ON THE MULTIGRADED HILBERT FUNCTION OF LINES AND RATIONAL
CURVES IN MULTIPROJECTIVE SPACES

E. BALLICO

ABSTRACT. We study the multigraded Hilbert function of general configurations of lines in mul-
tiprojective spaces. In several cases we prove that this multigraded Hilbert function is the
expected one. We make conjectures about other configurations and for small genus curves with
a prescribed multidegree.

1. INTRODUCTION

Disclaimer: In this paper we only prove results on some general unions of lines in the Segre-
Veronese embeddings of a multiprojective space Y, i.e. when we embed Y in a projective space by
a complete linear system. More general smooth rational curves (or any curve with positive genus)
appear only in the conjectures at the end of the introduction.

Take Y =P x --- x P k>1,n; >0,1<i<k. The Segre embedding of Y is connected to
tensors, while the Segre-Veronese embeddings of Y are connected to partially symmetric tensors
([23]). This is the main reason for the interest in multiprojective spaces in the last 20 years
([5, 6, 7, 12, 13, 14, 16, 22, 23, 26] are just a small sample, many other papers may be obtained
from their bibliographies and from papers quoting them).

Let m; : Y — P™ denote the projection of Y onto its i-th factor. For any i € {1,...,k} set
Y, = Hh# Pt with the convention that Y7 is a single point if k = 1. Let n; : Y — Y; denote the
projection (it is the map forgetting the i-th coordinate of the points of Y). For all (dy, ..., dy) € ZF
set Oy (dy,...,dy) == ®@_ 7 (Opn: (d;)). The line bundles Oy (dy, .. .,dy), (d1,...,dy) € Z*, form
a Z-basis of the abelian group Pic(Y'). The Kiinneth formula gives h°(Oy (d1,...,dx)) = 0 if some
d; <0, h9(Oy(dy,...,d)) = Hle ("idi) if d; > 0 for all i and h'(Oy (dy,...,dx)) =0if d; > —1
for all 4. For any i € {1,...,k} let Oy (e;) be the line bundle Oy (a1, ..., ar) on Y with multidegree
(a1,...,a;) with a; = 1 and a; = 0 for all j # i. We have h%(Oy(g;)) = n; + 1. Let C be an
integral projective curve and let f : C' — Y be a morphism. The multidegree (a1, ...,a;) € N¥ of
the pair (C, f) is defined by the formula a; := deg(f*(Oy(¢;))), ¢ = 1,..., k. Note that a; = 0 if
and only if 7; o f is a constant map, while if a; # 0, then a; = deg(m; o f) - deg(m;(f(C))), with the
convention deg(m;(f(C))) =1if n; = 1. An é-line of Y is a curve L C Y with multidegree ;. The
set of all i-lines is parametrized by an irreducible quasi-projective variety. If & > 2 two general
i-lines are disjoint.

In this paper prove that general unions of an arbitrary number of i-lines have the
postulation ” with respect to all line bundles on Y if we assume n; # 2. We recall the meaning of
“ expected postulation 7 also called “ maximal rank ”.

Let X be a projective scheme, £ a line bundle on X and Z C X a closed subscheme of X. We
say that Z has mazimal rank with respect to L if the restriction map H(X, L) — H°(Z, L) has
maximal rank as a linear map, i.e. it is injective or surjective. When (as always in this paper)
hY(X,L) = 0, Z has maximal rank with respect to £ if and only if either h°(X,Zz ® £) = 0 or
h'(X,Z;® L) =0.

We prove the following results.

4

‘ expected

Theorem 1.1. Assume ny = 1. Fiz integers k >2,t >0, and (dy,...,d,) ENF. Let T CY bea
general union of t 1-lines. Then T has mazimal rank with respect to Oy (dy, ..., dy).
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Theorem 1.2. Assume ny > 3. Fiz integers k > 2, t > 0, and (dy,...,d;) € NE. Let T CY be a
general union of t 1-lines. Then T has maximal rank with respect to Oy (dy, ..., dg).

Question 1.3. Is the case n; = 2 true, except for finitely many cases k, n; , 2 < i < k, and
(diy...,dy) ?

We expect a very short list of exceptional cases. See Example 2.9 for one easy case. We do not
know other cases.

Conjecture 1.4. Fix positive integers k and n;, 1 < 1 < k, such that ny + --- +nx > 3. We
conjecture the existence of (a1, ...,ar) € NF such that for all (by,...,bx) € N¥ with b; > a; for all
i a general union T CY =P" x --- x P™ of by +---+ by lines, exactly b; of them being i-lines,
has mazximal rank with respect to all line bundles on Y .

Conjecture 1.5. Fiz positive integers k and n;, 1 < ¢ < k, such that n1+---+ny > 3. We conjec-
ture the existence of an integer d (depending only on k,ny, ..., ny) such that for all (by, ..., by) € N¥
a general union T CY =P™ x ... xP" of by +---+ by lines, exactly b; of them being i-lines, has
maximal rank with respect to all line bundles Oy (dy, ..., dy) with d; > d for all i.

We are less sure about the following 3 stronger conjectures. Note that in Conjecture 1.6 (resp.
Conjecture 1.7) we require that a (resp. d) does not depend on k and n;, 1 <i < k.

Conjecture 1.6. We ask if there is an integer a with the following property. Fix positive integers
k and n;, 1 <1i <k, such that ny +---+mny > 3. For all (by,...,b) € N* with b; > a; for all i a
general union T CY =P™ x --- X P* of by + --- + by, lines, exactly b; of them being i-lines, has
mazimal rank with respect to all line bundles on'Y .

Conjecture 1.7. We ask if there is an integer d with the following property. Fix positive integers
kE and n;, 1 < i <k, such that ny + -+ ni > 3. For all (by,...,b) € NF ¢ general union
TCY=P" x---xP" ofb; + -+ by lines, exactly b; of them being i-lines, has mazrimal rank
with respect to all line bundles Oy (dy, ..., dy) with d; > d for all i.

Conjecture 1.8. Are Conjectures 1.4, 1.5, 1.6 or 1.7 true for smooth rational curves with pre-
scribed multidegrees and/or curves with positive genus with respect to non-special line bundles ?

