
W, = \/(UTS cos0 + wr)? + (U, sinf sinn)? (3.36)
_ —1 |sin6 sinn
a; = tan |:—Cose+l(;)_1: (3.37)
NpcpWys? . 0
dDy; = " dyd, (C, sind tany — C, Z‘;in) (3.38)
1
dFy,s = Gy EpM/TSZCdrs (3.39)
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3.4.5. Flow curvature correction

To account for the flow curvature, the equation included in the adaptation of Sharpe [38]
and applied by Goude [36] is implemented in this code. The method corrects the normal
force coefficient after the variation in the angle of attack. The equation results from a
conformal mapping technique about the rotation of a flat plate which is included in the

brilliant work of Goude.

As the blade rotates leads to additional curvature effects that slightly modify the effective
angle of attack. Considering straight streamtubes, the equation derived from conformal
mapping is indicated in (3.40). Notice that 3, represents the blade pitch angle, xor the
normalized blade attachment point offset, W the relative velocity, @ the radian velocity, ¢
the blade chord, and Ub the disc-induced flow speed. Notice that the second term represents
the local normal to tangential velocity ratio. As remarked by Goude, this equation is
included in Sharpe’s adaptation with the assumption that the curvature acts only in the
normal direction and that the mounting point is at the center of the blade (xor = 0) for the
simulations presented in Chapter 6. Although implemented, the mounting point is left xo- =
0. With this, the normal force coefficient C» (3.41) is reduced by the quantity (3.40), assuming

the correction factor as = Cno/c.

Up sinB cosé  wxgyC wc
a=19,+ — 2ot _ 22
Up cosO+wr w aw

(3.40)

aswc

C,=0Cho—
n n,0 AW

(3.41)

3.4.6. Turbine depth correction

The quasi-1-D theory does not differentiate between different submergence depths, but
momentum equations can be modified slightly according to the method shown in Chapter
2. It leads to a variation in the incidence of extra force due to the free surface variation based
on the turbine's vertical placement. The method explained in Chapter 2 is applied directly
to the rotor, considered as a single body subject to the effect of the overlying flow, with
outputs disclosed in Chapter 6. The method applied to DMS consists of initializing the
starting depth dr from the still water level and thus deriving the depth parameter, which is
forwarded to the DMS function. This procedure is iterated for all cycles, interacting with the

inflow correction.
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3.4.7. Streamtube expansion

This correction extends our previous work based on straight streamtubes [1]. The models
from the literature are applicable only partially to the confined DMS model. An assumption
in the model of Paraschivoiu [21] is that the velocity direction does not vary, even though
the multiple streamtubes are allowed to expand horizontally on a 2-D plane. An
implementation issue occurs if the blade does not intercept some tube in the downstream
half. Recently, a sub-model predicting an enlargement factor to correct the downstream

interference factor calculated without expansion was implemented by Bangga et al. [39].

A change in the flow direction was added in the work of Read and Sharpe [40]. However, a
reliable solution for a 2-D and 3-D flow expansion was found by Goude, who determined
equations to calculate the dimensionless streamtube width and height at each station. A
strength of this method was not only the 3-D spatial development but the ease of the blade

azimuthal displacement at the downstream half of the rotor.

The implementation of Paraschivoiu required a change in A9 at each downstream half of
the tube, dictating the first streamtube starting from the axis in the flow direction. Goude
overcame this issue by allowing the downstream part to be served by independent
streamtubes avoiding a change in the azimuthal displacement. Besides this improvement,

the downstream interference factor at the equilibrium plane is by interpolation.

The equilibrium interference factor was determined as a. = (2a:-1) in all mentioned methods,
implying that their validity does not hold in a confined problem. It adds an issue for the
interpolation at the equilibrium station to determine the downstream interference factors.
In a 2-D actuator disc, the equilibrium interference factor is defined as a. = a+(l1/lc) so that

the previous mathematical statement does not hold.

This work suggests combining Goude and Paraschivoiu’s methods, extending the equation
for allowing the streamtube expansion to fit the confined Double Multiple Streamtube. The
sub-model is set as specified by Goude. Moreover, the equations are determined for both 2-
D and 3-D problems, even though the implementation follows the planar development only
(2-D), due to clarifying uncertainties of streamtube expansion in the vertical direction
straddling the free surface variation, invoking the streamtube contraction visualized in

different porous plate tests [41].

The scheme in Fig. 3-11 is achieved from Goude’s sub-model with nomenclature adapted to

this work. The terms indicated with b represent a streamtube width, and the terms denoted

with a represent the dimensionless expansion factors for the upstream half of the rotor, i.e.,

Ay, A0, Aye, and az.. Subscript y refers to the horizontal axis, while subscript z refers to the
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vertical axis. The expansion factors for the station {0} are given by ay0 = (1-by0) and az0 = (1-
bz0). For the equilibrium station {e}, these are ay. = (by.-1) and a:. = (b-.-1), respectively. The
horizontal expansion factors are also defined based on the turbine diameter-to-height ratio
in (3.42) and (3.43).

dyy  Aye

dze

Az
——

b:u

b:(}

b

0

1 1

b]‘(_’
J" .

Fig. 3-11. Drawing according to Goude’s model [36] of the streamtube cross-section with nomenclature

updated for this work. The filled rectangle represents the streamtube at the upstream station {0}, the white
rectangle is the upstream disc cross-section {1} normalized to unit length, while the hatched rectangle is the

cross-section at the equilibrium station {e].

ay0 = (i—i) a0 (3.42)
Aye = (Z_Z) Aze (3.43)

By stating the mass conservation between the streamtube stations, one achieves Ao= a1*A:
within {0,1}, and ar*A: = a.A. within {1,e}. Since Ao = by,0b20, A1 = by,1:bz1 = 1, and Ae = by,e'bze,
one achieves equations (3.44) and (3.45).

beo == (3.44)
y,0
by = a"gjy - (3.45)
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Replacing b-0 and b-. (3.44-3.45) into the statements ay,0 = (1-by,0) and az0= (1-b-0) for the station
{0}, and aye = (by-1) and a:z. = (bz.-1) for the station {e}, equations (3.42-3.43) are developed

further:

1-bo= () (1-3%)

b= 1= () (- 1)

The horizontal dimensionless widths by and by are determined by solving the square root

of the equations above, yielding (3.46) and (3.47).

_1_ D (Do _1\ oD

by'O_Z 2Ht+\/(2Ht 2) +a1Ht (3.46)
_1_ D (D _1\* D

bye =3 ZHt+\/(2Ht 2) +a61~1t (3.47)

These outputs are significantly different from Goude's, as (3.46-3.47) are derived by treating
the interference factor at the equilibrium station as unknown. Reversing the definitions of
the expansion factors bzo = 1-a0, bze = 1+a:., and achieved a:0 and a4:. from equations (3.42-

3.43), one determines the vertical dimensionless heights (3.48-3.49).

bo=1- (;’—z) (1= byo) (3.48)

bye=1- (’;—Z) (1-by,) (3.49)

Once the expansion factors by, bye, b-0 and b-., are known, the size of the streamtubes is
achieved from (3.50-3.53). Horizontal and vertical lengths Al,: and Ah:: are known from the

azimuthal and vertical discretization.
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Aly o = by oAl (3.50)

Ah, o = by odh,, (3.51)
Alye = by ALy, (3.52)
Ah,e = b,edh, (3.53)

Hence, the coordinate of each streamline from the centerline is performed by integrating
along the horizontal axis (3.54) and the vertical axis (3.55), for any jth station and ith vertical

element. respectively, i.e., Lj=X Alyjand Hi= X Ah-,.

The equations for the downstream disc (3.54-3.55) are slightly different from Goude’s
equations developed for an unconfined flow. The stations {2} and {w} relate to the second
disc and the near-wake, respectively. Once all remaining expansion factors are calculated

(3.56-3.57), the previous procedure is repeated, thus finding streamtubes sizes and positions.

1 D D 1\%  a,D

1 D D 1\%2  apD
bz,e =1- (I;_i) (1 - byIE) (3.56)
by =1- (;’—i) (1—-by) (3.57)

Although the azimuthal positions of the downstream disc are identical to those obtained
with straight tubes, the method for the downstream part differs slightly from Paraschivoiu's
and Goude’s models. According to the actuator disc extension [1], the interference factors
a1 and the drag coefficient Co: are required to calculate oz and ow. Instead of interpolating
to yield new equilibrium interference factors a. (as suggested by Goude) or altering the
downstream azimuthal angles (as illustrated by Paraschivoiu), this procedure implies that
each streamtube is solved twice. The streamtubes are first solved regularly to define the
outputs of the upstream part and to determine a first-attempt value to assign to the
downstream half. Thus, an iterative cycle is performed to minimize the error on the width
of each streamtube at the equilibrium station. It implies a reshaping the upstream part of

the streamtubes as depicted in Fig. 3-12.
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Fig. 3-12. Upstream tubes reshaped to yield corrected equilibrium interference factors «., allowing solving

the downstream discs at fixed azimuthal positions.

The reshape is necessary to yield the new a. and solve the downstream disc, whose position
remains fixed. Therefore, the outputs of the upstream part are achieved from the first
computation, while the outputs of the downstream part are achieved from the iterative
method. The final streamtubes do not coincide. However, this sub-model avoids
miscalculations for the most lateral streamtubes, as illustrated by Paraschivoiu. This
correction is included in the additional assessment of the tested turbine, presented in
Chapter 6.

Although not essential, the method allows calculating the size of the accelerated annulus
bypassing the second disc to be made explicit. The total flow rate passing through the rotor
equals the sum of all upstream tube contributions. It is higher than the flow rate passing
through the downstream wake (Fig. 3-13), and thus, the annular distribution represents

their difference due to continuity.

|
_—
!

|
—
I.E@
|

|

Fig. 3-13. Final result of the streamtube expansion sub-model.
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According to the Nomenclature of Chapter 2, denoting with A. and A, the areal extensions
of upstream wake and downstream wake at an equilibrium station, and denoting with A,
and Aw, the areal extensions of annular and downstream wakes, the annular continuity
states (Ae-Au)te = (Ay-Aw)yw. Since Ae = byebze, Au = byuwbzu, Ay = byybzy, and Aw = bywbzw, the

annular continuity becomes:

xe (by,ebz,e - by,ubz,u) = yw(by,ybz,y - by,wbz,w)

Since Au = az/a. and Aw = az/aw due to the downstream wake continuity with turbine area Ar
=1, the vertical expansion factors are achieved in equations (3.58) and (3.59) and substituted

into the annular continuity yield equation (3.60).

— %
by = (3.58)
— %
b,w = P (3.59)
a —a; = ywby,ybz,y ~—Yw Z_‘i (360)

By using the horizontal and vertical expansion factors ayy = (by-byw) and azy = (bz)-b=v) into the
expression ayy = (D1/Hr)a:,, yields equation (3.61). Replacing b-. with equation (3.57), the

vertical dimensionless streamtube size by is determined in (3.62).

(byy = byw) = (75) (buy = bis) (3.61)

by =1-(5) (1= by,) (3.62)

Using (3.64) in the continuity (3.62), one achieves the quadratic equation:

b2 (Y _p (B =0
vy D_t_ny_t_ -y =
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Notice that ¢ represents the dimensionless area of the downstream wake (3.65) and equals
equation (2.15), achieved for the algebraic development of the double-disc. Therefore, 1 is
calculated since all factors are known, and the quadratic is developed, yielding equation
(3.66).

b= o+ 2(y, —a)] (3.65)

2
b=t [ e =
Horizontal and vertical dimensions of the annular element are given by (3.67-3.68).

Aly, = by, AL, (3.67)

Alyy, = byyAh,, (3.68)

The annular size is achieved by integrating all discrete components, i.e., Ly = X Aly, and Hy
= X Ahzy. The most lateral values of the matrix of y« represent the annular interference

factors to be included, in case, in the wake development.
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NOMENCLATURE

dFau
dF:

Streamtube area m?

Blade aspect ratio, (L/c)

Turbine swept area m?

Axial induction factor

Correction factor due to blade AR
Correction factor for Cno

Horizontal dimensionless expansion factor
Vertical dimensionless expansion factor
Upstream axial induction factor, (1-au)
Downstream axial induction factor, (1-az)
Blockage ratio, (At/(w-ho))
Dimensionless streamtube width
Dimensionless streamtube height
LMADT drag coefficient, (D/Y2-0*ArUd?)
LMADT power coefficient, (P/Y20*AmUo%)
Turbine power coefficient, (P/Y4-0*ArU-3)
Turbine thrust coefficient, (T/Y20*ArU?)
Hydrofoil drag coefficient, (2-D and 3-D)
Hydrofoil lift coefficient, (2-D and 3-D)
Hydrofoil normal coefficient

Hydrofoil tangential coefficient

Blade chord m

Drag force N

Shaft diameter m

Turbine diameter m

Drag force per unit length N/m
Elementary drag force N

Elementary normal force N

Elementary tangential force N

Distance from water level to turbine top m
Elementary torque Nm

Discrete vertical element m

Discrete azimuthal displacement deg
Froude number, (Uo/(g+ho)*)

Gravity acceleration m/s?

Turbine height m

Water depth m

Blade length m

Lift force per unit length N/m

Shaft wake radius m

Number of blades

Number of vertical blade segments
Number of blade azimuthal positions
Turbine power W

Mechanical torque Nm

Subscripts

Short forms

[eS]

0
1
e
2
w

BEM
DMS
LMADT
VAWT

Reynolds number, (0-W-c/u)

Turbine radius m

Strut radial length m

Local radius m

Strouhal number, (fDo/Ue)

Axial thrust force N

Blade thickness m

Flow speed m/s (see subscripts)

Strut discrete element flow speed m/s
Relative flow speed m/s

Channel width m

Distance of the velocity deficit, (ri/Do)
Blade mounting point

Spanwise streamline coordinate
Vertical streamline coordinate

Angle of attack, deg

Disc interference factor

Depth variation m

Horizontal streamtube width at the disc
Vertical streamtube height at the disc
Normal velocity deficit m/s

Blade normal to equatorial plane angle deg
Numerical accuracy

Strut normal to equatorial plane angle deg
Azimuthal displacement deg

Strut element azimuthal displacement deg
Tip speed ratio (w*Rt/Us)
Fluid-dynamic viscosity Pas

Depth parameter, (dn/(2HrT))

Fluid density kg/m3

Angular velocity rad/s

Undisturbed flow

Inflow

Flow at the upstream disc
Flow at the equilibrium
Flow at the downstream disc
Near-wake flow

Blade Element Momentum

Double Multiple Streamtube

Linear Momentum Actuator Disc Theory
Vertical-axis wind turbines
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4. INFLOW AND BACKWATER ASSESSMENT

Chapter adapted to the content of the article:

Cacciali L., Battisti L., Dell’Anna S. Backwater Assessment for the Energy Conversion through
Hydrokinetic Turbines in Subcritical Prismatic Canals, Ocean Engineering 2023, 267, 113246. DOI:
https.//doi.org/10.1016/j.oceaneng.2022.113246.

