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Introduction

Classical minimum time problem in finite-dimension deals with the minimization
of the time needed to steer a point 2o € R? to a given closed subset S of R?,
called the target set, along the trajectories of a controlled dynamics that can be
presented by mean of a differential inclusion as follows:

z(t) € F(x(t)), t>0,
(0.1)
z(0) = o,

where F is a given set-valued map from R? to R?, satisfying some structural as-
sumptions, and whose value at each point denotes the set of admissible velocities
at that point.

In this way it is possible to define the minimum time function T: given
x € R?, we define T'() to be the minimum time needed to steer such point to the
given target S along trajectories of (0.1). The study of regularity properties of T’
is a central topic in optimal control theory and it has been extensively treated
in literature. In particular, we refer to [20,23] and to references therein, for
recent results on the regularity of 7" in the framework of differential inclusions.

The present work aims to generalize the finite-dimensional time-optimal con-
trol problem to the infinite-dimensional setting of Borel measures. The main
motivation for such a formulation is to model situations in which the knowl-
edge of the initial state x( is only probabilistic, for example it can be obtained
only by an averaging of many measurement processes, e.g. when measurements
are affected by noises, or also in cases in which we are interested in modeling
multi-agent systems, where the number of agents is so huge to make viable only
a statistical (macroscopic) description of the system. In the first case, the time-
evolving measure represents our probabilistic knowledge about the state of the
particle, while, in the second case, it represents the statistical distribution of the
agents. It is worth noticing that this situations can happen even if we assume
a pure deterministic evolution of the system as it is in our case of study.

In the framework of crowd dynamics, several studies have been made to
provide mathematical models and numerical simulations to take into account
different kinds of behaviour of pedestrians, related also to mutual interactions.
For instance, a possible application comes from the evacuation problem in the
pedestrian dynamics, where the objective is to drive a crowd of people outside
of a room in the minimum amount of time.

A very recent survey on this topic is the monograph [39], providing a new and
unified multiscale description based on measure theory for the modeling of the
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crowd dynamics, which usually follows two main points of view, a microscopic
and a macroscopic one, in order to analyze the relations between individual and
collective behaviours, respectively.

To model real-world situations, it is also needed to consider situations where
the evolving total mass is not conserved in time, as it happens for instance in the
evacuation problems where the pedestrians are removed from the system once
they get outside of the room. In this case, the evolving mass solves a continuity
equation with sink. To treat cases of transport equation with source/sinks,
and more precisely to compare measures with different total mass, the classical
Wasserstein distance between probability measures cannot be used, thus in [64,
65] a generalized Wasserstein distance between positive finite Borel measures is
introduced.

A measure theoretic approach for transportation problems can be found
also in [66] where the modeling approach relies on the concept of discrete-time
evolving measures and in [19] in which authors focus mainly on concentration
and congestion effects.

For other possible references regarding the study of multi-agents systems, we
address the reader to [24] in which the target is not a physical object, indeed
the aim is to find the sparsest control strategy (i.e. action concentrated on
the fewest number of agents) to achieve a state in which the evolving group
will reach an alignment consensus by self-organization. The notes [27] presents
instead a summary on the mean-filed limit for a huge number of interacting
particles with applications to swarming models, while in [44,45] the authors
introduce and develope the concept of mean-field optimal control in which the
individuals are not freely interacting but influenced by an external policy maker
so that the moving population is divided into leaders and followers.

Due to this reasons, other authors have investigated different problems study-
ing systems for which the initial conditions are given by a probability distribu-
tion, instead of a deterministic point, e.g. in [17] in which a stocastic approach
is presented, or in [49] in which the authors adopt a random variable approach.

Motivated by the previous considerations and considering a deterministic
dynamics, in Chapter 2 we will give a general description of a control problem
in the space of positive Borel measures studying basic properties on very general
cost functionals stating the problem both in a mass-preserving setting and in a
non-isolated case with instantaneous annihilation of the evolving mass.

More specifically, in a mass-preserving setting, a time-optimal control prob-
lem in the space of probability measures endowed with the topology induced by
the Wasserstein metric will be introduced in Chapter 3 (see [28,30-32]), where
the dynamics is given by a controlled continuity equation in the space of prob-
ability measures, which naturally arises as an infinite-dimensional counterpart
of a finite-dimensional differential inclusion.

Indeed, a natural choice to model our knowledge about the particle’s starting
position is to consider it as a Borel probability measure pg € 2 (R?), looking to a
new macroscopic control system made by a suitable superposition of a continuum
of weighted solutions of the classical differential inclusion (0.1) starting from
each point of the support of pg (microscopic point of view). The case in which
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o is a Dirac delta concentrated at a point xy corresponds of course to the
classical case in which perfect knowledge of the starting position is assumed.

The deterministic time evolution of the macroscopic system in the space of
probability measures, under suitable assumptions, can be thought as ruled by
the (controlled) continuity equation to be understood in the distributional sense

Oppu(t, ) + div(vy(z)u(t,z)) =0, for0<t<T,zecR?,
(0.2)
ﬂ(ov ) = Mo,

which represents the conservation of the total mass po(RY) during the evolu-
tion. The resulting admissible mass-preserving trajectories p := {s}icjo,17s
M=o = Mo, are time-depending Borel probability measures on R<. Here v;(x)
is a suitable time-depending Eulerian vector field, representing the velocity of
the mass crossing position x at time t.

In order to reflect the original control system (0.1) at a microscopic level,
a natural requirement on the vector field v;(-) is to be a L}Lt—Borel selection of
the set-valued map F'(-): this means that the microscopic particles/agents still
obey the nonholonomic constraints coming from (0.1). On the other hand, since
the conservation of the mass gives us the property u(t,R%) = ug(R9) for all ¢,
we are entitled — according to our motivation — to say that the measure pu(t,-)
actually represents the probability distribution in the space R? of the evolving
particles at time t.

The analysis of (0.2) by mean of the superposition of ODEs of the form
z(t) = v(x(t)), or &(t) = v(t,z(t)), has been extensively studied in the past
years by many authors mainly inspired by a result appearing in the appendix of
[75]: for a general introduction, an overview of known results and open problems,
and a comprehensive bibliography, we refer to the recent survey [1]. The main
issue in these problems is to study existence, uniqueness and regularity of the
solution of (0.2), for uo in a suitable class of measures, when the vector field v
has low regularity and, hence, it does not ensure that the corresponding ODEs
have a (possibly not unique) solution among absolutely continuous functions,
for every initial data xg. In this case, the solution of (0.2) provides existence
and uniqueness not in a pointwise sense, but rather generically.

Moreover, also the links between continuity equation (0.2) and optimal trans-
port theory have been investigated recently by many authors. One can prove
that suitable subsets of Z2(R?) can be endowed with a metric structure — the
Wasserstein metric — whose absolutely continuous curves turn out to be pre-
cisely the solutions of (0.2). This has been applied to solve many variational
problems, among which we recall optimal transport problems, asymptotic limit
for gradient flows of integral functionals, and calculus of variations in infinite
dimensional spaces. We refer to [9,15,41,74] for an introduction to the subject,
and for generalizations from R¢ to infinite dimensional metric spaces. However,
we will not address this problem in this work.

It is well known that, in the case in which v:(+) is locally Lipschitz in « uni-
formly w.r.t. ¢, the solution of the continuity equation (0.2) can be represented
as the push forward of the initial state pg through the unique solution T; of the
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characteristic system

{W) v(y(t), for Ll-ae. te (0,T), 03)
7(0) = =,

ie. py = Tiffpo for all t € [0,T), where the push-forward of po through T;
(called transport map) is defined by Tyfipo(B) := po(Ty ' (B)), for all Borel sets
B C R%. Regularity properties of v; are crucial to have such a representation
formula.

However (0.2) has been proven to be well-posed even in situations in which
the regularity of the vector field v; is not sufficient to guarantee uniqueness of
the solutions of (0.3). Heuristically, this is due to the fact that the evolution
of the measure is not affected by singularities in a u;-negligible set. Following
[9], we recall that the integrability assumption [|v¢|| 5 ga) € LY([0,T7) yields the
existence of a solution of (0.2) in the sense of a continuous curve ¢ — i in the
space of probability measures endowed with the weak™ topology induced by the
duality with continuous and bounded functions ¢ € CP(R?) (i.e., a narrowly
continuous curve in the space of probability measures).

In Theorem 8.2.1 in [9] and Theorem 5.8 in [15], the so called Superposition
Principle states that, if we require much milder assumptions on v, the solution
u of the continuity equation can be characterized by the push-forward e;fin,
where ¢; : R? x T'p — R? (z,7) = ~(t), T'r := C°([0,T];RY) and n is a
probability measure in the infinite-dimensional space R% x I'z concentrated on
those pairs (z,7) € R x I'r such that « is an integral solution of the underlying
characteristic system (0.3). We refer the reader to the surveys [1,9] and the
references therein for a deep analysis of this approach that is at the basis of the
present work.

Pursuing the goal of facing control systems involving measures, we define a
generalization of the target set S by duality. We consider an observer that is
interested in measuring some quantities ¢(-) € ® (observables); the results of
this measurements are the average of these quantities w.r.t. the state of the
system. The elements of the generalized target set S® are the states for which
the results of all these measurements are below a fixed thershold.

Another possible interpretation of our framework in this case can be given
in terms of pedestrian dynamics: suppose to have initially a crowd of people
represented by a (normalized) probability measure g and to be able to identify
a safety zone S C R? while F(-) represents some (possible) nonholonomic
constraints to the motion. Then if our aim in case of danger is to steer all
the crowd to the safety zone in the minimum amount of time, we can choose
® = {ds(-)}. In a more realistic situation, it may not be possible to steer all
the crowd to S. If we fix a € [0,1] and choose ® = {ds(:) — a}, we are still
satisfied for example if the ratio between the number of people in the safe zone
and all the people is above 1 — a, or if we can take the people sufficiently near
to the safe zone.

Having defined the set of admissible trajectories and the target set in the
space of probability measures, the definition of generalized minimum time func-
tion at a probability measure pg is the straigthforwardly generalization of the
classical one, i.e., the infimum of all the times T for which there exists an ad-
missible trajectory defined on [0, 7] and satisfying up € S®.
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Our main results for Chapter 3 can be summarized as follows:

- a theorem of existence of time—optimal curves in the space of probability
measures;

- a Dynamic Programming Principle;

- a comparison result between classical and generalized minimum time func-
tions in some cases;

- some attainability results and sufficient conditions yielding Lipschitz con-
tinuity of the generalized minimum time function (see [28]);

- the proof that the generalized minimum time function is a viscosity solu-
tion in a suitable sense of an Hamilton-Jacobi-Bellman equation analoguos
to the classical one;

- the definition of a correspondent quantity for the Lie bracket in a measure-
theoretic setting for nonsmooth vector fields (see [29]) in order to open
the door to the study of higher order controllability conditions in this
framework.

Since classical minimum time function can be characterized as unique vis-
cosity solution of a Hamilton-Jacobi-Bellman equation, the problem to study a
similar formulation for the generalized setting would be quite interesting. Sev-
eral authors have treated a similar problem in the space of probability measures
or in a general metric space, giving different definitions of sub-/super differen-
tials and viscosity solutions (see e.g. [7,9,26,46,47], or [48] for a new notion of
viscosity solution for Eikonal equations in a general metric space). For exam-
ple, the theory presented in [47] is quite complete: indeed there are proved also
results on time-dependent problems, comparison principles granting uniqueness
of the viscosity solutions under very reasonable assumptions.

However, when we consider as metric space the space P(R?), i.e. the
space of probability measures with 2-moment finite, we notice that the class
of equations that can be solved is quite small: the general structure of metric
space of [47] allows only to rely on the metric gradient, while %25 (R9) enjoys a
much more richer structure in the tangent space (which, at many points, can
be identified with a subset of L?).

Dealing with the definition of sub-/superdifferential given in [26], the major
bond is that the “perturbed” measure is assumed to be of the form (Idg« + ¢) 1
in which a (rescaled) transport plan is used. It is well known that, by Brenier’s
Theorem, if yp < £ in this way we can describe all the measures near to p.
However in general this is not true. Thus if the set of admissible trajectories
contains curves whose points are not all a.c. w.r.t. Lebesgue measure (as in our
case), the definition in [26] cannot be used.

In order to fully exploit the richer structure of the tangent space of %5 (R?),
recalling that AC curves in &, (R?) are characterized to be weak solutions of the
continuity equation (Theorem 8.3.1 in [9]), we considered a different definition
than the one presented in [26] using the Superposition Principle.

In this work, we just proved that the generalized minimum time function
solves in a suitable viscosity sense a natural Hamilton-Jacobi-Bellman equation,
which presents strong analogies with the finite-dimensional case. However, a
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Comparison Principle for the generalized HJB equation is still the principal
open problem in this framework, as well as to give a Pontryagin’s maximum
principle comparable with the classical one.

Related to such a problem, a further application could be the theory of mean
field games [54,55]. According to this theory, in games with a continuum of
agents, having the same dynamics and the same performance criteria, the value
function for an average player can be retrieved by solving an infinite dimensional
Hamilton—Jacobi equation, coupled with the continuity equation describing how
the mass of players evolves in time.

Another application might be in the context of discontinuous feedback con-
trols for general nonlinear control systems @ = f(xz,u). Here, the construction
of stabilizing or nearly optimal controls « +— wu(z) cannot be performed, even
for smooth dynamics, among continuous controls [72]. However, it is possible
to construct discontinuous feedback controls which are stabilizing or nearly op-
timal, and whose discontinuities are sufficiently tame to ensure the existence of
Carathéodory solutions for the closed loop system & = f(x, u(x)), the so—called
patchy feedback controls [10,11,16], but uniqueness only holds for a set of full
measure of initial data.

Finally, in Chapter 4 (see [33]) we move from the framework presented in
Chapter 3, but with a different formulation of the time-optimal problem and
allowing the loss of mass during the evolution, which turns out to be closer to
applications in pedestrian dynamics or general multi-agent systems.

More precisely, in this chapter we consider an admissible mass-preserving
trajectory u C Z2(R?) in the space of probability measures coupled with a
density decreasing in time.

The problem we have in mind can be seen as a problem of optimal equipment.
Indeed, we consider a target set S C R, strongly invariant for the underlying
differential inclusion driven by F', which represents for example a region of the
space where we want to steer our initial state ug € Z2(R?) describing the given
initial distribution of agents (ex. cars). To every admissible mass-preserving
trajectory p starting by po, it is assigned an admissible function f, : R —
[0,400] called clock-function, which expresses the amount of goods (ex. fuel)
that has to be assigned to each agent/car in the support of yg in order to reach
the target following the trajectory p. We treated the case in which we have a
time-linear consumption of goods for our problem.

From a macroscopic point of view, this defines a new concept of admissible
trajectory in the space of positive Borel measures that we call clock-trajectory,
which is no more mass-preserving but it looses its mass linearly in time.

Our aim is to minimize the average of fy w.r.t. the initial distribution of
agents, uo, among all the Borel functions fy keeping nonnegative the density
associated to p along all the evolution.

Equivalently, in a time-optimal context, the problem can be interpreted as
follows thinking about the evacuation problem. The target S stands for the doors
through which we want to drive a mass of people whose initial distribution is
described by pg. The strong invariance of S means that, from a microscopic
point of view, once a single agent has reached the target we remove it from the
system. Here, fy represents the time assigned to the agents to reach the target,
so the density associated to g works as a countdown. The cost to minimize is

then [oq fo(x) duo(z).



X1

We will show also that the best clock-function can be interpreted as the
minimum amount of time that has to be assigned at the beginning to each
agent in order to reach the target. In this sense the optimal vector field for the
problem in the space of measures can be seen as a measurable feedback strategy
for the underlying finite-dimensional control problem.

The main results of Chapter 4 are as follows:

- an approximation and representation result in the mass-preserving setting;

- a theorem of existence of an optimal clock-trajectory for the system, which
proves also that the optimal clock-function turns out to be the classical
minimum time function;

- a Dynamic Programming Principle and some regularity results on the
value function;

- an Hamilton-Jacobi-Bellman equation, solved in a suitable viscosity sense
by the value function, in analogy with the problem discussed in Chapter 3.

To conclude, in the last Chapter 5 we list the main open problems.
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Notation

2(X) Space of probability measures on a separable metric space X
Zp(X) Space of probability measures with finite p-moment (see Definition 1.1.5)
M(X) Space of finite Radon measures on a separable metric space X
MT(X) Subspace of .Z(X) made of positive measures

M(X;RY) Space of Radon R¢-valued measures on a separable metric space X
V] Total variation of v € . (R%;RY)

7 d-dimensional Lebesgue’s measure

SUpp i Support of a measure p

riu Push-forward of p through r (see Definition 1.1.3)

IT( 1, p2) Set of admissible transport plans with marginals 1, o

T, (1, o) Set of optimal transport plans with marginals p1, uo

Wy (11, i) p-th Wasserstein distance between p1 and ps)

m, (p) p-th moment of a measure

LE(X) LP space of u-measurable real maps defined on X

LfL(Rd; RY) LP space of p-measurable maps from R¢ to R?

clw, Closure in p-Wasserstein topology

cli, Weak*-closure

dom(g) Domain of the function g

Lip(g, D) Lipschitz constant of the function g : R — R on the set D C R¢
CY(X;Y) Space of continuous and bounded functions from X to Y

CP(X) Space of continuous and bounded real functions defined on X
C2(X;Y) Space of continuous functions from X to Y with compact support in X
Ce(X) Space of continuous real functions with compact support in X

Iy Space of continuous functions from I = [a,b] C R to R?

Ir Space of continuous functions from [0, 7] C R to R¢

't Space of maps in I'z starting at = € R?

ACP([a,b]; R?)  Space of absolutely continuous maps 7 : [a,b] — R? with 4 € L?([a, b])

Bor(X) Set of Borel maps from a separable metric space X to R

xiii
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Bor,(X)
Bor(R%; R?)
SC(4;R)
Idga
I4()
xa()
oal)
da(")

pr’

" f(x)
B(z,r)
Ac

coA

NOTATION

Subset of Bor(X) made of bounded maps

Set of Borel maps from R to R?

Space of semiconcave functions from an open set A C R? to R

Identity map on R?

Indicator function of A C X (see Definition 1.0.4)

Characteristic function of A C X (see Definition 1.0.4)

Support function to A C X (see Definition 1.0.5)

Distance function from a closed, nonempty set A C R?

Projection operator on the i-th component defined on a
product space XV, N > 1

Fréchet superdifferential of a function f: A > Ratz € A

Open ball of radius r centered at € R?

Complementary set of a subset A C R? ie. R\ A

Convex hull of A C R¢



Chapter 1

Preliminaries

In this chapter we review some concepts from measure theory, optimal transport,
and control theory.

Let us begin by listing some preliminary definitions and notations.

Throughout this work, if X is a separable metric space, we will denote with
Bor(X) the set of Borel maps from X to R, with Bor,(X) the set of bounded
Borel maps from X to R, and with Bor(R%; R?) the set of Borel maps from R¢
to RY.

We will denote with ¢ the d-dimensional Lebesgue’s measure.

Definition 1.0.1.

(i) A modulus of continuity is a function w : [0,+00] — [0,+o00] such that
lim; o+ w(t) = w(0) = 0.

(i) Given z € R, we say that a function f : R? — R? admits w,(-) as modulus
of continuity at the point z if and only if for all y € R?

1f(y) = f(2)] < wally — ).
(iii) Given a function g : R? — R and D C R, we define the Lipschitz constant
of g on D to be
Lip(g, D) = sup lg(z) —9(y)|
’ z,yeD |-'1j - yl

TFy
When D = R? we will omit it, thus Lip(g) := Lip(g, R%).

Let us now recall the following definitions of semiconcave function and su-
perdifferential given in [22].

Definition 1.0.2 (Superdifferential). Let A C R? be open, € A. We define
the (Fréchet) superdifferential of a function f: A — R at x by

ot fz) == {f(az) € R : limsup fly) — fl@) — (@), y — ) < 0}'

y— ly — x|
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Definition 1.0.3 (Semiconcave function). Let K > 0, A C R? be open, = € A.
A function f: A — R is said to be semiconcave at x with constant K > 0 if for
all £(z) € 0T f(z) we have

fly) = f@) <€),y —x) + K |y — x|

for any point y € A such that [y, z] C A.
If f is semiconcave for all z € A we write f € SC(A;R).

Definition 1.0.4. Let X be a set, A C X.

1. The indicator function of A is the function I4 : X — {0, 400} defined as
Is(z) =0forall x € A and I4(x) = +oo for all = ¢ A.

2. The characteristic function of A is the function x4 : X — {0,1} defined
as xa(x)=1forall z € A and xa(z) =0 for all z ¢ A.

Definition 1.0.5 (Support function). Let X be a Banach space, X’ be its
topological dual, A C X be nonempty. We define the support function to A at
z* € X' by setting
oA@*) == sup{a®, ) x x (L.1)
€A
It turns out that o4(2*) = og5(4)(2*) for every 2* € X’ and that o4 : X' —
R U {+o0} is convex and lower semicontinuous.

Definition 1.0.6. Given T € [0, +oo|, the evaluation map e; : R x T'p — R?
is defined as e;(z,7y) = y(t) for all 0 <t < T. Moreover, we set

I'r = ([0, T]; RY), % :={yelr: ~v0) =z},

where z € R?. We endow all the above spaces with the usual sup-norm, recalling
that T'r is a separable Banach space for every 0 < T < +oc.

1.1 Measure theory

In this section we recall some essential definitions and results on measure theory.
Our main references for this part are [9,74].

Definition 1.1.1 (Probability measures). Let X be a complete separable metric
space, Z(X) be the set of Borel probability measures on X. Since &?(X) can be
identified with a convex subset of the unitary ball of (Cp(X))’ (the dual space
of the space of bounded continuous functions on X), we can equip #(X) with
the weak* topology induced by (Cp(X))’. In particular, we say that a sequence
of probability measures {p, }nen 18 w*-convergent (or narrowly converges) to
a probability measure u € #(X), and write p,, —* pu, if and only if for every
f € CP(X) it holds

tim [ f(a)dien(2) = /X f() dpu(z).

We will consider on Z(X) the o-algebra of Borel sets generated by the w*-open
subsets of Z(X).

We have that the space &(X), endowed with the w*-topology, is metrizable
(for instance by the Prokhorov’s metric). We will denote by dg any metric on
Z(X) inducing the w*-topology on Z(X).
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Definition 1.1.2 (Tightness). Let X be a metric space and % C Z(X). We
say that JZ is tight if for every € > 0 there exists a compact subset K. of X such
that u(X \ K.) < ¢ for every u € #. Every tight subset of Z(X) is relatively
compact in #(X). The converse is true if there exists an equivalent complete
metric on X.

This last result is known as Prokhorov’s theorem (see for instance [9,73,74]
or the recent books [8,71]).

Given a separable metric space X, we denote by .#(X) the set of finite
Radon measures on X, with .#*(X) C .#(X) the measures that are also
positive and with . (X;R?) the set of Radon R%valued measures on X.

Definition 1.1.3 (Push forward). If X, Y are separable metric spaces, p €
A (X),and r: X — Y is a Borel (or, more generally, y-measurable) map, we
denote by riu € #(Y) the push-forward of u through r, defined by

rip(B) := u(r~*(B)), for all Borel sets B C Y.

Equivalently, we have

/X £(r(@)) du(a) = /Y F(y) drb(y),

for every bounded (or rfu-integrable) Borel function f:Y — R.
Observe that, by definition, the push-forward operator is mass-preserving.

Proposition 1.1.4 (Properties of push forward). Let X, Y, Z be separable
metric spaces, u € P(X), and letr : X =Y be a Borel map.

1. If v € P(X) satisfies v < p, then riy < riu.

2. Given a Borel map s: Y — Z, the following composition rule holds
(sor)iu = si(rin).

3. Ifr € C°%X;Y) then rf : P(X) — P(Y) is continuous with respect to
the narrow convergence and

r(supp p) € supp(riu) = r(supp p).

4. Let{r, : X = Y}nen be a sequence of Borel maps uniformly convergent to
r on compact subsets of X, and let {pin}nen € P(X) be a tight sequence
narrowly convergent to . Then if r is continuous, we have that rpfp, —*

ri.
Proof. See [9], Chapter 5, Section 2. O

Definition 1.1.5 (p-moment). Let X be a separable Banach space, u € Z(X),
p > 1. We say that p has finite p-moment if

mplp) = [ lal du(o) <+



4 CHAPTER 1. PRELIMINARIES

Equivalently, we have that p has p-moment finite if and only if for every zg € X
we have

/ |z — xo|P du(x) < +o0.
X

We denote by Z2,(X) the subset of Z?(X) consisting of probability measures
with finite p-moment.

Definition 1.1.6 (Uniform integrability). Let X be a separable Banach space,
H CP(X),g: X — [0,400] be a Borel function. We say that

1. g is uniformly integrable with respect to & if

lim sup g(z) du(z) = 0.
k=00 et J{zeX: g(x)>k}

2. the set 2" has uniformly integrable p-moments, p > 1, if |x|P is uniformly
integrable with respect to J¢.

Lemma 1.1.7 (Uniform integrability criterion). Let X be a separable Banach
space, K = {pntnen € P(X), p> 1, pp =* p € P(X). Then the set A has
uniformly integrable p-moments if and only if

lim [ f(2) dyin () = /X £() dpu(z),

n—oo X

for every continuous function f : X — R such that there exist a,b > 0 and
xo € X with |f(x)] < a+blx — xo? for every z € X.

Proof. See Lemma 5.1.7 of [9]. O

1.2 Optimal transport and Wasserstein distances

This section is devoted to recall the very basic definitions and results in transport
theory. We mention that a first research attempt in this field was proposed by
Monge in 1781 in [62] and then reformulated by Kantorovich in 1942 in [53].
We refer the reader to [73,74] or to the recent books [8,71] for an introduction
and a deep study in this field.

For the following, let X be a separable Banach space.

Definition 1.2.1 (Wasserstein distance). Given uj,us € Z(X), p > 1, we
define the p- Wasserstein distance between puq and pe by setting

Wop(p1, p2) == (inf{//XXx |21 — x| dm(21,22) = T € H(Mh#2)}>1/p :
(1.2)

where the set of admissible transport plans TI(py, ps2) is defined by

7T(A1 X X) = /1,1(141),

(g1, p2) == {” € Z(X x X): (X x Ag) = pua(Asg),

for all p;-measurable sets A;, i = 1, 2} .
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We also denote with II?(u1, p12) the subset of II(uq, p2) consisting of optimal
transport plans, i.e. the set of all plans 7 for which the infimum in (1.2) is
attained. We will also use the notation IT,(u1,p2) when the context makes
clear which distance W), is being considered.

In the following, we summarize some properties of the Wasserstein metric.
For a detailed discussion on Wasserstein distance we refer to chapter 7 in [74],
chapter 6 in [73], or section 7.1 in [9].

Proposition 1.2.2. &,(X) endowed with the p- Wasserstein metric Wp(-,-) is a
complete separable metric space. Moreover, given a sequence {fin tnen € Pp(X)
and p € P,(X), we have that the following are equivalent

1. nlgr;o Wy (tn, pt) =0,
2. pn —* u and {pn tnen has uniformly integrable p-moments.
Proof. See Proposition 7.1.5 in [9]. O

Proposition 1.2.3. The Wasserstein distance defined above satisfies the fol-
lowing properties:

e Metric character. W, is a pseudo-distance on P(X), i.e. it satisfies the
azxioms of the distance, but it can assume the value +0o0. Namely, for all
Ho, f1, 2 € P(X) we have

(i) Wy(to,p1) >0, and Wy (o, p1) = 0 if and only if po = 1 (positive
definiteness);

(it) Wy(po, p1) = Wp(p1, po) (symmetry);
(111) Wy(po, p2) < Wy(po, 1) + Wp(pa, u2) (triangle inequality).

When restricted to Z,(X), W), is actually finite, so it is a metric.

e Topological properties. The topology induced by W, on Z2,(X) is finer
(equivalently stronger) than or equal to the narrow one.

e Lower semicontinuity. If u8 —* u®, pl —* pl in 2(X) when n — +o0,
then
Wy(p, i) < liminf W, (py, py,).
e Gronwall-like property. Let X,Y be separable Banach spaces. If f : X —

Y is a Lipschitz continuous map, then Wy(fu1, fipe) < Lip(f) Wp(p1, p2),
for all py, ps € P(X).

Proposition 1.2.4 (Monge-Kantorovich duality). Given py,ps € P (X), p >
1, the following dual representation holds

Ws(y‘lvﬁw) = (13)

@, v € CP(X)
= sup / o(z1) dpa(21) +/ Y(x2) dpz(z2) © @(@1) +Y(22) < |21 — 227
X X for pi—a.e. x; € X

Proof. See Theorem 6.1.1 in [9]. O



6 CHAPTER 1. PRELIMINARIES

1.3 Continuity equation

For this part the main reference is [9].

Definition 1.3.1 (Continuity equation). Given 7 > 0, a Borel family of prob-
ability measures p = {1t }ef0,r] € Z(R%) and a Borel map v : [0, 7] x R? — R?
(we will write also v;(x) = v(¢,x)), we say that p solves the continuity equation

Oppiy + div(vepy) = 0, (1.4)
if for every o € C(R?) there holds

a
dt Jra

(@) dpue () = / (0i(x), Veol)) dpn(z),

Rd
in the sense of distributions on ]0, 7].

According to Lemma 8.1.2 in [9], if the above v satisfies

// (s ()] da () dt < +o0, (1.5)
0 R4

then there exists a curve ji : [0,7] — Z2(R?) which is continuous with respect
to narrow convergence and such that fi(t) = p; for Lt-ae. t € (0,7), ie.
each solution of the continuity equation admits a unique narrowly continuous
representative.

The following gluing lemma will be also used.

Lemma 1.3.2. Let T1,T5 > 0 be given. For i = 1,2, assume that p' =
{M%}te[o,n] are narrowly continuous families of probability measures on R?, and
v?:[0,T;] x RY — R? are Borel maps such that ,u‘lt:Tl = uft:O and

Oup + div(vipi) = 0,

i=1,2.

/ / |v; (z)] duy(x) dt < +o0,
o Jrd
Then if we set

(:u’t17vtl)a fOT’OStSTb
(e, 00) = 2 2
(Wi, vig),  for Ty <t <Ty + Ty,

we have that p := {1t }+ejo,1,+15) S0lves the continuity equation Oppus+div(vepy) =
0.

Proof. See Lemma 4.4 in [41]. O

Under very mild assumptions on the vector field v¢, the following important
result gives us the possibility to characterize a solution of the continuity equation
by mean of a measure concentrated on the pairs (z,7), where ~ is an integral
solution of the underlying ODE, #(t) = vi(y(t)) for a.e. 0 < t < T, with

7(0) = =.



1.4. DIFFERENTIAL INCLUSIONS AND CLASSICAL MINIMUM TIME 7

Theorem 1.3.3 (Superposition Principle). Let p = {p}icjo,r) be a solution
of the continuity equation Oyuy + div(vipe) = 0 for a suitable Borel vector field
v:[0,T] x R — R? satisfying

/ /Rd|103r| (z)dt < 400

Then there exists a probability measure n € Z(R% x I'r) such that

(i) m is concentrated on the pairs (z,7) € R x 'y such that v is an absolutely
continuous solution of

{W(t) ve((1)), for £t-a.et € (0,T)

(ii) for allt € [0,T) and all p € CY(RY) we have

/Rd z)dpe(x //Rder ) dn(z, ).