The case of smooth rational curves should be easier to prove than the corresponding case for
general disjoint unions of lines.

As in [20, 21] and papers inspired by the works of R. Hartshorne and A. Hirschowitz (see [24, 25]
and references therein) the proof is inductive using a divisors D of the ambient variety Y (double
induction, on the dimension of the variety Y and the “ degree ” of the line bundle). As in [20, 21]
to prove Theorem 1.2 one defines several inductive statements (here called Assertions A, , . and
Bpq,2, each of them depending on the 3 integers m, a and z such that 3 < m < ny, a > 0
and z > 0) and the proof requires all of them to be completed, each of them being used for the
proof of the other ones in higher dimensions. However, there is no logical needs for these inductive
assumptions and different ones may be given. We think that our choice is efficient (many other
choices would give longer proofs). As in [20, 21] the main technical problems come from the integers
h?(L) for many line bundles £ and the fact they are not divisible by the integer h°(C, L), C a
closed subscheme of Y we are intersested in, e.g. an i-line. Here we need several numerical lemmas.
As in [20] the initial case for the dimension (here the case n; = 3 of Theorem 1.2) is a bit different.
We do it in Section 3. To prove A3, . and Bs, . we use the modified Asserions 1213,11,2 and B?,’a,z
proved at the end of Section 3.

The sundials from [20] were promoted to main actors in [8, 9, 10] and these papers (together
with [20]) gave for instance [1, 3, 4, 17, 18, 27].

We work over an algebraically closed field with characteristic 0.

2. PRELIMINARIES

Let X be a projective scheme, Z C X a closed subscheme and D C X an effective Cartier
divisor of X. The residual scheme of Z with respect to D is the closed subscheme Resp(Z) of X
with Zz : Tp as its ideal sheaf. For any line bundle £ on X the following sequence of coherent
sheaves

0 = ZRespy(2) @L(=D) =1z @ L = Lznp @ L1p — 0 (1)
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is exact and we will call it the residual exact sequence of D without mentioning £ and Z.

A tangent vector (or a tangent vector of the variety W) is a closed zero-dimensional scheme
Z C W such that deg(Z) = 2 and Z is connected. A tangent vector v C Y is said to be of type i
or a tangent i-vector (for some i € {1,...,k}) if deg(n;(v)) = 1. Thus v is a tangent i-vector for
some i if and only if v(v) spans a line L contained in v(Y'), where v is the Segre embedding of Y,
and the type of v describes the ruling of Y containing L.

We say that a curve C C Y is a reducible i-conic, i € {1,...,k}, if it is a reduced and connected
curve with 2 irreducible components, both of them being i-lines. Note that a reducible i-conic has
a unique singular point. A reducible i-conic exists if and only if n; > 2. The set of all reducible
i-conics is parametrized by an integral quasi-projective variety. If k > 2 two general i-conics are
disjoint.

Assume n; > 3. We say that a scheme Z C Y is an i-sundial if C := Z,¢q is a reducible i-conic,
Z is the union of C' and a tangent vector whose reduction is the singular point of C' and, calling
v the Segre embedding of YV, the scheme v(Z) spans a 3-dimensional linear space contained in
Y. The latter condition is equivalent to require that 7;(Z) is scheme-theoretically a point with
its reduced structure. Note that an i-sundial exists if and only if n; > 3. Let Z C Y be an
i-sundial. Then h%(Oz) = 2 and h'(Oz) = 0. The set of all i-sundials is parametrized by an
integral quasi-projective variety.

A planar i-double point of Y is a connected degree 3 zero-dimensional scheme Z C Y such that
its Zariski tangent space has dimension 2 and deg(7;(Z)) = 1. The set of all planar i-double points
is parametrized by an integral quasi-projective variety. Classically a planar double point is a double
point of a plane (or of a smooth surface), sometimes embedded in a bigger projective variety. Our
definition agrees with the classical one, but in our statements and proofs it is important to mention
the ruling to which their plane belongs.

For any mutiprojective space W = P™t x ... x P™=_any (ay,...,as) € N° any linear subspace
V C H°(Ow(ay,...,as)) and any closed subscheme Z C W set V(—Z2) := VN H*(Zz(ay,...,as)).

For all positive integers n and d define the integers a, 4 and b,, 4 by the relations

(d+1)ang —bpa= (n :; d>, 0<b,q<d (2)

Note that a,, q = [("+d)/(d +1)].

n
For all positive integers n, d and z define the integers a,, 4, and b, 4 . by the relations

d
(d + l)an,d,z - bn,d,z = z(”:; )7 0< bn,d,z < d (3)

Note that an,d,z = [Z(nid)/(d + 1)-|, n,d = Qn,d,1 and bn,d = bn,d,l-

Remark 2.1. Let X be an integral projective variety with dim(X) > 0, £ a line bundle on X and
V C HO(L) any linear subspace. Take a general p € Xreg and a general tangent vector A of X
at p. We have dim(H®(Z4 ® £) N V) = max{0,dim(V) — 2}, because (in characteristic zero) any
non-constant rational map X --» P", » > 1, has non-zero differential at a general p € X,c,. See
[15] for a more general result.

Remark 2.2. Let T C Y be a union of ¢ distinct 1-lines. Fix (a1, ...,ax) € N* and integers a, b
such that a <t < b.

(a) Assume h°(Zr(a1,...,ax)) = 0. Since h°(Zz(a1,...,ax)) = 0 for every scheme Z O T,
the semicontinuity theorem for cohomology gives h®(Zg(ay,...,ax)) = 0 for a general union of b
1-lines.

(b) Assume h*(Zr(a1,...,ax)) = 0. Let A C T be any union of a connected components of
T. Note that h'(Za(ay,...,ax)) = 0.

)

Lemma 2.3. Fir (ai,...,a;) € N¥ and a closed subscheme Z C Y. Assume h®(Zz(a; —
1,a2,...,a1)) < h%(Zz(ay,...,ax)) — 2 and that the codimension 1 scheme-theoretic base locus B
of |Zz(as,...ax)| does not contain a divisor of multidegree (ai,ba,...,b;) for some (bs,..., b) €
NE=1. Then h%(Zzu0(aq, ... ax)) = h%(Zz(ay,...,ar)) — 2 for a general tangent vector of type 1.

