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Abstract
Diffusion magnetic resonance imaging (dMRI) data allows the reconstruction of the neural pathways of the

white matter of the brain as a set of 3D polylines, by means of tractography algorithms. The neuronal axons within
the white matter form the anatomical links between regions of the brain, which are referred to as anatomical con-
nectivity, or structural connectivity. The complete collection of structural connectivity is referred to the structural
connectome, which helps to understand the human brain functionality. The 3D polylines are called streamlines and
the set of all streamlines is called tractogram, which represents the structural connectome of the brain. In neuro-
logical studies, it is often important to identify the group of streamlines belonging to the same anatomical structure,
called tract or bundle, like the cortico-spinal tract or the arcuate fasciculus. The statistical analysis of the diffusion
data of tracts is used in multiple applications, for example, to study gender differences , to observe the changes in
age and to correlate with diseases. This kind of studies requires the analysis of groups of subjects, which creates
two important problems: aligning tractography data across subjects, a problem called tractogram alignment, and
the extraction of tracts of interest, named tract segmentation problem. Due to the anatomical variability across
subjects, these two problems are difficult to solve. In this thesis, we investigate those two problems and propose a
novel approach and efficient algorithms for their solution.

Typically, the alignment of two tractograms is obtained with registration methods. Registration methods trans-
form the tractograms in order to increase their mutual similarity. In the literature, the best practice for tractogram
registration is based on finding one global affine transformation that minimizes their differences. Unfortunately,
this approach fails to reconcile local differences between the tractograms. In contrast to transformation-based reg-
istration methods, we propose the concept of tractogram correspondence, whose aim is to find which streamline of
one tractogram corresponds to which streamline in another tractogram, i.e., a map from one tractogram to another.
As a further contribution, we propose to use the relational information of each streamline, i.e., its distances from
the other streamlines in its own tractogram, as the building block to define the optimal correspondence. We provide
an operational procedure to find the optimal correspondence through a combinatorial optimization problem and we
discuss its similarity to the graph matching problem. Finally, we adapted an approximate solution of the graph
matching to solve the correspondence.

Several automatic tract segmentation methods have been developed over the last years. Segmentation ap-
proaches can be categorized into unsupervised and supervised. A common criticism to unsupervised methods, like
clustering, is that there is no guarantee to obtain anatomically meaningful tracts. For this reason, in this thesis,
we focus on supervised tract segmentation, which is based on prior knowledge. We propose a novel supervised
tract segmentation method, that segments the tract of interest, e.g. the arcuate fasciculus, by exploiting a set of
example tracts from different subjects. In analogy to tractogram alignment, our proposed supervised segmenta-
tion approach is based on the concept of the streamline correspondence, i.e. on finding which streamline in one
tractogram corresponds to which streamline in the other tractogram. We showed that streamline correspondence
can be a powerful principle to transfer the anatomical knowledge of a given bundle from one subject to another
one. In the literature of supervised segmentation, streamline correspondence has been addressed with a nearest
neighbour strategy. We observed that segmenting tracts with a nearest neighbour strategy has a number of limita-
tions. Conversely, in this thesis we address the tract segmentation problem as a linear assignment problem (LAP),
a cornerstone of combinatorial optimization. With respect to nearest neighbor, the LAP introduces a constraint of
one-to-one correspondence that substantially improves the quality of segmentation. We draw from the literature of
algorithms for solving the LAP and adopt one of the most efficient solutions available. To this, we add a strategy
for merging correspondences coming from different examples, i.e. from different subjects, in order to account for
the anatomical variability across the population.

i



In order to implement graph matching and LAP for alignment and segmentation of tractograms, we needed to
address the very large computational cost due to the large number of streamlines involved. To reduce the amounts
of computations, in both cases we represented streamlines as vectors through a Euclidean embedding technique
called dissimilarity representation. With such representation, we obtained fast nearest neighbor queries through
the use of kd-trees, which were instrumental to dramatically reduce the amount of computations: from months to
minutes.
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Chapter 1

Introduction

In this chapter, we outline the problems and solutions described in the dissertation. We also provide some necessary
context to make the presentation accessible to a wide audience.

1.1 Research Context and Motivation

The human brain regulates all human activities by controlling the central nervous system (CNS). The CNS is
composed of two types of tissue: gray matter, known as cerebral cortex, and white matter. The core part of CNS
comprises the neurons, that is the nerve cells, which consist of three main parts: cell body, dendrites and axons.
Gray matter is composed of cell bodies and dendrites and serves the processing in the brain, while white matter
mainly contains the neuronal axons that are responsible for transferring the signal among different regions of the
brain [45]. The axons transfer the electrical impulse to other neurons through the axonal ending and dendrites. For
this reason, the neuronal axons within the white matter form the anatomical links between regions of the brain,
which are referred to as anatomical connectivity, or structural connectivity [78] [31]. The complete collection
of structural connectivity is referred to the structural connectome, which helps to understand the human brain
functionality [134]. The study of anatomical connectivity is crucial to understanding how the brain works. Such
study also helps characterize neurological diseases and supports pre-surgical planning. Therefore, research on
methods to investigate the white matter becomes essential in neuroscience and clinical applications.

Diffusion Magnetic Resonance Imaging (dMRI) [8] is a widely used technique for analysing human brain white
matter. DMRI provides information about the local orientation of white matter axons in each voxel of a brain image.
Reconstruction and tracking algorithms estimate the local orientation of axons at voxel-level and reconstruct the
approximate trajectories of the neural pathway as 3D polylines called streamlines. Thus, a streamline is a vectorial
representation of approximately 10,000 neuronal axons following the same path. The whole set of streamlines is
called tractogram and it represents the structural connectome of the brain. Moreover, streamlines belonging to the
same anatomical structure are called tract or bundle, such as the cortico-spinal tract or the arcuate fasciculus.

Statistical analysis of white matter tracts helps to study brain alterations related to diseases, aging, disorders
and language deficits [86]. The common approach to statistical analysis is to extract local diffusion properties,
for example fractional anisotropy (FA) or mean diffusivity (MD), from the tract and to perform quantitative anal-
ysis [100]. Such tract-based quantitative analysis is valuable as it takes into account the information from a set of
streamlines that belong to the same anatomical area. It is also valuable to observe the differences in the properties
of the specific tracts over a group of subjects. Dealing with a group of subjects generates two issues: how to
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align the subjects, called tractogram alignment problem, and how to extract the desired bundles, called tract
segmentation problem.

Tractograms of different brains need to be aligned for various purposes, such as group-analysis, segmentation,
and atlas construction [102]. Due to the variability of the human brain, the aligning of tractograms helps to deter-
mine which anatomical locations correspond across subjects. One of the main goals of this thesis is to investigate
the tractogram alignment problem.

In order to benefit from the quantitative analysis over the tracts, automatic extraction of the tract from the whole
brain tractogram is an important task [86]. In principle, grouping or organizing the streamlines into anatomically
meaningful tracts is known as tract segmentation problem. The task entails extracting a tract of interest from the
tractogram of a given subject in a way that is consistent with those of other subjects. In this thesis, we propose a
new method to address the tract segmentation problem.

In a healthy brain, it is expected that homologous anatomical structures are present across all subjects. Based
on this idea, the alignment of tractograms can be seen as the procedure after which homologous anatomical struc-
tures match. In the same way, segmenting tracts by transferring anatomical knowledge from the example tract
of one subject to the tractogram of a new subject can be seen as a procedure after which the desired tract in the
new subject matches the example. In this thesis, we exploit the recent idea of correspondence to implement the
procedure of matching. The idea of correspondence is in contrast to that of transformation, typical of standard reg-
istration methods, where streamlines undergo geometrical changes to increase similarity between subjects. With
correspondence, the tractogram (or tract) is divided in units, for example, streamlines, and the goal is to find which
units correspond across tractograms by optimizing some quantity of interest. With this map of correspondences, it
is possible to obtain accurate alignment and to segment tracts of interest from examples.

The correspondence problem can be defined as finding which element of a set matches the element of another
set [123]. The correspondence problem can be formalized as a combinatorial optimization problem [85]. Given
a loss function that measures the degree of mismatch of correspondence, the task is to explore the discrete com-
binatorial space of all possible correspondences to find the one that minimizes loss. The problem of finding the
minimum is extremely demanding, in terms of computations.

1.2 Problem Statement

In recent years, a large amount of research has been done to study white matter tractograms and tracts. This research
involves reconstructing the tractogram in a more accurate way, improving the alignment of the tractogram, finding
an efficient way to extract the tract, and developing tools to analyze the diffusion properties of the tract. The thesis
focuses on two of those problems: tractogram alignment and tract segmentation. In addition, we also discuss the
computational issues that arise when dealing with large tractogram datasets.

1.2.1 Tractogram Alignment

In multiple applications, such as group-analysis, segmentation, and atlasing, tractograms of different subjects need
to be aligned. The main purpose of the alignment is to match corresponding anatomical structures across trac-
tograms. The common approach to align the tractograms is registration, which means applying geometrical trans-
formation/deformation to the data. Current literature on tractogram registration can be divided into two groups:
voxel-based tractogram registration and streamline-based tractogram registration. Typically, in voxel-based trac-
togram registration, two tractograms can be aligned by first estimating a transformation between the corresponding
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volumetric images, such as T1, fractional anisotropy (FA, see [8]), or orientation distribution functions (ODFs,
see [116, 29]), and then by applying the transformation to the streamlines of the tractograms. Both linear and
non-linear methods have been proposed to register volumetric data, see [30]. In linear methods, an affine trans-
formation is usually estimated, for example with FSL/FLIRT, see [68], and then applied to the coordinates of the
streamlines. In non-linear volumetric transformations, the tractogram needs to be re-created after transforming the
dMRI data. The streamline-based approach has the advantage of directly using the streamline information of the
tractograms, instead of the volumetric image. Also, streamline-based approaches can be classified in linear and
non-linear registration. Linear methods have been proposed to directly register whole tractograms by finding an
affine transformation that minimizes a given loss function computed only from the streamlines [102, 55]. However,
the non-linear transformation of streamlines is currently very limited due to the high computational cost and, for
this reason, it is focused only on the tract/bundle alignment [168]. A comprehensive review of the literature on
tractogram alignment can be found in Chapter 2.

In the case of linear registration, both voxel-based and streamline-based, the results are often non satisfactory.
A single affine transformation can reconcile only part of the difference between the tractograms of two subjects.
Many differences remain at the local level, for example the systematic displacement of entire tracts, and thin-
ner/thicker or longer/shorter tracts. We demonstrate the limitation of linear registration methods with an example
in Figure 1.1, where the two tractograms, represented with 10000 streamlines each, are depicted in green and white
(see subfigure A). We registered the two tractograms with affine registration (see subfigure B), showing good over-
lap. In contrast, at the local level, the overlap may not be as good. Subfigures C and D show section 7 of Corpus
Callosum, before and after affine registration. In subfigure D, it is clearly visible that the overlap is still poor.

Even when using non-linear registration techniques at voxel-level or at streamline-level, we cannot find the
desired match due to two main drawbacks. First, with non-linear registration at voxel-level, it is mandatory to re-
create the tractogram from scratch, which entails a cost both computational and of expertise. Moreover, by creating
a new tractogram, we would lose the expert-made segmentations obtained on the old tractogram. Finally, there are
strong technical concerns about re-orienting the ODFs when applying the transformation, see [29]. Second, with
non-linear registration of streamlines, we cannot address full tractograms but only bundles, due to the excessive
computational cost, see [47].

In this work, we propose to avoid the transformations and to directly find the correspondence between stream-
lines between two tractograms, that is, to find which streamline correspond across two tractograms. We illustrate
the idea of correspondence with both simulated streamlines and real streamlines in Figure 1.2 and Figure 1.3
respectively. In Figure 1.2, two sets of five simulated streamlines are depicted in blue and red without any align-
ment (see subfigure A). After registration, (see subfigure B), the two sets match at the global level, even though
differences at the local level are still strong. In subfigure C, we show the concept of tractogram correspondence.
The two sets of streamlines are displayed with arbitrary displacement, and black straight lines show the correctly
identified corresponding streamlines across the sets. Figure 1.3 illustrates section 7 of Corpus Callosum, before
and after affine registration (see subfigures A and B), and correctly aligned with the correspondence as computed
by our proposed algorithm.

The algorithmic problem of finding the correspondence between streamlines of different tractograms can be
framed as a combinatorial optimization problem. In this regard, it requires both the definition of a loss func-
tion, that is, a function that scores the correspondence, and the exploration of the combinatorial space to find the
correspondence with the best score. The problem of defining the loss function is not straightforward, and the
huge dimensionality of the combinatorial search space, due to the large tractogram dataset, makes this problem
computationally very demanding.
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Figure 1.1: Two tractograms from two different subjects before (A) and after affine registration (B). Segmented
Corpus Callosum, section 7, from two tractograms before registration (C) and after registration (D).

  
a)

  

b)
  

(c)

Figure 1.2: Simplified sketch of affine registration vs. our proposed correspondence approach. We show two
tractograms of 5 streamlines each before registration (A), after affine registration (B) and the correspondence (C),
i.e. each streamline of one tractogram corresponds to one streamline of another tractogram. Connection are shown
with black arrow line.
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Figure 1.3: Our proposed correspondence problem with real data: Corpus Callosum section 7 of two subjects
before registration (A), after whole-brain affine registration (B), after whole-brain alignment through correspon-
dence.

1.2.2 Tract Segmentation

Several manual and automatic tract segmentation methods have been developed over the last few years. The
manual approach [96, 154], also known asvirtual dissection, is time demanding and limited to manual selection
of Region of Interest (ROIs). Automatic tract segmentation can be divided into three different groups: ROI-
based also known as parcellation-based, unsupervised clustering approach and supervised segmentation approach.
Automatic ROI-based tract segmentation requires linear or non-linear registration, which can cause loss of the
information present in the diffusion images [1, 167]. The unsupervised approach, also known as fiber clustering,
is one of the most widely used tractogram segmentation techniques in the literature [128, 54, 146, 118]. Clustering
methods mostly address the single-subject. Moreover, with clustering, there is no guarantee to obtain anatomically
meaningful tracts [138]. A comprehensive summary of the existing tract segmentation methods are discussed in
Chapter 2.

Supervised segmentation is an approach based on prior knowledge. Such knowledge can come from the models
or features of tracts/bundles [32]. In particular, models are built to describe tracts/bundles and not the whole
tractogram. Prior knowledge can also come from expert labelling of an anatomical atlas or from labelling clusters
of streamlines from multiple subjects, in a process of atlas creation, see [103, 152, 62, 162, 77]. Once the atlas
is available, the segmentation of the tract of interest in a new subject can be carried out. We present a detailed
methodology of the supervised segmentation approaches in Chapter 2.

Existing methods of supervised segmentation have some limitations, the main ones being the high computa-
tional cost [103, 152], the need to segment a large number of subjects to construct the atlas in case of multiple
atlases [62], and the dependency on the definition of threshold values [162, 77]. Moreover, a recently proposed
approach requires the labelling of individual streamlines, which is time consuming and depends on a very demand-
ing preprocessing [77]. In this literature, given a tract from one subject, the problem of finding the corresponding
streamlines in the tractogram of another subject has been addressed with a nearest neighbor (NN) strategy [162].

With the NN strategy, after co-registering the two tractograms, for each streamline of one tractogram the
corresponding one in the other tractogram is the geometrically nearest one, see [162]. This strategy is greedy,
because it aims to minimize the distance of each streamline individually, without taking into account the whole
anatomical structure the streamlines belong to. This is one of the reasons why we have observed that the NN
strategy provides poor results in many cases. In Figure 1.4, we show an example of this issue, where two segmented
tracts from two different (coregistered) tractograms, marked in white and green (subfigure A), are compared. In
subfigure B, the corresponding NN streamlines of the white tract are shown in blue. It is clearly visible that the
segmentation is poor, with a visibly inferior number of streamlines between the blue tract (NN) and the green tract
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Figure 1.4: Two segmented Corpus Callosum section 7 from two different tractograms in white and green (left)
and the nearest streamlines of the tract (in white).

(ground truth). This is another issue of the NN strategy: by always greedily selecting the closest streamline in the
new tractogram, multiple streamlines of the example tract frequently end up corresponding to the same streamline
in the target tractogram. For this reason, the number of streamlines of the estimated tract in the target tractogram
is always inferior or at most equal to that of the example tract, leading to a systematic and unrealistic thinning.

In this thesis, we address the problem of segmenting a single specific tract from the whole tractogram of a
new subject, using the prior information of the previous segmentation of the same tract/bundle from the tractogram
of multiple subjects. In essence, instead of creating an explicit mathematical model of the tract, our proposal is
to find which streamlines of the new tractogram belong to the desired tract using previous examples. Differently
from the NN strategy, we propose a non-greedy strategy that aims at finding corresponding streamlines by taking
into account the whole example tract when choosing each correspondence. In Section 1.3, we provide an intuitive
description of our solution.

1.2.3 Scalability Issues

The computation of NN has multiple applications in tractogram alignment and segmentation. In general, given
two co-registered tractograms and one streamline in the first tractogram, retrieving its closest streamlines in the
second tractogram has a high computational cost. The straightforward solution entails computing the distances
from the given streamline to all other streamlines in the second tractogram and then selecting the closest one. The
approaches currently adopted in the literature are more efficient than the straightforward solution and are based on
several pre-processing steps that may involve clustering, the definition of thresholds and the use of fast graphics
processing units (GPUs), see [162, 77].

When implementing efficient solutions for the NN strategy, streamlines are often transformed into vector with
a fixed dimension. Due to the different lengths and number of points, streamlines cannot be directly represented
as vectors all of the same dimension. Current solutions of the NN strategy re-sample all streamlines to a given
number of (3D) points, for example N = 20, thus creating an approximate representation in a vectorial space
of 3×N dimensions, for example 60 dimensions. Unfortunately, re-sampling causes loss of information (see
Figure 1.5 for an example). In the figure, the tract is shown before (subfigure A) and after re-sampling by applying
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Figure 1.5: (left) Corpus Callosum section 7 tract before resampling and (right) after resampling

the re-sampling with N = 10 points (subfigure B).

1.3 The Solution

In this section, we provide an intuitive description of our solutions for the problem of tractogram alignment and
supervised tract segmentation that are the main contributions of this dissertation.

1.3.1 Tractogram Alignment as Graph Matching

Contrary to the registration methods, we propose to solve the tractogram alignment problem as the tractogram
correspondence problem. When designing a strategy for alignment, defining the loss function is one of the crucial
aspects. To define the loss function, we propose to encode each tractogram as a large, fully-connected weighted
graph, where each node/vertex corresponds to a streamline and the weights of the graph’s edges are the distances
between streamlines within the same set. Given two tractograms, that is, two graphs, the original problem of
finding the correspondence between two sets of streamlines can be recast as the problem of finding corresponding
nodes/vertices between the two graphs, a famous combinatorial optimization problem called graph matching. In
this work, we provide an operational procedure to compute tractogram alignment based on a recent approximate
graph matching algorithm, specifically the doubly stochastic projected fixed-point (DSPFP) algorithm [84].

1.3.2 Tract Segmentation as Linear Assignment Problem

We address the tract segmentation problem as a streamline correspondence problem. We cast the problem of find-
ing corresponding streamlines as a Linear Assignment Problem (LAP). The LAP is a combinatorial optimization
problem that finds corresponding streamlines imposing a one-to-one constraint while minimizing the distances
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between corresponding streamlines. We adopted a variant of the well-known Jonker-Volgenant algorithm for Lin-
ear Assignment Problem (LAPJV) [12] to efficiently get the optimal solution of the LAP. Based on that, we also
propose a novel supervised tract segmentation method that segments the tract of interest in a new subject using a
set of examples (tracts) as prior information. Corresponding streamlines for each example are found through LAP
and combined into one desired segmented tract within the new tractogram using a ranking scheme.

1.3.3 Scalable Nearest Neighbour (NN) for the Tractogram

In this thesis, we also propose an efficient way to compute the NN of given streamlines. Such implementation is
needed to obtain an efficient implementation of graph matching and LAP, that is, for tractogram alignment and
tract segmentation. Our proposed procedure to compute the NN greatly simplify the computation both in terms
of time and the number of logical steps. Our procedure includes a vectorial representation of the streamlines of
the tractogram, based on the Dissimilarity Representation (DR) [106], and the construction of kd-trees from the
obtained vectors of the streamlines. Finally, by applying the efficient NN query of the kd-tree, we can quickly
retrieve the closest streamlines.

The DR is a technique to embed all streamlines in the same Euclidean space. The DR maps each streamline in
the vector of its distances with respect to a selected set of representative streamlines, called prototypes. This leads
to a vectorial representation of the streamlines, where the domain information is taken into account, provided that
an informative streamline-to-streamline distance function is available. A crucial step in the DR procedure is the
selection of the prototypes. Thus, given the large number of streamlines, a fast prototype selection algorithm is
also needed. For this purpose, we propose a domain-based heuristic that improves the general prototype selection
policy. This policy is a stochastic approximation of an effective algorithm for prototype selection that scales well
with the large collection of streamlines, see [106].

1.4 Innovative Aspects

This research is meant to improve the quantitative analysis over the tracts by exploiting the concept of tractogram
correspondence and by proposing efficient implementations to the resulting algorithmic problems. The main con-
tributions of the thesis are as follows.

1. Tractogram Alignment as Correspondence Problem: We introduce a different perspective on the trac-
togram alignment problem. In contrast to transformation-based registration methods, in this work we pro-
pose the novel concept of correspondence, the aim of which is to find which streamlines correspond trac-
tograms. We provide an operational procedure to find the optimal correspondence through a combinatorial
optimization problem.

2. Correspondence Problem as Graph Matching: We formulate the problem of tractogram correspondence
as a graph matching problem. We have shown that this kind of formulation dramatically improves the
results of the state-of-the-art algorithms. We propose to represent tractograms as graphs and we adopt a
recent inexact sub-graph matching algorithm to approximate the solution of the tractogram correspondence
problem.

3. Tract Segmentation as LAP: We propose a novel supervised tract segmentation method, that segments
the tract of interest in a new subject using a set of tracts as prior information. We show that streamline
correspondence is a powerful principle to transfer the anatomical knowledge of a given bundle from one
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subject to another. The computation of streamline correspondence is formulated as a LAP, a combinatorial
optimization problem that minimizes the distances between corresponding streamlines with a one-to-one
constraint. Our proposed supervised tract segmentation method is accurate, simple, efficient and faster than
other solutions in the literature.

4. Efficient Scalable Solution for NN: We propose an efficient and fast way to compute the NN of the given
streamline of one tractogram to another tractogram. Our proposed procedure to compute the NN greatly
simplifies the computation both in logical steps and time.

1.5 Thesis Outline

We have organized this thesis into two parts. The first part focuses on the goal of the thesis, background study,
problem statement, proposed methods, experimental results, and discussions, in seven chapters. The second part,
which consists of three chapters, includes the published works and the work done in preparation throughout the
period of the Ph.D. program.

Chapter 2 provides a background study focusing on five different topics: i) diffusion magnetic resonance imag-
ing (dMRI) ii) diffusion Models, iii) tractography algorithm, iv) tractogram alignment, and v) tract segmentation.
The chapter is organized as follows. Section 2.1 introduces the human brain anatomical connectivity, the basic
principle of diffusion MRI. The various techniques for diffusion model estimation are presented in Section 2.2. In
Section 2.3, we describe different tractography algorithms. We introduce tractogram registration and discuss the
SOA of the registration techniques and their limitations in Section 2.4. Subsequently, in Section 2.5 we discuss the
existing tract segmentation approaches in the literature. In Section 2.6 we summarize the contents of this chapter.

Chapter 3 presents the mathematical formulation of the tratcogram registration problem and the tract segmen-
tation problem. There, we also present the formulation of the correspondence problem. For this purpose, first we
introduce the notation for representing streamlines, tractograms and streamline distance functions in Section 3.1.
Then, we give a general formulation of the tractogram registration problem and provide the basic terminology for
the formulation of the tractogram correspondence problem in Section 3.2. Finally, we provide the formulation of
the tract segmentation problem in Section 3.3.

Chapter 4 presents our major contributions for tractogram alignment and the tract segmentation problem. This
chapter is organized into three sections based on each of the contributions. We formulated the tractogram alignment
problem as the graph matching problem. In Section 4.1, first, we introduce the basic terminology of the graph
matching problem, including the properties of the graph. Then, we discuss the similarity of the correspondence
problem with the graph matching problem and the formulation of the tractogram alignment as graph matching. We
briefly discuss the existing methods for the approximate solutions of the graph matching problem. We present the
details of the efficient solution that we adopted from the recent literature, that is, the Doubly Stochastic Projected
Fixed-Point (DSPFP) algorithm. In Section 4.2, we introduce the linear assignment problem (LAP) and present the
formulation of the tract segmentation as linear assignment problem. We present a brief summary of the existing
solutions of the LAP and a detail description of the adapted Jonker-Volgenant algorithm (LAPJV) algorithm. To
conclude, in Section 4.3 of this chapter, we present our contribution about the efficient, scalable solution for
the nearest neighbour computation for the tractogram. In this case, the proposed method uses the dissimilarity
representation (DR) and the k-d tree structure which we introduce at the beginning of the section.

Chapter 5 presents the description of the dataset used for the experiments, as well as the method for generating
the ground truth data. We use the Human Connectome Project (HCP, see [150]) dMRI dataset, which is publicly
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available. Details of the dataset along with the methods used for the tractogram generation are provided in Sec-
tion 5.1. We use the White Matter Query Language (WMQL, see [157]) for the ground truth tracts labelling. We
briefly discuss the use of the WMQL and the anatomical background of the segmented tract with the WMQL in
Section 5.2.

Chapter 6 presents the experimental results conducted to prove our proposed methodologies, for example trac-
togram alignment as graph matching and tract segmentation as the linear assignment problem. A large amount of
experimental analysis was conducted for validating our proposed concepts and is fully reported in the papers of
Part II. In this chapter, we report a meaningful subset of the Experiments. We describe in detail how the experi-
ments were conducted for alignment and segmentation. In both cases, we compare our proposed methods with the
state-of-the-art methods. In Section 6.1 and Section 6.2, we report the experimental results of the tractogram cor-
respondence and tract segmentation, respectively. In Section 6.3 we demonstrate the running time for our proposed
scalable NN solution.

Chapter 7 summarizes the thesis by discussing the results presented in Chapter 6 and presenting the conclusion
of the contributions and some potential future directions of our proposed methods. Additionally, we discuss the
limitations of our proposed methods.

Part II: Published and Submitted Work
Chapter 8: The work described in this chapter is based on our contributions on tract segmentation. We propose

a novel supervised tract segmentation method which comprises a manuscript of the segmentation method. This
manuscript is under review. The details of the manuscript are as follows: Nusrat Sharmin, Emanuele Olivetti,
and Paolo Avesani. White Matter Tract Segmentation as Multiple Linear Assignment Problems.

Chapter 9: The work described in this chapter is based on our contributions to the tractogram alignment
problem. The work is published in Frontiers in Neuroscience, 2016. The details of the publication are as follows:
Emanuele Olivetti, Nusrat Sharmin, and Paolo Avesani. Alignment of Tractograms As Graph Matching. Frontiers
in Neuroscience, 2016.

Chapter 10: The work described in this chapter is published in the Computational Diffusion MRI (CDMRI),
MICCAI Workshop. This work is based on the tract segmentation with the concept of the corresponding stream-
lines. This work showed a powerful principle to transfer the anatomical information from one brain to another
through the streamlines correspondence. In addition, the streamline correspondence proves our claim that align-
ment can not only align tractograms but also provide useful information. The details of the publication are as
follows: Nusrat Sharmin, Emanuele Olivetti, and Paolo Avesani. Alignment of Tractograms as Linear Assign-
ment Problem. Computational Diffusion MRI (CDMRI), Mathematics and Visualization, pages 109-120. Springer
International Publishing, 2016.

Appendix A: This appendix contains the supplementary material of the article in Chapter 9.
Appendix B: This appendix contains the experimental results for the prototype selection of the dissimilarity

representation as a part of a scalable solution for the nearest streamline computation. It is part of the following
publication: “Diana Porro-Munoz, Emanuele Olivetti, Nusrat Sharmin, Thien Bao Nguyen, Eleftherios Garyfal-
lidis, and Paolo Avesani. Tractome: A Visual Data Mining Tool for Brain Connectivity Analysis. International
Journal of Data Mining and Knowledge Discovery (DAMI), 2014.”



Chapter 2

Background

Overview

This chapter provides a background study focusing on five different topics: i) diffusion magnetic resonance imag-
ing (dMRI), ii) diffusion models, iii) tractography algorithms, iv) tractogram alignment, and v) tract segmentation.

Diffusion magnetic resonance imaging (dMRI) is a unique, noninvasive technique for analysing human brain
white matter. We first present the fundamental theory of the human brain anatomical structure and the basic
principles of the diffusion, followed by a brief description of the diffusion imaging. From the diffusion imaging, it
is possible to measure the local orientation of the neural axons of the white matter into the voxel. We continue the
discussion with a review of the techniques used to model the diffusion signal into the voxel. We start the discussion
with the diffusion tensor model (DTI), followed by the high angular resolution diffusion imaging (HARDI).

Next, we introduce the tractography algorithm or the tracking algorithm, a technique that integrates the dif-
fusion signal within each voxel. By integrating the diffusion signal, the tractography algorithm reconstructs the
three-dimensional trajectories of white matter axons, known as streamlines. A set of streamlines is called Trac-
togram, which is the input dataset of this thesis. However, the tractography algorithm can be categorized as the
local and global approaches, where the local approaches can be deterministic and probabilistic.

The tractography algorithm generates the number false-positive streamlines. Hence the post-processing of the
tractogram has been developed recently. We briefly discuss the tractogram post-processing methods.

In this chapter, we also present the state-of-the-art (SOA) of two main research problems of tractogram data
analysis: tractogram alignment and tract segmentation. We aim to investigate these two problems in this thesis.
In order to perform the investigation thoroughly, we review the existing methods of tractogram registration (also
known as tractography registration), which is a common approach to align the tractogram. For the discussion of the
registration techniques, we divide the existing methods into two large categories: voxel-based and streamline-based
registration. With each category of registration, we also discuss the advantages and limitations of the methods.

Next, we discuss the existing techniques of tract segmentation by dividing it into three different categories:
region of interest (ROI) based segmentation, unsupervised clustering techniques and supervised tract segmentation.
The pros and cons of each type of segmentation method are presented in the review of the methods.
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Organization of the Chapter

The chapter is organized as follows. Section 2.1 introduces the human brain anatomical connectivity, the basic
principle of dMRI. The various techniques for diffusion model estimation are presented in Section 2.2. In Sec-
tion 2.3, we describe different tractography algorithms. We introduce tractogram registration and discuss the SOA
of the registration techniques and their limitations in Section 2.4. Subsequently, in Section 2.5, we discuss the
existing tract segmentation approaches in the literature. In Section 2.6, we summarize the contents of this chapter.

2.1 Diffusion Magnetic Resonance Imaging (dMRI)

In the following Subsections, we describe brain anatomical connectivity, the basic principle of diffusion imaging.
Before starting the discussion in detail, it is worth noting that the terms dMRI, diffusion imaging, diffusion-
weighted magnetic resonance imaging (DW-MRI), and diffusion-weighted imaging (DWI) all refer to diffusion-
weighted magnetic resonance imaging.

2.1.1 Brain Anatomical Connectivity

  

   

Gray Matter

White Matter

Figure 2.1: White Matter and Gray Matter of the brain. Image is adapted from NIH Medline 1

The most important and complex part of the human body is the brain, which can be divided into three parts:
telencephalon (composed of two cerebral hemispheres), diencephalon (a group of structures located deep within
the cerebrum) and brain stem [63]. The human brain regulates all human activity by controlling the central nervous
system (CNS). It contains different elements, such as blood, cerebrospinal fluid (CSF), white matter (WM), and
gray matter (also known as cerebral cortex). White matter and gray matter [45] (see Figure 2.1) are the two tissue
elements of the CNS. In Figure 2.1, gray matter is the pinkish-grey color in the living brain, or the cortex, the
various parts of which are connected by the white matter. Magnetic Resonance Imaging (MRI) [8] of a brain reveals

1http://multiple-sclerosis-research.blogspot.com/2015/01/education-whats-mri.html

http://multiple-sclerosis-research.blogspot.com/2015/01/education-whats-mri.html
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information about the gray and white matter structures, and diffusion-weighted magnetic resonance imaging (DW-
MRI) provides the anatomical information about the white matter structure.

The core component of the CNS is the neurons (nerve cells), which are responsible for communication and
information processing within the brain [60]. A neuron is composed of three parts: the cell body or soma and two
processes: the dendrites and the axon (see Figure 2.2). The processing of the brain takes place in the gray matter,
which is composed of cell bodies and dendrites, while white matter is composed of billions of myelinated axons
which connect various gray matter areas of the brain to each other. The axons transfer the electrical impulse to the
other neurons through axonal endings and dendrites. In this way, axons create a wiring system, which is referred
to as a brain connecting cable, to transfer signals to different regions of the brain. This wiring system is known
as the white matter architecture or the anatomical connectivity [135]. More precisely, the complete collection of
the white matter neural axon in a large volume is called the connectome [134]. The anatomical connectivity varies
across subjects and plays an important role in identifying mental diseases, and neurological or neuropsychiatric
diseases. Research on white matter structure and organization is therefore essential for neuroscience.

Figure 2.2: Structure of the neuron: basic components of the neuron, including the nerve cell body, dendrite,
nucleus, axon, myelin sheath, node of ranvier and axon terminal. Figure is adapted from Wikimedia Commons

2.1.2 Principles of Diffusion Imaging

Diffusion Basics

Due to the internal thermal energy, water molecules present the random translational motion, called the Brownian
Motion [8]. On a macroscopic scale, this motion can be interpreted as the diffusion phenomena, which is a physical
process essential for the normal functioning of living systems. The diffusion of molecules can be free or restricted,
and can be categorized as isotropic or anisotropy. In the case of fluids and some homogeneous solid materials, the
diffusion can be the same in every direction, which is known as isotropic, while in the case of biological tissue,
molecules can move in a specific manner in a given direction, which is referred to as anisotropic diffusion.

The amount of diffusion depends on the size of the molecules and the temperature. In 1905, Einstein proposed
to use a probabilistic framework for demonstrating the description of diffusion motion [63]. According to Einstein’s
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diffusion equations, the mean square displacement (r) of the molecule during observation time (t) can be derived
as follows:

r2 = 6Dt (2.1)

where D is the diffusion coefficient and the unit of measurement of D is mm2s (meters squared per second).

In the case of free diffusion, the probability distribution function of the mean square displacements (r) is the
Gaussian distribution, which can be represented by the following equation:

p(r, t) =
1√

(4πt)3D
e−

rT r
4tD (2.2)

where p(r, t) is the probability function of the motion of particle, which is also known as the diffusion propa-
gator [42].

In the case of the human brain, the motion of the water molecules strongly depends on the surrounding mem-
branes. Membranes from the boundaries restrict the motion of the water molecules, which leads to lower diffusion
coefficients than free diffusion coefficients in an unbounded area.

Diffusion Imaging

In DW-MRI, the diffusion coefficient is not compute directly; instead, the average square displacement is mea-
sured within each voxel, that is, the three-dimensional volume element. However, as mentioned above, due to the
presence of cell membranes, inclusions, and macromolecules in the tissue, the mean displacement of molecules
computed (computed by Equation 2.1) appears to be low. This is referred to as the apparent diffusion coefficient
(ADC) [52]. Moreover, the average displacement of molecules within the voxel (due to the fact that a very large
number of molecules are present in each voxel) is measured by a diffusion displacement probability function, which
is referred to as an ensemble-average propagator (EAP) of water molecules [63].

DW-MRI [8] acquisition is very challenging as it needs high-quality raw dMRI. Measuring diffusion using
magnetic resonance imaging (MRI), therefore, is about the physics of the acquisition and dealing with the imper-
fections of the diffusion sequence. It is beyond the scope of this thesis to present the physics of the diffusion MRI,
rather we will present an intuitive process to capture the diffusion signal with the MRI.

A current standard method for computing the diffusion with MRI is the pulsed gradient spin echo (PGSE)
sequence which was introduced by Stejskal-Tanner in 1965 [63]. It measures the diffusion by estimating the
displacement of particles during different phases of the acquisition process. Diffusion signal can be defined by the
Stejskal-Tanner formula under the assumption of the Brownian Motion as follows:

Sb = S0e−bD (2.3)

where S0 is the baseline image without any diffusion weighting, D is the ADC and b-value is the diffusion
weighting parameter to tune the diffusion attenuation of the DWI. b-value is the key parameter in the DWI and is
required to acquire the images properly and is measured in s/mm2.

In order to estimate the EAP, q-space imaging has been proposed by Callaghan [22]. q-space imaging is a
DW-MRI technique to study the diffusion distribution which has the Fourier relation with the EAP.
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2.2 Diffusion Models

DMRI allows for the investigation of the microscopic diffusion of water molecules in vivo which reveals the
microstructure properties of the underlying tissue. In order to acquire these images, we need different diffusion
images with magnetic field gradients applied in various directions. Then, a reconstruction step is used to measure
the 3-D diffusion probability density function (PDF) from the sequence of acquired images with different gradients.
Hence the main purpose of the reconstruction is to compute the information about the spatial distribution of the
diffusion signal within each voxel [52].

A reference method for computing the diffusion signal is diffusion tensor imaging (DTI) [8]. However, the
evolution of MRI techniques introduces an acquisition method based on high angular resolution diffusion imaging
(HARDI) [42], which is now the central part of a large number of neuroscientific studies. We will briefly present
the review of the reconstruction models in the following subsection. A more detailed overview of the diffusion
model can be found in [63, 42, 6, 41].

2.2.1 Diffusion Tensor Model

The Diffusion tensor (DT) model has rapidly grown and is a promising method for the diffusion signal reconstruc-
tion [52]. The DT used by the diffusion modality is known as the diffusion tensor MRI,Diffusion Tensor Imaging
(DTI) or Diffusion Tensor-Magnetic Resonance Imaging (DT-MRI) [8].

In the human brain, particularly in white matter, the apparent diffusion is not isotropic, but anisotropic [41]. In
the case of anisotropic, water molecules cannot be characterized by a single ADC, meaning that a scalar D is not
sufficient to describe the diffusion. The anisotropy nature of the diffusion can be handled by using three diffusion
images along three orthogonal diffusion directions (x,y,z) and a baseline image without diffusion. Thereby, diffu-
sion images can be represented by the Sx, Sy, Sz and S0. With these images, by solving the equation 2.3 three times
and then by computing the geometric average, the ADC is estimated. Based on this fundamental concept of the
ADC, in 1994, the diffusion tensor was proposed to model the diffusion properties of the biological tissues.

Mathematically, the DT can be represented by a 3×3 symmetric, positive-definite matrix. The DT is defined
as follows [8]:

DT =




Dxx Dxy Dxz

Dyx Dyy Dyz

Dzx Dzy Dzz


 (2.4)

Due to the symmetric nature of the diffusion tensor, six tensor coefficients (three diagonal and three non-
diagonal) are sufficient to represent the diffusion properties of the water molecules. Moreover, by using these six
coefficients, the displacement distribution of water molecules can be shaped as an ellipsoid [52]. The three eigen-
values of the diffusion tensor, denoted as λ1, λ2, λ3, describe the diffusion rate along with the three principal axes
of the ellipsoid. The main eigenvector indicates the fiber’s direction. However, the DT model has an assumption
that the probability distribution of the water molecules follows the Gaussian distribution with its three orthogonal
eigenvectors [8].

Parameters Derived From the Diffusion Tensor:

Several diffusion properties can be derived from the DTI. Two important and commonly used properties derived
from the DTI are the mean diffusivity (MD) or ADC and the fractional anisotropy (FA) [52]. The MD [8] is
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the average diffusion rate in all directions, defined as the average of the eigenvalues. MD can be represented as
follows:

MD =
trace(DT )

3
=

(λ1 +λ2 +λ3)

3
(2.5)

where trace(DT ) is the trace of the tensor.

The most used parameter for the anisotropy in DTI is FA. The FA [8] is the scalar metric used to characterize
the presence and absence of a preferred direction of diffusion in diffusion imaging. FA can be defined as follows:

FA =

√
3
2

√
((λ1−MD)+(λ2−MD)+(λ3−MD))

(λ1 +λ2 +λ3)
(2.6)

FA values vary between 0 and 1. The 1 implies very anisotropic and 0 means completely isotropic [52].

Both FA and MD are used for statistical analysis of white matter structure in clinical studies, for example,
alterations related to diseases, aging, disorders, and language deficits [86].

DTI Limitations

Although neuroscientists and clinicians commonly use the DTI model, it has some limitations in practice.

DTI is limited in addressing the diffusion characteristic of the white matter structure in the proper way [42].
More precisely, the Gaussian diffusion model assumption is the most important limitation of DTI. Under this
assumption, every imaging voxel can contain a single-fiber population, which is not sufficient, as most of the
voxels (over 90% of the white matter voxels) contain multiple crossing fibers [117]. Hence, DTI has the limitations
of imaging voxels of multiple fibers, for example, fanning and crossing (see Figure 2.3). Moreover, for multiple
fiber crossings and high curvature, the DTI model is no longer Gaussian and violates the assumption of the DTI
model [42].

Figure 2.3: An example of crossing fibers (left) A ROI is shown in the axial FA map (middle) Results obtained
after diffusion tensor model (right) Results obtained using spherical deconvolution [144]. Images are adapted from
CDMRI invited talk by J-Donald Tournier 2

Figure 2.3 (left) shows a ROI (rectangular with yellow) located in the axial FA map, the reconstruction of the
ROI by applying the diffusion tensor model (middle), and the spherical deconvolution (right), see Section 2.2.2.
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The figure clearly shows that the diffusion tensor model is unable to recognize the presence of the multiple fiber
orientations.

2.2.2 High Angular Resolution Diffusion Imaging (HARDI)

To overcome the limitations of the DTI model, high angular resolution diffusion imaging (HARDI) has been
developed. The goal of HARDI is to solve the crossing fibers problem of DTI and provide new anisotropy measures
beyond the classical FA derived from the DTI. To fulfill this purpose, HARDI acquires more information about the
diffusion weighted images by capturing the higher angular frequency features of the diffusion weighted signal. In
this way, reconstruction models based on HARDI acquisition allow for better representation of the complex fiber
geometry.

A number of reconstruction methods have been proposed based on the HARDI acquisition protocol. Proposed
methods can be model-free (nonparametric) and model-based (parametric) [42]. In principle, model-based methods
take into account the biological assumption. Based on such assumptions, they build the diffusion model of the water
molecule, while model-free methods work without any physical assumptions about the tissue properties.

Following, we will present the existing reconstruction methods based on HARDI techniques in the literature.
Note that we do not intend to provide the mathematical details of the model; instead, we will discuss the features
and limitations of the model.

Diffusion Spectrum Imaging (DSI)(Model-free Approach): In the context of HARDI imaging, the most im-
portant aspect is the Fourier transform relationship between the q-space (diffusion space) and the real space prob-
ability distribution function that describes the diffusion process of the water molecules [42]. However, one of the
most important features of the diffusion propagator is the diffusion Orientation Distribution Function (dODF) [63].
Diffusion spectrum imaging (DSI) aims to reconstruct the dODF [63].

In principle, the ODF is a function on the sphere that can be represented with evenly distributed points and gives
the idea for the dominated direction [52]. With regards to the diffusion data, ODF gives the probability diffusion
of the water molecules in a given direction. Accordingly, dODF is a function on the solid sphere describing the
average probability of the diffusion of the water molecules into any solid angle. dODF consists of the full angular
information of the diffusion probability displacement function [52].

DSI is one of the most accurate methods of estimating the dODF, but a long acquisition time makes this method
incompatible for medical applications [6]. To overcome DSI limitations, single-shell HARDI techniques [41] have
been developed to efficiently extract the diffusion PDF and ODF.

Single-shell HARDI Techniques:

To overcome the fiber crossing problem, single-shell HARDI techniques were proposed with the aim of requiring
less scan time without major hardware requirements [42]. Typically, the diffusion signal is acquired through
uniformly distributed gradient directions on a single-shell of b-value (or a single-shell of q-space). Based on the
single shell acquisition, the aim of HARDI reconstruction is to have an angular function which maxima is aligned
with the fiber structure.