Conversely, given any m satisfying (i) above and defined p = {p¢}icjor) as in
(i1) above, we have that Oypuy + div(vepe) = 0 and pj—o = v(0)fn.

Proof. See Theorem 5.8 in [15], Theorem 8.2.1 in [9] and Theorem 3.2 in [2]. O

1.4 Differential inclusions and classical minimum
time

We recall now some concepts about the classical optimal control problem with
dynamics represented as a differential inclusion in R%. For this part, our main
references are [12,13].

Definition 1.4.1 (Standing Assumptions). We will say that a set-valued func-
tion F : RY = RY satisfies the assumption (F}), j =0,1,2,3,4 if the following
hold true

(Fy) F(x) # 0 is compact and convex for every x € R moreover F(:) is
continuous with respect to the Hausdorff metric, i.e. given x € X, for every
g > 0 there exists 6 > 0 such that |y—z| < 6 implies F(y) C F(x)+B(0,¢)
and F(x) C F(y) + B(0,¢).

(F1) F(-) has linear growth, i.e. there exists a constant C' > 0 such that
F(z) C B(0,C(|z| + 1)) for every z € R9.

(Fy) F(-) is uniformly continuous, i.e. for every € > 0 there exists 6 > 0 such
that F(y) C F(z) + B(0,¢) for all z,y € R such that |z —y| < 4.

(F3) F(-) is Lipschitz continuous with respect to the Hausdorff metric, i.e.,
there exists L > 0, L € R, such that for all z,y € R? it holds

F(z) € F(y) + Lly — z[B(0,1).
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(Fy) F() is bounded, i.e. there exist M > 0 such that |y| < M for all x € RY,
y € F(x).

Theorem 1.4.2. Under assumptions (Fo) and (F1), the differential inclusion
@(t) € F(z(t)), (1.6)

has at least one Carathéodory solution defined in [0, 400 for every initial data
2(0) in R%, i.e., an absolutely continuous function x(-) satisfying (1.6) for a.e.
t>0.

Moreover, the set of trajectories of the differential inclusions (1.6) is closed in
the topology of uniform convergence.

Proof. See e.g. Theorem 2 p. 97 in [12] and Theorem 1.11 p.186 in Chapter 4
of [36]. O

The following simple classical lemma will be used.

Lemma 1.4.3 (A priori estimate on differential inclusions). Assume (Fp) and
(F1). Let K C R? be compact and T > 0 and set |K| := max lyl. Then, for all
ye

Carathéodory solutions v : [0, T] — R of (1.6) we have

(i) forward estimate: if v(0) € K then |y(t)| < (|K|+ CT)eCT for all t €
[0,71;

(ii) backward estimate: if yv(T) € K then |y(t)| < (K| + CT)eCT for all
te (0,7,

where C' is the constant in (Fy).

Proof. Recalling that 4(s) € F(y(s)) for a.e. s € [0,T] and that F(y(s)) C
B(0,C(|z] + 1)), we have

()] < )] + / (s)] ds < | K|+ OT + C / Iy(s)] ds.

According to Gronwall’s inequality, we then have |y(t)| < (|K|+CT)e“t, whence
(i) follows.

Next, we define w(t) = (T — t) and observe that w is a solution of w(t) €
—F(w(t)). Since —F(-) still satisfies (Fp) and (F;) and w(0) € K, the previous
analysis implies

[v@®)] = |w(T —t)| < (|K|+ CT) CT=1)
whence (i7) follows. -

Definition 1.4.4 (Weak invariance). Given a set-valued map F : R? = RY, we
say that S C R? is weakly invariant for F(-) if for every z € S there exists a
Carathéodory solution z(-) of (1.6), defined in [0, +oo[, such that x(0) = z and
x(t) € S for every t > 0.

For conditions on S and F' ensuring weak invariance, we refer to Theorem
2.10 in Chapter 4 of [36].
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Definition 1.4.5 (Strong invariance). Given a set-valued map F : R = R?, we
say that S C R? is strongly invariant for F(-) if for any Carathéodory solution
x(+) of (1.6), defined in [0, 4+o00[, such that there exists t > 0 with z(t) € S, we
have also that z(s) € S for all s > ¢.

Definition 1.4.6 (Classical admissible trajectory). We say that an absolutely
continuous curve v is an admissible trajectory for F starting from x € R defined
on [0,T] if v € AC(]0,T); R?) and

{w) E_F('y(t)), fora.e 0 <t<T an

1(0) = .
Definition 1.4.7 (Minimum time function). Let F(-) be a set-valued function

satisfying (Fp), S be a nonempty closed subset of R?. We define the minimum
time function T : R? — [0, +00] by setting

T(z) =inf {f >0 : Iy(-) adm. traj. for F starting from x s.t. v(¢) € S},

where by convention inf ) = 400, T'(+) is the minimum amount of time needed
to steer z to the target set S following an admissible trajectory for F. An
admissible trajectory 7 is called optimal for z if ¥(0) = z and it realizes the
infimum in the above functional.

Theorem 1.4.8 (Classical Dynamic Programming Principle). Let s > 0, = €
Re. Let v be any admissible trajectory for F starting from x. Then

T((0)) < s+ T(v(s))- (1.8)

Moreover, v is an optimal trajectory starting from x if and only if the above
equality holds for all s € [0,T] s.t. v(1) & S for T € [0, s].

We refer the reader to Chapter I, Section 2 of [14] for this fundamental
result.
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Chapter 2

A general overview on
control problems in the
space of positive finite
Borel measures

In this chapter we discuss some aspects related to control problems in the space
of positive and finite Borel measures on R%. The interest in this argument comes
from applications to pedestrian dynamics or, more generally, from multi-agent
systems, i.e. systems with a number of agents so large that only a macroscopic
(i.e. statistical) description can be provided. In many cases, the interaction
between the agents prevents a simple reduction of the macroscopic behaviour of
the agents to the superposition of the optimal behaviour for each agent, leading
possibly to complex behaviours (e.g. self-organization, flocking...).

The main ingredients of this study will be as follows:

1. a microscopic dynamics, providing an Fulerian description of the available
velocities for the agents;

2. a superposition principle, providing a connection between the microscopic
dynamics of each agent and a macroscopic dynamics describing the evo-
lution of the system;

3. a micro/macroscopic cost functional, embedding the main characteristics
of the model in which we are interested.

We will choose the microscopic dynamics to be a controlled dynamics in form
of an autonomous differential inclusion #(t) € F(x(t)), where the set-valued map
F : R = RY satisfies some standard assumptions (namely, nonempty compact
convex values, continuity w.r.t. Pompeiu-Hausdor{f metric, linear growth).

Two main cases have to be considered to connect the microscopic dynamics
to the macroscopic evolution of the system:

1. there is neither agent loss nor creation, i.e., the total population considered
is preserved throughout the whole evolution;

11
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2. there may be a loss or creation of agents during the evolution.

The first case amounts to make the assumption that the system is isolated,
without any interaction with the rest of the universe. In this case it is always
convenient to normalize the size of the population (i.e., the total mass) to be 1
throughout the whole evolution.

The second case can occurr, for example, in problems with a boundary in
the underlying finite-dimensional state space, where, as soon as an agent crosses
the boundary, it is immediately removed from the system and does not affect
the system any more (e.g. studying the behaviour of the pedestrians entering
and exiting from a room).

In any case, the evolution of the macroscopic system can be expressed by a
possibly non-homogenous continuity equation

{@Mt +div (vepe) = wr, (2.1)

Hit=0 = Ho
where

1. w4 is a time-dependent measure giving the macroscopic description of the
system, in the following sense: given a domain  C R? the quantity

(@) = | du

gives the size of the population encompassed in the domain 2 at time ¢,
2. g represents the initial distribution of the agents,

3. the vector-valued measure vy = vyp; describes the macroscopic flux of the
mass during the evolution,

4. the term w; is the rate of creation (w; > 0)/destruction (w; < 0) of the
agents during the evolution. Under the assumption of isolated system, we
have w; = 0.

The main results we proved in this general framework are:

- a Dynamic Programming Principle for a generic value function in the
mass-preserving case (Proposition 2.2.6 and Corollary 2.2.7);

- analysis of lower semicontinuity of some kinds of cost functionals inter-
esting from an applicative point of view (Lemma 2.2.12, Lemma 2.2.15,
Corollary 2.2.16 and Lemma 2.2.21);

- definition and probabilistic representation of an admissible trajectory with
mass annihilation in a given space region (Lemma 2.3.2 and Lemma 2.3.3)
and derivation of an associated continuity equation with sink described by
an absorption measure in [0, 7] x R? (Proposition 2.3.7);

- correspondence between the cost functionals defined in the annihilation
case with the ones in the mass-preserving case (discussed at the end of
this chapter).
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2.1 Semicontinuity of functionals depending on
measures

Here we recall some notations and a result that will be used in this chapter to
prove lower semicontinuity of cost functionals depending on measures.

Given a ls.c. function f : R"™ x R™ — [0, +o00] such that f(z,-) is convex
for all z, and denoted by

fool(@,v) = lim f(z, w4+ av) — f(z,w)

a—+o00 e

the recession function of f(x,-),we are concerned with functionals
G: M (R") x A R";R™) — [0, +00]

of the form

660 = [ f(et@)a@+ [ f(o@) dciw, @2

where ¢° is the singular part of { w.r.t. £.

Notice that, if f(z,-) has bounded domain (or, more generally, superlinear
growth) we have foo(x,v) = 0if v = 0, and fo(z,v) = 400 if v # 0. This
means that, in those situations, the functional G' becomes

G(E () = /"f(x’g(x)> dé(x), if [(] <&,

400, otherwise.

In the present chapter, we will often use the following result (see Lemma
2.2.3, p. 39, Theorem 3.4.1, p.115, and Corollary 3.4.2 in [18]).

Lemma 2.1.1. Consider the functional G defined as in (2.2). Assume that at
least one of the two conditions below holds true:

(i) there exists a continuous function zo : R™ — R™ such that the function
s+ f(s,20(8)) is continuous and finite;

0(t)

(i) there exists a function 6 : R — R such that lim
t——+oo

= +oo and f(s, z) >
0(|z|) for every s € R™, z € R™.

Then if {Cp}tnen C A (R™;R™) and {&pthen C AT (R™) are sequences of mea-
sures such that ¢, —* ¢ € A (R";R™) and &, —* € € AT (R"), we have
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2.2 The isolated (mass-preserving) case (w; = 0)

2.2.1 Description of the macroscopic dynamics

Consider now the isolated case w; = 0 and let us normalize the mass to 1 for
simplicity by taking uo € Z(R%). According to the Superposition Principle
(see Theorem 8.2.1 in [9]), under mild integrability assumptions on v;, we may
express the solution ¢+ p; € 2(R?) of (2.1) in [0, T] by

He = ethnu
where we recall that

- e; : R4 x 'y — R? is the evaluation operator defined by e;(z,7) = v(t),
with T'r = C°([0, T]; RY),

- m is any probability measure satisfying the following property: (x,7) €
suppn iff v € 't is an absolutely continuous curve which is an integral
solution of the characteristic system

(2.3)

A(t) = v o y(t), for a.e. t €]0,T]
~v(0) = x.

- the initial condition is satisfied, i.e., egfin = uo-

By using the disintegration theorem (Theorem 5.3.1 in [9]), we have

n = o @ Nz,

where {1, },ecra is a family of probability measures on I'%. := {y € I'p : v(0) =
x}, which is pp-a.e. uniquely determined. In other words, 7, assigns a weigth
on each (possible non unique) characteristic curve starting from .

To establish the link between the microscopic and the macroscopic dynamics
it is thus enough to assume that v,(z) € F(x) for a.e. ¢t € [0,T] and p-a.e.
x € R%. In this way, the agents move along admissible curves of the underlying
finite-dimensional control system. When v, is locally Lipschitz continuous, we
have that 1, = 0,,, where 7v,(-) is the unique solution of the characteristic
system (2.3), thus the formula simplifies, becoming p; = Tifiug where Ty is the
flow of vy at time ¢, i.e., Ty(z) = v, 0 Ty(z), To(x) = .

Definition 2.2.1. Let F : R = R? be a Borel set-valued map, p > 1.
1. Given p € Z(R%), we define

VE(p) = {I/ € MRERY) : |v| < p, %(I) € F(z) for p-a.e. z € RY, %

< +oo} .
L
2. Given n € Z(R? x I'r), we define €2(n) to be the set of Borel maps

v:[0,7] x R® — R? such that

(a) v(t,z) € F(z) for all z € R? and a.e. t € [0,T];

(b) m is concentrated on the pairs (z,7) € R? x ACP([0,T]; R?) with
~v(0) =z and §(¢) = v (y(t)) for a.e. t € [0,T];
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© [ ' I/ o oA dna, ) de < +oc.

We will often write v;(x) instead of v(¢, z).

Definition 2.2.2. Given p > 1, a Borel set-valued map F : R = R?, and a
family of measures p = {u }rejo,r) € P (R?) we say that p is a p-admissible
curve if there exists a family of measures v = {v;}1cj0,1) € A4 (R%R?) such
that

1. t + py is Borel, i.e., t = p;(B) is a Borel map for every Borel set B C R?,
2. Oipy +div(4) = 0 in the sense of distributions in [0, 7] x R9,
3. vy € ¥E () for ae. t €10,T],

T
i
0

In this case, we will say also that p is driven by v.

I/tp

Ht

dt < +o00.
LP

Ht

Remark 2.2.3. We precise that in Chapter 3 and 4 we will give a slightly different
definition of (mass-preserving) admissible curve in the space Z2(R?). Indeed,
there we will ask condition 3 in Definition 2.2.2 with p = 1, and we will not
require condition 4, substituting this last requirement, when necessary, with the
condition (F7) on the growth of F' and the boundedness of the p-moments for
the evolving measure.

In Proposition 3.2.17 in Chapter 3 we will see another alternative proof of
the following result regarding the closedness of the set of admissible trajectories.

Lemma 2.2.4 (Closedness of the set of admissible trajectories). Assume hy-
pothesis (Fp). Let {u™}nen be a sequence of p-admissible curves on [0,T)
such that p™ is driven by v™. Assume that there exists p = {iit}ejo,r) and
v = {Vi}iepo,m) such that for a.e. t € [0,T] we have ui —* py and vy —* vy,

and
T
lim inf /
n—-+o0o 0
Then p is a p-admissible trajectory driven by v.
Proof. Define

e (p,v) = sup {// Orp(t, ) duy(x) dt + // Ve(t, z) dve () dt} ;
PeCE (10,T]xRd) [0, 7] xR [0,T] x4

i fl 5

+o0, otherwise.

n
Vy

dt < +o0.
'

P
Llel

P v
e (2@) ) du it ol <

We notice that C(Tl) 2 0, T1Z®) x [0, T]#®E) 5 [0, 400] is convex Ls.c.
since it can be written as supremum of linear and continuous maps (we endow
the domain with pointwise convergence a.e. w.r.t. weak* convergence)

(n,v) —~ // Ovp(t, z) dp () dt + // V(t, x) dve(z) dt.
[0,T] xR4 [0,T] xR¢
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Moreover, Cé} ) takes only the values 0 or +oco0.

Set f: R x R? — [0, +00], f(z,v) = |v|P + Ip()(v). Since F is u.s.c. with
convex values, we have that f(-,-) is Ls.c., and f(z,-) is convex. By compactness
of F(z), we have that the domain of f(z,-) is bounded, thus following the
notation in Section 2.1, foo(z,v) = 0 if v = 0 and f(x,v) = +oo if v # 0.
Thus for all t € [0, T] we have that (u, v) — C)(u, v) can be written in the form
of (2.2) for this choice of f. By Ls.c. of F, there exists a continuous selection
20 : RT — R? of F, i.e., there exists 2o € C°(R%RY) satisfying zo(z) € F(z)
for all x € R%. Thus z — f(x, 20(x)) is continuous and finite. The functional
C®?)(.,.) satisfies now the assumptions of Lemma 2.1.1, and so it is Ls.c.

Define now

T
C(T,w,v) = Cq(})(m V) +/ CP (g, vy) dt,
0

and notice that €(T, pu,v) < 400 if and only if we have that p is a p-admissible
trajectory driven by v.

If we have sequences pu" = {uf}ticpr] € ZPRY), v" = {1 }hepr C
A (R%R?Y) such that p! —* p, and v —* v for a.e. t € [0,7], recalling
the Ls.c. of Cq(}) and C®, we have

n

C(T, p,v) <liminf €(T, u", ™).

n—4oo

Since the right hand side is finite by assumption, we have € (T, p,v) < +oo,
i.e., p is a p-admissible trajectory driven by v. O

2.2.2 The cost functional

Now we turn our attention to the cost functional to be minimized during the
evolution described by (2.1).
We can distinguish two kinds of contribution to the final cost, i.e.,

- a part related to the superposition of the (microscopic) costs of each agent,
which depends basically only on the microscopic dynamics;

- a part related to the macroscopic effects of the evolution.

We can write
J(T, p,v,m) = J™(T, ) + J"(T, p,v), (2.4)

in order to distinguish between these two contributions (the link between 1 and
(p,v) is given by the Superposition Principle).

Some cost terms admit a description both in terms of superposition of the
costs of each agent and of macroscopic effects, but in general this is not true.

Roughly speaking, we have that the contribution J™%(T, u,v) can be writ-
ten in the form

T
Jmac(Tapva) = / »CM(t»/itht) dt+g(T7 MT)) (25)
0
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i.e., we are considering the macroscopic description of the system as a curve in
the space of measures, assigning a running cost and computing the final cost
as an integral over the time interval plus an exit cost, in analogy with the
finite-dimensional case. Notice that only macroscopic quantities and Eulerian
description of the velocities are involved.

The contribution given by the superposition of the microscopic costs of each
agent is obtained by considering

e = [ T dnte). (2.6

where L, (T, z,) is the total contribution given by a single agent starting at x
and moving along the curve v. Notice that in this case we are interested in the
microscopic description only. Moreover, it is important to notice that the cost
L (T, xz,v) depends on the whole of the trajectory .

We can give a natural definition of value function of the minimization prob-
lem.

Definition 2.2.5 (Value function). Let p > 1. Given a cost functional

T T

v = [ Luttpare [ [ Lt @) dtdntg(T )
0 RdxT'p JO

we define the value function V : [0, T] x .4+ (R%) — [0, +00] by

Vs, ) = inf{ngM<t,Mt,yt>dt+/Ader /sTﬁm(tw(t)d(t))dtdn+9(T,MT)}7

where the infimum is taken on the families p = {j¢ }refs,1), ¥ = {Vthels, 1)
n € P(R% x I'r) such that ju; = eifin for a.e. t € [s,T), p is a p-admissible
trajectory driven by v, and us = p.

A p-admissible trajectory p is called optimal for p if it realizes the previous
infimum.

In the following proposition and subsequent corollary we will prove that a
dynamic programming principle holds also in our infinite-dimensional setting
for the generic value function just defined.

Proposition 2.2.6 (Dynamic Programming Principle). Let p > 1. For all
0<s<7<T we have

Visw=int{ [“eutepmyas [[ [T eatas@ @+ v |,
s Re¢XTp Js

2.7)

where the infimum is taken on the families p = {pt}iefs, 1), V = {Vtbeels, 1)

n € PR x T'7) such that u; = ein for a.e. t € [5,T], p is a p-admissible
trajectory driven by v, and ps = p.

Proof. For all 0 < s < 7 < T, ¢ > 0 there exist pu® = {uf}icis,), V° =
{vi e, m° € P(RY x I'r) such that u§ = e, fn° for ae. ¢ € [s,T] and pe is
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a p-admissible trajectory driven by v¢, with

Vs, ) +e > / Lan(t, 155, vF) dt + // / Lon(t,4(8), (1)) dt d™+
£ RdXFT

S

T T

[ tutepioyaes [ [ Laea.a0) dn + o)
T RdxIp J T

> [ eutopaes [[ [ w50 dan 4 Vi)
S RXFT

where we used the fact that, since we have that {yf}ic[r 7] is a p-admissible
curve driven by {1 }re(rr) with p = en® for all ¢ € [7,T] and pf,_, = p7, we
have

T T
Ve < [ eutioia [ [ La(ea.50) dedn T ).
T XL JT
Thus we have

V(s,u)—i—a2inf{/;LM(t,,ut,ut)dt—&-//RdXFT /Tﬁm(t,fy(t),"y(t))dtdn+V(T,MT)},

s

where the infimum is taken on the families p = {jt }refs,1), ¥ = {Vtheels, 1)
n € P(R? x I'r) such that p; = e;fin for ae. t € [5,T], p is a p-admissible
trajectory driven by v, and pus = p.

By letting € — 0T we obtain that

V(s,p) > int { / Cuttpmydes [ / : Lon(t, (1), 5(8)) dt d + V (7, m} ,

Conversely, let ) = {1 }repo ), v = (1 oy, 0D € PR x Tp)
1 = (1Y erray, v = W ey, 1) € PR x T'r) be such that

1. Mgl) = esfin™) for a.e. t € [5,T), uM) is a p-admissible trajectory driven
by v, and ps = p;

2. ugg) = e;in®) for a.e. t € [1,T], u'® is a p-admissible trajectory driven
(&) (e) _ (1)
by v\¢) and pur’ = ur

3. for all € > 0 we have

T
V(T,u(rl))+52/ Lot v) di+
) g (©)
+ // / Lon(t,7(5),3(8)) dt dn© + g(T, 1),
RdXFT T

Then we define p = {uitieis1), v = {vihigs), by setting py = ugl) and

v = yt(l) for t € [s,7], and p; = Mf) and vy = yt(e) for t € [r,T]. Thus we have
that g is a p-admissible trajectory driven by v and there exists n € 2(R% x ')

such that p; = e;fin for ¢t € [s,T]. We then have

Vi < [ Luttrddes [ [ L) den +Vin) +e

S
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By letting ¢ — 0T and taking the infimum on the families p = {p}res,77,
v =A{vi}ics,m), 1 € PR x T'p) such that py = eifin for ae. t € [s,T], pis a
p-admissible trajectory driven by v, with pus = u, we obtain

Visw<int{ [“eutepmiacs [[ [T eata0s@ an v |,
s RAxTp Js
and so equality holds. O

Corollary 2.2.7. Letp > 1. Given the families p = { it }refs, 1), V = {Vt }eels, 1]
n € PR x I'r) such that yu; = eifn for a.e. t € [s,T)], u is a p-admissible
trajectory driven by v, we have that the map

)= [ Luttpndes ([ [ Lo 50) dant v

S

is nondecreasing for 7 € [s,T]. Moreover, it is constant if and only if p is
optimal.

Proof. The first assertion comes directly from (2.7), indeed for all s < 73 < 75 <
T we have

T1 T1
Vi) < v | [ eosttmmyacs [ [" o5 den)
s RexT'p

and so h(ri, p,v,n) < h(T2, p, v, m).
Suppose now that p is an optimal trajectory, i.e.,
T T
Vi) = [ Luttuomdes [[ [ Lo 50)dedn+ T pr).
S R XFT S

Recalling that V(T, ur) = g(T, pur), we have

V(s ps) = h(s,pm,v,m) < W(T, p,v,m) = V(s, ps),
and so h(-, u,v,m) is constant on [s, T].

Conversely, assume that h(-, pu, v, m) is constant on [s, T]. Then in particular
we have

h(s, w,v,m) = W(T, p,v,m),
which amounts to say
T T
Vi) = [ Luttuondes [[ [ Lo 50)dedn+ o7 pr),
s RidxT'p Js
i.e., p is optimal. O

In this way we proved the Dynamic Programming Principle for a generic
functional in the framework of curves in the space of probability measures.

We will pass to analyze now some kinds of cost terms which can be useful
from an applicative point of view. Basically we will consider cost terms of the
following type:
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I): cost terms expressing the superposition of the costs of each agent travel-
ling along the admissible trajectories of the underlying finite-dimensional
control system;

II): cost terms due to the evolution of the macroscopic distribution of the mass
and of the velocities of the agents;

III): cost terms taking into account the interactions between the agents.

As a general rule, we will put assumptions in order to ensure that each cost
term is nonnegative and l.s.c. Together with some compactness assumptions,
this will ensure existence of minimizers.

Let us begin by analyzing the first case of cost functionals.

Definition 2.2.8 (Instantanous microscopic cost functional). Let L2 : R x R? x
R? — [0, 4+oc] be a Borel function. We define the functional

T
ttm = [[ ( JRASCRIO) dt) dn(e). (29

which, recalling (2.6), is the superposition of a microscopicagent cost in the form

T
LT, ,7) = / L2 (£, (). 4(1)) dt.

This amounts to say that there exists a current cost given by L%(-) that all the
agents pay instantaneously along their trajectories.

We can give an analogous definition from a macroscopic point of view.

Definition 2.2.9 (Instantanous macroscopic cost functional). Let L% : R x
RY x R? — [0, +oc] be a Borel function. We define the functional

T
/ / L (Lx, Vt(ac)) dpe(z)dt,  if vy € VE ()
. 0 JRd et
Jsys (T, p,v) := for a.e. t € [0,T],

400, otherwise,
(2.9)

which represents a current cost for the curve g = {4 }ep0,r) in the space of
probability measures.

The following Lemma proves that, under the assumptions of the Superposi-
tion Principle, these two costs agrees.

Lemma 2.2.10 (Equivalence). Let p > 1, n € Z(R¢ x I'r), and v € €5 (n).
Define py = edn, vy = v, p = {Nt}te[O,T]; V= {Vt}te[o,T]- Then

at,Uft + divyy, =0, szs(Tv 77) = szs(Tv K, V)~
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Conversely, let p = {pe}ico.r), ¥V = {Vihiepo,r) be satisfying vy € V(1) for
a.e. t €[0,T], Oy + divy =0, and such that

T
szs(TuUnV) +/ /
0 Rd

Then there exists a measure n € P(RIxTr), andv € €h(n) such that p; = e,fn
for allt € 0,T], ve(z) = %(z) for a.e. t €[0,T) and ps-a.e. x € R, and
¢

P
dpy dt < 400.

E(JU)

Jsys (T,m) = JSyS(Ta w,v).

Proof. In both cases the assumptions of the Superposition Principle (Theorem
8.2.1 in [9]) holds, allowing to pass from one description to the other. O

Remark 2.2.11. Choosing L% (t,z,v) = 1 amounts to say that the cost for a
single agent is the total time traveled, i.e., T. This is the choice, e.g., if we
are interested in the problem of minimizing the time needed to steer an initial
measure fo to a target set Sco (R?) along the admissible trajectories of the
system (see Chapter 3). A sligthly more general situation is to take LS (t, x,v) =
XRd\V(:E), where V' C R is a given closed set. In this case for each agent we
count only the time travelled outside V.

We pass now to analyze the regularity of the cost terms.

Lemma 2.2.12 (L.s.c. of the instantaneous cost). Let L : R x RY x R? —
[0, +00] be a Borel map. Assume hypothesis (Fy), that Le(t,-,-) is continuous,
and L(t,x,-) is convex. Then

1. the functional Lgys(t,-,-) defined as

[z (0 2@)) duto). iflvl < and 2i) € Plo)
Rd 2 %
Lsys(t, p,v) := for p— a.e. x € R%,

400, otherwise,
(2.10)

is l.s.c. w.r.t. narrow convergence.

2. given {T, }nen C [0,400[, a sequence of measurable curves u™ = {1} }re(0,1,]
in P(R?), and a sequence of Borel vector-valued measures v™ = {v{' }e(o,1,]
in M(RERY), T, — T,y —* puy, v —* vy for ace. t € [0,7T),
v € YEW) for alln € N and a.e. t € [0,T,], we have for a.e. t € [0,T]

n
Vi

n
Hy

Vi
Mt

< liminf
n——+oo

P P
LHt LM?

Moreover, if the left hand side of the above inequality is finite, we have
v € VE () for a.e. t €10,T], and

jsys(T7 m,v) < nglirg jsys(Tna p",vt).
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Proof.

1. Fix t and define f(z,v) = Li(t,z,v) + Ip)(v). Since F is ws.c. with
convex values, and recalling the assumptions on L%, we have that f(-,-)
is L.s.c. and f(z,-) is convex. By compactness of F(z), we have that the
domain of f(z,-) is bounded, thus following the notation in Section 2.1 we
have foo(x,v) = 0ifv = 0and foo(x,v) = +o0if v # 0. Thus (2.10) can be
written in the form of (2.2) for this choice of f. By Ls.c. of F, there exists
a continuous selection zp : R? — R9 of F, i.e., there exists zg € C°(R%; R?)
satisfying zo(z) € F(x) for all z € R?. Thus z +— f(z, 20(z)) is continuous
and finite. The functional (2.10) satisfies now the assumptions of Lemma
2.1.1, and so it is l.s.c.

2. Consider the functional defined as

p
du(z), ifv<p,

400, otherwise.

This functional clearly satisfies the assumptions of Lemma 2.1.1, and so
it is Ls.c. Fix ¢ € [0,T] such that we have that v]* € ¥£(u}) for all n € N
(this is a full measure set on [0,77]). By the l.s.c. of the above functional,
we then have for a.e. t € [0,7T] that

n
Vi

Hy

Vvt

Mt

< liminf
n—+oo

LY L?,
ht uy

Assume now that the left hand side of the above inequality is finite and
that R
liminf Joys (T, ™, V") < +00,

n—-+oo

otherwise there is nothing to prove. According to Fatou’s Lemma,

T
/ lim inf Lays (t, plt, ) dt < liminf Joo (T, ™, v™)
0 n—-+oo

n—-+oo

< liminf jsyS(Tn, utv"t) < 4oo.

n—-+oo

According to item (1), we have that for a.e. ¢t € [0, 7],

Lays(t, pe, v) < limJirnf Lays(t, 1y, vi) < 400,
n—-+0oo

which implies that %(x) € F(z) for pa.e. x € RY thus v, € ¥E(uy) for
t
a.e. t € [0,7]. This implies that we have

T T
Jsys (T, p,v) = / Loys(t, e, 1) dt < / liminf Loyps(t, i, v*) dt,
0 0

n—-+o0o

which completes the proof.
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We pass now to examine the second case of cost functionals, i.e. a cost term
involving the macroscopic behaviour of the agents during the evolution, taking
into account the density of their positions and distribution of velocities w.r.t.
a fixed reference measure. Notice that this is a term dealing with some global
properties of the system which cannot derived simply by the superposition of
the behaviours of single agents.

Definition 2.2.13 (Density cost). Let Lgens : R x R? x R x R? — [0, +-00] be
a Borel map. Given o € .#(R?), we define the functional

T
/ / Ldens (t, x, ﬁ(m), &(x)) dodt, if uys <o and || <o
o Jra o o

jgcnS(T7 [22) V) = for a.e. t € [O,’I‘}7

400, otherwise,
(2.11)
with T'> 0, pp = {pt }repo,r) € P(RY) and v = {vi}icpo.r) © A4 (R x RY).