Proof. Since deg(v) = 2, we have h®(Zzu,(a1,...,ax)) > h%(Zz(ay,...,a;)) — 2. Since we as-
sumed h%(Zz(a; — 1,az,...,a;)) < h%(Zz(ay,...,ax)) — 2, ag > 0 and R®(Zz(ay,...,ax)) >
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2. Since vpeq is a general point of Y, h®(Zzu,(as,...,ax)) > h%(Zz(as,...,ax)) — 1. Assume
Y (Zzou(ay, ... ax)) = h°(Zz(a1,...,ax)) — 1. Fix a general D € |Zz(aq,...,ax)|. Since we as-
sumed h°(Zz(ay,...,ay)) > 2, there is at least one irreducible component D’ of D not contained in

B. Thus h°(Zzypy(as, ... ax)) = h°(Zz(a1,...,ax)) — 1 for a general p € D'. By Remark 2.1 for
a general p € D’ we have h®(Zzug(a1,...,ar)) = hO(IZU{p}(al, ...,a)), where E := n; ' (m1(p)).
Varying p we get that D’ has multidegree (0, ca, ..., ct) for some cs,. .., ;. Our assumption on B
gives that D ¢ |Oy (ay,...,ax)|, a contradiction. O

Remark 2.4. Fix a reducible conic D C P", r > 3, and a 3-dimensional linear subspace U of P"
containing the plane M. Let o be the singular point of D. Let A be the union of D and of a degree
2 connected zero-dimensional scheme v with vyeq = {0}, v C U and v € M. The scheme A is called
a sundial in [10]. The scheme A is a flat limit of a family of pairs of disjoint lines contained in U
([20, Ex. 2.1] or [8, 9, 10]). The paper [20] inspired many papers (the use of unions of disjoint lines
was brilliantly shown in [2]) and, after [8, 9, 10] its revival contains [3, 4, 17, 18, 19, 27]. Let H C P"
be a hyperplane such that HNU = M. We have AN H = D (as schemes) and Resy(A) = {o}. In
the same way we see that if n; > 3 an é-sundial Z C Y is a flat limit of a family of unions of two
disjoint i-lines.

Remark 2.5. Fix H € |Oy (¢;)|. For any p € H there is an i-line L C Y such that H N L = {p}.
Thus for any linear subspace V.C H*(Oy(dy,...,ds)) we have dim V(- HNL) = max{0,dim V —1}
for a general i-line L C H.

Remark 2.6. Fixi € {1,...,k}. Any p € Y is contained in an i-line and hence any subset of
cardinality ¢ is contained in the union of at most ¢ i-lines. Thus a general union 7" C Y of i-lines
has maximal rank with respect to every line bundle Oy (a1, ..., ax) with a; = 0.

Lemma 2.7. Let T C Y be a finite union of i-lines. Fiz (dy,...,dx) such that b (Zr(dy, ..., dy)) =
0. Then h*(Zr(dy,...,dy)) +me;)) =0 for allm >0 and all j € {1,...,k}.

Proof. The case j # i is obvious, because Oy (me;)r = Or if j # i and Oy (me;) has no base
points.

Now assume j = ¢. It is sufficient to do the case m = 1. Since the case k = 1 is true by the
Castelnuovo-Mumford lemma, we may assume k > 2. Fix h € {1,...,k} \ {¢}. Since T is a union
of i-lines, 7, (T') is finite. Thus there is H € |Oy (g3)| such that H NT = (). The long cohomology
exact sequence associated to the following residual sequence of H

0 *)IT(dl,...,dk) %IT(dl,...,dk) ®OY(€h> — OH(dl,...,dk) —0

proves the lemma. O

Lemma 2.8. Assume ny > 3. Let T C Y be a general union of zan, q, 1-lines. Then we have
W (Zr(ds, ... dy)) = 0.

Proof. By the semicontinuity theorem for cohomology it is sufficient to find a union 7" C Y of
ZGp, 4, 1-lines such that h'(Zr(di,...,d;)) = 0. Fix a general S C Y7 such that #S = 2. Let
E C P™ be a general union of ay,, 4, lines. For each o € S let T, := EU {o} C P™ x {o} and
T = UyesT,. Since S is general, T' is the union of za,, 4, disjoint 1-lines. For any connected
component L of E fix Sy, C L with #S;, = dy + 1. Set Sy := UpSr. To prove the lemma it is
sufficient to prove that h'(Zs, xs(d1,...,dx)) = 0. Note that hé(P™,Zg, (d1)) = h*(P™,Zg(d1)),
i =0,1. Hence h'(P™,Zs, (d1)) = 0. Use the Kiinneth formula. O

Proof of Theorem 1.1: Since k > 2 for any t > 0 there are t pairwise disjoint 1-lines. Thus
hO(Or(dy,. .. di)) = t(dy +1). Set z := [{_, ("F"). Since ny =1, h%(Oy (dy, ..., dx)) = (d1 +
1)z =0 (mod d;y + 1). Thus T has maximal rank if and only if h%(Zr(dy, ..., d;)) = max{0, (d; +
1)(z — t)}. Equivalently, T' has maximal rank if and only if h®(Zz(dy,...,dy)) = max{0, (d; +
1)(t — 2)}. Thus Remark 2.2 shows that it is sufficient to prove the case t = z.

To prove the theorem we use induction on the integer d;, the case d; = 0 being true by Remark
2.6. Assume d; > 0 and that the theorem is true for the line bundle Oy (dy — 1,ds,...,d).
Take t = z. Fix o € P! and set H := 7, '(0) € |Oy(e1)|. For a general T we may assume
that no connected component of T is contained in H and that Z := T N H is a general union
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of z points of H. Thus h*(H,Zz y(d1,...,d;)) = 0, i = 0,1. By the inductive assumption
R (Zr(dy — 1,da,...,d;)) =0, =0,1. Use the residual exact sequence of H. O

Example 2.9. Assume k£ > 2 and n; = 2. Fix an integer d; > 2 and take d; = 0 for all
i € {2,...,k}. Set L := Oy(di,...,dg). Note that h°(L) = (*}?). Let T C Y be a general
union of ¢ 1-lines. Since k > 2, T has t connected components and hence h(T, Lir) = t(dy + 1).
Since T is general 71 (7)) is a general union of ¢ lines of P2. Thus h°(Zy ® £) = (") and
W (Zr® L) =t(d;+1)— (d1 72”2) if t <dy and h°(Zr ® L) = 0 for all t > d;. Thus T has maximal
rank if and only if either t =1 or ¢t > d;.