Hydrokinetic turbines partially exploit the total head variation created in natural and
artificial waterways. In subcritical flows, the sum of the mechanical energy harvested, and
the dissipated energy by fluid-dynamic losses and viscous friction, is balanced through the
backwater extending far upstream. The latter depends on the turbine operating condition
and, thus, on the thrust force generated. Only the downstream momentum is known, while
upstream momentum and turbine thrust force are undetermined. To solve this problem, the
method illustrated in [1] allows updating the inflow factor for a single turbine, thus
achieving a single physical solution. Froude number and blockage ratio are updated at each
iteration and used as independent variables for solving the turbine model. According to the
actual canal geometry, a specific continuity equation allows inferring the backwater depth
from the inflow factor. Hence, this method is integrated with the confined DMS model
presented in Chapter 3 to extend the capability of the simulation tool. Experimental data of

inflow depth are used to validate this model for single rotors in a subcritical environment.
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4.1. THE PROBLEM OF THE HYDRAULIC TRANSITION

The following experimental and theoretical literature was considered, concerning the
hydraulic problem of HK turbines deployed in subcritical flows. Myers and Bahaj [2] tested
an axial-flow hydrokinetic turbine in a circulating water channel to investigate the free
surface impacts, showing an increase in depth upstream of the rotor, a free surface drop
downstream due to the power extraction, and a rise in water depth further downstream due
to the wake reaching the free surface. The authors proved that the location of the water
depth cusp moves downstream with increased flow speed. Kartezhnikova and Ravens [3]
assessed a uniform distribution of turbines on the free surface variation and depth-averaged
flow speed by modeling an enhanced bottom roughness, demonstrating that the hydraulic
impact agrees with alternative approaches, even though near-field free surface variation
cannot be calculated with this technique. Kirke [4] clarified fundamental aspects regarding
energy extraction in rivers, emphasizing that hydrokinetic turbines alter the total energy of
the flow, accelerating the depth-averaged flow downstream of the rotor. Gauvin-Tremblay
and Dumas [5] simulated the interaction of a cross-flow hydrokinetic turbine with the free
surface at different submergence depths, remarking that the power extraction is
independent of the Froude number as the clearance between the turbine top and still water
level increases. In addition, the authors clarified the impossibility of achieving a water depth
downstream of the mixing region lower than the uniform value h~, due to the perpetual
decrease in depth that would be generated if bed friction losses were higher than the channel
slope. Yosry et al. [6] tested the performance of a vertical-axis cross-flow rotor in a water
channel with a horizontal and inclined bed, with a downstream regulation of the flow and
dictating the undisturbed flow condition. For inclined tests, the authors corrected the
maximum power with the square of the channel slope, and the optimum tip speed ratio

with the fourth root of the channel slope.

The sketch in Fig. 4-1 has much in common with the hydraulic transition of short, localized
narrowing of the channel cross-section, with the difference that the flow is not partially
blocked by a solid obstacle such as a bridge pier, but rather by a porous device whose
rotation reduces the flow speed into the wake. However, the schematic of a hydrokinetic
turbine in a gradually varied flow requires additional modeling to calculate the mechanical
power extracted and the axial thrust force. Although a cross-flow turbine is depicted in the

image, this work also holds for axial-flow turbines.

In subcritical flows, the minimum depth achieved by the flow is greater than the critical
value and the energy balance produces a depth ho a few diameters upstream of the rotor,
which pressure distribution is assumed hydrostatic and streamlines uniformly distributed.

Starting from the measured flow {«}, the free surface is linked to {0} with a behavior
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depending on turbine shape, vertical positioning, aspect ratio, and rotor speed. Thus,
backwater propagates upstream from {0}. Notice that the maximum variation in depth Ah
corresponds to that produced by the rotor operating at its highest rotor speed, far away
from the point of maximum performance and coinciding with the maximum power released

by the flow, including viscous dissipation.

Fig. 4-1. In-Stream hydrokinetic power conversion.

As the turbine wake and bypass flow merge, a turbulent loss is generated, while the
conservation of momentum allows the flow to restore its uniform and unperturbed
condition over a short distance. In subcritical flows, the upstream flow is regulated from
downstream, and this is what occurs experimentally with hydrokinetic devices in [6] and

[7], and with porous plates in [8].

Since the power extraction diminishes with the drop in flow speed upstream of the machine,
a procedure must be coded to predict in advance the expected inflow, unless it is measured

directly from an upstream crossbar.

The method is introduced for the turbine array assessment in artificial canals using
momentum predictors adapted for the confined environment. The assessment of HK
turbines in open channel flows was performed initially with the extended Linear
Momentum Actuator Disc Theory (LMADT), first assuming a fixed free surface by Garrett
and Cummins [9], and later incorporating its variation in [10],[11], and [12]. However,
validation for riverine flows was absent due to the altered flow propagating upstream,
which, introducing bed friction, did not match the inviscid flow assumption. Moreover, the
confined LMADT equations depend on upstream independent variables, making its
application not feasible if the flow is investigated from downstream. The effort of predicting
turbine power and axial thrust with a momentum model is rewarded by integrating the
Double Multiple Streamtube (DMS) from [13] with a procedure calculating the upstream

flow, as completely disclosed here and just previously mentioned.
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An iterative scheme is introduced to scale blockage and Froude number for solving the
LMADT between disturbed and undisturbed stations implemented in the DMS model.
Within approximation, this procedure allows a steady turbine model to comply with the

iterated upstream flow.

This extends the validity of the Actuator Disc Theory to subcritical canals, whether the far-
tield flow is known from downstream, not previously outlined for these applications.
Different prismatic geometries of the transversal area are allowed, thus improving the
flexibility of the procedure. The conceptual assessment involving the energy recovery in
canals is exposed in Section 4.2, remarking on the feasibility of integrate HK turbines in
certain hydropower plants. The method proposed is fully disclosed in Section 4.3 and is

validated in Section 4 .4.

4.2. CHANNEL ENERGY ASSESSMENT

Linear integral statements of continuity, momentum, and energy conservation are
introduced to be enforced to the downstream volume in Fig. 4-1 in the normal direction,
with the assumptions of an incompressible fluid, homogeneous, and steady flow in a mild
bed slope canal (5<5c). The recovery of the undisturbed depth is allowed by the total head
between the boundaries {0} and {}, induced by mechanical energy conversion and viscous

dissipation.

According to Pelz [14], the energy conservation for this problem can be resumed in the next
equation, with p the water density, g the gravity acceleration, Q. the channel discharge, z
the geodetic head, / the hydrostatic head, and U?/(2g) the kinetic head.

2 2
ngC (ZU + hO +%) _ngC (Zoo + hoo +UZL:Q) = ngC(AHtOt) = PtOt

The Coriolis coefficients ai multiplying the kinetic terms are omitted according to Chanson
[15] for the prismatic cross-sections discussed in this work. The surface integral of the work
done by the reacting force represents the turbine mechanical power removed from the
system and released to the shaft and a turbine model is required to determine the turbine
power P. The downstream mixing process leads to a heat exchange from the system to the
environment, so the term Puis is derived from the surface integral of the internal energy
variation pQc(ec-e~). However, this unknown term is expanded to include the sum of
turbine fluid-dynamic losses, the far-wake mixing dissipation, and the losses due to bed

friction in the control volume {0,o}.
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Notice that Pt is used instead of the sum P and Puiss Solving this equation for the total head
in {0}, yields:

ZO + EO = Zy + EOO + AHfOt (I)

The energy conservation describing the backwater control volume {-,0} is represented by

equation (II), with s the backwater friction head due to the bed shear stress.

Z_x + E—OO = Zy + EO + hf (II)

Solving (II) for the sum (zo+Eo) and substituting this result into equation (I), a new definition
of the total head is achieved for the control volume between two uniform cross-sections {-
oo,c0} in (III). As the undisturbed flow is restored downstream, the upstream specific energy
E-- equals the downstream E-, and the total head variation expected for power extraction
and dissipation equals the elevation head variation Az = (z--z~) net of upstream bed friction
hs, meaning that AHw: equals the energy recovered by the flow in the backwater. Hence,
statement (III) represents the same equation derived by Kartezhnikova and Ravens [3] for a
uniform distribution of hydrokinetic devices. However, this equation applies also to a single

device in an infinitely long channel, as the uniform flow is regenerated downstream.

AHpyy = Az — hy (IIT)

Given the bed slope and channel flow rate, an increase in the total head AHxt is compensated
by the drop in upstream bed friction so that the turbine is seen like a hydraulic device
collecting part of the energy available from the generated disturbance. In terms of
momentum, the rise in upstream depth is due to the increasing axial thrust force and rotor

speed.

As stated, the highest total head variation does not coincide with the maximum net turbine
power. Indeed, at the highest rotor speed, the rotor develops the highest thrust force, and a

maximum viscous dissipation arises in the channel flow.

Although on a different scale, the same concept also holds for a generic hydropower system,
with AHpun the available head variation of the plant, i.e., the elevation head Azpun net of
friction losses hpiant. Some of these plants have ducts and inlet canals conveying a flow rate
away from a reservoir to end up in the forebay. By modifying the natural flow path with

mild slope riverbeds, these canals allow bed friction losses to diminish and prevent a
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sudden drop in the head for power extraction, now maximized at the powerhouse in Fig.
4-2.
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Fig. 4-2. Hydropower derivation incorporating hydrokinetic turbines.

Inlet waterways have subcritical flow regimes, and the flow rate is often regulated through
an upstream hydraulic intake. Although the upstream stretch should host a substantial
backwater to avoid hydraulic risk, the use of HK devices in inlet canals is generally feasible

with no noticeable change in the operation of the hydropower plant.

It demonstrates that hydropower canals can be exploited for hydrokinetics with a design of
a combined hydro-hydro plant. Liu and Packey [16] previously discussed the potential
benefits and feasibility of integrating existing conventional hydropower stations with HK
devices, namely Combined-Cycle Hydropower Systems. The authors highlighted that this

technology is under research and development but not yet mature and economically feasible.

It moved our attention from our previous work [7] towards In-Stream HK turbines in inlet
hydropower canals, where backwater is somehow bearable upstream to a given limit. These
artificial streams have abundant flow rates, and often have wider cross-sections and deep

water to allow the installation of several turbines in a single array.

However, greater attention is required to outlet canals (not depicted in the figure), with
assessments made on a case-by-case basis. Solutions with HK rotors installed near reaction
hydraulic turbines are undesirable. Indeed, Francis, Kaplan, and Bulb turbines operate with
a low elevation head, and the backwater due to HK rotors can lead to severe adverse effects

on their efficiency.
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4.3. ITERATIVE SCHEME FOR MILD SLOPE CANALS

Analytical techniques are widely used to investigate the backwater effect in hydraulic
transitions. According to Niebuhr et al. [17], the upstream depth ho can be approximated
with Yarnell’s empirical equation [18] for circular bridge piers. Besides Yarnell's formula,
lately calibrated by Charbeneau and Holley [19], different outputs are obtained with the
equations of Nagler, Al-Nassri, Rehbock, and Aubuisson. These methods account for static
elements immersed in the flow and require empirical parameters of the bridge piers'
geometry to be solved. Diversely, our proposal applies directly to the implemented DMS

model.

The steady and incompressible momentum conservation is defined according to Kundu et
al. [20] for the 1-D flow based on the problem in Fig. 4-3 for a rectangular channel. This

sketch represents a hydraulic transition of a mild slope channel with a turbine between {0,-}.

Fig. 4-3. Sketch for the application of the momentum equation.

The hydrostatic pressure forces are indicated in the image with Fyo and Fp-. The surface
integral of the reacting force per unit area distributed over the turbine is replaced by the
thrust force in the normal direction T on the right-hand side. The force due to water weight
parallel to the bottom can be included as F; = p-¢*W-S, with p water density, g the gravity
acceleration, W denoting the weight of the volume included within the boundaries, and S
the bed slope. Notice that momentum corrections factors fi are treated as the Coriolis

coefficients in the energy equation.

An iterative scheme is introduced to scale blockage and Froude number for solving the
LMADT between disturbed and undisturbed stations implemented in a DMS model.

pUo*Why — pUos*Whe, +§pgw(h02 - hwz) +pgW (S —S)=T
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In most of the transition problems involving bridge piers, F; is disregarded due to the short
channel length involved with a mild slope. Like the weight force component and although
the viscosity is crucial in energy conservation, the shear stress force Fr = p-¢*W-5 plays a
limited role over a short and smooth channel length, according to Chanson [15]. Henceforth,

the sum of these two contributions is excluded from the rest of the analysis.

A dimensionless statement is derived from the above momentum equation, with blockage,
Froude number, and thrust coefficient appearing as independent variables. The equation
holds for all channel shapes, but attention must be paid to scaling the Froude number

according to the actual geometry, as shown further on.

A linear proportionality between the known far-field speed U~ and the unknown flow speed
Uo is assumed in (4.1) by introducing the inflow factor ¢ = Uo/U-~, valid within 0 < ¢ < 1.
Notice that ¢ must be a positive quantity and non-zero. Recalling the mass conservation,
the channel flow area Ao is written in terms of ¢ in (4.2). The transversal area of a rectangular
tlow passage is w~h~, and the equation (4.2) further drops into the proportionality of water
depths (4.3).

The far-field Froude number Fr- (4.4), blockage ratio B~ (4.5), and thrust coefficient Cz (4.6)
refers to the station {0}, while the upstream Froude number Fr and blockage ratio B must

be scaled to account for the variation of the inflow due to the actual thrust force.

Uy = Uy p @1
Aco

Ao ="2 4.2)
_ e

ho =72 (4.3)

Fr, = —= (4.4)

© = Johe '

_Ar

B = 3" (4.5)

T
Croo = e (4.6)

Using (4.1-4.6) in the momentum equation and dividing the left and right-hand sides by
(Vrp*A=U=*#0), the unknown ¢ and the variables Fr~, B~, and Cr- appear. The dimensionless
equation (4.7) represents a third-degree polynomial to be solved for ¢, as previously shown

in [13]. The thrust coefficient Cr- varies at each iteration while Fr- and B~ remain constant.

2F1,2 9% — (CrooBuoFTn® + 2F1,> + 1)p2 +1 =0 (4.7)

111



A single feasible solution is achieved within the domain 0< ¢ <1 for subcritical flows. The
polynomial holds for ¢, Fr-, and B-# 0, but Cz~ can be zero, leading to the physically

acceptable solution ¢ =1 (no flow disturbance).

The cubic polynomial yields the numerical solutions in Fig. 4-4 for increasing values of Cr--.
In all charts, the drop in ¢ is immediately evident at high B- given the Fr-, while the drop
in ¢ is not noticeable at high Fr-- and mild B-, irrespective of Cr-. The thrust force depends
on the turbine operating point, and is an output of this problem. The higher the thrust force,
the larger the reduction in ¢ is observed. It is even more evident when the turbine is installed

at the free surface proximity, with B- the factor most influencing momentum conservation.

The far-field Fr- is calculated after measurements of the undisturbed flow field. After the
turbine installation, altered depth ho and water speed Uo appear from the undisturbed
values h- and U~. However, ho and Uo are unknown, and a hydrodynamic turbine model

calculating the thrust force is required to close the system.
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Fig. 4-4. Solutions for ¢ in the domain (0,1] visualized for ¢ > 0.5 vs Froude number Fr and blockage ratio B
at a prescribed Cz~ of (a) 0.5 and (b) 2.0.

Therefore, a Double Multiple Streamtube is integrated with the Actuator Disc Theories
suggested by Whelan et al. [10] and Cacciali et al. [13] for single-disc and double-disc

theories, respectively.

The control volume for the turbine model is bounded in Fig. 4-5. Notice that the independent
variables Fr and B in the DMS code refer to the station {0}. The turbine thrust force divided
by the far-field flow dynamic pressure force gives the turbine thrust coefficient, as indicated
in equation (4.6). It is the output of the DMS model depicted in the flowchart in Fig. 4-6.
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Fig. 4-5. Control volume of the confined DMS model.