Remark 2.2.14. We can use this term to model some pointwise constraints of
the maximum allowed density w.r.t. a reference measure o of the distribution of
agents and of their velocities. For instance, imagine that the agents are moving
on a frozen lake: clearly, the thickness of the ice is related to the maximum
affordable load, and in any case there is a constraint on the maximum density
tolerable by the agents (overcrowding threshold). To model this situation, we
can simply take 0 = £? and Lgens (t, 2, dy, d,) = 110,y () Adinee) (), Where
dmax () is the maximum affordable load at point « and dyp,e is the overcrowding
threshold. Similarly, we can penalize distribution in the velocities: assume for
example that in a certain point the agents are allowed to travel in a certain
direction, but the road heading to that direction is very narrow. Clearly, if we
have many agents all trying to move in a direction where the road is narrow,
the travelling cost will be higher with respect to the same situation in which we
have only few agents.

The following results provide some sufficient conditions ensuring the l.s.c. of
Jdcns~

Lemma 2.2.15. Let Lgens : R x R x R x R? — [0, +00] be a Borel map such
that

(Z) Ldens(t7 Tty ) 8 Z.S.C.,
(11) Laens(t, @, -, ) is convex satisfying

i Ldens (ta z, drﬂ dv)
im
|(dar o) [— 400 |(ds, d)|

= +OO,

(iii) for any fized t € R, one of these two properties holds

a) there exists a continuous map x — (d(x),d,(x)) such that the map
> Lgens(t, x, dy (), dy(x)) is finite and continuous,
0(s)

b) there exists a function 6 : R — R such that lim —* = +oo and
s—+o00 8

Laens(t, 7, dy, dy) > 0(|(dy, dy)|) for every x,d,,d, € R%.
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Then the functional jgens defined in (2.11) is lower semicontinuous.
Proof. The functional
/ Ldens (t,:v7 g(w), g(w)) do, ifpu<oand|v| <Ko,
d
Liens(tpv) =" (2.12)

+00, otherwise.

is Ls.c. according to Lemma 2.1.1 recalling that L2 (¢, z,d,,d,) = +oo if

dens

(dz,dy) # (0,0) and L§S ((t,2,0,0) = 0. By using Fatou’s Lemma, we can
conclude arguing as in the last part of the proof of Lemma 2.2.12 (2). O

However, as already noticed, from a modelling point of view, it is more
realistic to fix a uniform upper bound on the density of agents (overcrowding
threshold) and also on the density of their velocity distribution. Moreover,
we introduce explicitly a constraint on the agents’ density and agents’ velocity
distribution density depending on the point. In this way, the above results
simplifies as follows.

Corollary 2.2.16. Let dyax > 0 be a constant, D, C R?% be compact and
convezr. We set

Ldens(ty z, dwv dv) = gens(tv €, dxa dv) + I[O,dmax] X Dy, (dxv dv)7

where Lens : R x RYx R x RY — [0, +00] is a Borel map such that L%, (t,,-,)
is Ls.c., Laens(t,x,-,-) is convex. Then the functional J3 . (t,-,-) defined in

(2.11) is lower semicontinuous.

Proof. All the assuptions of Lemma 2.2.15 are satisfied, by taking 0(s) =

$%X[R,+o0[(s) — 1 where R > 0 is constant such that [0, dmax] X Dy, € B(0, R).
0

Indeed, we have that lim ﬂ

= +o00, and
s—+o00 S

Laens(t, 2, dy, dy) 2 0> 0(|(ds, o)), for every (2,2, dy, dy) with |(dy, dy)| < R,

while

Lgens(t,z,dy, dy) = 400 > 0(|(ds, dy)|), for every (¢, z,d,,d,) with |(d.,d,)| > R.
O

Remark 2.2.17. Notice that in Corollary 2.2.16 we are not asking Lg. . to be
neither continuous, nor finite at every point, thus we are completely free to add
for instance further constraints on the density of agents depending on the point:

it is enough to add a term Lo (2)% Do (2) (dy,dy) to LG, (¢, x,dy,dy), where
dy : R? — [0, 400] is a measurable function, and D,, : R¢ = R is a measurable
set-valued map with closed convex values (not necessarily bounded). We can
model also obstacles by imposing that d,(z) = 0 in a region @ C R?. In this
way, when the functional is finite, we have that no mass can flow through €.

We pass now to consider the third case of cost functionals, i.e. a cost term
dealing with the interaction between the agents.
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Ezample 2.2.18. The simplest interaction model between agents is provided by
assuming that the interaction between two agents depends only on their mutual
distance. In this case, we have

Jinter(Ty p, V) = /OT //Rdxm Wy — @) dpe () dpe(y) dt,

with T > 0, = {p}eepo,r) PR, v = {vihiem §~ M (R x R?), and
where W : R? — [0, +o0] is a radial function, i.e. W (z) = W (|z|) for all z € R%.
The above integral can be expressed also in convolution form as

T
Jinter(T=H7V) = / W*/th(x) dﬂt(x)
0 R4

More complex interactions may involve also the velocities of the agents. This
occurs, for instance, in modeling the consensus phenomenon in flocking, i.e. the
alignment to a global common speed of all the agents (see for instance [45]).

For example in [63] the authors studied some models for self-organized dy-
namics focusing on concentration around an emerging consensus: each agent
adjusts its state according to the state of its neighbors. The paper focus its
attention on the role of mid-range alignment which stands between the short-
range attraction and the long-range repulsion, i.e. on the tendency to adjust
to agents’ “environmental averages”, studying conditions for flocking and the
formation of clusters. In [50] a kinetic description of such models is given.

We give the following definition.

Definition 2.2.19 (Interaction cost). Let Liner : R x R? x R x R? x R? —
[0, +00] be a given Borel map. Define Xj,er := R? x 'y x R? x 'y, and the
interaction cost functionals

T
Boter@o) = [ [ L (672 (0,7 (0 32 6), 5 (0)) dt dm(a 72 dm(y, ), (2.13)
Xinter /0
T (43 vt . P
Linter ( &2y, — (), —(y) ) dpe(z) due(y) dt,  if ve € VR (pe)
0 R4 xRd Mt e
for a.e. t € [0,T],
+o00, otherwise,

jinter(Ta M, U) =

(2.14)
in microscopic and macroscopic point of view, respectively.

Remark 2.2.20. Note that, under the assumptions of the Superposition Princi-
ple, these two costs agrees. The proof follows the same argument used for the
functionals Jgys and Jgys in Lemma 2.2.10.

Lemma 2.2.21 (L.s.c. of the interaction cost). Let Linger : R x R? x R? x

R? x R? — [0,+00] be a given Borel map. Assume hypothesis (Fy), that
Linter(t, -, -, -, +) s continuous, and Liner (t, 2, y, -, -) is convex. Then given {T, }nen C
[0,400[, a sequence of measurable curves p" = {u}icpr,) in P(RY), and

a sequence of Borel vector-valued measures v = {v]'}cpo,1,] 0 M (R RY),

T =TT, pf —=* pg, vi* =* vy for a.e. t € [0,T), vf* € VE(up) for alln € N
and a.e. t € [0,T,], we have for a.e. t € [0,T]

n
Vi

s

Vi

He

< liminf
n—-+oo

LE L?,
mt u
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Moreover, if the left hand side of the above inequality is finite, we have vy €
VE () for ace. t €[0,T], and

jintcr(T7 M, V) S lim inf jintcr(Tn7 un’ Vn)'

n—-+oo

Proof. The proof follows the very same argument of Lemma 2.2.12, by replacing
e and vy by g ® py and vy ® vy, respectively. O

Ezxample 2.2.22. In the pedestrian dynamics case, we may assume that the agent
at € R?, heading to the direction v € S!, can interact only with the agents in
its wvision cone

Vis(z,v) := {y € R? : {y —z,v) > |y — 2| cosal,

where « is an angle that, for human beings, can be taken as a ~ 7/2. In the
simplest case we can take the interaction domain C(x,v) = Vis(x,v), however
the presence of obstacles in the environment can reduce the interaction domain:
for example, a pedestrian cannot be aware of the presence of another pedestrian
behind a solid wall. If O C R? is a closed set representing an obstacle, to
compute the interaction domain we must remove from the vision cone all the
points hidden by the obstacle itself, i.e.

C(z,v) =Vis(z,v)\{z+AXp—2): A>1,peO}.

Moreover, other factors (such that for example fog, or darkness) can affect the
vision field and so the intensity of the interaction itself. In such a situation,
the simplest choice is to take Linter (t, 2,9, vz, Vy) = XC(aw,)(y) Where the set
C(z,v,) is the interaction domain of the agent at point « with speed v, however
with such a choice the functional fails in general to be convex in the last two
variables. This can cause some problems, for example if we allow the speed to
switch instantaneously its direction, it is possible to have agents who follow a
trajectory which doesn’t allow them to see an obstacle located in front of the
target even if they are very closed to it and so, by passing to the limit we can
face the inconvenience that the optimal trajectory goes through the obstacle.
To tackle this situation, a second-order approach in the dynamics is needed in
order to ask more regularity on the velocities.

Definition 2.2.23 (Terminal cost). We assume that the map
g:Rx PR = [0, +00],
appearing in (2.5), is a L.s.c. function. It will be called terminal (or exit) cost.

Remark 2.2.24. The terminal cost can be used to model terminal constraints.
For instance, g(T, ur) = Is(uur) for a given closed set S C Z(R?%) models the
terminal costraint pup € S in the generalized minimum time problem. More
generally, it can be used also to model a less sharp penalization or simply an
exit cost: for example we relax the constraint up € S penalizing the generalized
distance of the final measure from the target S by taking ¢(T), pur) = kc%(,u;p),

where k£ > 0 is a suitable constant and CZg(LLT) =1inf__g Wa(pur, o).
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In the mass-preserving case, gluing of admissible trajectories holds. More-
over, the functional is (sub)additive w.r.t. gluing of the trajectories. As already
seen in Proposition 2.2.6, these two ingredients yields a Dynamic Programming
Principle, whose form depends on the structure of Lps, £, and g(T, ).

Concerning this general treatment, we leave some open problems (see Chap-
ter 5) that we will face only for two specific cases of cost functions: the minimum
time function for a mass-preserving case which will be defined in Chapter 3 and
for a non-isolated case studied in Chapter 4.

2.3 Non-isolated case

In this case we have a nontrivial creation/destruction of mass during the evo-
lution, so we have w; # 0, hence the total mass is not preserved during the
evolution. For instance, we consider a room with some doors, and the agents
may enter or exit these doors at some rate. The problem can be complicated
assuming that the rate depends on the concentration of the agents near to the
doors, and maybe also on the direction.

The main difficulty in this case is to provide a Superposition Principle com-
parable to the one holding in the mass-preserving case. For a work on this
subject we refer to [57]. Another possibility to circumvent this difficulty, that
is the one adopted here, is to drop completely the continuity equation, and
thus working only with the functional, building a solution as a superposition of
characteristics, as we will do in Section 2.3.1.

This amounts to consider for instance functionals of the following kind

J(T,7) = / / / L(t, z,7) di(t, 2, ),
[0,T]x R4 x T

where T > 0, and ) € .Z*([0,T] x R? x T'r) is concentrated on (t,z,7) €
[0,T] x R x T'p satisfying 7(0) = .

Notice that L = L(t,x,y) in this case depends not only on the current value
of t and x, but also on the whole history of the trajectory. The first issue is how
to embed the underlying finite-dimensional system in this setting.

A natural choice, that we will deepen in Section 2.3.1, is sketched below.

We disintegrate 7} w.r.t. the first component, i.e., we define a measure 7 €
A" ([0,T]) such that

/ o(t) dr = / / / (1) di(t, 2, 7),
[0,T] [0,T)xR¢ X'

for all o € CZ([0,T]). Then, we can write ) = 7®@m,, where n, € .# (R xT'r),
and we define the measure pu; = e;fn, € .#+(R?) as before. The measure T
may be used to take into account a variation of the total mass during the

-
time. Usually, we will restrict our attention to 7 < £ with HgH <1,
LOO

i.e. we consider only mass loss due to the position in space. Consequently,
1 = {j1t }re[0,7) is a trajectory which can loose its mass depending on the crossed
region of the space.
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However, it does not appear immediately evident how to define v4, i.e. the
corresponding Borel vecor-valued measures. A possibility is to write n, = u: ®
otz with oy, € 47 (I'r) and define

Vg 1= Ogfhy 1= (/ y(t) dUt,x(’Y)> e, (2.15)
{v€lr:~(t)=a}

provided that the set where 4(¢) does not exists is 7-negligible. This is actually
what we will get from Proposition 2.3.7, where 0}, u}” and 772,/ » are respectively
what here we just have called n,, p; and o 5.

If the above construction in (2.15) holds, we can use the same terms of the

v
mass-preserving case to embed the constraints — () € F(x) for p-a.e. € R?
Ht

and a.e. t € [0,7].
In order to have well-posedness of the definition of 14, it is sufficient to
observe that the set

N = {(t,m,fy) €10,7] x R* x T'r : ~(0) # = or #(t) does not exists}

is . Z1®@n,-negligible. Indeed, let us call with 7} a convex combination of n Dirac

deltas concentrated in points belonging to suppn,. We have that 7y —* n,,
n — 400, hence £ @y —* £ @n,. By construction, £ @ ' (N) = 0,
indeed V' N supp(L! @ 1}') is a finite union of sets with zero measure w.r.t.
Ll@n}. Thus, £ @n,(N) = 0 and by projection on the first component, we
have that §(t) exists for #!-a.e. t € [0,7] and oy z-a.e. v € I'r.

The major difference with the previous case is that the functional is taking
into account the whole history of the trajectory ~y. In particular, this allows us
to consider for instance, to make the mass disappear for all the time after the
first time in which the characteristic has entered into a region of the space (this
fact implies that at every time, knowing the whole history of the curve, we know
if the characteristic curve has already entered the region or not).

Gluing of two trajectories n,, ¢ = 1,2, seems not to be straightforward in
this case, since not only we must have er, in; = eglin,, but maybe we should ask
something also on the weights of the characteristics. The Dynamic Programming
Principle is then far from being trivial.

2.3.1 A more rigorous construction for the annihilation
case

For what concerns the treatment about the non-isolated case, here we will con-
sider the particular situation in which the mass is annihilated as soon as it enters
into a region V of the space and this represents the only cause of destruction of
the mass during the evolution.

Definition 2.3.1 (Absorption time). Let V' C R< be closed. Define the map
7:T'p — [0,T] to be the first time in which the curve v enters in V|, i.e.,

T(y) =mf{0 <t <T:~(t) e V}=min{0 <t <T: ~(t) e V},

where the infimum is attained by the closedness of V and the continuity of ~.
We will call 7(vy) the absorption time of v € I'r. We define now a map from I'p
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to A4 *([0,T]). Given v € I'r, we set
7,(B) = ZYBnN0,7(y)]) = / X[0,7()[(t) dt, for any measurable B C [0, T].
B

Lemma 2.3.2. The following properties hold:
1. the map 7(-) is l.s.c.;

2. the map v — 7y(B) is l.s.c. for any fired measurable B C [0,T;
3. for any Borel measure n € 2(R% x I'r) the product measure
f:=n@7, € 4 (0,T] xR x Tr)

is well-defined and for any bounded Borel map f : [0,T] x R x 'y — R
we have

[ sty = [[ ([ seanin) an)

Proof.

1. Let {vn}nen € I'r be a sequence uniformly convergent to v € I'y. Since 7
is nonnegative, the result is trivial if 7(y) = 0. Otherwise fix 0 < ¢ < 7(7).
By definition, for any 0 < s < 7(v) — & we have that v(s) € R%\ V, which
is open. Let

6 = inf{dy (v(s)) : s €[0,7(7) —el},
and notice that the infimum is a minimum by Weierstrass Theorem, and
moreover that § > 0. Since for n sufficiently large we have

() =7(8)| < [l — Yo < /2,

we conclude that for n sufficiently large we have

5 < dy (1(5)) < () = 1) + by (1(5)) < 3 + dy (7 ()

and so y,(s) ¢ V for all 0 < s < 7(7y) —e. Thus for n sufficiently large
we obtain 7(y,) > 7(y) — €. By taking the liminf as n — 400 and then
letting € — 0" we have that 7(-) is Ls.c.

2. Since for n sufficiently large we have 7(v,) > 7(y) — €, we have also that

X(0.7()((8) Z Xio,r(m—el(8) = Xfo,r ([ (5 + €)
and taking again the liminf as n — +oo0, and € — 0T, recalling the ls.c.
of X[0,-(7)[(+) on [0, +o0[, we have

m inf x(0,7(+,)(($) = X[o,7(1)((8)-

n—-+o0o

Given a measurable B C [0,7] we have by Fatou’s Lemma

T’Y(B):/BX[O,T(’Y)[(IS) dtS/maian[O,r('yn)[(t) dt

n—-+oo

< limnf /B Xo.ri(8) db = lim it (B),

n—-+oo

which yields the Ls.c. of v — 7,(B) for any measurable B C [0, 7.



30 CHAPTER 2. CONTROL PROBLEMS IN .#*(RP)

3. Since we have that (x,7) — 7,(B) is a Borel map for any measurable
B C [0,T], according to Section 5.3 in [9], if T < 400 we can define the
product measure ) := n® 7, on [0, 7] x R? x T'y for any Borel measure n
on R? x I'z (which is separable since T' < +00).

O

In the following result we state probabilistic representations for an admissible
trajectory with mass annihilation in the space region V' under examination,
through the measure 7) just defined in the previous lemma.

Lemma 2.3.3 (Representations). We have the following representations
n=2"on/ =2 ou @n,,

where ) € MTRExTr) and p) = esiin) € T (RY) are defined for £'-a.e.
t€0,7] by

/~/]Rd><FT ) dni (x,7) = //Rder (@, 7)X[0,7(v)((t) dn(z,7),
/ o) dyu (2) :/ P(Y()X[0.7 ([ () dn(,7),
R4 RexTp

for all p € CL(RY x T'r) and o € CAL(RY), and for a L' @ pu) -a.e. uniquely
defined family of Borel measures {an}(t,w)E[QT]XRd C.#* (7).

Finally, for a.e. t € [0,T] we have u} < eifn and for a.e. t € [0,T] and
(eifn)-a.e. x € R it holds

1%
Moy /
T) = (1) dne (),
etﬁn( ) i) X[0,7(v)[(t) dne,2 (7)

where {nN¢.2}(1,0)ci0,r1xre S P(T'r) is a family of probability measure uniquely
defined for a.e. t € [0,T] and (e;fn)-a.e. x € R? and such that n = (e4fn) @0 ..

Proof. For any fixed ¢, the map
Giw) = [ v nore®dn()
RdXFT

is trivially linear and continuous from C(R¢ x I'r) — R, since we have

|G(¥1) — Ge(¥2)| < |1 — Y2|oo,

thus we have that

Gw = [[ vyt

for a uniquely defined ;" € .#*(R?xT'r). Thus we have that ;" is well defined.
By the disintegration theorem (Theorem 5.3.1 in [9]), we define u} = e;fin) and
the family {'I’]g’/z}(t,z)e[O,T]XRd, which satisfy the properties of the statement. To
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prove that the product ! ®@n} is well-defined, we fix a Borel set B C R? x I'z,
and notice that the map

tes ) (B) = /B dnY () = /B Xioro (£) dn(z, )

is L.s.c., hence Borel measurable. Thus the product £ ®mn)” is well defined, and
moreover it coincides with 7 since for all bounded Borel functions f we have

/OT //RdeT Stz ) dm (e, 7)dt = ///[O,T]XRUZXFT ft 2 7) it 2. 7).

The last assertion comes from the fact that for every ¢ € CP(R?) with ¢ > 0,
we have

|e@an @ <[] eomine = [ o ez

and so for every Borel set B we have u) (B) < e;fin(B), moreover by taking the
disintegration of 7 w.r.t. the Borel map e; we obtain

/ x)dp) (z // )X[0,-()((t) dn
Rd RdXFT

_ / / V() X[0,()((1) dite o (7) d(ertn) ()
R J(er) =1 (@)

=/ o() (/ X[0,7()[(t) dm,z(v)> d(esfin)(x),
R ()1 ()

which yields the statement on the density. O

Remark 2.3.4. Since (e;) '(z) = {y € I'r : ~(t) = z}, we can interpret
v
Mg

(etfin)
t that never passed before through the sink V.

() as the fraction of the characteristic curves passing through x at time

Remark 2.3.5. In general, due to instantaneous mass loss, we cannot expect
absolute continuity of the trajectory [0, 7] — .#Z%(R?), t + ), w.r.t. narrow
convergence and consequently w.r.t. WS convergence, where W denotes the
generalized p-Wasserstein distance defined in [64,65] for finite Borel measures
with possibly different masses.

Our aim now is to describe the instantaneous annihilation of the mass when
it reaches the sink V' and use this defined object to study a continuity equation
satisfied by the measure p} which looses its mass as soon as the underlying
characteristics touch the sink V.

Lemma 2.3.6 (Absorption measure). Let n € Z(R% x T'r). There exists a
unique Radon measure o/" € .# ([0, T] x R?) such that

//[O,T]X]Rd o(t, x)dad " (t, x) = //Rdm o(1(7),v(T(7))) dn(z,7),

for all ¢ € CY([0,T) x RY). We will call &/ the absorption measure associated
to m.



32 CHAPTER 2. CONTROL PROBLEMS IN .#*(RP)

Proof. Indeed, since for any ¢1, 2 € CP([0,7] x R?) we have

[, oGt - et dnt) < o - ol

we have that the map from CP ([0, 7] x RY) to R defined as

© //RdxFT o(T(7),v(T(7))) dn(z,v)

is linear and 1-Lipschitz continuous, thus & € [CP([0,T] x R%)]". O

We want now to apply the previous consideration to find a PDE satisfied
by p} when n is chosen in order to have that ¢ ~ u; = e fin satisfies the
homogeneous continuity equation ¢y + div(vepy) = 0, in the spirit of the
Superposition Principle in Theorem 8.2.1 in [9)].

Proposition 2.3.7. Let p > 1. Assume that v : [0,T] x R — R? is a Borel

time-depending vector field and n € P(R? x I'7) is a measure such that n is
concentrated on the pairs (x,7y) where v is an ACP? solution of (t) = vi o y(t),

v0)=xz ¢V and
T
/ // [vg 0 ()P dnpdt < +o0.
0 RdXFT

Define § = n®7y as in Lemma 2.5.2, and {41 }repo,r) as in Lemma 2.3.3. Then
in the sense of distributions we have

Oy + div(vgp)) = —a?M. (2.16)
1+ 1d
Moreover, if 1H e € Lgyy,, and there exists C > 0 such that vi(2) <
dv ofm 1+ |$‘

P RY) such that i) = u) for a.e. t € [0,¢], t = i} is narrowly continuous,
and ﬂ“; o = €ofn.

for all (t,z) € [0,T] x RY, then there exists € > 0 and a family {fi) }ici0.e1 €
t Jte[0,e]

Proof. Consider a test function ¢ € CZ([0,7] x RY), we have

/OT | Oe(t,) dp) dt:/oT//RerT dup(t, (1)) dny (x,7) dt
B / //[T] (i et (D) - <W<m<t>m<t>>) di(t,z,7)

Recalling that 7 is supported on (7(0),v) where ¥(t) = vy0v(t) for a.e. t € [0,T]
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and so for 7y-a.e. ¢t € [0, 7], we have

///[M]XRMTV‘P(@V(t))ﬁ(t) A (t, z,~) =

//RdxFT/ (Ve (t,7(1)), vr 07(1)) drvy dn(, )
- ///OTXRMTW‘P“ (1)), v 0 y(1)) di(t, =, )

A //Rder Ve(t, y(1)), v 0 v(t)) dn (@, ) dt

_ / (Veolt, o), vi(x)) duy (x) dt
0o Jre

Since ¢ € CZ([0,T] x RY) we have ¢(0,y) =0 for all y € R, and so

///[O,T]X]Rdm % [o(t,7(1))] dA(t,z,v) = //Rder /OT % [o(t,y(t))] dry dn(,7)

— //Rder /T(v) d [(t,y(t))] dtdn(z,~)
//]RMT A (T(9)) dn(z,7)

= // o(t,z)dd M (t, x).
[0,T]xR4
We have that (2.16) follows.

To prove the last assertion, we recall that since |v(z)| < C(|z|+1), then for
all (x,v) € suppn we have

(t) = 7(0)] < / 4(s)|ds = / oy 0(s)|ds < C / Iy(s)] ds + Ct
<c / 7(s) = 4(0)]ds + Ct(1 + y(0))),

and so by Gronwall’s inequality
(1) = 7(0)] < CH(L+ [4(0)])e” < Ct(L + |(0)))e™ = Ct(L + |z])e”

By assumption, for egfin-a.e. € R? we have 1 + |z| < C'dy () for a constant
C’" > 0, thus

Iv(t) —v(0)| < C - C'tdy (x)eT, for n-a.e (z,7) € R? x I'y.

o—CT o—CT
This implies that if ¢ < o we have v(t) ¢ V, and so 7(y) > o Set

e =e"9T/(2CC"). Then for every ¢ € C ([0, T] x R%) with supp ¢ C [0,¢] x R?

we have
/ / ot 2) der™ (¢, 7) = 0,
[0,T] xR4
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and so we have that the restriction of ¢t — )} to [0, ] solves the homogeneous
continuity equation with initial data egfip. Thus the existence of a continuous
representative follows from Lemma 8.1.2 in [9]. O

The previous result provides us with a continuity equation in the non-isolated
case with annihilation. We precise that here the sink is described by an absorp-
tion measure that is defined in [0,7] x R%, hence ) satisfies the continuity
equation with sink in the sense of distributions with integration also in time.
This allows us to hide the impulsive term in the absorption measure /.

We pass now to consider some cost functionals defined on curves {u} Heelo,1)
which are constructed as in Lemma 2.3.3 by mean of Lemma 2.3.2. We will
see that it is possible to write such functionals defined for the non-isolated case
with annihilation, in the form of the functionals of the mass-preserving case. In
this way we inherit the results of the isolated case.

Let p > 1. Assume that v : [0,7] x R? — R? is a Borel time-depending
vector field and n € Z(R? x I'7) is a measure such that 7 is concentrated on
the pairs (z,7) where v is an AC? solution of 4(t) = vs o ¥(t), v(0) = = and

T
/ // lvg 0y (2)|P dnpdt < +o0.
0 RIXTr

Define 77 = 7 ® 7, as in Lemma 2.3.2, u" = {1} }+cjo,7] as in Lemma 2.3.3,

and set vV = {v) = v hiejo ), B = {peteep ), with p = edn, and
v = {vy := vpis}eejo,r). Then we get the following relations for the three
different types of cost terms already analyzed for the mass-preserving case.

e Let L : R x RYxR? — [0,+0c] be a Borel function, and consider the
functional

T \%
gty i= [ [ 1 (e @) and )
0o JRd Mt

Then

szs(T7 IJ/V7VV) = szs(T7 T')7

where

T
Touoys= [ [ oo L A 0.50) dedntz. ).

o Let LV : R x R% x R x R — [0, +oc] be a Borel map, o € .#*(R?), and
consider the functional

T #V I/V
/ / v (t,x,—t(:r),i(;c)) dodt, if py < o and
o Jrd o o

" <o

VooV
Jdens(Tyu vV ) T for a.e.t S [O,T‘]7

+00, otherwise.
(2.17)
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Recalling Lemma 2.3.3, we have that u) <y, more precisely, we have

V= </ X[0,7()[(t) dnt,x(7)> [t
(e0) ()

We can set
ne e
Ldens(ta z,dy, dv) =LY (t7 xZ, i(l') “dg, i(I) : dv>
ot 147

T
/ / Lgons (t, x, u—t(w), ﬁ(;E)) do dt, if for a.e.t € [0,T],
o Jrd o o
e
M

=0
Ly
or put K 0, |v| K o

either

jdens(Tv [TRARES

+o0, otherwise.
(2.18)

We thus obtain

Jdens(Ta H'V7 VV) = jdens(T7 M, V)'

o Let Ligter : R x R x R? x R x R? — [0, +-00] be a Borel function, and
consider the functional

T Vv 1%
Jinter(T7 vayv) = / // Linter (t,%% I/L\/("EL V%(y)> duy(x) duy(y) dt.
0 Rd x R4 i M
Then _
Jinter (T7 IJ‘V7 VV) = Jinter (T7 "7)’
where

T
Jintcr(Ta 7]) = / / X[O,miﬂ{T(’Yy>vT("/w)}[(t)‘
X 0

inter

* Linger (t, v (1), vy (8), Y2 (1), 3y (1)) dt dn(z, va) dn(y, vy)-
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Chapter 3

Time-optimal control
problem in the
mass-preserving case

In this chapter we investigate a time-optimal control problem in the space of
positive and finite Borel measures dealing with a mass-preserving situation. The
dynamics is thus described by an homogeneous continuity equation. Without
loss of generality we choose to normalize the total mass to 1, dealing with Borel
probability measures.

This study can be found also in [28,30-32].

The main results obtained in this Chapter can be summarized as follows:

1. a theorem of existence of time-optimal curves in the space of probability
measures (Theorem 3.2.20);

2. a Dynamic Programming Principle (Theorem 3.2.25);

3. comparison results between classical and generalized minimum time func-
tion (Proposition 3.2.12, Corollary 3.2.22 and Corollary 3.2.23);

4. sufficient conditions providing upper bounds of the generalized minimum
time function (attainability results) (Theorem 3.2.26, Theorem 3.2.32 and
Theorem 3.2.35),

5. sufficient conditions yielding Lipschitz continuity of the generalized mini-
mum time function (Theorem 3.2.42);

6. the introduction of a natural Hamilton-Jacobi-Bellman equation for the
generalized minimum time function, which turns out to be a solution in a

suitable infinite-dimensional viscosity sense (Theorem 3.3.9).

7. some tools which would lead to the study of higher order attainability
conditions (Section 3.4).

37
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3.1 Generalized targets

In this section we propose some suitable generalizations of the classical target
set in R? that can be used in our framework in the space of probability mea-
sures and we analyse some properties (convexity, closedness, compactness) and
relations with the classical target, when possible. Also regularity properties of
the correspondent generalized distance from the target are studied.

Definition 3.1.1 (Generalized targets). Let p > 1, ® be a given set of lower
semicontinuous maps from R to R, such that the following property holds

(Tg) there exists 29 € R? with ¢(z) < 0 for all ¢ € ®, and all ¢ € ® are
bounded from below.

We define the generalized targets S and Sg’ as follows

S® .= {,u c PRY): ¢ c L, and / ¢(z) du(x) <0 for all ¢ € @},
Rd

Sy =8% N Z,(RY).

We define also the generalized distance from 5’;? as

dgg ()= inf Wy

P
HESS

Notice that gg’ # () because d,,, € SS, hence S® # (). The 1-Lipschitz continuity
of JS"P() follows from the structure of metric space: indeed let p,v € Z,(R9),
P

and fix € > 0. Choose o, € 5’1‘? such that dge (v) > W,(v,0,) — . Then we
have by triangular inequality

ngg’ (/J') - dS’g(V) < WP(/J"UV) - WP(V7 UV) te< Wp(/‘?”) te.

By switching the role of p, v and letting e — 07, we obtain the desired Lipschitz
continuity property.

For further use, we will say that ® satisfies property (7,) with p > 1 if the
following holds true

(T,) for all ¢ € @ there exist Ay, Cy > 0 such that ¢p(z) > Ag|z|P — Cy.