Moreover, compared to DSI, the single-shell HARDI requires less time due to the fact that samples are taken
on a single sphere in diffusion space [42]. In general, single-shell HARDI reconstruction can be categorized into
two groups: model-free and mixture model-based techniques.
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Mixture Model-based Approach: In mixture model-based approaches, distinct fiber populations are modeled
separately.

The multi-tensor or multi-Gaussian model is the simple natural extension of the DTI method with more than
one tensor per voxel [63]. It assumes that mixtures of Gaussians can describe the diffusion PDF. Several methods
proposed based on the multi-tensor model can be found in [92, 71]. Another important mixture model is the Ball-
and-Stick model [63]. This method is based on the assumption that water molecules in an imaging voxel belong
to two types of population: a restricted population and a free population. Gaussian distributions and isotropic
Gaussian distribution are used for the restricted and free population, respectively. The approach extends to a
mixture of restricted compartments, which are able to recover multi-fiber compartments. The ball-and-stick model
is available in FSL, http://fsl.fmrib.ox.ac.uk/fsl/fslwiki.

Although mixture models lead to a more complex computation, it extracts the accurate diffusion features from
diffusion MRI, which doesn’t require any additional post-processing [6]. Nevertheless, all of these methods suffer
from a priori selection about the number of compartments and also sensitive to the noise [6].

Spherical Deconvolution (SD) (Model-based): The Spherical Deconvolution (SD) [144] methods generalized
the mixture model-based method by assuming a orientation of fiber distribution, instead of distinct fiber orientation.

The original SD method was proposed in 2004. It assumes that a diffusion signal can be generated by a single-
fiber response function, which is convoluted with a distribution of fiber orientations. The main idea is to measure
the response function of a single fiber and view the HARDI signal as the convolution of the response function. It
proposes using spherical harmonics and rotational harmonics to parametrize the signal and fiber response function,
respectively. The response function used as the deconvolution kernel, which is estimated from the data [42]. This
method can consider as a model-based method, as it requires a deconvolution kernel. However, the SD method
estimate the fiber orientation distribution function (fODF) [144], which is a variant of the ODF function.

The basis of the SD estimation is linear and very fast to compute. As a limitation, the choice of deconvolution
kernel is empirical and based on prior assumptions of the data [42]. Moreover, SD methods are very sensitive to
noise.

Due to the linear solution of the SD estimation, it suffers several limitations, including the negative fiber ODF
values. The original SD improves with nonlinear methods that can deal with the negative diffusion signal values
during the deconvolution process. Therefore, to ensure the positivity, a constrained regularization needs to be
added. In this way, the Constrained Spherical Deconvolution (CSD) [142] method has been proposed. The CSD
method is used to obtain high-quality fODF from the HARDI data, and it has become one of the most widely used
methods for obtaining the fiber orientation of white matter. The implementation of CSD is available in MRtrix 3

and Dipy 4. In this thesis, we used the CSD to reconstruct the diffusion signal.
To conclude, Figure 2.4 illustrates crossing fiber reconstruction through different reconstruction techniques.

It shows the diffusion tensor is flat and limited. We also observe that the crossing fibers can be reconstructed
efficiently with ODF and fODF.

Peak extraction from the ODF: In order to approximate the direction of the fibers, the principle directions of
the fiber ODF or peaks (local maxima) are extracted from the ODFs. The peaks extracted from the ODFs are
interpreted as the principle direction of the underlying fiber direction. In general, the local maxima of the ODFs
are computed by selecting a large number of points on the sphere and searching the neighbors within a fixed

3http://www.mrtrix.org/
4http://nipy.org/dipy/

http://fsl.fmrib.ox.ac.uk/fsl/fslwiki
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Figure 2.4: Crossing fiber reconstruction with different reconstruction methods [from [42]]

radius [48]. Based on this basic approach, several methods have been proposed to compute the peaks [40, 71, 98].
However, finding the peaks is crucial when the ODFs are noisy and many local maxima present in there.

Multi-shell HARDI

In order to improve the ODF angular estimation, the extra amount of diffusion-weighted images need to be in-
cluded. Therefore, several methods have been proposed based on multi-shell HARDI acquisition.

Multi-shell Constrained Spherical Deconvolution: Increased interest in acquisition of the HARDI has lead to
the extension of the single-shell CSD method to handle the multi-shell data [70]. The multi-shell data incorporates
into the CSD by estimating the multi-tissue ODFs. The resulting approach is referred to as the multi-tissue CSD
(MSMT-CSD). In contrast with the single-shell CSD, MSMT-CSD can provide information about WM, gray matter
(GM) and CSF through the fODF estimates in the voxel. MSMT-CSD increases the precision of the fODF fiber
orientations of the WM and decreases the presence of the fODF containing the GM/CSF. Thus MSMT-CSD has
the advantage in estimating the high-quality fODF in each voxel.

3D Simple Harmonic Oscillator Based Reconstruction (3D-SHORE): In 2013, the 3D Simple Harmonic
Oscillator based reconstruction (3D SHORE) [93], was proposed, in the class of multi-shell HARDI techniques.
With the 3D-SHORE method, it is possible to continuously represent the diffusion signal. However, it allows to
estimate the diffusion properties, such as EAP and ODF. Additionally, it shows a good perspective to measure the
diffusion signal within a clinically feasible acquisition time.

HARDI Limitations

Although the estimation of diffusion signal with HARDI reconstruction is very promising, it is far from being
used in clinical purposes. In other words, HARDI-based measures are yet to make a significant mark in clinical
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applications, where DTI is mostly used.
HARDI requires longer acquisition time compared to the DTI, which needs to be justified before it can be used

in clinical applications. Besides the longer acquisition time, HARDI techniques also cannot differentiate between
the crossing, kissing and branching fiber configuration within an imaging voxel [42] (see Figure 2.4). However,
the new multiplex MRI scanner is shortening the acquisition time, which give a strong motivation for the HARDI
reconstruction.

2.3 Tractography Algorithm

Tractography algorithms or tracking approximate the white matter pathway, by using the directional information
from diffusion measurements. The polylines, as representations of the trajectories of the white matter pathway, are
known as streamlines or tracks. A streamline, in this context, is a vectorial representation of thousands of neuronal
axons. The whole set of streamlines from the full brain is called tractogram. Hence the output of the tractography
algorithm is the set of sreamlines in 3-D space. In Figure 2.5, an example of generating the streamline from the
orientation of the signal within voxels is presented.

Figure 2.5: Tracking from the diffusion tensor direction information: visualization of the orientation of each
voxel from tensor direction information, color encoded from the FA image. The trajectories show the streamline
reconstructed by connecting the set of voxels based on the direction in DTI [from [63]]

In recent years, a large number of tracking algorithms have been proposed in the literature. Tractography
algorithms can be categorized as local (further subdivided into deterministic and probabilistic) and global [135].
In the following Subsection, we discuss the tractography algorithm based on the local and global approach.

2.3.1 Local Approaches for Tractography Algorithm

Local tracking algorithm uses the local diffusion orientation at each voxel to determine the white matter path-
way [63]. It adapts the local greedy criteria to propagate a streamline. According to the local greedy criteria, the

4http://cmic.cs.ucl.ac.uk/cdmri10/invited_tournier.pdf

http://cmic.cs.ucl.ac.uk/cdmri10/invited_tournier.pdf
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Figure 2.6: Whole brain tractogram with deterministic tractography algorithm based on the EuDX [from [52]]

streamline reconstruction starts from an initial starting (seed) point and sequentially follows with the local diffusion
orientation in adjacent voxels.

In general, a local tractography algorithm includes key parameters such as seed selection, maximum and min-
imum streamline length, masking or stopping criteria for terminating a streamline, and the minimum radius of
curvature allowed for building each streamline [36]. Of these, the two most important parameters are the seeding
and the stopping criteria. These two parameters have a huge impact on the number of streamlines and the density
of the streamline per voxel.

Seeding: Local tracking algorithms require a starting point, which is referred to as seeding, to initially start the
propagation of the streamline. In general, seeding can be ROI seeding or white matter mask [63]. In both cases, a
defined number of seeds are placed in each voxel to reconstruct the polyline and from each seed point, a streamline
is propagated.

Stopping Criteria: Stopping criteria gives an intuition of when the streamline propagation needs to stop [63].
Two different approaches are primarily used in the tracking algorithm as stopping criteria: i) based on white matter
mask, (ii) based on the maximum curvature threshold. The stopping criterion based on white matter mask is mainly
the threshold mask of FA. With the white matter mask, in the case of low anisotropy, the tracking stopped due to
the fact that uncertainty of the principal diffusion direction is high at that point. Nevertheless, low anisotropy
sometimes occurs due to the crossing fiber per voxel. In that case, many true positive pathways may not be
revealed with the stopping criteria. A second common stopping criterion is the maximum curvature threshold. The
curvature threshold aims to avoid fast change in the streamline direction as the white matter fibers do not represent
high curvature. In addition, another stopping criteria proposed in [129] uses anatomical information from the
anatomical-contrast images to determine where the streamline needs to terminate. The presence of the anatomical
information can exploit the seeding for tracking from the gray matter and white matter interface. The tractogram
generated with this anatomical constraint is known as the anatomical-constrained tractography (ACT).

The local tractography algorithm can be divided into two subcategories: the deterministic streamline tractog-
raphy and the probabilistic streamline tractography [135]. Following, we present the algorithms proposed in the
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literature in both categories.

Deterministic Streamline Tracking algorithm

The deterministic tracking algorithm [9] is a simple and fast algorithm to propagate the streamline. In general, the
deterministic tracking algorithm uses the most probable direction of diffusion model to integrate the trajectories
and propagates streamlines by making a series of discrete local optimum decisions. Deterministic tracking initially
was applied with the DTI reconstruction model but was later extended to utilize the multiple orientations estimated
in single voxel by the HARDI reconstruction.

Following we discuss different deterministic tracking algorithms by underlying whether they work with the
tensor or the HARDI methods.

In the case of DTI-based deterministic tracking, tensors are computed through the diffusion tensor reconstruc-
tion models, then the tractography algorithm takes the direction from the tensor to generate the streamline. One
of the earliest algorithms in the class of deterministic tracking algorithms is the Fiber Assignment by Continuous
Tracking (FACT) [94], which is based on the DTI reconstruction. The FACT algorithm starts from an arbitrary
point in the white matter and propagates in both backward and forward directions. Like the DTI reconstruction,
FACT tracking has the limitation for tracking the cross fiber in the voxel. Other methods that have also been
proposed in this class by differentiating between different tracking algorithm parameters can be found in [34, 95].

As the HARDI reconstruction method can overcome the limitation of the crossing fiber within a voxel, an
extension of the deterministic streamline tractography algorithms has also been proposed based on the HARDI
reconstruction in the literature. In that case, tracking algorithms utilize the multiple fiber orientations in a single
voxel. The proposed deterministic tracking algorithms were based on the classical diffusion ODF reconstruction
from q-ball imaging (QBI), the principle direction of the dODF was computed from the DSI, and the fODF from
the spherical deconvolution, etc [23].

In 2012, the EuDX (Euler integration Delta function fiber crossings) algorithm [52] was proposed. The EuDX
algorithm can be applied with both the DT and the ODF model reconstruction from the HARDI. In the case of
HARDI reconstruction, any number of crossing fibers can be used for the tracking, depending on the reconstruction
methods. As the EuDX algorithm places more emphasis on the reconstruction model, it becomes a robust algorithm
to inspect the different reconstruction results using the streamlines. EuDx algorithm is available in Dipy http:

//nipy.org/dipy/. Figure 2.6 shows the tractogram generated with the deterministic EuDX algorithm.

Another deterministic streamline tracking algorithm with the HARDI reconstruction was proposed in [140].
The fiber orientation was estimated from the FOD and tracking was processed with the orientation of the nearest
FOD peaks. This algorithm is available in http://www.mrtrix.org/ and is referred to as the SD_ST REAM or
iODF1 in MRtrix.

Limitations: Although the deterministic algorithm is simple and very fast, it has some limitations. Deterministic
algorithms have a conservative strategy in choosing directions at each step of streamline generation. The consistent
choice of the maximum peak of the reconstructed model of voxel diffusivity neglects the uncertainty of its estima-
tion process. It should be worthwhile to explore directions that are close to the maximum peak. A less restrictive
strategy in choosing the direction of a streamline may reduce the consequences of the error in reconstructing the
model of voxel diffusivity.

To overcome the limitation of the deterministic algorithm, probabilistic tractography algorithms have also been
proposed.

http://nipy.org/dipy/
http://nipy.org/dipy/
http://www.mrtrix.org/
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Probabilistic Streamline Tractography algorithm

Figure 2.7: A simplified 2D example to distinguish between the deterministic and probabilistic tracking algorithm:
(i) the yellow line depicted a single trajectory generated by the deterministic tracking algorithm, (ii) three possible
pathways, generated by the probabilistic tracking algorithm, (iii) probabilistic and deterministic tracking with a
very simple example with weights of the direction, shown by a given example. Image taken from [52].

The probabilistic tracking approach [10] is currently one of the most promising streamline tracking algorithms
to generate the tractogram. It mostly uses the orientation distribution function and its variants, for example, dif-
fusion Orientation Distribution Function (dODF), fiber orientation distribution function (fODF), and 2nd order
integration over fiber orientation distribution (iODF2) from each voxel in order to propagate the tracking. The
aim of the probabilistic tracking algorithm is to generate the multiple pathways estimated from the seed point
and to assign the probability to the reconstructed pathway. Then, the set of all possible paths are traced and con-
nected. Additionally, it can propagate the streamlines even when the direction is unclear. The output tractogram,
reconstructing from the probabilistic tracking algorithm, contains a large number of streamlines.

In Figure 2.7, we have shown a simplified 2D example to distinguish between the deterministic and probabilis-
tic tracking algorithm. Subfigure (i) shows one local direction in each pixel in blue and the generated trajectory
with deterministic tracking algorithm in yellow. The deterministic tracking takes into account the only one direc-
tion in each pixel and propagates the track. In Subfigure (ii), in each pixel, the orientation of the blue vector can
be represented by a PDF. The three combined red arrows represent the three directions of the PDF, among many
directions that are possible for each pixel. With the simple toy example, in Subfigure (ii), we have shown three
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possible trajectories generated by the probabilistic tracking algorithms, i.e. two possible one in light red and the
diagonal one in deep red. In Subfigure (iii), a simple example is shown only with two rows of the pixel, in order to
understand the value of the more probable trajectory. In the rows, we kept two values 0.9 and 0.1 which represent
two directions. We referred to the discontinuous position with 0.1 as K. The figure shows that the deterministic
tracking has stopped in position K (in yellow) and the probabilistic tracking generated two possible trajectories in
light and deep red.

A number of different approaches have been developed for the probabilistic tracking algorithm. Proposed
methods differ in the orientation function and how to assess the uncertainty of the orientation.

Although the probabilistic tracking algorithm mostly uses the ODF information, some methods also propose
using the tensor information [74]. In [74], the proposed technique utilized the tensor information and the bootstrap
technique was used to derive the uncertainty of the data, that is, it was used as a prior assumption to assign the
probability. This algorithm is available in http://www.mrtrix.org/ and referred to as the Tensor_Prob in
MRtrix.

In [40], the author proposed a probabilistic tracking algorithm to generate the tractogram based on the ODF
from the HARDI. They used a fiber ODF estimation obtained from the SD reconstruction model of the dODF from
QBI. This method can accurately produce a set of fibers but failed to reflect the continuity of the fibers between the
cortical and subcortical regions. In [25], another probabilistic algorithm for the QBI is proposed. This algorithm
was an extension of the FACT deterministic algorithm, named as modified fiber assignment using the continuous
tracking (MFACT). This algorithm used the diffusion model reconstruction from QBI and was able to handle the
multi-fiber directions within each voxel. This method lacks validation and comparison with other methods.

In [141], another probabilistic tracking algorithm was proposed based on the probability density function
(PDF). This method was based on the 2nd order integration over fiber orientation distribution (denoted as iFOD2)
and the probability was approximated by computing the product of the amplitude of the FOD. The proposed
tracking algorithm has the capability to track accurately in the crossing fiber regions and generate less invalid
streamlines. This algorithm is available in http://www.mrtrix.org/ and referred to as the iODF2 in MRtrix.

Limitations: Although the streamlines produced by the probabilistic tracking algorithms can cover more anatom-
ical bundles or tracts compared to deterministic tracking, it has the limitation of producing invalid streamlines. In
this context, streamlines can be considered invalid if i) they are connected with ROIs that are not expected to
connect, or ii) their connections exit from the expected fiber bundle mask [36]. It also contains the streamlines
which have no connection between two ROIs. Hence producing a large number of invalid streamlines limits the
probabilistic tracking algorithms.

2.3.2 Global Approaches for Tractography Algorithm

Unlike the step-by-step fitting of the pathway by the local tracking algorithm, the global tractography algorithm
fits the entire pathway by using the diffusion orientation of all voxels along the pathway length. It tries to address
the limitations of the probabilistic algorithm by increasing the resistance of the noise during tracking. Moreover, to
handle the connectivity issue of the probabilistic algorithm, the global approach proposes the distance independent
tracking method.

Global approaches identify the best path between two endpoints of a region by identifying an optimal path,
according to some optimization criteria. To do that, the approach takes into account the global properties along the
entire curve to generate fiber trajectories.

http://www.mrtrix.org/
http://www.mrtrix.org/
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In the literature, several global tractography algorithms have been proposed. A global Bayesian model is
proposed in [67]. In regions with low uncertainty, the trajectories are represented by splines, which are compatible
with the local fiber orientations. Consequently, with high uncertainty, the global connectivity constrains the local
parameter estimation to reconstruct the fiber trajectories. In [99], another method is proposed based on the front
evolution and it computes the path for the maximum diffusivity between two points. The maximization of the
global diffusivity is done by the minimization of the integral path. This approach is fast and less sensitive to noise.
Other interesting and promising global tractography approaches can be found in [110, 143].

Limitations: Global tractography algorithms need to search a large solution space that is composed of all the
connections between two regions. Searching in large solution space requires a high computational time and a large
amount of memory [131]. This is considered as a limitation of the global tractography algorithm.

Tractography Cleaning:

Tractograms generated through the tractography algorithm contain a number of invalid or false-positive stream-
lines due to several reasons, such as, noise of the diffusion data, improper integrals of the reconstruction, and
tracking methods. Thus the postprocessing steps of the tractogram have also been introduced to filter out the in-
valid streamlines. Tractogram filtering is also referred to as tractography cleaning, which is still an open problem
due to the criteria needed to filter the streamlines. Nevertheless, a few promising methods, such as COMMIT [38]
and LiFE [112], SIFT [130] have been proposed in the literature as part of the active research in this topic.

In 2013, a tractogram filtering method called Spherical-deconvolution informed filtering of tractograms (SIFT) [130]
was proposed. The method proposed improving the accuracy of the reconstruction technique by fitting the stream-
line distribution along with the diffusion signals in each voxel. In that case, the diffusion signal was generated
from the SD methods and then the streamlines were generated. Hence a better measure of the diffusion signal can
be obtained from the streamlines generated by SIFT algorithm.

In 2014, another method, called Linear fascicle evaluation (LiFE) [112], was proposed to evaluate the result of
the tractography algorithm. Instead of generating the streamlines like the previous method (SIFT), the LiFE method
takes the tractogram as input and predicts the diffusion signal. The prediction error, that is, the difference between
the predicted and measured diffusion signals, is then computed in order to evaluate the tractogram. Although it is
a very promising method, it has the limitation to address all the streamlines from the whole brain tractogram.

In 2015, another method, named the Convex Optimization Modeling for Microstructure Informed Tractography
(COMMIT) [38], was proposed to enrich the tractogram data. It proposed to combine the estimation of local
microstructure properties of the tissue with the tractography algorithms, in order to make the tractogram more
related to the anatomy. From a set of streamlines, the diffusion signal in each voxel was modeled and globally fitted
the signal through a global weight which was measured by solving the convex optimization problem. COMMIT is
a fast, accurate and widely used method for tractogram filtering.

2.4 Tractogram Registration

In neurological studies, it is important to study the diffusion properties among a group of subjects. In order to study
the across subject diffusion properties, it is necessary to find a correspondence between the anatomical structure of
different subjects. For this purpose, tractograms from different brains need to be aligned.
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The most common approach to aligning the tractograms is registration (known as tractography registration).
Theoretically, registration is the method of spatial adjustment of the images by applying a geometric transformation
or the deformation to the images. In the context of dMRI, registration techniques can be applied to both the voxel
of the diffusion image and the streamline of the tractogram [64]. Hence we divide the discussion of the existing
tractogram registration into two groups: voxel-based and streamline-based registration.

Both the voxel-based and streamline-based registration can be linear or nonlinear. Linear registration applies
the global translation, rotation, scaling and shears on the input images for aligning with the reference images. In
contrast, nonlinear registration applies the local wraps instead of using global transformations. We divide both the
voxel-based and streamline-based registration into two subcategories: linear and nonlinear registration.

2.4.1 Voxel-based Tractogram Registration

Voxel-based registration is applied on the voxel of the diffusion images. In this case, the input images could be the
diffusion image from one subject (or brain), and the reference image could be the diffusion image from the same
brain, a different brain, or the image made by averaging images from the different brains, referred as normalized
image. A widely used normalized image is the Montreal Neurological Institute (MNI) template, which is a standard
brain image based on the averaging of 58 people [52].

The images used in the voxel-based registration can be diffusion images with different modalities. Three
different modalities were used so far: scalar-based, tensor-based and the spherical harmonics based [55]. Voxel-
based registration can be categorized into the linear and nonlinear approaches. Linear approaches transform all
the voxels by applying a single linear function or linear transformation, while nonlinear approaches [28, 27, 30]
provide a deformation field that assigns a displacement vector to each voxel [55].

Voxel-based Linear Registration

Voxel-based linear registration approaches applied to the scalar images, for example, fractional anisotropy (FA)
images, non-diffusion-weighted (b0) images, the T 1 weighted images (sequence from the MRI).

The most widely used scalar volume for the linear transformation is the FA image or the non-diffusion-weighted
(b0) images. By using the FA or b0 images, the transformation matrix is recovered through various registration
techniques and then the transformation matrix is applied to the diffusion tensor images in order to align two
diffusion images [86, 136]. The proposed registration techniques for voxel-based linear registration are as follows:
the rigid registration method, which is based on the normalized mutual information [136], the multiresolution
elastic matching algorithm [3], multiresolution B-spline method [125], B-spline registration based on the sum-of-
squared-differences (known as the FSL/FLIRT) [68], and affine image co-registration techniques.

Advantages and limitations: The main advantage of linear registration with scalar images is that it can use any
intensity-based medical image registration technique to register the diffusion images. Moreover, the computational
complexity of linear registration is very low. Nevertheless, registration on scalar images does not take into account
the directional information of the DTI images which limits this type of registration technique.

To overcome the limitation of registration with scalar images, a number of approaches have been proposed to
utilize the orientation information by using the diffusion tensor [57, 108, 66, 161]. Registration using the tensor
images is more complex due to the multidimensionality of the diffusion tensor data. Moreover, tensor orientation
needs to maintain consistency with the anatomical structure before and after registration. Several tensor-based
registration techniques have been proposed in the literature. In [108], the author uses an iterative process to register
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the diffusion tensor images by using various features of the tensor. In [165], the author proposes diffeomorphic
deformable tensor registration by explicitly exploring the tensor orientation from the whole brain. This method
is known as the Diffusion Tensor Imaging Toolkit (DTI-TK). In addition, other approaches have been proposed
based on different techniques, including finite-strain diffeomorphic registration, elastic registration [161], and
tensor orientation features with neighborhood interpolation [66].

Advantages and limitations: As mentioned before, the DTI-TK method requires tensor reorientation steps to
maintain the consistency between the anatomical structure and tensor direction. In this way, it ensures that the
tensor orientation will remain consistent before and after the registration, which is an advantage of the tensor-
based methods. The resulting computational cost for the reorientation is considered as the limitation of this kind
of approach.

Voxel-based Nonlinear Registration

At present, the nonlinear registration approaches are the most accepted registration techniques in the neuroimaging
community. Like linear registration, nonlinear registration can be applied to the FA or T1 image, or to the tensor
or fiber orientation distribution functions (ODF) [116]. In the case of nonlinear registration, deformation fields
are extracted from the images and applied locally to each of the voxels of the diffusion images. More precisely,
the deformation fields [151] are being optimized using the cost functions of each voxel. However, most of the
nonlinear methods initially applied a linear registration to match the images globally before applying the nonlinear
registration.

Among the voxel-based nonlinear registration techniques, one of the well-known algorithms is the FSL/FNIRT
(FMRIB’s nonlinear image registration tool) [69]. This method works only with volumetric or scalar images, that
is, FA or b0 images. In principle, it registered the FA or b0 images from a subject to a popular FA template,
generated by averaging the FA images from the different brains. By optimizing the registration, it extracted a small
deformation field which applied back on the FA image of the subject to be registered. Another high-performing
nonlinear registration is the Advanced Normalization Tools (ANTs) [7], which is based on the symmetric normal-
ization algorithm (denotes as SyN) and the optimization is done with the Euler-Lagrange equation. This method is
applied on the FA or T1 weighted images. In [117], the authors proposed a nonlinear method that register the FOD
images including appropriate reorientation and modulation.

Advantages and limitations: Nonlinear registration based on the volumetric images is now a widely used tech-
nique. It also outperforms linear registration techniques. Nevertheless, this kind of technique has the limitation
to re-generate the tractogram after transforming the dMRI data accordingly. The cost of regenerating tractograms
may be high, in terms of computation time and required knowledge to operate the full pipelines of preprocessing,
reconstruction, tracking, and filtering.

2.4.2 Streamline-based Tractogram Registration

Streamline-based registration techniques, also known as direct registration, use the streamline information from
the tractogram [55]. Besides the streamlines, no other information from dMRI data is used for the streamline-based
registration. Therefore, this kind of method can avoid the registration error of diffusion images and can improve
the accuracy of the registration technique.
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The streamline-based approach is a recent approach and, therefore, very few publications are available [55]. In
this thesis, we are also interested in methods for tractogram alignment that directly operate on streamlines.

Streamline-based Linear Registration

In the case of streamline-based linear registration, an affine transformation is computed and then applied to the
coordinates of the streamline. In principle, affine transformation can be computed from the voxel-based linear
registration, for example with FSL/FLIRT, or from the streamlines.

One of the first works in this category is proposed in [79]. There, curvature and torsion features were used
to represent each streamline in a multi-scale framework. A mean square difference was used to measure the
similarity between streamlines at different scale levels. The method tried to match each streamline individually,
making the method computationally expensive. Point-based registration [90] have also been proposed to register
the tractograms. In a point-based approach, each streamline was represented by a spatial coordinate sequence and
projected into a high dimensional feature space. The registration problem was then treated as a point set alignment
problem. The problem was resolved by efficient Interactive Closest Feature point (ICF). The computational com-
plexity of the high dimensional search was handled by implementing approximate NN techniques. This method
was limited by inter-subject registration and was demonstrated only with the pre-selected tracts (bundles of inter-
est). Another type of linear registration was proposed in [170], where the streamlines were projected onto high
dimensional feature space with a 3-D coordinate sequence. A fiber model was extracted by the adaptive mean shift
(AMS) clustering and the weight of each fiber model was assigned by the Gaussian Mixture Model (GMM). The
registration was performed as the alignment of two GMMs by maximizing the correlation ratio.

Recently, new linear methods have been proposed to directly register whole tractograms, see [102, 55], without
the intermediate step of registering volumetric images. These methods find an affine transformation that minimizes
a given loss function computed only from streamlines. In [55], the loss function is based on a streamline-streamline
distance of a subset of all streamlines. Another unbiased multi-subject registration is proposed in [102]. There the
registrations are done by minimizing the entropy-based objective function. The distance between the streamlines
is calculated and the kernel density estimation is used to transform the distances into probabilities. Then the
Shannon entropy of the distribution of streamlines are computed. Note that the Shannon entropy is considered
as the objective function, which is minimized over the set of affine transformations and the final transformation
matrix is retrieved. Although this work showed the advantages of group-wise registration, it has the limitation to
resolve the affine transformation.

Limitations: Streamline-based linear registration is promising as it doesn’t require the diffusion MRI informa-
tion. However, a single affine transformation can reconcile the part of the differences of the tractograms of two
subjects; it cannot address the difference at the local level, that is, the systematic displacements of entire tracts,
longer or shorter tracts, and tracts with more or fewer streamlines.

Streamline-based Nonlinear Registration

The literature on streamline-based nonlinear registration is mainly focused on the bundles or tracts alignment.
In [169], the authors developed the log-Euclidean polyaffine framework for the nonlinear registration algo-

rithm. Corresponding tracts were aligned across subjects by warping their spatial probability maps computed from
the coordinates of the streamlines. In [168], consistency clustering is used to label streamlines in an iterative
process with polyaffine transformations. In [159], a diffeomorphic registration algorithm is used on the Gaussian
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process representation of streamline density maps. In [47] streamlines were represented as current and the distance
defined based on the spatial distribution of the mean local tract direction. Moreover, the framework of currents
is proposed to warp the streamlines of tracts for registration, atlasing and variability analysis. This literature ad-
dresses nonlinear bundle alignment but not whole tractogram alignment, also for the high computational cost of
the algorithms. Another approach to nonlinear registration of streamlines is to use deformation fields, computed
from nonlinear volume registration, directly on streamlines. This approach is mentioned in [29], but without a
quantitative evaluation of its effect.

Limitations: Nonlinear streamline-based registration algorithms have a high computational complexity. More-
over, these techniques limited to apply on the tract alignment, not on the whole brain tractogram.

2.5 Tract Segmentation

Figure 2.8: Tract segmentation: (A) a segmented right arcuate fasciculus (AF) tract from the whole brain trac-
togram and segmented by the expert neuroanatomists. T1 weighted image slice is visualized along with the tract
(B) The whole brain tractogram generated with EuDX [Image taken from [52]]

All of the streamlines from a whole brain tractogram are not immediately useful for clinical purposes [103].
Therefore, they need to be organized into anatomical meaningful structures. Streamlines belonging to the same
anatomical area are called tracts or bundles. Grouping or organizing the whole brain tractogram into an anatomical
meaningful tract is known as the tract segmentation problem [103] (see Figure 2.8). In Figure 2.8, we have shown
an example of the tract segmentation. Subfigure A showed the segmented arcuate fasciculus (AF) tract along
with the T 1 weighted image slice. The AF tract is segmented from the whole brain tractogram (see Subfigure B)
by the expert. However, once the segmentation is done, the statistical analysis over the tract is used in multiple
applications, for example, to study gender differences [65], and to observe changes in age [122] and to correlate it
with diseases [14, 109].

Several tract segmentation approaches developed over the last few years can be divided into manual and auto-
matic tract segmentation approaches. The manual approach, also known as virtual dissection [96, 154, 24], extracts
the tract using the ROIs defined by neuroanatomical expertise. Even though manual ROI-based methods give very
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impressive tract segmentation results, these methods still have big constraints to involve neuroanatomical expertise
and also require a great amount of time.

Automatic tract segmentation methods can be categorized into three difference large groups: ROI-based seg-
mentation, unsupervised tractogram clustering, and supervised tract segmentation.

2.5.1 ROI-based Segmentation Technique

In the automatic ROI-based approach, as for the manual approach, tracts are excluded by applying a set of ROIs. In
this case, instead of involving the neuroanatomist directly, an anatomical atlas was used with expert provided ROIs.
Automatic ROI-based tract segmentation is required to perform the linear or nonlinear registration to an anatomical
atlas in advance [1, 167]. In [167], the author proposed using large deformation metric mapping (LDDMM) for
nonlinear warping an atlas with ROIs to segment the tracts from an individual subject. However, it has to be noted
that the registration to the atlas can cause loss of information present in the diffusion images [146]. Automatic
ROI-based methods are known to provide remarkable results [62], meaning they are sometimes used as ground
truth to validate the result of other segmentation methods.

Another automatic segmentation technique also proposed utilizing the additional information from the ROIs,
that is, cortical parcellation into ROIs. This method is also referred to as the automatic parcellation-based seg-
mentation approach [157] which draws the attention nowadays. Parcellation-based methods take advantage of the
cortical parcellation and address the question of which part of the streamline may be connected [17, 139] in order
to segment the tract. Moreover, it divides the tract according to the cortical regions or nodes that they connected
and enables the study of the brain as a network. A good review of parcellation based segmentation methods can be
found in [101]. Among the parcellation-based automatic segmentation methods, the white matter query language
(WMQL) [157] is one of the most adopted. Tracts are extracted by the anatomical position based on a cortical
parcellation from the Freesurfer. In this work, we used the WMQL to generate the ground truth label for the tracts.

Limitations: The automatic ROI-based approach requires the registration of the subject to an atlas. By doing
the registration, there is a chance to lose the information present in the diffusion images. In the parcellation-based
approach, segmentation techniques only focus on the parcellation without considering all the streamlines from the
whole brain tractogram.

2.5.2 Unsupervised Clustering Technique

The unsupervised approach, also known as fiber clustering, is one of the most widely used tractogram segmentation
techniques in the literature [128, 54, 146, 118]. The purpose of clustering is to group the streamlines according to
their mutual similarity (or distance), in an anatomical sense. Clustering methods mostly address the single-subject
and are unable to address the problem across subjects. The main challenge of clustering methods is to incorporate
the human anatomy into a clustering result.

During the last few years, various clustering based segmentation methods have been proposed. A detailed
survey of clustering methods used in the literature can be found in [101, 138].

In unsupervised clustering methods, there are two main aspects: i) a well-defined similarity measure and ii) the
clustering technique [138]. Similarity measures, proposed in the literature, are mostly based on different streamline
distance functions. Various streamline distances have been proposed in the literature, for example, Hausdorff
distance [35, 100], Minimum Average Direct Flip Metric (MDF) distance [54], average point distance along with
the dot product of the tangent [128], the closest point distance and mean of closest point [35], and Euclidean
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distance [44]. Besides the distance, streamline properties are also used for the similarity measure, for example, a
9-D shape descriptor for the streamline including the main coordinate (three numbers) and its covariance matrix
(six numbers) [16], and the curvature of the streamline [87].

Both the spectral [128, 16, 73, 44, 54, 100, 118] and hierarchical clustering [166, 61, 153, 120, 146] approaches
have been applied to cluster fiber tracts in the literature. In the case of spectral clusterings, the following methods
have been proposed: Fuzzy C clustering [128], K-nearest neighbors [44], normalized cut [16], and K-means [100],
mini batch k-means [113].

Limitations: The main challenges of the clustering method are twofold: i) handling a large amount of data and
ii) incorporating the human anatomy into a clustering result, that is, automatic labelling of the cluster. Clustering
techniques require the computation of the pairwise similarities between streamlines which grow quadratically with
a number of streamlines. Hence it suffers high computational complexity. However, to extract the anatomical
meaningful tracts from the clusters, it has the obligation to incorporate the clusters with an atlas. It is not clear
how this incorporation is performed as the clusters are in streamline-level and the atlas is in voxel-level. Hence the
projection from the voxel to streamline level is still questionable and limited the clustering technique.

2.5.3 Supervised Tract Segmentation

As clustering methods suffer the problem of automatic labelling of tracts, several supervised segmentation methods
have been proposed to deal with this limitation [54]. In supervised learning, the main perception is to learn about
the tract in advance by adopting prior knowledge. After learning or training, the task is to segment the tract from
a new subject. Based on the two kinds of prior knowledge, we divide the proposed supervised tract segmentation
approaches into two different categories: i) Atlas-based supervised segmentation and ii) Model-based supervised
segmentation.

Atlas-based Supervised Segmentation

In atlas-based supervised segmentation, prior knowledge can come from expert labelling of an anatomical atlas,
see [87], or from labelling clusters of streamlines from multiple subjects in a process of atlas creation, see [103,
152, 62, 162, 77]. Once the atlas is available, the segmentation of the tract of interest in a new subject can be
carried out.

In the case of an anatomical atlas, a set of ROIs specified by the expert were provided as the prior knowledge
and tracts were extracted by generating the streamlines from the ROIs [87]. Furthermore, in order to segment the
new subject, streamlines from the new subject were represented by B-spline representation and k-nearest neighbor
(KNN) was computed in order to assign the anatomical label to the most similar streamline.

Atlas can be created from multiple subjects and used as prior knowledge for the supervised segmentation
method. In [103], a high dimensional atlas was reconstructed from multiple tractograms. Initially, a subset of
streamlines from the whole brain tractogram was selected from each subject and embedded with the spectral
embedding. In order to group the streamlines, unsupervised k-means clustering was applied in the embedding
space and obtained clusters were labelled by the expert to create an anatomical atlas of white matter tracts. Then
the tracts of the test subject were aligned with the atlas and the closest cluster centroids were computed to assign
the anatomical label. Instead of unsupervised clustering, linear Support Vector Machine (SVM) was used in [152]
to classify the tracts. Both of these above-mentioned methods are computationally demanding.
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In [62], a single atlas-based approach was proposed, based on the expert provided tracts from multiple subjects.
A single atlas was constructed in advance by applying the intra-subject clustering, followed by the inter-subject
clustering. The inter-subject clustering first extracted the tracts and then merged the tracts based on the pairwise
distance between the centroid from each subject. The test subject was labelled by finding the closest centroids from
the single subject to inherit the anatomical label. This method highly depends on the number of subjects involved
in constructing the atlas and suffers from high computational complexity. Moreover, merging various clustering
(intra-subject and inter-subject clustering) techniques made this approach complex and complicated.

Recently, a faster version of the method in [62] was presented in [77]. There, they proposed to accelerate
the automatic labelling of the test subject by filtering the streamlines. Filtering was done based on the streamline
distances from the single atlas. An extensive investigation on the Euclidean distance between streamlines was
performed to find the streamlines to filter. Although this method is very impressive in terms of time, the method
needs to specify a segmentation threshold for each tract which is crucial to select.

In [162], another supervised segmentation method was proposed based on multiple atlas. In contrast to the
construction of the single atlas by combining multiple subjects (like in [62]), here each subject is treated as a
single atlas and in this way a multiple atlas was created. In principle, to create the multiple atlas, agglomerative
clustering is applied to each subject and then with the help of the expert, the label of the cluster is assigned.
For automatic labelling of the new subject, a voting scheme has been proposed which includes two thresholds,
a distance threshold, and a vote threshold. Additionally, they implemented a GPU to execute the experiment.
This method is indeed based on a very simple concept, and is also efficient and very flexible about the number of
multi-atlas datasets. However, agglomerative clustering and strong dependency of threshold values are the main
limitations of the method.

In summary, existing atlas-based segmentation has some limitations, the main ones being the high computa-
tional cost [103, 152], a dependency on the number of subjects to construct the atlas in the case of a multiple
atlas [62], and a dependency on the definition of threshold values [162, 77].

Model-based Supervised Segmentation

In supervised segmentation, besides atlases, other kinds of prior information can be used as prior knowledge, such
as models or features of tracts/bundles. Models are built to describe tracts/bundles and not the whole tractogram.
We referred to these segmentation techniques as model based supervised tract segmentation.

One of the very first methods in this class is proposed in [32]. Here, the authors proposed segmentation
based on a parametric tract model. A parametric model, based on the beta mixture model of similarity cosines of
the tract was computed by learning the angular continuity and inter-fiber directional similarity of the probability
distributions. Afterwards, the parametric model was matched with the new subject in order to extract the tract.
Various parametric models of tracts have also been proposed in the literature, for example, the Gamma Mixture
model of the distance [89], the Gaussian process of the tract probability map [156], and the hierarchical Dirichlet
process mixture model [155].

Whether model-based supervised segmentation gives the benefit of finding the specific tract of interest from
the test subject, it has the limitation of using a limited number of tract segmentation, depending on the availability
of the tract model.
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Supervised Tract Segmentation: Key Aspects

In this section, we give a comprehensive summary of the supervised tract segmentation literature. In order to
organize the body of work in this field, we articulate the discussion along these five topics: alignment, embedding
space, similarity/distance, correspondence techniques and refinement step.

Alignment

In supervised tract segmentation, tractograms are initially aligned to an atlas. Both voxel-based and streamline-
based atlases have been used in literature, e.g. white matter ROI-based anatomical atlas [87], high dimensional at-
las [103, 152], example-based single atlas [62, 77], example-based multi-atlas [162]. To the best of our knowledge,
the specific step of alignment has been conducted with standard methods: in most of the cases with voxel-based
linear registration [103, 62, 162] and in the others with nonlinear voxel-based registration [152].

Embedding space

Streamlines are complex geometrical objects with a different number of points one from another. They are unfit
to be directly given as input to many efficient data analysis algorithms which, instead, require vectors all with
the same number of dimensions. Tractograms are large collections of streamlines, from hundreds of thousands
to millions of streamlines, and their analysis is often limited by the required computational cost. A common
preprocessing step before using algorithms like clustering, or nearest neighbor, is to transform streamlines into
vectors, a process called Euclidean embedding. Different authors opted for different embedding approaches, like
the spectral embedding [103], the re-sampling of all streamlines to the same number of points [162, 62, 77], the use
of B-splines with re-sampling [87] and the dissimilarity representation [105]. Re-sampling all streamlines to a fixed
number of points is the most common approach to obtain the embedding. In principle, up-sampling/down-sampling
to a particular number of points may cause the loss of information. On the other hand, spectral embedding has
high computation cost. The dissimilarity representation has shown remarkable results in terms of machine learning
applications [104] and exploration of tractograms [113], at a moderate computational cost.

Streamline Distance

In order to find corresponding streamlines from one tractogram to another one, the definition of the streamline
distance plays a crucial role. Most commonly, the corresponding streamline in the new tractogram is defined as the
closest one, for the given streamline distance function. Similarly, when doing clustering for tract segmentation, the
streamline distance function is a fundamental building block. Different streamline distance functions have been
used in the supervised tract segmentation literature, e.g. minimum closest point (MCP) [103], symmetric minimum
average distance (MAM) [105], minimum average flip distance (MDF) [162], Hausdorff distance [87], normalized
Euclidean distances [77], Mahalanobis distance [162].

Correspondence technique

One crucial aspect of supervised tract segmentation is the mechanism to find the corresponding streamline be-
tween the tractograms of different subjects, in order to transfer anatomical knowledge. A common approach for
addressing such problem is to use the nearest neighbor strategy, i.e. finding the nearest streamline or centroid in
the atlas and labelling the streamlines of the new subject based on that. In [103], a high dimensional atlas was
reconstructed from multiple tractograms. Then the new subject was aligned with the atlas and the closest cluster
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centroids from atlas were computed to assign the anatomical label. In [62], nearest centroids of the new subject
were computed from a single atlas from multiple subjects, with the normalized Euclidean distance. Recently, a
faster implementation has been proposed in [77]. There, they proposed to label each single streamline instead of
cluster centroids and to accelerate the computation time by filtering the streamlines in advance, using properties
of the normalized Euclidean distance. A limitation is that an appropriate threshold has to be defined for each tract
to be segmented. Similarly, in [162], the nearest neighbor strategy is used to find corresponding streamlines be-
tween those of the tractogram of a new subject, with those of multiple example-subjects (12, in their experiments).
Again, two thresholds, i.e. a distance threshold and a voting threshold, are required to be set in order to obtain the
segmentation. The proposed implementation requires a GPU.

Refinement

After segmentation, in order to improve the accuracy of the segmented tract, a few authors propose a refinement
step, for example, to identify and remove outliers. In [91], a tree based refinement step was introduced. Initially,
they padded the segmented tract with the nearest neighbors and then used a probabilistic boosting tree classifier to
identify the outliers.

Another common approach used for the purpose of refinement is referred to as the majority voting [119].
In [162], authors proposed a voting scheme in order to label the tract. Every example subjects vote the tract of the
test subject, based on the similarity of that tract with the example subjects. After collecting the votes from every
example subjects, the majority of votes is computed, in order to label the tract. In [152], authors used the majority
voting for validating their segmentation method with the k-means algorithms. In [72], authors proposed to use
the majority voting, in order to accurate the segmentation result. Here the Hausdorff distance metric used in the
clustering approach in order to select the similar shape streamline and if the streamline appeared twice out of four
clustering result, they consider that streamline as the true streamline.