3. FIRST STEPS OF THE PROOF OF THEOREM 1.2

Set z := Hf:2 (”’:d’) By Remark 2.6 we may assume d; > 0. In this section we prove a few

lemmas used for any n; > 3 and prove Theorem 1.2 for n; = 3.

Let @ C P? be a smooth quadric. Set W := Q x Y} € |Opsyy, (261)]. We have Pic(W) =
Pic(Q) x Pic(Y;y) = Z*F*1. We take a basis (1,0) and (0,1) of Pic(Q) with (1,0) and (0, 1) corre-
sponding to the two rulings of Q and write Ow (e1,e2;as,...,ax), (e1,e2,as,...,a;) € Z"1, for
the isomorphism classes of line bundles on W.

Lemma 3.1. Assume ny = 3. Let V. C HY(Ow(e1,ez2;az...,ax)) be a linear subspace. Assume
e1 + ez > 0 and that either the base locus of V' contains no divisor or the union of these divisors
is an element A € |Ow/(f1, fa;b2,...,b)| with e1 + ea > f1 + fo. Then dmV(-LNW) =
max{0,dimV — 2} for a general 1-line L C Y.

Proof. It A # () we use Oy (e1,e2;az,...,ar)(—A) to reduce to the case A = ). Thus from now
on we assume that the base locus of V' contains no divisor. Since a general p € W is contained in a
general 1-line of Y, the case dim V' < 1 is obvious. Assume dim V' > 2 and that the lemma fails for
V. Fix a general v € V and set D := {v = 0} € [Ow (a1, ...,ax)|. Write D = 37°_, e;D;, where ¢;
are positive integers, each D; is an integral effective Cartier of the smooth variety W and D; # D;
for all i # j. Fix j € {1,...,s} and take a general p € D;. Since the base locus of V' contains
no divisor and p is general in D;, we may assume dim V(—p) = dimV — 1. Let A(p) be the set
of all 1-lines containing p. The set A(p) is isomorphic to a plane and exactly 2 elements of it are
contained in W, say Li, Lo, while a line R C A(p) minus Ly, Lo parametrizes the 1-lines tangent
to W. For any L € A(p)\ R write LNW = {p,pr}. Since we assumed that V is a counterexample
to Lemma 3.1, py, is contained in the base locus B, of V(—p). For a general L € A(p) we get that
the @-slice of W containing p is contained in B,. Since B, C D and p is general in D;, we get
that for a general ¢ € D;, D; contains the @-slice through p, i.e. that D; € [Ow (0, b2, ..., by)| for
some (by,...,b,) € N¥~1. Since this is true for all j = 1,...,s, we get D € |Ow(0,0;ca,...,ct)|
for some ¢;, contradicting the assumption e; 4+ e > 0. O

Lemma 3.2. Assume ny > 3. Fiz (dy,...,dy) € N*. If b, 4 =0, then Theorem 1.2 is true for
Y and Oy(dl, N ,dk).

Proof. Note that by, 4, . = 0. Thus ay, 4, = 2an, 4,- By semicontinuity it is sufficient to find
a union T C Y of zan, 4, lines such that h'(Zr(di,...,d;)) = 0 for i« = 0,1. Fix a general
S C Y; such that #S = z. Let & C P™ be a general union of a,, 4, lines. For each o € S
let T, := EU{o} C P™" x {o} and T := UyesT,. Since S is general, T is the union of zan,, 4,
disjoint 1-lines. Thus it is sufficient to prove that h®(Zr(ds,...,dx)) = 0. Assume the existence of
G € |Zr(dy,...,d). By [20] G contains P™ x S. Thus for each p € P™ G vanishes on {p} x S.
Since #S = z and S is general, h°(Y1,Zs(da,...,d)) = 0. Thus G vanishes on each {p} x Y;.
Since this is true for all p € P™, we get a contradiction. 0

Remark 3.3. We recall that ag3 = (d+3)(d+2)/6 and by g = 0if d = 0,1 (mod 3) and that
a3 sh+2 = and bg zp42 = h+1 for all h € N ([20, p. 173]). Thus Theorem 1.2 is true if ny = 3 and
d = 0,1 (mod 3) (Lemma 3.2). Thus to prove the case n; = 3 we may assume d; = 3h + 2 for
some h € N.

Lemma 3.4. Theorem 1.2 is true if ny = 3 and dy = 3h + 2 for some h € N.
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Proof. By Remark 3.3 h'(Zg(dy,...,d;)) = 0,i = 0,1, for a general union £ C Y of (h+1)(3h+2)/2
1-lines. Set a := f(dlg'?’)z/(dl +1)] and b := L(d1;3)z/(d1 +1)]. Let A C W be a general union of
a 1-lines and B C W a general union of b 1-lines. By semicontinuity it is sufficient to prove that
h°(Zpua(dy,...,dy)) =0 and that h'(Zgup(di,. .., d;)) = 0. Since E is general, ENW is a finite
set and hence Resy (E) = E. Thus Resy (EUA) = Resy (EUB) = E. Since h'(Zg(dy,...,dy)) =
0,2 = 0,1, the residual exact sequence of W shows that to prove the lemma it is sufficient to prove
that hO(VV, I(EFTW)UA,W(dlv e ,dk)) = 0 and hl (VV, I(EOW)UB,W(dlv dl; dQ, ey dk)) = 0. Since
FE is a general union of 1-lines, it would be sufficient to be able to apply Lemma 3.1. Certainly
a1 = d; > 0 by assumption. We need to exclude that at one of the steps a certain linear system
has a very big divisor in its base locus. This is obvious by induction on d;, even if the divisor has
multidegree (a1, as;ds, ..., dg) with a; # ag, since it is sufficient to use that a; + as > 0. O

Proof of Theorem 1.2 for n; = 3. Remark 3.3 and Lemma 3.4 prove the case n; = 3 of Theorem
1.2. O

To prove the case ny > 3 of Theorem 1.2 we also need the following Assertion /~137a72:
Assertion 1213@’2;: Assume ni = 3. There is £ C Y such that £ = AU B, where A is a union
of a3 q,. —2b3 4, 1-lines, B is the union of b3 , . reducible 1-conics with vertex contained in W and
hi(IE((L, dg, ce 7dk)) = 0, 1= 0, 1.
Note that h°(Og(a,ds, ..., d;)) = z(a§3) if and only if AN B = .