Remark 3.1.2. Roughly speaking, a physical interpretation of the generalized
target can be given as follows: to describe the state of the system, an observer
chooses to measure some quantities ¢. The results of the measurements are the
average of the quantities ¢ with respect to the measure u; representing the state
of the system at time ¢. Our aim is to steer the system to states where the result
of such measurements is below a fixed threshold (that without loss of generality
we assume to be 0).

Remark 3.1.3. Given a nonempty and closed set S C R? and « €]0, 1], a natural
choice for ® can be for example ® = {dg(-) —a}. In this case, a measure belong-
ing to S® corresponds to the state of a particle which is on S with probability
l—a Ifa=0,ie ®={ds(-)}, then S® reduces to the set of all probability
measures supported on S.
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The following proposition establishes some straightforward properties of the
generalized targets.

Proposition 3.1.4 (Properties of the generalized targets). Let p > 1 and ® be
a given set of lower semicontinuous maps from RY to R such that (Tx) holds.
Then:

(1) 5% and S’S’ are convex;
(2) 8% is w*-closed in P(R%);

(3) S’g’ is closed in Z,(R?) endowed with the p-Wasserstein metric W, (-, +);

(4) for every p € Z,(R?) we have cfs@ (1) =0 if and only if p € 5'3’;
P

(5) if there ewists ¢ € ® AC>0andp > 1 such that p(x) > Alz|P — C,
then S® = Sg’ s compact in the w*-topology and in the Wy-topology. In
particular, this holds if ® satisfies property (T}).

Proof.

1. The convexity property is trivial from the definition.

2. Let {iin }nen be a sequence in S®, and p € 2(R?) be such that p, —* p.
Since for any fixed ¢ € @, ¢ is a Ls.c. function bounded from below, we
have ¢(x) = supyey ¢k (), © € RY, where

o(a) = min { i {0(0) + ble — o).k}

k € N, and ¢y, is a bounded Lipschitz continuous function for every k € N.
Then by Monotone Convergence Theorem we have for all n € N,

0> [ 8 dunte) = [ supon(o)| dnt)

keN

—sup | 64(@) dun(2) > /R On(@) dun (@),

keN JR4

for all k € N. By letting n — 400, recalling the weak* convergence of .,
to p1, we obtain that 0 > [, ¢k (x) du(z), for all k € N. Hence, by passing

to the supremum on k € N we get 0 > [, ¢(2) du(z), and so p € S2.

3. It follows from the fact that convergence in Wp(-, -) implies w*-convergence,
and that &2,(R?) endowed with the p-Wasserstein metric W,(-, -) is a com-
plete separable metric space according to Proposition 1.2.2.

4. It is obvious that if p € 5'3’ then 6554, (1) = 0. Conversely, if cig@ (n) =0
Pp P
there exists a sequence {jn fneny C Sz? such that lim Wp(u,, 1) =0, and,
n—oo
by the closedness of SZ‘? , we conclude that p € Sg’ .

5. Given p > 1, trivially we have that S? C S®. Conversely, given p € S®,
we have

[P = Crau< [ dwauo.
]Rd

Rd
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where ¢, A, C, p, are as in the assumptions. Thus for all € S® we have
C
/ |z]P dp < = < 400,
Rd A

hence p € 5‘5 . So all the measures in 5‘5’ = S% have uniformly bounded p-
moments. Hence, if {jin }nen € S® and i, —* 1, by the w*-closure of S®
we have that u € S* = 5‘;’ and it has finite p-moment. Thus, the family
{ttn}nen has equiuniformly integrable p-moments, and Wy(un, ) — 0
by Proposition 1.2.2. This means that the w*-topology and W,-topology
coincide on S® = Sg’ , which turns out to be tight, according to Remark

5.1.5 in [9], and w*-closed, hence w*-compact and W,,-compact.
O

Given a nonempty closed set S C Rdj and set ® = {ds(+)}, a natural problem

is to express the generalized distance dgs(-) in terms of dg(-). More generally,
p

we give the following definition.

Definition 3.1.5 (Classical counterpart of generalized target). Let p > 1 and
® C CO%(R%R) satisfying (Tg) in Definition 3.1.1. Given a set S C RY, we say

that

1. S is a classical counterpart of the generalized target S if the following

equality holds ~
S* ={ue PR : suppu C S}.

2. S is a classical counterpart of the generalized target 5’3’ if the following

equality holds R
Sy ={ne PR : suppp C S}.

Proposition 3.1.6 (Existence, uniqueness and properties of the classical coun-
terpart). Let p > 1 and ® C CO(R%R) satisfying (Tg) in Definition 3.1.1.

Then

if 8% admits a classical counterpart S, then 5';:’ admits S as a classical
counterpart for all p > 1.

. if S, S, are classical counterparts of the generalized targets S, Sf, re-

spectively, then S = S';

. if S is a classical counterpart of S® or of 5’1‘?, then S is closed;

. if S is the classical counterpart of S* then o(x) <0 forallgp € @,z €S;
. if ¢(z) >0 for all $ € ® and x € RY then the set

S:={zeRy: ¢(x) =0 for all p € B}

is the classical counterpart of S® and of 5‘;’ (uniqueness follows from item
(2) above);

. if S is the classical counterpart of S® then there exists a representation

of S® as S®', where ¢ () > 0V € RY, ¢/ € ®'. In particular we can
take ® = {ds} and we have S® = St4s} and S';,I) = 5,{,d5}, i.e., we can
replace ® with the set {dg};
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if for every ¢ € ® we have either ¢(x) > 0 or ¢(z) < 0 for all v € R,
then S® and S]‘f admit as classical counterpart the set

S=(V{zreR: ¢(x) <0} = () {zweR: ¢(x) =0},
pED pedt

where ®F = {¢p € ® : ¢(z) > 0 for all v € R}, and if @+ = ) we set
S =R,

Proof.

1. By definition, for all p > 1 we have

Sf’ =8N 2,RY) = {ue P(RY) : suppu C S} N Z,(RY)
={uec Z,RY : suppu C S}.

. Let S and S’ be two classical counterparts of S and of S, respectively.

For every = € S we have that J, € 5';? - S? for all p > 1, hence we must
have also z € S’ since S” is a classical counterpart of the generalized target
S;)I’. So S C §’. By reversing the roles of S and S’ we obtain S = 5.

. Let S be the classical counterpart of S® (the proof is analoguos for S’g’ ).

Let {z,}nen C S be s.it. x, — T for some & € 9S. By contradiction, let
us suppose Z € S, thus 63 ¢ S®. Then there exists ¢ € ® s.t. o(z) > 0,
and thus for n sufficiently large we have ¢(x,) > 0 by continuity of ¢. It
follows that 6, ¢ S? for n sufficiently large, thus z, € S by definition of
classical counterpart and we get a contradiction.

Immediate by definition of generalized target and of classical counterpart,
in fact we have 6; € S® for all 7 € S.

Obviously we have
{pe 2RY) : suppp C S} C S

Let us prove the other inclusion. Note that by hypothesis ¢ > 0 for every
¢ € @, hence

S = {u € PR : ¢ €L}, and / é(z) du(x) = 0 for all ¢ € <I>}.
Rd

Let 1 € S®, then
o) dua) =0 Vo e,
Rd

ie. ¢(x) =0 for p-a.e. x € R? Vo € @, ie. ¢(x) =0 for all 2 € supp u,
V¢ € ®. Thus supp € S. By item (1), S is the classical counterpart also
of S2.

P

Let us prove that S{9s} = §®. First Stds} C §® in fact if e Slds}
then p(R%\ S) =0, and so p € S® by definition of classical counterpart.
Moreover, 51?5} D S§® in fact if w e S?. then supp # C S and it follows
that [y, ds(z)du(z) =0, thus p € Slds},
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By item (1), it is sufficient to prove that S is the classical counterpart
of $®. Assume that ®+ = . This means that ¢(z) < 0 for all z € R?
and for all ¢ € ®. In this case we have that S® = Z2(R?) since for every
p € Z(R?) we have

¢(x) dp(x) < 0.
Rd
Thus we have trivially S = R9.

Suppose now ®1 # ). Clearly, every measure supported in S belongs to
5% since all the elements of ® are nonpositive on S, i.e. S{ds} C §®,
Conversely, let u € S?® and by contradiction assume that there exists
Z € suppp \ S. This implies that there exists an open neighborhood A
of Z such that u(A) > 0, and an element ¢ € ®* such that ¢(z) # 0.
By continuity of ¢, we can assume that ¢ > 0 on the whole of A, thus,
recalling that ¢(x) > 0 for all x € R?, we obtain

o) du(z) > / o) du(x) > 0,
R4 A

contradicting the fact that u € S®.

Example 3.1.7.

1.

In general S may fail to possess a classical counterpart: in R, take & =
{¢} where ¢ : R — R, ¢(x) := |z + 1] — 1 (notice that ¢ is bounded
from below). Then if S® or 5’5’ admitted a classical counterpart .S, we
should have S C [—2,0] by item (4) of the Proposition above. Define

1 -
po = 5 (5-1+01). Thus we have ug € S¥, in fact /¢(a:) dpo(x) = 0,
R

D

but supppy = {—1,1} € S for any possible S. So neither S® nor Sf’
admit a classical counterpart.

. The converse of item (7) of Proposition 3.1.6 is not true: in R, take & =

{b1, P2, 3} where ¢; : R — R, i = 1,2,3 are defined to be ¢1(z) =
max{z,0}, ¢2(x) = min{max{—z,—1},0}, ¢3(x) = max{x,—1}. Then
both S’I‘f and S® admits S as their classical counterpart, with S =] — oo, 0],
but ¢3 can change its sign.

We are now ready to state some comparison results between the generalized
distance and the classical one.

Proposition 3.1.8 (Comparison with classical distance). Let p > 1, po €
Z,(RY), ® C CO(R%R) satisfying (Tg) in Definition 3.1.1, and set

Then
1.

2.

C:={zcR: ¢(zx) <0 for all p € B}.

dss (po) < lldcuy,

if there exists ¢(-) € ® such that $(x) >0 for all z € R?, then d~§q> (10) >
P
ldpllrz, . where
D:={z eR: ¢(z)=0}.
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3. if S’f admits a classical counterpart S, then C = S and &gq, (o) =
P

ldsllzz, . moreover dgq, : Z,(RY) — [0, 400] is conver.
p

Proof. Clearly, according to assumption (Tg) in Definition 3.1.1 we have C # 0.
L. If ||[dc|| e (uo) = +oc then there is nothing to prove. So let us assume that
Hdc||Lp(/L0) < +00.

Define the multifunction
Gx):={yeR?: |z —y| =dc(x)} NC = dB(z,dc(z)) N C.

Since the map f : R xR? — R defined by setting f(z,y) := |z —y|—dc(z)
is continuous, we have that G(-) has closed graph in R? x R? and in
particular G(-) is measurable. According to Theorem 8.1.3 in [13], there
exists a Borel map g : R? — C such that |z — g(z)| = dc(z) for all z € R?
(that is g(z) € G(x) for all z € R?).

We define vy := gtiuo and prove now that vy € S‘E . Indeed, since g(x) € C
for all z € R%, we have

/¢ ) dtpo(@ /¢ )) dpo() <0, for all g(-) € @

whence vy € S®.

It remains to prove that the p-moment of 1 is finite. Owing to

1/p 1/p
( |xpduo> _ ( / 9($)|pdﬂo>
R4 R4

=119l Lo (uo) < 19 — 1]l o (1g) + 111l Lo (o) »

we have to prove that the sum in the right hand side is finite. But
po € Pp(R?) implies [[Id]|1r(uy) < 400 and |g(z) — x| = do(a) holds
by construction, so that ||g — Id||zr(ue) = lldc|lzr(ue) < +o00. Therefore,
we conclude v € Sp and we have

dsg o) < W) < ([ 1o Ipd(Idxg)ﬁuo) !

1/p 1/p
([ e-s@ran) = ([ @)

2. Let us now assume that there exists ¢(-) € ® such that ¢(z) > 0 for all

z € R? and prove that dg. (uo) > ldpllz, - Let {¢n}nen C Co (R4 [0 1))
be such that

as desired.

1, if x € B(0,n),
on(z) =
0, ifx¢ B(O,n+1).
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Set Y2 (y) = ¢n(y)9(y) and ¥ (v) = pn (x)d], (x), hence we have ¥f', v €
C)(R?). Given ¢ € S‘{ we notice that for f-a.e. y € R? we must have

é(y) =0, and so y € D thus for f-a.e. y € R? and pg-a.e. € R? it holds

U7 () + 95 (y) = pn(z)dp(2) < dp(2) < |z —y|P.
So, according to Kantorovich duality (1.3), we have
WP (1o, 0) = sup { , 1 (x) dpg(x / Pa(y) db(y }
R

1,2 €CP (RT)
1 (x)+p2(y) <[z —y|P

> [ ey (a) duofe).

Since {7 () }nen € CP(RY) is an increasing sequence of nonnegative func-
tions pointwise convergent to d¥,(+), by letting n — +o0 and applying the
Monotone Convergence Theorem we obtain

(1o, 0 / dp () dpo (),

for all § € S7.

3. The equality C' = S is trivial: from item (4) in Proposition 3.1.6 we have
S C C, moreover if p is a measure supported in C we have that u € Sg,
since all the functions of ® are nonpositive on C', thus C C S, and so
equality holds. By item (1) above we have already J§¢ (o) < lldsllzs, -

By item (6) in Proposition 3.1.6, we have S‘I> S{dC} hence by applying
item (2) above with D = C' = S and ¢ = dg we obtain dSCb (o) > ||dSHL‘“07
P H

thus equality holds. Finally, the last statement is trivial, and it follows
from the fact that

(1) = / de(x) dp,
P Rd
is linear in p.
O

Without the assumption of existence of a classical counterpart for S'g’ , the
inequality dgs (po) < |dc|| 2z, may be strict.
p

Ezample 3.1.9. In R, take ® = {¢1, 2, 3} where ¢; : R — R are defined by
pi(@)=le -1 -1, ¢o(2)=lz+1 -1, ¢s(x)=|z(z® - 1)|.
1
Define also pg = 5(6,1 + 41). For any z € R, we have ¢;(x) > —1 for i = 1,2
and ¢3(x) > 0 (thus ¢ is uniformly bounded from below for ¢ = 1, 2, 3), moreover

C:={zeR: ¢; <0, fori=1,2,3}
={zeR: ¢;=0, for i =1,2,3} = {0},

/ @i(x) duo(z) =0, 1=1,2,3,
R
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hence, py € 5';,1’ for all p > 1, thus JS@ (mo) = 0. However, since df,(z) = |z|P,
P

we have

/ 0P (2)dpo(z) = 1> 0.
R

We notice that S’;f does not admit a classical counterpart: indeed if a classical

counterpart would exist, it would be reduced to C' = {0}, however pg € g;b cs®
and supp pg € C, thus no classical counterpart may exist.

Without the p-th power, the generalized distance in the case of the Propo-
sition 3.1.8 above may fail to be convex.

Ezample 3.1.10. Let p > 1. In R?, consider P = (0,0), @1 = (1,0), Q2 =
(0,21/7). Set S = {P}, ® = {ds(-)}, hence S S® .= {6p}, and define vy =

P
Ag, + (1 — X)dg,, A €]0,1]. By Proposition 3.1.8, we have

2, (1n) = WE(Gp,va) = A+2(1 =) =2 ),

whence d~§¢ (vx) = ¥2 — A, which is not convex.

In the metric space Z,(R?) endowed with W),-distance, another concept of
convexity can be given, related more to the metric structure rather than to the
linear one.

Given any product space XV (N > 1), in the following we denote with
pri: XN — X the projection on the i—th component, i.e., pré(zy,...,2x5) = ;.

Definition 3.1.11 (Geodesics). Given a curve p = {;}1ej01] € ZPp(R?), we
say that it is a (constant speed) geodesic if for all 0 < s <t < 1 we have

W (s, e) = (t — 8)Wp (o, p1)-

In this case, we will also say that the curve u is a geodesic connecting o and
M1

Theorem 3.1.12 (Characterization of geodesics). Let g, 1 € P,(R?) and let
m € IIB(ug, 1) be an optimal transport plan between o and pq, i.e.

WP (po, p1) = // |21 — 22|P dr (21, 22) .
R4 xR
Then the curve p = {1 }ief0,1] defined by

pe = ((L—t)pr' +tpr’)ir € Z,(RY) (3.1

is a (constant speed) geodesic connecting o and .
Conversely, any (constant speed) geodesic p = {fu}e0,1] connecting po and
w1 admits the representation (3.1) for a suitable plan 7 € TI2 (o, p11).

Proof. See Theorem 7.2.2 in [9]. O

Definition 3.1.13 (Geodesically and strongly geodesically convex sets). A sub-
set A C Z2,(R%) is said to be

1. geodesically convez if for every pair of measures pg, p1 in A, there exists
a geodesic connecting pg and pp which is contained in A.
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2. strongly geodesically convez if for every pair of measures pg, i1 in A and for
every admissible transport plan 7 € II(ug, 111), the curve ¢ — u; defined
by (3.1) is contained in A.

The interest in this alternative concept of convexity comes from the fact
that, in many problems, functionals defined on probability measures are convex
along geodesics (a notion related to geodesically convex sets) and not convex
with respect to the linear structure in the usual sense. We refer to Section 9.1
in [9] for further details.

Remark 3.1.14. Notice that, even if the notations does not highlight this fact,
the notions of geodesic and geodesical converity depend on the exponent p which
has been fixed.

Proposition 3.1.15 (Strong geodesic convexity of Sg’). Letp > 1, ® satisfying
(Tr) in Definition 3.1.1. Assume that all the elements of ® are continuous and
convex. Then the generalized target S]‘JI’ 18 strongly geodesically convex.

Proof. Let pg,pu1 € S‘g’ and let m € TI(uo, 1) be an admissible transport plan
between po and pp. Consider the corresponding curve p = {pu}¢ejo,1) defined
by (3.1), and fix ¢ € [0,1]. We have for every ¢(-) € @

[ o) dua) <
<=0 [[ o) dene [ o@ren) aren
=(1-1 /Rd ¢(:v)duo(x)+t/Rd o(y) dpa(y) <0,

since prifim are the marginal measures of 7, which belong to 5’5 . The conclusion
follows from the arbitrariness of ¢(-) € ®. O

Remark 3.1.16. In particular, the above result holds for ® := {ds(-) — o} when
S is nonempty, closed and convex, and a € [0, 1]. In this case, since in the above
proof we use only the convexity property of dgs(-), the statement holds also if
we equip R? with a different norm than the Euclidean one.

We conclude this section by investigating the semiconcavity properties of the
generalized distance along geodesics. The case p = 2 is particularly easy thanks
to the geometric structure of the metric space &5(RY).

Proposition 3.1.17 (Semiconcavity of CZEZI) Let 551) be the generalized tar-

get in Po(RY) corresponding to ® C C°(RY;R) satisfying (Tr) in Definition
3.1.1. Then the square of the generalized distance satisfies the following global
semiconcavity inequality for every g,y € P2(R%) and every t € [0,1]

02 () > (1~ 1) A2y (o) + 12y () — H(1 — 0) W3 s ).
where p = {1 }efo0,1] 5 any constant speed geodesic for W joining po and piy .

Proof. Owing to Theorem 7.3.2 in [9], we have that for any measure o € Z5(R%)
the function pu + W3 (u, o) is semiconcave along geodesics, with semiconcavity
constant independent by o, i.e. it satisfies for every ¢t € [0,1]

W3 (1, 0) + (1 = ) W3 (o, 1) > (1 — 8) W (a0, ) + L W (ju1, ).
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By passing to the infimum on o € S;D , we have

d2e () + 11— 8) W5 (o, pa) > (1 — 1) dZa (p10) + t d 2 (p12) ,
2 2 2
whence the conclusion follows. O

In the case p # 2 we need additional requirements on ®. We start with a
technical lemma.

Lemma 3.1.18. Given p > 1, define the map h, : R — R by setting h,(£) ==
sign(€) |€|P. Then

1. hy € CY(R) is increasing, and hy,(€) = plhy_1(€)] >0,
2. for every &y,&1 € R we have

hp(€1) = hp(&0)| < p max{|&ol, [&1]}7" &1 — &

3. for every &y,& € R, t € [0, 1] we have that the quantity

(1 - t) hp(&)) + thp(fl) - hp((l - t)fo + tfl)

is bounded above by

t(1—1)p(p— 1) max{éol, |6 [} P22 | — &y ir2),
Proof. The proof of (1) is trivial. Property (2) follows from the equality

[ (€1) = p(€0)| = |1, () (€1 — €0)| = I[P~ &1 — &ol,

for some ¢ in the interval joining & and &, and from the monotonicity of
s+ sP~1 on RY.

To prove (3), we adapt the argument of Proposition 2.1.2 in [22]. By regularity
of h,, we have for all ¢ € [0,1]

(1=t) hp(&o) +thp(&1) — hp((1 = )& +1861) =
= (1 —=1) [hp(&0) — hp(&o + (&1 — &0))] +t [hp(&1) — hp(&1 + (1 — ) (S0 — &1))]
=t (1 —1t) (hy(n0) — hiy(m1)) (& — &o) < t(L—1t) |kl (no) — hy,(m1)| €0 — &1
<pt(1—1t) |[nol"" = Im["~ "] 160 — &l

where 19,71 are suitable points in the interval joining £, and &;. In particular,

they satisfy also |no — m| < |&o — &1 | and max{|no|, |71 |} < max{|&ol,|€1]}. Now
we distinguish two cases.

a. For p > 2 we have that s — sP~1 is convex on Rt (thus its derivative is
monotone increasing), hence by combining (1) and (2) we have

pllmolP = Im|P~H < p(p — 1) max{|nol, [m|}* =2 [no — m|
<p(p—1) max{|&], [&1[}* 2 |& — &
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b. For 1 < p < 2, we have that

‘|770|p_1 - \771|p_1’ )

pllnolPt = m P < p o= o —m[P7!
[Im0] = Il
. -1
A
maxy (Tol, T _
—p .{l [ Im [} e
(1- il )
max{|nol, 11 [}
11—t
Since for ¢t € [0,1], the map t +— m has derivative that is less

P
2
[0,1]) at t = 0 and such maximum is equal to 1, so that

-1
or equal than fit)z (1 ) < 0, then it attains its maximum (over

h (o) — ()| < p o —m P~ < pléo— &Pt
Combining a. and b., the proof is concluded. O

Proposition 3.1.19 (Semiconcavity of Jg(}). Let p > 1, and assume that
P

® C C%R%R) satisfies (Tg) in Definition 3.1.1 and that S;I) admits a clas-
sical counterpart S C Re. Let K C Rd \ S be compact and conver. T@en the
p-th power of the generalized distance dg«(-) from the generalized target Sg’ cor-

responding to ®, satisfies the following local semiconcavity inequality: there
ezists o constant C' = C(p, K) > 0 such that for every po, 1 € Zp(K) we have

12, (ur) = (1= ) B (no) + td2y (1) = CH(1 = ) W2} (g, py), - (32)

where p = { it }1ef0,1] 5 any constant speed geodesic for W, joining po and pu.

Proof. In this proof to make clearer the notation we will omit the superscript @,
since @ is fixed. Under the above assumptions, and recalling Proposition 3.1.8,
we have dg (1) = [|ds||rz, -

)

Given zg, 71 € R? and t € [0, 1] we set

xy:= (1 — t)xg + tay, dy == (1 —t)ds(xo) + tds(z1).
Let D > 0 such that D! < dg(y) < D for any y € K and denote with
M = diam(K) := max |21 — 2a].
21,22€

According to Proposition 2.2.2 in [22], there exists ¢ = ¢(K) > 0 such that
dg satisfies the following inequality for all zg,z; € K:

ds(xy) > dy — ct(1 —t)|zo — 1:1\2,

i.e., dg(-) is semiconcave (with linear modulus) of constant ¢ according to Defi-
nition 2.1.1 in [22]. Without loss of generality, we can assume ¢ > 1 and D > 1.
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(

d(2y) = hp(ds(xy)) > Ry (dy — ct(1 = t)|zg — 1)
(d) — pmax {dy, |dy — ct(1 = t)|zo — 1 2| }7 " ct(1 = £)|zo — 21|
(

where ¢; = ¢1(p, K) :==¢cp (D + CMQ)pf1 M™2x{0:2=p} and we have used Lemma
3.1.18-(2). Relying on Lemma 3.1.18-(3), we also obtain

hp(de) = (1 =) hy(ds(zo)) + t hyp(ds(z1))
—t(1 =) p(p — 1) D22 dg (29) — dis ()PP
> (1 — t) dg(l‘o) + tdg(l‘l) — C2 t(l — t) |l‘o - x1|min{p,2}7

where ¢y = co(p, K) := p(p — 1) D™*{P:2}=2 and we used the 1-Lipschitz conti-
nuity of dg. Combining the estimates above, we finally conclude that

d%(xe) > (1 —t) d%(xo) + td%(z1) — C't(1 — t)|zg — ay ™ P2}, (3.3)
with ¢/ = C'(p, K) := ¢1 + ca.
For any Borel sets A, B C R? and 7 € I(ug, p11), we now have
AxBC[(AxB)N(K x K)JU[(A\ K) x R UR? x (B\ K)],
so that

7(Ax B) < (A x B)N (K x K)) + po(A\ K) + (B \ K)
= 1((Ax B)N (K x K)),

because po and p; are concentrated on K. In particular, supp(w) C K x K.
Therefore, we choose a transport plan 7 € TIE (0, 111) realizing the p-Wasserstein
distance between g and gy, so that the representation in formula (3.1) holds,
and we integrate the estimate (3.3) to find that

/ de(z) dpy = // dg(zy)dm > (1 — t)/ d%(x) dpo +t/ d(z) dp
Rd Ra xRd Rd R4
—C't(1—1) // |lzg — @1 ™22} g,
R4 x R4

where p = {pt}ieo,1) € 2,(R?) is the constant speed geodesic corresponding
to . But according to Proposition 3.1.8, there holds

i ) = [ B@due). w0 )= [ @@, =01

and applying Jensen’s inequality to the concave map & — £7/? on R*, with
~ = min{p, 2}, we obtain that

// ‘.’ﬂo — xl‘min{p,2} dm S
R2 x R4

// |£L'()—.T1|pdﬂ', f0r1§p<27
R x R4

2/p
// |zg — 1P d , forp>2.
R4 x R4
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We thus conclude that
42 () = (1= 1)d2 (o) +1d% (1) = 't (1= ) W) (g, gy ),
and the proof is completed. O

Remark 3.1.20. Notice that inequality (3.2) implies that, for p > 2 and under
the assumption of Proposition 3.1.19, the functional —df (-): &,(K) —]—00,0]

is A-geodesically convex, in the sense of Definition 9.1.1 in [9], with A = —2C".

3.2 Generalized minimum time problem

In this section we define a suitable notion of minimum time function, modeled
on the finite-dimensional case.

Definition 3.2.1 (Admissible curves). Let F : R? = R be a set-valued func-
tion, I = [a,b] a compact interval of R, a, 8 € Z(R?). We say that a Borel
family of probability measures g = {p¢ }er is an admissible trajectory (curve)
defined in I for the system g joining o and (3, if there exists a family of Borel
vector-valued measures v = {v; }rer C . (R% R?) such that

1. p is a narrowly continuous solution in the distributional sense of
3t,ut + diVVt = 0,
with pjj—q = a and p—, = .

2. Jp(p,v) < +oo, where Jp(-,-) is defined as

// (1 + Ip ) <&(ZE))) dups(x)dt, if |ve| < pe for ae. t €1,
I JRd M

Jr(p,v) =

400, otherwise.
(3.4)
where I,y is the indicator function of the set F'(z), i.e., Ip()(§) = 0 for
all £ € F(x) and Ip(;)(§) = +oo for all { & F(x).

In this case, we will also shortly say that p is driven by v.

Remark 3.2.2. The finiteness of J(u,v) forces the elements of v to have the
form vy = vy for a vector field vy € th for a.e. t € I, and moreover we have
vi(x) € F(z) for py—ae. * € R and a.e. t € I. When Jp(-,-) is finite, this
value expresses the time needed by the system Y p to steer a to 8 along the
trajectory p with family of velocity vector fields v = {v; }ter.

In view of the superposition principle stated at Theorem 1.3.3, we can give
the following alternative equivalent definition.

Definition 3.2.3 (Admissible curves (alternative definition)). Let F : R = R?
be a set-valued function, I = [a,b] a compact interval of R, o, 8 € Z(R%). We
say that a Borel family of probability measures p = {pt}ier is an admissible
trajectory (curve) defined in I for the system X joining a and (3, if there exist
a probability measure n € Z(R% x I';) and a Borel vector field v : I x R? — R?
such that:
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1. m is concentrated on the pairs (x,v) such that v is an absolutely continuous
solution of &(t) = v(x(t)) with initial condition v(a) = z;

2. for every p € CP(R?), t € I we have

/Rd x) dpg (2 //Rdm t)) dn(z,7),

3. v(a)in = a, v(b)in = B,
4. v(z) € F(x) for p-ae. x € R and ae. t € [ and v, € L}, for ae. t € 1.
In this case, we can define vy = vy thus we have simply Jp(p,v) = b — a.

In the following, we will mainly focus our attention on admissible curves de-
fined in [0, T, for some suitable 7' > 0. We recall Definition 1.0.6 and introduce
the following notation.

Definition 3.2.4. Given T € [0, +o0|, we set

Tr (o) = {n € P(R? xI'z) : T > 0,7n concentrated on trajectories of
4(t) € F(y (1)) and satisfies (0 = pio},

where 1y € 2(R?).

Remark 3.2.5. By the Superposition Principle (Theorem 1.3.3), given F : R =
R? satisfying (F}), a Borel family of probability measures pu = {#t}eefo,y is an
admissible trajectory if and only if there exists n € Jr (o) such that p; = esfin
for all ¢ € [0,7], i.e., n = po ® 1, where for pg-a.e. = € R we have that
ne € P(I'%) is concentrated on the solutions of &(t) € F(z(t)), z(0) = x.

In this case, we will shortly say that the admissible trajectory u = {1t }rep0,1
is represented by m € Tp(uo).

The following lemma states that under some regularity hypothesis for the
multifunction F, it is possible to construct a regularization of an admissible
(mass-preserving) curve with the property to be driven by a smooth velocity
field which is closed to be admissible.

Lemma 3.2.6 (Approximation with almost-admissible smooth curves). As-
sume hypothesis (Fy) and (Fs). Let p = {p}iejo,r) be an admissible (mass-
preserving) trajectory driven by v = {vi}icp0,r). Consider a family of mollifiers
{pc}es0 C C(RY) in the x-variable with supp p. C B(0,¢), and set

Mfzﬂ/t*pEa V§:Vt*p€7 fOTtE[O7T}

Then for all 6 > 0 there exists € = &5 > 0 such that for all 0 < € < & we have

that pu® = {1 }refo,1) i a mass-preserving trajectory driven by v = {vf }rejo,1]
£

satisfying V—te(as) € F(x)+6B(0,1) for a.e. t >0 and ps-a.e. x € R
H

Proof. Fix § > 0. Clearly the equation Oyu§ 4+ div v = 0 is satisfied in the sense
of distributions for all € > 0, and so we have only to check that there exists
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€ = &5 > 0 such that for all 0 < £ < £ we have V—ts(x) € F(z) 4+ 6B(0,1) for a.e.
H
t >0 and pi-a.e. € R
To this aim, in the spirit of Lemma 8.1.10 in [9], we prove the following claim:
let p € C(R?) be any convolution kernel, and let u € 2(R?), v € .4 (R%;RY)
with v < p, then

UV % p
Ip@)+6B0D) (u*p(x)) o p(z) dz <

< /Rd /Rd L) 4580 (:(y)) p(x —y) du(y) dz.