2.6 Conclusions

In this chapter, we studied the theoretical background of dMRI and tractogram. We presented a brief description
of the dMRI, a non-invasive technique for studying the brain anatomical connectivity. dMRI measures the trans-
lational displacement (diffusion) of water molecules in the brain tissue, which is mechanically constrained by the
myelinated axons. Thereby, it provides information about the local orientation of white matter axons and able to
capture the local diffusion phenomena of water molecules. Next, we reviewed the techniques to locally model the
diffusion signal. We started the discussion with DTI, a simple method for the diffusion signal reconstruction and
continued with the HARDI reconstruction methods.

From the local orientation of the diffusion, tractography algorithms reconstruct the approximate trajectories
of the axons as polylines or streamlines, so they resemble the white matter anatomical structures. Several track-
ing algorithms exists in the literature and in this chapter, we presented the local and global approaches of the
streamline-based tractography algorithms. We have discussed the pons and cons of every tracking algorithm and
observed that finding the optimal tracking algorithm is really crucial, for example, the probabilistic and determin-
istic tracking algorithm have the trade-off between valid/invalid streamlines connections.

Next, we also presented a very brief overview of the tractography cleaning, which is a post-processing step to
filter the invalid streamlines generated by the tracking algorithm.

In neurological studies, it is important to study the diffusion properties among the group of subjects. Hence
tractogram need to be aligned in order to find the correspondence between the anatomical structure of different
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subjects. One of the common approaches for aligning the tractograms is the tractogram registration. We reviewed
the literature on tractogram registration methods by dividing it into two categories, i.e. voxel-based and streamline-
based registration. We discussed the pros and cons of both categories.

Streamline belongs to the same anatomical structure are called tract or bundle. The statistical analysis of the
diffusion properties over the tract(s) helps to study different neurological applications. To extract the tract from
the whole brain tractogram is known as the tract segmentation problem. In this chapter, we reviewed the three
different segmentation approaches: ROI-based segmentation, unsupervised clustering approaches and supervised
tract segmentation algorithms. However, in this thesis, we aim to investigate the supervised approach of tract
segmentation. Hence we focused on the supervised segmentation approach literature and presented the five key
aspects of the supervised segmentation, i.e. alignment, embedding space, similarity/distance, correspondence
techniques and refinement step.

In the next chapter, we will present the mathematical terminologies to formulate the problem of tractogram
registration and tract segmentation.
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Chapter 3

Problem Statement

Overview

In the previous chapter, we studied the theoretical background of dMRI and tractogram. We also reviewed the liter-
ature on tractogram registration and tract segmentation. In this chapter, we present the mathematical terminologies
to formulate the problem of tractogram registration and tract segmentation.

We first introduce the notation to represent the streamline, tractogram, and a brief summary of streamline
distance functions. Then we present a general formulation of tractogram registration and open issues of tractogram
registration techniques. In contrast to the registration method, in this thesis, we propose the concept of tractogram
correspondence. Hence, in this chapter, we introduce the basic formulation of the tractogram correspondence
problem.

We also present the generic formulation of the automatic tract segmentation problem. We propose a novel
supervised tract segmentation approach based on the concept of streamline correspondence. Therefore, we present
the formulation of tract segmentation as a streamline correspondence problem. In the current literature of tract
segmentation, streamline correspondence is addressed by the nearest neighbor (NN) strategy. We present the for-
mulation of streamline correspondence as NN, and conclude this chapter by discussing the limitations of supervised
tract segmentation methods.

Organization of the Chapter

Basic notation and terminology of tractogram and streamline distance are presented in Section 3.1. In Section 3.2
we introduce the basic notation and formulation of tractogram registration and tractogram correspondence. Subse-
quently, in Section 3.3, we present the generic formulation of tract segmentation.

3.1 Basic Notation and Terminology

In this thesis, a trajectory resulting from the tractography algorithm is referred to as “streamline” or “track”.
Thus,“tractogram” is a set of streamlines from the whole brain, and “tract” or “bundle” is a subset of the tractogram
which have an anatomical meaning.

Streamline and Tractogram Let the polyline s = {x1,x2, . . .}, where xi ∈ R3, be a streamline, reconstructed
from dMRI data through reconstruction and tractography algorithms. Let the tractogram, T = {s1,s2, . . . ,sM} be
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defined as a set of M streamlines, where M ≈ 106. Let t = {s1,s2, . . . ,sk} ⊂ T , be a subset of the tractogram, called
tract, usually with a specific anatomical meaning, for example, the cortico-spinal tract (CST).

Streamline Distance In order to measure the distance between two streamlines, numerous streamline distance
functions have been proposed in the literature [44] [166] [88]. Some of the proposed distance functions are as
follows: minimum closest point (MCP) [103], symmetric minimum average distance (MAM) [54], minimum
average flip distance (MDF) [162], Hausdorff distance [87], normalized Euclidean distances [77], mahalanobis
distance [162]. Among them, the most commonly used streamline distance is the Hausdorff distance [35]. The
Hausdorff distance treats the streamlines as a cloud of points and compares each point of one streamline with
each point of a second streamline. However, it doesn’t take into account the sequential nature of the streamline
points, and is computationally costly due to the inter-point distances. Hence the modified versions of the Hausdorff
distance have also been adopted in the literature, denoted as Minimum (or Maximum or Mean) Average Minimum
(MAM) distance [54]. A simpler version of the symmetric distance function is also used to measure streamline
distance, called the minimum average direct flip (MDF) distance [54]. We present these two distance functions,
MAM and MDF, in detail.

MAM Distance The symmetric minimum average (MAM) distance belongs to the Hausdorff-type distance func-
tion. It is a widely used distance function for the streamline distance computation. MAM distance takes into
account all points of the streamline, and the set of minimum distances are computed between each point of one
streamline to each point of another streamline (see Figure 3.1). MAM distance has three different versions, Mean,
Maximum and Minimum. Among these three versions of MAM distance, we used the Mean version of MAM
distance for streamline distance computation.

Given two streamlines sA and sB, the formulation of the three versions of MAM distances can be defined as
follows:

dMAMavg(sA,sB) =
1
2
(Dmean(sA,sB)+Dmean(sB,sA)) (3.1)

dMAMmin(sA,sB) = min(Dmean(sA,sB),Dmean(sB,sA)) (3.2)

dMAMmax(sA,sB) = max(Dmean(sA,sB),Dmean(sB,sA)) (3.3)

where

Dmean(sA,sB) =
1
|sA|

|sA|
∑
i=1

d(xa
i ,sB) (3.4)

and
d(x,sB) = min

j=1,...,|sb|
||x−x′j||2 (3.5)

Dmin(sA,sB) = min
i=1,...,|sb|

d(xa
i ,sB) (3.6)

Dmax(sA,sB) = max
i=1,...,|sb|

d(xa
i ,sB) (3.7)

where xa
i and x′j are the points of the streamline sA and sB, respectively.
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sA
Bs

Figure 3.1: Distance between two streamlines SA and SB (solid lines): the set of minimum distances between each
point of two streamlines are labelled with dotted lines.

MDF Distance The MDF distance has the constraint to have the same number of points of two streamlines.
This distance function also takes into account the streamline direction in both ways: the direct and the flipped
streamline. The MDF distance is computationally very fast, which is its main advantage.

Given two streamlines sA and sB, the MDF distance can be defined as follows:

dMDF(sA,sB) = min(ddirect(sA,sB),d f lipped(sA,sB)) (3.8)

where ddirect(sA,sB) = ddirect(sB,sA) =
1
ns

∑
ns
i=1 ||xa

i − xb
i ||2 and d f lipped(sA,sB) = d f lipped(sB,sA) =

1
ns

∑
ns
i=1 ||xa

i −
xb

ns−i+1||2, ns is the number of points of two streamlines sA and sB, and xa
i and xb

ns−i+1 are the points of streamlines
sA and sB, respectively.

3.2 Tractogram Alignment

In this section, we introduce the notation of tractogram registration, that is, a common approach for tractogram
alignment. Then, we describe our proposed methodology to align the tractograms, named tractogram correspon-
dence.

3.2.1 Tractogram Registration

Let TA and TB be the two tractograms reconstructed from two volumetric images, IA and IB respectively. IA and IB

could be either FA, tensor images or the spherical harmonics. The goal of registration is to align the tractogram TA

to TB by applying the transformation matrix, g. The transformation matrix g can be computed by linear or nonlinear
function by using either images IA and IB (voxel-based Registration) or tractograms TA and TB (streamline-based
registration).

Voxel-based Linear Registration:

As mentioned in the previous chapter (see Section 2.4.1), in the case of voxel-based linear [86, 3, 125, 68] regis-
tration, the final transformation matrix (g) is calculated by maximizing the similarity between images IA and IB.
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We formulate the voxel-based linear registration as follows:

g = argmax
θ∈ψ

sim(θ(IA), IB) (3.9)

where ψ is the set of all possible transformations, θ represents the affine transformation, θ ∈ R3X3, and sim
means the similarity measure. In the literature, similarity measures are performed in various ways, such as mutual
information [136], sum of square difference [68] and correlation coefficient [121].

The matrix representation of affine transformation (g) can be stated as:




a
′

b′

c′

1


=




x1,1 x1,2 x1,3 ya

x2,1 x2,2 x2,3 yb

x3,1 x3,2 x3,3 yc

0 0 0 1







a
b
c
1


 (3.10)

where X = [xi, j]; i, j = 1,2,3 is a matrix of a linear transformation representing the rotation, scaling and shearing;
Y = (ya,yb,yc) is a vector representing the translation or shift.

Finally, the transformation matrix (g) from equation ( 3.9) is applied on source tractogram TA, in order to
register with TB:

T
′
A = g•TA (3.11)

where T
′

A is the transformed tractogram of TA.
Note that in the case of registration with the tensor information, different methods also involve the interpolation,

i.e. utilized the tensor orientation features with the interpolation [64]. The common method for interpolation is the
interpolation with the nearest neighbour.

Voxel-based Nonlinear Registration:

In contrast to the linear methods, the voxel-based nonlinear registration [69, 7, 117] computes a deformation field
from the diffusion images and then applies it to every voxel of the image. Then the tractogram is reconstructed
from the transformed image.

Given two images IA, IB : Ω 7→R, where Ω⊂R3, and a deformation field, φ : Ω 7→R3, needs to determine. The
deformation maps the image IA to the image IB by applying the deformation field φ on each voxel of the image IA.
In such a way, the corresponding structures of IA and IB are mapped onto each other. Finally, from the transformed
image of IA, the tractogram is generated and tractogram TA is registered with tractogram TB.

Streamline-based Linear Registration:

In the case of a streamline-based linear approach [79, 90, 170, 102, 55], the registration is performed directly on
the tractograms TA and TB. In contrast to the voxel-based registration, instead of the voxel from the volumetric
image, streamlines are considered for registration.

For the computational complexity, registration of the whole brain tractogram with streamline information is
quite difficult. Therefore, streamline-based registration has been demonstrated between a randomly selected subset
of whole tractograms, TA and TB or only between the tracts of two subjects. Let Ta ⊂ TA, Tb ⊂ TB and Ta and Tb

represent either the small subset or the anatomical meaningful tract. The linear streamline-based registration can
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be defined as follows:
g = argmin

θ∈ψ

∑
Ta∈TA
Tb∈TB

sim(θ(Ta),Tb) (3.12)

The symbols θ, ψ, sim in equation 3.12 carry the same meanings as stated before. sim can be measured by
minimizing a given loss function computed from streamlines [55] or by minimizing the entropy-based objective
function [102]. Now the final transformation (g) applies on the source tractogram, TA.

T
′
A = g•TA (3.13)

where T
′

A is the transformed tractogram of TA.

Streamline-based Nonlinear Registration:

Nonlinear streamline-based registration [169, 168, 159, 47, 29] is mainly focused on the alignment of the tracts.

Let two tracts ta and tb be taken from the tractogram TA and TB, respectively. As for the voxel-based nonlinear
registration, the deformation field φ is computed from the subset of tractogram Ta and Tb and afterward, the φ is
applied to each point of each streamline of the tract, ta, in order to align with tb.

3.2.2 Open issues: Tractogram Registration

Tractogram registration is indeed a commonly used approach to align the tractograms. Nevertheless, current litera-
ture on tractogram registration techniques suffers some limitations, which are discussed in Section 2.4 of Chapter 2.
Here we summarize the limitations of tractogram registration.

In the case of linear registration, both voxel-based and streamline-based, a single affine transformation can
reconcile only part of the difference between the tractograms of two subjects. Many differences remain at the
local level, for example systematic displacement of entire tracts, and thinner/thicker or longer/shorter tracts. We
demonstrate the limitation of linear registration methods with an example in Figure 1.1 of Chapter 1. Moreover,
addressing the full brain tractogram with streamline-based linear registration is not straightforward. In that case,
registration is performed on a subset of the streamlines from the whole tractogram [102] or on the clusters of
the whole tractogram (by applying the clustering algorithm on the whole brain tractogram) [55]. None of them
consider all the streamlines from the whole tractogram.

The nonlinear registration techniques at voxel-level or at streamline-level also have some drawbacks. With the
nonlinear registration at voxel-level, there is a constraint to re-generate the tractograms after the registration which
makes this method computationally costly. Moreover, there are strong technical concerns about re-orienting the
ODFs when applying the transformation, see [29]. With nonlinear registration of streamlines, due to the excessive
computational cost, full tractograms cannot be addressed, see [47].

Several tracking algorithms are available in the literature and every tracking algorithm has its own bias. For
example, probabilistic tracking algorithm generates a larger number of streamlines compared to the deterministic
tracking. The optimal choice of the tracking method and of the tracking parameters is still an open challenge.
Moreover, in the context of the tractogram alignment, aligning tractograms generated with two different tracking
algorithms, might be even harder.
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3.2.3 Tractogram Correspondence

As in [102] and in [55], in this thesis, we are interested in methods for tractogram alignment that directly operate
on streamlines, without resorting to volume-based registration. This is due to two main reasons: first, in many
practical cases, tractogram alignment is based on registration of images that either do not contain diffusion MRI
information at all, such as T1 images, or contain just a portion of it, such as FA images, which is clearly suboptimal.
In the case that full ODFs are considered (see for example [116]), the effects of re-orientation may create problems
when re-generating the tractogram, see [29]. The second reason is that the cost of re-generating tractograms,
after registering volumes, may be high, in terms of computational time and required knowledge to operate the full
pipelines of preprocessing, reconstruction, tracking and filtering, see [112].

In contrast with transformation-based registration methods, in this thesis we propose the concept of tractogram
correspondence, whose aim is to find which streamline of one tractogram corresponds to which streamline in
another tractogram, i.e. a map from one tractogram to another.

Tractogram Alignment as Tractogram Correspondence

We cast the problem of aligning two tractograms, TA and TB, as the problem of finding the corresponding stream-
lines between them. Once such correspondence has been established, TA will be aligned to TB by transforming
each streamline sA ∈ TA into the corresponding streamline sB ∈ TB, as if to perfectly match it. Notice that such
transformation is not explicit, that is, no deformation field is computed. Knowing the coordinates of sB is enough
obtain the aligned sA.

In order to solve the correspondence problem, we define the binary matrix Q = [qik]ik ∈ {0,1}NB×NA , that we
call correspondence matrix, such that qik is 1 streamline i of TA corresponds to streamline k of TB and 0 vice
versa. We require that ∑k qik = 1, that is each streamline in TA, must have a corresponding streamline in TB, while
the reverse is not necessarily true. This last case, for example, occurs when NA 6= NB, that is, the one-to-one
correspondence, cannot be made. In particular, when NA > NB multiple streamlines of TA may correspond to the
same streamline of TB.

We notice that the discrete space on which the loss function needs to be minimized is extremely large, that
is, there are NNA

B different possible correspondences. Given the typical size of tractograms, in the order of 106

streamlines, it is apparent that the combinatorial optimization problem is difficult to solve and that approximations
should be introduced.

Correspondence based on Relational Information

Finding the best correspondence between two tractograms requires two ingredients: the definition of a loss func-
tion, that is a function that scores the correspondence, and the exploration of the combinatorial space in order to
find the best correspondence. Notice that the definition of a loss function for tractogram correspondence should
not be based on the direct distance between streamlines across different tractograms, because such a distance be-
comes anatomically meaningful only after the alignment is done. For this reason, as the building block of the loss
function, we propose that two streamlines of different tractograms should correspond when their respective set of
distances, and those of other streamlines in their own tractograms, are similar. This idea is motivated by our results
in [106], where it is shown that representing a streamline as the set of distances from the other streamlines in its
own tractogram is indeed an accurate Euclidean embedding, that is, the geometrical information of the streamlines
is preserved.
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Formally, let A = [ai j]i j ∈ R|TA|×|TA| be the matrix of distances of each streamline from all other streamlines in
TA, i.e., ai j = d(sA

i ,s
A
j ). If Q is a correspondence matrix of TA to TB, then the matrix QAQ> ∈ RNB×NB represents

A after applying such correspondence. To better understand this step, consider that, in the special case where
NA = NB and Q is a one-to-one correspondence, then Q is a permutation matrix and QAQ> is a matrix where rows
and columns are obtained just by permuting those of A according to Q. As a consequence, a meaningful definition
of distance, that is a loss L, between TA and TB is the matrix distance (Frobenius norm, || · ||F ) between the mapped
A and B: L = ||B−QAQ>||2F . Then, the problem of finding the best possible correspondence Q∗ between TA and
TB becomes the combinatorial optimization problem

Q∗ = argmin
Q∈Q

||B−QAQ>||2F (3.14)

where Q is the space of all possible correspondences. As noted before, Q is extremely large and, clearly, this
problem is extremely hard to solve.

3.3 Tract Segmentation

In this section, we provide a general formulation of various automatic tract segmentation techniques, including
ROI-based segmentation, unsupervised clustering and supervised segmentation.

Extracting the tract (t) from the whole brain tractogram (T ) is known as a tract segmentation problem which
can be defined as follows:

t = seg(T ), t ⊂ T (3.15)

where seg function refers to the tract segmentation function. It is worth noting that we define the seg function
in a generic manner in order to explicitly explain the inputs and outputs of different tract segmentation techniques.
Our intention is not to give a proper mathematical formulation of the segmentation techniques. However, in
equation 3.15, the input of the seg function is the whole brain tractogram, T and the output is the segmented tract,
t from the tractogram. Some additional parameters (depending on the kind of segmentation technique) can also be
included as input, for example, Atlas or regions of interest (ROIs). The segmentation can be performed directly
on the voxel-level or the streamline-level, and, therefore, the input and the output of the segmentation approach, in
general, can be the voxels or the streamlines. As an example, in the case of ROI-based segmentation, the additional
inputs of the seg function are Atlas and ROIs (in voxel space) along with the tractogram (in streamline space).

In the following, we present the formalization of the different segmentation methods by explicitly mentioning
their inputs and outputs.

ROI-based Tract Segmentation

In principle, the inputs of the seg function for the automatic ROI-based tract segmentation [1, 167, 157] are the
whole brain tractogram (T ), the Atlas, atlasv and the ROIs, roiv. The atlasv can be an anatomical Atlas or the
parcellation-based Atlas and is in voxel space. The tractogram and ROIs are in streamline and voxel space, respec-
tively. However, initially, the tractogram needs to register with the Atlas and tracts are extracted by computing the
streamlines passing through the ROIs. Hence the final output of seg function is the tracts in streamline space. The
ROI-based tract segmentation can be defined as follows:

seg(T,Atlasv,roiv) : t ⊂ T (3.16)
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Unsupervised Clustering Technique

In the case of the unsupervised clustering based approach [128, 44, 16, 100, 113], the main goal is to cluster the
whole brain tractogram into groups or clusters. The input of the seg function is the whole brain tractogram, T ,
in streamline space. However, two important aspects of the clustering approach are as follows: i) a well-defined
similarity or distance measure and ii) the clustering algorithm. The clustering approaches initially measure the
similarity or the distance matrix among the streamlines and then apply the clustering algorithms on that matrix.
We refer to Section 2.5.2, where we mentioned the various distance functions and clustering algorithms used in
clustering approaches.

Clustering attempts to partition T into p groups, K = {K1, . . . ,Kp},Ki = {s1, . . . ,s j}, with p≤ N, such that

seg(T ) : {K1, . . . ,Kp} (3.17)

and

Ki 6=∅, i = 1, . . . , p and ∪p
i=1 Ki = T (3.18)

Note that the cluster K is a set of streamlines, not the anatomical meaning tract t. The clusters need to be
incorporated with the anatomical Atlas (atlasv) in order to assign the anatomical label to the clusters. However, as
the Atlas is in voxel space, the final extracted tract (by assigning the label to the cluster) is also in voxel space.

Supervised Tract Segmentation

Supervised tract segmentation uses prior knowledge in order to segment the tract. This prior knowledge can be the
model of the tract, the expert segmented tract of interest or an Atlas with expert labeled tract.

Atlas-based Supervised Segmentation

In the case of Atlas-bases segmentation [103, 152, 162, 77, 62] prior knowledge can be expert labeling anatomical
Atlas in voxel space (atlasv) or multi-atlas, that is, created from multiple subjects in streamline space (atlass).

Given the tractogram in streamline space and the Atlas in voxel space, atlasv, we can define the Atlas-based
supervised segmentation as follows:

seg(T,atlasv) : {t1, . . . , tN} ⊂ T (3.19)

In the case of Atlas in streamline space, supervised segmentation can be defined as follows:

seg(T,atlass) : {t1, . . . , tN} ⊂ T (3.20)

where t1, . . . , tN are the segmented tracts from the tractogram T .
An important aspect of Atlas-based supervised segmentation is to incorporate the prior knowledge (from the

Atlas) to the tractogram. In order to do that, for a given streamline of a tractogram T , the closest streamline
from the Atlas (atlass) is retrieved and then assigned the same label of the streamline from the Atlas (atlass). In
such a way, we can state that given a set of streamlines of one subject, the problem of finding the corresponding
streamlines in the tractogram of another subject has been addressed with the NN strategy [162]. We explicitly
describe streamline correspondence in Subsection 3.3.1 and streamline correspondence as NN in Subsection 3.3.2.
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Model-based Supervised Segmentation

The input of the seg function for the model-based supervised segmentation technique is the parametric model of
the tract and the tractogram. The parametric model can be built based on the following parameters: the Gamma
mixture model of the distance [89], the Gaussian process of tract probability map [156], and the hierarchical
dirichlet process mixture model [155]. The model-based segmentation technique can be defined as follows:

seg(T, tm) : t ⊂ T (3.21)

where tm is the parametric model of the tract.

3.3.1 Tract Segmentation as Streamline Correspondence Problem

We address the problem of tract segmentation as the streamline correspondence problem, that is, on finding which
streamline in the new tractogram corresponds to a given streamline in the example tract. Given one example of the
tract of interest, tA = {sA

1 , . . . ,s
A
k }, for example the segmented CST from subject A, finding the correspondence set

of streamlines of subject B, can be defined as tA: tA→B ⊂ TB. The extracted tract, tA 7→B, is an approximation of the
actual tract/bundle of interest in subject B, i.e. tB.

The problem of finding the correspondence is combinatorial one and its solution is a correspondence map
between the two sets. We denote the map as a binary matrix P = [pi j]i j ∈ {0,1}|TA|×|TB|, that we call mapping
matrix, such that pi j is 1 when streamline sA

i ∈ TA corresponds to streamline sB
j ∈ TB, and 0 otherwise. In practical

cases, it is common to observe that different tractograms have a different number of streamlines, i.e. |TA| 6=
|TB|. Moreover, corresponding tracts across different subjects may have different sizes, meaning that different
streamlines of one tractogram may correspond to the same streamline in another tractogram. For these reasons, in
general, the correspondence between streamlines cannot be a bijective or an injective map but a many-to-one or
many-to-many map.

3.3.2 Streamline Correspondence as Nearest Neighbor

As mentioned above (see Section 3.3), streamline correspondence can be addressed with the NN technique. The
straightforward solution of retrieving neighboring streamlines is to compute the distance from the given streamline
to all other streamlines in the new/target tractogram and then getting the minimum streamline.

Assuming that the tractograms of the two subjects are registered in the same space (e.g. see [55]), a simple
supervised segmentation method is based on the NN algorithm: we define the segmented bundle as the set of
streamlines of the target subject that are NN of the streamlines of the example bundle.

More formally, let T A
example and T B

target be the tractograms of two different subjects, A and B. Let bA
example ⊂

T A
example be an example of the bundle of interest, segmented by an expert. Let bB

target ⊂ T B
target be the (unknown)

corresponding bundle we want to approximate using automatic supervised segmentation, via NN. Under the as-
sumptions that T A

example and T B
target are co-registered, the approximate bundle b̂B

target ⊂ T B
target is such that

b̂B
target = {NN(sA

e ,T
B

target),∀sA
e ∈ bA

example} (3.22)

where sA
e is a streamline of the example tract of subject A and NN(sA

e ,T
B

target) = argminsB∈T B
target

d(sA
e ,s

B) its NN

streamline in T B
target, i.e. the one having minimum distance from sA

e .
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3.3.3 Open issues: Supervised Tract Segmentation

We intend to investigate the supervised tract segmentation approach as it has the guarantee to segment the anatom-
ically meaningful tract.

Existing methods of supervised segmentation have some limitations, the main ones being the high computa-
tional cost [103, 152], the requirement of a large number of segmented tractograms to construct the Atlas in the
case of multiple Atlases [62], and the dependency on the definition of threshold values [162, 77]. Moreover, a
recently proposed approach requires the labelling of individual streamlines, which is time consuming and depends
on demanding preprocessing [77].

As mentioned in Section 3.3.2, in the literature, given a tract from one subject, the problem of finding the
corresponding streamlines in the tractogram of another subject has been addressed with a NN strategy [162].
The approaches currently adopted to compute the NN are based on several pre-processing steps that may involve
clustering, the definition of thresholds and the use of fast graphics processing units (GPUs), see [162, 77].

Furthermore, we observed that finding corresponding streamlines with the NN strategy is suboptimal. A typical
problem with NN is that homologous anatomical structures of two different subjects may have a systematic dis-
placement even after the initial affine registration. In those cases, the NN strategy would be too greedy and would
fail to retrieve the correct corresponding streamlines because of the systematic displacement, selecting instead the
closest ones. We illustrate this issue in Figure 1.4 of Chapter 1.

This is another issue of the NN strategy: by always greedily selecting the closest streamline in the new trac-
togram, frequently, multiple streamlines of the example tract end up corresponding to the same streamline in the
target tractogram. For this reason, the number of streamlines of the estimated tract in the target tractogram is
always inferior, or at most equal to that of the example tract, leading to systematic and unrealistic thinning (see
Figure 1.4).

In this work, differently from the NN strategy, we propose a non-greedy strategy to segment the tract. We
claim that introducing the further constraint of one-to-one correspondence between streamlines forces the corre-
spondence to follow the local displacements that may occur due to the initial affine registration. Additionally, our
proposal is to find which streamlines of the new tractogram belong to the desired tract using previous examples.



Chapter 4

Methods

Overview

In the previous chapter, we presented the formulation of the tractogram alignment and the tract segmentation
problem. Besides that, we also presented our proposed concept of aligning two tractograms, called tractogram
correspondence. In the case of tract segmentation, we showed the mathematical formulation of streamline corre-
spondence as nearest neighbor (NN) strategy.

In this chapter, we mainly discuss the proposed solutions of tractogram correspondence problem and tract
segmentation problem. Regarding the solution of tractogram correspondence, we provide an operational procedure
to find the optimal correspondence through the graph matching (GM) problem. For this purpose, we first introduce
the basic definition and formulation of the GM problem and these will be followed by a review of GM solutions.
We also elaborately describe the adapted doubly stochastic projected fixed-point (DSPFP) algorithm to solve the
GM problem.

In this thesis, in contrast with the NN formulation, the streamline correspondence problem formulated as the
linear assignment problem (LAP). To adopt the appropriate solution of the LAP, we have studied the literature
of existing LAP solutions and adopted the Jonker-Volgenant Algorithm for Linear Assignment Problem (LAPJV)
algorithm. By adapting the solution of the LAP, we also provide a complete framework for supervised tract
segmentation. The LAP formulation of the tract segmentation, adapted algorithm for the LAP and detail procedure
of the segmentation framework will be reported in this chapter.

In order to implement the GM and the LAP solutions efficiently, we proposed a scalable procedure to address
the NN solutions, which we also describe at the end of this chapter.

Organization of the Chapter

We divide this chapter into three different sections based on tractogram correspondence, tract segmentation and
scalable solution for the nearest neighbor computation. The chapter is organized as follows. Section 4.1 discusses
the tractogram correspondence, GM problem and solutions. Section 4.2 provides the formulation of LAP and its
solution, and details of the proposed tract segmentation mechanism. Subsequently, in Section 4.3, we present the
scalable solution of NN technique.
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4.1 Tractogram Correspondence

In this section, we will present the formulation of tractogram correspondence problem as GM problem. The first
initial step is to encode the tractogram as a graph. We introduce the basic notation for graphs, followed by the
formulation of the GM problem.

4.1.1 Basic Notation and Terminology

Graph construction is the first important step of the application of the GM techniques [137]. Therefore, a good and
effective representation of the graph is necessary.

A graph G = (V,E) is composed of vertices and edges. V is a finite set of vertices or nodes, and E ⊂V ×V is
a set of connections (edges) between the vertices. Edges are said to be undirected when they have no direction and
a graph G containing only such types of edges is called undirected. Otherwise, it is called directed graph.

A weighted graph is an order triple G = (V,E, f ) which made of a finite set of vertices V , the corresponding
set of edges E and a weighting function f : E 7→ R, which gives a real non-negative value to each edge.

An adjacency matrix is a way to represent a graph as a matrix. Each graph can be represented by a square
adjacency matrix A of size |V |× |V |, where ai j is equal to one if there is an edge between vertex i and vertex j, and
zero otherwise. The adjacency matrix of a weighted graph is defined by the weights of their edges. In this case,
the entries of the main diagonal of the adjacency matrix is zero.

Encode Tractogram as Graph

For a given tractogram, T , the creation of the corresponding graph G is composed of three steps: the construct of
the nodes, the edges and the weights.

Nodes: each vertex of G corresponds1 to one streamline of T

Edges: we consider the connection between two streamlines as an edge, E.
Weights: the weight of each edge is the distance between the related streamlines.
Given a Tractogram, T , a graph G, can be encoded as follows: G=(id(T ),E,d), where id(T )= {id(s1), . . . , id(sN)}

and id(si) = i, si is the streamline from the tractogram and id(si) is the index of the streamline, E ⊆ id(T )× id(T )
and f ((i, j)) = d(si,s j), where d(si,s j) is the distance function to compute the distance between the streamlines si

and s j. Note that the distance is considered here as the weight of each edge.
Figure 4.1 demonstrates a small set of streamlines which contains 5 streamlines (left) and the constructed graph

from those streamlines (right). The graph is constructed using the Networkx http://networkx.github.io//.
The graph shows five nodes (in red) constructed from five streamlines and edges represented by the black lines
along with the weights (numerical values) computed by the distance between the streamlines. Note that to visualize
the graph encoding clearly, we choose to show only a small number of streamlines encoding, instead of the whole
brain tractogram.

4.1.2 Tractogram Correspondence as Graph Matching

A combinatorial optimization problem, that is strongly related to the tractogram correspondence problem, is the
GM problem (see [33, 163]).

1Technically, each vertex is an object whose property is the identifier of the streamline to which it is associated.
2http://networkx.github.io//

http://networkx.github.io//
http://networkx.github.io//
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Figure 4.1: Tract encoded by graph: (left) a small set of streamlines which contains 5 streamlines (right) encoded
graph with five nodes from a small set of streamlines. Graph visualized by the NetworkX 2

Figure 4.2: Graph matching example: two graphs with eight nodes are matched. Dotted lines represent the match
between the nodes of the graph [from [137]

Let two different tractograms TA and TB are represented by two different graphs, GA and GB. We denote as
A ∈RNA×NA and B ∈RNB×NB the adjacency matrices of the weighted graphs GA and GB with |VA|= NA and |VB|=
NB, respectively. The GM [137] problem aims at finding the corresponding vertices in two graphs, GA and GB, of
equal size (NA = NB), with adjacency matrices A and B ( see Figure 4.2). Differently from the correspondence of
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streamlines described in Section 3.2.3, the correspondence of GM is a one-to-one (bijection). Formally, the GM
problem is formulated as

P∗ = argmin
P∈P

||A−PBP>||2F (4.1)

where ||.||F is the Frobenius matrix norm. It is worth noting that Equation 4.1 is very similar3 to the corre-
spondence problem of Equation 3.14. Specifically, when the correspondence between streamlines is a permutation
of indices, then the matrix Q is a permutation matrix and the correspondence problem of Equation 3.14 becomes
identical to the graph matching problem of Equation 4.1: ||A−PBP>||2F = ||B−QAQ>||2F when P=Q, so Q∗=P∗.

When the two graphs have different sizes (NA 6= NB), the GM problem is called sub-graph matching (sub-GM)
problem and the goal is to find the corresponding vertices from the smaller graph to the larger graph. The GM and
sub-GM problems are known to be non-deterministic polynomial-time hard (NP-hard) [33], in general, and only
approximate solutions can be obtained in most of the practical cases, i.e., when the number of vertices is more than
twenty. Notice that a matching P can also be considered a correspondence, i.e. P ∈ P ⊆ Q . For this reason, an
approximate solution of GM is also an approximate solution of the correspondence problem.

Figure 4.3: Graph matching example with cingulum (CG) tracts from two different tractograms: two tracts are in
red and golden and the streamlines from two tracts matched by the GM. Matches are shown with black arrow lines.

In Figure 4.3, we have shown an example of the GM, with two cingulum bundle (CG) tracts from two different
tractograms. Each of the tracts contains 113 and 116 streamlines, respectively. The tracts are displaced with the
arbitrary displacement and black straight lines show the correctly identified corresponding streamlines through the
GM.

3Historically, the GM problem refers to finding the vertices of GB that match those of GA, and not the contrary, which is the natural way to
formulate the alignment problem.
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4.1.3 Graph Matching Solutions

The graph matching problem is an NP-hard combinatorial problem. Due to the combinatorial nature, the exact
optimal solution can only be found for small graphs (graph with 20 nodes). In case of large graphs, approximate
solutions have been proposed in literature. A comprehensive review of GM solutions can be found in [33], [51].
Although approximate algorithms provide a near-optimal solution, it is reasonably easy to scale the algorithms for
large graphs. Hence here we present an overview of the approximate graph matching solutions.

In general, approximate solutions can be divided into three different categories: tree search-based algorithms,
spectral methods and continuous optimization. The first category is based on the approximate tree search algo-
rithms [18, 145]. The basic idea of the tree based algorithms is the partial node matching, which obtains by
assigning nodes from two graphs to each other. The algorithms iteratively find match based on the partial matching
cost and the estimated matching cost of the remaining nodes of the graph. The second category is the spectral
methods which deal with the spectral decomposition of graph adjacency matrices and based on the following as-
sumption: the eigenvalues and the eigenvectors of the adjacency matrix are not vary with the permutation of the
node of the graph [148, 37, 81].

The third category is based on the relaxation of the optimization problem, e.g. continuous relaxation. The main
objective of the continuous relaxation is to relax a discrete optimization problem into a continuous problem, and
solve the continuous problem by continuous optimization techniques. Various algorithms have been proposed for
this particular approach [4, 58, 124]. Following we will discuss the efficiency of the algorithms in this category
based on their computational complexity.

There have been many algorithms proposed in the domain of continuous relaxation technique over the years.
It is not our intention to discuss the details of the algorithms. However, we feel that a comparative study among
some of the algorithms could be useful. Therefore, we report a comparison of different algorithms, i.e. Linear
programming (LP) [4], Relaxation labeling (RL) [50], Graduated Assignment (GA) [58], Reweighted Random
Walks Matching (RRWM) [26], Integer Projected Fixed Point (IPFP) [82], Spectral matching (SM) [80], PATH
following algorithm [163], fast Graduated Assignment (fastGA) [58], Projected Gradient (PG) [21], and Doubly
Stochastic Projected Fixed-Point (DSPFP) algorithm [84]. Table 4.1 reports the comparison, in terms of, time
complexity, space complexity, capability of the handling different size of the graph and convergence rate. Please
note that complexities reported here are evaluated on graphs with equal size. The size of the graph is represented
by n.

Algorithm Time Complexity Space Complex-
ity

Handle the graph
of different size

Convergence
Guarantee

Convergence
Rate

LP O(n6) O(n4) NO N/A N/A
RL O(n4)/iteration O(n2) YES YES Unknown
GA O(n4)/iteration O(n4) YES YES Unknown
PRWM O(n4)/iteration O(n4) YES NO N/A
IPFP O(n4)/iteration O(n4) YES YES Unknown
SM O(n4) O(n4) NO N/A N/A
PATH O(n3)/iteration O(n2) YES YES Unknown
FastGA O(n3)/iteration O(n2) YES YES Unknown
PG O(n3)/iteration O(n2) YES YES Unknown
DSPFP O(n3)/iteration O(n2) YES YES Linear

Table 4.1: Properties of the continuous relaxation based graph matching algorithms (adapted from the [83])

To the best of our knowledge and also from table 4.1, we observe that the computational time and the space
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complexity of the most efficient algorithms 4 for GM are respectively O(n3)/iteration and O(n2), reached only by
the following algorithms (see [163, 84]): PG, fastGA, PATH and DSPFP. With such computational complexity,
approximate solutions can be found for graphs with several thousands of vertices. To scale-up to larger graphs, it
is necessary to derive methods with lower complexity per iteration or to introduce assumptions on the structure of
the data. According to [84] and to our tests, the DSPFP algorithm outperforms others algorithms in terms of actual
time and memory requirements, moreover with higher quality of the approximated solution. For this reason, we
adapted DSPFP algorithm for the solution of the tractogram correspondence problem.

4.1.4 Graph Matching: further approximations

Addressing the tractogram correspondence with the graph matching is not straightforward. The computational and
storage resources necessary to handle the matching of graphs generated from an entire tractogram, i.e. n = 106

nodes and 1010 edges, are beyond the capability of modern computers. We propose a three step process, in this
regard:

1. Two tractograms are clustered into a fixed number of clusters, and a representative streamline is selected for
each cluster.

2. Approximate GM is applied to find the matches between the representatives, i.e. to find the corresponding
clusters.

3. For each pair of corresponding clusters, approximate GM is carried out in order to find corresponding stream-
lines.

For more details of each step, we refer to the Section 6.1.2 of Chapter 6.

4.1.5 The Doubly Stochastic Projected Fixed-Point (DSPFP) Algorithm

The DSPFP algorithm provides an approximate solution to the GM and sub-GM problems. In its original formu-
lation (see [84]), the algorithm accounts for the similarity between both the weights of corresponding edges and
the attributes of corresponding vertices. For sake of simplicity, here we omit the part pertaining vertex attributes,
since it does not play a role in the proposed application of tractogram alignment5. In the following we report the
main steps to describe DSPFP.

The minimization problem of Equation 4.1 can be recast as the maximization problem

P∗ = argmax
X

1
2

tr(X>AX>B) (4.2)

s.t. X1 = 1,X>1 = 1,xi j ∈ {0,1}

see for example [84], Appendix A, for the complete derivation of Equation 4.2. By relaxing the constraint that
xi j ∈ {0,1} into xi j ≥ 0, the original discrete space of the partial permutation matrices becomes the continuous one
of doubly stochastic matrices. The quadratic maximization problem on this continuous space can be addressed by
means of the projected fixed-point method, which is iterative:

X t+1 = (1−α)X t +αΠ(∇ f (X t)) (4.3)

4All these algorithms are iterative, with some sort of convergence criteria.
5Technically, this means simply to set to zero the matrix K in all equations in [84].
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where α is the step size, Π(·) is the doubly stochastic projection, f (X) is the target function to be maximized, i.e.
f (X) = 1

2 tr(X>AX>B), so ∇ f (X) = AXB. The projection method adopted in DSPFP is based on a recent closed-
form solution of doubly stochastic projection, proposed in [164], which is solved by iterating two successive
projections until convergence: Π(X) = . . .Π2Π1Π2Π1(X), where6:

Π1(X) = X +

(
1

NA
I +

1>X1
N2

A
− 1

NA
X
)

11>− 1
NA

11>X (4.4)

and
Π2(X) =

X + |X |
2

. (4.5)

The resulting procedure is reported in Algorithm 1, where Y is a NA×NA matrix, assuming NA ≥ NB. The initial-
ization of X and Y recommended in [84] is such that xi j = 1/(NANB) and yi j = 0, ∀i, j.

Data: A,B,α
Result: P
Initialize X and Y ;
repeat

Y1:NA,1:NB = AXB;
repeat

Y = Y +
(

1
NA

I + 1>Y 1
N2

A
− 1

NA
Y
)

11>− 1
NA

11>Y ;

Y = Y+|Y |
2 ;

until Y converges;
X = (1−α)X +αY1:NA,1:NB ;
X = X/max(X);

until X converges;
Discretize X to obtain P.

Algorithm 1: Doubly Stochastic Projected Fixed-Point (DSPFP), from [84].

The discretization of X, required in the last step of Algorithm 1, is a linear assignment problem, which can be
implemented with the Hungarian method or approximated with a faster greedy algorithm for the linear assignment
method, such as the one used in [80]. This greedy approach comprises the steps described in Algorithm 2.

Data: X
Result: P
Initialize P as NA×NB zero matrix and L as its set of indices {(i, j)}i, j;
repeat

(i∗, j∗) = argmax(i, j)∈L xi j;
pi∗, j∗ = 1;
remove from L all pairs (i, j) s.t. i = i∗ or j = j∗;

until L is empty;
Algorithm 2: Greedy algorithm for the linear assignment problem.

The implementation of DSPFP is available under a Free/OpenSource license at: https://github.com/emanuele/
DSPFP.

61 indicates the vector with all elements equal to one.

https://github.com/emanuele/DSPFP
https://github.com/emanuele/DSPFP
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4.2 Tract Segmentation

In the previous section, we showed that streamline correspondence has an impact on tractogram alignment. We
have taken a further step on the application of the streamline correspondence to the tract segmentation task. We
present a novel supervised tract segmentation approach based on streamline correspondence across subjects. In
contrast to the previous work, we formulate the streamline correspondence problem as a linear assignment problem
(LAP). Due to the high computational complexity of the GM algorithms and their inability to find the match
between two graphs with such a large difference (by considering tract and tractogram as two graphs), we opted for
the LAP problem, which is one of the fundamental combinatorial optimization problems.

In this thesis, we propose a novel supervised tract segmentation approach that segments tract by exploiting a
set of examples from different subjects. Our supervised segmentation approach is based on the idea of streamline
correspondence (see Section 3.3.2). As a common practice, streamline correspondence can be addressed by the NN
strategy. In contrast with the NN strategy, we cast the streamline correspondence as the linear assignment problem
(LAP). In this section, we first introduce the basic definitions and terminology of LAP and then we present the
formalization of the tract segmentation problem as a linear assignment problem (LAP). A brief review of the
solutions of the LAP, followed by an elaborate description of the adapted Jonker-Volgenant algorithm for Linear
Assignment Problem (LAPJV) algorithm will be presented. We conclude this section with a detail description of
the proposed tract segmentation approach.

4.2.1 Notation and Terminology

Linear Assignment Problem The LAP is a fundamental combinatorial optimization problem. Given two sets of
objects A = {a1, . . . ,aM} and B = {b1, . . . ,bM} and the cost matrix C = [ci j]i j ∈RM×M that provides the cost ci j of
assigning/matching ai to b j, the LAP aims to find the one-to-one correspondence between the two sets that has the
minimum total cost. In our context, we use the LAP to find the correspondence between two sets of streamlines,
as in [127]. In our case, the cost to minimize is the distance between the streamlines, i.e. ci, j = d(sA

i ,s
B
j ). A

one-to-one assignment can be represented with a binary matrix P = [pi j]i j, where pi j = 1 if ai corresponds to b j

and zero otherwise. The one-to-one constraint makes P a permutation matrix, i.e. only one element in each row
and column is 1. Then, the LAP is defined as

P∗ = argmin
P∈P

M

∑
i, j=1

Ci j pi j. (4.6)

where P∗ is the optimal assignment. When the size of the two sets differs, i.e. |A| 6= |B|, the problem is called
rectangular linear assignment problem (RLAP) [12], a generalization of the LAP.