Lemma 3.5. Ag’a’z s true.

Proof. If b3 4. = 0, then /137%2 is true by the case ny = 3 of Theorem 1.2 just proved. Assume
b3.q,- > 0. By Remark 3.3 and Lemma 3.2 a = 3h for some positive integer h. In particular a > 3
and Agﬂ_gz is true. Fix a solution F' of 12137,1_2,2, ie. let F' C Y be a general union of a3 ,—2 .
1-lines. Thus F'NW is general. Take a union G C W of a3 q,, — a3,4—2,. 1-lines which are general
with the only restriction that b3, . of them contains a point of FNW. Set E := FUG. Use the
residual exact sequence of W and that, by the generality of £ N W, I has the same multigraded
Hilbert function for W as a general union of a3 4 . — a3,4—2,. 1-lines. O

4. THE END OF THE PROOF OF THEOREM 1.2

In this section we conclude the proof of Theorem 1.2 using the case ny = 3 proved in Section 3.
By Section 3 we may assume n; > 4 and that Theorem 1.2 is true for all multiprojective spaces
with at least 2 factors and whose first factor has dimension m with 3 <m <n; — 1.

Fix H € |Oy(e1)|- By the inductive assumption Theorem 1.2 holds in H for all multidegrees.

For any m > 3, a > 0 and z > 0 we consider the following Assertions A,, q -, A;’%a,z and By, .

Assertion A,, , .: There is a union £ = AU B C Y such that:
(1) Ais a union of am q,> — 2bm,q,» 1-lines;
(2) B is a union of by, , . reducible 1-conics, Sing(B) C H, and AN B = {;
(3) h'(Zg(a,ds,...,s;)) =0,i=0,1.
Assertion B, , .: There is a union £ = AU Z C Y such that
(1) Ais a union of a4, — 3 1-lines (case by, 4,2 = 0) OF Gy q,, — 4 1-lines (case by, 4. > 0);
(2) Z is a union of a planar double 1-points, AN Z = (;
(3) hl(IE(a, dg, ey Sk)) =0.
In the set-up of Assertion B, 4 , we write e(m, a, z) :=3if b, o, = 0and e(m, a,2) = a+4—bp q.»
if byy.q,» > 0. Note that always (m, a, z) > 0 and that h°(Og(a, da, ..., d)) = z(m;:a) —e(m,a, z).

Remark 4.1. Fix E = A U B satisfying conditions (1) and (2) of Assertion A,, ,,. Since
hO(OE(a,dQ, ey dk)) = hO(Oy(a,dg, ey dk), hO(IE(a, dg, ceey Sk)) = hl(IE(a, dg, N ,dk)). Thus
h(Zg(a,ds,...,dx)) = 0 if and only if h*(Zg(a,ds, ... ,ds)) = 0.

The next lemma implies that B,, q . is well-defined.
Lemma 4.2. a1, > 2a for all a > 0 and all m > 3.

Proof. Assume ayn, q—1,, < 2a — 1. We get a(2a¢ — 1) > z(m':_l). Since z > 2 and m > 3, we get
a contradiction. O
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By Remark 2.6 Theorem 1.2 is true if d; = 0. Thus we may assume d; > 1 and use induction on
the integer d;. Hence we may assume the theorem for all multidegrees (b1, ...,bg) with by < dj.

Lemma 4.3. B(3,a,z) is true for alla > 1 and all z > 2.

Proof. Take Q and W as in Section 3.

(a) We first prove B(3,1,2). Since b31 =0, b3;1,. =0 and a3, = 2z. Since 2 > 2, az1,. > 3.
Since £(3,a, 2) > 0 and h'(Zz(a,ds,...,dx)) = 0, it is sufficient to use Lemma 3.1.

(b) Assume a > 2. Take E = AU B satisfying Az, (case a > 3) while for a = 2 take as E
a general union of z 1-lines. In all cases h*(Zg(a — 2,ds,...,d;)) = 0, i = 0,1, and the singular
points of F are contained in W.

(bl) Assume b3 ,—2, = b3,. = 0 and @ > 3. Thus B = (. Let Z C Y be a general
union of a planar double 1-points with the only restriction that Z..q C W and that one of the
connected components of Z is contained in W. Call S the reduction of the other connected
components of Z. Since W is a smooth divisor of Y, Resy (Z) = 5, i.e Resw(Z) is a general
union of a — 1 points of W, and Z N W is a general union of a — 1 tangent vectors of type 1
of W and one planar double 1-point of W. Let F' C Y be a union of asq—2. — 1 connected
components of . Let G C W be a general union of az,. — @34-2 — 2 1-lines. Set K :=
FUZUG. To prove this case it is sufficient to prove h'(Zx(a,ds,...,d;)) = 0. By the case
ny = 3 of Theorem 1.2 h'(Zp(a — 2,ds,...,dx)) =0 (ie. h°(ZTp(a —2,da,...,d;)) = a — 1), and
hO(Ip(a - 4, dg, ey dk)) = 0. Since hO(IF(a — 4, d2, N 7dk)) = 0, hO(IF(a — 27d2, ey dk)) = #S
and S is general, it is easy to check that h'(Zrus(a — 2,da, . ..,d;)) = 0. Thus the residual exact
sequence of W shows that it is sufficient to prove that h'(W,Zxrw,w (a,a;da,...,d)) = 0. Note
that h°(Oxrw (a,da, ..., dg)) = h°(Ow(a,a;ds, ..., d;))—3. By Lemma 2.3 it is sufficient to prove
that h*(W,Zgus(a,a;ds, . .., dy)), where J C W is a general planar 1-double point.