For the first iteration, ¢ = 1 and Fr = Fr-, B = B-. Then, the inflow Froude number and
blockage (Fr, B) are scaled so that the Cr~ is updated by the DMS model so the cubic
polynomial (4.7) is solved for ¢. Inflow Froude number Fr and blockage ratio B diminish

from the far-field value, while the inflow factor ¢ drops from unity.

The blockage ratio B scales linearly with the far-field blockage ratio B- (4.8). It is achieved
immediately by substituting Ao from the mass conservation (4.2) into B = Ar/As, and

equalizing the turbine areas, i.e., Ar = (B:A~)/¢ and Ar=B=A-.

¢=1
u. Update Fr Solve
Fr, [ @wWB [— fuagf:\gn — Cg‘rcul(%t)e — equation |—{ @ converges? }—» Cag:u.fate
B, (8), (9) foo (7) . P
W, NO

Update hy,
Wy

«—1 Update p |«

Fig. 4-6. Flowchart to solve the hydraulic transition.

The Froude number scaling function requires further attention as it must be valid for all
canal shapes. Therefore, the mathematical statement (4.9) is achieved by replacing Uo with
equation (4.1) and Ao with equation (4.2) in Uo = Fr«(g-Ao/wo)’?, and equalizing the speed U-
appearing on the left-hand side with the far-field flow speed definition U- = Fr<«(g-A«/w-)"2.

B = ¢B,, (4.8)
Fr = ¢3/2 (:vv_o)l/z Fr,, (4.9)

113



In rectangular canals, the Fr is independent of the free surface width, but for different
prismatic canals, the width wo is unknown at this stage. This issue is solved by stating a
continuity equation for the specific cross-sectional shape to avoid miscalculations. From
statement (4.2), the area of the canal is written as a function of the parameters in Fig. 4-7.
The development of the mass conservation for triangular and trapezoidal shapes yields the

equations in Tab. 4-1.

The free surface width is introduced as a function of water depth [21]. Once solved the
continuity for ho and calculated the free surface width wo, the inflow Froude number is

finally scaled according to the equation (4.9).

Notice that “double-trapezoidal” refers to a trapezoidal canal with an additional trapezoidal
bottom, whose angular coefficient m: and bottom width b: relate to the top trapezoid, and

the height y» and the area As refer to the bottom section, as assumed submerged.

mh b mh

—\. < //—

sk /)

!
Centroid \ L

Vi
7

P
4l

Fig. 4-7. Parameters of a non-rectangular canal.

Albeit the complexity recovering the uniform flow pattern after the near-wake expansion,
the wake expands over the whole water column entraining the outer flow [22], which mixes
with the turbine flow rate Qr. This mixing induces an internal energy variation in the far-
wake due to the triggered viscous dissipation. The bed elevation contribution (zo-z-) is
included in the total head variation AH:wt, and empirical data are needed to compute the

tlow speed variation in the wake for calculating the wake recovery length [23],[24].

Since the turbine power conversion is trailed by viscous and bed friction restoring the far-
tield flow, only part of the available mechanical power can be exploited by the turbine. The
downstream losses are estimated by equation (4.10), since derived from (I). Notice

that P is known at this point, as it represents the output of the turbine model.
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Tab. 4-1 Continuity equations and free surface width relationships for different prismatic canals.

Shape Continuity equation Width
Rectangular ho = he,/¢ wo=b
Triangular Ro = hoo /[ wo = 2mh,
Trapezoidal m($ho® = heo®) + b(phy — he) = 0 Wwo = 2mhg + b
Double-trapez. me(pho” = heo®) = @ypme — b)(Sho — heo) + (@ = DIy pme —b) + A1 =0 wo = 2m(hg —y,) + be

Pyiss = pgQcAH o — P (4.10)

According to Pelz [14], hydraulic efficiency 1 represents a measure of the dissipation
attributable to viscous friction and should include bed friction, internal energy variation
due to mixing, and rotor fluid-dynamic losses. Since all these terms are included in Puis, the
hydraulic efficiency 1 represents the ratio of turbine power and total power indicated in

equation (4.11).

4.11)

Ptot

The backwater recovery length can be further calculated with a step or integral method to
estimate the longitudinal spacing between the turbines or turbine arrays, avoiding the
effects of hydraulic superposition due to multiple elements in series. It directly contributes
to estimate the capacity available in a channel flow that minimizes the environmental
impact of the backwater. For equally-spaced turbine arrays, the method is illustrated in
Chapter 5.

4.4. RESULTS AND DISCUSSION

Chapter 1 shows the tests performed on a Darrieus hydrokinetic turbine of a 0.5 m diameter
into a narrow canal with acquisitions of rotor speed, axial thrust force, and mechanical
torque at 2 kHz. Depth was measured simultaneously upstream of the rotor with an
accuracy of + 0.005 m. All measurements were averaged in time at each rotor speed. A top

view of the operating turbine is shown in Fig. 4-8.
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Fig. 4-8. Top-view of the canal during high-speed turbine operation.

With a Matlab function tailored to the investigated channel, local Froude numbers are
calculated based on the hydraulic depth, i.e., the ratio of the cross-sectional area to the
maximum width occupied by the free surface. The simulation is performed with the DMS
code developed to investigate the performance of the hydrokinetic turbine in blocked flows.
The simulation is performed with the DMS code developed to investigate the performance
of the hydrokinetic turbine in blocked flows. The iterative procedure is set up according to
the scheme in Fig. 4-6, whilst the continuity of a double-trapezoidal canal from Tab. 4-1 was

solved to update the inflow Froude number Fr.

Preliminary results show the differences between corrected and far-field parameters.
Experimental data are shown in Fig. 4-9 with a plus marker while numerical data are shown
by a dotted line. The dashed line corresponds to the constant Fr- and B~ relative to the far-
field flow. As the tip speed ratio increases, Froude number and blockage vary over a limited

range.

The tip speed ratio denoted by A~ is the ratio of the turbine tangential speed U to the
undisturbed flow speed U~. The root mean square deviation (RMSD) of the prediction to
the experimental data gives 2e-3 for the Fr and 9e-3 for B. The drop in Fr is substantial after
the deployment of the turbine.

An increase in axial force measured at the shaft for an increased rotor speed corresponds to
a higher hydrostatic head in front of the rotor. Similarly, the increasing tip speed ratio
translates into a reduction in the Froude number. The trend of experimental Fr aligns with
the prediction, demonstrating the validity of the proposed mathematical statement. The
decrease in the Froude number is consistent with the reduction in blockage. An increasing
depth upstream of the turbine determines a drop in the swept area to the channel cross-

section area ratio. It is illustrated in Fig. 4-9, where the upstream blockage ratio diminishes,
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as A- increases from left to right. The linearly scaling the blockages is also validated within

tolerance.
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Fig. 4-9. (Left) Upstream Froude number Fr vs tip speed ratio A~ with Fr~. (Right) Upstream blockage ratio B
vs tip speed ratio A~ with B-.

The variation of the total energy head to the hydrostatic head in the hydraulic transition is
disclosed in Fig. 4-10. The test condition upstream of the rotor is represented by a blue
square marker for the total head, and a blue triangle for the kinetic head. The downstream

flow is characterized by grey markers instead.

According to Kirke [4], the turbine energy conversion accelerates the mean flow after being
decelerated upstream, and the total energy decays from its maxima in {0} to the far-field
value in {e}. The contributions to the total head are thus given by the sum of the variation
in the hydrostatic head (+), kinetic head (-), and elevation head (+) between {0,}.

The flow passing through the turbine Qr reduces its speed and pressure, thus transferring
mechanical energy to the shaft. The total head is maximum upstream of the rotor, and the
head loss in this operative condition is proportional to the variation of the total energy (Ho-
H-). The point of minimum depth achieved by the current is not indicated in the chart

because the non-uniformity of the flow.

Moreover, the transition of a channel narrowing or the flow passage through bridge piers
approximates a similar hydraulic problem. Indeed, the difference in momentum between
the flow at a minimum depth M« and the undisturbed flow M- yields zero if gravity and

friction force components are disregarded between these neighboring cross-sections.

Notice that the transition of a channel narrowing or the flow passage through bridge piers

approximates a similar phenomenon. Indeed, the difference in momentum between the flow
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at a minimum depth Mw and the undisturbed flow M- yields zero if gravity and friction

force components are disregarded between these neighboring cross-sections.
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Fig. 4-10. Total head H (squares) and kinetic head k (triangles) vs hydrostatic head h. Undisturbed flow {eo}

markers and inflow {0} markers are depicted in grey and blue, respectively.

A dotted line (corrected prediction) and a dashed line (no correction) show the numerical
improvements in thrust coefficient Cr- and power coefficient Cr~ vs the tip speed ratio A-,
thus anticipating some outputs from Chapter 6 in Fig. 4-11. Although a slight deviation in
the Cr- is depicted at low A due to dynamic stall, the prediction consistently improves for
average rotor speeds. The root mean square deviation for Cr- and Cr~ over the six operative

points and additional observations are reported in [7].

Although estimated and not further discussed in this work, the hydraulic efficiency peaks
approximately at 39.0%, with a slight contribution of the difference in bed elevation to AHut
due to the short canal length identified.

Hydraulic efficiency introduces the capability of the rotor to exploit part of the available
power, but its estimate adds complexity to the experimental activity. Indeed, uncertainty in
the assessment of the total energy due to a questionable placement of upstream and
downstream stations can arise, in addition to testing inaccuracies inducing an error

propagation in averaging the far-field U~ and inflow Ub.

Ambitious tests and time-consuming simulations are required at each rotor speed and in
several downstream crossbars to test the decay in shear stress towards the undisturbed flow.
However, the power coefficient is a parameter readily available after the measurement and
definition of U-. In rivers and canals, Cr~ is a measure of the amount of energy converted

into mechanical energy and indicates the apparent performance of the turbine-channel
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system, including the booster effect of blockage. This variation in Nomenclature is
convenient for comparing plants built on different canals, as the far-field flow at the

undisturbed cross-section {} is not altered by backwater effects as it is in {0}.
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Fig. 4-11. (Left) Thrust coefficient Cr.- vs tip speed ratio A~. (Right) Power coefficient Cr.~ vs tip speed ratio
Ae.
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NOMENCLATURE

Ao, A~  Canal cross-sectional area m? Yo Height of bottom shape m, (Fig. 4-7)
Ab Area of the bottom geometry m?, (Fig. 4-7) z Elevation head m
Ar Turbine swept area m? AE Specific energy variation m
B, B~ Blockage ratio, (A1/A) AHiot Available total head variation m
b Canal bottom width m, (Fig. 4-7) Ah Hydrostatic head drop m
Cr,Cr~  Power coefficient, P/(V20*ATU3)) Ak Kinetic head drop m
Cr,Cr-  Thrust coefficient, T/(V20*ArU?)) Az Elevation head drop m
E Specific energy m ¢ Inflow factor, (Uo/U--)
Fr, Fr-  Froude number n Hydpraulic efficiency, (P/Ptot)
g Gravity acceleration m/s? Ae Tip speed ratio, (Utan/Uw)
H Total Head m p Fluid density kg/m3
ho, he Hydrostatic head m, (Fig. 4-7)
hy Bed friction head m Subscripts
M Channel Momentum m? -00 Far-upstream undisturbed flow
m cot(9) deg, (Fig. 4-7) oo Downstream undisturbed flow
P Turbine power, W 0 Inflow
Paiss Dissipated power, W t Top geometry, (Fig. 4-7)
Prot Total power W b Bottom geometry, (Fig. 4-7)
Qc Channel flow rate m3/s w Near-wake flow
Qr Turbine flow rate m3/s
S Bed slope m/m Short forms
S¢ Friction slope m/m DMS Double Multiple Streamtube
T Axial thrust force N HK Hydrokinetic
Uo, U~  Mean flow speed m/s LMADT  Actuator Disc Theory
Utan Tangential rotor speed m/s RMSD Root mean square deviation
wo, w-  Free surface width m, (Fig. 4-7)

122



5. MULTI-ARRAY DESIGN FOR HYDROKINETIC TURBINES IN
HYDROPOWER CANALS

Chapter based on the content of the article:

Cacciali L., Battisti L., Dell’Anna S. Multi-Array Design for Hydrokinetic Turbines in Hydropower Canals.
Energies 2023, 16(5), 2279. DOI: https://doi.org/10.3390/en16052279.

The attractiveness of hydropower canals for hydrokinetic power exploitation is based on
the availability of continuously flowing water and sufficiently large wetted areas for
accommodating rotors of different geometry and size. The design of hydrokinetic plants in
these waterways involves the choice of the array layout, rotor geometry, turbine spacing,
and array spacing and accounts for the control of the resultant backwater to avoid upstream
flooding hazards. Several works in the literature have shown that array power optimization
is feasible with small array spacings, disregarding the limitation in the power output
induced by backwater upstream. In this study, a 1-D channel model, the Double Multiple
Streamtube, and wake sub-models are integrated to predict an array layout that maximizes
the array power. Single and multi-array schemes are developed according to the iterative
method illustrated in Chapter 4. However, multiple rotors generating the array blockage
complicate the assessment, implying running the DMS code for all turbines with inflow data

updated iteratively at each rotor speed.
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5.1. INTRODUCTION TO MULTI-ARRAY MODELING

The full description of the multi-array model is included in the recent work published in [1].
The idea of integrating existing hydropower plants with hydrokinetic turbines was
suggested by Liu and Packey [2] for the development of Combined-Cycle Hydropower
Systems, for which the objective was to harvest additional energy from the tailwater in
currents leaving dams. The energy recovery in hydropower canals was then discussed by
Cacciali et al. [3] to attempt the installation of cross-flow HK devices in inlet hydropower
canals connecting basins with a subcritical flow, with lateral embankments that
conveniently accommodate structural works. This application is suitable in some parts of
northern Italy, i.e., a mountainous area with several hydroelectric plants built more than
hundred years ago. An example of hydro-hydro application is illustrated in Fig. 5-1
concerning the rotors being tested by HE Powergreen S.r.l. [4] in the Biffis canal, i.e., a
waterway used to supply the hydropower plant in Bussolengo (VR), Italy.

The deployment of multiple arrays represents a trade-off between power optimization and
environmental control. Indeed, besides the energy harvested, an adverse effect is posed by
the backwater generated from the operating turbines, thus implying the requirement for
automated depth measurement. It forces the designer to strictly design the array with a
limitation on the backwater induced by the plant. On the other hand, the basin operator

cannot allow flooding hazards to occur due to faulty design.

The most relevant works intended for canals and fluvial applications are presented in the
following material: part of these references are based to array power optimization in tidal

tflows, including assessments of turbine spacing and array spacing.

Fig. 5-1. An array of aligned vertical-axis cross-flow hydrokinetic turbines deployed in a regular canal.
Image from HE Powergreen S.r.l. [4].
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Turbine arrays were investigated by Gauvin-Tremblay and Dumas [5] in aligned and
staggered configurations; the investigation showed that the local blockage and turbine-
wake interaction affect the performance of an array, which, in turn, dominates the
downstream row. The wake deflection originating from the upstream vertical-axis turbines
highlighted a negative impact on the staggered configuration. The authors clarified that an
aligned layout with an inward rotation of the rotors is desirable. Their work demonstrated
no advantages in terms of power extraction for the aligned configuration over a staggered
layout in a wide channel, but higher power output was shown by the aligned configuration
in a narrower environment. Gauvin-Tremblay and Dumas also observed higher mean
power extraction per turbine by increasing the longitudinal spacing between the turbine
arrays; however, they also affirmed that the larger the lateral spacing, the higher the total
power. Almost all these results were confirmed by the model presented in our work, except

for those regarding lateral spacing, as will be clarified later.