4.2.2 Tract Segmentation as (Rectangular) Linear Assignment Problem

Given the tract/bundle tA = {sA
1 , . . . ,s

A
k } of subject A and the tractogram TB = {sB

1 , . . . ,s
B
M} of subject B, where

k ≪ M, and a distance function d() between streamlines, we denote as C = [ci j]i=1...k, j=1...M , the distance matrix
between each streamline of tA to each of TB, i.e. ci j = d(sA

i ,s
B
j ). Then, we define the corresponding streamlines of

tA in TB as those found by the solution of the corresponding rectangular linear assignment problem (RLAP):

P∗ = argmin
P∈P

k

∑
i=1

M

∑
j=1

ci j pi j (4.7)
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where [pi j]i j = P∈ P is a partial permutation matrix, i.e. P= [pi j]i j ∈ {0,1}k×M and ∑
k
j=1 pi j = 1 but ∑

M
i=1 pi j ≤ 1.

P∗ is the optimal assignment, i.e. the one with lowest overall cost. Once P∗ is obtained, the segmented tract in TB

is defined as the set of streamlines in TB corresponding to tA according to P∗.

4.2.3 Solutions of Linear Assignment problem

Here we present the review of the existing solutions of the LAP.
Various algorithms for solving the LAP has been proposed in the literature. The proposed solutions of the

LAP can be categorized into three groups, i.e. primal algorithm, dual algorithm and primal-dual algorithm [20].
Primal algorithms are the specialised version of the simplex method, i.e. a popular algorithm for solving the linear
programming. Dual algorithms involve the shortest path algorithm to reach the solution of the LAP. Consequently,
primal-dual algorithms solve the original LAP along with the dual formulation of it. However, primal algorithms
have limited use due to their relatively complex implementation. Hence primal-dual algorithm and dual algorithms
are widely used. A comprehensive review of all the proposed algorithms can be found in [20, 19, 2].

An extensive computational comparison among eight well known algorithms is presented in [39]. The algo-
rithms are: Hungarian, signature, auction, pseudoflow, interior point method, Jonker-Volgenant for linear assign-
ment problem (LAPJV). According to the survey, the Hungarian [76] algorithm and LAPJV [75] are the most
efficient ones [126]. Note that we listed only six algorithms among the eight as other two are the variant of
the auction algorithm. However, Hungarian algorithm is a well-known and notable algorithm in the class of the
primal-dual algorithms [76]. Being proposed in 1955, Hungarian algorithm is the first algorithm that solves LAP
in polynomial time, with the complexity O(m4) and later improved to O(m3) [97]. LAPJV [75] is in the group of
the dual algorithms, and has received attention in the literature for its capability to solve the practical applications.
Although both LAPJV and Hungarian have the same complexity, LAPJV appears to be faster than the Hungarian
algorithm.

In many practical applications the two sets of the assignment problem have different sizes, i.e. the cost matrix
is rectangular. A common solution of the rectangular cost matrix is adding m− n (where m and n are the row
and column of the cost matrix, respectively) dummy entries, so that the problem becomes a LAP with (m− n)!
optimal solutions. The time complexity of this solution becomes O(m3). A more efficient algorithm for solving the
rectangular assignment problem can be found in [13], which is a rectangular extension of the Munkres algorithm.
The complexity of this algorithm is O(n2m). The rectangular version of LAPJV was proposed in [12], with a
more efficient and robust solution than the original one in [75]. It is one of the most efficient algorithms for
the rectangular cost matrix among the other proposed solutions in the literature. In this work, we adopted the
rectangular version of LAPJV due to its efficiency.

4.2.4 Jonker-Volgenant Algorithm for Linear Assignment Problem (LAPJV)

We report the main steps of LAPJV in pseudocode in Algorithm 3. Note that we are not intended to give the
technical details of the algorithm, instead we will provide here an overview of the steps of the algorithm. We refer
the interested reader to [12, 75] for a comprehensive description of the LAPJV algorithm.

LAPJV consists of two main phases: the initialization phase and the augmenting phase. The initialization
phase consists of three parts, i.e. column reduction, reduction transfer and augmenting row reduction.

The main purpose of the column reduction is to modify the cost matrix in such a way to have zero on each
column. Initially, the minimum value of all columns over the rows is computed and subtracted the minimum value
of each column from the value of the respective column. In such way, each column contains one zero and then,
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assign those columns (with zero) to their corresponding row, see the steps 4 to 9 of Algorithm 3. Reduction transfer
mainly helps to handle the unassigned row from the previous step (column reduction). For handling the unassigned
row, it enables the row reduction, i.e. subtracting the minimum value of the row from each element each row, see
steps 10 and 13 from Algorithm 3. After the reduction transfer, a set of paths are computed which starts from an
unassigned row to an unassigned column. This step referred as augmenting row reduction. Initially, it starts from
an unassigned row, find the 2nd smallest (minimum) value and subtract the value from the row. The unassigned
row is assigned to the column that contain the 2nd smallest value and if the column is already assigned to any row,
it makes the assigned row unassigned. This procedure is repeated for the unassigned row from the previous step
until the unassigned column is found, see steps 15 to 22.

The augmenting phase computes the shortest path between the unassigned row and column with the modified
Dijkstra’s algorithm. Starting from an unassigned row, it finds the shortest path for it using the Dijkstra’s algorithm
and is assigned the unassigned row to the column found by the Dijkstra’s algorithm. If the column is already
assigned to any row, it marks the assigned row unassigned. The procedure is repeated for the unassigned row from
the previous step until the unassigned column found, see step 25 to 30 of Algorithm 3). Finally, row and column
solution matrices are updated with the minimum value for each row and its corresponding column.

The source code in Pascal can be found at http://www.assignmentproblems.com/LAPJV.htm and the
Python implementation is adapted from http://pymatgen.org/.

4.2.5 Proposed Tract Segmentation Framework

In this thesis, we propose an example-based supervised tract segmentation approach. Given an anatomical tract of
interest, e.g. the corticospinal tract (CST), and a set of examples of that tract, segmented from multiple subjects,
our aim is to exploit the information from those examples in order to automatically segment the tract of interest in
a new subject.

The overall framework of the proposed tract segmentation approach is illustrated in Figure 4.4. The inputs to
the framework (blue dotted line) are the tract of interest from the different subjects (termed example tract) and
the whole brain tractogram. The desired output (blue dotted line) of the framework is the segmented tract from
the whole brain tractogram. Two different processes are involved in the proposed framework: correspondence and
refinement.

The tract segmentation method that we propose consists of two main steps (see Figure 4.4. In the first step,
each example tract uses the correspondence process to obtain a candidate segmentation in the new tractogram, see
Figure 4.5. In the second step, the candidates generated from each example are merged together and then filtered
through the refinement process, in order to obtain the final segmentation of the desired tract, taking into account
the variability of the examples across subjects.

Tract Correspondence from a Single Example

Given one example of the tract of interest, tA = {sA
1 , . . . ,s

A
k }, e.g. the segmented CST from subject A, the first step

of the proposed method is able to extract the set of streamlines of subject B corresponding to tA: tA→B ⊂ TB. The
extracted tract, tA 7→B, is an approximation of the actual tract/bundle of interest in subject B, i.e. tB. The procedure
is based on the concept of streamline correspondence, i.e. on finding which streamline in the new tractogram
corresponds to a given streamline in the example tract.

http://www.assignmentproblems.com/LAPJV.htm
http://pymatgen.org/
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1: Input: Cost matrix, C = {ci j}i=1...k, j=1...M
2: Output: The assignment for each row of the cost matrix
3: Column Reduction
4: for j=n:1
5: find the minimum value over rows for column, j
6: if the row with lowest value at unassigned column then
7: assign the column with the lowest row index
8: end if
9: end for

10: Reduction Transfer
11: for each unassigned row:
12: transfer the unassigned to assigned row
13: end for
14: Augmenting Row Reduction
15: repeat
16: finding augmenting paths starting in an unassigned row, i
17: if j is unassigned then
18: augmentation solution is from the alternating path
19: else
20: reassigning column j to row i, reduction is transferred
21: end if
22: until no reduction transfer or augmentation.
23: Augmentation
24: repeat
25: Augment solution for each free rows
26: Construct the auxiliary network and determine from an unassigned row i to an unassigned column j
27: find an alternating path by the modified Dijkstra’s shortest path method, which is used to augment the solution
28: Adjust the cost matrix.
29: update column values, and reset row and column assignments along the alternating path
30: until no unassigned rows
31: Final Assignment
32: Update all the assignment with the assigned row and column values to ensure minimum values for each row

of the cost matrix.
Algorithm 3: LAPJV algorithm [from [115]]

Correspondence as (Rectangular) Linear Assignment Problem The segmentation method that we propose in
this work is based on the (rectangular) linear assignment problem (LAP).

Given the tract/bundle tA = {sA
1 , . . . ,s

A
k } of subject A and the tractogram TB = {sB

1 , . . . ,s
B
M} of subject B, where

k ≪ M, and a distance function d() between streamlines, we denote as C = [ci j]i=1...k, j=1...M , the distance matrix
between each streamline of tA to each of TB, i.e. ci j = d(sA

i ,s
B
j ). Then, we define the corresponding streamlines of

tA in TB as those found by the solution of the corresponding rectangular linear assignment problem (RLAP):

P∗ = argmin
P∈P

k

∑
i=1

M

∑
j=1

ci j pi j (4.8)

where [pi j]i j = P∈ P is a partial permutation matrix, i.e. P= [pi j]i j ∈ {0,1}k×M and ∑
k
j=1 pi j = 1 but ∑

M
i=1 pi j ≤ 1.

P∗ is the optimal assignment, i.e. the one with lowest overall cost. Once P∗ is obtained, the segmented tract in TB

is defined as the set streamlines in TB corresponding to tA according to P∗.
Finding the optimal solution of the LAP or RLAP is usually computationally very expensive. We refer Sec-
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tion 4.2.4 for the description of the adopted LAPJV algorithm. Due to the computational cost of the algorithm,
LAPJV cannot be directly applied to the full cost matrix, i.e. between the streamlines of the example tract and
the whole set of streamlines of the target tractogram. Anyway, a key element of the scalability of our solution is
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a further step that we introduce before starting the RLAP: the sparsification of the cost matrix C. In our experi-
ments, we noticed that only a small part of the whole C is actually used in LAPJV. Specifically, for each streamline
in tA only the distance from the neighboring streamlines in TB plays a role in the computation. For this reason,
by leveraging the dissimilarity representation and k-d tree (see Section 4.3), we efficiently computed just a small
subset of C instead of the whole matrix, saving a substantial amount of time and memory both in building C and
in executing LAPJV. The small subset of streamlines of the target tractogram TB is computed by the union of 500
nearest neighbors (NN) of the streamlines in the example tract tA, i ∈ {1, . . . ,N}. We refer to Section 4.3.3 for the
detail procedure of the NN computation and Section 6.2.2, for the implementation of the steps.

Tract Correspondence from Multiple Examples

The quality the segmented tract/bundle obtained from a single example tract, is limited by inherent differences in
the white matter anatomy between subject A and B. In order to reduce the bias of segmenting from a single specific
example, here we describe a procedure to segment the desired tract/bundle from multiple examples, each from a
different subject. In this way we try to exploit the anatomical variability in the sample of subject as if we had a
model of the tract. The proposed procedure is based on first computing the correspondence between each example
and the new tractogram and then on ranking all the corresponding streamlines according to how frequently they
have been selected by the segmentation induced by each example. In the following we describe the details of the
proposed procedure.

Refinement Through Ranking Given a tract/bundle of interest, e.g. the CST, the set of N examples segmenta-
tions of that tract from N different subjects is denoted as {tA1 , . . . , tAN}. For each example tract tAi , a corresponding
tract tAi→B ⊂ TB can be obtained following the RLAP procedure explained in Section 4.2.5, or other strategies like
nearest neighbor. The resulting set of segmentations for tB is denoted as {tA1→B, . . . , tAN→B}. Our aim is to find
an improved approximation of tB, that we call t̂B, leveraging all N/ The proposed procedure to obtain t̂B is the
following:

1. Compute the union of the obtained segmentations: t(A1,...,AN)→B =
⋃N

i=1 tAi→B. This is a meaningful superset
of tB.

2. Score each streamline in t(A1,...,AN)→B⊂TB by counting how many time the streamline appears in {tA1 , . . . , tAN}.
In this way, selected multiple times as potential streamline of tB is considered evidence of being a reliable
streamline. We further introduce other criterion in order to break ties in the ranking between streamlines
selected the same number of times. Our proposed second criterion comes from the selection cost of the
streamlines, i.e. the distance of the streamline during the time of selection. Lower cost means a more
reliable matching. Once all scores are obtained, we ranked the streamlines according to their score.

3. We define the number of streamlines of t̂B as the median number of streamlines of the example tracts:
k̂ = |t̂B|= median(tA1→B, . . . , tAN→B).

4. t̂B is the set of k̂ top ranked streamlines.

According to the ranking schema, we computed the score of each of the streamlines from the superset of tB
based on two criteria, i.e. i) the number of selection time of the streamlines and ii) the cost or the distance value
during the selection. To justify these two criteria, we will elaborately discuss with an example here. For example,
a streamline can be appeared in the superset five times or just once. Indeed the streamline with five times selection
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will have the higher score compare to the streamline appeared just once. The second criterion comes into play when
two streamlines have the same number of scores due to the same number of selections. To differentiate between
these two streamlines, we further include other criteria, i.e. the cost or distance value of the streamlines during the
time of selection as a correspondence streamline by the examples. Lower cost means a more reliable matching.
As an example, if the two streamlines, s1 and s2 selected 5 times and their cost is 0.40 and 0.34, respectively, the
highest rank will be given to the streamline s2, due to the minimum cost compared to s1. We believe that combining
these two criteria is worthwhile to rank the streamlines as we are considering two different and important pieces
of information.

Validation Approach After segmentation, we validated the segmented tract with two different evaluation met-
rics. Firstly, we followed the common practice, i.e. we computed the overlap between the segmented tract (ex-
tracted by the proposed method) and the ground truth tract. In order to generate the ground truth tract, we relied on
the well-known parcellation-based segmentation approach, i.e. white matter query language (WMQL). The over-
lap is computed among the voxels of the two tracts. We computed the degree of overlap using the dice similarity
coefficient (DSC) [43]. Secondly, we used the receiver operating characteristic (ROC) [15] curve analysis. ROC
curve plots the true positive rates (TPR) against false positive rate (FPR) by moving the threshold in the ranking of
streamlines. A higher TPR with respect to a given FPR indicates a better segmentation.

4.3 Scalable Nearest Neighbour (NN) for the Tractogram

In this thesis, we propose an efficient way to compute the nearest neighbors of a given set of streamlines. This is
needed to obtain for an efficient implementation of graph matching and LAP solutions. Our proposed procedure to
compute the NN greatly simplify the computation both in terms of time and number of logical steps. Our procedure
includes a vectorial representation of the streamlines of the tractogram, based on the dissimilarity representation
(DR) [106], and the construction of k-d (k-dimensional) tree [11] from the obtained vectors. Finally, by applying
the efficient nearest neighbor query of the k-d tree, we can quickly retrieve the closest streamlines.

4.3.1 Notation and Terminology

K-d (k-dimensional) Tree A k-dimensional tree (k-d tree, see [11]) is a space partitioning data structure to
efficiently store and retrieve vectorial data in k-dimensional space. The k-d tree provides fast nearest neighbor
queries on large dataset. In this work, we use the k-d tree on the vectorial representation of streamlines, in order
to quickly find the neighboring streamlines of a given streamline s. The computational complexity of building
a k-d tree is OM logM and the nearest neighbor query is OlogM, where M is the number of streamlines of the
tractogram. For example, a modern desktop computer can retrieve the 10 neighbors of a streamline in a tractogram
in a few milliseconds7.

4.3.2 Dissimilarity Representation and Prototype Selection

A vectorial representation of data is not an absolute requirement for machine learning and data mining. It facilitates
the development of efficient algorithms, as it allows performing fast queries, as well as algorithms based on simple
linear algebra operations. Given that the size and complex representation of the brain tractogram data is in contrast

7We measured the timing using the k-d tree implementation sklearn.neighbors.KDTree provided by the Python package Scikit-learn,
see http://scikit-learn.org,

http://scikit-learn.org
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with the scalability requirement for the implementation of GM and LAP solutions, we apply a previously proposed
vectorial representation for streamlines [106].

The DR [111] approach was mainly introduced for classification purposes. However, it has also been used
in the context of unsupervised learning [111], [107]. In this approach, new features are defined for the objects,
such that they are represented by their (dis)similarities to a set of objects that are representative of the problem at
hand, i.e. the prototypes. In such way, every object is then represented by a vector of dissimilarities, instead of the
attributes from the original feature space.

So, let us define the DR approach based on the tractogram application. Given X our space of objects, i.e.the
streamlines, and the brain tractogram T ⊆X , let Π = {ŝ1, ŝ2, . . . , ŝp}, Π⊂X be a set of prototypes of size p, and let
d : X ×X →R+ be a dissimilarity measure between streamlines. A mapping φ(·,Π) : T →Rp is done, such that ev-
ery object is associated with its dissimilarities to all prototypes in Π, φ(si,Π) = [d(si, ŝ1),d(si, ŝ2), . . . ,d(si, ŝp)]. A
way of handling the DR is to interpret the dissimilarity vectors as features. The obtained mapping to Rp is equipped
with the traditional inner product and Euclidean metric, and we have the so-called dissimilarity space (DS). In this
way, the dissimilarity matrix Φ(T,Π) is used as input for the classification or clustering algorithms [111], [46].

The prototypes, are usually selected as the most representative objects of the data set, i.e. Π ⊆ T , or Π might
be even the equal to T . However, in our case, due to the large number of streamlines, computing the whole
dissimilarity matrix would be computationally infeasible. Hence, we need to find a set of prototypes, such that the
computational cost is reduced. Moreover, note that this Euclidean embedding is a lossy one, in the sense that in
general it is not possible to reconstruct si from φ(si,Π). The quality of the representation is strongly dependent on
the choice of d and the selection of the prototypes. Therefore, it is important that we use a suitable distance and an
efficient method to select effective prototypes for our application.

Prototype Selection Method

Due to the size of tractogram data sets, the computation of the whole dissimilarity matrix, i.e. Π = T , for the
DR approach has two main disadvantages: excessively large storage requirements and very high computational
complexity. Therefore, it is required to compute a small set of prototypes, in order to tackle these problems.
Nevertheless, we cannot use just any prototype selection method. In this case, we need an efficient procedure that
can scale well on large data sets.

Random Selection for example, is a very common algorithm and with the lowest computational complexity
O(1). In this case, given our set of streamlines or tractogram T , a subset Π of p number of streamlines is randomly
selected. This algorithm has shown to work reasonably well for the DR approach [114], [111].

In [106], the authors proposed the use of the Subset Farthest First (SFF) [147] algorithm for selecting effective
prototypes from tractogram data. This procedure is a stochastic scalable approximation of the well known Farthest
First Traversal (FFT) algorithm, which has a computational complexity of O(p|T |). It is also claimed that it
reduces the chances to select outliers [147]. The SFF first samples m = [cp log p] streamlines from T uniformly
at random, where c = 3. Afterwards, FFT is applied on this subsample i.e. one streamline is randomly selected
as prototype ŝ1 and a new prototype is iteratively added such that it is the streamline maximising the distance to
the already selected prototypes. It was proved that under the assumption of p clusters in T , the probability of not
having a representative of some clusters in the sample is at most pe

−m
p [147], i.e. a sample of size m is a meaningful

summary of T . The computational complexity of SFF is O(p2 log p). For large data sets and small p, this prototype
selection policy has a much lower computational cost that FFT.

Even though the SFF policy has shown to be a suitable option for prototype selection in tractogram data sets,
it is still based on an initial random selection of streamlines. Therefore, the final representation set will depend on
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whether the random selection is a poor subsample of the tractogram or not.
We propose a new algorithm of prototype selection for tractogram data sets, named Spatial SFF (S+SFF). It is

basically the SFF algorithm with a new heuristic, which is based on background knowledge information about the
application. When looking at a full brain tractogram, it can be noticed that there are many short streamlines. It is
very likely that these are just noise artifacts that have, of course, no anatomical meaning. Therefore, the first step
of our algorithm is to exclude these streamlines for our selection. Thus, given zmin, a minimum allowed size for
a streamline, we will just use the set of streamlines Tmin = {s1,s2, . . . ,sl}, such that zs > zmin. Moreover, longer
streamlines are believed to have greater potential to be useful landmarks, as they are more likely to be present in
most subjects [54]. Hence, before proceeding with the selection, streamlines will be organized in descendant order
according to their size. The goal of the selection step is to obtain a subsample of spatially distributed streamlines,
such that streamlines from all brain areas are considered. The procedure is as follows: the longest streamline is
selected and the next longest streamline is iteratively added, if it is not intersecting with any of the previously
selected streamlines. Afterwards, the FFT is applied on the obtained subsample, as for the SFF algorithm. The
computational cost of S+SFF is O(|T |+ l log l + pl). This is more computationally expensive than SFF, but in
practice l << |T |, therefore it is still feasible.

For more details of the prototype selections of the dissimilarity representation, we refer to Appendix B.

4.3.3 Procedure for Scalable Nearest Neighbor

In principle, the task of retrieving neighboring streamlines to a given one has a high computational cost. The
straightforward solution entails computing the distance from the given streamline to all other streamlines in the
new/target tractogram and then getting the minimum one.

In this thesis, we propose an efficient scalable nearest neighbor solution in order to simplify the computational
cost, both in terms of logical steps and time. Given a tract tA and tractogram TA, we propose the following procedure
to compute the nearest neighbor.

1. Compute a vectorial representation, e.g. the DR, of the streamlines of TB and of tA8

2. Build a k-d tree from the vectors of TB.

3. For each streamline in tA, in its vectorial form, perform a nearest neighbor query on the k-d tree.

8The DR of tA is obtained using the prototypes of TB.



Chapter 5

Materials

Overview

In the previous chapter, we presented the proposed methodologies to address the tractogram alignment and the
tract segmentation problem. To validate the proposed methodologies, a large number of experiments will be
conducted. We use the Human Connectome Project (HCP) dMRI dataset for conducting all the experiments. In
this chapter, we briefly describe the HCP dMRI dataset. However, a key element for evaluating the proposed
tractogram correspondence and tract segmentation is the ground truth tracts. In order to generate the ground truth
tracts, we rely on the well-known parcellation-based segmentation approach, i.e. white matter query language
(WMQL). In this chapter, we present a comprehensive details on how to apply the WMQL. We also briefly describe
the anatomical definition of the extracted tracts with WMQL.

Organization of the Chapter

The chapter is structured as follows. We will describe the details of the HCP dMRI datasets in Section 5.1.
The anatomical definition of the extracted tracts with the WMQL and detail procedures to apply the WMQL are
described in Section 5.2.

5.1 HCP dataset

The HCP dataset is a publicly available dataset, acquired by the Washington University-University of Minnesota
Human Connectome Project Consortium (WU-Minn HCP) [150, 56]. The HCP project aims to acquire accurately
a large number of normal adult brain data, and also to make the data publicly available in a user-friendly manner.
To accomplish the goals, they acquired 1200 healthy subjects dataset with different neuroimaging modalities, e.g.
structural, functional and diffusion, including the T 1-weighted (T 1W ) and T2-weighted (T 2W ) structural scans,
resting-state [132]. The age of the healthy adults is in the range of 22 to 35 including the twins and their non-twin
siblings [150]. A comprehensive detail of the HCP dataset can be found in [150, 56].
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Data Acquisition

The structural images are being acquired by the 3T Siemens Skyra scanner using a 32-channel head coil. Both
T 1W and T 2W images are obtained in high resolution with 0.7 mm isotropic. In case of T 1W images, the field
of view was 224× 224 mm2 and matrix size = 320, 256 sagittal slices in a single slab. The voxel resolution was
1.25×1.25×1.25 mm3 with a repetition time (T R) 3200ms and echo time (T E) 565ms. The measurements were
performed in 3× 90 gradient directions at b− values = 1000,2000 and 3000 s/mm2 [132] and 18 non-diffusion
weighted images (b = 0). Total acquisition time includes a set of 20 mins structural scan and one diffusion imaging
session of 1 hour.

Diffusion Preprocessing

Due to the large diffusion gradient, diffusion images can have the distortion caused by the eddy currents, which
can lead to the artifacts in the brain imaging. Consequently, due to the inhomogeneities in the applied magnetic
field, Echo-planar imaging (EPI) distortion can happen. However, the eddy and EPI distortion corrections [5] are
done with the top-up tool from the FSL5 1. The Gaussian Process predictor is used to feed all the images with
the estimated distortion, in order to compute the eddy-current induced field and the head motion for each image
volume. Distortions are corrected with the eddy tool from the FSL5. For the more details of the preprocessing, we
refer the work in [132].

In order to register the diffusion images, the transformation matrix is computed between the native diffusion
space and the native structural space. Afterwards, the gradient non-linearity corrected mean b0 image is register
with the T 1W structural image, using the FSL/FLIRT in the FMRIB software library. In the case of nonlinear
registration, the deformation field is also computed and is available with the dataset. The Freesurfer [49] is used to
generate the parcellation-based atlas.

Tractogram Generation

Generating the tractogram includes two steps: i) reconstruction and ii) tracking. For each subject, dMRI data
are extracted with b-value 1000 s/mm2 and the b-value threshold for the single-shell extraction is b0 = 10. The
fiber orientation distribution in each voxel was reconstructed using the constrained spherical deconvolution model
(CSD, see [142]). In CSD, the estimation of the fiber response function per voxel is an important preprocess-
ing step. We use the auto_response function from the Dipy in module dipy.reconst.csdeconv to estimate the
response using the FA image. Once the response function is estimated, it is used to generate the CSD model by the
ConstrainedSphericalDeconvModel function from the dipy.reconst.csdeconv module. Then the CSD model is fit-
ted with the function peaks_ f rom_model with the values 0.5 and 25, for the parameters relative_peak_threshold
and min_separation_angle respectively.

To generate the tractogram, we use the EuDX streamline tracking algorithm [53], with 106 seeds. The FA
threshold for the auto response function is set to 0.7 and the angular threshold is 30◦. The EuDX is used from the
module in the DiPy 2 library, dipy.tracking.eudx. The resulting tractograms consist of approximately 100− 140
thousands streamlines.

1https://fsl.fmrib.ox.ac.uk/fsl
2http://nipy.org/dipy

https://fsl.fmrib.ox.ac.uk/fsl
http://nipy.org/dipy
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5.2 White Matter Query Language (WMQL)

The TractQuerier, based on the WMQL [157], is a parcellation-based open source tool3, to segment the whole
brain tractogram. Using the parcellation from FreeSurfer and a database of ROIs, defined by the anatomical
information of the tract, the WMQL extracts the anatomically meaningful tracts with a rule-based approach. It
uses a query language based on a near-to-English texture syntax. Using the queries, three different kinds of
operations are performed: anatomical, relative position and logical operations. If a streamline ends or traverses in
certain anatomical regions of the brain, it referred as anatomical terms. If streamline lies on lateral or frontal of a
certain anatomical structure, it referred as relative position terms. The logical operations include the conjunctions,
disjunctions or exclusion of the anatomical and relative position terms.

WMQL Usage

For applying the WMQL queries on the tractogram, an atlas of the brain structures need to overlay on the top of
the tractogram [157]. Although the WMQL is not depending on any particular atlas, the cortical and parcellation
based white matter atlas are the commonly used one. To run the WMQL, the following procedure is followed:

• INPUT: Full brain tractogram with (.trk) or the (.vtk) file formate, and the parcellation as the Neuroimaging
Informatics Technology Initiative (nifti) file formate. Parcellation is generated from the Freesurfer https:

//surfer.nmr.mgh.harvard.edu/ with the same space as the tractogram.

• OUTPUT: List of tracts; each tract, as a set of streamlines in (.trk) or (.vtk) file formate.

Segmented Tracts with the Tract-Querier

In WM, three different kinds of tracts are found, based on the connection of the different parts of the brain. They
are: association, projection and commissural tracts [60]. A sketch of the commonly found tracts is shown in
Figure 5.1. WMQL currently contains the descriptions of 10 association, 8 projection, and 7 commissural tracts
(see Figure 5.2). All those tracts can be segmented with the WMQL from the whole brain tractogram. Following
a brief description of the segmented tracts are given:

Association Tracts The association tracts link the regions within the same hemisphere [52]. Associate tracts can
be divided into two groups, based on the size of the tracts: long association tracts and short association tracts. The
long association tracts are located in the deep white matter (DWM) which contains common anatomical feature
across individuals. The short association tracts, also known as U-fibers, are located in the superficial white matter
(SWM) which is the space between the DWM and the cortex. The common association tracts, extracted from
the WMQL are the Cingulum Bundle (CB), Superior Longitudinal Fascicle (SLF), Arcuate Fascicle (AF), Inferior
Longitudinal Fascicle (ILF), Inferior Occipito-Frontal Fascicle (IOFF), Middle Longitudinal Fascicle (MdLF),
Uncinate Fascicle (UF) and the Extreme Capsule (EmC). Note that, the SLF tract segmented by WMQL has
three parts: Superior Longitudinal Fascicle I (SLF I), Superior Longitudinal Fascicle II (SLF II) and Superior
Longitudinal Fascicle III (SLF III).

3 http://tract-querier.readthedocs.io/en/latest/

https://surfer.nmr.mgh.harvard.edu/
https://surfer.nmr.mgh.harvard.edu/
http://tract-querier.readthedocs.io/en/latest/
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Figure 5.1: Diagram of association fibers in the cerebrum which shows that associate fibers connect fibers from
the same hemisphere [from [60]]

Projection Tracts Projected tracts [60] link between the area of the cerebral cortex to a subcortical structure,
e.g. the thalamus and spinal cord. The most well known projected tracts are the corticospinal tract (CST) and
the thalamic radiations. The three segmented tracts with WMQL in this group is Cortico-Spinal Tract (CST),
Cortico-thalamical Tracts, Cortico-striatal Tracts.

Commissural Tracts Commissural tracts [60] link the regions of the two cerebral hemispheres. The Corpus
Callosum (CC) is the largest tracts of the human brain. Extracted CC with the WMQL has the seven sections as
suggested by [160] .

Segmented Tracts Information with WMQL

All the subjects are aligned with the voxel based linear registration tool FLIRT/FSL4 on the b0 images. After
alignment, the WMQL is applied over thirty subjects to segment the whole brain tractogram.

In Table 5.1, we report the average and standard deviation of the number of streamlines and of voxels over 30
subjects for sixteen tracts. We observe that for four tracts, such as cst.left, cst.right, ilf.left, ilf.right, the variance
in the number of streamlines is larger than the mean. This can happen due to two facts: i) the number of artifacts
in the segmented tract, ii) inability to segmented those specific tracts for some subjects. To support our claim, in
Table 5.2 and 5.3, we report the number of streamlines of all the 30 subjects from the HCP datasets.

It is worth noting that not all the tracts of the 30 subjects were used for the experiments in this thesis; rather

4 http://fsl.fmrib.ox.ac.uk/.

http://fsl.fmrib.ox.ac.uk/
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Tract Name # Streamline # Voxels

cst.left 39 ± 39 957 ± 625
cst.right 23 ± 34 644 ± 544

cg.left 1141 ± 168 9039 ± 1172
cg.right 982 ± 159 8200 ± 1087

ifof.left 173 ± 94 3713 ± 1295
ifof.right 123 ± 76 2796 ± 1212

ilf.left 96 ± 71 1771 ± 610
ilf.right 54 ± 59 2035 ± 566

uf.left 143 ± 76 1794 ± 844
uf.right 185 ± 66 1140 ± 819

af.left 248 ± 138 3271 ± 1342
af.right 102 ± 156 1581 ± 1784

mdlf.left 123 ± 96 2254 ± 1186
mdlf.right 98 ± 77 1655 ± 841

cc_2 433 ± 120 4103 ± 697
cc_7 408 ± 116 5694 ± 1115

Table 5.1: Data description. For each tract, the table reports the average and standard deviation of the number of
streamlines and of voxels over 30 subjects.

we choose nine tracts from ten subjects which are consistent across subjects in terms of the number of streamlines
for performing the tractogram alignment experiments. The set of tracts are: cg.left, cg.right, ifof.left, ifof.right,
uf.left, uf.right, af.left, cc_3 and cc_7. In the case of tract segmentation experiments, we selected ten tracts based
on two criteria: i) important in clinical studies and ii) consistent across subjects. The tracts are as follows: cst.left,
cst.right, cg.left, cg.right, uf.left, uf.right, ifof.left, ifof.right, ilf.left, ilf.right.
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Tract Name

Subject ID cst.left cst.right cg.left cg.right ifof.left ifof.right ilf.left ilf.right

100307 5 34 1181 969 169 152 26 29

124422 12 22 905 1002 183 69 56 1

161731 49 20 1235 974 66 20 31 163

199655 57 0 1326 1036 142 284 160 21

201111 45 5 1361 1247 92 131 45 0

239944 65 2 1185 1178 202 176 188 258

245333 0 3 1230 1050 54 40 85 42

366446 32 24 1126 904 290 311 6 34

528446 12 29 1396 1235 161 22 32 0

856766 4 1 1150 861 68 109 140 68

111716 28 17 1093 808 204 69 96 1

135932 31 0 1178 765 145 276 83 74

103414 116 10 979 671 85 64 139 47

110411 73 21 1237 1038 234 60 9 0

115320 44 45 965 734 403 172 98 70

126325 27 95 1146 1008 83 150 294 8

128632 26 21 1257 931 80 151 69 37

151526 64 10 1232 1026 332 93 50 108

127933 162 4 1431 1078 283 241 10 0

190031 68 7 703 901 186 36 95 41

756055 31 9 964 795 167 100 104 52

792564 18 86 1249 1160 299 134 250 84

984472 8 23 898 837 181 170 101 35

192540 12 159 1058 966 264 141 170 39

100408 18 1 1323 1377 293 232 44 19

105115 123 19 1125 1059 148 15 65 74

106016 3 17 1115 1002 175 97 206 194

111312 0 0 1048 821 68 71 42 50

117122 0 16 885 987 2 2 75 30

136833 46 0 1256 1050 138 106 116 54

Table 5.2: Tract/Bundle sizes, in terms of number of streamlines across the 30 subjects from the HCP dataset. The
Tracts were segmented with WMQL, see [157].
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Tract Name

Subject ID uf.left uf.right af.left af.right mdlf.left mdlf.right cc_2 cc_7

100307 138 250 92 35 55 256 661 546

124422 193 158 333 190 116 40 283 431

161731 179 195 273 172 137 146 300 337

199655 166 244 176 1 69 27 302 442

201111 281 211 550 508 16 113 670 413

239944 60 73 124 2 11 244 407 247

245333 144 145 352 137 299 13 314 441

366446 296 182 200 8 239 128 638 577

528446 102 156 234 77 227 16 464 520

856766 66 41 172 0 22 27 628 319

111716 130 124 155 0 196 70 438 331

135932 296 265 240 49 286 86 449 454

103414 42 143 71 2 170 209 502 302

110411 76 96 128 81 65 37 349 591

115320 88 137 173 0 17 29 575 209

126325 25 91 330 0 176 86 478 597

128632 63 229 148 1 177 83 358 516

151526 168 278 351 638 146 45 368 520

127933 66 237 265 2 54 123 287 529

190031 160 240 9 1 371 170 514 393

756055 229 245 155 4 214 243 324 303

792564 168 150 195 28 48 66 413 513

984472 67 152 255 342 30 59 567 333

192540 159 236 328 197 27 18 391 388

100408 231 235 679 5 131 53 533 466

105115 226 341 277 192 23 81 263 275

106016 194 178 234 103 107 150 375 183

111312 143 217 192 40 112 109 409 286

117122 58 165 336 241 20 0 334 321

136833 93 160 433 22 143 242 422 467

Table 5.3: Tract/Bundle sizes, in terms of number of streamlines across the 30 subjects from the HCP dataset. The
Tracts were segmented with WMQL, see [157].
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Figure 5.2: Segmented tracts with WMQL: ten association tracts and two projection tracts with the iso-surfaces
[images are taken from [158]]



Chapter 6

Results

Overview

In the previous chapter, we describe the HCP dMRI dataset that has been used to conduct all the experiments. In
this chapter, we present all the components for the quantitative validation of our proposed methods, i.e. tractogram
correspondence and a novel approach for supervised tract segmentation. In this regard, we describe the evaluation
metrics, details setup of the experiments and the experimental results for both methods. Moreover, for both of the
proposed methods, we have performed the quantitative comparison of our methods with other existing methods
and we report the comparison results in this chapter. We conclude this chapter by reporting the running time of our
proposed scalable solution for the nearest streamline computation.

Note that we present the partial results of our experiments in this chapter; detail results can be found in Chap-
ter 8 and Chapter 9. In this chapter, we report a meaningful subset of the experiments.

Organization of the Chapter

The chapter is structured as follows. In Section 6.1 and Section 6.2, we report the experimental results of the
tractogram correspondence and tract segmentation, respectively. In Section 6.3 we demonstrate the running time
for our proposed scalable nearest neighbor solution.

6.1 Tractogram Alignment

In this section, we describe the experiments to support the claims about the advantages of tractogram correspon-
dence over registration methods for tractogram alignment. The experiment was conducted on ten subjects from
the Human Connectome Project (HCP) dMRI dataset. In order to quantify the quality of tractogram alignment
produced by the methods in the literature and by the proposed one, we relied on measuring the degree of overlap
of corresponding anatomical bundles/tracts after whole tractogram alignment (see [55, 59]). Since the bundle/tract
information is never used to compute alignments, we can safely assume that the better such overlap, the better
the alignment of tractograms. In the following, we provide the details of the compared alignment methods and
evaluation metrics in the comparison. Finally, we report the results of all experiments.
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6.1.1 Evaluation Metrics

In order for quantitative evaluation, we followed the common practice, also described in [55] and [59], i.e. we
computed the overlap in voxels of a set of corresponding anatomical tracts after the whole brain alignment is done.
The fraction of overlapping voxels between the tract (tal

A ) of the aligned tractogram and the one (tB) in the target
tractogram, usually called Jaccard index J, is then:

J =
|v(tal

A )∩ v(tB)|
|v(tB)|

(6.1)

where v(t) indicates the set of voxels crossed by the streamlines of tract t, while | · | is the set size.

6.1.2 Experiment Setup

We aligned all pairs of tractograms obtained from the 10 subjects, i.e. 45 pairs. We compared the following
alignment methods: standard affine registration of voxels, affine registration of streamlines, nonlinear registration
of voxels and the proposed method based on graph matching (GM). Voxel-level affine registration was computed
with FSL/FLIRT on the b0 images. Streamline affine registration was computed with two different algorithms:
the entropy-based group-wise registration (ENT) algorithm1 from [102] and with the streamline linear registra-
tion (SLR) algorithm2 from [55]. In all cases, affine registration was applied to streamline coordinates using
the function dipy.tracking.streamline.apply_affine(), from DiPy. Nonlinear voxel-level registration was
computed with FSL/FNIRT, using the deformation fields directly provided within the HCP dataset3.

In order to compare quantitatively the 5 different whole-tractogram alignment methods, we followed the com-
mon practice, also described in [55] and [59], i.e. we computed the overlap in voxels of a set of corresponding
anatomical tracts after the whole brain alignment is done. Before alignment, we segmented a set of tracts in each
tractogram with the white matter query language (WMQL, see [157])4 and then used the streamline IDs to obtain
the tracts on the tractogram after alignment. The set of tracts comprised of Cingulum Bundle (left and right),
Inferior Occipito Frontal Fascicle (left and right), Uncinate Fascicle (left and right), Arcuate Fascicle (left) and
Corpus Callosum (part 2 and 7). We selected these specific 9 tracts because their segmentation, obtained through
WMQL, was more consistent across subjects, in terms of number of streamlines.

Graph Matching: further approximation

In order to obtain the correspondence between tractograms, we introduced a further approximation with a simple
3-steps procedure, similar to the one proposed for the SLR algorithm in [55]:

1. We clustered each tractogram into a given number of clusters (k = 1000) and defined the median (centroid)
streamline as representative for each cluster. We adopted the fast mini-batch k-means algorithm described
in [104] and [113].

2. We computed graph matching between the two graphs made only with the k representatives, in order to
obtain corresponding clusters.

1We adopted the software implementation provided by the authors of ENT, available at: https://github.com/ljod/
whitematteranalysis.

2As implemented in DiPy, http://dipy.org.
3The estimation of the deformation fields of the HCP dataset is described in [56] in the following way: “After bias field correction of

the T1w and T2w images, the T1w image is registered to MNI space with a FLIRT 12 DOF affine and then a FNIRT nonlinear registration,
producing the final nonlinear volume transformation from the subject’s native volume space to MNI space.”

4According to the white matter parcellation provided by the HCP initiative.

https://github.com/ljod/whitematteranalysis
https://github.com/ljod/whitematteranalysis
http://dipy.org
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3. For each pair of corresponding clusters, we computed the graph matching between their streamlines, in order
to find streamline correspondence.

Notice that, in all cases, approximate graph matching was computed with the DSPFP algorithm (see Section 4.1.5),
with random initialization, i.e. xi j ∼ U [0,1]. This is different from the initialization recommended in [84], i.e.
xi j = 1/(NANB), but we observed failure of convergence in a few cases with such constant value, while random
initialization always converged. We also tried the initialization resulting from an initial affine registration (based
on SLR) and we obtained very similar results. For generality of the proposed method, we prefer to recommend
random initialization.

6.1.3 Results for Tractogram Correspondence

Performing the 3-steps procedure required approximately 30 minuets of computation for each pair of tractograms
on a standard desktop computer. Linear registration required a few minutes of computation for FLIRT and SLR,
and approximately 30 minutes for ENT. FNIRT deformation fields were already available within the HCP dataset,
anyway they usually require a few minutes of computation.

Table 6.1 shows the summary of the results of all 45 pairs across the 5 different alignment methods, averaged
over 9 tracts. The first column report the HCP subject identifiers of one tractogram with which the rest 9 of the
tractograms are aligned. The remaining five columns report the degree of overlap between the aligned tractograms
(J, higher is better), averaged over the 9 tracts considered, for the five methods considered in the comparison:
FLIRT, ENT, SLR, FNIRT and GM. For each subject, the highest degree of overlap is indicated in bold face. In
order to avoid unreasonable outliers, we filtered out the cases for which the difference in number of streamlines for
the same tract was extreme, i.e. greater than 60%, denoting problems in the WMQL segmentation. See Appendix
A for an analysis of this issue.

Method

Subject FLIRT ENT SLR FNIRT GM
100307 0.22±0.05 0.22 ±0.06 0.25 ±0.05 0.44±0.04 0.59±0.05

124422 0.23±0.04 0.22±0.04 0.25±0.03 0.44±0.03 0.55±0.04

161731 0.22±0.06 0.23±0.06 0.26±0.05 0.45±0.05 0.55±0.06

199655 0.23±0.04 0.22±0.06 0.26±0.03 0.42±0.03 0.58±0.06

201111 0.24±0.06 0.23±0.07 0.25±0.05 0.41±0.02 0.56±0.05

239944 0.22±0.04 0.22±0.04 0.24±0.02 0.45±0.02 0.55±0.05

245333 0.21±0.04 0.23±0.05 0.26±0.02 0.43±0.02 0.57±0.03

366446 0.23±0.07 0.23±0.07 0.26±0.05 0.44±0.03 0.57±0.06

528446 0.21±0.05 0.21±0.07 0.27±0.03 0.43±0.03 0.56±0.04

856766 0.24±0.03 0.23±0.03 0.27±0.01 0.44±0.03 0.59±0.03

Table 6.1: Summary of the results: average voxel overlap between corresponding tracts after whole brain alignment
for the FLIRT, ENT, SLR, FNIRT, and the proposed GM. The table reports the overlap for each subject averaged
over all the 9 tracts and the remaining 9 subjects.

In Figure 6.1, we show one paradigmatic example where there is a systematic displacement between the cor-
responding tracts (Corpus Callosum, section 7, as defined by the WMQL) of two subjects (HCP ID1: 100307,
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Figure 6.1: A paradigmatic example where there is a systematic displacement between the corresponding tract
(CC, section 7) of two subjects after whole-brain affine registration, with FSL/FLIRT, ENT and SLR. Conversely,
GM is able to provide much better alignment.