Claim 1: h°(Og(a,a;da, ..., d;)) < h%(Ow(a,a — 1;da, ..., dx)) — 1 if a > 3.

Proof of Claim 1: Since h%(ORes,, (k)(a—2,d2, ..., dy)) = z(agl), h(Ow (a,a;da, ..., dg))—
P (Ow (a,a—1;da,. .., dx)) = z(a+1) and h°(Ogrw (a,da, ..., dr)) = h°(Ow(a,a;da, . .., dy)) —3,
it is sufficient to check that #(FNW)+deg(Z) > z(a+1)—2,ie. 2a34-2..—2+3a > z(a+1)—2.
We have ag 42, = z(a + 1)a/6. Thus all cases with a > 3 are covered.

We take M € |Ow (0, 1;0,...,0)| and we degenerate J to a planar 1-double point contained in
M and use the residual exact sequence of M in W.

(b2) Assume b3 42, = 0 and b3, > 0. Thus a = 0 (mod 3). In the proof of step (bl) we
take as G a general union of a3, . — a3,4—2 — 3 1-lines.

(b3) Assume b3 42, > 0 and b3, . = 0. Let T be a general union of 1-sundials with
Tiea = B. Let Z C W be a general union of a planar 1-double points. Let FF C W be a
general union of as, . — azq—2,, — 3 1l-lines. Set K := AUTUZUF. Since Resy (K) = E
and h'(Zg(a — 2,da,...,d;)) = 0, the residual exact sequence of W shows that it is sufficient to
prove h'(W,Zpur w(a,a;ds, ..., dx)) = 0, where I is a general union of a + b3, , planar 1-double
points. We take M € |Ow (0,1;0,...,0)| and we degenerate I to a planar 1-double point contained
in M. To conclude as in step (bl) we only need to check that h%(Op(a,a — 1;da,...,dg)) <
h(Ow (a,a — 1;ds, ..., dy)). Since £(3,a,2) = a+4 — bs 4., it is sufficient to prove that a + 4 —
b3,q4,2 +2a3,4—2,> + 3a > z(a + 1), which is always true, because b3, = 0 and hence a > 3.

(b4) Assume a = 2. Note that asg, = 2, b3o. = 0, az2, = [10z/3] and that bso, =
3[102/3] — 10z. Thus B = (). Remark 2.6 gives h®(Z4(0,dz,...,d)) = 0,i =0,1. Let Z C Y
be a general union of 2 double 1-points with the only restriction that S := Z,.q C W. Let
A’ C Y be a union of z — 2 connected components of W. Let F C W be a general union of
[102/3] —z—1—c 1-lines with c =0if b3 o, =0, i.e. if z=0 (mod 3), and c =11if b3o, > 0. Set
K:=AUZUF. Since Resy (K) =A"US, hl(IA/(O, da,...,dg)) =0, hO(IA/(O, da,...,dg)) =0,
RO (Oy (—2,ds,...,d;)) = 0 and S is general in W, we have hi(IReSW(K)(O,dQ, ...,dg)) = 0. Since
Z N'W is a general union of 2 tangent vectors of type 1, we may use Lemma 3.1. The residual
exact sequence of W shows that it is sufficient to prove that h'(W,Zr(2,ds,...,d;)) = 0. Since
h'(Q,Z;(2,2)) = 0, where J is a general union of 3 elements of Og(1,0)], it is sufficient to mimic
the proof of Lemma 3.2 using that F' has at most 3z connected components. O

Lemma 4.4. Assume bp, 4,2 > bnya—1.2. Then ap, a,: — 2bny 0.2 > Gnya—1,2 — 2bn,,a—1,2 for all
a>1.
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Proof. Subtracting the equation in (3) for the integer a — 1 from the same equation for the integer
a we get

ni+a—1
n1—1 '

(4)

Assume anl,a,z_2bn1,a,z S anl,a—l,z_an1,a—1,z_17 ie. Gny,a,2 = Anya—1,2 S 2bn1,a,z_2bn1,a—1,z_1-
. 1 .

Thus (4) gives an,a-1,2 + (2a + 1)(bny 0,2 — bnya—1,2) —a — 1> z("lfl‘: ) Since by, ,q,» < a and

by ar.e > 0, we get any a1, +a2a+1)—a—1> z("if{l) Since 0 < by, a1 < a — 1,

atn, a1,z < z(m:‘:_l) +a — 1. Thus

-1 -1
z<n1+a )+2a3—1>az<n1+a ) (5)

n ny —1

Upy,a—1,z + (a + 1)(an1,a,z - anl,afl,z) - bnl,a,z + bnl,afl,z = Z(

n1+a71) _ (ni+a—1)!

Since a( ni—1 = m, we get

For a fixed a the right hand side of (6) is an increasing function of nq and hence it is sufficient to
disprove it for n; = 4. For n; =4 (6) is

203 —1> 2

2a® — 1> za(a+3)(a+2)(a+1)/8, (7)
which is false for all @ > 1, because z > 2. O
Remark 4.5. We have a422 = 10, b4,272 = 07 az32 = 10, A4.32 = 18 and b47372 = 1. We
have an, 13 = [3(n1 + 1)/2], bp, 1,3 = 01if ny is odd, bp, 13 = 1 if ng is even, as03 = 15,

b47273 = 0, a523 = 21 and b572’3 = 0. Hence b4’1_’3 < b472’3 and as23 — 051,33 = 12 = a4.23 — 3.
We have ap, 12 =n1 + 1, by, 12 =0, apy 22 = (n1 +2)(n1 +1)/3 and by, 22 = 0if ny = 0,1
(mod 3) and a,, 22 = 3h? + 3h + 1 and b,, 22 = 1 if ny = 3h for some integer h > 0. Thus
(422—0412 = 0322—2,0522—0512 = A422—2,d6,22—06,1,2 = 52,22, A722—0712 = 06223,
and ag2,2 —ag 12 = ar22 — 3.