Gonzalez-Gorbena et al. [6] assessed turbine arrays with a surrogate-based method for
regular and irregular channels. Both uniform and non-uniform flow scenarios were
investigated. Inline and staggered arrays were investigated, leading to the determination of
capacity factors and profitability. Polynomial and radial basis-surrogate methods were used
to fit an objective function based on two variables: the lateral and the longitudinal spacings.
This method is promising, although the downstream flow does not affect the upstream flow,

wherein horizontal rotors were simplified as actuator discs.

Okulov et al. [7] tested longitudinally aligned horizontal axis hydrokinetic turbines with
particle image velocimetry to measure the flow properties upstream and downstream of the
devices including up to four elements, highlighting the interference of the turbine wake on
the downstream turbine, which was deployed closer. The authors remarked on a continuous
drop in turbine performance due to the upstream wake reducing the inflow speed with
higher turbulence. Unlike Okulov, we clarify that optimal rotor placement in a narrow canal
or riverbed should enable the rotor’s detachment from reduced longitudinal spacings due
to turbulent phenomena. It was clarified through the on-site experience of H.E. Powergreen
S.r.l. [4], which demonstrated evident backwater phenomena due to the variation in rotor

speed and lateral spacing.

Septyaningrum et al. [8] investigated co-rotating and counter-rotating turbines by analysing

turbulence intensity in the interaction zone, thereby demonstrating that flow superposition

is not the only reason for flow acceleration, as an additional influence is contributed by a

closer spacing between the turbines, which confers a jet-type flow effect for the bypass flow.

The authors proved that a faster velocity superposition and lower turbulence intensity are

achieved with inward counter-rotating rotors. Although not discussing the backwater
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phenomenon, the authors indicated that the performance of downstream turbines in a

multi-array layout would be sub-optimal if operating in the wake of upstream turbines.

Riglin et al. [9] simulated different array layouts with a CFD solver based on RANS
equations mimicking a hydro-farm. A substantial drop in power was observed from the
upstream to downstream units, showing that the operation of a turbine in the wake of the

upstream turbines significantly reduces the energy available downstream.

Vennell et al. [10] reviewed the main parameters affecting the large turbine arrays in tidal
flows, highlighting that the enhanced drag due to power extraction reduces the mean flow
speed as the flow approaches the rotors. Moreover, the authors specified that optimally
tuned turbines in large arrays perform differently from tuned isolated turbines. Some of the
effects of a large array discussed by Vennell can be applied to on-land subcritical canals, e.g.,
in efforts to boost a turbine’s output by adjusting its relative position within the turbine
array. In this work, this effect is obtained by modifying the spacing between the turbines.
Vennell indicated that higher capacity is obtained by adding supplementary turbines to an

array, but the behavior of the power curve differs among wide and narrow channels.

A high contribution to array-based analytical models can be attributed to Nishino, Willden,
and Draper, even though the confined actuator disc theory was extended in its free surface
double-disc version in our previous work [11], which was subsequently updated with a
method accounting for the backwater in subcritical flows [3]. Although staggered turbine
layouts have been assessed about tidal flows [12]-[14], their actual application in
hydropower canals is questionable, as closely spaced rows would cause an increase in
turbulent effects and hydrostatic depth, which is only tolerable to a small extent, and which
will be explained further later. With aligned rotors, the hydraulic transition to be solved at
each turbine array resembles the solution introduced by Cacciali et al. [3]. Once the
equilibrium in hydrostatic pressure is reached upstream of each turbine array, the

computation of the average flow speed in the cross-section is iteratively feasible.

Nishino and Willden [12],[13] described the flow disturbance due to multiple turbines
involving a large portion of the channel. The flow proximity was ideally assessed on a large
scale with actuator discs due to power extraction in a tidal environment showing that the
turbine-scale wake expansion occurs faster than the expansion around the turbine array.
Draper and Nishino [14] developed a model for centered and staggered actuator discs and
concluded that two rows should have a small spacing only if staggered; otherwise, centered
arrangements should be kept as far apart as possible, which agrees with our findings.
Subsequently, a theoretical model accounting for both the turbine and array scales was

introduced by Vogel et al. [15] for a finite-width array of tidal turbines. However, these

126



analytical approaches are controversial if applied to narrow canals of an arbitrary cross-

sectional geometry when a subcritical flow is subject to downstream control.

Since undisturbed subcritical flow occurs downstream of any hydraulic resistance [16], a
reference flow speed U- is designated for performance and axial force computations.
Alternatively, the inflow speed Uo instead of U- at the denominator would complicate the
assessment as multiple and contemporary flow speed measurements and data processing
would be required at each cross-section. The turbine thrust coefficient and the power
coefficient are defined once more as Cr~ = T/(Y2p-ArU=~?) and Cr- = P/(Y2pArU-*), with p
denoting the water density, T denoting the turbine thrust force, P the mechanical power, Ar
the rotor swept area, and U- the far-field flow speed. The array thrust coefficient is defined
by Crae~= Tai(Y2p:Aa-U~?) and the power coefficient by Cra~= Pai/(Y2p:Aa-U=). Tai and Pa,i
represent the thrust force and power developed at the ith array, and A4 denoting the array’s
transversal area. Since U is constant in a steady flow and is determined before any

assessment, it is preferable to relate the dimensionless coefficients to the undisturbed flow

13].

The hydraulic transition due to the turbine array entails free surface deformation in canals,
waterways, and rivers with a cross-section almost entirely occupied by cross-flow or axial-
flow hydrokinetic turbines. In a previous study, Myers and Bahaj illustrated the free surface
effects achieved experimentally in water channels at various speeds [17]. Moreover, the
variation in the clearance between the top of the turbine and the still water level can also

create undesirable phenomena, as clarified further on.

The potential for hydrokinetic energy exploitation has been determined in several works
[18]-[22], with many estimating the total head variation in a section of the channel without
introducing a turbine model. These assessments offer the advantage of simplicity and allow
for direct access to data when designing hydrokinetic systems. However, a rigorous
estimation of this potential that accounts for the free surface development in the
investigated canal stretch has not yet been provided. Due to the complexity and
computational cost of the numerical works conducted with CFD simulations on turbine
arrays, estimates of the available capacity in a simple, quick, and effective manner are rare.
In addition, analytical models only provide macroscopic picture of the energy extraction in
water flows that do not differentiate each turbine in the array [5]. Analytical models
concerning ideal actuator discs draw interesting conclusions regarding the layouts of
turbine arrays, even though neglecting aspects of turbine operation and turbine-wake
interaction. This fact prompted us to consider designing a model that overcomes the
limitations of the actuator discs, i.e., including the fluid-dynamic losses of each turbine and
avoiding the excessive computational costs necessitated by CFD models.
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Therefore, a tool that quantitatively estimates the exploitable resources in a canal to pre-size
the hydrokinetic plant was developed, which incorporated the complete prediction of the
free surface variation induced by the rotors from a uniform station (downstream) to the
exhaustion of the backwater (far upstream). Moreover, different prismatic channel
geometries can be considered, thus adding flexibility to the simulation. The integrated use
of a DMS model for vertical-axis turbines [11] with a hydraulic model for solving the
hydraulic transition for single rotors [3], the computation of the level of backwater
generation [23], and a simplified investigation of the recovery length downstream of the
array from the research in [24],[25] enable the rapid prediction of the available and

exploitable capacity.

This tool predicts the array power from real rotors and overcomes the limitation of
approximating ideal rotors with actuator discs. The fluid flow distant from each turbine is
simplified as a 1-D channel flow based on a subcritical hydraulic regime, i.e., respecting the
physics of open channel flows. However, based on momentum models, this code does not
allow for the direction of rotation of the rotors to be distinguished, nor does it allow for the
mutual influence of the wakes. The development of turbine wakes is executed by exploiting
regressions, simplifying the modeling process because power dissipation is treated
quantitatively. The method requires that the wakes from an upstream array do not affect
the fluid-dynamics of the downstream array. Indeed, on an industrial scale, the array
problem should be treated over a consistent longitudinal stretch. Unlike some of the cited
works, the deployment of rotating elements in the wake of other rotors for systems designed
over long, longitudinal stretches seems illogical. For design purposes, it is crucial ensuring
sufficient longitudinal spacing to recover, albeit partially, the velocity and depth of the flow.
With the help of tests performed at the Unitn Hydraulics Laboratory on plates immersed in
a water channel, theoretical insights on the asymptotic trend of the maximum backwater

from array to array are discussed.

The proposed method is introduced in a single-array and multi-array scheme presented in
Sections 5.2 and 5.3, respectively. Section 5.2.1 includes the definitions of turbine and array
blockage ratios, whereas Section 5.2.2 shows an optimization scheme to build the power
curve of a single turbine and select the best performance at the optimum tip speed ratio.
This procedure is repeated for all turbines in the array. When the turbine’s thrust and power
are determined, the total thrust force of the array relaxes the inflow blockage and Froude
number. Once converged, the code updates each rotor’s power and thrust force and
maximizes the performance of each turbine at a certain rotor speed, determining the array
power. If required, the environmental boundary condition is activated to limit the
backwater to a prescribed depth variation (Section 2.1.3). Sections 5.2.4, 5.2.5, and 5.2.6 treat
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the approximation of the near-wake, transition-wake, and far-wake past the turbines. Hence,
Section 5.2.7 shows the methods for estimating the reduction in the backwater upstream

according to energy or momentum principles.

The results discussed later in Chapter 6.2 focus on sensitivity analysis (Section 6.2.1), array
design (Section 6.2.2), and simulations of large plants (Section 6.2.3). First, a sensitivity
analysis is performed concerning turbine spacing and then regarding array spacing for a
plant built with four arrays and four turbines per array. The simulations dedicated to the
array design in Section 6.2.2 show the best prediction within a selected number of cases
based on a constant blockage ratio and a fixed level of rotor solidity, thereby allowing a
reduction in the number of variables. A limitation in the backwater would alter the outputs
of the simulation. It would direct the design toward less-expensive and lower-power
solutions. Section 6.2.3 shows the expected free surface variation from a simulation

performed for a plant of many arrays.

5.2. SINGLE ARRAY SCHEME

In this study, a canal of a double-trapezoid cross-section was investigated to perform
simulations with the multi-array optimizer, which initially employed undisturbed flow data
(U-, h~, and Fr-). A Manning’s coefficient n of 0.031 at a certain cross-section was calibrated
with a design flow rate Q. of 124 m?/s, depth h- = 6.52 m, and local bed slope S of 3.84:10,
along with a determination of the bulk flow speed U- (1.439 m/s) and Froude number Fr--
(0.223). Geometric details of the cross-section depicted in Fig. 5-2 were retrieved from Malini
[26]. Technical data were drawn from local sources with authorization and are not disclosed
in this work. The Froude number is calculated as Fr- = U-+(g*A-/w~)"2, with U- denoting the
mean far-field flow speed, A~ representing the transversal wetted area, w- denoting the free

surface width, and g denoting gravity acceleration.
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Fig. 5-2. Cross-section of interest in the Biffis canal from Malini [26], which was modified according to the

design specifications of this work.
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Generally, acoustic Doppler velocimetry (ADV) and subsequent data processing at different
times allow for flow speed to be averaged spatially and over time. If data are scarce, entropy
methods [27] offer a reliable alternative in achieving of the mean flow speed in ungauged
streams. Indeed, investigations [28],[29] have demonstrated that the entropy parameter
does not depend on energy or friction slope Sy. This justifies why the mean value of the
entropy parameter at gauged sites remains approximately constant regardless of the
discharge. The far-field blockage generated by a turbine array Ba~ is given by the sum of

the turbine's area to wetted area ratios (5.1).

_ NtAT

B
A,00 Aco

(5.1)

Considering a single-turbine array with multiple rotors aligned orthogonally to the
direction of the flow, all flow passages are modeled as independent tubes (Fig. 5-3) sharing
equal flow conditions upstream {0} and downstream {e}, similar to the model depicted in
[12].
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Fig. 5-3. Control volume of an array of aligned HK turbines in a channel flow.

Each turbine wake is shaped by its flow passage, which, in turn, bounded by the adjacent
tubes and canal walls. The hydrostatic velocity profile is dictated for all streamtubes to allow
the DMS code to be applied. The wetted area in {0} is divided into flow passages from the
canal wall to half of the horizontal spacing turbine dr or from a centreline to another
centreline, as further depicted in Fig. 5-4. According to Vogel et al. [15], the turbine blockage
is given by equation (5.2), with Ar; denoting the flow passage associated with the jth turbine,

from left to right, and Arj denoting the turbine swept area.
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Ar

AF(j)

An array-scale blockage is built considering different flow passages based on the canal
cross-section geometry, which is unlike Vogel’s method for tidal turbines. Since a constant
Brj is present only in wide (and rectangular) channels or when two turbines are
symmetrically distributed over the cross-section, the Bz, varies in trapezoidal channels with

large arrays.

If the array consists of two rotors dividing the wetted area Ao symmetrically, DMS
simulations would predict the same outputs. Otherwise, different Bz would lead to an
uneven distribution of thrust and power outputs for the turbines. Fig. 5-4 shows examples
of the subdivision in flow passages, in which higher blockage assigned centrally, and lower
blockage is assigned laterally. The inflow speed is assumed uniform upstream of the station
{ith}. In a wide navigable waterway, the array can be positioned on a side, resulting in an

asymmetrical distribution of streamtubes. This case is not discussed further for brevity.

Fig. 5-4. Flow passages determined for multiple HK turbines.
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5.2.1. Iterative scheme for a single array

The procedure valid for the entire turbine fence is henceforth derived, while the scheme for
a single rotor is explained in [3]. The inflow factor ¢ = Uo/Urysis defined in a domain 0 < ¢ <
1, while the ith array blockage ratio (5.3) and Froude number (5.4) are scaled from Frrs and
Bars to iteratively solve the hydraulic transition. Notably, for the first array from
downstream Uyef = U=, Frref = Fr-, and Baf = Ba-, but for the others, the downstream flow is

represented by a reference station, indicated as "“ref”.

The array thrust coefficient Cray, i.e., the ratio of the resultant thrust force generated over
the entire structure to the reference dynamic pressure force (5.5), is used to solve the
momentum conservation between upstream and downstream stations {0, reff whose

equation is given in (5.6).

By = @By rer (5.3)
32 (o 1/2
Fr=¢ (Wref) Friyes (5.4)
Ta
C =—4 5.5
TAref %PU‘refZNTAT ( )
2FTyof’®% — (CrareBarefFrres” + 2FTyef® + 1)9p2 +1 =0 (5.6)

The resultant force is the sum of the individual forces, i.e., Ta = }.T;. Notice that the array
area Nr+Ar appears at the denominator in (5.5). Hence, the cubic polynomial (5.6) must be
solved numerically for ¢ once that Crarf, Bars and Frrs are known. This mathematical
statement holds for a single turbine and multiple turbines as well, but in this case, array

blockage and the resultant axial force are used instead.