ID2: 199655) after whole-brain affine registration. White and green represent the two tracts after the registration
computed with FSL/FLIRT, ENT and SLR5. In the same figure, we also report the alignment computed with GM,
which shows a much superior match because GM acts also at the local level. For this specific example, the fractions
of overlapping voxels for that tract are: JFLIRT = 0.18, JENT = 0.26, JSLR = 0.24, JFNIRT = 0.52 and JGM = 0.81.

6.2 Tract Segmentation

In this section, we present all the components for the quantitative validation for our proposed LAP-based supervised
tract segmentation method . Experiments were performed on the Human Connectome Project (HCP) dMRI dataset.
In order to quantify the quality of the segmentation results, we used the common approach by measuring the voxel
overlap. Furthermore, we performed the receiver operating characteristic (ROC) curve analysis to validate our
proposed segmentation approach.

5FSL/FNIRT is missing from this visual example because we did not apply the resulting deformation field to the streamlines: such procedure
is not sufficiently analyzed in the literature. Nevertheless, we report the quantitative results at voxel-level.
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6.2.1 Evaluation Metrics

To quantitatively evaluate the proposed LAP-based supervised segmentation framework, we adopted two different
evaluation metrics, i.e. i) the dice similarity coefficient (DSC) [43] and ii) Receiver Operating Characteristic (ROC)
curve [15] analysis. In the following, we will discuss the metrics in details.

Dice Similarity Coefficient (DSC): The common practice to validate the tract segmentation approaches is to
compute the voxel overlap between the segmented tract and the ground truth tract. The degree of voxels overlap
is measured through the DSC. In order to compute the DSC, we converted the each tract (both the segmented and
the ground truth tract ) to a binary mask where 1 indicates that a voxel is crossed by a streamline of the tract and 0
otherwise.

Given the segmented tract, t̂, and the ground truth tract, tg, the DSC is defined as follows:

DSC =
2× (|v(t̂)∩ v(tg)|)
|v(t̂)|+ |v(tg)|

(6.2)

where v(t) is the set of voxels crossed by the set of streamlines of the tract, t and |v(t)| is the number of voxels in
v(t). The DSC varies between 0 to 1 and the higher value indicates better overlap.

Receiver Operating Characteristic (ROC) Curve: The analysis of the ROC curve is a standard measure
for performance in the field of the medical image segmentation techniques [133]. It considers all possible de-
grees of sensitivity/specificity of the system to evaluate. We adopted such analysis to compare more in detail the
performance of our proposed LAP-based segmentation method with respect to the nearest neighbor method.

The ROC curve plots the sensitivity, i.e. the true positive rate (TPR), against the specificity, i.e. the false
positive rate (FPR) of the segmentation method at different thresholds. Here, the threshold refers to the ranking
of the streamlines that we obtain in the refinement step, where we combine the segmentations obtained from each
single example in a single ranking, see Section 4.2.5. In the proposed LAP-based method, we set such threshold
as the median number of streamlines across the example tracts. In order to compute the ROC curve, here we span
through all possible thresholds in the ranking to compute the curve. The TPR and FPR are computed by comparing
the streamlines in the ranking above threshold (positives) and below threshold (negatives) with the ground truth,
combining four numbers: the true positives (TP), i.e. the number of voxels of positives that are also in the ground
truth tract, the false positives (FP), i.e. the number of voxels of the positives not in the ground truth, the true
negatives (TN), i.e. the number of voxels of negatives not in the ground truth and the false negatives (FN), i.e. the
number of voxels of negatives also in the ground truth. Hence the TPR and FPR are formulated as follows:

T PR =
T P

T P+FN

FPR =
FP

FP+T N

High values of TPR and (1-FPR) means good segmentation. Additionally, the ROC curve can be summarized in a
single scalar value: the area under ROC curve (AUC) score, where higher AUC indicates better segmentation.

We adopted the python implementation of the ROC curve from scikit-learn 6, which requires to specify two
important parameters, i.e. the true binary labels and the target scores. True binary labels are computed from
the ground truth tract: given a voxel from the ground truth tract, if the voxel belongs to the segmented tract,
the binary label of the voxel will be 1, otherwise 0. However, the target scores are accessed from the rank of
each streamline which computed through the ranking scheme (described in 4.2.5). To compute the target score

6 https://http://scikit-learn.org/.

https://http://scikit-learn.org/
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at the voxel-level, we first convert the streamlines into voxels and then ranked the voxels accordingly with their
corresponding streamlines. For example, if a streamline has the rank 1, all the voxels belong to that streamline will
be ranked as 1.

6.2.2 Experiment Setup

Experiments were performed on thirty subjects from the Human Connectome Project (HCP) dMRI dataset. All the
subjects were aligned with the voxel-based linear registration tool FLIRT/FSL7. After alignment, the WMQL was
applied over thirty subjects to segment the whole brain tractogram. We divided the set of subjects into two groups,
i.e. the example group and the test group, each of fifteen subjects. The tracts from the example group are used
as prior information to guide the segmentation in the tractogram of new subjects. The tracts from the test group
are used to quantify the quality of the obtained segmentation. A total amount of 300 tracts, will be considered as
ground truth as well as examples for the experiments.

We compare our proposed LAP-based supervised tract segmentation method with the following methods: i)
automatic ROI-based segmentation [167], two supervised segmentation based on the NN strategies, i.e. ii) an
example-based multi-atlas approach with nearest neighbour strategy (hereafter denoted as MULTI_ATLAS) [162],
iii) the proposed efficient nearest neighbor solution (see Section 4.2.5) with the minimum average distance measure
(denoted as DR_MAM). In order to qualitative comparison among other segmentation approaches, we measure the
degree of the voxel overlap through the DSC. Further, the ROC curve analysis performed to compare between the
DR_MAM and proposed tract segmentation method with LAP (denoted as LAP). The reason behind this choice of
methods for ROC analysis is due to the fact that for ROC analysis the probability or the score of each streamline
of the segmented tract need to measure (referred as target scores). In the case of LAP and DR_MAM, the target
scores of each segmented streamlines are measured through the proposed ranking schema. on the contrary, it is not
possible to measure the rank between ROI-based segmentation and MULT I_AT LAS, due to their methodology.

Tract Segmentation with LAP

As mentioned in Section 4.2.5, our proposed LAP-based supervised tract segmentation method consists of two
parts: (i) Tract correspondence from a single example, through LAPJV and (ii) combination of the correspondences
from multiple examples through ranking. Here we discuss the choice of the parameters in each part.

As described in Section 4.2.5, tract correspondence from a single example was obtained by solving the LAP
between the streamline of the example and those of the target tractogram, with the rectangular LAPJV. Due to the
computational cost of the algorithm, we could not directly apply it to the full cost matrix, computed between the
streamlines of the example tract and the whole set of streamlines of the target tractogram. For this reason, the
LAPJV algorithm was applied to a sparse cost matrix. The sparse cost matrix was computed by considering only
a subset of the streamlines of the target tractogram TB, specifically the union of all 500 nearest neighbors of the
streamlines in the example tract tA, i ∈ {1, . . . ,N}, that we expect to be a superset of the ground truth tract tB. In
this way, instead of computing a cost matrix of size (approximately) 102×105 and solve the corresponding LAP,
we reduced the problem to a cost matrix of size approximately 102×103. In order to compute such superset, we
used the dissimilarity representation (DR) and a k-d tree. According to [106], 40 prototypes were selected from the
whole brain tractogram, TB, using the SFF heuristic and the MAM distance function. With them, we computed the
DR, i.e. a 40-dimensional vectorial representation, of each streamlines in TB. Afterwards, we put such vectors in a

7 http://fsl.fmrib.ox.ac.uk/.

http://fsl.fmrib.ox.ac.uk/
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k-d tree, using the implementation provided by scikit-learn8. In the same way, all streamlines in the example tract
(tA) were represented as vectors using the previous prototypes. For each of those vectors, we computed 500 nearest
neighbors from the k-d tree of TB and defined the (expected) superset of the ground truth (tB) as their union. Then,
in order to compute the reduced/sparse cost matrix, the MAM distance between the each streamline in the example
tract tA those in the the union set, were computed. Finally, the LAPJV algorithm was applied on the constructed
sparse cost matrix, in order to obtain the corresponding streamline from a single example (tA).

Proceed with the second step with multiple examples, we consider the same segmented tracts of fifteen different
subjects. We repeated the same procedure for fifteen examples and fifteen resulting correspondence tracts were
extracted. By combining the fifteen extracted tracts, superset tract was obtained and refined by following the steps
described in Section 4.2.5. In such a way, approximate tract of tB, that we call t̂B, was segmented.

Note that, two extensive experiments were also performed to investigate the two important properties of the
proposed segmentation method: i) to analysis the number of the nearest neighbor considered for each streamline
in order to construct the sparse cost matrix, and ii) to select the appropriate number of examples in the case of
multiple examples. We refer to the Chapter 8, for the details of the experiment.

Validation of LAP over Nearest Neighbor

We conducted the experiments to show the benefit of tract correspondence computed by the LAP over the NN.
For this purpose, the tracts were extracted by using the nearest neighbor scenarios. We implement an efficient
nearest neighbor solutions (DR_MAM), see the steps described in 4.2.5. We kept the same experiment setup,
e.g. same embedding space, distance function, and refinement step, for the LAP and the DR_MAM to have an
unbiased comparison. Hence we use the DR representation and kd-tree along with the MAM distance function. The
procedure to compute the NN as follows: first, we transformed each streamline in TB a 40-dimensional vectorial
representation, using DR and we put such vector in a kd-tree. Second, each streamlines in the example tract
represented as vectors using again the DR and compute its one nearest neighbor in TB through the k-d tree query.

We plotted the average ROC curve (see Section 6.2.1) for ten well-known tracts of fifteen subjects and reported
in Figure 6.3.

Comparison with the multi-atlas based approach in [162]

We compared our method with a multi-atlas example based tract segmentation technique, proposed in [162]. The
main motivation of this comparison was to validate our method with the nearest neighbour solution provided by
their work. As a further step, we implemented a faster version of their proposed algorithms by adopting the
simplified nearest neighbor solution with the dissimilarity representation (DR) and kd-tree approach described in
Section 4.2.5.

Proposed segmentation method in [162] consists of two parts : i) example data construction ii) automatic tract
classification. For example data construction, multiple subjects are clustered and tracts are labeled by the expert.
The extracted tracts further consider as a prior knowledge for the automatic segmentation. In the case of automatic
tract classification, every streamline of the new subject is labeled by the following procedure: Firstly, for every
streamline of the new subject, the nearest neighbor is extracted from the example data. Secondly, with the proposed
voting scheme, every example subjects votes the streamlines based on two thresholds, i.e. distance threshold and
vote threshold. Based on the majority of the votes, every streamline is labeled.

8http://scikit-learn.org.

http://scikit-learn.org
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The proposed method in [162] has the limitation of the time complexity and implemented on the GPU. In
the case of nearest neighbor computation, every streamline from the new subject needs to compare with every
streamline from each cluster of each subject from the example data, which increases the computational complexity
of the proposed method. Therefore, we propose to use a simplified version of the nearest neighbor computation as
described in 4.2.5. By adapting this, in contrary with the GPU implementation of the proposed method, tracts are
extracted within two minutes with computer CPU core.

In this experiment, for the example dataset construction, we used 15 subjects from the example subject group,
each segmented by the WMQL. All the parameters, e.g. streamline re-sampling, distance threshold, voting thresh-
old, were set as suggested in [162]. Therefore, we used 32 points to re-sample the streamlines, 200 as distance
thresholds and 7 as the voting threshold. Experiments were performed on a desktop computer with an intel Xeon(R)
processor with 16G of RAM.

Comparison with ROI-based segmentation

We compared our method against well-known automatic ROI-based segmentation method proposed in [167]. To
validate, we extracted ten tracts from fifteen test subjects with ROI-based segmentation.

Ten tracts were extracted based on the ROIs and atlas, which are available at http://lbam.med.jhmi.edu/
cmrm/Data_Yajing/fiberMenu.htm. We registered the 15 subjects from the test group with the atlas, which
is in MNI (Montreal Neurological Institute) space. The available ROIs has two way-points and streamlines go
through the both way-points of the ROIs are extracted as segmented tract. Hence by placing the ROIs on the reg-
istered test subjects, we extracted the following ten tracts: left-right corticospinal tract (CST), left-right cingulum
(CG), left-right inferior fronto-occipital fasciculus (IFOF), left-right Uncinate Fascicle (UF) and left-right inferior
longitudinal fasciculus (ILF).

6.2.3 Results for Tract Segmentation

Method

Tract ROI-based DR_MAM MULTI_ATLAS LAP
cg.left 0.37 ± 0.05 0.66 ± 0.02 0.61 ± 0.02 0.74 ± 0.02

cg.right 0.38 ± 0.02 0.67 ± 0.02 0.60 ± 0.02 0.72 ± 0.02

ifof.left 0.41 ± 0.02 0.68 ± 0.02 0.57 ± 0.03 0.71 ± 0.02

ifof.right 0.36 ± 0.02 0.57 ± 0.04 0.55 ± 0.02 0.60 ± 0.04

uf.left 0.35 ± 0.03 0.61 ± 0.05 0.61 ± 0.03 0.69 ± 0.05

uf.right 0.39 ± 0.03 0.65 ± 0.05 0.65 ± 0.02 0.69 ± 0.05

cst.left 0.18 ± 0.02 0.43 ± 0.04 0.38 ± 0.02 0.51 ± 0.04

cst.right 0.19 ± 0.02 0.38 ± 0.02 0.29 ± 0.02 0.44 ± 0.04

ilf.left 0.20 ± 0.03 0.56 ± 0.04 0.60 ± 0.02 0.65 ± 0.04

ilf.right 0.13 ± 0.02 0.56 ± 0.02 0.38 ± 0.05 0.60 ± 0.03

Table 6.2: Summary of the results: average voxel overlap between the segmented tracts and ground truth tracts
for the ROI-based, DR_MAM, MULTI_ATLAS, and the proposed LAP-based segmentation. The table reports the
degree of voxel overlap, in terms of Dice similarity coefficient (DSC), for each tract averaged over fifteen subjects.

http://lbam.med.jhmi.edu/cmrm/Data_Yajing/fiberMenu.htm
http://lbam.med.jhmi.edu/cmrm/Data_Yajing/fiberMenu.htm
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Table 6.2 reports the degree of overlap, as mean DSC, of ten different tracts for four different segmentation
approaches. The means are computed for each segmented tract over fifteen test subjects. The first column reports
the name of the tract and the remaining four columns report the average DSC (higher is better) for each tract, along
with the standard deviation of the average DSC. For each tract, the highest degree of overlap among four different
methods is indicated in bold face.

Figure 6.3 illustrates the average ROC curves of ten tracts with two different segmentation approaches, i.e.
i) DR_MAM and ii) LAP. The average ROC is computed over fifteen subjects for ten segmented tracts. Each
sub-figure demonstrates the average ROC curves for each tract with the DR_MAM and LAP, decoded with two
different colors. The corresponding AUC scores are reported in left below of each sub-figure.

We further visually validated our proposed segmentation technique. Figure 6.2 illustrated the segmented tracts
by our proposed segmentation method along with the ground truth tracts by WMQL. Instead of the voxel, we
consider the streamlines information for visualization in order to demonstrate clearly the comparison between the
segmented tract and ground truth tract. We measured the true positive (TP), the false positive (FP) and the false
negative (FN) in units of streamlines, by comparing the segmented result of our proposed segmentation method to
the ground truth tracts from WMQL method. The TP, FP, and FN are depicted with Salmon, Dark_SeaGreen and
Gold, respectively. This figure visually validates our method as every tract is visually similar with the ground truth
tract in terms of the shape of the tract.

6.3 Scalable Nearest Neighbor (NN) for the Tractogram

We proposed a simple procedure to efficiently compute the approximate nearest neighbor of a streamline, that
reduces the speed of computations and the time, from hours to minutes.

6.3.1 Experiment Setup

The purpose of this experiment is to collect the evidence that the computational cost can be reduced by using the
nearest neighbor strategy by leveraging the dissimilarity representation (DR) and the k-d tree.

We conceived the following scenario to observe the computational time: given a tract (ta) of tractogram (TA)
, the nearest streamlines for each streamline in ta were extracted from a whole brain tractogram (TB). In order
to extract the nearest streamlines, we follow the steps of the proposed scalable NN solutions, as described in
Subsection 4.3.3. Further we compare with the standard approach to find the nearest neighbor of the streamlines
that follows two steps: i) streamline-streamline distance computed between each streamline from the tract ta ta
to all the streamline from tractogram (TB), ii) find the closest streamline, based on the distance measure from the
previous step (see, Equation 3.22).

For the evaluating this experiment, we report the time for computing the nearest streamline for the both ap-
proaches. For our proposed scalable nearest neighbor solution, we measured the time by dividing the process
into three parts, i.e. i) dissimilarity representation which includes the prototype sections and dissimilarity matrix
computation, ii) To build the k-d tree, iii) Query of the nearest streamlines for the given k-d tree. For the standard
algorithm, we measure the time for the distance matrix construction and for finding the nearest neighbor. For
unbiased comparison, in both cases, we consider the MAM distance in order to compute the dissimilarity matrix
and distance matrix, respectively. The experiment was performed on a desktop computer with an intel Xeon(R)
processor with 16GB of RAM.
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6.3.2 Computational Time

In Table 6.3, we report the time to compute the 1-nearest neighbor (1NN) for a given tract to a whole brain
tractogram. For all the streamlines (1181 streamlines) of a given Cingulum Bundle-left tract from the subject,
HCP ID:100408, the 1NN is computed from all of the streamlines (117354 streamlines) from the subject, HCP
ID:100307. The second and third column of the table report the time with our proposed solution (denoted as
DR_KDTREE ) and the standard way to compute the nearest neighbor (denoted MAM_ARGMIN). The result
shows a substantial amount of time which can be reduced by adopting the solution with the scalable nearest
neighbor computation. More precisely, it shows the 100% improvement in terms of the time with our proposed
method.

Method

DR_KDTREE MAM_ARGMIN

Time 15.19s a 2179.2s b

a 14.81s for DR, 0.30s for k-d tree, 0.08 for Query
b 2179.07s for the distance matrix computation, 0.13s for Query

Table 6.3: Computational time: finding the 1NN streamline for all the streamlines of a Cingulum Bundle-left tract
(1181 streamlines) from one tractogram with approximately 1M streamlines with two different nearest neighbor
scenario.

We generate a runtime profile (based on the result presented in Table 6.3) of our proposed scalable near-
est neighbour solution in order to observe the computational time require at each step (three steps mention in
the 6.3.1). Figure 6.4 shows the computational time by breaking down the time into three parts. We observe that
98% time was devoted to the computation of the dissimilarity representation (including the prototype selection and
the dissimilarity matrix construction), whereas 1.5% from the total amount of time was required for the k-d tree
construction, and a very little amount of the time was required for the 1NN query based on the k-d tree.

Furthermore, we extend the experiments to explicitly observe the effect of the execution time for a different
number of prototypes selection from the full tractogram. We report the time in Figure 6.5. We observe 25%
increase of the time with the increase of the number of the prototype from 10 to 60.

In Figure 6.6, we also illustrate the time required to compute the different number of kd-tree query for all
the streamlines of the Cingulum Bundle-left tract. From the figure, it clearly shows that the computational time
increases with the number of the nearest neighbors. However, the total amount of time for computing the 1000
nearest streamlines from the full tractogram (approximately 1M streamlines) for all the streamlines (1181 stream-
line), it requires a very small amount of time, i.e. 1.5 seconds.
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CST Left (WMQL) CST Left (LAP) CST Right (WMQL) CST Right (LAP)

CG Left (WMQL) CG Left (LAP) CG Right (WMQL) CG Right (LAP)

UF Left (WMQL) UF Left (LAP) UF Right (WMQL) UF Right (LAP)

IFOF Left (WMQL) IFOF Left (LAP) IFOF Right (WMQL) IFOF Right (LAP)

ILF Left (WMQL) ILF Left (LAP) ILF Right (WMQL) ILF Right (LAP)

Figure 6.2: Comparison of ground truth tracts segmented with WMQL and the automatically obtained tracts with
our proposed LAP-based method. The tracts in the first and third columns represent the ground truth tracts, those
in the second and fourth column represents tracts using our proposed method. Each tract entitled with two color.
With the Salmon, Dark_Sea_Green and Gold colors the true positive (TP) and false positive (FP) and false negative
(FN) streamlines represented, respectively.
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Figure 6.3: Receiver operating characteristic (ROC) analysis between segmented tracts and ground truth tracts for
the DR_MAM and the proposed LAP-based segmentation. Each Subfigure shows the average ROC curve for each
tract averaged over fifteen subjects.
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Figure 6.4: A runtime profile for computing the one nearest neighbor for all the streamlines, for a given Cingulum
Bundle-left tract from one subject (HCP ID:100408), from the whole tractogram (HCP ID:100307).
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Figure 6.5: Time in second, required for different number of prototypes selection from the whole tractogram for
the dissimilarity representation
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Figure 6.6: Time in second, required for different number of nearest neighbor query on the k-d tree based on the
dissimilarity matrix of the whole tractogram



Chapter 7

Discussion and Conclusions

Overview

In this final chapter of Part I, we first present the discussion of the results of our proposed methods, which are
reported in the previous chapter. Technical perspectives and the limitations of our proposed methods are discussed
in Section 7.1. We conclude our work by reviewing our contributions in Section 7.2, and future directions and a
potential perspective of the proposed methodology is presented in Section 7.3.

7.1 Discussion

In this thesis, we exploit the idea of streamline correspondence, that is, finding which streamlines correspond
across tractograms, to optimize some quality of interest. We have shown that with such correspondence, it is
possible to obtain the accurate alignment. Consequently, alignment based on streamline correspondence provides
intermediate means to address practical tasks such as tract segmentation. We have also proposed a novel tract
segmentation approach based on streamline correspondence across tractograms.

7.1.1 Tractogram Correspondence as Graph Matching

We addressed the whole brain tractogram alignment based on computing streamline correspondence across subjects
as a graph matching problem. This work is the first to present the quantitative comparison across streamline-based
alignment methods for tractograms. The comparison results are reported in Table 6.1. Results clearly show that
tractogram correspondence, implemented as graph matching (GM), is able to align tractograms much better than
what global affine registration can do, both voxel-based and streamline-based. The overlap of voxels of the aligned
tracts, with respect to the target tracts, is two times better with the proposed method than with affine methods. This
occurs uniformly across all subjects and all tracts. We also notice that, as expected, all affine-based registration
methods exhibit comparable results within the reported standard deviations, meaning that there is an inherent
limitation in affine transformations, irrespective of the loss function they optimize.

Such a positive result for GM against affine methods is not surprising because it is expected that one global
linear transformation cannot reconcile local systematic differences between white matter bundles across subjects.
Differently, GM is designed to optimize the match both at the global and local level. This aspect is clearly exem-
plified in Figure 6.1 where some notable displacement between the tracts remains after global affine alignment,
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but not in the case of GM. The locality of GM and, more generally, of the correspondence-based alignment, act
as if each streamline in one tractogram is deformed to exactly match the corresponding streamline in the other
tractogram. This corresponds to a different deformation for each streamline. The global aspect is also preserved
because GM is a joint optimization problem across all vertices/streamlines.

The results in Table 6.1 show the quality of alignment obtained through nonlinear registration of volumes by
means of FSL/FNIRT (5th column). Since nonlinear registration is able to operate local changes, the quality of
such alignment is, as expected, much better than that of linear methods. By comparing the results of GM and
FNIRT, we observe that the quality of GM is still superior, i.e. JFNIRT = 0.43± 0.02 vs. JGM = 0.57± 0.05,
although not by a large margin. Our interpretation of this result is that FNIRT optimized the match of the T1
images, which contain white matter boundaries but not the detailed structure, while our GM-based alignment
procedure optimized the match of streamlines. Hence the main difference between the two methods is as follows:
the proposed method operates on streamlines, which is the focus of this work, while the nonlinear volume-based
algorithms, such as FNIRT, operate on voxel-level information. However, although the evaluation is based on
volume-level information on the corresponding anatomical white matter tracts, the GM has shown the better result.

One of the properties of the proposed method is to use the relational information of each streamline, that is,
its distance from the other streamlines in the subject space. This kind of distance has proved the effectiveness of
the clustering algorithms to group the streamlines into clusters. Nevertheless, tractogram registration techniques
have yet to explore it. In this thesis, we have shown that the streamline distance in subject space impacts the
tractogram alignment. However, the current literature of the streamline-based tractogram registration used the
across-subject streamline distance, that is, a streamline from one tractogram to a streamline in another tractogram.
For computing such distances, two tractograms are required to be in the same space, which is obtained by the voxel-
based registration method. Voxel-based registration has its own limitation of approximation of the alignment that
may affect the accuracy of the streamline-based registration.

As mentioned in Chapter 4, the computational time and space complexity of the most efficient algorithms for
GM are O(n3)/iteration and O(n2) respectively. With such complexity, an approximate graph matching solution
is limited when the number of nodes exceeds a few thousand. The computational and storage resources required
to handle the matching of graphs generated from an entire tractogram, that is n = 105 nodes and 1010 edges, are
beyond the capability of modern computers. For this reason, to obtain the correspondence between tractograms, we
introduced a further approximation with a simple three-step procedure which includes the k-means clustering and
the graph matching (see Section 4.1.4). The total amount of time required by the proposed method is a function of
the number of clusters (k) chosen during the clustering-based approximation. Performing the three-step procedure
with k = 1000 required approximately 30 minutes of computation for each pair of tractograms on a standard
desktop computer. In Chapter 9, we refer to the details of the computational time to perform the graph matching
on sets of streamlines.

Despite clearly positive results, the solution proposed in this work suffers various limitations that provide
ground for interesting future work. At a general level, the idea of putting in correspondence streamlines across
tractograms may be limited by the quality of the tractography algorithms, a topic on which there is still major
debate. For example, if a tractogram contains a large number of artifactual streamlines, it is challenging to find
the correspondence for the artifacts as these should not have the corresponding streamline. To handle this issue
of artifactual streamlines, two possible directions are i) to implement the corresponding algorithm in such a way
that it can avoid the artifactual streamlines, and ii) to apply the tractogram cleaning algorithms, such as SIFT,
COMMIT, LIFE (see Section 2.3.2), in order to filter out the artifactual streamlines.

At the implementation level, GM has the sub-optimal constraint of one-to-one correspondence, which is driven
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to simplify the mathematical formulation of the GM problem. It is worth noting that this constraint is not com-
pletely appropriate for the neuroanatomical perspective, that is, there is no anatomical basis for which streamline
of one tractogram there has to exist the corresponding streamline in the other tractogram. Nevertheless, our ex-
periments shows that, in practice, the benefit of the constraint is much greater than its downsides. Inspired by this
streamline correspondence, in future work we address the correspondence at the level of a set of streamlines, to
find the correspondence between groups of streamlines across tractograms. In principle, the group of streamlines
can be the anatomical meaningful tract. In that case, such correspondence is completely anatomically meaningful
as it is expected that homologous anatomical structures are present across all subjects.

At the application level, aligning tractograms for transferring anatomical knowledge to a new subject, for ex-
ample, for segmentation of tracts, is the straightforward application of the proposed method. Despite the usefulness
of correspondence for the segmentation task, it is still unclear how to address other common tasks, such as align-
ment at the group-level and atlas construction, on which we are focusing our future work. From this point of
view, the idea of exploiting the correspondence between streamlines opens up new directions of research and new
opportunities for improvement of neuroscientific and clinical applications.

7.1.2 Tract Segmentation as Linear Assignment Problem

We present a novel supervised tract segmentation approach based on streamline correspondence across subjects.
We formulate the streamline correspondence problem as a linear assignment problem (LAP). Our proposed LAP-
based segmentation method is able to segment a given tract of interest in the tractogram of a new subject using a
set of examples as prior information.

We performed a comparative study across three alternative methods: i) an automatic ROI-based segmenta-
tion [167]; and two supervised segmentation based on the nearest neighbor (NN) strategies: ii) an example-based
multi-atlas approach with NN strategy ( denoted as MULTI_ATLAS) [162], iii) the proposed efficient NN solution
(see Section 4.2.5) with the minimum average distance measure (denoted as DR_MAM). Table 6.2 clearly shows
that tract segmentation formulated as LAP is able to segment tracts much better than the automatic ROI-based seg-
mentation and supervised segmentation based on the NN approach. Tract segmentation with LAP outperformed
across all ten tracts over 15 subjects the highest dice similarity coefficient (DSC) value. We also noticed that all NN
approaches, that is, DR_MAM and the example-based multi-atlas approaches (MULTI_ATLAS), give comparable
results to each other.

For all tracts our method showed better results in terms of DSC than the ROI-based segmentation approach.
The result from the ROI-based segmentation approach is quite low. This could be due to a registration error which
occurs during the registration of the test subject to the atlas, in a way of obtaining the segmented tracts through the
ROIs.

To validate our proposed segmentation method with the NN techniques, we further performed a quantitative
comparison based on ROC curve analysis between the LAP and DR_MAM. Figure 6.3 shows that for each tract,
our method shows better performance than the DR_MAM, in terms of ROC curve analysis and the AUC score. A
significant difference between the ROC curves of LAP and DR_MAM is also observed.

The results of Table 6.2 and Figure 6.3 also show the quality of the segmentation of the NN approach.
According to the results based on the two evaluation metrics, that is, the degree of voxel overlap in the DSC and
the ROC curve analysis, we found the quality of the segmentation is poor compared to our proposed segmentation
approach. Since the NN strategy aims to minimize the distance of each streamline locally without taking into
account the distances of other streamlines, the solution is a greedy one. By always greedily selecting the closest
streamlines, it ends up exhibiting the same streamlines in the target tractogram for the multiple streamlines in the
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example. For this reason, the number of streamlines of the estimated correspondence streamlines from the target
tractogram is low, leading to a systematic and unrealistic thinning of the segmented tract. This is one of the reasons
for such results with the NN strategy.

Table 6.2 and Figure 6.3 clearly show that our proposed streamline correspondence based segmentation method
is able to segment the tracts much better than the ROI-based and NN-based segmentation techniques. Although
our proposed method showed a very positive result in terms of the voxel overlap, the accurate segmentation with
100% voxel overlap is quite difficult to achieve due to the variability of the tracts across subjects. Although we
incorporate the multiple examples to address the issue of variability, the quality of the examples (segmented tracts
used as the prior knowledge) have a major impact on the segmentation results. Nevertheless, segmentation results
can be improved by migrating to expert-based segmentation as examples.

From Table 6.2 we also observed high variance of the DSC for a few tracts, for example, cst.left, cst.right,
ilf.left and ilf.right. This is due to the fact that the WMQL were not accurately segmented these two tracts (see
Table 5.2 and Table 5.3 ). Nevertheless, we consider these two tracts as a part of the segmentation result as these
tracts are important in clinical applications.

Although our proposed LAP-based supervised tract segmentation method shows very positive experiment re-
sults, it has some limitations which can be addressed in future. The proposed segmentation method is biased on the
streamlines generated with the various tracking algorithms, for example, deterministic and probabilistic tracking
algorithms. The tracking algorithms have their own criteria about the number of streamlines, that is, probabilistic
tracking algorithms generate a larger number of streamlines compared to deterministic. If both the example and
test tractogram are reconstructed by the same tracking algorithm, then the segmentation method is the beneficiary.
This is due to the fact that the distribution of the streamline in both cases is the same, which helps to find the
streamline correspondence in an appropriate way. In contrast, the proposed segmentation method may suffer by
the streamlines generated from different tracking algorithms. As an example, given that the example tract and the
test tractogram are generated by the deterministic and probabilistic tracking algorithm respectively, the correspon-
dence streamline is difficult to find as the density, in terms of the number the streamlines, in the two cases is totally
different.

Another crucial point for our proposed segmentation method is the size of the tracts, that is, the number of
streamlines of the example tract and the segmented tract. If the number is very different, this may affect the result
of the proposed segmentation method. This may happen due to imposing the one-to-one constraint with the LAP
formulation. With this formulation, for one streamline from the example tract, only one correspondence streamline
from the test subject can be extracted. This constraint also limits our method when the example tract contains less
streamlines compared to the segmented tract from the test subject with the proposed method. In such cases the
segmented tract contains the same number of streamlines as the example. In future, our idea is to refine and relax
the constraint of one-to-one.

7.1.3 Scalable Nearest Neighbor (NN) for the Tractogram

In order to efficiently adapt the implementation of the GM and LAP, we have addressed the issue of computational
cost due to the large number of streamlines in the full brain tractogram. To reduce the amount of computations,
in both cases we represent the streamlines as vectors through dissimilarity representation, known as the Euclidean
embedding technique. We then obtained fast NN queries through the use of kd-tree queries. In this way, with a
scalable solution of NN for the tractogram, we address the computational issue.

In the case of GM, in order to accelerate the convergence of the DSPFP algorithms, instead of the random
initialization, we initialize the permutation matrix with the one nearest neighbor (1NN) streamline, that is, to
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compute the 1NN of the test tractogram A from the reference tractogram B. To compute the 1NN, we used our
proposed scalable solution for extraction of the nearest streamline. With the standard approach (see Section 4.3), to
compute the 1NN streamlines for the tractogram of approximately 1M streamlines takes three days with a standard
computer. In contrast, with our proposed solution it only takes a few minutes to compute the 1NN from the whole
brain tractogram.

In the case of adapting the rectangular extension of the LAPJV, due to the computational cost, the algorithm
can be directly applied on the full cost matrix computed between one tract and the whole tractogram. For this
reason, instead of the full cost matrix, we computed sparse instance of the cost matrix. The sparse cost matrix
is computed by considering a subset of streamlines of the target tractogram. Regarding the subset, we consider
the NNs of the tract from the target tractogram. For this purpose, we adapted the scalable solution of the NN,
which reduces a large amount of the computational time; the extraction of 1000 nearest streamlines from the full
tractogram for a given example takes less than one minute. On the other hand, the common procedure based on the
distance measure (see Section 6.3.1) requires approximately 40 minutes. An explicit computational time regarding
this issue is reported in Section 6.3.1.

7.2 Conclusions

In this thesis, we have proposed new methods for aligning the tractograms and segmenting the tract based on the
concept of streamline correspondence. The major original contributions of this thesis can be identified as novel and
efficient methods for both problems. We also made some minor contributions throughout the process of adapting
the solutions in an efficient way. In the following, we present a summary of our contributions and an overview of
the contents of the thesis.

In this thesis, we have addressed the problem of aligning the tractograms by taking into consideration the
across-subjects correspondence between streamlines that we call tractogram correspondence. In principle, trac-
togram correspondence is based on the idea of streamline correspondence, to find which streamlines correspond
across tractograms. We have proposed an operational procedure to find the optimal correspondence through the
graph matching problem. We have represented tractograms as graphs and have adopted the actual algorithm for
graph matching solutions from the literature to approximate the solution of the tractogram correspondence prob-
lem. We have reported the empirical evidence of tractogram correspondence as graph matching provides much
better alignment than the linear registration and comparable nonlinear registration.

We have proposed a novel supervised method for automatic tract segmentation from the massive tractogram
dataset. Our proposed method segments the tract of interest, for example the arcuate fasciculus, by exploiting
a set of example tracts from different subjects. In an analogy to tractogram alignment, our proposed supervised
segmentation approach is based on the concept of streamline correspondence, that is, on finding which streamlines
correspond across tractograms. We have framed the streamline correspondence problem by means of the tract
segmentation problem as a linear assignment problem (LAP), a cornerstone of combinatorial optimization. We
adopted one of the efficient algorithms for solving the optimal correspondence of the streamlines. Furthermore,
we have added a strategy for merging correspondences coming from different examples, that is, from different
subjects, in order to account for the anatomical variability across the population.

In order to reduce the computational cost of adapting the solutions of GM and LAP, we have proposed to
represent streamlines as vectors through a Euclidean embedding technique called dissimilarity representation. In
the case of dissimilarity representation, prototype selection is crucial. We have proposed a heuristic approach to
select the prototypes. However, with such representation of the dissimilarity representation, we have obtained fast
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NN queries through the use of kd-trees. By using the proposed technique, we have observed a dramatic reduction
of computational time.

These above contributions required the background knowledge of the dMRI, tractogram and the existing lit-
erature of the tractogram alignment and tract segmentation. We also made an effort to mathematically formulate
the alignment and segmentation problem. Additionally, from a methodological point of view, this thesis required
explicit knowledge about the two fundamental problems of the combinatorial optimization problem, that is, GM
and LAP. To find efficient solutions for GM and LAP, an extensive literature review was required. Among the
many solutions available in literature, finding one fit for our particular problem was a real challenge.

A large number of experiments were conducted to validate our proposed solutions. We have performed the
experimental assessment on real data from the Human Connectome Project dataset. The experimental results
presented here, for both the tractogram correspondence and tract segmentation, not only validate our claim, but
also show the potential of our method.

To solve the tractogram alignment and tract segmentation problems, we exploit the idea of correspondence
between streamlines. We show that streamline correspondence is a powerful principle to transfer the anatomical
information from one subject to another one. We have provided a thorough experimental analysis for validating
our proposed concepts based on the correspondence. We believe that the idea of exploiting the correspondence
between streamlines opens up new directions of research and opportunities for improvement in neuroscientific and
clinical applications.

7.3 Future works

In this section, we present potential extensions and future directions for our proposed methodologies.

• Many-to-many correspondence The proposed formulation of the streamline correspondence problem (both
GM and LAP) has the assumption of the one-to-one constraint. In principle, the correspondence problem is
a many-to-many or many-to-one problem, that is, different streamlines of one tractogram may correspond to
the same streamline in another tractogram. Our aim is to address the many-to-many correspondence among
the streamlines in future. One of our activities regarding the GM will be solving the many-to-many constraint
with a continuous relaxation approach. In the case of LAP, the problem of many-to-many constraints can
be addressed with the generalized assignment problem. Our idea is to address the issue with the suboptimal
solution of the generalized assignment problem.

• Efficient way to address the whole brain alignment We addressed the whole brain tractogram alignment
by applying the clustering algorithm to group the tractograms into groups and then find the matches between
each cluster. In future, we aim to handle the whole brain in an efficient way, such as by using the sparse
graph representation.

• Clinical application We quantify our proposed correspondence-based tract segmentation method with the
healthy dataset from the HCP dataset. In the future, we will extend the experiments with the patient dataset.
It would be interesting to see the correspondence effect in the patient dataset.

• Correspondence with different tracking algorithm All experiments were performed on tractograms gen-
erated by the EudX deterministic tracking algorithm (see Chapter 5). In future, we will investigate the impact
of tracking algorithms on the correspondence problem by generating the tractograms with the different track-
ing algorithm.
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• Software for the tract segmented framework Developing a user friendly software framework for our
proposed tract segmentation approach is one of the activities that will take place in the near future.
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Overview

Part II presents the published works and the manuscript (under review), with the results presented in this thesis.
This part consists of three different chapters.

Chapter 8: The work described in this chapter is based on our contributions on tract segmentation. In this
work, we proposed a novel supervised tract segmentation method and this chapter is comprised manuscript of the
segmentation method. This manuscript is in under review phase. The details of the publication are as follows:
Nusrat Sharmin, Emanuele Olivetti, and Paolo Avesani. White Matter Tract Segmentation as Multiple Linear
Assignment Problems.

Chapter 9: The work described in this chapter is based on our contributions to the tractogram alignment
problem. The work is published in Frontiers in Neuroscience, 2016. The details of the publication are as follows:
Emanuele Olivetti, Nusrat Sharmin, and Paolo Avesani. Alignment of Tractograms As Graph Matching. Frontiers
in Neuroscience, 2016. DOI : 10.3389/ f nins.2016.00554.

Chapter 10: The work described in this chapter is published in the Computational Diffusion MRI (CDMRI),
MICCAI Workshop. This work is based on the tract segmentation with the concept of the corresponding stream-
lines. This work showed a powerful principle to transfer the anatomical information from one brain to another
through the streamlines correspondence. As well as this work support our claim that the alignment can provide
more useful information when enriched with the correspondence of streamlines across tractograms. Following the
details of the publication: “Nusrat Sharmin, Emanuele Olivetti, and Paolo Avesani. Alignment of Tractograms
as Linear Assignment Problem. Computational Diffusion MRI (CDMRI), Mathematics and Visualization, pages
109-120. Springer International Publishing, 2016.” DOI : 10.1007/978−3−319−28588−7_10.
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White Matter Tract Segmentation as
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ABSTRACT

Diffusion magnetic resonance imaging (dMRI) allows to reconstruct the main pathways of
axons within the white matter of the brain as a set of polylines, called streamlines. The set of
streamlines of the whole brain is called the tractogram. Organizing tractograms into anatomically
meaningful structures, called tracts, is known as the tract segmentation problem, with important
applications to neurosurgical planning and tractometry. Automatic tract segmentation techniques
can be unsupervised or supervised. A common criticism of unsupervised methods, like clustering,
is that there is no guarantee to obtain anatomically meaningful tracts. In this work, we focus
on supervised tract segmentation, which is driven by prior knowledge from anatomical atlases
or from examples, i.e. segmented tracts from different subjects. We present a supervised
tract segmentation method that segments a given tract of interest in the tractogram of a
new subject using multiple examples as prior information. Our proposed tract segmentation
method is based on the idea of streamline correspondence i.e. on finding corresponding
streamlines across different tractograms. In the literature, streamline correspondence has been
addressed with the nearest neighbor (NN) strategy. Differently, here we formulate the problem
of streamline correspondence as a linear assignment problem (LAP), which is a cornerstone
of combinatorial optimization. With respect to the NN, the LAP introduces a constraint of one-
to-one correspondence between streamlines, that forces the correspondences to follow the
local anatomical differences between the example and the target tract, neglected by the NN. In
the proposed solution, we combined the Jonker-Volgenant algorithm (LAPJV) for solving the
LAP together with an efficient way of computing the nearest neighbors of a streamline, which
massively reduces the total amount of computations needed to segment a tract. Moreover,
we propose a ranking strategy to merge correspondences coming from different examples.
We validate the proposed method on tractograms generated from the human connectome
project (HCP) dataset and compare the segmentations with the NN method and the ROI-based
method. The results show that LAP-based segmentation is vastly more accurate than ROI-
based segmentation and substantially more accurate than the NN strategy. We provide a Free /
OpenSource implementation of the proposed method.

Keywords: Diffusion magnetic resonance imaging (dMRI), Bundle/Tract, Tract Segmentation, Tractogram, Nearest Neighbor (NN),

Combinatorial Optimization Problem, Linear Assignment Problem (LAP)

1 INTRODUCTION

The white matter of the brain mainly contains neuronal axons which are responsible for transferring signal
between the regions of the grey matter Douglas Fields (2008). Diffusion magnetic resonance imaging
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(dMRI) Basser et al. (1994) is the brain imaging technique for identifying the main pathways of large
assemblies of axons and, in some cases, pathologies of the white matter Douglas Fields (2008). DMRI
data quantify the local orientation of the axons of the white matter in vivo, at the voxel-level. From these
local orientations, approximate 3D pathways can be reconstructed, using tractography algorithms. The
resulting 3D polylines are called streamlines and the set of whole streamlines is called the tractogram,
which usually contains a number of streamlines in the order of 105 − 106.

In neurological studies and neurosurgical planning, it is often important to identify the group of
streamlines belonging to the same anatomical region, called tract or bundle, e.g. the corticospinal tract. The
problem of grouping or organising streamlines of the whole tractogram into anatomically meaningful tracts
is known as the tractogram segmentation problem O’Donnell and Westin (2007). Moreover, extracting
a specific tract of interest from the whole brain is known as the tract segmentation problem Clayden
et al. (2007). Once the segmentation is done, the statistical analysis over the tract(s) is used in multiple
applications, for example, to study gender differences Ingalhalikar et al. (2014), to observe the changes in
age Salat et al. (2005) and to correlate it with diseases Bozzali et al. (2002); Park et al. (2004). This kind of
studies require the analysis of groups of subjects. Therefore, automatic tract segmentation, conducted in a
comparative manner over groups of subjects, is crucial in order to accomplish this goal. One main step of
such task is to study how much corresponding are homologous anatomical structures across the subjects.

Several manual and automatic tract segmentation methods have been developed over the years. The
manual approach, also known as virtual dissection Catani et al. (2002); Mori et al. (2005); Wakana et al.
(2007), extracts the desired tract using cortical regions of interest (ROIs) defined by neuroanatomical
knowledge, by an expert. Such method is time consuming and it is limited to manual selection of ROIs. A
different approach is the one of automatic tract segmentation, which can be divided into three different
groups: ROI-based, also known as parcellation-based, unsupervised and supervised.