Indeed, define the map ® : R*! — [0, +o00]

/{IeRd: pxp(x)#0}

z .
IF((L‘)-’,-(SW (;) t, if t > 0,
®(z,t) =0, if (2,¢) = (0,0),

400, if either t <0 ort =0 and z # 0.

We notice that ®(-) is convex, l.s.c., nonnegative, and 1-positively homogeneous,
indeed we have

D(z,t) = sup 1 (2,8) = t0p 5B &) T L0, 400[ (D)
(2.t) 5eRd{< ) = 4010y 5 (6) } + T soel()

By Jensen’s inequality, for any Borel map 1 : R? — R%*+! and any finite positive
measure # on R%, we have

o ([ viwas) < [ atww)dso)

We fix € R? such that p * p(x) # 0 and apply the above inequality by setting
S (:, 1) and 0 = p(z — -)u. We obtain

o ([ vwasn) =2 ([ Lot duto. [ oo - i)

=0 (/Rd p(z —y) du(y), /Rd plx — y)#@))

vEp
= Ip) 16500 (N " p(a:)) px p(x)

< /Rd@ (:(yLl) dé(y)

~ [ tocoysszm (200 ole = ) o)

Integrating w.r.t. z we have

vk p v
1 e [ ——— dr < 1 [ — —y)d, d
/]Rd F(z)+6B(0,1) (M*p(x)) pxp(x) de < /]Rd /]Rd F(x)+6B(0,1) (N(y)) plz—y) du(y) dz,
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as desired. Note that there exists € = &5 > 0 such that for all 0 < ¢ < & we
v i
have H—t(y) € F(y) C F(z)+0B(0,1) for all y € B(x,e) by uniform continuity
t

of F, and furthermore supp p.(z — ) C B(x,¢). Thus, to conclude the proof,
we just apply the claim to p; and v with p = p.. O

For later use we state the following technical lemma.

Lemma 3.2.7 (Basic estimates). Assume (Fy) and (Fy), and let C be the
constant as in (Fy). Let T >0, p > 1, o € Z,(R?) and p = {pi}re0.1) be an
admissible trajectory driven by v = {vi}icp0,r) and represented by n € Tr(uo).
Then we have:

(i) let(z,7)| < (leo(x,7)| + CT)eCT for all t € [0,T] and n-a.e. (x,7) €
R? x FT,'

(ii) er € LB(R? x T'p; RY) for all t € 0,T];

(iii) there exists D > 0 depending only on C,T,p such that for all t € [0, T] we

have »
€t — €
t

< D (mp(po) +1);
Ly

(iv) there exist D', D" > 0 depending only on C,T,p such that for allt € [0,T]
we have

my () < D'(mp(p0) +1),
my (|14]) < D" (mpi1(po) + 1)

In particular, we have g = {ps }rejo,r) © Pp(RY).
Proof. We set oy (z,7) = e(r,7) = eo(x,7)
(x,7) — @i(z,y) does not depend on z-variable.

, notice that for all ¢ > 0 the map

Item (i) follows from Lemma 1.4.3. To prove (ii) it is enough to show ey €
L (Rd x I'r) and then apply item (i). Indeed, recalling that (a-+b)? < 2P~1(a?+
bp) for any a,b > 0, we have

/ / leo(z, P dnz, 7) = / 2P d(4(0)tm)(2) = my(j10) < +00,
RdxIr Rd

I, tetwmrant <
RdXFT
< // A
]RdXFT

< K (mp(po) + 1)

for a suitable constant K > 0 depending only on C, T, p.
We prove now (iii). For all ¢t €]0, T[ we have

loula )l = T2 /w |ds<—/|w ) ds +C
< C(leo(z,7)| + CT) e“T + C < K(|[4(0)| + 1),
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for a suitable K > 0 depending only on C,T.
Squaring and integrating w.r.t. n we get

o,
< //]RdxFT KP(|1y(0)] + 1)? dn(,~)

/e

< Dy (o) + 1).

et(xaf}/) B 60(:237) b
t

€t — €0
t

dn(z,)

Since

my(pe) = | |2|P dpy = lec(z, )P dn = e[} »
R4 RexTp m

from the above estimate we have also
p
my () < [mb/2 (o) + £ (D(my (o) +1))"7] " < 2271 (my (o) + £ Dy (o) + 1))
< D'(my(po) +1).

The estimate for m,(|1;|) follows recalling that

molll) = [ Jol” | @) diae) <€ [ (ol + 17 ()
< 2°C (mpy1(pe) +1)
< 2°C [ D(mya (o) +1) +1]
< D" (i (o) + 1)

O

Corollary 3.2.8 (Uniform p-integrability). Assume hypothesis (Fy), (F1). Let
m = {pt}iepo,m) be an admissible trajectory driven by v = {vi}iep0,1), p > 1, and

set v (x) = ﬁ(;B) Assume that mp(pg) < +00, then
H

T
/ / |ve(2)|P dpy dt < +oo.
0o Jra

Proof. We have

T
/ / |0y (2)|” dpy dt < TC”/ (2] + 1)P dpy < 2P72TCP (my () + 1),
0 R4 Rd
< K(mp(po) + 1),

for a suitable constant K > 0 depending only on C,T,p and where the last
inequality comes from Lemma 3.2.7(iv). O

The following definitions are the natural counterpart of the classical case.
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Definition 3.2.9 (Reachable set). Let py € Z(R%), and T > 0. Define the set
of admissible curves defined on [0,T] and starting from po by setting

2/ (po) = {p = {pt }eepo,r € P(R%) : p is an admissible trajectory with Hje=0 = o}

The reachable set from g in time T is
Rr(po) == {pn € PR : there exists p = {p}repo,r) € Fr(po) with p = pr}.

Definition 3.2.10 (Generalized minimum time). Let p > 1, & C C°(R%;R)
satisfying (Tz) in Definition 3.1.1, and S, 5‘1‘? be the corresponding generalized
targets defined in Definition 3.1.1. In analogy with the classical case, we define
the generalized minimum time function T* : 2(R?) — [0, 400] by setting

T (uo) = inf {JF(;L, v): € o), pis driven by v, pj—p € 5@} , (3.5)

where, by convention, inf ) = +oo.
Given pg € Z(R?%) with T®(119) < +00, an admissible curve p = {1} ie0,7% (o))
C Z(RY), driven by a family of Borel vector-valued measures v = {14}, €10, (10)]

and satisfying j;—o = po and =T (1) € 5% is optimal for po if

T®(no) = Je(p,v).

Given p > 1, we define also a generalized minimum time function T;D :
Z,(R%) — [0, 400] by replacing in the above definitions S® by S';,D and Z(R%)
by Z,(R%). Since Sg’ C 5, it is clear that T®(u) < Tf(uo).

Remark 3.2.11. In view of the characterization in Theorem 8.3.1 in [9], and of
Remark 3.2.2, one can think to T? as the minimum time needed by the system
to steer o to a measure in S, along absolutely continuous curves in &2, (R?).

When the generalized target S® admits a classical counterpart S, it is natural
to ask for a comparison between the generalized minimum time function and
the classical minimum time needed to reach S.

Proposition 3.2.12 (First comparison between T% and T). Consider the gen-
eralized minimum time problem for X as in Definition 3.2.10 assuming (Fyp),
(F1), and suppose that the corresponding generalized target S admits S as
classical counterpart. Then for all py € 2(R?) we have

T%(no) 2 1T 2z ,

where T : R? — [0, +00] is the classical minimum time function for the system
z(t) € F(x(t)) with target S.

Proof. For sake of clarity, in this proof we will simply write 7" and S, thus
omitting @, since we can always replace the set ® by {ds} by the assumption
of existence of the classical counterpart S for S®.

If T(up) = 4oo there is nothing to prove, so assume T'(ug) < 4oco. Fix
e > 0and let g = {p}iep,r) € P(R?) be an admissible curve starting from
1o, driven by a family of Borel vector-valued measures v = {v;}+c; such that
T = Jp(p,v) < T(po) + € and Ppe=1 € S. In particular, we have that v (z) :=
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Vt

Mt
for ps-a.e x € R Accordingly,

//'“t dpg dt < CT < +oc.
re 1+ |z

By the Superposition Principle (Theorem 1.3.3), recalling Definition 1.0.6 and
3.2.4, we have that there exists a probability measure n = po®n, € Jr(ug) such
that for pg-a.e z € R%, the measure 1, € Z(I'%) is concentrated on absolutely
continuous curves v satisfying 4(t) = ve(7(t)) for a.e. ¢, and p; = eifpg. In
particular, if & ¢ supp uo or y(0) # x, then (x,~) ¢ suppn.

Let {0, }nen € CF(R%;[0,1]) with ¢, (z) = 0if x € B(0,n+1) and v, (z) =
1if z € B(0,n). By Monotone Convergent Theorem, since {1, (-)ds(-)}nen C
cy (R9) is an increasing sequence of nonnegative functions pointwise convergent
to ds(+), we have for every t € 0,7

//Rdm ds(v(t))dn(x,v)nIL%O/AdXFT )ds(v(t)) dn(zx,~)
= lim y U (x)ds(x) dpg ()

—(x) € F(z) for ys-a.e. z € R? and a.e. t € [0,T], hence |vi(x)| < C(1 + |z|)

n—oo

By taking t = T', we have that the last term vanishes because ;-7 € S and so
supp pj¢=r C S, therefore

J[L,.. sty dn =0

In particular, we necessarily have that v(T) € S and v(0) = z for n-a.e. (x,7) €
P (R x T'r), whence T > T(x) for pg-a.e. z € R?, since T(z) is the infimum
of the times needed to steer x to S along trajectories of the system. Thus,
f(,uo) +¢& > T(z) for po-a.e. x € R% and, by letting ¢ — 0, we conclude that
(o) 2 T 15 . 0

We notice that the inequality appearing in Proposition 3.2.12 may be strict
without further assumptions.

Ezample 3.2.13. In R, let F(z) = {1} for all z € R and set ® = {] - [}, thus
S = {0} is the classical counterpart of S® = {§}. Moreover, we have T'(z) = |z|

1
for x < 0 and T'(z) = 400 for x > 0. Define py = 5(5_24—5_1). We have

||T||Loo =max{T(-1),T(-2)} = 2. However there are no solutions of &(t) = 1
steermg any two different points to the origin in the same time, thus the set of
admissible trajectories joining ug and &g is empty, hence T‘I’(uo) ~+00.

Remark 3.2.14. This implies that in general the problem of the generalized
minimum time cannot be reduced to the underlying finite dimensional control
problem, even in the cases where the underlying control problem is particulary
simple. A consequence of this fact is that even if the underlying system enjoys
some properties as closure and relative compactness of the set of admissible
trajectories (provided for instance by good assumptions on the set-valued map
F), which lead to the existence of optimal trajectories for the problem, in our
generalized framework all these results must be proved.
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Definition 3.2.15 (Convergence of curves in Z(R¢)). We say that a family of
curves i = (il brcio r) in 2(RY)

1. pointwise converges to a curve p = {}iepo,r) in P (RY) if and only if
up —* g for all ¢t € [0,T]. In this case we will write " —* p.

2. pointwise converges to a curve p = {4 }refo.r] in Pp(R?) if and only if
" = {uter) € Zp(R?) and limy, 4o Wy (pft, 1) = 0 for all t € [0, T7.
In this case we will write u”™ —? u.

3. uniformly converges to a curve g = {14}, 7] in Zp(R?) if and only if
p" = {ufteep,r) © Pp(R?) and

lim sup W,(uy,u) =0.
n—+0 4c(0,T] PR

In this case we will write u” =P p.

The following results will be used to prove l.s.c. of the generalized mini-
mum time function in Theorem 3.2.19 and existence of optimal trajectories in
Theorem 3.2.20.

Lemma 3.2.16. Assume that F : R? = R? satisfies (Fy). Then the functional
F: PRY x M(RERY) — {0, +00} defined by

S E) = /Rd Ip() (f(@) du(x), if E< p,

400, otherwise

s l.s.c. w.r.t. narrow convergence.

Proof. Define f(z,v) = Ip()(v). Since F is u.s.c. with convex values, we have
that f(-,-) is Ls.c. and f(z,-) is convex. By compactness of F(z), we have that
the domain of f(x,-) is bounded, thus following the notation in Section 2.1 we
have foo(x,v) = 0if v = 0 and foo(x,v) = 400 if v # 0. Thus (3.6) can be
written in the form of (2.2) for this choice of f. By ls.c. of F, there exists
a continuous selection zg : R? — R? of F, i.e., there exists zg € C°(R%; R?)
satisfying 2(x) € F(x) for all z € R%. Thus z +— f(z,20()) is continuous and
finite. The functional (3.6) satisfies now the assumptions of Lemma 2.1.1, and
so it is Ls.c. O

Proposition 3.2.17 (Convergence of admissible trajectories). Assume (Fp).
Let pu™ = {u} }rejo,r) be a sequence of admissible curves defined on [0,T] such
that " is driven by v™ = {v{" }1ep0,1) and suppose that there exist p = {1 }ref0,m)
PR and v = {vi}epr) € A (R RY) such that for a.e. t € [0,T] it holds
(uy,vit) =* (e, ve). Then w is an admissible trajectory driven by v.

Proof. Fix t € [0,T] such that (u},v]") —=* (g, ) and F(uy,vi*) = 0 for all
n € N. By Ls.c. of % and recalling that .% > 0, we have

0 < .Z (g, vy) <liminf F(uy,v)') =0,

n—-+o0o

-
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Vt

and so for a.e. t € [0,T] we have — () € F(z) for ps-a.e. z € RL
t

Since for every ¢ € CL(R?) we have in the sense of distributions on [0, 77,

& | e@ii@ = [ Vewar)

and for the last term we have

lim [ V(@) d(e) = | V(@) du(a),
n—o00 Jpd Rd

due to the w*-convergence of v/}* to v, thanks to Lemma 8.1.2 in [9], we deduce

that, up to changing u; and v, for all ¢ belonging to a .#*-negligible set of [0, T,

we have that p is an admissible curve driven by v. O

The previous Proposition is the key ingredient to prove the following theorem
which, in analogy with the classical case, establish a sufficient condition to have
relative compactness of a set of admissible trajectories.

Theorem 3.2.18. Assume (Fp), (F1). Let </ be a set of admissible trajec-
tories defined on [0,T] and C; > 0, p > 1 be constants such that for all
u = {uhicppr) € « it holds my(py) < Cy for a.e. t € [0,T]. Then the
pointwise w*-closure of &7 is a set of admissible trajectories.

In particular, this holds if {m,(uo) : there evists p € & with pp—o = po}
is bounded, and, in particular, it holds for o/r(uo) when pg € P,(RY).

Proof. Let {p"™}nen be a sequence in 7. Since pu™ is an admissible trajectory,
it is driven by v™ = {v{ui }epo,r) With v} € L}w and v} (z) € F(x) for a.e.
t €10,7) and pl-a.e. x € R Since for a.e. t € [0, 7]

[l (o) < 1

according to Remark 5.1.5 in [9], we have that for a.e. ¢ € [0,T] there exists
pe € P(RY) such that puf —* y. Similarly,

/ | ()| = / 2P| ()] dpf () < LCy + 1,
R4 Rd

for a constant L > 0. Thus there exists v, € .#(R%R?) such that v} —* v;.
By Proposition 3.2.17, we have that g = {1t }¢cjo,7] is an admissible trajectory
defined on [0, T] driven by v. The last assertion comes from Lemma 3.2.7, which
allows to estimate the moments of p; and v; in terms of the moments of py. O

Theorem 3.2.19 (L.s.c. of the generalized minimum time). Assume (Fy) and
(F1). Then Ty : 2,(R%) — [0, +00] is Ls.c. for allp > 1.

Proof. Let pp € 22,(R%), we have to prove that Tf(uo) < liminf Tf(,u).
W (1:10) =0

Taken a sequence {uf}nen C© Zp(RY) s.t. W, (ul, po) — 0 for n — 400, and
s ot N =P _. e
Wj&n;}?)io T, (1) = ngrfoo T, (ng) =: T, we want to prove that T.7(uo) < T
If T' = 400 there is nothing to prove, so let us assume 7' < +o00. Then there
exists a sequence {T,}nen such that T, — T, and a sequence of admissible
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trajectories {u" }nen, with p™ = {1 }eo,1,) € Pp(RY), such that Hier, € Sg’
for all n € N.

Without loss of generality, we can assume that all {u"},cn are defined in an
interval containing [0, 7], since if T,, < T we can use Lemma 1.3.2 and extend
©™ to a trajectory defined in [0, 7] simply by taking any Borel selection o of F(+)
(which exists by (Fp) and by Theorem 8.1.3 in [13]), and considering the solution
of the continuity equation Oy + divou, = 0 in T, T| with pj—p, = uf, -
Now, since g converges in W), to g, we have that there exists 7 > 0 such
that the set {m,(ug) : n > n} is uniformly bounded by m,(uo) + 1. Then,
by Lemma 3.2.7 and by Theorem 3.2.18 there exists an admissible trajectory
p o= {ptbeejo ) C Z,(RY) such that p™ —P p, n — +oo, up to subsequences
and pi;—o = po. Recalling Theorem 8.3.1 in [9], for all n € N we have

ng’ (ur) < WP(MT)U%H) < Wp(ﬂTa pr) + WP(MTIL“; N%l)

T I/n
< W)+ ||| 4] ],
T, |Ht [P,
M
]/n
If we show a uniform bound on ||—- , then by letting n — 400 we have
My

Lr,
that pp € S;I’, thus T;I) (1t0) < T and the proof is concluded.

n

For a.e. ¢t € [0,T] and uj-a.e. z we have y—tn(x) € F(z). By (F1) there exists
I

t
C' > 0 such that
v

Hy

<C (m/r(up) +1).

LP
e

We conclude by using the Lemma 3.2.7 to estimate my,(x}) in terms of my, (1))
and recalling that since uj converges to o in Wy, for n sufficiently large we
have my,(ug) < mp(po) + 1. O

Thanks to the preliminary result of Theorem 3.2.18 about relative compact-
ness of a set of admissible trajectories in the space of Borel probability measures,
together with the lower semicontinuity of the time functional Jr coming from
Lemma 3.2.16, we can prove the following result.

Theorem 3.2.20 (Existence of minimizers). Assume (Fy), (F1), and let p > 1.
Let jig € Z,(R%), @ C CO(R%R) satisfying (Tr) in Definition 3.1.1, and let
S® be the corresponding generalized target. Let T‘I’(uo) < 00. Then there exists
an admissible curve p = {jit }rejo,r) driven by v = {v;}yejo,r) which is optimal
for po, that is T® (o) = Jr(p,v). Moreover, we have also T®(ug) = Tf(po),

Proof. By the hypothesis of finiteness of T® (1) and by definition of infimum
we have that there exist {t, },en C R and a sequence of admissible trajectories
p" = {ui }epo.t,), such that p"fi—o = po, p"|i=r, =: 0™ € 8%, t, = T®(uo)".
Moreover, by Lemma 3.2.7, we have that o" € 5‘5 for all n € N. We restrict all
p" to be defined on [0, 7% (10)].

By Theorem 3.2.18, p™ w*-converges up to subsequences to an admissible
trajectory pu = {“t}tE[O,T‘I’(uo)] starting from pgo driven by v = {Vt}te[ojq,(uo)],
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and by w*-closure of S® we have ¢” —* p\t:j@(m) e S®. Applying again
Lemma 3.2.7, we have that ul,_je(,, € Sy. Thus T%(uo) = T;' (o) =
Jr (/1'7 V)' O

The following result, which allows us to embed classical admissible trajec-
tories into an admissible trajectory in the space of measures, will be the main
tool used to prove the next comparison results (Corollaries 3.2.22 and 3.2.23)
between the classical and the generalized minimum time function. We will see

that these results allow us to justify the name of generalized minimum time
given to functions T*(-) and T,*(-).

Lemma 3.2.21 (Convexity property of the embedding of classical trajectories).

Let N € N\ {0}, T > 0 be given. Assume (Fy) and (Fy). Consider a family

of continuous curves and real numbers {(vi, Ai) }i=1,...n € T'p x [0,1] such that
N

vi(+) is a trajectory of ©(t) € F(x(t)) fori=1,...,N, and Z)‘i =1.
= 1
For alli=1,...,N and t € [0,T], define the measures ,ut = Oy(t), Mt =

Z >\th ’

» Fi(t)q, ey, if Yi(t) exists,
3
vy o =

0, otherwise,

N
and vy = Z)\iut(l). Then p = {pi¢}eecjo,r) s an admissible trajectory driven by

v = {Vt}te[O,T]-

Proof. By linearity, clearly we have that
8tut + div Ve = 0

is satisfied in the sense of distributions, moreover p;(B) = 0 implies v4(B) = 0
for every Borel set B C R?, thus |v;| < p. It remains only to prove that for
a.e. t € [0,T] we have vy = vy for a vector-valued function v; € L'(R%; R?)
satisfying v, (z) € F(x) for pi-a.e. x € RY. Set

T={t€[0,T]: 4;(t) exists for all i = 1,..., N and ;(t) € F(y:(¢))},

and notice that 7 has full measure in [0, 7.

Fix t € 7, v € supppy. By definition of y;, we have that there exists
I C{l,...,N} such that ME’) = 0, if and only if 4 € I. So it is possible to find
0 > 0 such that for all 0 < p < § we have

(4)

P)=> N, (B Z’\/ Vt(z) Z’\ (z)

jel i€l (2.p) ¢ iel My

Thus for every ¢ € 7 and = € supp u; we have

(1)
. Vt(B(‘T7p)) )\Z Vt
ve(x) ;== lim = @\ &)
(%) p—0t i (B(x, p)) 1621 2jer N Mgz)( )
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(@)
—Z)(m) € F(x) for up-a.e. z € R Thus
e
i x) =wv(z) € F(x), and so p = {pt }rejo.m is an admissible trajectory driven
14 Ht stef0, 1]
Ht
by v = {vi}iejo,r- O

i.e., a convex combination of 4;(t) =

Corollary 3.2.22. Assume (Fp), (F1). Let ® C C°(R%R) satisfying (Tg) in
Definition 3.1.1, and assume that the generalized target S® admits a classical
counterpart S C R? which is weakly invariant for the dynamics &(t) € F(x(t)).
Let po € Zp(RY) with p > 1. Then T;f (no) = T (1o) = |T(-) || 12 -

Proof. Since S® admits classical counterpart S, we have that S is closed and
we can always take ® = {dg(-)}. Thus in this proof we will simply write T}, and
S in place of T‘I> and S ® respectively.

By Proposition 3.2.12, we have only to prove that T}, (uo) < T := ||T (- )||Lx> .
Assume that T' < 400, otherwise there is nothing to prove. For pg-a.e. point x €
R? we have T'(x) < T, thus there exists a trajectory ~,(-) such that v, (T(z)) €
S. By the weak invariance of S, we can extend this trajectory to be defined
on [0, 7] with the constraint ~,(t) € S for all T'(z) <t < T, thus in particular
v:(T) € S. Fix &€ > 0, then there exists N = N, € N\ {0}, and {(z;,\;) : i =
1,..., N} Csupp po x [0, 1] such that:

Ne
LY Ni=1
i=1
N
2. Wp (Mo,Z)\idm) <e
i=1

3. there exist classical admissible trajectories {v; : [0,7] - R?: i=1,...,N.}
satisfying v;(0) = x; and v;(T) € S for all i =1,..., N..

It is possible to find an admissible trajectory p() = {uga)} o C Z,RY)
te

such that u(e) vazsl Aidy, and ugf) € S,, indeed, we can set

D XA (t)0y, ), 1f 4i(t) exists for all i =1,..., N,
i=1

o Z)\ 5o, =

0, otherwise,

and then apply Lemma 3.2.21.

Since u( $) converges in W), to pp, we have that there exists £ > 0 such

that the set { (,u((f)) 0<e< é} is uniformly bounded by m,(po) + 1. In

particular, by taking a sequence ¢, — 0%, and the corresponding admissible
trajectories p(¢*) driven by v(¥%), we can extract by Theorem 3.2.18 a subse-

quence converging to an admissible trajectory i driven by o satisfying fio = Ho-

Since M(T € S for all € > 0, by the closure of S we have fp € Sp, thus

Ty(po) < T. O
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Corollary 3.2.23 (Second comparison result). Assume (Fy), (F1). Let ® C
CO(R%R) satisfying (Tg) in Definition 3.1.1, and assume that the generalized
target S admits a classical counterpart S. Then, for every xo € R? we have
T%(0,,) = T;D((Sxo) = T(xo) for all p > 1, where T(-) is the classical minimum
time function for x(t) € F(x(t)) with target S.

Proof. Apply Lemma 3.2.21 to the family {(v,1)}, where v(-) is an admissible
trajectory of z(t) € F(z(t)) satisfying v(0) = zo and v(T'(x¢)) € S. We obtain
an admissible trajectory steering ¢, to Sp for all p > 1 in time T'(xq), thus
T,(8s,) < T(x0). By Proposition 3.2.12, since HT(')”LEZO = T(x9), equality

holds. O

Remark 3.2.24. This means that if we have a precise knowledge of the initial
state, we recover exactly the classical objects in finite-dimension.

The following is a generalization of a cardinal result in Optimal Control
Theory recalled in Theorem 1.4.8. The proof is based on gluing results for
solutions of the continuity equation.

Theorem 3.2.25 (Dynamic programming principle). Let 0 < s < 7, let F :
R? = R? be a set-valued function, let p = {1t }eepo,r) be an admissible curve for
Y r. Then we have ~ ~

T%(no) < s+ T (us)-
Moreover, if T® (o) < 400, equality holds for all s € [O,ij(,uo)] if and only
if pis optimal for po = pi—o. The same result holds for Tf in place of T®,
p=>1
Proof. Let v = {Vi}iejo,r C A (R*RY) be such that p is driven by v. Fix
s €[0,7], e > 0. If T®(uus) = 400 there is nothing to prove. Otherwise there
exists an admissible curvedp,sd:: {1 Yo 7o (uoyre) © P (RY) driven by VEN:
(Vi becio. o (uoy+e) © A (R%RT) such that pf,_ = ps and MTt:T‘I’(/_LS)JrE € S%.
We consider

Vi

—(x), for 0 <t <s,
Mt
Gy =]
:t;S (z), fors<t<T®(us)+s+e.
t—s
Lt for0 <t<s,
=

pig fors<t<T®(us)+s+e.

It is clear that fif,_, = po, that ’alat=T~‘1’(u Jiese € S® and that o¢(z) € F()

for jii-a.e. x € R? and a.e. t € [0,T®(us) + €]. Moreover, t — ji{ is narrowly
continuous. Since Lemma 1.3.2 ensures that € := {Af},ci0 79 ()54 IS @
solution of the continuity equation driven by U = {7 = 07 fif },c(0.7% (4.)45+<]>
thus an admissible trajectory, we have that

T%(no) < Jr(A%,0°) =T (ns) + s +e.

By arbitrariness of & > 0, we conclude that T® (1) < s + T (11s).
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Assume now that T () < +00 and equality holds for all s € 0,7 (110)].
Then, in particular, when s = T® (o) we get

T (po) = T (po) + j@(ﬂffb(uo)) = j@(UTﬂP(NO)) =0.

In turn, this implies fige(,.) = fg fo(,,) € S® and so p = {“t}te[o,f“’(uo)]
joins po with the generalized target in the minimum time 7% (ug), thus p is
optimal for pyg.

Finally, assume that u, driven by v, is optimal for uo and T® (po) < +o0.
To have equality T®(po) = s 4+ T®(us), it is enough to show that T'*(ug) >
s+ T%(us). If we define v] := vy, we have that p’ = {1iticio, 7o (uo)—s)

{He+stieio. 70 (ug)—s) 18 an admissible trajectory driven by v’ = {v{},c (0 7o (10)—s]
and starting by ps. This implies that

T (o) = Jr(p,v) = s+ /STW(HO) /Rd (1 + Ir(e) (Z(@)) dp(z) dt

fq)(ﬂo)_s A ~
:s+/ / <1+IF(1) (f(m))) du;(m)dt25+T‘b(us),
0 Rd M

which concludes the proof. O

3.2.1 Attainability results

We are now interested in proving sufficient conditions on the set-valued function
F(-) in order to have attainability of the generalized control system, i.e. to
steer a probability measure on the generalized target by following an admissible
trajectory in finite time.

In other words, we want to prove a generalization of the so called Petrov’s
condition that gives, in the classical case, an attainability property for the con-
trol system, i.e. a sufficient condition for continuity of the minimum time func-
tion at the boundary of the target.

Theorem 3.2.26 (Attainability in the smooth case). Assume (Fy), (F1). Let
® C CHRYR) N Lip(RYGR) satisfying (Tg) in Definition 3.1.1 and let po €
Z,(RY), p > 1. Assume that:

1. for all ¢ € ® there exists a £ -integrable map k? 3]0, +oo[—]0, +o0;
2. there exists T € [0, +o00[ such that

T > sup inf{t >0 [ o) du(o) < / K (s) ds};

ped

3. there exist a Borel vector field v :
trajectory p := {pe}ecpor) € PR
and satisfying piji—o = fo,

0,7] x R — R? and an admissible
)

[
4) driven by v = {v = vepu trepo 1)

such that the following condition holds:

(C.) forall p € & we have /Rd (Vp(x),v:(x)) dus(x) < —k?(t) for a.e. t €]0,T).
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Then we have

T (o) < sup inf {t >0: / o(x) dpo(z / k? (s }
PP

Proof. We notice that by Lemma 3.2.7, we have p C 2,(R?).
Given ¢ € ®, we set LY := / é(z) dpy(z). Take pg € Z,(R?) and notice
R4
that if T'= 0 we have

supint {¢20 [ 60) (o) < /0k¢<>d}: |

oIS

SO o € 5’3’ and Tf(,uo) = 0. We assume then T > 0.
From the continuity equation we have that in the distributional sense it holds
(see Remark 8.1.1 in [9], allowing to use the functions of ® as test functions)

Bt =% | o@dnia) = [ (Vo). u(@)du(a) < K1),

Then LY < LY — fo k?(s)ds for 0 < t < T. Thus if we take t €]0,T] s.t. we
have [q ¢(x) dpo(x) < fo k?(s)ds for all ¢ € ®, then we have that LY < 0 for
all ¢ € ®, hence 6 S;I’ for all such ¢, which ends the proof. O

Remark 3.2.27. In particular, if in the condition (C.) above we can choose
k®(t) = k® for a.e. t > 0, for a constant k? > 0, then we get T, (o) <

SUPge e {k¢ fRd ) dpo (@ )}

In the next part, we will weaken the strong assumptions required in the
previous result, dealing with the case p = 2, proving the attainability result in
Theorem 3.2.32.