The DMS model [11] is applied repeatedly for each turbine so that Crarris achieved after the
summation of all thrust forces. The updated solution of (5.6) yields the new Uy, Bary, and
Frry. According to the canal shape, a continuity equation is solved to achieve wo and thus Fr,
as illustrated in Table 1 of [3]. The cycle iterates to convergence of the inflow factor ¢. To
assess the flow speed variation from the most upstream array to downstream, a global

inflow factor ¢y is also defined as Uo/U-.
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5.2.2. Power optimization scheme

The need for an environmental check may be imposed by the channel manager of by specific
regulations requiring the operator to minimize the increase in hydrostatic level upstream
the whole plant. Therefore, an additional flag is introduced, which, if activated, reduces the
rotor speed from the point of maximum performance. Refer to the environmental control
section for further explanation. A wide range of rotor speeds () (rpm) is selected and
indexed with k from 1 to No, and for each prescribed (), the previous iterative method is
executed. The array blockage ratio is then calculated based on the upstream cross-section,
and the single-turbine blockage ratio Br; is determined through a function based on the
geometrical separation of the flow passages from the inflow cross-section of depth ho and
area Ao, while Nt represents the number of turbines within the array. The function is recalled
at each inflow factor iteration, as the change in the cross-section area Ao and depth ho are
both functions of ¢.

Since the inflow Froude number Fr and blockage ratios Bz, are known, the Double Multiple
Streamtube function is executed for all turbines, thus determining the turbine thrust force
T, power P, and minimum depth hw, which are used as illustrated in the flowchart of the
multi-array scheme in Section 5.3. Thus, array thrust force T4 and power Pa are calculated
by integrating all the contributions within the array, thereby yielding the thrust coefficient
Crar from (5.5). The inflow factor ¢ is updated by solving Equation (5.6). The process is
repeated until ¢ converges for a single rotor speed (2, and then for all rotor speeds. Finally,
the array power is optimized, and a single rotor speed A-qt is achieved after each rotor

performance maximization (Fig. 5-5).
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Fig. 5-5. Flowchart of the power optimization scheme for a single array.
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The lateral spacing dr between the turbines influences the performance through the locally
generated blockage. Hence, once activated, the environmental control function is recalled
before achieving the array thrust Ta and power Pa. Further notes on coded optimization

schemes are available in [1].

5.2.3. Environmental constraint

Environmental control for overbank risk can be an excellent aid to avoid significant
hydraulic issues due to excessive backwater. If activated, the previous scheme is carried out
once for all arrays. Thus, if one of the inflow depths is higher than the recommended value,
i.e., Ahi~> Ahim, a rotor speed modifier is introduced in the code. By default, it corresponds
to a reduction of 1 rpm as a first step. However, it can be modified by the user. It is applied
tirst to the most downstream array so that the code re-executes the computations for all
turbine arrays with the same rotor speed modifier. The code verifies the environmental
constraint once more at the end of the procedure. If the result is negative, the code
implements a new step for speed reduction, inducing a drop in the rotor performance to

respect the constraint.

5.2.4. Wake transition

The implemented methods predict the length of the far-wake distribution, with or without
pre-setting. Moreover, the free surface variation in the near-wake downstream of the turbine
is approximated to visualize the local effect of each rotor on the flow. The flow past the
turbine shows a non-uniform distribution, which is not representative of the free surface

throughout the channel cross-section.

Araya et al. [24] investigated the relation between dynamic solidity oo and the transition to
bluff body dynamics in a vertical-axis rotor to determine the wake recovery length.
Assuming the ratio of time scales (t./tcom), i.e., the percentage of convection time required
by the blades to close the gaps in between them during rotation, and the geometric factor
(Rt/c), with Rr denoting the turbine radius and ¢ denoting the blade chord, the dynamic
solidity is formulated in Equation (5.7).

RT ty 1
op=1——-"-=1- 5.7
b ¢ teonw 2mopA ( )
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oa represents the rotor solidity defined by Araya (i.e., Nv*c/(21*Rr)), while A is the tip speed
ratio (w*R1/Uo). Although both definitions are valid, 04 differs from the rotor solidity, i.e., o
= Nic/(2R1). The time scale t. represents the time required by the operating turbine to close
the gaps between the blades t.= I/(NvUo-A) while the convective time scale denoted by teon
is the time required for a free stream particle to travel the distance [ = 2m*Rr(1-04), i.e., teono=
I/Uo, with | denoting the sum of the gaps in the circumference of the turbine rotor. If A >>1,
the turbine’s wake mimics that of a full cylinder with oo = 1, but if A > 1/(211*04), the dynamic
solidity oo increases monotonically with A or oa. If A = 0, the degree of interaction of the
incident flow with the blades is unknown as it depends on the orientation of the rotor, and
oo is indeterminate; otherwise, if A < 1/(27*04), the dynamic solidity is negative oo < 0 with

a loss of physical meaning.

Based on the spectrum of the Strouhal number St vs. the downstream length (d:/Dr), Araya
et al. demonstrated the existence of a streamwise point where blade vortices decay to the
point where they no longer account for the most energetic fluctuations in the flow so that
bluff body oscillations start to dominate the wake dynamics. The far wake exhibited low-
frequency oscillations typical of bluff bodies near St = 0.26, consistent with HAWT wake
studies, e.g., those conducted by Chamorro et al. [30] and Okulov et al. [31].

As a result, Equation (5.8) revealed a linear correlation with op and the location of
downstream transition X: where a shear-layer instability occurs, thus achieving the near-
wake length in turbine diameters Dr. The correlation results from a linear regression of the
wake transitions and dynamic solidities in different vertical-axis turbines. An increasing oo

gives weaker shed vortices, with a faster transition into the wake.

dt = DT(4’.78 - 4.930‘[)) (5.8)

5.2.5. Wake recovery

A power law correlating dynamic solidity op and the absolute minimum velocity was

determined by Araya et al. [24], indicating that an increasing oo yields a faster rate or

recovery of the velocity deficit into the wake, i.e., the higher the solidity, the greater the

initial velocity deficit. The velocity recovery profiles of vertical-axis rotors were aligned to

that of a solid cylinder according to the predictions of Schlichting [32] and Iungo and Porté-

Agel [33] for turbulent free-shear flows and horizontal-axis wind turbine wakes. Since the
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maximum Reynolds stress occurs on the spanwise plane, the turbine aspect ratio AR is
ascertained to play a significant role in the wake distribution. Indeed, an increasing aspect
ratio produces more significant spanwise fluctuations in the wake recovery. The
downstream recovery of the wake velocity deficit is expressed by the power law illustrated
by Ouro et al. [25], which can be reversed into Equation (5.9) to determine the far-wake
length dy. Uw represents the known streamwise velocity in the near wake, i.e., (Uw = aw*Uo),
and a and b denote the power law coefficient and exponent according to Araya [24] for the
rotor of a given aspect ratio. From the velocity deficit AU, one determines the local flow
speed along the centerline U: = AU + Uo. The length dfis found by substituting U: with the
undisturbed flow speed U-; thus, a reduction in velocity yields AU = U~ — Uo.

2,0,
df = Dy (5.9)

5.2.6. Including inflow and wake regions

The free surface variation over and past a turbine array is modeled to visualize the
downstream phenomena. The depth upstream of the single-array o was determined via the
previous iterative procedure, while the depth &~ is known. In the inflow region, streamlines
are sensitive to the rotor induction, which spans from {0} to the turbine inlet. Its length is
assumed by default (do/Dr=5.0), whereas the Standard [34] indicates (do/Dr =2.5), according

to the modeling of wind turbine inflow [35].

With 2-D modeling, Adamski [36] introduced blockage to include the bottom of a channel
for an unbounded rotor. Plots of the dynamic pressure demonstrated that the wake persists
turther downstream for turbines at the free surface proximity, and the turbine wake
expands more uniformly for deeper installation. The minimum wake velocity at 20 Dr
downstream diminished for a rotor placement next to the free surface. Adamski
demonstrated the enhancement of free surface fluctuations with turbine placement near the
free surface, with stationary waves generated downstream of the rotor with amplitude

decaying in space.

The near-wake region past the turbine is characterized by shed vortices creating a shear
layer isolating the low-momentum region of the core flow from the high-velocity region
outside of the wake. The transition point represents the streamwise coordinate where bluff

body oscillations start dominating the wake dynamics. In the near-wake region, blade
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vortices decay until they no longer account for high energy fluctuations. According to Ouro
et al. [25] and Miiller et al. [37], the near-wake region is exhausted within two turbine
diameters past the turbine (dw/Dr < 2), as drawn approximately with a dashed line in Fig.
5-6.

Fig. 5-6. Near-wake distribution of four cross-flow turbines from [4].

Within the transition region (2 < dw/D1 < 5), the wake starts to vertically and laterally expand
with a higher turbulent flow entrainment that increases the turbulent fluxes and intensity,
and momentum starts to recover faster [25]. In the far-wake region, the core momentum is
recovered according to turbine dynamic solidity and aspect ratio such that Reynolds
stresses decay to their minimum at (d/Dr = 14) and (dy/Dr = 10), respectively. A near-wake
length is determined according to Araya’s procedure once dynamic solidity oo (5.7) is

known.

Therefore, the inflow length do is added to the lengths of the near-wake region dw, transition
region dt, and far-wake region dr. According to the research of Miiller et al. [37], the
transition wake length can be approximated as d:/Dr = 3.0. The above procedure is valid for
the very-downstream array, while the assessment of other turbine arrays is described in

Section (5.3). For more details on the local free surface deformation on each rotor, see [1].

5.2.7. Backwater region

Since channel geometry, Manning’s coefficient #n, bed slope S, and inflow depth ho, are
known, a direct step method is developed from ho to determine the backwater distribution
of the gradually-varied flow. This can be performed based on the energy or momentum
principle, according to Henderson [23]. At each step, the former reduces the water depth

slightly from the previous value of a discrete dy, so that the new wetted area A, the hydraulic
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radius R» and mean flow speed U are calculated. Since the Chezy coefficient C is given by
the ratio (Rx%/n) and the local friction slope Sy is inversely proportional to the square of C
according to Manning’s formula, S is derived from (5.10). Once the mean values S and
Frag are determined from two steps, the discrete longitudinal specific energy variation
(dE/dx)ag is derived from the 1-D Saint-Venant equation (5.11). The amount (dE/dx)ws
divided by dE (5.12) yields the distance dx, and the coordinates x and & are collected from
the inflow depth ho to the far-field h-..

U?n?

Sf = il (5.10)
dE

— =5~ Sp.avg (5.11)
dE = dy(1 — Frgy,”) (5.12)

The second method is based on the local momentum (5.13), with Ay denoting the moment
of area of the cross-section, and y denoting the depth from the surface to the section centroid,
according to Henderson [23]. The average shear stress over a step 7ay is calculated as a
function of the friction slope from (5.14), and the longitudinal steps dx are found by
averaging the discrete momentum variation dM to the mean step longitudinal area, as

shown in (5.15), with p denoting the wetted perimeter.

— g2
M=Ay+% (5.13)
Tavg = pthSf,avg (5.14)
dx = —Srr 5.15
PTavg

P9

5.3. MULTI-ARRAY SCHEME

The macroscopic functional scheme is illustrated in Fig. 5-7. After the setup of the
parameters for the first array, the optimization tool (Fig. 5-5) performs cycles to calculate
the optimum rotor speed maximizing the array power for each row from 1 to N, with or
without the environmental control. The wake recovery length dW is determined, and the

tirst array is placed at the longitudinal coordinate Xa(1) = Xvr + dW, thus establishing the
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initial downstream coordinate Xrs. In our case, Xrs = 0, while dW yields the distance from
the determined zero to the first array’s installation. The second array is placed at a distance
da from the former. Hence, depths and flow speeds are determined for the channel at each

discrete step up to recovery.

Interpolate to find h,r
and U .at the
coordinate X .4i)

Backwater
Function

Xooi) | TES

: NO
Rlais OPWE—.

f=1
Xer=0
Flier = Fle Optimization Tool Inflow & Wake 13t Array Placement Save &
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Optimization Tool for
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Fig. 5-7. Flowchart for solving DMS applied to an array of HK turbines.

If the new array’s position anticipates the depletion of the previous backwater, an
interpolation at the new XrA(2) yields the reference parameters, i.e., Frrs, Bry, Ure, and hry.
After setting Xr(i) = Xa(i), the code iterates the optimization tool and the wake function to
allow finding a first estimate of Xvrat convergence. However, the wake must develop such
that Xr(i) = Xa(i) — dW. This implies that Xrs for the second array is achieved at a gradually
varied station immersed in the backwater. At the reference position, the depth from the still
water level to the top of the turbines is again determined, allowing the free surface LMADT
equations of the turbine model to account for the actual installation depth, which is updated

further during the array’s iteration.

If the new array position is set beyond the decay of the backwater upstream, so equal power
is extracted from the two arrays due to identical fluid-dynamic conditions [3]. Notice that
the channel is idealized as an equally distributed geometry towards infinity, with constant
bed slope and roughness, and no other hydraulic transitions or obstacles. As a result, equal
free surface variation and axial thrust force are expected. However, depending on the slope
and Manning’s roughness coefficient, this is likely to occur with extreme spacings between

the arrays.

139



5.4. OPTIMUM DESIGN SOLUTION

The power of the plant consists of the sum of the power contributions from all arrays. In

turn, the array power consists of the sum of the power outputs from all the turbines.

Ng Nt Ng Nt

Ny 1
P = z Pyi = Z Z Pr;j ZZ ZEpAT,i,onoch,oo,i,j
i=1

i=1j=1 i=1j=1

Considering turbines with equal geometry and size for all arrays, and replacing the

summation of the power coefficients with a function F, P can be written as:

Ng Nt

1 3 1 3
P:EpATUOO ZZCP’OO’I:J :EpATUOO F

i=1j=1

Therefore, the optimization consists of finding the power coefficients that maximize the
objective function P, with conditions of backwater limitation Ah applied, thus maximizing
the investment’s net present value (or minimizing the Levelized Cost of Energy LCoE). LCoE
is used to assess and compare different methods of energy production and consists of the
ratio of the net present value of the total costs to the Net Present Value of the electrical
energy produced over a plant’s lifetime. The design solution that maximizes F with all the

constraints is given by:

1
Prax = EpATUOO3 * max(F) , min(Ah) , min (LCoE)

The minimization of sound emission and structural loads to limit the impact of structural
works on canal embankments, etc..., represent other possible conditions to be assessed in

future to find the optimum design solution.
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NOMENCLATURE

Ao, A=
Aa
Ar
Ar
AR
Ay

Ba, Bas
Br

Cr,Cp

Cra-

Cr,Cre

Cra,

D
Do
Dr

da
dr
dE
dw
dx

Fr, Fre

Hr
ho, he

Canal cross-section area m?

Turbine array area, (NmAT) m?

Turbine flow-passage area m?

Turbine swept area m?

Turbine aspect ratio

Moment area m?

Array blockage ratio, (NTAT/A)

Turbine blockage ratio, (A1/Ar)

Turbine power coefficient, (P/(Y20*A-U?))
Array power coefficient, (Pa/(Y2:0*Aa-U3))
Turbine thrust coefficient, (T/(Y20*A-U?))
Array thrust coefficient, (Ta/(Y2:0*Aa-U2))
Blade chord m

Hydraulic depth

Shaft diameter m

Turbine diameter m

Wake length m (See subscripts)

Array spacing m

Turbine spacing m

Specific energy variation m

Total wake length m

Discrete longitudinal step m

Discrete variation in water depth m
Froude number, (U/(g'Dn)")

Gravity acceleration m/s?

Turbine height m

Water depth m

Channel momentum m?