Automatic ROI-based tract segmentation is based on cortical parcellation. It requires that linear or
non-linear registration is performed in advance, with respect to an anatomical atlas Aarnink et al. (2014);
Zhang et al. (2010). It has to be noted that the registration to the atlas can cause loss of information
present in the diffusion images Tunç et al. (2014). However, automatic ROI-based methods are known
to provide remarkable results Zhang et al. (2010) so, sometimes, they are used as ground truth to
extensively validate the result of other segmentation methods. Among the parcellation-based automatic
segmentation methods Siless et al. (2016), the Tract Querier, based on the white matter query language
(WMQL) Wassermann et al. (2013, 2016), is one of the most adopted.

The unsupervised approach, usually called fiber clustering, is one of the most widely used tractogram
segmentation technique in the literature Shimony et al. (2002); Garyfallidis et al. (2012); Tunç et al. (2014);
Reichenbach et al. (2015). The purpose of clustering is to group the streamlines according to their mutual
geometrical similarity (or distance). Clustering methods mostly address single tractograms and not the
joint analysis of multiple subjects O’Donnell et al. (2013). A common criticism of clustering methods
is that there is no guarantee to obtain anatomically meaningful tracts Toga (2015). For this reason, some
authors propose to incorporate prior knowledge in the process, e.g. anatomical information from atlases or
expert labelling on previous data.

Supervised segmentation is an approach based on prior knowledge. Prior knowledge can come from
expert labelling of an anatomical atlas, see Maddah et al. (2005), or from labelling clusters of streamlines
from multiple subjects, in a process of atlas creation, see O’Donnell and Westin (2007); Vercruysse
et al. (2014); Guevara et al. (2012, 2017); Yoo et al. (2015); Labra et al. (2016), or labelling clusters of
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streamlines from single subject in order to obtain segmented tract of interest Garyfallidis et al. (2017).
In the former category, also known as example-based tract segmentation, once the atlas is available, the
segmentation of the tract of interest in a new subject can be carried out. Existing example-based methods
have some limitations, the main ones being the high computational cost O’Donnell and Westin (2007);
Vercruysse et al. (2014), the dependency of the number of subjects to construct the atlas in case of multiple
atlas Guevara et al. (2012) and the dependency on the definition of threshold values Yoo et al. (2015);
Labra et al. (2016).

In supervised segmentation, besides atlases, other kinds of prior information can be used as prior
knowledge, such as models or features of tracts/bundles. In this case, we call the task model-based
supervised tract segmentation. Various parametric models of tracts have been proposed in the literature,
e.g. the beta mixture model of similarity cosines Clayden et al. (2007), the gamma mixture model of the
distance Maddah et al. (2008), the Gaussian process of tract probability map Wassermann et al. (2010), the
hierarchical Dirichlet process mixture model Wang et al. (2011). Notice that models are built to describe
tracts/bundles and not the whole tractogram.

In this work we propose an example-based tract segmentation, which segment a single specific tract
from the whole tractogram of a new subject, using the prior information of the previous segmentations of
the same tract/bundle from the tractogram of other subjects. The proposed method comprises two main
steps: in the first step, for each streamline of an example tract, we find the corresponding streamline in
the new tractogram. This step is related to our recent work in Sharmin et al. (2016), where we showed
that streamline correspondence can be a powerful principle to transfer the anatomical information of a
given bundle from one subject to another one. In the second step, we combine the correspondences found
from all examples, i.e. from all other subjects, into one desired segmented tract within the new tractogram,
using a ranking scheme. This second step accounts for the variability across the examples/subjects and
the anatomical bias of the specificity of each subject. In the literature, given a set of streamlines of one
subject, the problem of finding the corresponding streamlines in the tractogram of another subject has
been addressed with a nearest neighbour strategy Yoo et al. (2015); Labra et al. (2016); Garyfallidis et al.
(2017). There, after co-registering the two tractograms, for each streamline of the example subject, the
corresponding streamline in the new tractogram has been proposed to be the geometrically nearest one.
In this work, we compare the nearest neighbour strategy to that of finding corresponding streamlines
as a Linear Assignment Problem (LAP, see Burkard et al. (2009)), that we introduced in Sharmin et al.
(2016). The LAP is a combinatorial optimization problem that finds corresponding objects between two
sets imposing a one-to-one constraint, while minimizing the sum of the distances.

Finding corresponding streamlines through a LAP is different from using the nearest neighbor strategy.
The main reason is that the nearest neighbour algorithm is greedy, i.e. it optimizes the selection of the
correspondence individually for each streamline. Differently, the LAP jointly optimizes the correspondence
of all streamlines, because of the one-to-one constraint. Intuitively, the benefit of this joint optimization
can be seen in Figure 1, discussed below. In practical cases, it is common to observe some systematic
displacement between homologous anatomical structures across subjects, even after an initial registration,
because of the inherent variability of the local white matter anatomy across the population. In such
cases, the nearest neighbor strategy is expected to provide poor correspondences: each streamline will be
put in correspondence with its closest one in the other tractogram, without considering such systematic
displacements. Differently, the one-to-one constraint of LAP will force the correspondence to follow such
systematic displacements. We show a paradigmatic toy example of this difference in Figure 1. There, two
sets of five simulated streamlines are depicted in blue and red before the initial alignment, see subfigure (a).
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(a)

  

(b)

  

(c)

  

(d)

Figure 1. Simplified sketch of streamline correspondence showing the difference between nearest
neighbour vs. the proposed linear assignment problem (LAP). In blue and red we show two sets of
5 homologous streamlines each, before registration (a), after initial registration (b), with arrows showing
the correspondence from the blue streamlines to red ones with nearest neighbour (NN) (c) and with
streamline correspondence with LAP (d). NN (c) misses the two streamlines on the right side, while LAP
(d) does not.

Subfigure (b) illustrates the two sets of streamlines after linear registration. In subfigure, (c) and (d) we
show the streamline correspondence between blue streamlines and red streamlines, through the nearest
neighbour and the LAP strategies, respectively. There black arrows show the corresponding streamlines
across the two sets. In (c), the nearest neighbour misses the two red streamlines on the right side. Differently,
in (d), LAP correctly matches all the streamlines of the blue an red sets.

In this work, in addition to the main contribution of extending the correspondence-based segmentation
of Sharmin et al. (2016) to the case of multiple tracts/bundles used as examples, we provide a substantial
improvement in the speed of the computations, reducing the time required to segment, from hours to
minutes. The newly adopted Jonker-Volgenant algorithm for LAP (LAPJV), see Bijsterbosch and Volgenant
(2010), for the rectangular LAP (RLAP), together with the use of an efficient way to compute the nearest
neighbours of given streamlines, result in a 50x speed up of the computations with respect to what we
presented in Sharmin et al. (2016). This improvement makes it possible to apply the proposed method in
practical cases. Moreover, the efficient nearest neighbours computation can be used to vastly improve the
speed of the method proposed in Yoo et al. (2015), similarly to Labra et al. (2016).

Together with the comparison against the nearest neighbours strategy, in this work, we compare the
proposed method against the automatic ROI-based segmentation Zhang et al. (2010), because it is the
most adopted one. We conducted experiments on the dMRI data of multiple subjects from the Human
Connectome Project (HCP, see Van Essen et al. (2013); Sotiropoulos et al. (2013); Glasser et al. (2013))
dataset. We observed that the proposed LAP strategy, together with the proposed ranking scheme, are able
to segment the bundles much more accurately than the ROI-based segmentation Zhang et al. (2010) and
the nearest neighbors strategy of Yoo et al. (2015). In the remaining part of the article, we first review the
literature related to the different scientific areas touched by this work, see Section 2. Then we introduce
the necessary methodological ingredients, together with the detailed description of the proposed method,

4



Sharmin et al. White Matter Tract Segmentation as Multiple Linear Assignment Problems

in Section 3. The experiments are reported in Section 5, followed by their discussion in Section 6. We
conclude this work by mentioning multiple future activities that arise from what we present.

2 RELATED WORKS

2.1 Supervised Tract Segmentation

Here we review the literature on supervised tractogram segmentation and on the linear assignment
problem. In order to organize the body of work in this field, we articulate the discussion on supervised tract
segmentation along these five topics: alignment, embedding space, similarity/distance, correspondence
techniques, and refinement step.

2.1.1 Alignment

In supervised tract segmentation, tractograms are initially aligned to an atlas. Both voxel-based and
streamline-based atlases have been used in literature, e.g. white matter ROI-based anatomical atlas Maddah
et al. (2005), high dimensional atlas O’Donnell and Westin (2007); Vercruysse et al. (2014), example-based
single atlas Guevara et al. (2012); Labra et al. (2016), example-based multi-atlas Yoo et al. (2015). To the
best of our knowledge, the specific step of alignment has been conducted with standard methods: in most
of the cases with voxel-based linear registration O’Donnell and Westin (2007); Guevara et al. (2012); Yoo
et al. (2015) and in the others with nonlinear voxel-based registration Vercruysse et al. (2014).

2.1.2 Embedding space

Streamlines are complex geometrical objects with a different number of points one from another. They are
unfit to be directly given as input to many efficient data analysis algorithms which, instead, require vectors
all with the same number of dimensions. Tractograms are large collections of streamlines, from hundreds of
thousands to millions of streamlines, and their analysis is often limited by the required computational cost.
A common preprocessing step before using algorithms like clustering, or nearest neighbor, is to transform
streamlines into vectors, a process called Euclidean embedding. Different authors opted for different
embedding approaches, like the spectral embedding O’Donnell and Westin (2007), the re-sampling of all
streamlines to the same number of points Yoo et al. (2015); Guevara et al. (2012); Labra et al. (2016), the
use of B-splines with re-sampling Maddah et al. (2005) and the dissimilarity representation Olivetti and
Avesani (2011). Re-sampling all streamlines to a fixed number of points is the most common approach
to obtain the embedding. In principle, up-sampling/down-sampling to a particular number of points may
cause the loss of information. On the other hand, spectral embedding has high computation cost. The
dissimilarity representation has shown remarkable results in terms of machine learning applications Olivetti
et al. (2013) and exploration of tractograms Porro-Muñoz et al. (2015), at a moderate computational cost.

2.1.3 Streamline Distance

In order to find corresponding streamlines from one tractogram to another one, the definition of the
streamline distance plays a crucial role. Most commonly, the corresponding streamline in the new
tractogram is defined as the closest one, for the given streamline distance function. Similarly, when
doing clustering for tract segmentation, the streamline distance function is a fundamental building block.
Different streamline distance functions have been used in the supervised tract segmentation literature,
e.g. minimum closest point (MCP) O’Donnell and Westin (2007), symmetric minimum average distance
(MAM) Olivetti and Avesani (2011), minimum average flip distance (MDF) Yoo et al. (2015); Garyfallidis
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et al. (2017), Hausdorff distance Maddah et al. (2005), normalized Euclidean distances Labra et al. (2016),
Mahalanobis distance Yoo et al. (2015).

2.1.4 Correspondence technique

One crucial aspect of supervised tract segmentation is the mechanism to find the corresponding streamline
between the tractograms of different subjects, in order to transfer anatomical knowledge. A common
approach for addressing such problem is to use the nearest neighbor strategy, i.e. finding the nearest
streamline or centroid in the atlas and labelling the streamlines of the new subject based on that.
In O’Donnell and Westin (2007); O’Donnell et al. (2017), a high dimensional atlas was reconstructed from
multiple tractograms. Then the new subject was aligned with the atlas and the closest cluster centroids from
atlas were computed to assign the anatomical label. In Guevara et al. (2012), nearest centroids of the new
subject were computed from a single atlas from multiple subjects, with the normalized Euclidean distance.
Recently, a faster implementation has been proposed in Labra et al. (2016). There, they proposed to label
each single streamline instead of cluster centroids and to accelerate the computation time by filtering the
streamlines in advance, using properties of the normalized Euclidean distance. A limitation is that an
appropriate threshold has to be defined for each tract to be segmented. Similarly, in Yoo et al. (2015), the
nearest neighbor strategy is used to find corresponding streamlines between those of the tractogram of a
new subject, with those of multiple example-subjects (12, in their experiments). Again, two thresholds, i.e.
a distance threshold and a voting threshold, are required to be set in order to obtain the segmentation. The
proposed implementation requires a GPU.

A different approach based on graph matching, instead of the nearest neighbor, was proposed by us for
tractogram alignment, see Olivetti et al. (2016). Such idea could be extended to the tract segmentation
problem.

2.1.5 Refinement

After segmentation, in order to improve the accuracy of the segmented tract, some authors propose a
refinement step, for example, to identify and remove outliers. In Mayer et al. (2011), a tree-based refinement
step was introduced. Initially, they padded the segmented tract with the nearest neighbors and then used a
probabilistic boosting tree classifier to identify the outliers. Another approach to increase the accuracy of
the segmented tract is majority voting Rohlfing et al. (2004); Yoo et al. (2015); Vercruysse et al. (2014);
Jin et al. (2012). The main concept of the majority voting is to reach the agreement on the segmented
streamlines (or voxel) coming from different examples, usually removing the infrequent ones.

2.2 Linear Assignment Problem Solutions

The linear assignment problem (LAP) computes the optimal one-to-one assignment between the N
elements of two sets of objects minimizing the total cost. The LAP takes as input the cost matrix that
describes the cost of assigning each object of the first set to each object of the second set. Various
algorithms for solving the LAP in polynomial time has been proposed in literature. A comprehensive
review of all the proposed algorithms can be found in Burkard et al. (2009) Burkard and Cela (1999). An
extensive computational comparison among eight well known algorithms is in Dell’Amico and Toth (2000).
The algorithms are: Hungarian, signature, auction, pseudoflow, interior point method, Jonker-Volgenant
(LAPJV). According to the survey, the Hungarian Kuhn (1955) algorithm and Jonker-Volgenant algorithm
(LAPJV, Jonker and Volgenant (1987)) are the most efficient ones Serratosa (2015), with complexity
O(N3). According to Dell’Amico and Toth (2000); Burkard et al. (2009), LAPJV is faster than other
algorithms in multiple applications, see also Bijsterbosch and Volgenant (2010). Moreover, in many
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practical applications, the two sets of objects1 on which to compute the LAP have different sizes, i.e. the
related cost matrix is rectangular. In Bijsterbosch and Volgenant (2010), the rectangular version of LAPJV
was proposed with a more efficient and robust solution than the original one in Jonker and Volgenant
(1987). In this work, we adopted the rectangular version of LAPJV because of its efficiency and because
we need to compute the correspondence between an example tract and the target tractogram which, clearly,
have different number of streamlines.

3 METHODS

In this section, we first introduce basic definitions and terminology and then the details of the proposed tract
segmentation method. The proposed method provides automatic segmentation of a tract/bundle of interest
from a set of examples from different subjects. The proposed method comprises two main steps: in the first,
a preliminary segmentation of the tract is obtained from each example. This step is accomplished by casting
the segmentation problem as a rectangular linear assignment problem (LAP), which we implement with the
rectangular version of Jonker-Volgenant algorithm (LAPJV). The second step merges the segmentations
coming from different examples, with a ranking scheme. In this way, it is possible to obtain the final
segmentation of the tract of interest that comprises the anatomical information coming from the different
examples/subjects.

3.1 Basic Definitions

A streamline s is a polyline in 3D space, i.e. s = {x1,x2, . . . xns}, where xi ∈ R3. Let T =
{s1, s2, . . . , sM} be the whole brain tractogram, represented as a set of M streamlines2. A tract, also
called bundle, is denoted as t ⊂ T . Note that, in this work, tract will be referred as a set of streamlines
with particular anatomical meaning, e.g. the cortico-spinal tract (CST ).

3.1.1 Streamline Distance

In the literature, multiple inter-streamline distance functions have been proposed Garyfallidis et al.
(2012). In this work, we adopt the most common one, i.e. the symmetric minimum average mean distance
(MAM) Garyfallidis et al. (2012). Given two streamlines sa and sb:

dMAM (sa, sb) =
1

2
(D(sa, sb) + D(sb, sa)) (1)

where D(sa, sb) = 1
|sa|
∑|sa|

i=1 d(xai , sb) and d(xai , sb) = minj=1,...,|sb| ||xa
i − x′j ||2.

3.1.2 Dissimilarity Representation

The dissimilarity representation (DR) is a Euclidean embedding technique to represent generic objects
in a vector space Pekalska and Duin (2005) when a distance between the objects is available. In this
work, we use the DR to represent the streamlines in vector space3, as proposed in Olivetti et al. (2012).
The DR is defined by the distance function between streamlines and by defining a (usually small) subset
of the tractogram, called the prototypes. Given the distance and the prototypes, each streamline is then
represented as the vector of the distances from the prototypes. Given a tractogram T and the set of

1 Two sets of streamlines, in our case.
2 Usually, M ≈ 105 − 106.
3 Notice that a streamline is not a vector but a sequence of points in 3D space and that different streamlines are sequences of different length, in general.
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prototypes Π = {s∗1, s∗2 . . . , s∗p}, the dissimilarity representation of s ∈ T is the p-dimensional vector:

xΠ(s) = [d(s, s∗1), d(s, s∗2), . . . , d(s, s∗p)]. (2)

As shown in Olivetti et al. (2012); Porro-Muñoz et al. (2015), the DR of streamlines is very accurate with a
few tens of prototypes selected by means of the Subset Farthest First (SFF) algorithm, which requires just
a few seconds of computation.

3.1.3 K-d (k-dimensional) Tree

A k-dimensional tree (k-d tree, see Bentley (1975)) is a space partitioning data structure to efficiently
store and retrieve vectorial data in k-dimensional space. The k-d tree provides fast nearest neighbor queries
on large datasets. In this work, we use the k-d tree on the vectorial representation of streamlines, in order
to quickly find the neighboring streamlines of a given streamline s. The computational time complexity of
building a k-d tree is O

(
M logM

)
and the nearest neighbor query has time complexity O

(
logM

)
, where

M is the number of streamlines of the tractogram. For example, a modern desktop computer can retrieve
the 10 neighboring streamlines of a given streamline from a whole tractogram in just a few milliseconds4.

3.1.4 Linear Assignment Problem

The Linear Assignment Problem (LAP) is a fundamental combinatorial optimization problem. Given two
sets of objects A = {a1, . . . , aM} and B = {b1, . . . , bM} and the cost matrix C = {cij}ij ∈ RM×M that
provides the cost cij of assigning/matching ai to bj , the LAP aims to find the one-to-one correspondence
between the two sets that has the minimum total cost. In our context, we use the LAP to find the
correspondence between two sets of streamlines, as we recently proposed in Sharmin et al. (2016). In our
case, the cost to minimize is the distance between the streamlines, i.e. ci,j = d(sAi , s

B
j ). A one-to-one

assignment can be represented with a binary matrix P = {pij}ij , where pij = 1 if ai corresponds to bj and
zero otherwise. The one-to-one constraint makes P a permutation matrix, i.e. only one element in each row
and column is 1. Then, the LAP is defined as

P ∗ = argmin
P∈P

M∑

i,j=1

Cijpij . (3)

where P ∗ is the optimal assignment and P is the space of all possible assignments. When the size
of the two sets differs, i.e. |A| 6= |B|, the problem is called rectangular linear assignment problem
(RLAP) Bijsterbosch and Volgenant (2010), a generalization of the LAP. Further information is provided
below, in Section 3.2.1.

3.2 Proposed Tract Segmentation Framework

In this work, we propose an example-based supervised tract segmentation approach. Given an anatomical
tract of interest, e.g. the corticospinal tract (CST), and a set of examples of that tract, segmented from
multiple subjects, our aim is to exploit the information from those examples in order to automatically
segment the tract of interest in a new subject. The tract segmentation method that we propose consists of
two main steps, illustrated in Figure 2. In the first step, each example tract is used to obtain a candidate
segmentation in the new tractogram, see Figure 3. In the second step, the candidates generated from each

4 We measured the timing using the k-d tree implementation sklearn.neighbors.KDTree provided by the Python package Scikit-learn, see http:
//scikit-learn.org, and the tractograms in our experiments represented as vectors through the DR.
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example are merged together and then filtered, in order to obtain the final segmentation of the desired tract,
taking into account the variability of the examples across subjects. In the following, we describe the details
of the two main steps.

Whole

Brain

Tractogram

INPUT

Example Tract

Correspondence

Correspondence

Tract Refinement

Example Tract Example Tract...

Correspondence Correspondence...

Candidate Tract Candidate Tract Candidate Tract
...

OUTPUT

Figure 2. Proposed Tract Segmentation Framework

Whole

Brain

Tractogram

INPUT

Example Tract

Correspondence
Correspondence

Tract

OUTPUT

Figure 3. Tract Segmentation from a Single Example

3.2.1 Tract Segmentation from a Single Example

Given one example of the tract of interest, tA = {sA1 , . . . , sAk }, e.g. the segmented CST from subject A,
the first step of the proposed method is able to extract the set of streamlines of subject B corresponding to
tA, that we call tA→B ⊂ TB . The extracted tract, tA7→B , is an approximation of the actual tract/bundle of
interest in subject B, i.e. tB . The procedure is based on the concept of streamline correspondence, i.e. on
finding which streamline in the new tractogram corresponds to a given streamline in the example tract.

As explained in Section 2, the literature reports that the most common strategy to obtain corresponding
streamlines across two subjects is based on the idea of Nearest Neighbor (NN). Assuming that the set of
streamlines of two subjects are registered in a common space, usually by means of an affine transformation,
the streamline of the subject B corresponding to a given sAi of subject A, is defined as the closest (nearest)
one

sBA,i = argmin
sB∈TB

d(sB, sAi ) (4)
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In principle, the task of retrieving neighboring streamlines has high computational cost. The straightforward
solution entails computing the distance from the given streamline to all other streamlines in the new/target
tractogram and then getting the one with minimum distance. The approaches currently adopted in the
literature are more efficient and based on several pre-processing steps, that may involve clustering, the
definition of thresholds and the use of fast graphics processing units (GPUs), see Yoo et al. (2015); Labra
et al. (2016). In this work, we claim that segmentation based on nearest neighbor is fairly sub-optimal and
can be improved with the idea of linear assignment (see below). Nevertheless, in this work we also propose
the following procedure to greatly simplify such computation of nearest neighbors, both in terms of logical
steps and time:

1. Compute a vectorial representation, e.g. the dissimilarity representation (DR), of the streamlines of TB
and of tA5

2. Build a k-d tree from the vectors of TB .
3. For each streamline in tA, in vector form, perform a nearest neighbor query on the k-d tree and obtain

the closest streamline.

Correspondence as (Rectangular) Linear Assignment Problem

The segmentation method that we propose in this work is based on the (rectangular) linear assignment
problem (LAP). We observed that finding corresponding streamlines with the nearest neighbor strategy is
suboptimal. A typical problem with the nearest neighbor is that homologous anatomical structures of two
different subjects may have a systematic displacement even after the initial affine registration. In those
cases, the nearest neighbor strategy would be too greedy and would fail to retrieve the correct corresponding
streamlines because of the systematic displacement, selecting instead the closest ones, see Figure 1. For this
reason, we claim that introducing the further constraint of one-to-one correspondence between streamlines
forces the correspondence to follow the local displacements that may occur.

Given the tract/bundle tA = {sA1 , . . . , sAk } of subject A and the tractogram TB = {sB1 , . . . , sBM} of subject
B, where k ≪ M , and a distance function d() between streamlines, we denote as C = [cij ]i=1...k,j=1...M ,
the k ×M distance matrix between each streamline of tA and each of TB , i.e. cij = d(sAi , s

B
j ). Then,

we define the corresponding streamlines of tA in TB as those found by the solution of the corresponding
rectangular linear assignment problem (RLAP):

P ∗ = argmin
P∈P

k∑

i=1

M∑

j=1

cijpij (5)

where [pij ]ij = P ∈ P is a partial permutation matrix, i.e. P = [pij ]ij ∈ {0, 1}k×M and
∑k

j=1 pij = 1

but
∑M

i=1 pij ≤ 1, because the tract has less streamlines then the tractogram. P ∗ is the optimal assignment,
i.e. the one with lowest overall cost. Once P ∗ is obtained, the segmented tract in TB is defined as the set
streamlines in TB corresponding to tA according to P ∗.

Finding the optimal solution of the LAP or RLAP is usually computationally very expensive. As
mentioned before, we adopted the rectangular LAPJV that we do not describe here because its description
is fairly technical. We refer the interested reader to Bijsterbosch and Volgenant (2010); Jonker and Volgenant
(1987) for a comprehensive description, as to Section 2 for a concise analysis of the literature on this topic.
Anyway, a key element of the scalability of our solution, is a further step that we introduce before starting

5 The DR of tA is obtained using the prototypes of TB .
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the RLAP: the sparsification of the cost matrix C. In our experiments, we noticed that only a small part of
the whole C is actually used in LAPJV. Specifically, for each streamline in tA only the distance from the
neighboring streamlines in TB play a role in the computation. For this reason, by leveraging the DR and
the k-d tree introduced above, we efficiently computed just a small subset of C instead of the whole matrix,
saving a substantial amount of time and memory both in building C and in executing LAPJV. In Section 5,
we show the details of this step and the gain obtained.

3.2.2 Tract Correspondence from Multiple Examples

The quality of the segmented tract/bundle obtained from a single example, as described in Section 3.2.1,
is limited by inherent differences in the white matter anatomy between subject A and B. In order to
reduce the bias of segmenting from a single specific example, here we describe a procedure to segment the
desired tract/bundle from multiple examples, each from a different subject. In this way we try to exploit the
anatomical variability in the sample of subject as if we had a model of the tract. The proposed procedure is
based on first computing the correspondence between each example and the new tractogram, as detailed in
Section 3.2.1, and then on ranking all the corresponding streamlines based on how frequently they were
selected by the segmentation induced by each example. In the following, we describe the details of the
proposed procedure.

Refinement through Ranking

Given a tract/bundle of interest t, e.g. the CST, the set of N examples segmentations of that tract from
N different subjects is denoted as {tA1 , . . . , tAN

}. For each example tract tAi
, a corresponding tract

tAi→B ⊂ TB can be obtained following the RLAP procedure explained in Section 3.2.1, or other strategies
like the nearest neighbor. The resulting (approximate) segmentations for tB are then {tA1→B, . . . , tAN→B}.
Our aim is to find an improved approximation of tB , that we call t̂B , leveraging all of them. The proposed
procedure to obtain t̂B is the following:

1. Compute the union of the obtained segmentations: t(A1,...,AN )→B =
⋃N

i=1 tAi→B , which we expect to
be a superset of tB .

2. Score each streamline in t(A1,...,AN )→B ⊂ TB by counting how many time the streamline appears in
{tA1 , . . . , tAN

}. In this way, being selected multiple times as potential streamline of tB is considered
evidence of being a reliable streamline. We further introduce other criteria in order to break ties in
the ranking between streamlines selected the same number of times. Our proposed second criterion
comes from the selection cost of the streamlines, i.e. the distance of the streamline during the time of
selection. Lower cost means a more reliable matching. Once all scores are obtained, we ranked the
streamlines according to their score.

3. We define the number of streamlines of t̂B as the median number of streamlines of the example tracts:
k̂ = |t̂B| = median(tA1→B, . . . , tAN→B).

4. t̂B is the set of k̂ top scoring streamlines.

4 MATERIALS

In this section, we describe the datasets used to conduct the experiments, as well as the procedure to
obtain to ground truth of the segmentations, i.e. through the white matter query language (WMQL). A total
amount of 300 segmented tracts will be considered in our experiments.
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4.1 Datasets

Thirty healthy subjects from the Human Connectome Project (HCP) Sotiropoulos et al. (2013) public
datasets were selected at random and their MRI data retrieved. The diffusion MRI dataset from HCP
consists of 3× 90 gradient directions at b-values of 1000, 2000 and 3000 s/mm2, with 18 non-diffusion
weighted images, with voxel size of 1.25mm. The fiber orientation distribution (FOD) function at each
voxel was computed using the constrained spherical deconvolution algorithm (CSD) Tournier et al. (2007)
with a single shell (b=1000). The tractograms were obtained with the Euler Delta Crossing (EuDX)
algorithm, see Garyfallidis et al. (2014), implemented in DiPy 6, with 106 seeds. The number of streamlines
of the resulting tractograms is approximately 100− 140 thousands.

4.2 Tractogram Segmentation with WMQL

The TractQuerier, based on the White Matter Query Language (WMQL) Wassermann et al. (2013, 2016),
is a parcellation-based Open Source tool 7 to segment the whole brain tractogram. Using the parcellation
from FreeSurfer and a database of ROIs, defined by the anatomical information of the tract, the WMQL
extracts the anatomically meaningful tracts with a rule-based approach. Here, WMQL is applied over thirty
subjects from the HCP dataset to produce a set of tracts, specifically: corticospinal tract (CST), cingulum
(CG), arcuate fasciculus (AF), inferior longitudinal fasciculus (ILF), Uncinate Fascicle(UF), inferior
fronto-occipital fasciculus (IFOF), 1, 2, and 3 left-right superior longitudinal fasciculus (SLF1,2,3), and
finally, corpus callosum (CC) with seven parts (CC1-7). Among all the tracts, we selected those showing
more consistency across subjects, resulting in a set of ten different tracts: left and right corticospinal tract
(CST), left and right cingulum (CG), left and right inferior fronto-occipital fasciculus (IFOF), left and right
Uncinate Fascicle (UF) and left and right inferior longitudinal fasciculus (ILF). These tracts will be used as
exampled tracts, as well as for the quantitative comparison of the tract segmentation methods. Note that no
further manual filtering is performed on the segmented tracts. In Table 1, we report the mean and standard
deviation of the number of streamlines and of voxels over 30 subjects for the ten selected tracts.

Tract Name # Streamline # Voxels

CST.Left 39 ± 39 957 ± 625
CST.Right 23 ± 34 644 ± 544
CG.Left 1141 ± 168 9039 ± 1172
CG.Right 982 ± 159 8200 ± 1087
IFOF.Left 173 ± 94 3713 ± 1295
IFOF.Right 123 ± 76 2796 ± 1212
ILF.Left 96 ± 71 1771 ± 610
ILF.Right 54 ± 59 2035 ± 566
UF.Left 143 ± 76 1794 ± 844
UF.Right 185 ± 66 1140 ± 819

Table 1. Data description. For each tract, the table reports the mean and standard deviation of the number
of streamlines and of voxels over 30 subjects.

6 http://www.dipy.org
7 https://github.com/demianw/tract_querier.
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5 EXPERIMENTS

In this section, we present all the components for the quantitative validation of our proposed supervised
tract segmentation method based on LAP. Experiments were performed on 30 subjects from the Human
Connectome Project (HCP) dMRI dataset, as described in Section 4. The tractograms of all subjects were
aligned to the MNI152 template with the voxel-based linear registration tool FLIRT/FSL8. After alignment,
the WMQL was applied over thirty subjects to segment the whole brain tractogram and obtain 10 different
tracts: left-right corticospinal tract (CST), left-right cingulum (CG), left-right inferior fronto-occipital
fasciculus (IFOF), left-right Uncinate Fascicle (UF) and left-right inferior longitudinal fasciculus (ILF).
We divided the set of subjects into two groups, i.e. the example group and the test group, each of 15
subjects. The tracts from the example group were used as prior information to guide the segmentation in
the tractogram of new subjects. The tracts from the test group were used to quantify the quality of the
obtained segmentation.

We compared our proposed LAP-based supervised tract segmentation method against the automatic
ROI-based segmentation, see Zhang et al. (2010), and the example-based multi-atlas approach with nearest
neighbor strategy (hereafter denoted as NN MULTI ATLAS) of Yoo et al. (2015). The experiments
are divided in two parts. In the first part, we segmented tracts with the three methods, i.e. ROI-based,
NN MULTI ATLAS, LAP-based and measured the degree of voxel overlap with the ground truth, see
Figure 4. In the second part, we performed a more in-depth analysis between the nearest neighbor strategy
and the proposed LAP-based segmentation, ruling out confounds such as the different refinement strategy,
the different embedding and different streamline distance function. In order to do that, we first show that
the NN MULTI ATLAS method and our efficient nearest neighbor implementation (hereafter denoted as
NN DR MAM, see Section 3.2.1) provide very similar results, see Figure 7, despite the differences in the
refinement step, embedding and streamline distance function. Then, we show the results of a ROC/AUC
analysis comparing NN DR MAM and the proposed LAP-based segmentation, illustrating the advantage
of LAP over nearest neighbor, see Table 2 and Figure 8. Moreover, we provide additional results that enrich
our work, such as visual examples of segmented tracts by the different methods, see Figure 5 and 6, or the
role of the number of examples for the quality of segmentation, see Figure 9. In the following, we provide
all the necessary details and descriptions of the results and how we obtained them.

5.1 Performance Analysis

To quantitatively evaluate the proposed LAP-based supervised segmentation, we adopted two different
evaluation metrics: (i) the dice similarity coefficient (DSC) Dice (1945) and (ii) the Receiver Operating
Characteristic (ROC) curve Brown and Davis (2006) analysis. In the following, we will discuss these
metrics in details.

5.1.1 Dice Similarity Coefficient (DSC)

The common practice to evaluate tract segmentation methods is to compute the overlap, in terms of
voxels, between the segmented tract and the ground truth tract Jin et al. (2014). The degree of voxel overlap
can be measured through the common dice similarity coefficient (DSC). In order to compute the DSC, we
converted the segmented tract and the ground truth tract into the binary mask where 1 indicates that a voxel
is crossed by a streamline of the tract and 0 otherwise. Given the segmented tract, t̂, and the ground truth

8 http://fsl.fmrib.ox.ac.uk/.
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tract t

DSC =
2× (|v(t̂) ∩ v(t)|)
|v(t̂)|+ |v(t)| (6)

where v(t) is the set of voxels crossed by the streamlines of t and |v(t)| is the number of voxels of v(t).
The DSC varies between 0 to 1 and higher values indicate better overlap.

5.1.2 Receiver Operating Characteristic (ROC) Curve

The analysis of the ROC curve is a standard measure for performance in the field of the medical image
segmentation techniques Southall et al. (2000). It considers all possible degrees of sensitivity/specificity of
the segmentation method under evaluation. We adopted such analysis to compare the performance of our
proposed LAP-based segmentation method with respect to the nearest neighbor method.

The ROC curve plots the sensitivity, i.e. the true positive rate (TPR), against the specificity, i.e. false
positive rate (FPR) of the segmentation method at different thresholds. Here, the threshold refers to the
number of streamlines to consider as segmented tract after ranking the streamlines that we obtain in the
refinement step, where we combine the segmentations obtained from each single example in a single
ranking, see Section 3.2.2. In the proposed LAP-based method, we set such threshold as the median number
of streamlines across the example tracts. In order to compute the ROC curve, here we span through all
possible thresholds in the ranking. The TPR and FPR are computed by comparing the streamlines above
threshold (positives) and below threshold (negatives) with the ground truth, combining four numbers: the
true positives (TP), i.e. the number of voxels of positives that are also in the ground truth tract, the false
positives (FP), i.e. the number of voxels of the positives not in the ground truth, the true negatives (TN), i.e.
the number of voxels of negatives not in the ground truth and the false negatives (FN), i.e. the number of
voxels of negatives also in the ground truth. Hence, the TPR and FPR are formulated as follows:

TPR =
TP

TP + FN
(7)

FPR =
FP

FP + TN
(8)

High values of TPR and (1-FPR) means good segmentation. Additionally, the ROC curve can be
summarized in a single scalar value: the Area under ROC curve (AUC) score, where higher AUC indicates
better segmentation.

5.2 ROI-based Tract Segmentation

For each test subject, the 10 tracts of interest were segmented based on their related pair of cortical ROIs,
obtained from the atlas in MNI space available at http://lbam.med.jhmi.edu/cmrm/Data_
Yajing/fiberMenu.htm, see Zhang et al. (2010). For each subject and tract, given their two ROIs,
the segmented/estimated tract was obtained by keeping the streamlines of the tractogram that intersected
them. The quality of the segmented tract, with respect to the ground truth, is reported in Figure 4, as DSC,
see the red bars. The segmentation of a single tract took, approximately, a few seconds of computation on a
modern desktop computer.

5.3 Tract Segmentation with Nearest Neighbor (NN MULTI ATLAS method)

Following the NN MULTI ATLAS method of Yoo et al. (2015), we segmented each of the 10 tracts of
interest for each subject of the test set using the example tracts from the 15 example subjects. First, all
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streamlines of all tractograms, from the example set and test set, were re-sampled to 32 points. Then, given
an example tract of interest from the example set and the tractogram of a test subject, we computed the
nearest streamlines of that example in the test tractogram, using the Mahalanobis distance. As in Yoo et al.
(2015), the nearest neighbor computation was carried out with the trivial algorithm, i.e. by first computing
all possible pairwise distances between the streamlines of the example tract and the test tractogram and
then by keeping the one at minimum distance. We repeated such procedure for all 15 examples of the
example set and pooled all the obtained segmented streamlines. Following Yoo et al. (2015), we excluded
all streamlines distant more than 200 units (in Mahalanobis distance) from their corresponding example
streamline and then ranked the remaining ones according to the number of times they were selected by
different examples. As in Yoo et al. (2015), we defined the resulting segmented tract as the set of streamlines
that were selected by at least half of the examples. The quality of the segmented tract, with respect to the
ground truth, is reported in Figure 4, as DSC, see the blue bars.

The segmentation of a single tract took, approximately, from half an hour to more than two hours,
depending on the size of the tracts. The segmentations were conducted on a modern desktop computer,
specifically with an Intel Xeon processor, 16Gb of RAM, 8 cores. The segmentations were computed in
parallel, one example per core. Our implementation was in Python code, using the Free / OpenSource
libraries NumPy, SciPy and DiPy 9. The core part of the computation, i.e. the computation of all pairwise
Mahalanobis distances, was implemented in C language, using scipy.spatial.cdist(). We could
not use the GPU implementation of NN MULTI ATLAS mentioned in Yoo et al. (2015), because not
provided by the authors.

5.4 Tract Segmentation with LAP

As mentioned in Section 3, our proposed LAP-based supervised tract segmentation method consists
of two parts: (i) Tract correspondence from a single example, through LAPJV and (ii) merging of the
correspondences from multiple examples through ranking. Here we discuss the choice of the parameters in
each part.

As described in Section 3.2.1, tract correspondence from a single example was obtained by solving
the LAP between the streamline of the example and those of the target tractogram, with the rectangular
LAPJV. Due to the computational cost of the algorithm, we could not directly apply it to the full cost
matrix, computed between the streamlines of the example tract and the whole set of streamlines of the
target tractogram. For this reason, the LAPJV algorithm was applied to a reduced cost matrix. The reduced
cost matrix was computed by considering only a subset of the streamlines of the target tractogram TB ,
specifically the union of all 500 nearest neighbors of the streamlines in the example tract tA, i ∈ {1, . . . , N}.
We expect such union set to be a superset of the ground truth tract tB and we motivate the choice of 500
neighbors below, see Section 3.2.1 and Figure 10. In this way, instead of computing a cost matrix of size
(approximately) 102 × 105 and solve the corresponding LAP, we reduced the problem to a cost matrix of
size approximately 102 × 103. In order to compute such superset, we used the dissimilarity representation
(DR) and a kd-tree. According to Olivetti et al. (2012), 40 prototypes were selected from the whole brain
tractogram, TB , using the SFF heuristic and the MAM distance function. With them, we computed the DR,
i.e. a 40-dimensional vectorial representation, of each streamline in TB . Afterwards, we put such vectors
in a kd-tree, using the implementation provided by scikit-learn10. In the same way, all streamlines in the
example tract tA were represented as vectors using the previous prototypes. For each of those vectors, we

9 http://nipy.org/dipy
10 http://scikit-learn.org.
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computed 500 nearest neighbors from the kd-tree of TB and defined the superset of the ground truth tB
as their union. Then, in order to compute the reduced cost matrix, the MAM distance between the each
streamline in the example tract tA and those in the union set, were computed. Finally, the LAPJV algorithm
was applied to the constructed cost matrix, in order to obtain the corresponding streamline from a single
example (tA).

Afterwards, we proceeded to the second step, considering multiple examples, i.e. the same anatomical
tract from the 15 example subjects. We repeated the segmentation procedure as above for each of the
15 examples, obtaining 15 segmented tracts. After computing the union of those 15 sets of streamlines,
we ranked the streamlines according to the frequency in which they appeared in the segmentations, as
described in Section 3.2.2. The resulting segmentation of tract of ground truth tract tB , that we referred to
as t̂B , was obtained by taking the first m streamlines in the ranking, where m is the median number of
streamlines among the example tracts 11.

We qualitatively evaluated our proposed segmentation method first with the DSC and then with the ROC
curve analysis (see later). We measured the degree of overlap between the tract segmented by the LAP, t̂B
and the ground truth tract, tg, through the DSC, at the voxel-level. We computed the average and standard
deviation of the mean DSC values for each ten tracts from the fifteen subjects of the test group. The results
are reported in Figure 4.
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Figure 4. Summary of the results: average voxel overlap between segmented tracts and ground truth tracts
for the ROI-based, NN MULTI ATLAS, and the proposed LAP. The bar graph shows the degree of overlap,
in terms of dice similarity coefficient (DSC), for each tract averaged over fifteen subjects.

We implemented the proposed LAP-based approach with a combination of Python and Cython12 code,
leveraging Numpy, SciPy, scikit-learn (for k-d tree) and Pymatgen (for LAPJV). We developed a parallel
version of the proposed method in order to compute the segmentation of multiple subjects at the same time,

11 In case of ROC/AUC computation, such number varied, in order to explore sensitivity and specificity of the method.
12 http://cython.org/

16



Sharmin et al. White Matter Tract Segmentation as Multiple Linear Assignment Problems

across the available cores of the CPU. On average, on a modern desktop computer 13, for each subject,
the DR took approximately 30 seconds of computation time, whereas the k-d tree construction needed
20 seconds, for the whole brain tractogram. The correspondence with LAPJV required 10-30 seconds
per tract, depending on the number of streamlines of the tract. In total, the segmentation of one tract
from 15 examples required less than two minutes of computation. The software implementation of the
proposed method is available under a Free / OpenSource license from here: https://github.com/
FBK-NILab/LAP_tract_segmentation.

We further validated our proposed segmentation technique in a visual way. Figure 5 and 6 presents tracts
as segmented by our proposed segmentation method (LAP) and the corresponding ground truth (GT). For
all the tracts considered in this experiments, we report the segmentations with highest DSC (first column)
and lowest DSC (third column), together with the respective ground truths (second and fourth column). In
the figure, for LAP, we indicate the correctly segmented streamlines (TP) in salmon color and the incorrect
ones (FP) in green. For GT, we indicate again the TP of LAP in salmon color and the missed streamlines
(FN) in yellow color.

5.5 LAP vs. NN: ROC/AUC Analsysis

We further investigated the differences between the proposed method, based on the LAP, and the one
of Yoo et al. (2015) based on the nearest neighbor (NN) strategy. Here, our main aim is to make the most
direct comparison between the two different principles used to find corresponding streamlines: LAP using
a joint minimization of distances over all streamlines (imposed by the one-to-one constraint) and NN using
instead a greedy distance minimization of each streamline, individually.

We noticed that the NN MULTI ATLAS method of Yoo et al. (2015) differs from the proposed one on
multiple aspects: the embedding procedure (re-sampling to 32 points vs. dissimilarity representation), the
streamline distance function (Mahalanobis vs. MAM), the refinement step (majority-vote ranking with
two thresholds vs. nesting of two rankings and median threshold, see Section 3.2.2) and the minimization
function (NN vs. LAP). Since we are interested only in the last one of such differences, we wanted to
avoid the effects of the other differences which could be confounds affecting the result. For this reason,
we created a different NN implementation, based on the DR, k-d tree, MAM distance and the proposed
refinement step, that we called NN DR MAM, and used instead of NN MULTI ATLAS. In Section 3,
we have already shown that with these new elements we can retrieve the nearest neighbor streamlines
in a very short time (milliseconds), making this alternative implementation of NN very convenient from
the computational point of view with respect to the one of Yoo et al. (2015). Despite all the differences
introduced in our implementation of NN, we verified that the quality of segmentation of NN DR MAM
did not substantially differ from NN MULTI ATLAS. In Figure 7, we report the DSC values obtained with
the two implementations over all 150 segmented tracts. The interpolating line, obtained with a robust linear
regression algorithm14, has a slope of 0.89, showing that NN DR MAM is equal or marginally superior to
NN MULTI ATLAS.