Throughout this and the next section we will use the following notation.
Definition 3.2.28. Given Q, T, H, M,h > 0 and ® C C°(R?% R), we define

¢ € SC(R% R) has semiconcavity constant
SCMvH(Rd;R) :=J¢:RY 5 R: less or equal than M and
Lip(¢, B(0,2R+1)) < H(R+1), for all R > 0

24/3
Dq,un(s) = 7\{H(s +Q+1)7,

Gy, (r,s) := H(Mr +2s +3) - Mr,

AukE e (R T> - (;g};/ $z) du(x) + Gar, i (T3 (1), mz(u))) _
m2(u) < Q

Lemma 3.2.29. Let C > 0, and consider the problem
Oppe(z) + div(v(x)pe(z)) =0,  fort €]0,T), x € R4,
(3.7)
Lji=0 = po € Pa2(RY),

where v : R — R? 4s a Borel map satisfying |v(z)| < C(|z|+1) for every x € R?
and t — ”UHLit € L'. Letp € 2(R? x I'r) be such that t — e fn is a solution



3.2. GENERALIZED MINIMUM TIME PROBLEM 65

of (3.7) as in the Superposition Principle (Theorem 1.3.8). If v € CP(R%R?)
and for all x € R? it admits a nondecreasing modulus of continuity w,(-) at the

point x, with (z,7) — w,(r) in Li(]@zl(Rd X [0,T||v]leo]), then

2 1 [l oo 9
< 7”1)” /Rd/o w3 (rt) dr duo(z),
L2 o0

and the left hand side tends to zero for t — 0.

€t — €

—voeg

Proof. We write 1 = g ® 1z, 0z € P(I'%), thus for pp-a.e. z € R and 7,-a.e.
v € I} we have that ~ is an absolutely continuous solution of

{ﬁ(t) = v(y(t)), for Ll-ae. t €)0,T],
7(0) = z.

Let M := ||v||oo- By hypothesis we have

- L[ e
:// [ 36ds - vor0
=// 1/0t<vov<s>—vov<o>>ds
< LS G [ ot - O o) o)
< [ ([ ) o
- (AZ / Y ) dr)2duo<:c>

1 M
< M/]Rd/o wi(rt)drduo(as),

where we used Jensen’s inequality for the last passage.
Finally, recalling the assumptions on w,, we conclude by letting ¢ — 07 and
using the Dominated Convergence Theorem. O

dne () dpio(z)

dng () dpio(x)

€t — €0

—voeg
t

dne () dpio ()

The following result gives an upper bound on the “observable measure-
ments”, involved in the definition of generalized target set, evaluated along
an evolving admissible trajectory.

Lemma 3.2.30. Assume (Fy), (Fy) and take M as in (Fy). Let 7 > 0, po €
P9(RY). Let @ C CO(R%R) satisfying (Tg) in Definition 3.1.1. Suppose that
there exists H > 0 s.t. for all R > 0, we have Lip(¢, B(0,2R+ 1)) < H(R+1)
for all $ € ®. Then for any admissible trajectory p := {fit }eejo,7], Kt=0 = Ho,
we have

sup (z) dpi(x) < sup (z) dpo(x) + Gar, (T, m2(Ho))-
PP JRA ped JRI

forall0 <t <T.
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Proof. Let p = {pt}iefo,r], Hjt=0 = Ho, be an admissible trajectory and n €
P(R? x T';) be such that u; = eifin, for 0 < t < 7, as in the Superposition
Principle (Theorem 1.3.3). We write n = po ® 0, 1, € P(I'%), thus for ue-a.e.
r € R? and n,-a.e. ¥ € I'? we have that «y is an absolutely continuous solution
of

{*’y(t) € F(y(t)), for Ll-ae. t€)0,7],

7(0) = =.

In particular, for all ¢ € [0, 7] we have that |y(t) — v(0)] < fot I5(s)| ds < Mt.
Notice that for all ¢ € ® and t € [0, 7], it holds

[¢(y(2)) — d(v(0)] < H(Iy(@)] + [v(0)] + 1) - [4(t) — 7(0)]
< H(ly(t) = v(0)] +2/7(0)| + 1) - Mt
< H(Mt +2|7(0)| + 1) - Mt =: P(t).

Hence,

/ o(1(1)) dm(zr,7) < / 6(1(0)) dn(z, ) + / P(t) dn(z.7)
RdxT,. RexT,

RaxTI,
(3.9)
= | o) dumlx) < / 6(x) dpo(z) + / P(t)dn(z.7),  (3.9)
R4 R4 RaxT,
forall0<t<T,¢ed.

Observe that

/ P(t) dn(w,~) < H(Mr + 2my (o) + 1) - M7 (3.10)

RdxT,

< H(M’T + 2m2(uo) + 3) Mt =: GM,H(T7 mg(,u/o))7
(3.11)

for all 0 < ¢ < 7, where we used the fact that mj(u) < mz(u)% < msy(p)+1, for
any p € 2(RY) by Holder inequality.

Hence the conclusion follows by passing to the supremum on ¢ € ® in (3.9)
and using the estimate (3.11). O

Remark 3.2.31. The simplest choice for ® is to take ® = {dg}, where dg is the
distance function from a given closed set S C R?. This case can be used to
model the so called evacuation problem, i.e. situations that arise for example
in pedestrian dynamics in which we want to steer a mass of people outside a
room with one or more exits. In this kind of problems the set-valued function
F, representing the admissible velocities of the pedestrians, takes into account
the presence of possible obstacles modelling the geometry of the environment.
In this case, the next result will bound the total time needed to evacuate the
room by taking into account the initial distribution of the agents.

Theorem 3.2.32 (Attainability result). Assume (Fy), (Fy) and take M as in
(Fy). Let K,H > 0, ® C SCk g(R%R) such that ® satisfies (Tg) in Defini-
tion 3.1.1.



3.2. GENERALIZED MINIMUM TIME PROBLEM 67

Assume that there exist h,T > 0 and a modulus of continuity &(-) such that
for allp € P2(R\ST there exist a continuous vector field v = v, € C°(R% R?)
and a function (x,r) — wy(r) in Li@:’i’l (RY x [0, TM]) satisfying:

1. v,(x) € F(x) for p-a.e. z € RY;

2. wz(-) is a nondecreasing modulus of continuity at x for v, for p-a.e. x €

R?, and
M z
wp(t) = <]\14 /Rd/o w2 (rt) drd,u(x)) < w(t),

for0<t<T;

3. for all ¢ € ® there exists ("¢ € Bor(R% RY) satisfying ("¢ (x) € 0T ¢(x)
for p-a.e. € R% and

[ (€@, vte)dnte) < .

Then we have
N 2 -
T3 () < 3 sup | ¢(x)di(w),
ped JRA

for all i € Po(R?) such that 2 sup [ o(z)dp(z) <T.
h yea Jra

Proof. We will adapt a method used in finite-dimensional case in Theorem 5.10
in [59].

First, notice that by hypothesis (F;) we have v, € CP(R%R?), for all u €
22 (R \ 53

For all ¢ € ®, u € Po(R?), set

L(p) =sup [ o(z)dp().
ped JRA

Take fi € P5(R%) and notice that if L(7z) < 0, then i € S$. We assume then
L() > 0 and T > 2L(fi), otherwise there is nothing to prove.

We define by recurrence the sequences {t; };en C [0, +00[, {1 }ien € P2(R?),
{v@}ien € C(RERT), {¢D9}ien C Bor(RGR?) and {L;}ien C [0, 400f.

Define to = 0, u(¥ = fi, and, for all ¢ € ®, let v(*) = v, (¢ = (A9 as in
the statement with u = fi. Set Lo = L(z) > 0 as above.

Suppose to have defined for all ¢ € ® the quantities ti, 19 and V"u(i) =
Ul»’f("')vc(i),¢ = CH(VL)’d)v Li = L(H(Z)) 2 05 Whelte /U(,L) = Uﬂ(i)vc(i)7¢ = C‘u(”’(b are
taken as in the statement with u = p(? and Z tr, < T, and where p(9) is joined

k=0

3
to i by an admissible trajectory in time Z k.
k=0
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Consider the problem

A () + div(vD (z)pe(x)) = 0, for t €]0,T — 34y trl, € RY,
(3.12)
lu’|t:O = M(i)7

and let n € Z(R? x FT—Z};ﬂth) be such that t — p; = esfin solves (3.12) as in
the Superposition Principle (Theorem 1.3.3) and pu; is connected to i along an

K2
admissible trajectory in time ¢t + Z tr. We recall that egfn = pu(9.

k=0
Recalling the hypothesis on ®, we have that for all ¢ € ¢

160 20e,, < IEip(6. 5021+ D)lzz,, <7 ([ (el 417 4n0))
< V2H(ma(u®) +1)> < 2H(ma(u™) +1).
Furthermore, by definition of L(-), for any t € }O,T - ZZ:O tk[ there exists

¢ = ¢ € ® such that L(py) < / o(x) dpe (z) + 2.
Ra

Thus, recalling the semiconcavity property of ®, Lemma 3.2.29, and taking
C%.,CY as in Lemma 3.2.7, we have the existence of C',C” > 0 depending only
on H, K,T and [ such that

L) =1 < [ @) = [ o)t +
:/ (poer —poeg)dn(z,y) +t°
RexTp

S/ (€D 0eq e — eq)dn(z,~) + K|le; — eol|32 + 13
RaxTrp K

= t/ <C(i),<fs o eg, 0@ o eo)dn + t/ <<(i),¢§ oo, et —e o0 o o)+
RdxIr RIXTy ;
2
FeK |8
Lo
< t/ REIION MO RO I e wogl 4
R4 20 n .
n

+ 2K Ch(ma(u?) +1) + 3

—ht + 2tH (ma (1) + 1) w0 () + * KCp(ma(u®) + 1) + ¢

—ht 4+ 2tHO(t) [CH(mag (1) + 1) + 1] + 2K CH[Cf(ma () + 1) + 1] + 3
—ht +&(t)C't+C"t2 + 3.

ININCIA

Thus we have that there exists 7 > 0 independent on 4 such that L(u:)—L; <
—bLifor 0 <t <7TA [T— S o tk}, where we adopt the notation a A b =
min{a,b}.

At this point we can define ¢;41 =7 A [T — ZZ:O tk} AT (@), pi+1) =
s, € Po(R?) and take, for all ¢ € @, a velocity field v(i+1) = v+ and a
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(i+1)

Borel map (1.4 = ¢» ¢ as in the statement. Define L;; = L(M(H‘l)) > 0.

i+1
In this way, we have also provided that Z t, <T.
k=0
Thus we have

h
Lit1—L; < _§ti+1 <0.

It follows that {L;};en is a decreasing sequence bounded from below by 0, so it
admits a limit value Lo, > 0. From the above relation we have also

(L — Liy1) > tiga,

SR

and so

2
T> LOZE(LO_LOO):

Sl

Z(Li —Lit1) > Zti+1 > 0.
i=0 i=0

Thus, in particular, we have also that ¢; — 0 as j — +o0.
We notice that

WD, 1) < lew,,, — eoll?s = /Rd / NV (tig1) = (0)Pdn, dp®
T

tit1 )
< / / (/ |7(8)|2d5) dng dpt < M? - ti44,
re Jrz \Jo

where for the first inequality we have used the property (7.1.6) in [9] (u(+1) =

et 1 i1, p) = eptn). Then we used the disintegration Lemma, the property of

absolute continuity of v € I'r, Jensen’s inequality and hypothesis (F4). Since
o0

the series Zti-s-l converges, we have that {u(9};cn is a Cauchy sequence in
=0
the complete space (P2(R?),Ws), and so there exists i € P2(R?) such that
D — [ in Wy for i — +oo.
According to the definition of ¢;11, we have:

%
T — E t
i—00 i—00
k=0

0= lim ¢;4+; = liminf <T A

this implies ~ _
lim inf T3 (1Y) = 0,
11— 00

and so, using l.s.c. property of the minimum time function proved in The-

orem 3.2.19, we have that Tﬁi’(ﬂ) =0, ie. [ € §§’ Since we have con-
o0

structed an admissible trajectory connecting i to 551’ in time Z ti+1, we have
i=0

oo
Zti+1 > T (1), and so
i=0
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Remark 3.2.33. In the special case of Remark 3.2.31, the above result yields
- 2 - 2 -
T () < EHdS”L;l;’ hence by Proposition 3.1.8, we obtain Ty (i) < EdS@ ().

The result of Theorem 3.2.32 can be applied also to the system described in
the following example.

Ezample 3.2.34 (A model of optimal displacement of solar panels on a hill).
Assume to have a certain amount of solar panels distributed in an initial con-
figuration (for instance stored in some warehouses) near to a hill in a fixed
region. Our aim is to steer the solar panels in suitable positions on the hill,
such that the new configuration achieves a fixed minimum efficiency threshold
(target) averaged in one year of solar exposition, and minimizing a cost depend-
ing on the “effort” required to move them from the initial position to the final
configuration. This problem can be modelized as follows.

After a normalization, we represent by g € %5 (R?) the given initial distri-
bution of solar panels, and by a map h € C&(R?; [0, hymax]) the shape of the hill
and the surrounding region, where h(x,y) represents the altitude of the point
(z,y). We are assuming that the region is quite small compared with the surface
of the Earth, i.e., that the Earth’s curvature effects are negligible w.r.t. the scale
of the system. Furthermore, let 7#(s) = (r1(s), r2(s),73(s)) € R? be the unit vec-
tor giving the direction joining an observer in the region with the position of
the sun at time s € [0,T], where T is set to one year. Of course, the function
7(+) is given taking into account the latitude, and we have # € C°°([0, T]; R3).
If the scale of the system is not too large, we may assume that #(s) does not
depend on the position of the observer in the region of interest.

Then, given ¢, §, o > 0, we can model the instantaneous efficiency 1% (s,2,y)
at time s € [0, T, for a panel lying at the position (x,y) € R? | for example by
the formula

U8 (s, 2, ) = ¥ (ra(s)) 05 (ﬂs)- ( 29 (s,2,1),

—Vh(x,y)ﬂ) ) £,
|(=Vh(z,y),1)|

where

- pf € C®([~1,1];[0,1]), represents the presence of solar light, hence 1 ()
is set to 1 when z € [§, 1] (day time), it is set to 0 when z € [—d, —1] (night
time), and it is strictly increasing for z €] — 0, [ (dawn and twilight).

-5 € C°([-1,1]; [, 1]), expresses the instantanous performance at time s
for a solar panel lying on the ground in position (z,y), which depends on
the angle of exposure to the sun light, i.e., on the angle between #(s) and
the normal to the ground at (z,y) (which is the normal to the hypograph
of h). The function 9§ is strictly increasing and we set ¢¥5(—1) = ¢
(representing the default background radiation due to the diffusion effect
of the atmosphere), and ¥5(1) = 1, hence the maximal instantaneous
performance at (x,y) is achieved when the panel’s surface is orthogonal
to the direction of the sun light.

- 3® € 0°°([0,T] x R?;[e,1]), takes into account the presence of bumps
in the straight line between the panel and the sun. For any s € [0,T] we
define the set of points directly exposed to the sun at time s by

V(s):={(z,y) € R? : h(z,y) + Ara(s) > h(z 4+ Ari(s),y + Ara(s)), for all A > 0},
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and we set 5% (s, z,y) = 1if (z,y) € V(s), ¥5% (s, z,y) = eif dy (s (2, y) >
a (which defines the shadow region, where the only radiation is given by
the default background radiation).

The averaged efficiency for a configuration p € P(R?) is given by

E(u) = /R2 (/0 PO (s, 2, y) d8> du(z,y) € [0,T].

Given a target efficiency ¢ > 0, our aim is to have F (1) > ¢, hence the target
set S is defined as in Definition 3.1.1 by taking ® = {¢}, where

T
(z,y) :=¢— /O Y0 (s,2,y) ds € C°(R?%; R) N Lip(R?) C SC(R?;R).

We take into accout the “effort” (cost) to move the panels in the controlled
dynamics by defining the set-valued map F : R? = R? as

#e) = (0 i e )

which expresses the fact that the movements are much costly at the point of
the hill where the slope is higher. The assumptions of Theorem 3.2.32 are thus
satisfied.

We notice that the model can be refined by adding further cost terms, e.g.,
penalizing an excessive concentration or sparsity in the position of the panels.
These effects can be included by considering instead of the usual Wasserstein
distance, some variants of it (we refer e.g. to [56] for further details).

With much milder assumptions w.r.t. the previous attainability result, in
the case of existence of a classical counterpart for the generalized target set, it
is possible to prove a weaker controllability result, as showed below.

Indeed, representation formula for the generalized minimum time provided in
Corollary 3.2.22 allows us to recover many results valid for the classical minimum
time function also in the framework of generalized systems.

Theorem 3.2.35 (Controllability). Let ® C C°(R% R) satisfying (Tr) in Def-
inition 8.1.1. Assume that the generalized target S® admits a classical counter-
part S C R? which is weakly invariant for F. Assume (Fy), (F1), (F3) and that
for every R > 0 there exist ng, or > 0 such that for a.e. x € B(0,R)\ S with
ds(xz) < og there holds

op(x)(=Vds(z)) > g, (3.13)

where o (g is the support function of the set F'(x) as in (1.1).
Then, if we set forp > 1

PyRY) g = {n € ZpRY): ldsllLe < R and supppu C B(0,0r)},

there exists cg > 0 such that for every g € P,(R%) g we have

. 1 R
T® < Zldgllpe < —.
» (Ho) < CRII sllee < n
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Proof. According to Proposition 2.2 in [21], the present assumptions imply that
there exists a constant cg > 0 such that the classical minimum time function
satisfies

T(z) < —ds(z), (3.14)

for every x € B(0, R) \ S with dg(z) < or. Moreover, T'(-) is Lipschitz contin-
uous in such set.
Now, the result follows immediately from (3.14) and Corollary 3.2.22. O

Remark 3.2.36. For other controllability conditions generalizing (3.13), the reader
may refer e.g. to [37,58].

Remark 3.2.37. Notice that the result above is, in a certain sense, sharp for

T, (po) in such mild hypothesis. In particular, although the assumptions of
Theorem 3.2.35 imply that the classical minimum time function satisfies T'(z) <

1 - 1 -
—dg(x), the natural conjecture Tf (o) £ —dga(po) in general fails for the
CR CR P
generalized minimum time function, as the following example shows.

Ezample 3.2.38. Tn R?, let S = {0}, S, = S = {do}, zo € R?\ {0}. Define

py = Ao + (1 — Aoy, and set F(z) = B(0,1) for all x € RY. We have
that (3.13) is satisfied, since S is convex, and by setting v,(z) := — % for x # 0

N IREl
and v;(0) := 0, we obtain that T),(13) = T'(z0) for every A € [0,1]. On the other
hand, ilml Wy (119, 80) = 0, hence the quotient Ty (1)/dg (1) is unbounded as
_ I3

A — 1.

3.2.2 Lipschitz continuity of T3

This section is devoted to the study of sufficient conditions yielding Lipschitz
continuity property for the generalized minimum time function once we have
the estimate of attainability previously proved in Theorem 3.2.32.

We stress the fact that the lack of a result of continuous dependence on
initial data for the continuity equation with no strong regularity hypothesis on
the optimal velocity field makes hard to have a property of Lipschitz continuity
of the generalized minimum time function. Indeed, in this case this property is
not a direct consequence of an attainability result as it is for the classical case
with smooth dynamics.

Next result states a relation between the generalized minimum time function,
Tf’ , and the distance from the generalized target set, CZSS. This will be used

to prove Lipschitz continuity of T2<I> in Theorem 3.2.42. A similar result, called
Petrov’s condition, holds for the correspondent classical objects.

Corollary 3.2.39. Assume the same hypothesis and notation of Theorem 3.2.52
and that there exists C > 0 such that mg(p) < C for all p € SY. Then Ty (1) <

Do i p(ma(fi)-dga (1), for all i € Po(R?) such that % sup/ ¢(x)dp(x) <T.
2 ped JRE

Proof. Note that for all ¢ € ¢ it holds

6(x) = o(y)| < H(lz[ + [yl +1) |z —y].
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Thus for all ¢ € ®, p/ € S and = € II(fz, '), by Hélder’s inequality and using
the fact that (a + b+ ¢)? < 3(a? + b? + ¢?) for any a,b,c > 0, we have

[ ot@ana) = [ otwn') < [[ Hlal+lyl+ 1) 2 =yl dn(ay)

N

<var | [[ e y|2dw<x,y>r (@) + ma(u) + 1]3.

Note that the left hand side is greater than / ¢(x)df(x), since p/ € S2. By

Rd

passing to the infimum w.r.t. 7 € I(a, p'), we get

% $(x)dfi(x) %H[mzmwmw’m}%~Wz<n,u’>
Rd

28 () + C -+ 1) Wi )

IA

IN

Recalling Theorem 3.2.32, the thesis now follows by passing to the supremum
w.r.t. ¢ € ® and to the infimum w.r.t. ' € S9. O

Next two propositions will lead to the Lipschitz continuity result proved
in Theorem 3.2.42 through various degrees of generality, giving more relaxed
estimates under weaker assumptions.

Proposition 3.2.40. Assume the same hypothesis and notation of Theorem 3.2.32
and that there exists C > 0 such that mo(ji) < C for all i € S§. Then, for any
Q > 0 and any pd, p3 € Ag{ﬁg, there exists a constant Crp,c(Q) > 0 such

that we have
1T (1) — Ts' (1) < Crn,c(Q) - Wa(n',m?),

for every ' := py @, € PRIxTy), i =1,2, 1 := T (ud) NTL (12), such that
n, € P(I'}) is concentrated on absolutely continuous solutions of

A(t) € F(y(t), for Ll-ae. 0<t <t
7(0) =z,

for ph-a.e. x € R and such that if T (i) = t, then {etﬁni}te[o Fouiy ©
P (RY) is an optimal trajectory for pl.

Proof. Fix any @ > 0 and set A := Ag;g Let uy € A, i = 1,2, and
notice that if u§ or u3 belongs to SE, the conclusion immediately follows from
Corollary 3.2.39. From now on we suppose ph & S for i = 1,2. Assume that
to = T3 (ug) > t1 = T3 ()

Notice that T' > — sup o(x) du?l (z), for every admissible trajectory ¢ —

pe® JRY
uz, ,u|2t:0 = p. Indeed, by Lemma 3.2.30 with 7 = t5, we have

2 2
- sup (@) dpai, (2) < o | sup | (@) dp(x) + Garr(t2, ma(pg)) | < T
h pea Jra h \ geo Jra
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where the last inequality comes from the fact that we took p3 € A.
Hence, we can apply Corollary 3.2.39 along with the Dynamic Programming
Principle (Theorem 3.2.25) to obtain

ty <ty + T3 (47,) < t1+ Domn(mae(uf)) - Waps,, i)
for every admissible trajectory t — u?, M\Qt:O = p2, and for every optimal
trajectory ¢ = ur, u‘lt:0~: 1, since pf, € S3.
Let ¢ := T3 (up) A T (u)- Let p' = {pi}hieo, and n° € P(R? x Ty),
i = 1,2, be such that u! = e;fin* for 0 < ¢ < ¢ as in the Superposition Principle
(Theorem 1.3.3). Since the evaluation map e; is 1-Lipschitz continuous, we have

ty < t1+De mn(ma(p7)) Walew, 0, en, in') < t1+De g (ma(i7) Wa(n®,n'),

for every n? such that p? is an admissible trajectory and for every n' such that
p! is an optimal trajectory. By reversing the roles of u$ and u2, we obtain

T3 (1) — T3 ()| < max{De, g p(ma(p7,)), Do, p(ma(pg,) Y Wa(n',n?)
< C'ane (ma(pg), me(ug)) Wa(n',n?),

for every n’ such that p' is an admissible trajectory, i = 1,2, with p’ an
optimal trajectory if Ty (u$) = £, and with C' g p, ¢(-,-) coming from estimates
in Lemma 3.2.7. Note that C'g 5 ¢ (-, ) is increasing w.r.t. all the arguments by
construction. Hence, the result follows. O]

Proposition 3.2.41. Assume the same hypothesis and notation of Theorem 3.2.32
and that there exists C > 0 such that ma(fi) < C for all ji € ST . Furthermore,
assume the following:

(OC) : there exists a strictly increasing modulus of continuity w°(-) such that
for all € Py(RY)\ S there exists a uniformly continuous vector field
Uy R? — R? with modulus of continuity w®, such that the trajectory
w= {ut}te[oyjﬂ;(”)], fje=0 = p, driven by v = {{}Nut}te[o,’f;)(p.)]’ is optimal.

Then, for any Q > 0 and any pd, u3 € Ag{’ﬁ’f}, there exists a constant Cy p,c(Q) >

0 such that we have
1

72T < Canc@{ [ (lo=ol+ (67 o =) +0)") diten) |

d
for any 7 € W(up, u3), where v : [0,+00] — [0,400] is such that d—w(r) =
r

1 _ - -
()’ for all r €]0,+oo[, and t := T (ud) AT (13).
M,h,®

Proof. By Proposition 3.2.40, for any Q > 0 and any pu}, u3 € AQ7T7H, there
exists a constant Cg (@) > 0 such that we have that the following esimate

T3 (u6) — T3’ (63)] < Crnc(Q) - Wa(n',n°), (3.15)
holds in particular for every 0’ := py @ ni € PR xTy), i = 1,2, t :=
T (ub) ATy (), such that nf € 2 (I'F) is concentrated on absolutely continuous
solutions of

{y(t) =0,,(1(1),  for Llae 0<t<F
1(0) =z,
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for pi-a.e. x € R and where j € {1,2} is such that T2 (4}) = ¢, and v, s

taken as in the current statement, satisfying (OC) with p = ,u%.
Hence, by (3.15) we have

T3 (o) — T ()] <

Nl=

< Cranc(Q)- { [z = y* + e — wll*] dr((z,72), (ywy))} ,

/(Rd xTg) X (RExTg)

for every m € II(n*,n?). Notice that for n'-a.e. (z,7;) and for n*-a.e. (y,7,)
we have

()] ds.

t
a00) = ) =3O <l =yl + [ [o,4006) —3,
0
t
for all ¢ € [0,#]. Thus, by hypothesis we have that z(t) < z(0) —|—/ w?(z(s)) ds,
0
and so (t) < w%(z(t)). By solving () = w%(x(t)), we get Y(x(t)) —(x(0)) = ¢,
1
where 1 : [0, +00] — [0,400] is such that ((li—w(r) = —5(r). Notice that (-) is
r w
invertible since w" is strictly increasing, hence we get z(t) < ¥ ~! (1(2(0)) +t) <

=1 (1(2(0)) + 1) for all t € [0,1].

By the previous estimate, we obtain

T3 (o) — Ts (u5)| <

=

scH,h,c@)-{ Lo cwoney L9+ 7 @l =) +0)°] dw((x,m,(my))} ,

for every m € II(n',n?). Defining 7 := (eq, €o) im € Z(R4 x R?), we can easily
prove that 7 € I(ud, u3). Hence, we conclude that

T (g) — T3 (13| <

1
2

<Cunc@-{ [ flo=sP+ [ wlia = o+ 0] ar(e}

for every 7 € I(ud, pud). O

Theorem 3.2.42 (Lipschitz continuity). Assume (Fy), (F4) and take M as
in (Fy). Let K,H >0, ® C SCk g(R%R) such that ® satisfies (Tg) in Def-
inition 3.1.1. Suppose that there exists C > 0 such that may() < C for all
paeSy.

Assume that there exist h,T > 0 and a modulus of continuity w(-) such that
for all p € Po(R)\ S there exist a continuous vector field v, € C°(R%R?)
and a function (x,r) — w(r) in Lf@gl (R x [0, TM)]) satisfying:

1. v, (z) € F(x) for p-a.e. © € R%;

2. wg(-) is a nondecreasing modulus of continuity at x for v, for p-a.e. x €
RY, and

1

2

1 Mo, -
<M /Rd/o w;(rt) drdu(m)) <@(t),

for0<t<T;
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3. for all ¢ € ® there exists ("¢ € Bor(R% RY) satisfying (M9 (x) € 0T ¢(x)
for p-a.e. x € R? and

[ €@ o@idn(e) < .

Furthermore, assume the following
(OC+) : as in (OC) with W°(s) := Ls for all s € [0, +x].

Then T (-) is Lipschitz continuous in the set Ag{’;;gﬁ{u € Py(RY) : cigg (n) <
R} for any Q,R > 0.

Proof. The proof follows from Proposition 3.2.41. More precisely, by Proposi-
tion 3.2.41, for any @ > 0 and any ug,ué € Ag#’g, there exists a constant
Cu,n,c(Q) > 0 such that we have

[NE

72T G < Canc@{ [ (lo ol + (67 o =) +0)") diten) |
(3.16)
dy 1

for any 7 € II(ud, p3), where 9 : [0, +00] — [0, +00] is such that %(r) = 0

for all r €]0, 4+-o00[, and £ := T2 (ud) A T ().
Hence, we can take 9(r) = log rz, 1 €]0,+00]. Then, ¢! (¢(|lz —y|) +1) =
elt|z — y|, and by (3.16) we get

T - T2 < @ + D Cunc(@-{ [ lo-sPditan)}

for any 7 € TI(ug, u2). Thus, by passing to the infimum on 7 € I(ud, ud), we
have ~ y )
T35 (10) — Ts ()| < (25 +1) Co (@) - Wapg, 1)-
Recalling Corollary 3.2.39, we have t < D¢ g ,(Q) - R, in the set Ag%g N
{u € Py (RY) : Jgg (1) < R}, for any @, R > 0. This fact yields

T (1d) = T3 (1) < C' e, (Q, R) Wa(pi, 1),

for a constant €'y .0.(Q, R) > 0, hence Lipschitz continuity of T5(+) in the
set Ag:}ﬁg} N{u e PR : dge (u) < R}. O

Remark 3.2.43. Note that requiring assumption (OC+) in the previous theorem
is equivalent to ask that the vector field v, is globally Lipschitz continuous
with Lip(v,) < L, hence py = Tifip, where p = _{Mt}te[o,fg(#)] is the optimal
trajectory driven by v = {?Mut}te[o,f‘f’(m]’ and Ty(z) = v, o T(z), To(x) =«
for all » € R? and 0 < t < T (p).

Notice that assumption (OC+) of the previous theorem, which was required
in order to get Lipschitz continuity of the generalized minimum time function,

is quite demanding. In the following example we show a situation where it is
fullfilled.