Number of arrays

Number of blades

Number of turbines

Number of selected rotor speeds
Manning's coefficient m13s

Turbine power W

Array power W

Channel flow rate m3/s

A(hi — hi-1)

Subscripts

Short forms

Rn
Rr

Sf

Ta
Uo, U
Wo, We

X

AH

Ah

Ahlim
AU

f
opt
ref

t
w

DMS
HK
LMADT

Hydraulic radius m

Turbine radius m

Bed slope

Friction slope

Axial thrust force N

Array axial thrust force N

Mean flow speed m/s

Free surface width m

Axial coordinate from the origin m
Total head variation m

Free surface variation m

Deviation in water depth, m
Environmental constraint m

Flow speed variation m/s

Rotor speed rpm

Near-wake interference factor, (Uw/Uo)
Tip speed ratio

Fluid density kg/m3

Rotor solidity, (Nbc/(2Rr))

Rotor solidity from [24], (Nvc/(2-Rr))
Dynamic solidity, (1-1/(2moa*A))
Inflow factor, (Uo/Uref)

Global inflow factor, (Uo/U-)
Angular velocity rad/s

Far-wake
Optimum
Reference
Transition-wake
Near-wake

Double Multiple Streamtube
Hydrokinetic
Linear Momentum Actuator Disc Theory
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6. RESULTS AND DISCUSSION

Section 6.1 adapted to the article:

Cacciali L., Battisti L., Dell’Anna S. Free Surface Double Actuator Disc Theory and Double Multiple
Streamtube Model for In-Stream Darrieus Hydrokinetic Turbines. Ocean Engineering 2022, 260,
112017. DOI: https://doi.org/10.1016/j.0ceaneng.2022.112017.

Section 6.2 based on the article:

Cacciali L., Battisti L., Dell’Anna S. Multi-Array Design for Hydrokinetic Turbines in Hydropower
Canals. Energies 2023, 16(5), 2279. DOI.: https://doi.org/10.3390/enl 6052279.

The prediction of thrust and power coefficients is illustrated with sensitivity on all the main
parameters influencing the model corrections, including the streamtube expansion
introduced in Chapter 3. The vertical discretization is accomplished, first, with a single
blade element and later, including the small blade element characterizing the blade
curvature, improving the accuracy. Hence, the azimuthal discretization is investigated by
varying the number of the streamtubes. Although many sub-models are required to include
secondary flow effects and additional fluid-dynamic losses, the simulation performed on
the Darrieus rotor tested in Chapter 1 shows promising results. Predictions of different
multi-array layouts allow drawing remarks on turbine and array spacings, documented
with the outputs of a sensitivity analysis. An array power output is optimized by increasing
the turbine aspect ratio and the number of machines. With depth control, a drop in the
turbine performance is achieved with a decrease in the expected backwater. Finally, flow
visualizations with porous plates at different spacings confirm the validity of the hydraulic
assessment integrated with the previous rotor model and the asymptotic behavior of the

deviation in the inflow depth.
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6.1. SINGLE TURBINE ASSESSMENT

The first simulations are carried out on the turbine data from Chapter 1 [1], i.e., a Darrieus
rotor consisting of three straight blades built with NACAQ0021 profiles deployed in the
narrow waterway in Fig. 6-1. The solution of the DMS was described in Chapter 4 based on

[2], with the additional iterative inflow correction [3] illustrated in Chapter 3.

Fig. 6-1. Three-bladed Darrieus hydrokinetic turbine in [1].

The high solidity represents a limiting factor for the performance due to the intense
interaction between the blades, as well as the optimum operation occurring at a low tip
speed ratio, but, on the other hand, the shape of the blades was engineered to allow a tip-
loss reduction, maintaining high performance. The tip speed ratio is here defined based on
the undisturbed flow speed, i.e., A== w*R1/U-.

Next are illustrated the single blade outputs. Further, a sensitivity analysis on the sub-
models is carried out for the simulated Cr- and Cr- to the tip speed ratio A- over six
operating conditions, excluding the last experimental point from [1] at which the turbine
operates at the runaway speed. Notice that the Lanchester-Prandtl’s correction is not
activated due to the absence of blade tips on this rotor.

This work relies on the polar database built at Reynolds numbers between 0 and 107. Fig.
6-2 shows the database extension for Ci: and Ca to the post-stall region for this profile,

attained with Viterna-Corrigan’s method, as mentioned in the previous section.

6.1.1. Blade outvuts

Hereafter, the single-blade outputs are shown over a complete revolution. In Fig. 6-3 the
axial induction factor is depicted versus the azimuthal blade position 9. he plot of induction

factors is preferred to the plot of interference factors for better visualization. The maximum
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induction factor is achieved at 90° and 270° where the blade is orthogonal to the flow and
the drag force is higher. As the shaft correction is activated, the downstream induction

slightly drops at the cusp due to the shaft’s interference with the wake.

’ "180 -135 -90 45 0 45 90 135 180
o [deg] o [deg]

Fig. 6-2. Extension of the database lift coefficient C: (left) and drag coefficient Ca (right) database for the
hydrofoil NACAQ0021 from low to high Reynolds number.

The induction factor increases with the tip speed ratio demonstrating a drop in the flow rate
processed by the machine, suggested by a low porosity of the discs. The higher induction
factor for 9 > 180° is consistent with a lower turbine power downstream, in line with the
theory presented in Chapter 2. Velocity triangles are solved at each rotor speed, and the
peaks in the axial induction factor coincide with higher angles of attack («), as inferred from
Fig. 6-3. However, a low tip speed ratio implies that Ci and Cs approach the deep stall angle,
i.e.,, a sudden drop in lift and steep rise in the drag-reducing the blade performance, thus
denoting high a. The optimum tip speed ratio A~ is achieved when the average mechanical
torque is maximized over a revolution, i.e., at the rotor speed of 110.21 rpm. Although the
deep stall is identified numerically only at the first operative point, the dynamic stall

hysteresis must be assessed with a specific unsteady routine, out of the purpose of this work.

The predicted Reynolds numbers at the investigated rotor speeds range between 0.72e5 and
2.75e5, including all operative points, in line with experimental data [1]. The graph in Fig.
6-4 shows the ratio Re/Rema versus the azimuthal angle. As the A- increases, the tangential
speed dominates in velocity triangles, leading to a low variation in the Reynolds number.

At low A~, the Reynolds number variation corresponds to higher turbine power loss.

The variation in the blade’s power coefficient Cr, calculated respective to the far-field flow
U-, is shown in Fig. 6-4 versus the azimuthal angle. According to the double actuator disc
extension, the power coefficient drops as the flow passes upstream and downstream. The
shaft correction slightly reduces the cusp of the downstream curve, further decreasing the
power conversion.
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Fig. 6-3. (Left) Axial induction factor a vs azimuthal position 9 for a single blade. (Right) Axial Angle of
attack & vs azimuthal position 9 for a single blade.
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Fig. 6-4. (Left) Normalized Reynolds number Re/Remax vs azimuthal position ¥ for a single blade. (Right)

Power coefficient Cp.vs azimuthal position 9 for a single blade.

6.1.2. Sensitivity analysis

Based on each sub-model implemented, the turbine outputs are visualized from Fig. 6-5 to
Fig. 6-9, while each sub-model correction is activated and deactivated. The sensitivity
analysis is performed by calculating the root mean square deviation (RMSD) of predictions
to experimental data, with outputs depicted in Tab. 6-1. The results of the inflow assessment
are shown in Fig. 6-5. The unperturbed flow speed U- varies according to its absolute error,
thus modifying the canal flow rate. The method effectively increases the accuracy of the
prediction, with higher improvement in the power coefficient Cr-. The corrected curves are
just slightly dependent on the variation in the speed U~ and due to a low change in the far-
tield Froude number Fr- between low and high flow rates. A wider variation in Fr- would

yield a more noticeable displacement of the mean curve. A large overestimation in Cr- and
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Cr~is shown if the inflow correction is switched off. This implies that U- cannot be used as

inflow speed, showing the effectiveness of this iterative procedure.

Shaft, mechanical struts, and curvature corrections are all compared to the best-simulated

curve achieved from the previous inflow correction, whose far-field speed is U~=1.078 m/s.

Fig. 6-6 is achieved by activating and deactivating the shading due to the rotating shaft on
the downstream blade interactions. Its effect is visible on all azimuthal charts of Fig. 6-3 and
Fig. 6-4. The fitting of Cr~ and Cp- slightly improves, and both coefficients are reasonably
reduced compared to their trend without shaft shading. This correction is in line with the
overall results of other DMS models. Notice that the thrust coefficient slightly improves
towards the best curve if this correction is switched off, as illustrated in Tab. 6-1. However,
this does not hold for the Cr-. Another sub-model concerns struts generating fluid-dynamic
losses. The hydrokinetic turbine investigated has no struts but has blades extending
horizontally to the shaft. The DMS does not consider top and bottom horizontal blade
elements. However, two mechanical struts per blade of a fixed chord are modeled. The
actual horizontal section is discretized into ten elements, and the simulation generates the
curves in Fig. 6-7. The variation of the thrust coefficient due to this sub-model is small
enough to be disregarded. On the other hand, the power coefficient is strongly affected by

fluid-dynamic losses, thus making the correction highly effective for this rotor.

The effect of flow curvature in Fig. 6-8 is almost negligible in this case, possibly due to the
zeroing of the component arising from the mounting point (xor = 1/4), as depicted in Goude’s
work. Although an improvement in the Cr-is obtained without this correction, as better
shown in Tab. 6-1, this is not true for the Cr-. For evaluating the best curves in all figures,
this sub-model was activated. The installation depth sub-model is evaluated in Fig. 6-9. As
ho is determined at each tip speed ratio, the factor & for test conditions is initially calculated
with di = 0.1 m from downstream and updated iteratively. The generated curve is compared
with the outputs of a complete Free Surface (£ =0) and Rigid Lid (¢ = 1) cases. As illustrated
in Chapter 4, the outputs of Tab. 6-1 are based on a single vertical discrete element, which
simplifies the rotor geometry. Apart from the mild effects of the flow curvature correction
and rotating shaft correction, other sub-models consistently improve thrust and power
coefficient. The sub-model improves the prediction by including the turbine depth directly
in the momentum equation. Additional simulations on different rotors are needed to assess
the general validity of this sub-model. The sub-model shows the struts fluid-dynamiclosses,
and its implementation is articulate. However, the geometry of the mechanical struts
simplified, but no better method for profiled struts is available. Other sub-models applicable
to flat plates are those of Moran [4], further illustrated by Paraschivoiu [5] and Bianchini et
al. [6].
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Fig. 6-7. Struts correction: Thrust coefficient Cr~ and power coefficient Cp~ vs tip speed ratio Aw.
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Fig. 6-9. Depth correction: Thrust coefficient Cz«~ and power coefficient Cre vs tip speed ratio A.

Tab. 6-1. Sensitivity analysis including (1-5) sub-models.

Description RMSD (Cr) RMSD (Cpr,)
Best curves (all corrections included) 0.108 0.033
Inflow correction (off) 0.140 0.140
Shaft correction (off) 0.103 0.028
Struts correction (off) 0.108 0.090
Flow curvature (off) 0.111 0.033
Installation depth correction (& = 0) 0.106 0.044
Installation depth correction (£ =1) 0.177 0.073

Since the downstream hydraulic information is transferred upstream in riverine flows,
isolated Blade Element Momentum models inadequately describe the physical

phenomenon. However, it is possible to make intelligent use of the DMS with the additional
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iteration of the inflow factor, showing better predictions of Cz~ and Cp~ than those achieved
by the DMS alone (Chapter 4).

Including top and bottom curvature of the blades modeled as diagonal pieces (Fig. 6-10),
the turbine model further improves. The angle 6 is of + 45°. Again, the horizontal part of the
blade is considered like a mechanical strut inducing fluid-dynamic losses because
horizontal blade elements cannot be modeled as blades in the model. Hence, the turbine is

modeled with two straight vertical elements and two diagonal elements.

Fig. 6-10. 3-D drawing of the rotow (from a lifting line development).

The new prediction includes all model corrections but excludes the streamtube expansion.
In this case, the sensitivity of the azimuthal discretization is tested. Improvement is
demonstrated by decreasing A9, with 72, 36, 18, and 6 streamtubes, thus achieving 2.5°, 5.0°,
10°, and 30°, respectively. Although all predictions are satisfactory (Fig. 6-11 and Tab. 6-2),
poorer visual matching is shown by the solution for A9 = 30°. Since the outputs do not
change consistently within the other cases, a choice of A8 = 5° seems fair enough to solve
the problem for this small turbine. The changes in the RMSD within the presented
simulations are barely significant. Although worsening, the outputs of this simulation are

more physically based.

Tab. 6-2. New sensitivity analysis of vertical and azimuthal discretization including (1-5) sub-models.

Description RMSD (Cr) RMSD (Cr,)
Azimuthal discretization (d9=2.5°) 0.112 0.045
Azimuthal discretization (d9=5.0°) 0.112 0.045
Azimuthal discretization (d9=10.0°) 0.111 0.045
Azimuthal discretization (d9=30.0°) 0.114 0.048
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Fig. 6-11. Azimuthal discretization: Thrust coefficient Cr.~ and power coefficient Cp.~ vs tip speed ratio Aw.

Finally, the turbine performance is predicted with the streamtube expansion correction
described in Chapter 3. Although the effect of the expansion has a limited impact considered
the rotor size, the RMSD of Cz~ and Cp- improves with respect to the solution based on
straight streamtubes (the vertical near-wake expansion is ignored, even though determined

algebraically).
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Fig. 6-12. Flow expansion correction: Thrust coefficient Cr.« and power coefficient Cre vs tip speed ratio Ae.

The vertical near-wake expansion is ignored, even though determined algebraically.
According to Schmitz and Pelz [7], the free surface variation induces a local contraction of
the streamtube due to the turbine head drop, partially limiting the vertical expansion of the
near-wake. A contraction of the annular streamtube was effectively modeled considering

the acceleration induced bypassing the second disc, with interference factors from a. to yw.
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A more thorough investigation of rotors of larger diameters is appropriate to provide a
further evaluation concerning the wake development over the free surface drop. The
corrected results in Tab. 6-3 and Fig. 6-12 are assumed as the most reliable prediction in this

work. The power coefficient improves past the optimum up to high tip speed ratios.

Tab. 6-3. Sensitivity analysis of the streamtube expansion correction.

Description RMSD (Cr.~) RMSD (Cp,~)
Streamtube expansion correction (on) 0.104 0.029
Streamtube expansion correction (off) 0.112 0.045

In the azimuthal charts of Fig. 6-13, the improvement of the streamtubes expansion is
noticeable only downstream for the axial induction factor and power coefficient. It is due to
the method which leaves unchanged the induction factors at the first disc. The variation in
the thrust force, angle of attack and Reynold's number is not identifiable, and is not shown.

The axial induction factor rises to nearly 180° and 360°, indicating the effectiveness of the

correction.
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Fig. 6-13. (Left) Difference between straight and expanded streamtubes on the axial induction factor a.

(Right) Difference in power coefficient Cp. vs the azimuthal position 9 for a single blade at a A= of 2.55.

The wake generated with straight and expanded streamtubes is depicted further with the
downstream velocity contours for the turbine at the optimum tip speed ratio in Fig. 6-14. A
more extensive wake is observed in the image on the right, but the deviation is minimal.
Notice that the annular flow is neglected in this image. The channel is narrow, and the
blockage generated is substantial. Therefore, the expanded wake does not deviate much
from the straight-tube solution is plausible, given the contraction determined by lateral flow

due to continuity.
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Fig. 6-14. (Left) Velocity contours generated far downstream with straight streamtubes. (Right) Velocity

contours generated far downstream with expanded streamtubes.