In Table 2 we report the summary of the results of the ROC/AUC analysis of NN DR MAM vs. LAP,
where the threshold changed during the sensitivity/specificity analysis was the number of streamline
considered starting from the top of the ranking. In Figure 8, we report the detailed ROC curves for each
tract, macro-averaged over the 15 test subjects.

13 8 cores CPU, Intel Xeon 3.50GHz, 16Gb RAM.
14 The Huber regression algorithm.
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Method

Tract NN DR MAM LAP
CG.Left 0.81 0.90
CG.Right 0.81 0.88
IFOF.Left 0.70 0.86
IFOF.Right 0.68 0.80
UF.Left 0.69 0.84
UF.Right 0.70 0.83
CST.Left 0.63 0.79
CST.Right 0.66 0.75
ILF.Left 0.71 0.88
ILF.Right 0.67 0.84

Table 2. Summary of the results: The average area under the Receiver operating characteristic (ROC)
analysis between segmented tracts and ground truth tracts for the NN DR MAM and the proposed LAP.
The table reports the area under curve (AUC) scores for each tract averaged over fifteen subjects. For each
tract the voxel information has considered for the ROC curve analysis and For each subject same threshold
has chosen.

5.6 LAP Segmentation: Number of Examples and of Neighbors

In this last part of the experiments, we investigated the effect of two important parameters on the proposed
LAP segmentation: (i) the number of example tracts, i.e. 15 examples, and (ii) the number of nearest
neighbors when building the superset for massively reducing the computational cost of LAP.

In Figure 9, we plotted the quality of the segmentation in terms of ROC/AUC score for each tract, averaged
over all test subjects, when the number of example tracts varied from 1 to 15. Due to the variability of
anatomy across subjects, having a larger set of examples is desirable for segmenting. Expectedly, all graphs
show an increase in the score when the number of examples increases. The increase between 10 and 15 is
modest, indicating that 15 examples are a meaningful example set size for segmenting.

In Figure 10, we show the effect of using different numbers of nearest neighbors of example tract when
computing the superset on which the LAP is carried out. The graphs show the ROC/AUC score for each
tract of interest, averaged over the test subjects when the number of neighbors span from a few tens to
1000. A small number of neighbors for each example streamline result in a small superset. It is expected
that, if such superset is too small, then it might not contain all the streamlines of the actual target tract, i.e.
the ground truth, preventing the proposed LAP method to get good quality of segmentation. In other words,
a too small superset acts as an artificial upper bound on the score of LAP. Nevertheless, all the graphs show
that, when the number of neighbors is above a 200, such issue completely disappears, for all tracts. Notice
that, in the experiments, we always used 500 neighbors, a value which safely larger and, thus, justified.

6 DISCUSSION

In this section, we discuss the results obtained in Section 5 and show their impact on our claims.

We performed a set of experiments where the proposed LAP-based segmentation method is compared
against two alternative methods: i) the commonly used automatic ROI-based segmentation Zhang et al.
(2010) and ii) a recent example-based multi-atlas method based on the idea of correspondence implemented
with the nearest neighbor algorithm (NN MULTI ATLAS) Yoo et al. (2015). The quality of segmentations
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of 10 tracts for 15 test subjects, obtained by each of the 3 methods, was scored according to their voxel-
overlap (as DSC) with the ground truth, obtained through WMQL Wassermann et al. (2013). Figure 4
reports the result of average DSC for ten tracts, averaged over fifteen test subjects. For each tract, three
bar plots are reported, one for each segmentation method, along with the standard deviation of mean. The
bar-plots show that proposed LAP-based method is able to segment tracts much better than the automatic
ROI-based segmentation and remarkably better than example-based segmentation with the NN strategy.
Additionally, notice that our results independently reproduce the result reported in Yoo et al. (2015), on a
different dataset, where the multi-atlas NN method outperformed the ROI-based segmentation.

Across all tracts, our method showed strongly improved results, in terms of voxel overlap, with respect
to ROI-based segmentation, usually doubling (or more) its score, i.e. from 0.15-0.40 vs. 0.45-0.75. The
result from the ROI-based segmentation approach is indeed quite modest with respect to the other methods,
as already seen in Yoo et al. (2015). This could be due to the limitations of registration, occurring when
aligning the test subject to the cortical atlas.

Figure 4 showed that LAP-based segmentation is a substantial improvement over the NN-based method
of Yoo et al. (2015). Nevertheless, we conducted a further analysis to make a detailed and more general
comparison between the greedy optimization of the NN strategy, which defines the corresponding
streamlines as those with minimum distance, and the proposed solution based on the LAP, which jointly
minimizes the distances among all example streamlines and the target tractogram, introducing a one-to-one
constraint. Our claim is that the segmentation with the NN strategy may fail in some cases, like when there
is still a local systematic displacement between homologous anatomical structures, after the tractograms of
the example and target subjects are registered. In such cases, the tract segmented with NN will be under
estimated, see Figure 1. Differently, the one-to-one constraint of LAP should force the correspondence to
correctly follow such displacement.

In order to conduct a careful analysis without confounds, we implemented an alternative version of the
multi-example NN segmentation algorithm of Yoo et al. (2015), in order to match all the aspects of the
proposed LAP-based segmentation method, see Section 5.5. We supported such argument by showing that
our implementation, called NN DR MAM, provides equivalent results to that of Yoo et al. (2015), called
NN MULTI ATLAS, see Figure 4. Then, we conducted a ROC/AUC analysis between NN DR MAM
and our LAP-based segmentation. In Figure 8 we presented the ROC curves for each tract of interest,
averaged over the 15 test subjects. Those curves are summarized in Table 2, where the ROC/AUC scores
are reported. The LAP-based segmentation always obtains high ROC/AUC scores, i.e. 0.75-0.90, always
remarkably higher than the ones of NN, i.e. 0.63-0.81, proving our claim. Notice that this result is even
more insightful than that of Figure 4, because the ROC/AUC analysis is independent from the arbitrary
choice of the number of streamlines for the target tract that we defined as the median value of the size
of the example tracts. In other words, this result is independent from the choice of the threshold that we
introduced with the proposed method.

Another important aspect of the proposed method is its computational cost. In the experiments, we
have shown that the time required to segment one tract from 15 examples may be even more than two
hours of computation, when using the NN method of Yoo et al. (2015). Instead, the proposed LAP-based
segmentation requires only a couple of minutes of computation, obtaining also a higher quality of the
results. Nevertheless, with the efficient computational tools of the dissimilarity representation and k-d tree
adopted for the proposed method, we also implemented an alternative version of the multi-example NN
segmentation method, called NN DR MAM. We have shown that it requires even less time than the LAP-
based segmentation and obtains comparable results to those of Yoo et al. (2015). Our fast implementation
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of NN-based segmentation from multiple examples is comparable to that of Labra et al. (2016) in terms of
speed-up.

Despite all the positive results, there is notable variability in the quality of segmentations of all methods,
including the proposed LAP-based one. In Figure 5 and Figure 6 we show 20 examples of segmented tracts
obtained with the proposed LAP-based method, together with the respective ground truth (GT) obtained
with WMQL. There, we show 2 examples of segmentations for each of the tracts of interest. These two
examples are the one where the LAP-based method obtained the highest DSC score (column A) and the one
with lowest DSC score (column B). The salmon-colored streamlines are the correctly segmented ones (TP).
The green streamlines are the incorrectly segmented ones (FP) and the yellow streamlines are the missed
ones (FN). In column A (highest DSC), for all the 10 tracts considered in this study, the large majority
of streamlines are correctly segmented. Differently, in column B (lowest DSC), many tracts are poorly
segmented. This fact occurs for two reasons: first, despite remarkable progress with respect to previous
automatic segmentation methods, the proposed LAP-based segmentation cannot be considered as a final
answer. The problem of automatic tract segmentation, even with the support of multiple examples, still
have substantial room for future improvement. Secondly, the quality of the ground truth, both for examples
and test tracts, should be improved. As it is clearly visible in Figure 5 and Figure 6, column B, some of the
ground truth tracts are questionable, e.g. CST Right and ILF left, and could be easily challenged by an
expert neuroanatomist. If the ground truth is poor, we cannot expect example-based segmentation methods
to succeed. The common use of WMQL for defining the ground truth is appealing because of its low cost:
like in our case, obtaining 300 high-quality segmentations from expert neuroanatomists would be vastly
beyond reach from a single research group. At the same time, the limited quality of some of the tracts
limits the generalization ability of example-based methods. This limitation is also a call to our community
to collaboratively share segmented tracts by experts, in order to reach sufficient numbers to enable creation
and assessment of higher-quality automatic methods.

One important question is about the size of the example set, that we set to 15 examples in our study.
Given the variability of white matter anatomy in the healthy population, it is important to understand what
is the trade-off between the cost of acquiring more examples and the gain in quality of segmentation. We
analyzed this aspect and reported the results in Figure 9, where we observed the expected increase in
ROC/AUC score when increasing the number of examples used by the proposed LAP-based segmentation
method. This increase confirms what already has been observed in Yoo et al. (2015) (see Figure 11 there)
for the case of NN-based segmentation and, in comparison to that study, in Garyfallidis et al. (2017) (see
Table 1 and 2 there, in particular the Jaccard index15), where a variation of the NN from a single example
is presented. For our LAP-based segmentation, we also observed moderate improvement of the quality of
segmentation when using more than 10 examples, justifying the choice of 15 presented in this paper. Of
course, such result may be limited by the quality of the ground truth tracts. With more homogeneous ground
truth tracts, we might expect a steeper curve than the one in Figure 9, which would shift the desirable size
of the set of examples to a higher value.

Although our proposed LAP-based tract segmentation method showed very positive experimental results,
there is a critical parameter: the threshold that defines the number of streamlines for the segmented tract.
In this work, we defined such threshold as the median value among the sizes of the example tracts. The
median is a simple sensible choice because it is the number that deviates less from what has been observed
in the example set. Moreover, it is more robust to outliers than the sample mean value. Nevertheless,

15 Given the much larger size of the segmented tract with respect to the ground truth, the main value to consider against other segmentation methods is the
Jaccard index.
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such threshold is based only on example data and ignores the specificity of the test subject. This current
limitation reveals an implicit assumption of our method, as well as the ones based on NN, i.e. that the
number of streamlines of the tract of interest across all subjects should not change much. Besides the
unavoidable subject variability in the white matter anatomy, the main implication of this assumption is that
example and target tractograms should have a similar number of streamlines. Frequently, this is the case
only when all tractograms are generated with the same tracking algorithm and same parameters. Different
tracking algorithms, or even different parameter values, usually result in significant differences in a number
of streamlines of the tractogram. As a consequence, both NN and LAP algorithms should not be used on
non homogeneous (or inhomogeneous) sets of tractograms, at the current state.

The one-to-one constraint introduced by the LAP-based segmentation gives a clear advantage over
NN-based segmentation but, sometimes, it can be seen as a limitation. Even in the case of homogeneous
tractograms, the number of streamlines of a given tract of interest may substantially vary across subjects. In
such case, each LAP will find the exact same number of streamlines between example and target tractogram,
which may be sub-optimal. In future, we plan to refine and partly relax this constraint to find a more
convenient compromise between the who extremes of NN and LAP.

7 CONCLUSIONS AND FUTURE WORK

In this work, we present a novel method for supervised tract segmentation based on the idea of streamlines
correspondence across subjects as a set of linear assignment problems (LAPs). Our proposed segmentation
method is able to segment a given tract of interest in the tractogram of a new subject using a set of example
tracts from other subjects, as prior information. The results of multiple experiments show that the proposed
method provides a very large improvement over ROI-based segmentation and a remarkable improvement
over nearest-neighbor (NN) segmentation. The time required to segment a tract of interest is just a few
minutes and we provide a Free / OpenSource implementation of the proposed method.

The proposed method has some limitations, on which we plan to work in near future. First, We plan
to improve the reliablity of the results presented in this work by adding higher-quality tracts segmented
by expert neuroanatomists, thus extending the current large dataset of 300 tracts used in our experiments.
Secondly, we plan to address the limitation of defining the size of the target tract just from the examples,
i.e. with the median value, that currently does not adapt to the target tractogram. To conclude, we plan to
address automatic segmentation between tractograms generated from different tracking algorithms and
with different parameters values. This last challenge should have an important impact on the adoption
of supervised automatic segmentation systems, because we cannot expect to always have segmented
tracts from homogeneous tractograms during deployment. In such cases, practitioners should provide
homogeneous segmented examples before being able to use the supervised segmentation systems at their
best.
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A B

CST Left (LAP) CST Left (GT) CST Left (LAP) CST Left (GT)

CST Right (LAP) CST Right (GT) CST Right (LAP) CST Right (GT)

CG Left (LAP) CG Left (GT) CG Left (LAP) CG Left (GT)

CG Right (LAP) CG Right (GT) CG Right (LAP) CG Right (GT)

UF Left (LAP) UF Left (GT) UF Left (LAP) UF Left (GT)

Figure 5. In each row, in column A, we show the tract obtained with LAP-based segmentation (LAP) with
highest DSC score among all test subjects, together with the related ground truth (GT). In column B, we
show the one with lowest DSC score, together with the ground truth. The streamline of salmon color are
TP, the ones in green are FP and the ones in yellow are FN. The tracts are: CST (left, right), CG (left, right)
and UF (left).
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A B

UF Right (LAP) UF Right (GT) UF Right (LAP) UF Right (GT)

IFOF Left (LAP) IFOF Left (GT) IFOF Left (LAP) IFOF Left (GT)

IFOF Right (LAP) IFOF Right (GT) IFOF Right (LAP) IFOF Right (GT)

ILF Left (LAP) ILF Left (GT) ILF Left (LAP) ILF Left (GT)

ILF Right (LAP) ILF Right (GT) ILF Right (LAP) ILF Right (GT)

Figure 6. In each row, in column A, we show the tract obtained with LAP-based segmentation (LAP) with
highest DSC score among all test subjects, together with the related ground truth (GT). In column B, we
show the one with lowest DSC score, together with the ground truth. The streamline of salmon color are
TP, the ones in green are FP and the ones in yellow are FN. The tracts are: and UF (right), IFOF (left, right)
and ILF (left, right).
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Figure 7. Comparison of the results between NN DR MAM and NN MULTI ATLAS. For each of the
10 tracts of the 15 test subjects (10 X 15) = 150 points in total), the graph reports DSC computed with
NN DR MAM (x-axis) and the NN MULTI ATLAS method (y-axis).
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Figure 8. Receiver operating characteristic (ROC) analysis between segmented tracts and ground truth
tracts for the NN DR MAM and the proposed LAP. Each subfigure shows the average ROC curve for each
tract averaged over fifteen subjects. For each tract the voxel information has consider for the ROC curve
analysis and For each subject different thresholds has chosen
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Figure 9. Change in the AUC score with the number of examples tracts. The plot reports the average Area
Under Curve (AUC) scores for ten tracts over fifteen subjects. Expectedly, the AUC score increases as the
number of examples increase.
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Figure 10. Change on the AUC score with the number of the nearest neighbors for each streamline in
example tract used to compute the superset of each example, in order to sparsify the cost matrix of the LAP.
The plot reports the AUC scores for ten tracts over fifteen subjects as the number of nearest neighbors
increases from 60 to 1000. After 100 neighbors the results are stable, i.e. the target tract is always included
in the superset.
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The white matter pathways of the brain can be reconstructed as 3D polylines, called

streamlines, through the analysis of diffusion magnetic resonance imaging (dMRI)

data. The whole set of streamlines is called tractogram and represents the structural

connectome of the brain. In multiple applications, like group-analysis, segmentation, or

atlasing, tractograms of different subjects need to be aligned. Typically, this is done with

registration methods, that transform the tractograms in order to increase their similarity.

In contrast with transformation-based registration methods, in this work we propose the

concept of tractogram correspondence, whose aim is to find which streamline of one

tractogram corresponds to which streamline in another tractogram, i.e., a map from

one tractogram to another. As a further contribution, we propose to use the relational

information of each streamline, i.e., its distances from the other streamlines in its own

tractogram, as the building block to define the optimal correspondence. We provide

an operational procedure to find the optimal correspondence through a combinatorial

optimization problem and we discuss its similarity to the graph matching problem. In

this work, we propose to represent tractograms as graphs and we adopt a recent

inexact sub-graph matching algorithm to approximate the solution of the tractogram

correspondence problem. On tractograms generated from the Human Connectome

Project dataset, we report experimental evidence that tractogram correspondence,

implemented as graph matching, provides much better alignment than affine registration

and comparable if not better results than non-linear registration of volumes.

Keywords: diffusion MRI, tractography, alignment, combinatorial optimization, graph matching

1. INTRODUCTION

Diffusion magnetic resonance imaging (dMRI) data (Basser et al., 1994), provide quantitative
information about the white matter of the brain, in terms of local main direction(s) of the neuronal
axons. Such information allows to approximate the main paths of large sets of axons with polylines,
called streamlines. The whole set of streamlines is called tractogram and represents the structural
connectome of the brain (Sporns et al., 2005).

In multiple applications, like group-analysis, segmentation, or atlasing, tractograms of different
subjects need to be aligned (O’Donnell et al., 2012), i.e., it is necessary to find corresponding
anatomical structures across tractograms. Typically, two tractograms can be aligned by first
estimating a transformation between the corresponding volumetric images, like T1, fractional
anisotropy (FA, see Basser et al., 1994), or orientation distribution functions (ODFs, see Raffelt
et al., 2011; Christiaens et al., 2012, and then by applying such transformation to the streamlines
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of the tractograms1. In the literature, both linear and non-linear
methods have been proposed to register volumetric data, see
Christiaens et al. (2014). In case of linear methods, an affine
transformation is estimated, e.g., with FSL/FLIRT, see Jenkinson
et al. (2002), and then applied to the coordinates of the
streamlines. In case of non-linear volumetric transformations,
the tractogram is usually re-generated after transforming
the dMRI data accordingly. The literature on non-linear
transformations directly on streamlines is focused on fiber
bundle alignment. In Ziyan et al. (2007), corresponding
bundles are aligned across subjects by warping their spatial
probability maps computed from the coordinates of the
streamlines. In Ziyan et al. (2009), consistency clustering
is used to label streamlines in an iterative process with
polyaffine transformations. In Wassermann et al. (2011) a
diffeomorphic registration algorithm is used on the Gaussian
process representation of streamline density maps. In Durrleman
et al. (2011), the use of the framework of currents is proposed
to warp the streamlines of bundles, for registration, atlasing, and
variability analysis. This literature addresses non-linear bundle
alignment but not whole tractogram alignment, also for the
high computational cost of the algorithms. Another approach
to non-linear registration of streamlines is to use deformation
fields, computed from non-linear volume registration, directly
on streamlines. This approach is mentioned in Christiaens et al.
(2012), but without a quantitative evaluation of its effect.

Recently, new linear methods have been proposed to directly
register whole tractograms, see O’Donnell et al. (2012) and
Garyfallidis et al. (2015), without the intermediate indirect step
of registering volumetric images. These methods find an affine
transformation that minimizes a given loss function computed
only from streamlines. In O’Donnell et al. (2012), the loss
function is based on the entropy of a random subset of the
coordinates of the streamlines. In Garyfallidis et al. (2015), the
loss function is based on a streamline-streamline distance of a
subset of all streamlines.

It is common experience that a single affine transformation
can reconcile only part of the differences between the tractograms
of two subjects. Many differences remain at the local level,
e.g., systematic displacement of entire tracts, thinner/thicker, or
longer/shorter tracts. We show a simple toy example of these
issues in Figure 1, where two tracts (see Figure 1A), one U-
shaped and the other one elongated, and the corresponding two
tracts after some local changes (see Figure 1B), are presented.
This second set of streamlines, (B), is artificially constructed
from the first set (A) by adding a small displacement between
the two tracts and a moderate magnification of the U-shaped
one. By construction it is not possible to find a global affine
transformation that reconciles the difference between A and
B, because the difference is local and not global. In Figure 1C

we show the overlap between (A) and (B) with the best affine
transform obtained with the streamline linear registration (SLR,
see Garyfallidis et al., 2015) algorithm. It is clearly visible

1In the whole paper we use alignment as the generic term to indicate the task of

putting in correspondence two anatomical structures. We use the term registration

to specifically indicate the transformation-based methods to obtain alignment.

that the overlap between the green (A) and white (B) sets is
poor.

As in O’Donnell et al. (2012) and in Garyfallidis et al.
(2015), in this work we are eminently interested in methods
for tractogram alignment that directly operates on streamlines,
without resorting to volume-based registration. This is due to two
main reasons: first, in many practical cases, tractogram alignment
is based on registration of images that either do not contain
diffusion MRI information at all, i.e., T1 images, or contain just
a portion of it, e.g., FA images, which is clearly suboptimal. In
case full ODFs are considered (see for example Raffelt et al.,
2011), the effects of re-orientation may create problems when
re-generating the tractogram, see Christiaens et al. (2012). The
second reason is that the cost of re-generating tractograms,
after registering volumes, may be high, in terms of computation
time and required knowledge to operate the full pipelines of,
preprocessing, reconstruction, tracking, and filtering, see Pestilli
et al. (2014).

In this work, we propose to avoid transformations and
to directly find the correspondence between streamlines of
two different tractograms, i.e., to find which streamline of
one tractogram corresponds to which streamline in the other
tractogram. This idea is inspired by our recent work on
bundle segmentation (Sharmin et al., 2016). The concept of
corresponding streamlines has been used before, for example in
the context of streamline clustering. There, the aim is to find
corresponding clusters across subjects or to label them from
an atlas. The cluster correspondence is achieved by finding the
correspondence between the representative streamlines, one per
cluster. See for example Maddah et al. (2005), O’Donnell and
Westin (2007), Guevara et al. (2012), and Yoo et al. (2015).
In this work, we take one step further and target streamline
correspondence for all streamlines in the tractogram. This can
be thought as the limit case of cluster correspondence, when
the size of the cluster decreases till one single streamline. It is
true that, given two tractograms, we cannot assume that every
streamline in one tractogram has a corresponding streamline
in the other tractogram. This occurs because, for example,
some streamlines could be artifactual and have no anatomical
counterpart. Nevertheless, in Section 3, show that, in practice,
such cases do not disrupt the quality of the resulting alignment
and that, for this reason, the number of problematic streamlines
is quite small.

The alignment based on streamline correspondence, in a
sense, acts as a non-linear alignment of the first set of streamlines
onto the second one. It can be seen as a transformation,
where each streamline of one tractogram is moved and
deformed to become of the exact shape and position of the
corresponding streamline in the other tractogram. From this
point of view, the proposed method can be thought as an
extremely local registration method. In Figure 1D, we show the
result of computing such correspondence. There, the two sets
of streamlines are displayed with arbitrary displacement and
yellow straight lines, found by the proposed algorithm, correctly
connect the midpoints of the corresponding streamlines across
the two sets. After alignment, the resulting aligned set of white
streamlines will be identical to the set of green streamlines.
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FIGURE 1 | Panels (A,B) show two equivalent sets of streamlines, with local differences. Panel (C) shows the effect and limits of linear registration of panels (A,B).

Panel (D) shows the result of the proposed tractogram correspondence, where streamlines of panel (A) are connected with a yellow straight line to the corresponding

ones of (B).

Alignment based on streamline correspondence provides
immediate means to address practical tasks such as bundle
segmentation and streamline labeling. Once the label of a
streamline is known in one subject, then such label can be directly
assigned to the corresponding streamline in the tractogram
of the other subject. In such applications, the interest is in
transferring anatomical information to a specific target subject,
for example in the context of pre-surgical planning. Notice that
this aim is different from, for example, that of constructing
atlases, see Durrleman et al. (2011). In that scenario the interest
is to find a common model from multiple subjects and, for this
reason, none of them can be considered as ground truth.

The algorithmic problem of finding the correspondence
between streamlines of different tractograms can be framed as a
combinatorial optimization problem. Given a loss function that
measures how good such correspondence is, the task is to explore
the combinatorial space of all possible correspondences in order
to find the one that minimizes such loss. To define the loss
function, in this work, we propose to encode each tractogram as
a large fully-connected weighted graph, where each node/vertex
corresponds to a streamline and the weights of the graph’s edges
are the distances between streamlines within the same set. Given
two tractograms, i.e., two graphs, the original problem of finding
the correspondence between two sets of streamlines, can be
recast as the problem of finding corresponding nodes/vertices
between the two graphs, a famous combinatorial optimization
problem called graph matching, see Conte et al. (2004). In
this work, we provide an operational procedure to compute
tractogram alignment based on a recent approximate graph
matching algorithm, i.e., the doubly stochastic fixed-point
(DSPFP) algorithm.

In the following sections of this paper, we formally present the
tractogram correspondence problem and explore its similarity
to the graph matching problem (see Section 2), from whose
literature we draw the actual algorithm adopted in our
experiments. In Section 3, on dMRI data from the Human
Connectome Project (HCP) dataset, see Sotiropoulos et al.
(2013), we show the efficacy of tractogram correspondence,
where it achieves much better alignment across subjects than

standard affine-based global registration and comparable, if not
better, results to non-linear voxel-based methods. We conclude
this work by discussing themerits and limitations of the proposed
method and by mentioning future work.

2. METHODS

In this section, we first introduce the basic terminology
and notation. Then we describe the details of tractogram
correspondence in general and its implementation based on
relational information. We proceed to describe the strong
similarity with the problem of graph matching in order to adopt
an efficient approximate solution from its literature, i.e., the
DSPFP algorithm.

Let s = [x1, . . . , xns ], xi ∈ R3, be a streamline (or track,
or fiber), i.e., a polyline made of a sequence of ns points in
3D space. Let T = {s1, . . . , sN} be a tractogram (or track set)
of the whole brain and t ⊂ T a tract (or bundle). Let d :

T × T 7→ R+ be a distance function between streamlines.
Several anatomically meaningful distances have been proposed
in the literature, based on the idea that streamlines with similar
path and shape belong to the same anatomical structure, see
Gerig et al. (2004), Corouge et al. (2004), Zhang et al. (2008),
and Jiao et al. (2010). In this work we use the commonly
adopted mean average minimum (MAM) distance, a modified
Hausdorff distance sometimes called also mean closest point
distance (see Corouge et al., 2004):

dMAM(s, s′) =
1

2
(D(s, s′)+ D(s′, s)) (1)

where D(s, s′) = 1
ns

∑ns
i=1 d(xi, s

′), and d(x, s′) =

minj=1,...,ns′ ||x − x′j||2. Other distances can be used without

changes to the procedure we propose here.
Let G = (V ,E, f ) be a fully-connected undirected edge-

weighted graph, made of a finite set of vertices V , the
corresponding set of edges E, and a weighting function f :E 7→ R.
We represent the tractogram T with the graph G: each vertex of
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G correspond2 to one streamline of T and the weight of each
edge is the distance between the related streamlines, i.e., G =

(id(T),E, d), where id(si) = i, id(T) = {id(s1), . . . , id(sN)}, E ⊆

id(T) × id(T) and f ((i, j)) = d(si, sj). Two different tractograms
TA and TB are then represented by two different graphs, GA and
GB. We denote as A ∈ RNA×NA and B ∈ RNB×NB the adjacency
matrices of the weighted graphs GA and GB, respectively. Given
a matrix A, we call aij the corresponding element at row i and
column j.

2.1. Tractogram Alignment As Tractograms
Correspondence
We cast the problem of aligning two tractograms, TA and TB, as
the problem of finding the corresponding streamlines between
them. Once such correspondence has been established, TA will
be aligned to TB by transforming each streamline sA ∈ TA

into the corresponding streamline sB ∈ TB, as if to perfectly
match it. Notice that such transformation is not explicit, i.e.,
no deformation field is computed. Knowing sB, i.e., knowing its
coordinates, is enough obtain the aligned sA.

In order to solve the correspondence problem, we define
the binary matrix Q = [qik]ik ∈ {0, 1}NB×NA , that we call
correspondence matrix, such that qik is 1 when streamline i of
TA corresponds to streamline k of TB and 0 otherwise. We
require that

∑

k qik = 1, i.e., each streamline in TA must have
a corresponding one in TB, while the contrary is not necessarily
true. This last case, for example, occurs whenNA 6= NB, i.e., when
the one-to-one correspondence cannot be made. In particular,
when NA > NB multiple streamlines of TA may correspond to
the same streamline of TB.

In the meanwhile, we notice that the discrete space on which
the loss function needs to be minimized is extremely large,

i.e., there are NNA
B different possible correspondences. Given

the typical size of tractograms, in the order of 105 streamlines,
it is apparent that the combinatorial optimization problem is
extremely hard to solve and that approximations should be
introduced (see Section 2.4).

2.2. Correspondence Based on Relational
Information
Finding the best correspondence between two tractograms
requires two ingredients: the definition of a loss function, i.e.,
a function that scores the correspondence, and the exploration
of the combinatorial space in order to actually find the best
correspondence. Notice that the definition of a loss function
for tractogram correspondence should not be based on the
direct distance between streamlines across different tractograms,
because such distance becomes anatomical meaningful only after
the alignment is done. For this reason, as the building block of
the loss function, we propose that two streamlines of different
tractograms should correspond when their respective set of
distances, with other streamlines in their own tractograms, are
similar. This idea is motivated by our results in Olivetti et al.
(2012), where it was shown that representing a streamline as the

2Technically, each vertex is an object whose property is the identifier of the

streamline to which it is associated.

set of distances from the other streamlines in its own tractogram
is indeed an accurate Euclidean embedding, i.e., the geometrical
information of the streamlines is preserved.

Formally, if Q is a correspondence matrix of TA to TB, then
the matrix QAQ⊤ ∈ RNB×NB represents A after applying such
correspondence. To better understand this step, consider that,
in the special case where NA = NB and Q is a one-to-one
correspondence, then Q is a permutation matrix and QAQ⊤ is
a matrix where rows and columns are obtained just by permuting
those of A according to Q. As a consequence, a meaningful
definition of distance, i.e., loss L, between TA and TB is the matrix
distance (Frobenius norm, || · ||F) between the mapped A and
B: L = ||B − QAQ⊤||2F . Then, the problem of finding the best
possible correspondence Q∗ between TA and TB becomes the
combinatorial optimization problem

Q∗ = argmin
Q∈Q

||B− QAQ⊤||2F (2)

where Q is the space of all possible correspondences. As
noted before, Q is extremely large and, clearly, this problem
is extremely hard to solve. In the following, we describe its
similarity with another combinatorial optimization problem, i.e.,
graph matching, in order to draw approximate solutions from its
literature.

2.3. Graph Matching
A combinatorial optimization problem, that is strongly related to
the tractogram correspondence problem, is graphmatching (GM)
(see Conte et al., 2004; Zaslavskiy et al., 2009). The GM problem
aims at finding the corresponding vertices in two graphs, GA and
GB, of equal size, with adjacency matrices A and B. Differently
from the correspondence of streamlines described in Section 2.2,
the correspondence of GM is a one-to-one (bijection). Formally,
the GM problem is formulated as

P∗ = argmin
P∈P

||A− PBP⊤||2F (3)

which is very similar3 to the correspondence problem of
Equation (2). Specifically, when the correspondence between
streamlines is a permutation of indices, then the matrix Q
is a permutation matrix and the correspondence problem of
Equation (2) becomes identical to the graph matching problem
of Equation (3): ||A − PBP⊤||2F = ||B − QAQ⊤||2F when P = Q,
so Q∗ = P∗.

When the two graphs have different sizes, the GM problem
is called sub-graph matching (sub-GM) problem and the goal is
to find the corresponding vertices from the small graph to the
large graph. The GM and sub-GM problems are known to be
NP-hard (Conte et al., 2004), in general, and only approximate
solutions can be obtained in most of the practical cases, i.e.,
when the number of vertices is more than twenty. Notice that
a matching P can also be considered a correspondence, i.e., P ∈

P ⊆ Q. For this reason, an approximate solution of GM is also
an approximate solution of the correspondence problem.

3Historically, the GM problem refers to finding the vertices of GB that match those

of GA, and not the contrary, which is the natural way to formulate the alignment

problem.
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2.4. Graph Matching: Approximate
Solutions
Finding good approximate solutions to the GM and sub-GM
problems is a difficult task with extensive literature. The main
solutions available are divided in two groups (Zaslavskiy et al.,
2009): the first group operates on spectral representations of
the adjacency matrices (see for example Umeyama, 1988).
The second group is based on relaxation methods (see for
example Zaslavskiy et al., 2009), i.e., on solving the optimization
problem on a continuous superset of P , where more efficient
continuous optimization techniques can be used, and then by
projecting the result back to P . To the best of our knowledge, the
computational time and space complexity of the most efficient
algorithms4 for sub-GM are, respectively, O(n3)/iteration and
O(n2), reached only by the following algorithms (see Zaslavskiy
et al., 2009; Lu et al., 2016): projected gradient, graduated
assignment, PATH, and DSPFP. With such computational
complexity, approximate solutions can be found for graphs with
several thousands of vertices. To scale-up to larger graphs, it is
necessary to derive methods with lower complexity per iteration
or to introduce assumptions on the structure of the data.

According to Lu et al. (2016) and to our tests, the DSPFP
algorithm outperforms others algorithms in terms of actual time
and memory requirements, moreover with higher quality of
the approximated solution. For this reason we adopted that
algorithm for the experiments of Section 3. In the following we
briefly review DSPFP. For a comprehensive description see Lu
et al. (2016).

2.5. The Doubly Stochastic Projected
Fixed-Point (DSPFP) Algorithm
The DSPFP algorithm provides an approximate solution to the
GM and sub-GM problems. In its original formulation (see Lu
et al., 2016), the algorithm accounts for the similarity between
both the weights of corresponding edges and the attributes of
corresponding vertices. For sake of simplicity, here we omit the
part pertaining vertex attributes, since it does not play a role
in the proposed application of tractogram alignment5. In the
following we report the main steps to describe DSPFP.

Theminimization problem of Equation (3) can be recast as the
maximization problem

P∗ = argmax
X

1

2
tr(X⊤AX⊤B) (4)

s.t. X1 = 1,X⊤1 = 1, xij ∈ {0, 1}

see for example Lu et al. (2016), Appendix A, for the complete
derivation of Equation (4). By relaxing the constraint that xij ∈
{0, 1} into xij ≥ 0, the original discrete space of the partial
permutation matrices becomes the continuous one of doubly
stochastic matrices. The quadratic maximization problem on this
continuous space can be addressed by means of the projected

4All these algorithms are iterative, with some sort of convergence criteria.
5Technically, this means simply to set to zero the matrix K in all equations in Lu

et al. (2016).

fixed-point method, which is iterative:

Xt+1 = (1− α)Xt + α5(∇f (Xt)) (5)

where α is the step size, 5(·) is the doubly stochastic projection,
f (X) is the target function to be maximized, i.e., f (X) =
1
2 tr(X

⊤AX⊤B), so ∇f (X) = AXB. The projection method
adopted in DSPFP is based on a recent closed-form solution
of doubly stochastic projection, proposed in Zass and Shashua
(2006), which is solved by iterating two successive projections
until convergence: 5(X) = . . . 52515251(X), where

6:

51(X) = X +

(

1

NA
I +

1⊤X1

N2
A

−
1

NA
X

)

11⊤ −
1

NA
11⊤X (6)

and

52(X) =
X + |X|

2
. (7)

The resulting procedure is reported in Algorithm 1, where Y is a
NA × NA matrix, assuming NA ≥ NB. The initialization of X and
Y recommended in Lu et al. (2016) is such that xij = 1/(NANB)
and yij = 0, ∀i, j.

Data: A,B,α
Result: P
Initialize X and Y ;
repeat

Y1:NA ,1:NB = AXB;
repeat

Y = Y +
(

1
NA

I + 1⊤Y1
N2
A

− 1
NA

Y
)

11⊤ − 1
NA

11⊤Y ;

Y =
Y+|Y|

2 ;

until Y converges;
X = (1− α)X + αY1:NA ,1:NB ;
X = X/max(X);

until X converges;
Discretize X to obtain P.

Algorithm 1: Doubly Stochastic Projected Fixed-Point

(DSPFP), from Lu et al. (2016).

The discretization of X, required in the last step of Algorithm 1,
is a linear assignment problem, which can be implemented with
the Hungarian method or approximated with a faster greedy
algorithm for the linear assignment method, such as the one
used in Leordeanu and Hebert (2005). This greedy approach
comprises the steps described in Algorithm 2.

3. EXPERIMENTS

In this section, we describe the experiments to support the
claims about the advantages of tractogram correspondence over
registration methods for tractogram alignment. The experiment
was conducted on the Human Connectome Project (HCP) dMRI

61 indicates the vector with all elements equal to one.
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Data: X
Result: P
Initialize P as NA ×NB zero matrix and L as its set of indices
{(i, j)}i,j;
repeat

(i∗, j∗) = argmax(i,j)∈L xij;

pi∗ ,j∗ = 1;
remove from L all pairs (i, j) s.t. i = i∗ or j = j∗;

until L is empty;
Algorithm 2: Greedy algorithm for the linear assignment

problem.

dataset, see Van Essen et al. (2013), Sotiropoulos et al. (2013),
and Glasser et al. (2013). From that, we extracted data of 10
random subjects, single shell (b = 1000), with the original
voxel size (isotropic, 1.25 mm) and 90 gradients. Reconstruction
was computed using the constrained spherical deconvolution
algorithm (CSD, see Tournier et al., 2007) and tracking was based
on the Euler Delta Crossing method (EuDX, see Garyfallidis
et al., 2014), with 106 seeds. The resulting tractograms consist
of approximately 100–140 thousands streamlines, as reported in
Table 1, third and fourth columns.

In order to quantify the quality of tractogram alignment
produced by the methods in the literature and by the
proposed one, we relied on measuring the degree of overlap of
corresponding anatomical bundles/tracts after whole tractogram
alignment (see Golding et al., 2011; Garyfallidis et al., 2015).
Since the bundle/tract information is never used to compute
alignments, we can safely assume that, the better such overlap, the
better the alignment of tractograms. In the following, we provide
details of the set of alignment methods used in the comparison
and of the procedure to obtain the bundles/tracts. Then we report
the results of all experiments.

3.1. Alignment of Tractograms
We aligned all pairs of tractograms obtained from the 10
subjects, i.e., 45 pairs. We compared the following alignment
methods: standard affine registration of voxels, affine registration
of streamlines, non-linear registration of voxels and the
proposed method based on graph matching (GM). Voxel-
level affine registration was computed with FSL/FLIRT on
the B0 images. Streamline affine registration was computed
with two different algorithms: the entropy-based group-wise
registration (ENT) algorithm7 from O’Donnell et al. (2012)
and with the streamline linear registration (SLR) algorithm8

from Garyfallidis et al. (2015). In all cases, affine registration
was applied to streamline coordinates using the function
dipy.tracking.streamline.apply_affine(), from
DiPy. Non-linear voxel-level registration was computed with
FSL/FNIRT, using the deformation fields directly provided within
the HCP dataset9. GM-based alignment was computed using the

7We adopted the software implementation provided by the authors of ENT,

available at: https://github.com/ljod/whitematteranalysis.
8As implemented in DiPy, http://nipy.org/dipy.
9The estimation of the deformation fields of theHCP dataset is described inGlasser

et al. (2013) in the following way: “After bias field correction of the T1w and T2w

images, the T1w image is registered to MNI space with a FLIRT 12 DOF affine

DSPFP algorithm described in Section 2.5 and implemented by
us in Python language. Our implementation is available under
a Free/OpenSource license at: https://github.com/emanuele/
DSPFP.

In order to quantitatively compare the five different whole-
tractogram alignment methods we followed the common
practice, also described in Garyfallidis et al. (2015) and Golding
et al. (2011), i.e., we computed the overlap in voxels of a
set of corresponding anatomical tracts after the whole brain
alignment is done. Before alignment, we segmented a set of
tracts in each tractogram with the white matter query language
(WMQL, see Wassermann et al., 2013)10 and then used the
streamline IDs to obtain the tracts on the tractogram after
alignment. The set of tracts comprised: Cingulum Bundle (left
and right), Inferior Occipito Frontal Fascicle (left and right),
Uncinate Fascicle (left and right), Arcuate Fascicle (left), and
Corpus Callosum (part 2 and 7). We selected these specific nine
tracts because their segmentation, obtained through WMQL,
was more consistent across subjects, in terms of number of
streamlines, see Supplementary Material for additional details. In
Supplementary Material, we extend also this analysis to include
further bundles/tracts, which are known to have high variability
across subjects. The fraction of overlapping voxels between the
tract (talA ) of the aligned tractogram and the one (tB) in the target
tractogram, usually called Jaccard index J, is then:

J =
|v(talA ) ∩ v(tB)|

|v(tB)|
(8)

where v(t) indicates the set of voxels crossed by the streamlines
of tract t, while | · | is the set size.

3.2. Graph Matching: Further
Approximation
As mentioned in Section 2.4, one limitation of the algorithms
for approximate graph matching is the high computational cost
when the number of nodes exceeds a few thousands. Specifically,
for the adopted DSPFP, see Figure 2 for the exact timing to
perform graph matching on sets of streamlines till size 3000.
The computational and storage resources necessary to handle
the matching of graphs generated from an entire tractogram,
i.e., n = 105 nodes and 1010 edges, are beyond the capability
of modern computers. For this reason, in order to obtain the
correspondence between tractograms, we introduced a further
approximation with a simple three-steps procedure, similar to the
one proposed for the SLR algorithm inGaryfallidis et al. (2015):

1. We clustered each tractogram into a given number of clusters
(k = 1000) and defined the median (centroid) streamline as
the representative for each cluster. We adopted the fast mini-
batch k-means algorithm described in Olivetti et al. (2013) and
Porro-Muñoz et al. (2015).

2. We computed graph matching between the two graphs
made only with the k representatives, in order to obtain
corresponding clusters.

and then a FNIRT non-linear registration, producing the final non-linear volume

transformation from the subject’s native volume space to MNI space.”
10According to the white matter parcellation provided by the HCP initiative.
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TABLE 1 | All results of tractograms alignment with FLIRT, ENT, SLR,

FNIRT, and the proposed GM across all pairs of subjects.

ID subj.A ID subj.B |TA| |TB| JFLIRT JENT JSLR JFNIRT JGM

100307 124422 117354 107891 0.26 0.27 0.26 0.43 0.59

161731 117354 105490 0.33 0.32 0.36 0.44 0.64

199655 117354 134759 0.21 0.24 0.25 0.44 0.62

201111 117354 145364 0.18 0.19 0.18 0.45 0.51

239944 117354 116598 0.22 0.23 0.23 0.47 0.63

245333 117354 106215 0.22 0.20 0.24 0.45 0.62

366446 117354 138380 0.19 0.21 0.20 0.47 0.61

528446 117354 123856 0.16 0.10 0.25 0.44 0.53

856766 117354 116532 0.25 0.26 0.27 0.45 0.59

124422 161731 107891 105490 0.28 0.27 0.28 0.42 0.56

199655 107891 134759 0.19 0.20 0.21 0.41 0.46

201111 107891 145364 0.21 0.20 0.21 0.44 0.54

239944 107891 116598 0.26 0.19 0.26 0.45 0.56

245333 107891 106215 0.26 0.28 0.29 0.44 0.54

366446 107891 138380 0.19 0.17 0.24 0.44 0.59

528446 107891 123856 0.19 0.17 0.27 0.44 0.55

856766 107891 116532 0.24 0.23 0.25 0.42 0.60

161731 199655 105490 134759 0.17 0.21 0.24 0.41 0.53

201111 105490 145364 0.14 0.17 0.19 0.43 0.48

239944 105490 116598 0.23 0.24 0.24 0.42 0.58

245333 105490 106215 0.28 0.27 0.29 0.45 0.57

366446 105490 138380 0.16 0.11 0.20 0.45 0.43

528446 105490 123856 0.18 0.24 0.27 0.44 0.54

856766 105490 116532 0.23 0.22 0.27 0.44 0.58

199655 201111 134759 145364 0.25 0.25 0.23 0.43 0.57

239944 134759 116598 0.23 0.17 0.30 0.42 0.65

245333 134759 106215 0.18 0.10 0.26 0.44 0.58

366446 134759 138380 0.30 0.28 0.30 0.43 0.62

528446 134759 123856 0.26 0.30 0.30 0.43 0.58

856766 134759 116532 0.25 0.22 0.27 0.40 0.63

201111 239944 145364 116598 0.25 0.29 0.27 0.41 0.58

245333 145364 106215 0.20 0.25 0.27 0.44 0.57

366446 145364 138380 0.33 0.35 0.33 0.44 0.64

528446 145364 123856 0.29 0.10 0.31 0.43 0.58

856766 145364 116532 0.27 0.28 0.28 0.42 0.54

239944 245333 116598 106215 0.24 0.23 0.24 0.42 0.53

366446 116598 138380 0.21 0.22 0.25 0.40 0.57

528446 116598 123856 0.17 0.22 0.24 0.39 0.47

856766 116598 116532 0.20 0.17 0.24 0.41 0.58

245333 366446 106215 138380 0.14 0.23 0.22 0.41 0.54

528446 106215 123856 0.17 0.25 0.24 0.44 0.60

856766 106215 116532 0.20 0.25 0.26 0.41 0.55

(Continued)

TABLE 1 | Continued

ID subj.A ID subj.B |TA| |TB| JFLIRT JENT JSLR JFNIRT JGM

366446 528446 138380 123856 0.29 0.28 0.32 0.45 0.54

856766 138380 116532 0.27 0.23 0.28 0.44 0.62

528446 856766 123856 116532 0.22 0.19 0.27 0.45 0.61

average over all 45 pairs 0.23 0.22 0.26 0.43 0.57

standard dev. over all 45 pairs ±0.05 ±0.06 ±0.03 ±0.02 ±0.05

In each row are indicated the pairs of subjects IDs, the size of the two tractograms and

the five degrees of overlap after alignment,in terms of Jaccard index (J), averaged over

nine tracts. The averages and standard deviations over all 45 pairs are reported in the last

row.