Lemma 4.6. Assume by, q: > bpia—1z. Then an, oz — 2bna> — Gnya—12 + 20py,0-1,, <

Uny—1,a,2 — 2a for all a > 2, except if z =2, a =3, ny =4 or a = 2 (n1,a,2) is one of the
following triples: (4,3,2) and and (n1,z) € {(4,2),(5,2), (6,2),(7,2),(8,2),(4,3),(5,3)}.

PT’OOf. Assume anl,a,z_anl,a,z_anl,afl,z+2bn1,a71,z Z anlfl,a,z_2a+17 Le. Uny a2~ 0nya—1,2 2
2bn, a2 — 2bpy a—1,2 + Gny—1,4.2 — 20+ 1. From (4) we get

ni+a—1
anya—1,2 T (@+1)an, —1,0,2 + (20 + 1) (bny 0,2 — bnya—1,2) — (@ +1)(2a— 1) < Z( 1n 1 ) (8)
-

Since (a4 1)an, 1,4,z > z("ﬂ'i;l) and by, 4.2 > bnya—1,2, (8) gives

anya—1,2 < (@+1)(2a — 1). (9)

Note that the left hand side of (9) is an increasing function of ny. Since @y, o—1,2 ("1:‘11_1)]7 the

=]
inequality (9) is false, unless either a = 2 and (nq, 2) € {(4,2), (5,2), (6,2),(7,2),(8,2), (4,3),(5,3)}
or (ni,a,z) = (4,3,2). These cases are discussed in Remark 4.5. O

Lemma 4.7. Assume n; >4 and a > 3. Then an, a2 — Onya—1,2 < Any—1,a0,2 —4 -
Proof. Assume an, q.» — Gny.a—1,2 > Gny—1,a,2 — 3. From (4) we get

n+a—1
anl,a—l,z + (CL + l)anl—l,a,z - 3((1 + 1) + bnl,a,z - bnl,a—l,z S Z( ! >

10
1 (10)
Since b,y a-1,2 < a—1, by, 6.2 > 0and (a+1)an, —1,4,2 > z(”1+a_1), (10) gives an,,q-1,» < 4a—3

and hence ) '

z(n1+a— ) < 4a® — 3a. (11)

n1

The left hand side of (11) is an increasing function of ny. For ny = 4 to disprove (11) it is sufficient
to prove the inequality

z(a+3)(a+2)(a+1) > 48(a — 3). (12)
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Obviously (12) holds if z(a + 3)(a + 2) > 48, which is true because z > 2 and a > 3. O

Lemma 4.8. A,, , . and By, .. are true for all a and allm =4,...,n;.

Proof. By the inductive assumption we know A, .. if m < ny. We will prove A,, , . in step (b).
In step (a) we will prove By, 4, for all m =4,...,ny using induction on m starting the induction
with the case m = 3 proved in Lemma 4.3. We may assume that the case a = 0 of Theorem 1.2
is true by Remark 2.6. Thus for all statements we may assume that they are true for the integers
a’ < a. In step (b) we only use By, 1,4, if n1 > 5 and Lemma 4.3 if ny = 4.

(a) Fix an integer m € {4,...,n1}. We prove B, , . assuming that this assertion is true for
smaller m/, starting the induction with the case m = 3 proved as Lemma 4.3. For a fixed m we
use induction on a, the case a = 0 being trivial. Set Y’ :=P"™ x ... x P" and take H' € |Oy/(e1)|.
Remember that e(m, a,2) =3 if by 0, =0 and e(m,a,2) =a+4 —bp g, > 3 by o > 0.

(al) Assume g(m,a,z) > e(m,a — 1,z). Take a solution AU Z for B,, q—1,. with Z a gen-
eral union of a — 1 double 1-points. Hence h'(Zauz(a — 1,da,...,d;)) = 0 and h®(Zauz(a —
1,da,...,dg)) = e(m,a — 1,z). Recall that e(m,a —1,2) > 1. Let Z' C Y’ be a general planar
1-double point with the restriction that {p} := (Z')rea € H'. Thus {p} is a general point of
H'. Since h®(Zauz(a — 2,da,...,d;)) = 0 by the inductive assumption and p is general in H’,
hl(IAUzU{p}(a —1,dg,...,dy)) = 0. Let F' C H’ be a general union of a4 — Gma—1- — €
lines, where ¢ = 0 if either b,, 4, = 0 0r by g-1, > 0and c = 1if by 0, > byp_1,4,, = 0. Set
K = AUuZUZ UF. Note that Resg/(K) = AU Z U {p}, Z' N H' is a general union of a
tangent 1-vector of H' and we may use Theorem 1.2 in H’. Thus to conclude using the residual
exact sequence of H' it is sufficient to prove that h®(Op(a,da,...,dx)) < z(™F*7") — 2. Since
a > 0 and F has at most @y.,q,2 — Gm,e—1,- — ¢ connected components, it is sufficient to use that
Um—1,a0,2 < Gma,z — Gm,a—1,. (Lemma 4.7).

(a2) Assume e(a,m, z) < e(m,a —1,z). Thus by, 4-1,, > 0. Let R C Y’ be a general union
of a(m,a — 1,2) — 1 1-lines. Thus h'(Zr(a — 1,da,...,d;)) = 0 and h®(Zr(a — 1,da, ... ,d;)) =
@ —1— by q-1,. by the inductive assumption on a if m = n; and the inductive assumption on n;
for Theorem 1.2 if m < ny. Take a general union Z’ C Y’ of @ — 1 — by, q—1,. planar 1-double
points with the only restriction that S’ := (Z')rea C H'. Let Z” C H' be a general union of
1+ by a—1,. planar 1-double points. Note that 1+ b, o—1.. < a. Let T'C H' be a general union of
g,z —2—C—Gpm g,z 1-lines with ¢ = 1if by, 4., > 0and ¢ = 0if by, 4, = 0. Set K := RUFUZ'UZ".
By semicontinuity to prove By, . it is sufficient to prove h'(Zk(a,ds,...,dx)) = 0. Note that
RGSH/ (K) = RUJS’. Since hl(IE(a - 1, dQ, ce ,dk)) = 0, hO(IR(a - Q,dg, ey dk)) = 0, hO(IR(a —
1,dy,...,d;)) =0 and S’ is general in H’', we have h*(Zrys(a — 1,ds...,dg)) =0, i =0,1. Thus
the residual exact of H' shows that it is sufficient to prove h'(H',Zxnn' u(a,da,...,dg)) = 0.
Note that K N H' = (Z'NH')U Z" UT. Since h®(Opes,,, (x)(a — 1,da,...,dy)) = z(Mre ),