The prediction at the optimality is assessed for the vertical straight element and the diagonal
element approximating the blade’s curvature. Since this turbine has a closed-ring shape and
the horizontal blade elements are attached to the shaft from the top and the bottom,
Prandtl’s tip loss correction is not applied. The induction factor of the diagonal blade
element drops due to the lower interference with the flow. Although the angle of attack of
the straight blade element increases up to 16.75° upstream (Fig. 6-15), it never stalls and is

less likely for the thin segment.
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Fig. 6-15. (Left) Axial induction factor a vs azimuthal position 9 for a single blade. (Right) The angle of
attack a vs azimuthal position 9 for a single blade.

This turbine shape certainly reduces hydrodynamic losses, but the behavior of straight
elements and curvature differ as their shape implies a different A-, i.e., 2.55 for the vertical
element and 2.34 for the blade top. The normal force coefficient C. per unit height is similar
between both elements, and the tangential force coefficient C: is more consistent upstream,
according to the trend of the angle of attack (Fig. 6-16). Finally, the difference in Cr~ and Cp.-
between top and core blade elements is depicted in Fig. 6-17.
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Fig. 6-16. (Left) Normal force coefficient Cx vs azimuthal position 9 for a single blade. (Right) Tangential

force coefficient C: vs azimuthal position 9 for a single blade.
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Fig. 6-17. (Left) Thrust coefficient Cr~ vs azimuthal position 9 for a single blade. (Right) Power coefficient

Cr vs azimuthal position 9 for a single blade.

6.2. TURBINE ARRAYS ASSESSMENT

The momentum methods disclosed in Chapter 5 are tested to investigate the effect of turbine
spacing and array spacing on axial forces and power, observing that the increase in thrust
is reasonably proportional to the rise in backwater depth. The results illustrated in this

section are identical to those depicted in the recent work [8].

The momentum method is tested to investigate the effect of turbine spacing and array
spacing on axial forces and power, which indicates an increase in thrust reasonably
proportional to the rise in backwater depth. The predictions are carried out based on the
concession discharge of the hydropower canal depicted in Fig. 5-2, which was subject to

ongoing hydrokinetic turbine testing.
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An optimization procedure was conducted on few design cases based on different array
features. Array blockage and turbine solidity are kept constant to assess the most suitable
design solutions, and the turbine aspect ratio varies between alternatives after fixing array
blockage ratio. A final computation is performed based on the research shown in [8] to
predict the distribution of the free surface variation and maximum power output for a large

plant incorporating many arrays.

6.2.1. Sensitivity analysis

Predictions of the array thrust force and power are collected vs. the global inflow factor ¢,
defined as Ui/U~, with the subscript (i) related to the actual array, starting from downstream.
The same three-bladed geometry of the prototype [1] is used for the simulations. Lower
solidity and a higher aspect ratio are chosen to reduce fatigue and torque ripple, as
suggested in Chapter 1. In this work, solidity is defined as the chord-to-diameter ratio
multiplied by the number of blades, i.e., 0 = Nvc/(2Rr).

For the first assessment, a rotor size (Dr-Hr) of 2.0 x 3.0 m is selected, with a shaft diameter
Do of 0.18 m, solidity o = 0.36, and aspect ratio (AR) of 1.5. The blade profile is an asymmetric
DU06W200, which is less prone to dynamic stall at low tip speed ratios, with a chord length
c of 0.24 m. Since the computational time increases with the number of arrays, faster
simulation is facilitated with an azimuthal displacement of 15 deg, whilst the starting

turbine depth is 0.2 m from the still water level.

The streamtube expansion is not activated to limit the computational cost of the simulation.
For the same reason, no environmental constraint is activated for the initial predictions. The
sensitivity of array thrust, and power based on turbine spacing dr and array spacing da are

investigated in the following sections.

a) Turbine spacing (dr)

The array thrust coefficient Cr4- vs. global inflow factor ¢y for a plant of four arrays is shown
on the left side of Fig. 6-18 according to different turbine spacings dr (different color). Each
marker represents the array Cra~from the most upstream array (left side) to downstream
(right side).

Spacings of 2.5 m, 3.0 m, and 3.5 m between each rotor vertical-axis (corresponding to 1%,

15, and 1% equivalent lengths based on turbine diameters Dr) are chosen and the array
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spacing da is set to 50 m. The lower turbine spacing of 2.5 m guarantees a safety margin of
0.5 m between the blades of neighboring turbines, while the higher spacing of 3.5 m
represents the limit for four turbines (2.0 x 3.0 m in size) about the available wetted area and
the selected clearance between the turbine top and the still water level of the undisturbed
flow. On the right side of Fig. 6-18, the array power coefficient Cra - is investigated. Cra- and
Cra~ are calculated as Ta,i/(Y2p*AaU=?) and Pa,i/(Y2p-AaU=%), respectively.
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Fig. 6-18. (Left) Effect of the turbine spacing dr on the array thrust coefficient Cra,~ vs. global inflow factor ¢y
for a plant of four arrays. (Right) Effect of the turbine spacing dr on the array power coefficient Cravs.
global inflow factor ¢ for a plant of four arrays. The three predictions are depicted from downstream to

upstream with the same color from right to left.

Array thrust and power drop as the turbine spacing dr increases; however, for a single
simulation of four arrays and proceeding upstream (from right to left), the array power
decreases linearly. The first step in dr of 0.5 m (from 2.5 to 3.0 m) implies the highest drop
in Cra~ and Cra-, while a second step induces a lower reduction. Since the turbine spacing
dr defines each flow passage and the turbine blockage ratio Bz, the higher the dr the smaller
the blockage for the core turbines, which is expected to convert more power in the array.

Therefore, reducing thrust force and power are expected as dr increases.

The maximum thrust and power are achieved by the very-downstream array depicted on
the right. At each hydraulic transition, mechanical power and total thrust force drop with
the reduction in the inflow factor ¢;. Linearity is demonstrated for the variations in the
power with a very high correlation (R?> 0.99) in all simulations. Moreover, linearity holds
only for a small plant. As better illustrated in Section 6.2.3, if the scale of the plant is larger,

the behavior is no longer linear.
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b) Array spacing (da)

When dris fixed, thrust and power sensitivity vs. global inflow factor ¢y is tested by varying
the array spacing da from 50 m to 500 m, as illustrated in Fig. 6-19. Since the rotor size and
turbine spacing dr do not change in these predictions, the first array downstream shares the
same outputs regardless of da. Array thrust and power output rise slightly from a turbine
array to another as da increases because the backwater reduces progressively with distance,

thus determining a higher recovery of the water velocity.
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Fig. 6-19. (Left) Effect of the array spacing da on the array thrust coefficient Cra vs. global inflow factor ¢y
for a plant of four arrays. (Right) Effect of the array spacing da on the array power coefficient Cra,~ vs. global
inflow factor ¢ for a plant of four arrays. The most downstream array is indicated with a black marker. The

series of arrays from downstream to upstream are depicted with the same color from right to left.

Hence, a high amount of energy is harnessed at the farthest array if da is high. This concept
extends to an ideal condition. If the spacing between two arrays exceeds the recovery length
of the backwater, the power converted from both is the same. It proves the physical
consistency of the model. Hence, from the perspective of pure energy conversion, the best
choice would be to ensure their placement far apart, thus affording as much energy as

possible and reducing part of the risk of upstream flooding.

Again, Cra~ and Cra~- reduce progressively at the upstream arrays, suggesting that the
upstream rotors are optimum at a lower rotor speed than the downstream rotors speed. In
the image, the Cra~ from the same plant is linearly distributed over a straight line regardless
of array spacing and number. Hence, linearity is demonstrated again with R? > 0.99 for a
small plant. However, the deviation in Cra- and Cra- at the second array between all feasible

dais not high, and it becomes more consistent from the third array onward.
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6.2.2. Array design

The previous sensitivity analysis demonstrates the improvement in the array power output
with a reduced turbine spacing, even though higher axial forces and depths are afforded.
Another finding is that highly spaced arrays harness more energy than closer arrays.
However, the choice of the array spacing is based on the available length of the channel
stretch and the expected investment, and this implies knowledge of the number of arrays.
A cash flow analysis will be carried on in future to achieve the most convenient design

solution.

In the ideal scenario considered herein, 1 km of the canal is dedicated to simulations with
four turbine arrays, with the target of maintaining a swept area of 24 m? thus generating a
constant blockage ratio (Bs,-) of 0.279 based on Equation (1). Turbines are scaled according
to Tab. 6-4, assuming a fixed turbine solidity, thus excluding the dependency of Cr- on o.
However, the turbine spacing dr has no constraints due to the different turbine sizes within
a limited canal cross-section. Hence, although Ba.- and ¢ are constant, this does not hold for
dr, whose variations slightly affect hydrodynamic forces. Notice that the turbine spacing dr
is chosen to be as small as possible to increase the turbine blockage and maximize array
power extraction. Again, a minimum breadth of 0.5 m is left as a safety margin for all

predictions.

By fixing the height of the turbines to 3.0 m and maintaining a level of solidity of ¢ = 0.36,
the diameter is determined from the ratio Ar/Hr. Moreover, the chord is scaled according to
the above definition of o, yielding c = 0.24 Rr. The investigation is performed with arrays
consisting of two larger turbines with an AR of 0.75, three turbines with an AR of 1.125, and
four smaller turbines with an AR of 1.5. The longitudinal spacing is fixed, i.e., da= 250 m.
The array power coefficients Cra~, and the free surface variation Ahi- distributed over the

arrays for each turbine aspect ratio, are outlined in Fig. 6-20.

Tab. 6-4. Cases investigated with respect to array design. Nomenclature: Na number of arrays, Nr number of
turbines per array, da array spacing, dr turbine spacing, Ar turbine swept area, AR turbine aspect ratio, Dr

turbine diameter, Hr turbine height, and ¢ blade chord.

Case Na Nt da dr At AR Dr Hr C
[#] [#] [#] [m] [m] [m?] [-] [m] [m] [m]
a 4 2 250 4.5 12 0.75 4 3 0.48
b 4 3 250 3.167 8 1.125  2.667 3 0.32
C 4 4 250 2.5 6 1.5 2 3 0.24
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Fig. 6-20. (Left) Array power coefficient Cravs. number of arrays Na. (Right) Free surface variation Ahi« vs.

number of arrays Na. Different color indicate the various simulations (blue markers indicate 2-turbine arrays

with AR = 0.75, red markers indicate 3-turbine arrays with AR =1.125, and yellow markers indicate 4-turbine
arrays with AR = 1.5).

Although Cra- does not vary noticeably between cases (b) and (c), the highest array
performance is achieved by a row of four closely spaced turbines with an AR =1.5 but poor
result is determined for a row of two high-diameter turbines (AR =0.75). According to the
results of previous section, the array power output decreases from the most downstream
array toward the upstream direction. The limitation of higher power conversion is
represented by the increased free surface variation Ahi- determined with respect to the
undisturbed flow depth, i.e., (hi — h-).

The outputs of the optimum solution of this assessment are shown in Fig. 6-21 for the most
downstream array. The schemes on the left column represent the local free surface
distribution generated by each turbine over its predicted longitudinal extension. The
direction of the flow is from right (inflow) to left (flowing past the area of turbulent
dissipation). Since the turbines deployed at the center of the canal convert more power, they
generate higher free surface variation, while a mild variation occurs for the lateral turbines.
The flow past the array (on the left) represents the undisturbed flow achieved downstream
of the hydrokinetic plant. The central and right schemes represent the thrust coefficient Cz.
and power coefficient Cr~ curves, respectively, vs. the tip speed ratio A~. Although not
illustrated, the depth in the canal increases from the first to the last array, and the curves of
Cr~ and Cp- slightly drop from downstream to upstream. The inflow speed of the turbine
arrays placed furthest upstream decreases, implying a reduction in the performance of the
upstream rotors. Notice that lateral rotors harness the same energy, and the same occurs to
core rotors. It is a drawback of the momentum model, incapable of catching differences

between inward or outward rotation directions.
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Fig. 6-21. Downstream turbine array of four turbines of an AR = 1.5 operating at A«opt. The left column
indicates the local free surface deformation in space for each turbine with flow directed from right to left.
The central and last columns represent turbine thrust coefficient Cr.- and power coefficient Cr., respectively,

for each turbine of the array.

By activating the environmental constraint limiting the backwater to a value of Ahina
decreasing array power would is achieved. A maximum water depth is imposed from a
regulation of the channel manager. If Ahim is smaller than the expected hydrostatic head
variation generated by a given turbine array operating at maximum power, a sub-optimal
response, induced by the rotor speed limitation, would be achieved. It would mean a lower
power output from the turbines drawn for higher mechanical power, thus limiting the

choice of the best array design solution between lower-capacity plants.

6.2.3. Large plants

The images in Fig. 6-22 illustrate two perforated plates at a constant spacing and fixed
elevation from the channel bed executed at the DICAM Facility (see Chapter 2). Notice that
the flow direction is from right to left. Considering the limited channel length of the facility,
other plates were allowed to be “added” upstream of the last plate only by repeating the

test with a new regulation of the downstream flow through the drain. The previous
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backwater was recreated downstream for a new experiment, for which there were no
changes in the spacing between the plates. Depths measurements were performed at precise
spacings from the upstream plate to allow for reliable matching with the new regulated
depths.

Fig. 6-22. (Left) Discharge Q.= 32.3 I/s, spacing between the plates d = 0.316 m, height from the bottom y-=
0.115 m, upstream depth ho= 0.20 m, upstream flow speed Uo= 0.530 m/s, and measured thrust force over the
first plate T = 7.51 N. (Right) Discharge Q.= 35.7 I/s, spacing between the plates d = 1.0 m, height from the
bottom y:= 0.101 m, upstream depth ko= 0.201 m, upstream flow speed Uo= 0.583 m/s, and measured thrust
force over the first plate T=5.54 N.

Since the turbines are expected to operate at maximum performance, the resultant
backwater depth is not severe as that generated at higher rotor speeds. The highest turbine
thrust force occurs at a rotor speed at which almost no mechanical power is collected at the
shaft, and the maximum energy is dissipated in the channel. To render a test more consistent
with real turbines, the porosity of the plates should be adjusted progressively upstream to

approximate the regulation of the optimum turbine tip speed ratio A«

According to the measurements of drag forces and depth of each plate, an asymptotic
deviation in the inflow depth was speculated for high number of arrays of optimized
turbines. This phenomenon occurs if one approximates the channel as an ideal water body
free of obstacles, whose geometric cross-section is distributed over the investigated channel
stretch and with a constant depth of the plate, measured from the channel bottom. Hence,
the steady distribution of depth, flow speed, thrust, and power is predicted over a certain

distance to improve the modeling of combined hydroelectric-hydrokinetic systems.

Fig. 6-23 shows the expected reduction in the water depth variation at the ith array, even
though bed slope and precise free surface deformation are neglected in the image. As
mentioned, the turbine elevation from the canal bed z is fixed, with the submergence depth
increasing with each supplementary array. In contrast, if the turbine depth is maintained
constant at the free surface proximity, more consistent backwater develops upstream.
Therefore, a progressive drop in the flow speed upstream is inevitable unless the new row

is placed after the backwater exhaustion, even when many kilometers away.
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A single-turbine test was performed to visualize this phenomenon and reduce the
inaccuracy resulting from the numerical procedure. For this purpose, a prediction is made
wherein a series of equal turbines of the type shown in [1] are positioned with an array
spacing of 10 m in the canal illustrated in the same work. The water depth increases after
each hydraulic transition, and the total head variation AH: reduces the mechanical power
availability. The array (or turbine) power output Pa scales linearly for a small number of
arrays (<5); then, it is approximated by a quadratic polynomial to about 20-25 turbine arrays
(which is still reasonable for large plants). High number of turbine arrays imply that a

logarithmic curve fits the estimates, with R?>0.99.