This table reports the results of the comparison of five different methods across multiple

pairs of subjects. In each row, the score of each of the five methods is reported: JFLIRT ,

JENT , JSLR, JFNIRT , JGM. In each row, the higher the value, the better. The number in bold

face is the highest value among the five values in the same row, i.e., it indicates the best

method for each pair of subjects [highest overlap score (J) for each pair of subjects].

3. For each pair of corresponding clusters, we computed the
graph matching between their streamlines, in order to find
streamline correspondence.

Notice that, in all cases, approximate graph matching was
computed with the DSPFP algorithm (see Section 2.5), with
random initialization, i.e., xij ∼ U[0, 1]. This is different from
the initialization recommended in Lu et al. (2016), i.e., xij =

1/(NANB), but we observed failure of convergence in a few cases
with such constant value, while random initialization always
converged. We also tried the initialization resulting from an
initial affine registration (based on SLR) and we obtained very
similar results. For generality of the proposed method, we prefer
to recommend random initialization.

The steps introduced above aim at simplifying the original
tractograms, in order to reduce the computational problem of
graph matching. Other choices can be made, for example using
different clustering algorithms, see for example Garyfallidis et al.
(2012), or recent specific methods for tractogram simplification,
like Gori et al. (2016). The motivation of our choice, for adopting
the algorithm described in Olivetti et al. (2013), is eminently
computational. The time required to carry out the simplification,
which is in the order of a couple of minutes, see Figure 2, is
substantially inferior to that of other algorithms in the literature.

3.3. Results
Performing the three-steps procedure required approximately 30
min of computation for each pair of tractograms on a standard
desktop computer. In Figure 2, we report the time to compute
mini-batch k-means for streamlines on a full tractogram11 Linear
registration required a few minutes of computation for FLIRT
and SLR and approximately 30min for ENT. FNIRT deformation
fields were already available within the HCP dataset, anyway they
usually require a few minutes of computation.

Table 1 shows the results of all 45 pairs across the five
different alignment methods, averaged over nine tracts. The

11reproducing the results in Olivetti et al. (2013). and the time for DSPFP, for

various k.
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FIGURE 2 | The graph reports the time required to simplify a

110K-streamlines tractogram (HCP subject ID:100307) with the

mini-batch k-means (blue dots, plus linear interpolation), as a function

of the number of clusters. It reports also the time required to run graph

matching (DSPFP, red dots, plus cubic interpolation) between two simplified

graphs, each of k streamlines/vertices, of two subjects (HCP ID1:100307,

ID2:124422).

first two columns report the HCP subject identifiers of the
two tractograms considered in the alignment. The third and
fourth columns report the size of the tractograms of the two
subjects in terms of number of streamlines. The remaining
five columns report the degree of overlap between the aligned
tractograms (J, higher is better), averaged over the NINE tracts
considered, for the five methods considered in the comparison:
FLIRT, ENT, SLR, FNIRT, and GM. For each pair of subjects,
the highest degree of overlap is indicated in bold face. In order
to avoid unreasonable outliers, we filtered out the cases for
which the difference in number of streamlines for the same tract
was extreme, i.e., > 60%, denoting problems in the WMQL
segmentation. See Supplementary Material for an analysis of this
issue.

Figure 3 reports a visual aggregated summary of the results
of the experiments. In the upper graph, for each subject, five
barplots are reported. Each barplot indicates the overlap of
tractograms after alignment (J, higher is better) averaged over the
nine pairs that include that subject and all nine tracts. The graph
in the lower part of Figure 3 shows the results for each tract,
where the overlap for each of the five methods in the comparison
is averaged over the 45 pairs of subjects.

In order to show the performance of the proposed method,
with respect to the difference between the same bundle in two
different subjects, in Figure 4 we report the quality of alignment
(JGM) as a function of the difference between |tA| and |tB|,
where |t| is the number of streamlines of tract/bundle t. Such
difference is quantified as: 1AB =

||tA|−|tB||
max(|tA|,|tB|)

, which is 0 for

bundles with the same number of streamlines and increases up
to one according to how much the two sizes differ. Each point
represents one tract for one pair of subjects, e.g., Cingulum left
for the pair HCP ID:100307 and HCP ID:124422. Thus, there
are 45 × 9 = 405 points in total. In Supplementary Material we

report the equivalent graphs for the other alignment methods in
the comparison.

In Figure 5 we show one paradigmatic example where there
is a systematic displacement between the corresponding tracts
(Corpus Callosum, Section 7, as defined by the WMQL) of two
subjects (HCP ID1: 100307, ID2: 199655) after whole-brain affine
registration. In white and green we show the two tracts after the
registration computed with FSL/FLIRT, ENT, and SLR12. In the
same figure, we also report the alignment computed with GM,
which shows a much superior match because GM acts also at the
local level. For this specific example, the fractions of overlapping
voxels for that tract are: JFLIRT = 0.18, JENT = 0.26, JSLR = 0.24,
JFNIRT = 0.52, and JGM = 0.81.

3.4. A Technical Comment About ENT
As reported in the last row of Table 1, we noticed that the ENT
algorithm, from O’Donnell et al. (2012), exhibited substantially
higher variance in the results with respect to other algorithms
and in particular with respect to the SLR algorithm, which
is the most similar one. We explored this issue and, from
preliminary experiments, we believe that such increased variance
is mainly due to the way in which the tractograms are simplified,
in order to reduce the amount of computation. In ENT, a
random subsample of streamlines for each tractogram is used,
while in SLR the subsample is the set of representatives of
the clusters. The random subsample of ENT is of 20000
streamlines13 and then it is repeatedly reduced within that
algorithm. Conversely, SLR registration is based on 2000–3000
representatives, see Garyfallidis et al. (2015). Additionally, ENT
is optimized for the joint alignment of multiple subjects. All these
facts contributes to the explanation of the observed increased
variance14.

4. DISCUSSION AND CONCLUSIONS

In this work, we present whole brain tractogram alignment
based on computing streamline correspondence across subjects
as a graph matching problem. This work is the first one
that presents a quantitative comparison across streamline-based
alignment methods for tractograms. Table 1 and Figure 3 clearly
show that tractogram correspondence, implemented as graph
matching (GM), is able to align tractograms much better than
what global affine registration can do, both voxel-based and
streamline-based. The overlap, in terms of voxels, of the aligned
tracts with respect to the target tracts is two times better with
the proposed method than with affine methods. This occurs
uniformly across all subjects and all tracts. We also notice that,
as expected, all the affine-based registration methods exhibit
comparable results between each other, within the reported
standard deviations, meaning that there is an inherent limitation

12FSL/FNIRT is missing from this visual example because we did not apply the

resulting deformation field to the streamlines: such procedure is not sufficiently

analyzed in the literature. Nevertheless, we report the quantitative results at

voxel-level.
13According to the guidelines in https://github.com/ljod/whitematteranalysis.
14We thank Reviewer 2 for insightful comments on this part.
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FIGURE 3 | Summary of the results: average overlap between corresponding tracts after whole brain alignment for the FLIRT, ENT, SLR, FNIRT, and

the proposed GM. The upper bar-graph shows the overlap for each subject averaged over all nine tracts and the remaining nine subjects. The lower bar graph

shows the overlap for each tract averaged over all pairs of subjects.

in affine transformations, irrespective of the loss function they
optimize.

Such a positive result for GM against affine methods is
not surprising, because it is expected that one global linear
transformation cannot reconcile local systematic differences
between white matter bundles across subjects. Differently, GM
is designed to optimize the match both at the global and local
level. This aspect is clearly exemplified in Figure 5, where some
notable displacement between the tracts remains after global
affine alignment, but not in the case of GM. The locality of GM
and, more in general, of the correspondence-based alignment, act
as if each streamline in one tractogram is deformed to exactly
match the corresponding streamline in the other tractogram.
This corresponds to a different deformation for each streamline.
The global aspect is also preserved because GM is a joint
optimization problem across all vertices/streamlines.

The results in Table 1 show also the quality of alignment
obtained through non-linear registration of volumes, by means
of FSL/FNIRT (eighth column). Since non-linear registration
is able to operate local changes, the quality of such alignment
is much better than that of linear methods, as expected. By
comparing the results of GM and FNIRT, we observe that the
quality of GM is still superior, i.e., JFNIRT = 0.43 ± 0.02 vs.
JGM = 0.57 ± 0.05, even though not by a large margin. Our
interpretation of this result is that FNIRT optimized the match

of the T1 images, which contain white matter boundaries but not
the detailed structure, while our GM-based alignment procedure
optimized the match of streamlines. Since the evaluation is
based on corresponding anatomical white matter tracts, our
proposed method has an advantage, that may explain part of
difference in the results. It is true that non-linear volumes-based
alignment can target other kinds of volumes that incorporates
dMRI information, like FA (fractional anisotropy) or B0. For
this reason, further experiments are needed in order explore
this comparison. Nevertheless, a main difference remain: the
proposed method operates on streamlines, which is the focus of
this paper, while the non-linear volume-based algorithms, like
FNIRT, operate on voxel-level information.

The quality of whole brain alignment provided by GM
is expected to decrease when the difference in number of
streamlines between corresponding bundles is large. In Figure 4,
the trend line shows this expected decay, at the level of
individual pairs of bundles. Nevertheless we can also expect
that, given one bundle, large differences do not occur between
all pairs of subjects. This is confirmed in Figure 3 (lower
part), where standard deviations are moderate. This is further
confirmed in Supplementary Materials, where the result is
extended to SLF II (right) and MDLF (right and left), which
are known to be highly variable across subjects. Nevertheless,
we have also to take into account the limitations of the ground
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FIGURE 4 | For each of the 45 pairs of subjects and 9 tracts/bundles

(45 × 9 = 405 points in total), the graph shows the tract overlap after

whole tractogram alignment performed with GM, as a function of the

difference between that tract across the two subjects. The difference, in

number of streamlines, is quantified as 1AB =
||tA|−|tB||

max(|tA|,|tB|)
.

FIGURE 5 | A paradigmatic example where there is systematic

displacement between the corresponding tract (CC, Section 7) of two

subjects after whole-brain affine registration, with FSL/FLIRT, ENT and

SLR. Conversely, GM is able to provide much better alignment.

truth used in this study, which is based on automatic bundle
segmentation, see Wassermann et al. (2013). The limitations
of such segmentation are explored in Supplementary Materials
and may contribute to the variability of the results observed
in Figure 4. The use of expert-based segmentation might partly
mitigate this problem.

The proposed GM algorithm, despite multiple
approximations, can recover a substantial portion of what

other methods miss. It has to be noted that this improvement
comes at the cost of a substantial increase in the time of
computation, at least with respect to FLIRT, SLR, and FNIRT.
The time required by the proposed implementation of the
GM-based algorithm is ten times more than that required by
these algorithms. The total amount of time required by the
proposed method is a function of the number of clusters (k)
chosen during the clustering-based approximation, as illustrated
in Figure 2. Specifically, it is composed by the time to obtain
the clustering, the time to compute the graph matching between
cluster representatives and the time for graph matching between
the streamlines of corresponding clusters. Notice that the
proposed clustering-based approximation could be used for
addressing the scalability issues of other algorithms, such as the
one of Durrleman et al. (2011). Future work has to be done in
this direction.

Despite clearly positive results, the solution proposed in
this work suffers various limitations, that provide ground
for interesting future work. At a general level, the idea of
putting in correspondence streamlines across tractograms may
be limited by the quality of the tractography algorithms, topic
on which there is still major debate. Moreover, finding the
correspondence for all streamlines across tractograms may be
challenged because, for example, artifactual streamlines should
not have a corresponding one. A filtering mechanism to avoid
such cases is currently not available. In the same way, at the
implementation level, the sub-optimal constraint of one-to-
one correspondence of GM may be excessive in some cases.
Future work should address the relaxation of such constraint.
At the application level, aligning tractograms for transferring
anatomical knowledge to a new subject, e.g., for segmentation
of bundles, is the straightforward application of the proposed
method. Despite the usefulness of such task, it is still not clear
how to address other common tasks, like alignment at the group-
level and atlas construction, on which we are focusing our
future work. From this point of view, the idea of exploiting the
correspondence between streamlines opens up new directions of
research and opportunities for improvement in neuroscientific
and clinical applications.
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Abstract. Diffusion magnetic resonance imaging (dMRI) offers a unique
approach to study the structural connectivity of the brain. DMRI allows
to reconstruct the 3D pathways of axons within the white matter as
a set of polylines (streamlines), called the tractogram. Tractograms of
different brains need to be aligned in a common representation space
for various purposes, such as group-analysis, segmentation or atlas con-
struction. Typically, such alignment is obtained with affine registration,
through which tractograms are globally transformed, with the limit of
not reconciling local differences. In this paper, we propose to improve
registration-based alignment by what we call mapping. The goal of map-
ping is to find the correspondence between streamlines across brains, i.e.
to find the map of which streamline in one tractogram correspond to
which streamline in the other tractogram. We frame the mapping prob-
lem as a rectangular linear assignment problem (RLAP), a cornerstone
of combinatorial optimization. We adopt a variant of the famous Hun-
garian method to get the optimal solution of the RLAP. We validate the
proposed method with a tract alignment application, where we register
two tractograms and, given one anatomical tract, we segment the corre-
sponding one in the other tractogram. On dMRI data from the Human
Connectome Project, we provide experimental evidence that mapping,
implemented as a RLAP, can vastly improve both the true positive rate
and false discovery rate of registration-based alignment, establishing a
strong argument in favor of what we propose. We conclude by discussing
the limitations of the current approach, which gives perspective for future
work.

Keywords: Diffusion MRI, Tractogram Alignment, Registration, Linear
Assignment Problem

1 Introduction

Diffusion magnetic resonance imaging (dMRI) [1] provides information about
the local orientation of white matter axons in each voxel of a brain image. Re-
construction and tracking algorithms aim at connecting voxels, based on the
orientation within each voxel, in order to reconstruct the approximate trajec-
tories of fibers as 3D polylines, called streamlines. A streamline, is a vectorial



representation of thousands of neuronal axons following the same pathway. The
whole set of streamlines is called tractogram and it represents the anatomical
connectivity of the brain.

Tracts are sets of streamlines with specific neuroanatomical meaning. A man-
ual procedure of virtual dissection allows the segmentation of streamlines for a
given tract of interest. For example, shape and size of a tract can be helpful for a
neurologist to assess the progress of a neurodegenerative disease [5]. Such anal-
ysis compares the tract from a tractogram of a patient to that healthy subjects,
or atlas [13]. The common practice is based on the quantifying the number of
voxels shared by the two tracts [7], which requires that the two tracts are first
aligned in a common representation space.

The alignment of two tractograms is still an open problem. The best practice
is based on the affine registration of the corresponding structural images, such
as T1 or FA (Fractional Anisotropy) [1], and by applying the estimated transfor-
mation to the coordinates of streamlines. Improvements of these methods have
been proposed by using more informative volumetric images, such as the orien-
tation distribution functions (ODFs) [14]. More recently, a new approach has
been investigated by computing the affine transformation directly in the space
of the streamlines [6]. The intuitive idea is to find the affine transformation that
minimizes a loss function based on the distance between streamlines. Computa-
tional issues prevent the use a whole tractogram, i.e. the registration is usually
based on a small subset of the streamlines.

We claim that the alignment of tractograms based on registration meth-
ods has two main limitations. The first is concerned with the affine transfor-
mation, which is a global one. Local anatomical differences between two sub-
jects/tractograms cannot be reconciled by a global linear transformation. Non-
linear/elastic registration methods may overcome this limitation, but it is not
straightforward how to preserve the orientation information of dMRI images
after the distortion of the volumetric space. Evidence of this problem is the ab-
sence of literature on this topic. The second limitation is related to the use of
transformations for alignment, that indeed reduces the differences between trac-
tograms, but it is still not able to provide the correspondence between anatomical
structures at the local level. We claim that alignment can provide more useful in-
formation when enriched with correspondence of streamlines across tractograms.

In this work we propose to overcome these limitations by introducing the
notion of mapping. We claim that, when the ultimate goal is alignment and
comparison of tracts across subjects, the registration in a common space is not
enough and the additional step of finding which streamline in a tractogram
correspond to which streamline in another tractogram should be computed.

In principle, the correspondence between streamlines across tractograms can
be one-to-one, one-to-many or many-to-many. Here we restrict to the one-to-
one case, and defer the other more general cases to future work. Under this
assumption, the problem of finding corresponding streamlines can be cast as an
assignment problem [4]. The assignment problem is a fundamental combinatorial
optimization problem. Given two sets of objects, A and B, and a cost function to



assign one element of A to one of B, the goal is to find the injective assignments
of each element of A, to one of B, such that the total cost of the assignments is
minimized. If the numbers of items are equal and the total cost is given by the
sum of each assignment cost, the problem is called linear assignment problem
(LAP). When |A| 6= |B|, the problem is called rectangular LAP (RLAP) [2],
which is a generalization of the LAP.

Efficient and well known algorithms for solving the LAP are the Hungarian
method [11] and Jonker-Volgenant algorithm (LAPJV) [9], both giving the op-
timal solution with complexity O(n3), n = |A|. For the rectangular case, where
m = |B| > n, efficient variants of the previous algorithms are available in the
literature, such as [3] which has complexity O(n2m) and provide the optimal
solution. In this work we adopt that algorithm.

We designed an experiment about segmenting a desired tract in a tractogram.
On dMRI data from the Human Connectome Project [15], we show experimen-
tal evidence that mapping through the RLAP greatly improves the quality of
segmentation, both in terms of true positive rate (TPR) and false discovery rate
(FDR), with respect to that of affine registration. This result confirms that the
concept of mapping should be considered as a new useful tool in the context of
alignment of tractograms and that its implementation as an assignment problem
is effective, despite some limitations.

The paper is structured as follows. In Section 2 we define the notation and
formally introduce mapping and the RLAP, together with the algorithm adopted
here. In Section 3 we describe the details of the experiment and its results. A
brief discussion about the merits a limitations is reported in Section 4.

2 Methods

In this section we briefly introduce the notation, the concept of mapping and
the formal description of the linear assignment problem (LAP), with details of
its rectangular (RLAP) version and references to efficient solutions.

2.1 Notation and Streamline Distance

Let the polyline s = {x1,x2, . . .}, where xi ∈ R3, be a streamline, reconstructed
from dMRI data through reconstruction and tractography algorithms. Let the
tractogram, T = {s1, s2, . . . , sM} be defined as a set of M streamlines, where
M ≈ 105. Let t = {s1, s2, . . . , sk} ⊂ T , be a subset of the tractogram, called
tract, usually with a specific anatomical meaning, e.g. the cortico-spinal tract
(CST).

Multiple distance functions between streamlines have been proposed in the
literature [18]. Here we adopt the most common one, i.e. the symmetric minimum
average distance (MAM). Given two streamlines, sa and sb:

dMAM (sa, sb) =
1

2
(D(sa, sb) + D(sb, sa)) (1)



where

D(sa, sb) =
1

|sa|

|sa|∑

i=1

d(xa
i , sb) (2)

and

d(x, sb) = min
j=1,...,|sb|

||x− x′j ||2 (3)

2.2 Mapping

The alignment of two tractograms, TA and TB , is usually implemented through
registration algorithms, that transform the coordinates of the streamlines into a
common space. Here we propose a different way of aligning tractograms, based on
finding corresponding streamlines across two tractograms, without operating any
transformation. The problem of finding which streamline sBj ∈ TB correspond

to a given streamline sAi ∈ TA is a combinatorial one and its solution is a
correspondence map between the two sets. For this reason, we call this kind of
alignment as mapping. We denote the map as a binary matrix P = [pij ]ij ∈
{0, 1}|TA|×|TB |, that we call mapping matrix, such that pij is 1 when streamline
sAi ∈ TA corresponds to streamline sBj ∈ TB , and 0 otherwise.

In practical cases, it is common to observe that different tractograms have
different number of streamlines, i.e. |TA| 6= |TB |. Moreover, corresponding tracts
across different subjects may have different size, meaning that different stream-
lines of one tractogram may correspond to the same streamline in the other one.
For these reasons, in general, the correspondence between streamlines cannot
be a bijective or an injective map but a many-to-one or many-to-many map.
A very simple many-to-one greedy solution to the mapping problem is assign-
ing the nearest streamline of the second tractogram to each streamline of the
first tractogram, after affine registration in a common space. We refer to this
baseline solution as registration + nearest neighbor (NN). The main limitation
of this solution is that it strongly rely on the assumption that the affine regis-
tration reconciles most of the differences between the two tractograms, which is
generally not true.

In order to propose an improvement over NN, in this work, we add the re-
strictive assumption that that different streamlines in TA correspond to different
streamlines in TB , i.e. we assume the mapping to be injective1. In Section 3 and 4
we show that this restriction does not prevent the proposed approach to reach
major improvements over NN. Under the assumption just mentioned, and in or-
der to find the desired mapping between two tractograms, we cast the mapping
problem into a well known optimization problem, called assignment problem [4].
In the following we formally introduce the linear assignment problem along with
its rectangular version.

1 Additionally we introduce the technical assumption that |TA| ≤ |TB |.



2.3 The Linear Assignment Problem

Given two sets of objects of the same size, TA = {sA1 , . . . , sAn } and TB =
{sB1 , . . . , sBn }, the problem of finding the optimal bijective assignment of each
sAi to one element in TB , given the cost matrix C = [cij ]ij ∈ Rn×n, where cij
is the cost of assigning sAi to sBj , is called linear assignment problem (LAP). In
our case, the cost is the distance between streamlines. The bijective assignment
between the streamlines of two tractograms can be represented by permutation
matrix P = [pij ]ij ∈ {0, 1}n×n, where pij = 1 if sAi is assigned to sBj , and
0 otherwise. Notice that, since P represents a bijective correspondence, then
∀i ∈ {1, . . . , n}, ∑j pij = 1 and ∀j ∈ {1, . . . , n}, ∑i pij = 1. The formal defini-
tion of the LAP is then:

P ∗ = argmin
P∈P

n∑

i,j=1

cijpij (4)

where P is the set of all possible n × n permutation matrices and P ∗ is the
optimal assignment with lowest overall cost.

Among the most efficient algorithm in the literature to find P ∗, the Hungar-
ian method is the most famous one. Its first formulation [10] had time complexity
O(n4), which was later improved to O(n3) by Munkres [11]. Another prominent
algorithm in this group is LAPJV [9] which has the same complexity, O(n3).

2.4 Rectangular Assignment Problem

When |A| 6= |B|, LAP is called rectangular assignment problem [2] (RLAP). In
that case, let n = |A| and m = |B| and n ≤ m, the problem consists in finding
the injective assignment of all sAi ∈ A within B. Formally:

P ∗ = argmin
P∈P

n∑

i=1

m∑

j=1

cijpij (5)

where [pij ]ij = P ∈ P is a partial permutation matrix2 and C = [cij ]ij is the
cost matrix.

The literature about algorithms to find the optimal solution to the RLAP
is much smaller than then one on the LAP. See [2] for a brief review, with
adaptations of the most effective LAP algorithms to the RLAP case.

A common solution for the RLAP is adding m−n dummy entries, so that the
RLAP becomes a LAP with (m−n)! optimal solutions. The time complexity of
this solution is then O(m3). In this paper we adopt a more efficient algorithm [3],
which is a rectangular extension of the Munkres algorithm. Its time complexity
is O(n2m), which is convenient in the setting of our experiments where m ≫ n
(see Section 3).

2 A partial permutation matrix is a rectangular version of the permutation matrix,
i.e. P = [pij ]ij ∈ {0, 1}n×m and

∑n
j=1 pij = 1 but

∑m
i=1 pij ≤ 1.



3 Experiments

Experiments were performed on 10 randomly selected subjects from the Human
Connectome Project (HCP) [15,16] dMRI datasets. We preprocessed the data
with single shell (b = 1000) and isometric up-scaling (2mm). The tractogra-
phy was reconstructed using a diffusion tensor model (DTI) and the tracking
was computed with the Euler Delta Crossing (EuDX) algorithm, using the DiPy
toolbox3. We used the white matter query language (WMQL)[17], a parcellation-
based method, to virtually dissect several types of neuroanatomical tracts: ar-
cuate fasciculus (AF), corticospinal tract (CST), cingulum (CG), uncinate fas-
ciculus (UF) optical radiation (OR), medial longitudinal fasciculus (MDLF),
inferior longitudinal fasciculus (ILF), inferior occipitofrontal fasciculus (IFOF).
Considering both left and right hemispheres, we obtained 16 different tracts for
all the 10 subjects. A summary of the information after the virtual dissection
are reported in Table 1, specifically the average and standard deviation of the
number of streamlines and the number of voxels of all tracts.

Table 1. Data description. For each tract, the table reports the average and standard
deviation of the number of streamlines and of voxels over 10 subjects.

Tract Name # Streaml. # Voxels

CST LEFT 50 ± 41 1478 ± 725
CST RIGHT 23 ± 17 1075 ± 478

CG LEFT 947 ± 135 12075 ± 1602
CG RIGHT 833 ± 100 10920 ± 1507

AF LEFT 290 ± 107 5437 ± 1617
AF RIGHT 186 ± 144 4046 ± 1916

UF LEFT 189 ± 71 2913 ± 932
UF RIGHT 171 ± 87 2583 ± 1117

OR LEFT 78 ± 68 1547 ± 2171
OR RIGHT 83 ± 22 2246 ± 418

MDLF LEFT 195 ± 116 4152 ± 2022
MDLF RIGHT 180 ± 119 3339 ± 1482

ILF LEFT 199 ± 82 2568 ± 1923
ILF RIGHT 133 ± 115 2475 ± 1283

IFOF LEFT 175 ± 58 4794 ± 1068
IFOF RIGHT 145 ± 88 4681 ± 1636

The purpose of the experiment was to collect empirical evidence that exploit-
ing the correspondence of streamlines across tractograms improves the alignment

3 http://dipy.org



of tracts with respect to what affine registration can do. The experiment was
conceived in the following way: after alignment, given a tract, its corresponding
voxels were extracted, as well as those of the same tract in the second trac-
togram. The overlap over the two sets of voxels [7], in terms of of true positive
rate (TPR) and false discovery rate (FDR), was computed. We considered three
scenarios: (i) registration-only alignment, without additional mapping of stream-
lines; (ii) registration and mapping as nearest-neighbor (NN); (iii) registration
and mapping as optimal solution of the RLAP.

In each scenario, the first step was the projection of the two tractograms in a
common space. The registration was performed with respect to the standard MNI
space using FSL FLIRT, that implements a voxel-based affine registration [8].

For scenarios (ii) and (iii), the second step was concerned with the computa-
tion of the correspondence among streamlines, from a source tract tA to a target
tractogram TB . We call the true target tract, as obtained through WMQL seg-
mentation, as tB and its approximation, through mapping or registration, as t̂B .
For each tract in Table 1, we computed TPR and FDR for all possible pairs
over the 10 subjects, i.e. 45 pairs. We excluded those pairs where the difference
in the number of streamlines was ≥ 60%. We may reasonably assume that such
extreme differences in the number of streamlines for the same tract were related
to limitations in the virtual dissection with the WMQL.

Denoted as v(t) the set of voxels corresponding to a tract t, the quantification
of the overlap between t̂B and tB was the following:

TPR =
|v(t̂B) ∩ v(tB)|
|v(tB)| (6)

FDR =
|v(t̂B) \ v(tB)|
|v(t̂B)|

(7)

In Table 2 are reported the results, in term of TPR and FDR for the three
methods. The results clearly show that the computation of the correspondence of
streamlines between tracts is beneficial for alignment. Even the simplest imple-
mentation of mapping, i.e. the NN heuristic explained in Section 2, introduces
a consistent improvement over affine registration. Such improvement is much
greater when adopting the optimal solution of the RLAP. The results of RLAP
are consistently better for all tracts, except for the TPR of IFOF RIGHT. How-
ever, for IFOF RIGHT, the TPR of RLAP is similar to that of NN and the TDR
is much lower. We noticed that the NN mapping, which computes a many-to-one
correspondence, tends to underestimate the number of streamlines, i.e usually
|t̂B | < |tB |. For this reason and for the strong assumption that the affine regis-
tration is able to reduce the local and global differences, the alignment based on
NN achieves lower values of TPR with respect to the RLAP.

While RLAP looks effective for tract alignment, the same solution is not
viable for full tractograms alignment, because of the computational cost. In
Figure 1 it is reported the time required by the rectangular Munkres algorithm
of [3], as implemented in Scikit-Learn4, to compute the optimal solution for the

4 http://scikit-learn.org



Table 2. Average, over multiple pairs of subjects, of true positive rate (TPR, higher is
better) and false discovery rate (FDR, lower is better) for three methods: Registration,
Registration+NN (nearest neighbor), Registration+RLAP. Each row corresponds to a
different anatomical tract.

Tract Name
Registration Registration Registration

+NN +Assignment

TPR FDR TPR FDR TPR FDR

CST LEFT 0.10 0.63 0.24 0.64 0.38 0.11
CST RIGHT 0.06 0.76 0.21 0.70 0.32 0.32

CG LEFT 0.24 0.38 0.33 0.62 0.67 0.20
CG RIGHT 0.25 0.37 0.36 0.56 0.69 0.14

AF LEFT 0.15 0.55 0.27 0.69 0.69 0.18
AF RIGHT 0.11 0.57 0.31 0.67 0.67 0.15

UF LEFT 0.24 0.45 0.37 0.57 0.71 0.21
UF RIGHT 0.32 0.31 0.39 0.56 0.80 0.18

OR LEFT 0.06 0.75 0.14 0.75 0.23 0.26
OR RIGHT 0.07 0.64 0.13 0.77 0.27 0.30

MDLF LEFT 0.13 0.68 0.24 0.66 0.53 0.18
MDLF RIGHT 0.15 0.48 0.24 0.70 0.57 0.16

ILF LEFT 0.18 0.61 0.29 0.64 0.67 0.26
ILF RIGHT 0.07 0.66 0.18 0.75 0.39 0.13

IFOF LEFT 0.16 0.59 0.29 0.65 0.66 0.17
IFOF RIGHT 0.16 0.31 0.60 0.64 0.56 0.28

tracts for same of the cases in our experiments. For low values of n (< 50), the
computation required less than a minute, while for large values of n (> 600) it
required several hours.

In Figure 3 we report a visual snapshot of the alignment of the arcuate
fasciculus (AF) between two subjects. The picture5 shows the voxels correctly
mapped both by NN and RLAP (blue), those correctly mapped by only the
RLAP (red), and the ones missed by both (green). In this example, no correct
voxel was found by NN and not by RLAP. The benefit of RLAP with respect
to NN is illustrated as a meaningful increment of the number of voxels correctly
aligned (red).

4 Conclusion and Future Work

In the present work we addressed the task of aligning sets of streamlines. We
introduced the notion of correspondence between streamlines, that we call map-
ping, as additional step to improve the registration of tractograms based on

5 For simplicity we limit the view to one slice only.
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Fig. 1. Time, in seconds, required to solve the RLAP with the rectangular version of
the Munkres aglorithm [3], for tracts with various sizes (n). The quadratic dependence
of the time complexity term is shown in green. Notice that m ≈ 105.

affine transformation. We proposed to recast the problem of computing the cor-
respondence as a rectangular linear assignment problem (RLAP). We performed
an experimental assessment on real data from the Human Connectome Project
dataset and, in Section 3, we provided strong empirical evidence of the improve-
ment for tract alignment.

Despite the very positive results presented in Section 3, many questions re-
quire further investigation. First of all, the RLAP approach presented here is
based on the assumptions that the mapping is injective and that the distance
function between streamlines across different tractograms is meaningful. The
first assumption, even though quite restrictive in principle (see Section 2.2),
provides clearly better results than the nearest neighbor (NN) solution, which
is a many-to-one mapping. Nevertheless, investigating more refined many-to-one
and many-to-many solutions seems be more anatomically meaningful. The sec-
ond assumption requires that the affine registration is sufficient to make the
streamline distance function meaningful across tractograms. Given that without
initial registration such distance may be non-informative, this step requires fur-
ther understanding on when and how registration becomes crucial. This issue
provides motivation for completely avoiding the computation of streamline dis-
tances across tractograms, a direction that we recently proposed using a graph
matching approach [12].

In the short term, the solution presented in this work can be improved on
at least two levels: reducing the computational time and investigating the effect



Fig. 2. Mapping of Arcuate Fasciculus (AF). The pictures (left: whole brain; right:
zoomed detail) report one slice (x = 61, y = 53, z = 37) of the projection of the AF
tract from a source subject (ID=124422) to a target subject (ID=239944) of the Human
Connectome Project dataset. Voxels in blue are the ones correctly detected by NN and
RLAP, in red by only RLAP and in green the missed ones. No correct voxel was found
by NN and not by RLAP.

of different streamlines distance functions. We plan to investigate sub-optimal
solutions to the RLAP, in order to reduce the computational complexity so to
address the problem of mapping whole tractograms.
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Appendix A

Supplementary Material

A.1 Tracts/Bundles with High Variability across Subjects

We investigated a larger set of tracts/bundles than that described in the paper. In Table A.1 we report the size, in
number of streamlines, of 18 tracts for each of the 10 subjects considered in our study. Each tract was automatically
segmented with the white matter query language (WMQL), see [157]. As it is clearly shown, the variability in
number of streamlines across subjects changes dramatically from one tract to another. For example the Cingulum
left (cg.left, 1st row), has a moderate variability across subjects, around 20%. Differently the Arcuate Fasciculus
right (af.right, 10th row) shows extreme variability, e.g. 508 streamlines in subject 5 and≤ 2 streamlines in subjects
4, 6 and 10. For this reason, we divided the tracts in two groups, of low and high variability. In the upper part of
Table A.1 we report the tracts with low variability, that were included in the study. In the lower part of Table A.1,
below the mid line, we report the tracts with very high variability, that were excluded from our study.

It is expected that part of the observed variability is due to anatomical differences across the population. Nev-
ertheless, we believe that part of the reason for the extremes we observe in the lower part of Table A.1 is due to
poor segmentation and, possibly, also due to limitations in tractography data and white matter parcellation. An
expert-made segmentation instead of the automatic one, might reduce the issue. Given this problem, in this work
we want to decouple the variability intrinsic to the methods from the variability in the ground truth, which here
can be considered as unwanted noise. Such considerations led us not to consider the tracts in the lower part of
Table A.1 from our study.

In order to enrich the results presented in the paper, here in Supplementary Material we extend the experiments
with three more tracts that were previously excluded: SLF II, MDLF left and MDLF right. We chose these tracts
because they exhibit less extreme variability among the excluded ones. For these tracts, in Figure A.2, we show
the average overlap after whole tractogram alignment with FLIRT, ENT, SLR, FNIRT and the proposed GM. The
height of each bar in the graph represents the average overlap, computed over the 45 pairs of subjects considered
in the study. From those results, we observe that, in general, the overlap of linear methods was lower than the
cases reported in the paper, i.e. J ∈ [0.10,0.15]. FNIRT and GM showed much higher degree of overlap than linear
methods and comparable results between each other, i.e. J ∈ [0.45,0.55]. Nevertheless these results are among the
lowest values obtained for other tracts in the paper.

With the three new bundles considered here, in Figure A.3, for the proposed GM, we extend Figure 4 of the
paper by showing the degree of overlap (JGM) vs. the difference between the corresponding bundles, at the level
of individual pairs of subjects (45 pairs) and bundle (now 12 bundles): 45× 12 = 540 points. In Figure A.4, we
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subj1 subj2 subj3 subj4 subj5 subj6 subj7 subj8 subj9 subj10
bundle 100307 124422 161731 199655 201111 239944 245333 366446 528446 856766

cg.left 1181 905 1235 1326 1361 1185 1230 1126 1396 1150
cg.right 969 1002 974 1036 1247 1178 1050 904 1235 861
ifof.left 169 183 66 142 92 202 54 290 161 68

ifof.right 152 69 20 284 131 176 40 311 22 109
uf.left 138 193 179 166 281 60 144 296 102 66

uf.right 250 158 195 244 211 73 145 182 156 41
cc_7 546 431 337 442 413 247 441 577 520 319
cc_2 661 283 300 302 670 407 314 638 464 628
af.left 92 333 273 176 550 124 352 200 234 172

af.right 35 190 172 1 508 2 137 8 77 0
slf1.left 11 0 0 0 0 0 0 0 0 0

slf1.right 22 1 8 27 0 20 0 16 18 3
slf2.left 193 64 0 130 30 36 0 0 0 1

slf2.right 257 22 25 182 67 1 62 79 74 20
slf3.left 4 0 0 0 0 0 0 0 0 0

slf3.right 0 0 1 2 19 0 43 71 18 0
mdlf.left 55 116 137 69 16 11 299 239 227 22

mdlf.right 256 40 146 27 113 244 13 128 16 27

Figure A.1: Tract/Bundle sizes, in terms of number of streamlines across the 10 subjects considered in this study.
The Tracts were segmented with WMQL, see [157].
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Figure A.2: additional tracts
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Figure A.3: For each of the 45 pairs of subjects and 12 tracts/bundles (45× 12 = 540 points in total), the graph
shows the tract overlap after whole tractogram alignment performed with GM, as a function of the difference
between that tract across the two subjects. The difference, in number of streamlines, is quantified as ∆AB =
||tA|−|tB||

max(|tA|,|tB|) .

also report the equivalent graphs for FLIRT, ENT, SLR and FNIRT. As expected, in all cases the trend, as linear
interpolation (red line), shows the decay of overlap when the corresponding bundle across two subjects greatly
differ in number of streamlines. These graphs also show that GM and FNIRT align tractograms much better than
FLIRT, ENT and SLR.
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Figure A.4: For each of the 45 pairs of subjects and 12 tracts/bundles (45× 12 = 540 points in total), the graph
shows the tract overlap after whole tractogram alignment performed with FLIRT, ENT, SLR and FNIRT, as a
function of the difference between that tract across the two subjects. The difference, in number of streamlines, is
quantified as ∆AB = ||tA|−|tB||

max(|tA|,|tB|) .



Appendix B

Dissimilarity Representation

B.1 Prototype Selection for Dissimilarity Representation

For these experiments we used the dMRI recordings of 10 healthy subjects (100307, 124422, 161731, 245333,
528446, 556766, 201111, 199655, 239944 and 366446) from the Human Connectome Project [149], [132]. They
were acquired on a Siemens Skyra 3T scanner (90 gradients; b-value= 1000s/mm2; anatomical scan (1.25×1.25×
1.25mm3)). From these data we reconstructed the streamlines using EuDX, a deterministic tracking algorithm [52]
from the DiPy library [53]. The obtained tractography for each subject consists of approximately of 5× 105

streamlines.

First step is to project the tractogram data into the dissimilarity space Rp. With this purpose, a set of proto-
types has to be selected in advance. Next, we present a study of the degree of approximation of the dissimilarity
representation across different prototype selection policies i.e. Random, SFF and S+SFF, and different numbers of
prototypes. The aim is to investigate the trade-off between accuracy and computational cost. For SFF we chose
c = 3 in order to have high probability (> 0.95) of accurately representing T through the subset. For S+SFF, only
streamlines with size z > 10 will be used. By using this value, the set of streamlines to be analysed is drastically
reduced in the order of 105 times.

In order to evaluate how accurate our dissimilarity representation is, we investigate the relationship between
the distribution of distance among objects in X through d and the corresponding distances in the dissimilarity
space through ∆d

Π
, where ∆d

Π
: φ(s)× φ(s′)→ R+ and ∆d

Π
= ||φ(s)−φ(s′)||2. It was claimed in [106], that a

good dissimilarity representation must be able to accurately preserve the partial order of the distances, i.e. if
d(s,s′) ≤ d(s,s′′) then ∆d

Π
(s,s′) ≤ ∆d

Π
(s,s′′) for each s, s′ , s′′ ∈ X almost always. As a measure of the degree of

approximation of the dissimilarity representation we define the Pearson correlation coefficient ρ between the two
distances over all possible pairs of objects in X :

ρ =
Cov(d(s,s′),∆d

Π
(s,s′))

σd(s,s′)σ∆d
Π
(s,s′)

(B.1)

where given Ps a probability distribution over X , s,s′∼Ps. In practical cases Ps is unknown and only a finite sample
F is available. We can approximate ρ as the sample correlation r where s,s′ ∈ F . An accurate approximation of
the relative distances between objects in X results in values of ρ far from zero and close to 11.

1Note that negative correlation is not considered as accurate approximation. Moreover it never occurred during experiments.
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The correlation and standard deviation for each prototype selection strategy are shown in Figure B.1 2. The
correlation ρ between distances in the original space and the corresponding distances in the projected space was
estimated by computing 50 repetitions for each subject.

We can observe that, as an overall behaviour for all subjects, SFF significantly outperformed the random policy,
in agreement to what was reported in [106]. Moreover, it can be seen that S+SFF, outperformed the other two
policies. In particular, we conducted a one-tailed t-test comparing the correlation values of the 50 repetitions of
S+SFF against those of SFF for each number of prototypes p (11 values) and for each of the 10 subjects. Of these
11× 10 = 110 tests, when p ≥ 5, the obtained p-values were always lower than 5.2× 10−13. Even considering
an overly conservative Bonferroni correction, the p-values were sufficiently low to reject the null hypothesis of
S+SFF equal to SFF for p≥ 5.

We observe that S+SFF reached the highest correlation of 0.95 on average (50 repetitions) with respect to the
distances in the original space, using only 15− 25 prototypes, which is half of the amount used in the previous
paper with the SFF policy [106].

It is also worth to notice that the standard deviation with this last approach, σ̂S+SFF, is smaller than that of
SFF, σ̂SFF, thus implying that the proposed heuristic is more stable. To support this point, we conducted a one-
tailed t-test of the standard deviations of correlation for the 10 subjects, comparing S+SFF vs. SFF for each
number of prototypes p (11 values). In all these 11 tests, the p-values were always lower than 1.2× 10−5. Even
considering a very restrictive Bonferroni correction, the p-values were sufficiently low to reject the null hypothesis
of σ̂S+SFF = σ̂SFF.

From these results we can conclude that the dissimilarity representation works well for preserving the relative
distances. Given the number of prototypes with which the maximum correlation was reached, it is proven that this
approach can produce compact feature spaces for this kind of data. Moreover, we observed that the S+SFF policy
can be easily computed on a standard computer even in the case of a large tractographies. Therefore, we use the
S+SFF to obtain an efficient and effective selection of the prototypes in our tool.

In Table B.1 and Table B.2, reported in this document, we show the p-values for all the 121 tests that were
performed for the two presented hypotheses.

2The figure is restricted to 6 of the 10 subjects for lack of space. The graphs of all subjects showed an equivalent behaviour.
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Figure B.1: Average correlation between d and ∆d
Π

across the different prototype selection policies and different
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