m

R (Oknm (a,ds, ... d)) = z(mntle) —e(m — 1,a,2z). Thus by Lemma 3.1 it is sufficient to
prove h'(H', Zznur,m(a,da, ... ,d;)) = 0. Since Z” has at most a connected components, by the

inductive assumption on m it would be suflicient to prove that a4, —2—Cc—amaz < Gm—1,4a.:—¢,
where ¢/ = 3 if byy—14., = 0 and ¢ = 4 if by,_14, > 0. In particular it is sufficient to have
m,a,2C = Om,a,z < Gm—1,a,> — 2. Use Lemma 4.7.

(b) By Remark 2.6 to prove A,, .. we may assume a > 0 and that the lemma is true for
all integers @’ < a. Take E = AU B satisfying Apn, 4—1,.. Thus hi(Zg(a — 1,da,...,dx)) = 0,
1 = 0,1. By semicontinuity we may assume dim H N E' = 0 and that £ N H is a general union of
Gny,a—1,2 — 2bn, .a—1,. points and by, o1 . tangent vectors of type 1.

(bl) Assume by, 4> > by, a—1,-. Lemma 4.4 gives ap, 4.2 — 2bn, a2 > Gnya—1,2 — 200y ,0-1,2-
Let A’ C H be a general union of an, 4., — Gny,a—1,- 1-lines with the only restriction that by, 4. —
by, .a—1,- of them contain a point of AN H; we use that by, 0.2 —bnya—1,2 < nya—1,2 — 2bny,a-1,2
Since E N H is general in H, A’ has the Hilbert function of an, 4,2 — Gn,,q—1,. general 1-lines of
H'. Set F := EUA’. Since Resy(F) = E, the residual exact sequence of H shows that to prove
Anp, a,- it is sufficient to prove h'(H, L gnmyuar,m(a,dz, ..., dy)) =0, i =0,1. By Lemma 2.3 it is
sufficient to prove h'(H,Zar g (a,ds, ..., dy)) = 0. Note that h®(Opnp(a,da, ..., dx)) = z(”lt‘ffl).
Thus the inductive assumption on n; for Theorem 1.2 shows that it is sufficient to prove that
Gnya,z = Qnya—1,2 < Gpy—1,a,z, Which is true by Lemma, 4.6.
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(b2) Assume by, 4, < bpya—1,.- Write B = B’ U B” with B’ union of by, , . connected
components of B. Take as Z a general union of 1-sundials with Z..q = B"”. Let F C H be a
general union of an, 4.5 — Gny,a—1,. 1-lines. Set G := AU B’ UZ U F. Note that h’(Og(a)) =
z(™*9). By semicontinuity and Remark 2.4 it is sufficient to prove hi(Zg(a,ds,...,dy)) = 0,

n
i =0, 1. Since Resy(G) = E, the residual exact sequence of H shows that it is sufficient to prove

hW(H,Zgrm m(a,ds,...,d;)) =0,i=0,1. Note that h°(Ognu(,dz,...,d;)) = z(”;:igl) and that
G N H is a general union of ay,, 4. — @n;y,q—1,- 1-lines of H. Since ap, 0.2 — Gnya—1,2 < Any—1,a,2
(Lemma 4.7), it is sufficient to use the inductive assumption on n;. O

End of the proof of Theorem 1.2. Let a be the first non-negative integer such that z(”lJra) > t(a+

1). By Lemma 2.7 to prove that 7' has maximal rank with respect to Oy (z,ds, . .. ,dkﬁ, rz €N, it
is sufficient to prove that h®(Zr(a — 1,da,...,dx)) = 0 and h*(Zr(dy,...,dy)) = 0.

(a) In this step we prove that h%(Zr(a — 1,da,...,d)) = 0. Note that t > an, 4—1..-
Take a solution £ = AU B of A,, q—1,. with B a union of b,, 4—1,, reducible 1-conics. Thus
h%(Zg(a —1,ds,...,dx)) = 0. Take a union Z of an, 4—1,. 1-sundials such that Z,eq = B. Obvi-
ously h°(Zauz(a —1,da,...,d;)) = 0.

(b) In this step we prove that h'(Zr(a,ds,...,d;)) = 0. By the definition of the integer a
we have t < ap, 0> a0d t < Gy 0,5 if bpya > 0. If by, 0, = 0 it is sufficient to take as T" a
solution of A,,, , . whose existence is proved in Lemma 4.8 and, if necessary, discard a,,,q,, — ¢
of its connected components. Now assume by, o . > 0. Increasing if necessary ¢ we see that it is
sufficient to do the case t = an, q,.—1. Fix a solution £ = AUB of A,,, 4—1,. with B a general union
of by, ,a—1,- reducible 1-conics with singular point contained in H. Let Z O B a general union of
bn,,a,> 1-sundials with Z,.q = B. Let G C H be a general union of ay, 4., —1—an, o—1,- 1-lines. Set
F := AUZUG. Since Z is a flat limit of a family of 2b,,, 4—1, . 1-lines (Remark 2.4), it is sufficient to
prove that h'(Zr(a,da, . .., dx)) = 0. Since Resy (F) = E and h*(Zg(a—1,ds,...,d)) =0,i= 0,1,
it is sufficient H'(H,Zpnm u(a,da,...,dr)) = 0. The scheme F N H is a general union of G and
bn,,a—1,> planar 1-double points. Lemmas 4.6 and 4.7 imply an, 4,2 — @nya—1,2 —1 < Qpy—1,0,2 — 4
Thus By, 1.4, implies H'(H,Zpng u(a,da, ..., d;)) = 0. O
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