3.2. GENERALIZED MINIMUM TIME PROBLEM 7

Ezample 3.2.44. Let A € Matyxq(R) be a symmetric matrix satisfying Amax, | Amin| <
1, where Apax and Apin, are its maximum and minimum eigenvalues, respec-
tively. We study a minimum time problem in the case where the underlying
time-optimal control problem in R? has the dynamics i(t) € F(z) := {Az+u :

u € B(0,1)} and target set S = B(0,1). We notice that the classical Petrov’s
condition holds (see for instance Definition 8.2.2 in [22]), since for all x € 95,

we have

min (Az 4+ u, ) < Apax + min_ (u, ) = Apax — 1 < 0.
w€B(0,1) w€B(0,1)

Recalling the linearity of the dynamics, by Theorem 5.2 in [21] and Theorem
8.3.4 in [22], we have that the classical minimum time function 7°(-) is C*! on
every compact set of R4\ S, in particular it is a solution of the Hamilton-Jacobi-
Bellman equation

—(Az,VT(2)) + |VT(z)| =1, inR*\S, (3.17)
which implies also
liminf |VT(z)| > liminf L > L >0
ds(z)—0+ T ds(z)—0+t 14 |Az| T 1+ [|A] ’
1
limsup [VT(z)| < limsup < .
ds(z)—0+ ds(z)—ot L= [Az| = 1| Af

It can be seen that

for all z € R4\ S,

lim w*(z), forallzeds,

|| - u* (m) , forallz e §\{0},
x

0, for x = 0.

is a locally Lipschitz continuous map defined on the whole of R (since T'(-) can
be extended to a C'*! map defined on R4\ S). Set v(x) := Az+u*(x), we obtain
a locally Lipschitz vector field, which is optimal for the classical problem in R?.
Hence, by taking ® := {dg}, v is optimal also for the generalized problem by
invariance of S w.r.t. v. Indeed, we have T5 (1) = [T()| e forall pe Po(RY)
(see [31]) and the assumptions of Theorem 3.2.42 are satisfied.

We emphasize again that proving Lipschitz continuity for the generalized
minimum time function without requiring strong assumptions yielding Gronwall-
like estimates is a difficult task.

For this reason, an interesting open problem would be to investigate regu-
larity of T2<1> with milder assumptions on the dynamics, stating the problem in
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a suitable smaller class of probability measures, for example for measures that
are absolutely continuous w.r.t. Lebesgue’s measure. In [1-5,25, 38, 40] there
are many results concerning the Lagrangian flow problem, i.e. the study of exis-
tence, uniqueness and stability properties for the continuity equation restricted
to suitable subclasses of 22(R%) under very mild regularity assumptions on the
driving vector field.

Another possible issue is due to the fact that for several reasons we can be
interested in restricting the regularity class of the vector field governing the
evolution from L2-selection of F to smoother selections (e.g. Lipschitz or C1)
In particular, this may be a critical issue when we are interested in constructing
numerical approximations of the solutions enyoing some stability properties.

A possible way to face these problems is to incorporate such constraints
directly in the definition of admissible trajectories, for example by redefining
the functional Jr as follows

b
/ / {1 + Ip() (ﬁ(w)> + Lo (pe) + Ijo,ar) (Hvﬁ
a JRA Mt Mt

Jrp(p,v) = for Ll-ae. tel,

)] () dt,

Lo

400, otherwise,

(3.18)

where . C Z,(R?) is a given class of measures. In this way the finiteness

of Jr implies that the evolution occurs only inside a class . of measures with

Lipschitz continuous driving vector fields vy, with Lipschitz constant less or
equal than M.

Many of the results (Theorem 3.2.32, Lemma 3.2.30, Corollary 3.2.39, Propo-
sition 3.2.40, Proposition 3.2.41, Theorem 3.2.42) can be reformulated in this
way, with almost identical proofs, but requiring less restrictive assumptions in
the statement. For instance, in Theorem 3.2.42 we can drop assumption (OC+)
and require that the others hold for all u € .\ S$ instead of all p € P5(R%)\S52.

Many other constraints, more related to the nature of the model, can be
treated in this way, e.g. penalizing concentration or rarefaction of the agents,
or other effects due to the global distribution of the agents.

3.3 Hamilton-Jacobi-Bellman equation

In this section we will prove that under suitable assumptions the generalized
minimum time function solves a natural Hamilton-Jacobi-Bellman equation on
P5(RY) in the viscosity sense (Theorem 3.3.9). The notion of viscosity sub-
/superdifferential that we are going to use is different from other currently
available in literature (e.g. [9, 26,46, 47]), being modeled on this particular
problem.

Throughout this section we will mainly use the alternative definition of ad-
missible curve and the notation provided by Definition 1.0.6 and 3.2.4.

Definition 3.3.1 (Averaged speed set). Assume (Fp) and (Fy), T > 0. For any
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1o € P2(R?), m € T (o), we set

¥V (n) = { wy € LR x T'r) : I{ti}ien €J0, T, with ¢; — 07 and

€t, — €0
123

— wyy weakly in Ly (R? x FT;Rd)} .

We notice that, according to the boundedness result of Lemma 3.2.7 (iii),
for any sequence {t;}ieny C|0,T[ with ¢; — 07, there exists a subsequence 7 =

e, —e€
{ti, }ren and wy, € L2 (R x T'7; RY) such that i 0 weakly converges to an
Tk
element of L%(Rd x I'p; RY), thus #/(n) # 0.

Lemma 3.3.2 (Properties of the averaged speed set). Assume (Fy) and (Fy),
T > 0. For any po € P2(RY), n € Tp(wo) and every wy, € ¥ (n) we have that

(i) wy(z,7) € F(7(0)) for n-a.e (z,7) € R% x T'p.

(i) if we denote by {n,},cra the disintegration of m w.r.t. the map e, the
map
e | wg(z,y) dne(y),
s

belongs to L7 (R4, RY).

Proof. We prove (i). Fix ¢ > 0 and (z,7) € suppn. Since 7(-) and F(-)
are continuous, there exists tZ , > 0 such that for all 0 < ¢ < t7, we have
F(y(t)) € F(v(0)) +€B(0,1). In particular, for all 0 < ¢ < t;_ and v € R* we
have

(0, 01, )) = (o, YOOy 1 [ it

t t

1

t
= ?/U TF () (V) d8 < Tr(5(0)) +eB(0,1) (V)

er(,7) = eo(,7)
l

where oi(z,7y) =
Thus

@{Sﬁt(xﬁ) 0<t< t:,'y} - F(’Y(O)) + €B(0, 1)

Given w, € ¥(n), let {t;}ien CJ0,1] be a sequence such that ¢; — 07 and
Y, — wy weakly in L,27. In particular, by Mazur’s Lemma, there is a sequence
in co{ey, : i € N} strongly convergent to wy,. In particular, for (z,~)-a.e. point
of R? x 'y we have pointwise convergence, i.e.

wn(z,7) € ©{py, (z,7) : i € N}

Given a point (z,~) where above pointwise convergence occurs, we can consider
a subsequence {t;, }ren of ¢; satisfying 0 < ¢;, <tI_, obtaining that

wy(z,7) € T0{py,, (x,7) : k € N}) Ceo{p(z,7): 0<t <t}

C F(+(0)) + eB(0, 1).
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By letting ¢ — 0T we have that w,,(x,7v) € F(v(0)) for n-a.e. (z,v) € R x I'r.

We prove now (ii). By definition, the disintegration of n w.r.t. the evaluation
map eq is a family of measures {1, },cra satisfying (recall that epftn = 1)

//Rder f(@,V)wn(z,7)dn(z,v) = /Rd (/@(f(:z:,'y),wn(xﬁnd77x(7)> dpio(z),

for all Borel map f : R? x 't — RZ. Moreover the family {7, },cra is uniquely
determined for yop-a.e. * € R? (see e.g. Theorem 5.3.1 in [9]).

For any ¢ € L2 (R%R?), clearly we have ¢ o eg € L3 (R? x I'p; RY), since
eottn = wo. Recalhng that wy, € L , we obtain

/RdW)(x)’/% wy(z,7) dng (7)) dpo(@ /Rd /T )s Wy (2,7)) dny (v) dpo(z)
= [, o cote ) unte ) i) ot

= // (Y oeo(z,7), wn(x,7)) dn(z,v) < +o0.
RadxITp

By the arbitrariness of ¥ € LZO (R4;RY), we obtain that the map

T wTI(‘T7’Y) dnl(v)a
I'z

belongs to L? (R?; R?%), moreover for pp-a.e. x € R, we have from (i) that

Ho (

[ ) dne) € Fo).

O

Remark 3.3.3. We can interpret each w, € #/(n) as a sort of averaged vector
field of initial velocity in the sense of measure (we recall that in general an
admissible trajectory v may fail to possess a tangent vector at ¢ = 0). The map

s wy () dna (),

can be interpreted as a initial barycentric speed of all the (weighted) trajectories
emanating from x in the support of . This approach is quite related to Theorem
5.4.4. in [9].

In the case in which the trajectory ¢ — e;fin is driven by a sufficient smooth
vector field, we recover exactly as averaged vector field and initial barycentric
speed the expected objects, as shown below.

Lemma 3.3.4 (Regular driving vector fields). Assume (Fy), (F1) and let g €
P3(RY). Let p = {pi}rejo,r) be an absolutely continuous solution of

at/,tt + diV(UtILLt) = 0, t E}O,T[

Hit=0 = Mo,
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where v € C°([0,T] x R%GRY) satisfies vo(x) € F(x) for all x € R Then if
n € Tr(1o) satisfies py = en for all t € [0,T), we have that

. €t — €0
lim
t—0

= ()7
L3

— Vg ©€p

and so V' (n) = {vg o eg}, thus we have

%w+/g%ummm:wnemm}:{mm}

Proof. We have
2
dn(z,7),

€t — €
t

() —~(0)

— U © €y —vo(7(0))

2
2 //]RdXFT

For n-a.e. (x,7) € R? x T'p, by continuity of v we have v € C! and 4(t) =
v¢(y(¢)), hence for ¢ small enough we get

’M_vo ’ /|y )| ds + |vo(y /Ivs s))| ds + |vo(7(0))]

t
< 2Jvo(v(0))| +1 € L3,

indeed by (F}) we have

//RprT [vo(+(0)[* dn(w, ) / |vo(2)[? dpo(z) < CQ/d(\mHl)Qdm(x)
< 2C% (ma(po) + 1),

with C' > 0 as in (F}). Thus, for p-a.e. (z,7) € R? x I'p,

v(t) —~(0)
t

lim
t—0+

- (1(0)] =0,

Thus applying Lebesgue’s Dominated Convergence Theorem we obtain

2
€t — €

lim — Vg 0 eg =0,
t—0 2
n
hence wy = vy 0 eg. The last assertion now follows. O]

We have already proved that the set

{x — /z Wy (z,7) dne = m € Tr(po), wy € 7/(77)}

is contained in the set of all L? ,(R%R%)-selections of F(-). The next density
result shows that, indeed, equahty holds: since allows to approximate every L2
selections by CC-selections, and then use Lemma 3.3.4. This will be the maln
ingredient used to prove Theorem 3.3.9, i.e. that the generalized minimum time
function is a solution of an Hamilton-Jacobi-Bellman equation in a suitable
viscosity sense.
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Lemma 3.3.5 (Approximation). Let g € P2(RY). Assume (Fp) and (Fy).
Then given any v € LZO(Rd;Rd) satisfying v(z) € F(x) for pg-a.e. € R,
there exists a sequence of continuous maps {gn yneny € C°(RY; RY) such that

1. lim [lg, — vz, = 0:
2. gn(x) € F(x) for all z € R?,
In particular, we have

{veL? (RLERY) : w(x) € F(x) for po-a.e. x € RY} =

Ho
fenr )
T

Proof. By Lusin’s Theorem (see e.g. Theorem 1.45 in [6]), we can construct a
sequence of compact sets {K, }nen € R? and of continuous maps {vy, }nen C
CO(R4;RY) such that v,, = v on K,, and uo(R%\ K,,) < 1/n. For all n € N
define the set valued maps

Wy (z,7) dnz = M € Tr(po), wy € 7/(77)} -

x
T

F(x), for z € R4\ K,
Gn(z) =
{vn(2)}, for z € K,.

We prove that G,,(+) is lower semicontinuous. If 2 € R?\ K, then in a neigh-
borhood of & we have GG,, = F, thus G,, is lower semicontinuous. Let z € K,
and V be an open set such that VNG, (z) # 0. In particular, we have that V is
an open neighborhood of v, (). Without loss of generality, we may assume that
V = B(vy(x),¢) for € > 0, thus there exists § > 0 such that if y € B(z,d) N K,
we have v, (y) € V, and so G,,(y) NV # (. On the other hand, by continuity
of F', there exists an open neighborhood U of z such that V N F(y) # @ for
all y € U. Thus, if we set U' = U N B(z,9) \ K,, we have that U’ is an open
neighborhood of z satisfying:

(a) for all y € U'\ K,, we have F(y) = G,(y) and so G,(y) NV # ;
(b) for all y € U' N K,, we have v, (y) € V, and so G, (y) NV # 0;

and so given V for all y € U’ we have G,,(y) NV # 0, which proves lower
semicontinuity. Since G, (-) is lower semicontinuous with compact convex values,
by Michael’s Selection Theorem (see e.g. Theorem 9.1.2 in [13]) we can find a
continuous selection g, € C°(R% R?) which by construction agrees with v and
vp, on K, and satisfies g, () € G,(z) C F(x) for all x € R%. Finally, we have

[v(2) = gn(@)|? dpao(x) :/ [0(2) = gn (@) dpo(2)

RANK,

g/ 462 (Jz] + 1) dpro () < 8C2 (ma(jao) + 1),
R\ K,

Rd

with C' > 0 as in (F}), hence (1) follows. The last assertion comes from Lemma
3.3.4 with v = vg. O
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We introduce now the following definition of viscosity sub-/superdifferential.
For other concepts of viscosity sub-/superdifferential, we refer the reader to
[9, 26].

Definition 3.3.6 (Sub-/Super-differential in %25(R?)). Let V : Z5(R%) — R
be a function. Fix 4 € P5(R?) and § > 0. We say that Du € Li(Rd; R?) belongs
to the d-superdifferential D V() at p if for all T > 0 and n € Z(R? x T'r)
such that t — e;fin is an absolutely continuous curve in %5 (R9) defined in [0, T
with egfin = 1 we have

Ve = Vieom = [ o cofen)eule) = cole ) (e )
xT'p <.

lim sup
t—0+ lles — eollzz,

(3.19)
In the same way, g, € Li(Rd; RY) belongs to the d-subdifferential Dy V(p) at
p if —q, € DF[~V](1). Moreover, Di[V](1) is the closure in L, of DEV](1)N
CY(R4RY).
Definition 3.3.7 (Viscosity solutions). Let V : #,(R?) — R be a function and
A T* Po(RY) — R. We say that V is a

1. wiscosity supersolution of 7 (u, DV (u)) = 0if V is Ls.c. and there exists
C > 0 depending only on ¢ such that J¢(u,q,) > —C0 for all g, €
D;V(u), p € P5(RY), and for all § > 0.

2. wiscosity subsolution of S (u, DV (1)) = 0 if V' is u.s.c. and there exists
C > 0 depending only on ¢ such that J(u,p,) < C§ for all p, €
DIV (n), p € P5(R?), and for all § > 0.

3. wiscosity solution of F€(u, DV (1)) = 0 if it is both a viscosity subsolution
and a viscosity supersolution.

Definition 3.3.8 (Hamiltonian Function). Given p € Z(R%), define

4 T (Z(@)) dp < +oo} .

Since the tangent space T, Z(R%) to P5(R?) at u € P»(R?) is L2(R%RY),
which coincides with its dual, we can define a map 4 : T*Z5(R?) — R by
setting

D(u) = {1/ e #(RERY) - |v| < pand / <’:
Rd

o) = — [1 ot i), L) du} 7

—— et [ )
veL? (RGRY) Rd
v(z)€F (x) for p-a.e. x

where (p, 1) € T*P5(R?), ie., p € P2(R?) and ¢ € Lﬁ(Rd; R9).
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If we assume (Fy), or more generally that F' possesses a Borel selection
uniformly bounded, we have

Hu) = =1+ [ oy (00a) d

by using a consequence of classical Measurable Selection Lemma (see e.g. The-
orem 6.31 p. 119 in [35]).

Now, we can prove the main result of this chapter.

Theorem 3.3.9 (Viscosity solution). Let A be any open subset of P2(R?)
with uniformly bounded 2—moments. Assume (Fy) and (Fy) and that T (-) is
continuous on A. Then TS (-) is a viscosity solution of 5 (u, DT (1)) =0 on
A, with 7% defined as in Definition 3.5.8.

Proof. The proof is splitted in two claims.
Claim 1: T (-) is a subsolution of #% (u, DT (11)) = 0 on A.

Proof of Claim 1. Let po € A. Given 1 € Jp(ug) and set pu = ertin
for all ¢, by the Dynamic Programming Principle (Theorem 3.2.25) we have
T2 (o) < TP (1s) + s for all 0 < s < T2 (jup). Without loss of generality, we can
assume 0 < s < 1. Given any p,, € DF T (uo), and set

A(S,pma"l) =S5 // <puo o 60(3377)765(55,’7) - 60(%’7» d777
]RdXFT

Bs.pyoem) =T 1) = T o) = [t ool esfan) = eofe )i,

we have A(s,pu,M) < B(8,Dpg,M)-
We recall that since by definition p,, € L
Dividing by s > 0, we obtain that

2

~,» we have that p,, oeo € Ly.

. A S, )
tmsup 2L 5y [y 0 o)) dne),
R XFT

s—0Tt S
for all wy, € ¥(n).

Recalling the choice of p,,,, we have

b B
hm Sup M — hm Sup (sﬂp,uo; 7]) .

s—0t S s—0+ ||65 - eOHL%

€s — € < K§
> )

S

where K > 0 is a suitable constant coming from Lemma 3.2.7 and from hypoth-
esis.

We thus obtain for all n € J#(po) and all wy, € ¥ (n), that

1+ // (Puo © €0(x,7), wn(x,7)) dn(z,v) > —K0.
RdXFT
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By passing to the infimum on n € Jr(po) and wy, € ¥ (n), and recalling Lemma
3.3.5, we have

CKS<1+ inf // (B © €0(2,7), wn(2,7)) dn(z, )
n€Tr(po) J JRIT 1
wn €V (N)

=1+ inf / / (Do © €0(,7), wy(,7)) dns dpto
n€Tr (o) JrRe JT2,
wn €Y (M)

—1+ ot / (P © €0(,7), / w(,) dita) diao
nETr (ko) JRd re,
wne“f/(n)

=1+ inf /d<puo,v> dpo = =7 (140, Do )s
R

veL? (R4RY)
v(z)EF (x) po-a.e. x

so Ti(+) is a subsolution, thus confirming Claim 1. o
Claim 2: T(-) is a supersolution of 7 (p, DTL (1)) = 0 on A.

Proof of Claim 2. Let pg € A. Given € I (o) and defined the admissible

trajectory p = {ui}repr) = {edntecpr, and gu, € Dy T3 (no), there is a
€s. — €0
——— weakly

sequence {s;}ien CJ0,T] and w, € ¥(n) such that s; — 0T,

converges to wy, in Lf,, and for all i € N

// (Guo © €0(,7), =2 @) — @Dy g, )
RadxTp

Si
_ T;(NO) — TQ(I)(M&)

€s,

i

—€p

<26

Si

2 Si
LW ?

By taking ¢ sufficiently large we thus obtain

T3 (o) — Ty’ (ps,)
Sq

Tt oot wate ) dney) < 355 -
RdxTr

By using Lemma 3.3.5 and arguing as in Claim 1, we have

n€Ir (ko)

inf // Qo © €0(@:7), W (7)) A (@, 7) = — Ao (f10 ) — 1,
RdXFT
wn €Y (M)

and so . 3
T3 (o) = T3 (ps,)
Si

(110, Qo) > —3K0 + — 1.

By the Dynamic Programming Principle, passing to the infimum on all admis-
T3 (no) — T3 (1s)

s
if and only if p is optimal, we obtain 7 (uo, qu,) > —C’d, which proves that
T3 () is a supersolution, thus confirming Claim 2. O

sible curves and recalling that — 1 <0 with equality holding
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Remark 3.3.10. Unfortunately, we have that T5>(-) in general fails to be contin-
uous, being just lower semicontinuous. Moreover, it seems to be quite a difficult
problem to provide general necessary and sufficient conditions on problem data
granting this continuity property. Thus, an open problem is the extension of the
definition of viscosity solutions and the subsequent result on Hamilton-Jacobi-
Bellman equation, to the case where we have only lower semicontinuity of the
minimum time function, instead of continuity, in spirit of Barron-Jensen’s ap-
proach to viscosity solutions.

Anyway, regarding the present result, as seen in Theorem 3.2.42, we can give
sufficient conditions for local Lipschitz continuity of T5>(-). In the following we
will provide simple examples in which this sufficient conditions are not satisfied,
but it is still possible to have continuity of the minimum time function.

Example 3.3.11. In R?, take ® = {¢}, where ¢(x,y) = 1 7/ e Iblds e

C} N Lip(R%R) and denote with L the Lipschitz constant of ¢. Observe that
Opp(z,y) = —e~ 1?1 < 0 and 0,9 € CY. Let F(z,y) := {(,0) : a € [0,1]},
po € P2(R?). If we denote with t — ~(t) an absolutely continuous solution of
the characteristic system

{wt) € F(y(t), t>0,
7(0) = (2,9),

we have ¢ oy(t) = ¢(z + fg a(s)ds,y) > ¢(x +1,y).

Thus, every trajectory p = {pt}e>0, starting with u|i—g = po, and defined
by by p: = (Id + tv)tuo for v = (1,0) is optimal for puyg.

Moreover, if we define G : [0, +oo[x Z3(R?) — R by setting

Glt.gw) = [ ol(w9) +t0)duo = [ o(w.9)duslan)

we have that p; € 52 if and only if G(t, uo) < 0, thus
T (o) = inf{t >0 : G(t, o) = 0},

due to the strictly decreasing property of G(t, o) w.r.t. ¢ (due to the sign of
020).

In order to prove continuity of T3(-) we use the same procedure of Dini’s
theorem.

First, observe that for G : [0, +00[x Z5(R?) — R we have

9 6t ) = // Do +t,y) du = // TR
ot R2 R2

Furthermore the map t + G(t,u) is continuous Yu € P5(R?) by dominated
convergence theorem, and pu +— G(t, 1) is continuous V¢ > 0 since ¢ € C}? . The
function G is also jointly continuous w.r.t. both variables, indeed

where the first term tends to zero for n — +o0o by continuity of G w.r.t. t.
Focusing on the second term, by Kantorovich duality and Hélder inequality, we
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get

|G (tn, pin) — G(tn, )| =

/ d(x1 + tn, y1)dpn (T1,91) — / (w2 + tn, y2)dp(w2, y2)
R2 R2

< LWi(pin, 1)
S LWQ(M”hp‘)a

that goes to zero for n — +o00. Hence jointly continuity of G.

Moreover ;G is continuous w.r.t. ¢ (and w.r.t. u) for the same reasons.

Since 9;G < 0 everywhere, if we fix u € 25 (IR?) there exists at most a unique
t such that G(t, ) = 0. Note that limy_, o G(t, 1) = —1, hence T (1) < +o0
for all p € P5(R?). Let € P5(R?)\ S2 (otherwise there is nothing to prove),
then there exists a unique ¢ such that G(t, ) = 0 and so t = T3 ().

Take a sequence {fin ynen € Po(R?)\SL, such that g1, —* 1, then G(T52 (1), fin
= 0 for all n € N, hence by jointly continuity of G we have that G (lim sup TQ‘I’ (ton), )

n—-+oo

)

=0, thus T () = lim SUP, s 400 T2 (jin).
So we have proved upper semicontinuity of Ti, hence continuity by Theo-
rem 3.2.19.

Ezample 3.3.12. In R2, set ¢(z,y) := arctan(z(1 + arctan? y)). We have that ¢
is bounded, continuous and since

1+ arctan?y 2x arctan y

Vo(z,y) = ,
22 (1 + arctan? y)2 +1 (y2+1) (mQ (1 + arctan? y)2 + 1>

b

we have ¢ € C}, V¢ € Lip,,.(R* R?) and Vo(x,y) # (0,0) for all (z,y) €
R2. Take ® = {¢}, and notice that ¢(—1,0) < 0, and so assumptions of
Definition 3.1.1 are satisfied. Notice also that the gradient of ¢ is uniformly
bounded on R2, and let L > 0 such that |V¢(z,y)| < L for all (x,y) € R%.

Let F': R? = R? defined as F(z,y) = [-V¢(z,y), Vo(x,y)]. We have that
F is Lipschitz continuous and bounded, moreover, for all (z,y) € R? we have
that

inf (€, V(z,y)) = —|Vo(z,y)|%

§EF(z,y)

Let now Ti(-) be the solution of Ty(z,y) = —V¢ o Ty(z,y), To(z,y) = (x,v).
Given pg € P5(R?), and set u; = Tifpo, we have that p = {u}s>0 is an
optimal trajectory starting from pg.

Notice that s, € S2 if and only if G(t, 1o) < 0 where G : [0, +-00[x P5(R?) —
R is defined by

Gltun) = [ 6o Ta.n) dua(s.).

and so )
Ty (po) = inf{t >0 : G(¢, po) < 0}.

The function G is jointly continuous w.r.t. both variables, indeed
|G (tn, i) — G(E, )| < |G (tn, 1) = G(E )| + |G (s pin) — Gltn, )],

where the first term tends to zero for n — +o0o by Dominated Convergence
Theorem. Focusing on the second term, recalling that ¢ and T; are Lipschitz
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continuous with constant L, by Kantorovich duality and Holder inequality we
get

|G (bn, fim) — Gi(tn, )] = '/ 60T, (1, 1) dpn(z1,41) —/ 60 Th, (2, y2) dya(e2, y2)
R2 R2
< L Wi(pin, p) < L Wa(pin, 1),

that goes to zero for n — +oo.
Since

560 = [ (VoaTia ) itz ) dute) = = [ | 1VooTia ) dute) <0,

if we fix po € P2(R?) there exists at most a unique ¢ > 0 such that G(t, o) = 0,
and in this case we have t = T (o).

Notice that we have |0y¢(z,y)| > ﬁ“ for a suitable constant K > 0

independent on (z,y). Set z(t) = (Ti(x,y), (1,0)), then 2(¢) < —m, and
SO tliin (Ti(x,y),(1,0)) = —oo. By Dominated Convergence Theorem, this
— 400
implies
. ™
flg-noo G(t7 M) o _57
and so we have that for all y ¢ 53’ there exists ¢ > 0 such that G(t,u) < 0,
hence Ty (1) < +oo for all 1 € P(R?). )

Take now a sequence {finJnen C P2(R?)\ 53, such that p, —* p, then
G(T (pn), pin) = 0 for all n € N, hence by jointly continuity of G’ we have that
G | limsup Ty (pan), 1 ) = 0, thus Ty () = lim sup Ty ().

n—-+oo n—-+oo

Applying the same procedure with lim inf, we get continuity of TQ‘I’ .

3.4 Measure-theoretic Lie bracket for nonsmooth
vector fields

In this section we prove a generalization of the classical notion of commuta-
tors of vector fields in our framework of measure theory (see [29]), providing
an extension of the set-valued Lie bracket introduced in [68,69] for Lipschitz
continuous vector fields.

Indded, in [68,69] the authors give a generalization of the classical notion
of Lie bracket (or commutator) of two smooth vector fields X, Y, in order to
study the commutativity of the flows of two vector fields basically just assuming
that the flows are well-defined (e.g., the two vector fields are locally Lipschitz
continuous). In this framework, the classical Lie bracket [X,Y](-) appears to
be defined only a.e. w.r.t. Lebesgue measure, moreover, as showed with many
examples in [68], even at the point where it can be defined, it does not catch all
the local features of the two flows.

By mean of a suitable construction, in [68] the authors define an object,
called set-valued Lie bracket, which associates to every point of the space a
suitable set [X,Y]set(+), which in the classical smooth case reduces to the usual
Lie bracket, and turns out to be the convex hull of the upper Kuratowski limit
of the classical Lie bracket (which are defined in a Lebesgue full measure subset,
in particular in a dense subset).
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They also prove that the basic properties enjoyed by the classical Lie bracket
(asymptotic formula, commutativity of the flows, simultaneous flow-box theo-
rem), have their natural counterparts.

The main ingredient to prove the results of [68] is an ezxact integral formula
expressing the difference ¢¥, o ¢, 0 ¢ 0 ¢X(q) — q (proved in Lemma 4.5 of
[68]), where X,Y are locally Lipschitz vector fields and ¢;%, ¢} their flows at
time ¢t. In this context, the term ezact is used in opposition to asymptotic.
This integral formula turns out very useful to be handled and, together with a
regularization argument, yields all the main results of the paper.

In [67], these results are applied to give a nonsmooth version of the Frobenius
theorem for Lipschitz distributions of vector fields on a manifold. The general-
ization of the construction of [68] to higher order Lie bracket is not straigthfor-
ward, as pointed out in Section 7 of [68], and has been recently proved in the
two papers [42], which generalized the exact formula for the single Lie bracket
to general nested brackets, and the forthcoming [43].

It is well known that, in the classical framework, the vector space Lie(.%#)
generated by all the vector fields built from a given set .# of vector fields by mean
of possibly nested Lie bracket, is deeply related to controllability properties of
the finite-dimensional driftless control-affine systems where the controlled vector
fields are the element of .%. Roughly speaking, Lie bracket operations enlarge
the set of admissible displacements that a particle can reach in a given amount
of time by following the admissible trajectories of the system, even if, in general,
a Lie bracket does not give an admissible direction for the system.

The study of higher order conditions for attainability plays an important role
also in the classical finite-dimensional setting. Petrov’s condition represents a
first order requirement on the trajectory and can be interpreted as the request
that for each point sufficiently near to the target there exists an admissible
trajectory which points sufficiently towards the target at the first order, indeed
it involves the first order term of at least one admissible trajectory, i.e. an
admissible velocity. Since it is a strong condition to be satisfied, it is natural
to look for higher order conditions when the first one doesn’t hold, by involving
higher order terms of the expansion of the trajectory. It has been studied (see
[52]) that these conditions involves Lie bracket of admissible vector fields and
can be viewed as Petrov’s conditions of higher order.

Hence, in order to give higher order conditions for controllability in our
framework, it turns out to be a natural problem to define some correspondent
quantity for the Lie bracket in a measure-theoretic setting by using tools of
transport theory. The study of controllability conditions involving measure-
theoretic Lie bracket is still an open problem in this setting. We refer the
reader to [59,60] for the study of sufficient conditions granting small time-local
attainability in finite-dimension.

Our strategy can be summarized as follows: by exploiting the main idea of
the Agrachev—-Gamkrelidze formalism (AGF) formalism (see for example [68]),
we consider probability measures on R¢, and define our object as limit (in a
suitable topology) of an asymptotic formula like the one considered in [68], but
instead of the evaluation at a point ¢, corresponding to the choice of d,, we
consider the push forward of a probability measure p along the flow. Under
suitable assumptions, we are able to consider the convexified Kuratowski upper
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limit of this construction as in [68], thus defining a set-valued measure theoretic
Lie bracket, which - by construction - satisfies the asymptotic formula and the
commutativity property. We notice that this object, being a set of vector-valued
measures absolutely continuous w.r.t. g, has no longer a pointwise meaning,
unless the starting measure is purely atomic.

We give also some representation formula, which allows to compare our re-
sults with the results of [68], showing that in the case of Dirac deltas, the two
constructions agrees and, slightly more generally, under the Lipschitz assump-
tions of [68], the density of each element w.r.t. a general probability measure p
is an LL-selection of the set-valued Lie bracket defined in [68].

This Section is structured as follows: in Subsection 3.4.1 we review some
preliminaries of differential geometry, in Subsection 3.4.2 we introduce the main
objects of our study and formulate the main results, in Subsection 3.4.3 we
compare our result with the construction in [68]. We conclude providing an
example illustrating our construction in Subsection 3.4.4.