Fig. 6-23. The asymptotic trend of water depth variation Ah caused by increasing the number of arrays or

turbines. Although not appreciable, backwater depth decreases upstream from each hydraulic transition.

(Image is not to scale.)

For the case investigated, the deviation in the inflow depth A(hi— hi1) is approximated with
a power law y =a x xt, in which x denotes the number of arrays, the coefficient 2 > 0, and the
exponent b < 0. Ideally, A(hi — hi1) would drop to zero asymptotically, suggesting almost
identical inflow depth and conditions for power conversion far upstream in a plant of many
arrays. However, the approximation is valid as the deviation in water depth A(hi — hi1)
approaches the numerical accuracy of the model (i.e., 1 mm) in Fig. 6-24. The curve of A(hi
— hi1) implies that the hydrostatic head is expected to achieve an asymptotic value after a
certain number of arrays within the imposed physical tolerance. Moreover, a slight drop in
depth between the two turbine arrays is still present due to the backwater. This trend is
generalized for any array layout of aligned turbines. Therefore, the imposed physical
tolerance to the model determines the length scale to ascertain the asymptotic deviation A(h
— hi1). If a tolerance of 5 mm is selected (which is more consistent with the typical sensitivity

level of many probes), asymptotic behavior is reached after about 15 arrays (in this example).

Thus, the expected far-field condition in a large plant of aligned rotors resembles Fig. 6-23,

even though this distribution is valid for ideal canals. The assumptions of an infinitely long
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channel with a homogeneous, unobstructed geometry and stationary flow do not
realistically represent the characteristics of large plants. Indeed, a transient variation in the
flow rate would imply that the discharge cannot be assumed constant over the entire stretch
of a channel simultaneously. Turbulence, local head losses, and finite lengths of artificial

canals further complicate the flow.
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Fig. 6-24. Deviation in inflow depth A(hi— hi1) vs. the number of arrays Na.

A similar problem was illustrated by Karteznikova and Ravens [9] for a homogeneous
distribution of closely spaced turbines in a regular channel. The authors modeled an almost
flat free surface far upstream, speculating that a uniform flow with a change in the canal
Manning’s roughness coefficient is achieved, with turbine power derived according to

Garrett and Cummins’ equation [10].
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NOMENCLATURE

Aa
AR
ai, az
Ba, Bae

Cr,Cp
Cr,Cre

Turbine array area m?

Turbine aspect ratio

Axial induction factor, (1-Ui/Uo), i-12
Array blockage ratio, (NTAT/A)

Turbine blockage ratio, (A1/AF)

Turbine power coefficient P/(Y2-0-ArU?))
Turbine thrust coefficient (T/(Y20*ArU?))
Hydrofoil drag coefficient, (2-D and 3-D)
Hydrofoil lift coefficient, (2-D and 3-D)
Hydrofoil normal coefficient

Hydrofoil tangential coefficient

Blade chord m

Hydraulic depth m

Shaft diameter m

Turbine diameter m

Array spacing m

Turbine spacing m

Froude number, (U/(gDn)")

Turbine height m

Water depth m

Number of arrays

Number of blades

Number of turbines

Array power W

Channel flow rate m3/s

Turbine radius m

Array thrust force N

A(hi — hi-1)

Subscripts

Short forms

Re
Uo, U
w
Xor
o
AHi
Ahi

Ahiim
93
A, A
u
&

P
o

ol

w

max
opt
ref

DMS
LMADT
RMSD

Reynolds number, (0-W-c/u)
Mean flow speed m/s
Relative flow speed m/s
Blade mounting point
Angle of attack, deg

Total head variation m

Free surface variation m
Deviation in water depth, m
Environmental constraint m
Azimuthal displacement deg
Tip speed ratio (w-Rt/U)
Fluid-dynamic viscosity Pas
Depth parameter (dv/(2Hr))
Fluid density kg/m?3

Rotor solidity (Nv-c/(2RT))
Global inflow factor (Uo/U-)
Angular velocity rad/s

Maximum
Optimum
Reference

Double Multiple Streamtube
Linear Momentum Actuator Disc Theory
Root Mean Square Deviation
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7.1. ON THE EXPERIMENTAL ACTIVITY

The tests illustrated in Chapter 1 show the rotor interference on the flow in a narrow canal.
No significant change in flow rate or depth was observed before the placement of the turbine,
allowing the estimate of the mean flow speed from averaged measurements. The main
findings may be of help for future experiments to be conducted on larger channels and with

various turbine arrays.

During the operation, the expected backwater phenomenon was observed and measured
from the rotor station towards the first crossbar, showing no overbank flow. The conclusion
is that the measurement of the undisturbed flow speed cannot be executed in the vicinity of
the turbine. Several turbine diameters are required downstream to reduce the turbulent
dissipation and recover a quasi-undisturbed flow. Measurements before the rotor

immersion are even more advisable.

Unsteady phenomena affected the measurements due to the hydraulic disturbance
produced after each rotor speed change. Therefore, effective thrust force and mechanical
torque were ascertained only at the hydraulic equilibrium after the transients. The highest
power coefficient was achieved at a low tip speed ratio, surpassing the Lanchester-Betz limit
due to a consistent blockage ratio. However, the limit does not hot hold for a confined

environment.

Torque oscillations, shaft vibrations, and varying bending moments on the support
structure were observed due to a pulsating lift force on the blades, confirming that these

phenomena are common in cross-flow rotors. However, the tests demonstrated excessive
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torque ripple and vibrations at the optimality. A drop in these effects was evident only at
higher rotor speed, thus suggesting improvements in the rotor design. Hence, a reduction
in the rotor solidity was recommended, for reducing vibration and increasing the lifetime
of the structural elements, currently subjected to high mechanical fatigue. Then, an
increased turbine aspect ratio was recommended for further decreasing the torque ripple,

even though limiting mechanical power.

7.2. ON THE CONFINED ACTUATOR Di1sC THEORY

The unconfined Actuator Disc Theory has a long tradition in universities, and its use
devoted to wind power is standard in the literature. However, the stand-alone use of the
free-surface extension has also been repeatedly called upon for shallow-water applications,

with various positive practical implications, but often related to ideal machines.

Although different authors approximated the power conversion in open channel flows with
the Rigid Lid extension, numerically equivalent to Mikkelsen and Serensen method for
wind tunnels, the over-simplification of a flat free surface is not plausible. Whelan’s
improvement introduced the hydrostatic pressure gradient, which partly solved the issue

by incorporating the Froude number as an independent variable.

However, experimental and numerical tests demonstrated that the Froude number is
progressively less effective on the turbine performance as turbine depth increases. At depths
of approximately twice the turbine height, the turbine operation is equivalent to that of a
ducted rotor. In this case, a negligible Froude number can be eventually tolerated and
approximated. Diversely, since degrading with depth, the effect of the Froude number has

a lower impact on axial load and performance than the blockage ratio.

A question may arise for the reader. Since the Actuator Disc Theory relies on the inviscid
flow assumption, how can we use this simple model to describe a complex phenomenon of
the power dissipated from a porous element in a subcritical current? The answer may not
be satisfactory, but it is elegant. The simple momentum theory allows modeling the
phenomenon only if the left and right boundaries of the channel control volume are
identified with two cross-sections at which pressure equilibrium is stated. Since a free
surface variation occurs over the porous element, the momentum conservation is applicable
only between the inflow station and a station of a minimum depth, implying different
pressure gradients. It diversifies the free surface LMADT from the traditional unconfined
LMADT for which the static pressure drop occurs only across the disc. According to Pelz et
al. (2020), the gradients behind the turbine are too large, and the distribution of pressure
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and velocity is unknown. However, the error committed to fixing an induced flow speed
upstream and downstream of the disc in a streamtube is small, as confirmed experimentally
with porous plates. In addition, a short channel length between these cross-sections implies
that bed friction and a mild bed slope can be assumed negligible. Since the geometry of the
expanding streamtube contains the near-wake flow and excludes the transition to the far-
wake, the release of shed vortices does not allow the outer flow entrapment, which would
induce mixing viscous dissipation. The conclusion is that the inviscid Actuator Disc Theory
approximates the phenomenon only if stated between the boundaries of the free surface
variation. Implementing the Double Multiple Streamtube model illustrated in Chapter 3,
the hydrofoil introduces lift and drag forces, both functions of the angle of attack and the
chord Reynolds number, thus implicitly introducing viscosity. The implication is that the
turbine model includes fluid-dynamic losses. Hence, the flow around the turbine is no

longer inviscid, regardless of the momentum theory.

One may think that the undisturbed flow far upstream represents the inflow condition to
set for this problem. However, backwater involves bed friction, disregarded in the LMADT
treatment. Hence, the hydrokinetic problem in the riverine environment is solved with a
turbine model and a more general channel momentum equation, including the altered
inflow and the undisturbed flow downstream. To conclude, this work allows the
compliance between the confined LMADT with the physics of a subcritical flow, improved
even further with the double-disc extension, consistent with the visualizations performed

with perforated plates from the Hydraulics Facility of the University of Trento.

7.3. ON THE DOUBLE MULTIPLE STREAMTUBE FOR SUBCRITICAL FLOWS

Based on the preliminary outputs illustrated in Chapter 6 for the hydrokinetic prototype,
accurate prediction of performance and axial loads are drawn from the confined Double

Multiple Streamtube model, which effectively and elegantly involves momentum methods.

Different sub-models correcting for wake shading caused by the rotating shaft, parasitic
torque due to blade struts, and curvature of the flow were coded to improve the model
reliability. A sub-model relaxing the free surface variation is devised to account for the
actual turbine depth. A consistent reduction in the free surface drop variation over the rotor

is predicted as the turbine is immersed at higher depths.

Moreover, since the turbine interferes with the unknown upstream flow speed, the inflow

Froude number and blockage ratio are updated before operating the DMS. Diversely, the
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improper use of the U~ as inflow speed would lead to an overestimation of the thrust

coefficient and power coefficient.

By means of a sensitivity analysis, the best prediction of performance and thrust force is
found by activating the sub-models altogether. Although additional simulations are
required to test other cross-flow hydrokinetic turbines, the Double Multiple Streamtube is
validated with sufficient accuracy for a three-bladed turbine, according to the available data.
The implementation of a modified streamtube expansion correction improves the prediction

even further.

The iterative scheme solving the hydraulic transition of an HK rotor in Chapter 4 predicts
the expected upstream depth and inflow factor from the known undisturbed flow. A
channel momentum equation and the confined Double Multiple Streamtube model are
processed iteratively in an integrated manner to solve the turbine model with consistent
upstream parameters. At convergence, the backwater depth is determined from the updated
inflow factor. The outputs of this method satisfactorily agree with the measurements of the
upstream flow illustrated in Chapter 1. Backwater extends upstream, allowing the flow to
recover the head variation through a drop in the upstream bed friction. As shown in the
energy chart of the canal, the total head is maximum at the inflow cross-section, indicating
that the increase in hydrostatic head yields the highest contribution to total head variation

in mild slope canals.

7.4. ON THE MULTI-ARRAY DESIGN TOOL

The presented multi-array tool yields a valuable assessment of turbine arrays along mild
slope hydropower canals and can be used to estimate a reliable power output with

systematic modeling of each hydraulic transition.

The exploitable capacity in a channel flow is estimated with turbines operating at maximum
performance and considering canals and rotors’ geometry, turbine spacing, and array
spacing. In addition, by incorporating a backwater assessment, the code provides
visualizations of a 1-D free surface distribution showing the backwater propagating from
each successive array from a downstream cross-section. Finally, by integrating a Double
Multiple Streamtube model operating in a confined environment with a variable Froude
number and blockage ratio, the tool overcomes the limitations of the analytical modeling
with actuator discs. Indeed, the model accounts for the turbine’s fluid-dynamic losses,

turbulent mixing loss, and channel friction losses to calculate upstream free surface
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propagation. The simulation outputs based on the cases investigated show the following

results:

A sensitivity analysis demonstrated that closely spaced turbines in aligned arrays
convert more power than widely spaced turbines. Indeed, an increase in turbine spacing
shrinks the size of each flow passage and enhances the level of turbine blockage. As
confirmed by the simulations, higher turbine blockage is achieved by the rotors

deployed at the center of the row, which notably harness more energy.

If the hydrokinetic plant design involves a canal stretch of a given length, the sensitivity
analysis shows that closely spaced arrays perform inadequately in subcritical flows.
Wide array spacing allows for the partial recovery of higher flow conditions for the new

turbine array, thus implying higher power output.

Assuming a scheduled number of rows with an equal number of turbines of a given
solidity, different array layouts for the investigated canal cross-section demonstrate that
four small turbines of a high aspect ratio are more beneficial than three medium-sized
turbines or two large turbines of a small aspect ratio. While constraining the maximum
expected free surface variation in the plant, a sub-optimal response induced by the rotor

speed limitation is achieved by the same turbine array, foreseen for higher capacity.

For a small plant (number of arrays <5), a row’s maximum power output drops linearly
with the number of turbine arrays. For a reasonable number of rows in a large plant, this

measure is approximated by a quadratic polynomial.

The deviation in the inflow depth asymptotically tends to be zero for a consistent multi-
array plant in ideal canals, suggesting almost identical inflow depth and conditions for
power conversion far upstream in a plant of many rows, with a recurrent reduction in

depth within each array spacing due to backwater.

With this tool, an assessment of the capacity enabled by multiple turbine arrays is

performed. Future developments will be focused on temporal analysis of flow rates via

duration curves developed for each channel for which temporal data are known. Therefore,

the tool will be timed to calculate new performance curves for the turbines and estimate the

annual energy production (AEP) and the capacity factor (CF).
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This thesis proposes equations extending the Free Surface Actuator Disc
Theory to yield drag forces and interference factors from a series of two
porous discs in open channel flows. The new model includes blockage ratio
and Froude number as independent variables, which are inferred in advance
to yield a single solution in the prescribed domain. The theoretical extension
is integrated with the Blade Element Theory in a Double Multiple Streamtube
model (DMS) to predict axial loads and the performance of confined Darrieus
turbines. The turbine thrust force influences the flow approaching the rotor.
Hence, a momentum method is applied to solve the hydraulic transition in the
channel, achieving the unknown inflow factor from the undisturbed flow
imposed downstream. The upstream blockage ratio and Froude number are
thus updated iteratively to adapt the DMS to subcritical applications. The
DMS is corrected further to account for the energy losses due to mechanical
struts and turbine shaft, flow curvature, turbine depth, and streamtube
expansion. Sub-models from the literature are partly corrected to comply
with the extended actuator disc model. The turbine model is validated with
experimental data of a high-solidity cross-flow hydrokinetic turbine that was
previously tested in a canal at increasing rotor speeds. Turbine arrays are
investigated by integrating the previous turbine model with wake sub-models
to predict the plant layout maximizing the array power. An assessment of
multi-row plants shows that the array power improves with closely spaced
turbines. In addition, highly spaced arrays allow a partial recovery of the
available power to be exploited upstream by a new turbine array. The highest
array power is predicted by simulations on different array layouts considering
constant array blockage ratio and rotor solidity. Finally, assuming a long ideal
channel, the deviation in the inflow depth is speculated to become asymptotic
after many arrays, implying almost identical power conversion upstream.