3.4.1 Preliminaries on differential geometry

Definition 3.4.1 (Formal bracket). We denote by Diffeo(R?) the set of all
diffeomorphisms of R?. Let 1, € Diffeo(R?) be two diffeomorphisms. We
define their formal bracket by setting:

[, ](z) = opo™ oy Ha).

Since for every 1, ¢ € Diffeo(R%) we have that [¢), ] € Diffeo(R?), by iterating
the procedure we can construct formal bracket expressions by nesting formal
brackets of diffeomorphisms. Given a subset . C Diffeo(R?), we define the
length (also order or depth) of nested formal brackets of elements of . by
induction. If ¢ € . is a single diffeomorphism, then ord (¢) = 1. Otherwise, if
A and B are formal bracket expressions of elements of .7, we set ord [A, B] =
ord A + ord B.

Definition 3.4.2. Let X : R? — R? be a locally Lipschitz vector field. Given
r € R4, we denote by ¢;* (z) or ¢X(t,z) the flow of X starting from z, i.e. the
(unique) solution of z(s) = X (z(s)), (0) = = evaluated at s = ¢t. We have

#X(0,2) = x and %qﬁx(t,x) = X(¢*(t,x)).

For ¢ sufficiently small, it is well known that ¢;*(-) is a diffeomorphism.
Given two C''-smooth vector fields X, Y, we have that

d
$[¢ix»¢f]($)\t:0 =0,

P x oy
@[@ s Oy KSU)M:O =2[X,Y](=),

where on the right hand side we have the usual Lie bracket of vector fields
defined in local coordinates by:

(X, Y](2) = (VY (2), X(2)) = (VX(2), Y (2)).
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The correspondence between the first nonvanishing derivative at 0 of flows
generating the bracket and the order of the Lie bracket is explained in the
following classical result (see e.g., Theorem 1 in [61]).

Theorem 3.4.3. Let k € N\ {0,1}, M be a manifold of class C*, and for
i=1,...,k let ' : R x M D Uy — M be a smooth map of class C* such that

1. Uy is an open neighborhood of {0} x M in R x M,
2. ¢! is a diffeomorphism of class CF on its domain,
3. ¢h=1d dg"] = X; € Vecy_1(M)

- ¢ =Idnp an 5‘t¢t 1o = Xi € Veck_1(M),

where Vecy(M) is the set of vector fields on M of class C*. Then for each
formal bracket expression B of order k (w.r.t. ¥ = {¢*: i =1,...,k}) we have

o7
< B(el, ... k‘ - 0 Vi<j<k
8tj (¢ta v(bt) =0 ) 9
L L B@hdh)| = Bu...X)
L! 315’“ tye oy Pt 0 - 1y---92k)s
where the last expression is computed substituting each ¢t with X; in B(¢}, . .., qbff),

and then computing the nested Lie bracket of vector fields.

3.4.2 Measure-theoretic Lie bracket

Here, we introduce the basic objects of our analysis, proving also the main
results of this section.

We will adopt the following notations. Given a family of Banach spaces
{X.}icr, we define the Borel maps 7; : HXJ — X, ri(xy) = a; for all i € I.

jeI

We will denote with dg any metric on &(X) inducing the w*-topology on
Z(X).
Definition 3.4.4 (Measures associated to a family of transformations). Let
T>0,KC PR, pecly,K and let ¥ic = {¥(-) }1e(0,7] be a family of maps
such that

(Dy) ¥, : R? — R is a Borel map for all ¢ € [0,7;
(Dg) t+ Wy(z) is continuous from [0, 7] to RY;
(D3) ¥o = Idga;

(Dy) Wit € K for all ¢ €]0, T,

where cl,, denotes the closure in the w*-topology. If K = Z(R?) we will omit
the subscript K.

Define the measures 0,/ < € P R4 x I'r) and Wif’m € 2(R? x R?) by setting
for any ¢t €]0,7], m € N\ {0}, ¢ € Bory(R? x T'r), v € Bor,(R? x R?)

//Rder () dy () = /Rd (2, 72) du(x),
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where 7, (-) € I'r is defined by 7, (t) = U (z).
Defined the map Q7 : R x I'r — R? by

O (0. o Ce7) — ol )

tm ’

tm

where for t # 0 the map ep x Q" : R? x I'r — R? x R? is defined as
m Y(t) — (0
(o x Q) = (50, W21

Remark 3.4.5. The main motivation for considering a general subset K of 22(R%)
comes from applications, where for example we are able to measure only aver-
aged quantities w.r.t. Lebesgue’s measure.

v, —Id
we have n¥~ = 1 ® &y, T £ = (eg x QP )fnEr = (IdwﬁRd) i,

We will now provide some estimates on the p-moments of the measures nl‘f"c

‘I’)o

and T, associated to Wi.

Lemma 3.4.6 (Estimates on moments). Let T >0, p>1, K C Z,(R%), u €
cly, K and let i = {W¢(-) }rejo,r) be a family of maps satisfying assumptions
(D1)7 (D2)7 (D3)) (D4)
P
+m,/ ”(u)) :
Ly

U, — Idga
tm

2. If there exists a Borel map f : RY — [0, +oo] with |¥,(x) — x| < f(x) for

allt € [0,T] and = € R?, we have

my (%) < my(p) + (£l +m¥/ (1))

d
1. If € LF(R?), we have

mp( w,t

Ay (H U, — Tdga

Proof.

U, — Idga

ti
) // (| + [y)? dr¥E™ @, )

P lIl)Cm L/p P Wic,m L/p
[P dm,, & (z,y) + [yl dm, " (2, y)
Rd xR Rd xRd
p
v —1Id

- <H : tm = +mzlo/p(#)> .
LP
I

2. If there exists a Borel map f : R? — [0, +-00] with |¥;(z) — 2| < f(x) for
all t € [0,7] and = € R?, we have by Monotone Convergence Theorem

= [, el Itz e = [ (el ) duo
< my () + / (e = 2lloe + l21)” du(z)
< my () + (1l +my/ ()"

1. If LP(R?), we have

P
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O

U, — Idga
We define now a measure-theoretic object related to the limit of tTRd

ast— 0T,

Definition 3.4.7 (Measure-theoretic expansion). Let T > 0, m € N, m > 1,
p>1,KC Z,(RY), p€ cly, K and let Oic = {W,(-) }1e(0,7) be a family of maps
satisfying assumptions (D1), (D2), (D3), (D). Define the following set

P, Tr) := ﬂ clw, {W;’ft’m € sz(Rd X Rd) 0<t<0,0<da(u,p)<d,u e IC} ,
02527

ic,m

;" is defined as in

where clyy, denotes the closure in the W-topology, and 7T;Il/
Definition 3.4.4.

We notice that
1. PP (u, i) is W-closed.
2. 7 € PP (u, ¥x) if and only if there exist {t;};en C]0,T] and {1 }ieny € K

\I’;cﬂn

such that t; — 0, u( —=* 4, and W, (71'“(1-) v

7r) —0ast— +oo.
3. For any m € PP (u,¥x) we have that rifmr = p, indeed, given t; —

0, {pD}ieny C K, u® —* p such that Wp(wﬁﬁ’x,w) — 0, we have

in particular rlﬁﬂ'“(’ﬁ’f —* r§m, since convergence in W), implies w*-
it
\Ij .

convergence, and rlﬁw#(g’:’f‘ = pu —~* gy

We can disintegrate each element m € P2 (1, W) with respect to r, obtain-
ing a family of probability measures {07 },cge Which is p-a.e. uniquely defined
and satisfies 7 = 4 ® 0. Thus we can define the set

Vi) = {V € RGRY s Vi) = [ ydoZ)m = o of € Phu W)}
Rd

Remark 3.4.8. Roughly speaking, the second marginal of each element m €
U, — Idga
tm
for u’ € K converging to u and ¢t — 0F. To recover an object defined pointwise

p-a.e., we take its barycenter, obtaining the map V.

P? (u, ®x) represents a limit point of the vector valued measure !

The set of vector-valued measures {Vy: V € VE(u, ®x)} will be the object
¥, —Idga ,

—m M

generalizing the asymptotic behaviour of the vector-valued measure ;

in the sense precised below.

Lemma 3.4.9 (Interpretation). LetT >0, m € N, m > 1,p > 2, K C Z,(R%),
p € clg, KK and let Wi = {Wy(-) }repo,r) be a family of maps satisfying assump-
tions (D1), (D2), (D3), (D4). Then if V€ VP (u, ®x) there exist {u)};en € K
and {t;}ien C|0,T] such that (9 —* p, t; — 0% and
T i — @
lim Lo = p® = —div(Vp),

i——+4o00 i

in the sense of distributions.
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Proof. Let V € V2(u, ®x). There exist sequences {t; }ien C]0, T] and {u)};en C
K, and a family of probability measures {0, } ,cra uniquely defined for p-a.e. x €
R? such that p(9 —* u, t; — 0T and, set 7 := u® o, we have Wp(wig’f,w) —

0t and
/ /RR pla)ydn(z,y) = /R @)V (@) dp.

for any ¢ € CF(RY).
For any ¢ € CX(R?) we set R, : [0, +00[xR? x RY — R,
Ry(t,z,y) = (@ +1"y) — p(x) = (Vo(z), t™y),
and, recalling the smoothness of ¢, we have

| Ry (t, 2, )]

o < thDQSDHOO‘yPXsuppw(x)'

In particular, for i sufficiently large we obtain

| Ry (tis 2, y)| m: vl w v
//R o ; dr (57 (2, y) < 7 D*¢llo |y|2d7ru(§::(x,y)
X

oy
< tZ"IIDzsolloomz(mi% )

‘I’ )
< 7[00l (1 + my (25 T)).

Hence we have

o2t 0 = [ e annOw - [ o)

2 2

_ i {w( +tmqj(;f,)1_$> - w(x)} dp! ()

:*// o o+ £7y) — ola) A5 (x.0)
RdX]Rd 71
T, tl,:c,y) Tem
B //[RdXRd (Vep(@).y >d7ru(’c> ¢, \T 'Y) //Rded dﬂ-u(g,ti (z,y)

, Wic,m
< [, (Vela) s e + I+ iy (7257,
X

Taking the limit for ¢ — +oo, and recalling that mp(wt‘l_"i’(:';”) is uniformly

: v
bounded since W, (m, 7 5'"") — 0, we have
pit) st

(1) _ @)
i (o, ST < [ (9000, Vi) due) = ~ (o div(V),

which concludes the proof by the arbitrariness of ¢ € CF(RY). O
Corollary 3.4.10. In the same assumptions of Lemma 3.4.9, assume that

U, — Idga
tm

lim

t—0

=0.

Ly

Then
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W,(U
1. lim P( tﬂ/h,u) :0;
t—0 tm
2. for every ¢ € Lip(R?) we have

o[ pe ) — e
t—0 Rd tm

dp(x) = 0.

Proof. The result comes immediately, since we have

( P (¥ tﬂu u) //RR W, (a tpm_g;w du(s)
= [ P )
I e s

<Lip"( // |y\”dw“"<’<>
R4 xR

and in both cases the right hand side tends to 0 by assumption. O

We are going to provide now a sufficent condition ensuring that the above
defined sets are nonempty.

Lemma 3.4.11 (Nontriviality). Let T > 0, m € N, m > 1, p > 1, K C
Z,(RY), € cla, K and let e = {Wy(-) }ejo,r) be a family of maps satisfying
assumptions (D1), (D2), (Ds), (D4).

1. PP (u, W) # O if and only if VE(u, Wx) # 0. More precisely, if 1 =
u®or € PP (u, i) then the map defined as

Viw) = [ viozw)

belongs to Lk (R4 RY).
2. Assume that

[ — Idgal e,
liminf —** =:(C < 400,
Wi (1 ,11)—0 tm
p'ex
t—0T

then PP (u, ) # O, which implies also VP (u, ®xc) # 0.
Proof.

1. Given 7 € P (1, ¥xc) as in the statement, we estimate the Lf-norm of
V() by applying Jensen’s inequality

Wity = [ | [ vaoz| aner< [ ([ wraozn) ance
N //RdXRd lyl” dm(z, y) < my(m) < +oo.

Then we have that V' € VP (u, ®x), which turns out to be nonempty. The
converse is trivial.




96 CHAPTER 3. MASS-PRESERVING CASE

2. Let {1 };en be a sequence in K, {t;};en C]0,T)] be such that

, s, = TdgaflLe
Wp(u(l%ﬂ) — 0, ti =0T, lim Lo =C

i—+00 t;ﬂ

Since W,(u?, ) — 0, we have that there exists C’ > 0 such that

mzl)/p(,u(i)) < (' for all i € N. Define W‘I'(’f)m as in Definition 3.4.4, and no-
[N

Wi, — Idgae

t"

tice that, by assumption, for ¢ sufficiently large we have

L:D
HO)
C + 1. Thus, according to Lemma 3.4.6 item (1),
P
+m/P(u) | < (C+C + 1)
Lo

my

‘I’)C, \Iltl - Ide
M( it

In particular, according to Remark 5.1.5 in [9], up to passing to a sub-
sequence, we can assume that there exists mo, € Z,(R? x R?) such
that W, (W‘I'(’f)’t \Too) — 0, yielding moo € P2 (p, ¥x) and my(ny) <
C+C + l)p To conclude, it is enough to apply the previous item.

O

The following localization result allows us to restrict our attention in the
computation of PP (u, W) just on the measures supported in a neighborhood
of supp p.

Lemma 3.4.12 (Localization). Let T >0, m €N, m>1,p> 1, K C Z,(R)
such that if 1 € K and po << p1, then also py € K. Let p € clg, K and
Wi = {W:()}icpo, ) be a family of maps satisfying assumptions (D1), (D2),
(D3), (Dy). Then we have

m 0<de(p,p) <6y ck
Phin¥e) =[] v {W:’Kt € ZpRIXRY): <(§L sff;))p ' CMW }’
0<6<T — Y =

WQRd open
supp uCW

Proof. The inclusion D holds trivially true. We prove the converse inclusion.
Let m € PP (11, ®x), in particular there exists {u}ien € K, u® —* p, t; — 0F
such that W, (W‘I'(’C)’t ,m) — 0. Let W C R be open and such that suppu C W.

Define pw € Cg (Rd) such that 0 < ow (R?) < 1, pw (z) = 1 for all 2 € supp(u)
and supp pw C W. Set

A (i)
pop. Ow K,

/ ow () du® ()
Rd

by hypothesis. Let ¢ € CP(R?). Then, since ¢y € CP(R?), we have

, ¢(I)¢W(I)d#(i)(f) /ﬂi(ﬂs)(pw(l’)d,u(z)
lim 1/’(515)61#%)(@: lim /B¢ _ Jr

b Jpa i / @@ / pwla) du(a)

= [ vt duta).
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since oy = 1 on supp u. Thus we have u%,i[,)

0 < 6 < T we have

—* p for all 0 < 6 < T. For any

lim ow () dp (z) =1,

1—+o00 R4
: 1
thus there exists i5 € N such that / ow (x) du(l) (x) > 2 for all ¢ > 5.
Rd

This implies mp(ﬂ'q’(’i’ ) < 2mp(7r'1’(’c) :") for all 4 > i5, by Monotone Con-
‘I’;c,m
()t
) is uniformly bounded, and so, up to passing to a non relabeled subse-

vergence Theorem. Slnce by assumption W,(w, ) — 0, we have that
‘Il;c,m
(ot

quence, we have that there exists 7’ € Z,(R? x R?) such that W, (', W\I}(K) m) —

my (7

0 as i — +o0. To prove that 7 = 7/, which will conclude the proof by the arbi—
trariness of W and 0, it is enough to show that dg(m, 77\1’(’% ) — 0. Indeed, for

Hw ti
any ¥ € CP(R? x R?) we have

Yic,m = Yo l@) =T )
l—l}—i-moo /\/RdX]Rd r y dﬂ- <)t ( ) o 1_1>l+moo Rd 1/} (ZL‘, tzn > d,LLw(JC)
U, (x) —x .
/ pw (2)9 (mﬁi) du (z)
Rd

= ligl ¢
12— +00 i
/ ow () du
Rd
=, lim y ow (2) (z,y) dm( 7 (,y)

- / ow (@) (2,y) dn(x,y)
/1/; x,y) dm(x,y),

and so Wp(ﬂ,wf”c’(?;) —0asi— +oo, {?}ien C K and supp ,ug,iv) C W for all

iy

1€ N. O
We will now provide some representation formulas for the function on V2 (11, i),

proving also some refinement under additional assumptions. These will be used

to establish a comparison with the set-valued Lie bracket defined by Rampazzo-

Sussmann in [68].

Definition 3.4.13. Let T > 0, m € N, m > 1, K C Z(R?), p € clg, K,
D CR% and let Wi = {W;(-) }1¢(0,7) be a family of maps satisfying assumptions
(Dy), (D3), (D3), (D4). For every 6 > 0,0 < o < T, and z € R?, define the sets
U _
S;‘,L’?D(z) {t(y)y :0<t<o,y€ B(z)) OD} ,

tm

) WSS (2), i ST (2) # 0,
Kfn’,D(z) =

0, otherwise,

E,..p :={z € D: there exists 0,,0, > 0 such that anz’gz (z) is bounded}.

If D =R we will write S%%(2), K2°(z), thus omitting D.



98 CHAPTER 3. MASS-PRESERVING CASE

Theorem 3.4.14 (Representation formula). Let T >0, meN m>1,p>1,
K C Z,RY, p € cla, K and let ¥ = {Uy()}epr) be a family of maps
satisfying assumptions (D1), (Ds), (D3), (D4). Let D C R and assume that
the following condition holds

(H1) /(D) =1 forall ' € K.

Then if V€ VE(u, ®x) we have

ﬂ Kzl’f;D(z), for p-a.e. z € RY, (3.20)
0,0>0
V(2) € co ﬂ Sgl’st(Z), for p-a.e. z € Ep, p. (3.21)
0,6>0

Proof. Let V€ VE(u, ®x). There exist sequences {t;};en CJ|0,T], t; — OF
and {p ey € K, p —* u, and a family of probability measures {&,},cpa
uniquely defined for p-a.e. € R? such that denoted by 7 := pu ® &,, we have

Wp(ﬂ';p(’ﬁ’f,w) — 0 and V(z) = / ydé,(y) for p-a.e. x € RY.
v Rd

For any o €]0,T] we define a set-valued map G, : R? = R9 by taking
o,0
= m Km,D(‘T)
6>0

Notice that dom G, O D. This set-valued map has closed graph, indeed, let
{Zn}nen, {Untnen € R, 2,y € R? be such that z, — =, yp — ¥, Yn € Go ()
for all n € N. Fix 6 > 0 and let ng > 0 be such that |z, — x| < § for all n > ns.
For every ¢’ > 0 and n > ns we have that

Y €S (2a) C T80, (@) C w0 8575 (@)

By passing to the limit as n — +oo we have y € ¢o SU(S +o (x) for all &', > 0,
and then by taking the intersection on §,¢" > 0 we have y € Gy (z).
Since G, has closed graph, the map g, (z,v) := Ig, () (y) is L.s.c. and non-

negative (set Iy = +00), moreover g,(z,-) is convex for all x € R
By Jensen’s inequality we have

/Rd 9o (x, V() dp(x) :/]R 9o (x,/R ydfm(y)> dyu(z)
/W/Rdgaﬂr:ydg$ x)du(z)
_//Rdedg (x,y)dr(z,y).

Recalling Lemma 5.1.7 in [9], by L.s.c. of g,(:,-) we have

// 9o (x,y) dr(z,y) < hmlnf// (x,y) dﬂ‘ll(’c)’ln(x,y).
R x R4 =00 Rded a
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We obtain

[ e vermin= [ o i
R4 RdXRd
R Wi,
= lilgl—i}gof//u@dx]gd 9 (2, y) dﬂu(’c’t (@.y)

W, - .
= hmmf/ Jo (a:, W) dp (x).
i=+4o00 Jpa i

Since there exists i, > 0 such that ¢; < o for all ¢ > i,, then for any x € D we
have

v, —
9o (a:, t(;n)x> =0, for all i > i,. (3.22)

This implies

/Rd 9o (z, V(x)) dp(z) < limiand\D 9o <x’ \I’t(l;'r)l> ) ().

i—+00 tl

Thus, since by hypothesis 47 (D) = 1 for all i € N, we have g, (x, V(x)) = 0 for
p-a.e. © € R Recalling the arbitrariness of o > 0, for p-a.e. x € R?

e N NED@ = (] K@)

a>06>0 0,0>0
which proves (3.20).

Since
6 3
m K, °h(2) 2 co ﬂ Soip(2)
7,6>0 0,0>0

for all z € R%, to prove (3.21) we must show that equality holds when z € E,, p.
By definition of E,, p, there exist §, > 0 and 0 < 0, < T such that S;’?D (2) is
bounded for all 0 < ¢ < 0, and 0 < § < §,, so we can find a sequence ¢; — 0T,
a sequence y; — z, and a vector £(z) € R? such that

Uy, (yi) — v
lin YY) —y

i—00 t;n

=¢(2),

and, by construction, we have £(z) € an’st(z) for all 0,8 > 0.

Thus £(2) € ﬂ an’st(z), and so the set co ﬂ SZ{?D(Z) is closed, convex,
0,0>0 0,0>0
and nonempty.

Assume by contradiction that w € m Kfn’st(z) \ co ﬂ an’st(z). By
7,6>0 7,6>0
Hahn-Banach separation theorem, there exist ¢ > 0 and © € R? such that

_ _ Q0,8 [N
(U, w) > (0,€) + ¢, for all £ € co ﬂ Soip(2),
7,6>0
in particular we have

(T, w) > (,€) +¢, forall € € ﬂ an’st(z).

0,0>0
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On the other hand, we have that

w€E ﬂ @SZ’?D(Z)

7,6>0
implies that for all v € R, 0,6 > 0 we have

(v,w) < sup  (v,p)=sup (v,p),
P S35 (2) PeES’ (2)

so for every sequence o; — 0% and 6; — 0 we choose §; € S’ ’g (z) such that

1
Sug <U,p> < <va€i> + ;

peS’m,’D (Z)

Up to passing to a subsequence, we can assume that & — £. By construction,
we have that £ € SZ{?SD(Z) for all ¢,0 > 0, and

(v, ) < (v, ),

contradicting the fact that (v, w) > (7,£) +¢ for all £ € ﬂ SZ{SSD(z). O
7,6>0

Remark 3.4.15. In the case in which the maps ¥x > ¥, : R — R? are con-
tinuous for all ¢ € [0, T, then Theorem 3.4.14 holds also if instead of condition
(H1) we assume

(Hs) p/(D) =1 for all i’ € K.

Indeed, in this case property (3.22) holds for all z € D and not only for all
r € D, thanks to lower semicontinuity of g,. Furthermore, property (3.21)
holds for p-a.e. z € E,, p, where

Epnp:={z€D: there exists 0,8, > 0 such that S;f’l‘;z(z) is bounded}.

We notice also that if D is a dense subset of R, condition (Hy) is trivially
satisfied.

3.4.3 Application to the composition of flows of vector
fields

As seen in the introduction of this Section 3.4, in [68] the authors extended the
definition of a Lie bracket of two C! vector fields to the case of two Lipschitz
continuous vector fields X,Y, that is an assumption implying continuity of
U, (-) := [¢X,0Y](-). In this case, the Lie bracket of the vector fields at every
point turns out to be a set. Moreover, they provided in this framework an
asymptotic formula for the flows and the generalization of other classical results
holding for the Lie bracket of vector fields.

A natural question is to compare our construction with the one in [68] when
the starting measure reduces to a Dirac delta, in the spirit of the AGF formalism.
The aim of this section is to perform such a comparison, showing that - roughly
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speaking - the density V' of the measure theoretic bracket Vi is a LL selection
of the Rampazzo-Sussmann set-valued Lie bracket. In particular, when p = 4,
the two constructions reduces to the same object.

We will take K = Z(R?) throughout the section, hence we will omit the
condition (Dy) in Definition 3.4.4 since it follows from (D).

We recall the following definition from [68].

Definition 3.4.16 (Set-valued Lie bracket). Let f, g be locally Lipschitz vector
fields on R?. The (set-valued) Lie bracket of f and g at x € R? is

[f, glses () := co{v € R?: there exists a sequence {z;};en C dom(Df) N dom(Dg),

such that z; — 2 and v = lim [fﬂ](wj)}
j—o0

where dom(Df) and dom(Dg) denotes the set of differentiability points of f
and g, respectively. Recalling Rademacher’s Theorem, when f is Lipschitz con-
tinuous it is differentiable at a.e. = € R, thus dom(Df) N dom(Dg) has full
measure in R9.

According to Remark 3.6 in [68], the following equivalent definition can be
given

[f: glset(2) = {Bf(x) — Ag(z) : (A, B) € 9(f x g)(x)},

where f x ¢ is the map defined as (f x g)(x) = (f(z), g(x)), and 9 denotes the
Clarke’s generalized Jacobian, which for a Lipschitz continuous map h : R¥ —
R™ is defined as

Oh(z) :== CO{L : R¥ — R™ : there exists {z;}jen C dom(Dh) s.t. L = lim Dh(x]—)}

j—o0

= co () {Dh(y) : y € dom(Dh) N B(z,6)}.
6>0

Recall that in general O(f x g)(x) C df(z) x dg(z), and the inclusion may be
strict.

We can recast the above definition by

(£, glser(x) = co () {Dg(w) f(y) — Df(y)g(y) : y € dom(Df) N dom(Dg) N B(w,6)}.
6>0

Remark 3.4.17. Let v be a Lipschitz continuous vector field with Lipschitz con-
stant L > 0. Fix a set of smooth mollifiers {s,},~0 and set v, = v*s,. For any
€ > 0 there exists p > 0 such that for all 0 <¢ < T

163(2) 6 ()] < o — ] + / [0(8(x)) — vp (62 (9)] ds
<le—yl+ / [0(82(x)) — v(6% ()] + / (6% () — vp(82 (3))] ds

t
<lz—yl+ L/o 162(2) — 6% ()] + €T
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By Gronwall’s inequality,

6 (2) — ¢/ (y)] < (J& —y| +eT) T

and so if |z — y| < C’e, there exists C”" > 0 such that |¢¥(z) — ¢,” (y)| < C"¢.
The argument can be iterated for concatenation of flows of Lipschitz continuous
vector fields.

Remark 3.4.18. Let f : R — R be a Lipschitz continuous map. Then, if f
is differentiable at z € R? we have Vf,(z) — Vf(z), where f,(z) = (f *
sp)(x), and {s,},>0 is any family of smooth mollifiers. It is enough to check the
assertion for the directional derivatives of f, so let v € R%, |jv|| = 1. Recalling
that f, converges uniformly to f on compact sets, we have

{0uf(2)} =

a>0

{f($+tv)—f(x)

:0<t<0}
t

=N ﬂ{fT(ert?_fT(x):0<t<a,0<r<p}

a>0p>0

=N N {fT(erm;)_fT(x) : 0<t<0,0<7<p}
p>00>0

= ﬂ {Opfr(x): 0<T<p}= {;i_%@vfp(x)}.
p>0

We will show now a result stating the main connection between our con-
struction and [68]. Indeed, we prove that in the same framework of [68], the
two constructions agree.

Proposition 3.4.19. Let now X, Y be locally Lipschitz continuous vector fields,
set Wy(z) = [¢7, 07 |(x), then ® = {U(-)}ie0,1) satisfies assumptions (Dy),
(D), (D3). For any z € R? and V € V' (5,, ¥) we have

V(Z) S [X, Y]set(z)'

Proof. Let D be the set of differentiability points of X and Y, in particular
it is dense in RY. Fix z € R%. By Lemma 3.4.12, we can restrict ourselves
to measures supported on a compact neighborhood of z, thus without loss of
generality we can assume that X, Y are globally Lipschitz continuous.

Fix a smooth family of mollifiers {s,},>0, and let X? = X x5, and Y? =

Y x5, We set Uf(z) = [¢7",¢y"] and notice that ¥” converges uniformly

to W on every compact subset of [0,7] x R%. Moreover, if + € D we have
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VXP(z) = VX(z) as p — 0" by Remark 3.4.18. These two facts implies that

coﬂSZfD —coﬂ ﬂ{ :0<7<p,z€ Bz ND, 0<t<0}

7,6>0 0,6>0 p>0

—coﬂﬂﬂ{ :0<7<p,z€B(z0ND, O<t<a}
6>0p>00>0

=co () (V{X7,Y](x): 0< 7 <p, x€B(28)ND}
§>0p>0

=co () {VY(2) X(z) - VX(2) - Y(2): = € B(z,0) N D}
>0

= [X, Y]set(2).

Hence we can conclude, thanks to Remark 3.4.15 and noticing that we have
Es p = R9 by density of D in R%. O

Exploiting this representation formula, and the results of [68] (see in partic-
ular Theorem 5.3 for commutativity), the asymptotic result given by Corollary
3.4.10 can be refined as follows.

Corollary 3.4.20. LetT >0, me N, m>1,p>1, and let X, Y be locally
Lipschitz continuous vector fields. Set Uy(x) = [(bt Lo (@), ®y = {0, () beepo,m)-
Then, if V{ (1, ©) = {0} for all p € Z,(RY) we have (¢5 od} Vi = (¢F 0¥ )ip
for all p € Z,(R%), t € [0,T].

Apparently, the construction of Proposition 3.4.19 can be extended to any
formal bracket by using Theorem 3.4.3. However, it has been pointed out in
[68] that the step between the definition of the single set-valued bracket, and
the definition of higher order bracket is quite nontrivial. Indeed, we can give
just a partial answer to this issue.

Definition 3.4.21. Let k € N\ {0,1}, and Xq,..., X} be vector fields of class
CF21RY). Let . := {¢7" : i = 1,...,k} and consider a formal bracket
B(¢7,...,¢5*) of order k w.r.t. .. Let D C R%. We define for any z € R?

Beet(X1,..., Xp)(2) =co [ (\{B(XT,..., X[)(z) : w € B(2,6) N D, 0 <7 < p}.
>0p>0
i (3.23)

The motivation for such a definition is the following.

Remark 3.4.22. Set W,(x) = B(¢7", ..., ¢7*)(x) and let D be the set of differ-
entiability points for all the vector fields involved and for their derivatives up
to the order appearing in the bracket B. In particular, D is dense in R?. By
Theorem 3.4.14, for all z € R? we have

z) € co ﬂ Sg:f)(z),
0,0>0
for all V € V/’(d,, ®). Thus it make sense to define
Bset(Xla cee an))(z) = Co ﬂ SZ’%(Z),
0,6>0

indeed, equality follows by the very same argument of Proposition 3.4.19.
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When z is a differentiability point for all the vector fields involved and for
their derivatives up to the order appearing in the bracket B, we can refine
(3.23), in the spirit of Proposition 3.4.19, i.e., we set D as the set of common
differentiability points for all the vector fields and their derivatives, and we have
for all z€ D

Bget (X1, ..., Xk)(2) = co ﬂ {B(X1,...,Xk)(x): z € B(z,0)ND}. (3.24)
6>0

However, in general, the definition given in (3.24) is not consistent with the
asymptotic formula when z ¢ D, in the following sense: to have

co (V{B(X1,...,Xk)(x): # € B(y,6) N D} =0
6>0

i _
for all y in a neighborhood of z, in general does not imply that }in(l) M =
— m

0, as showed with a counterexample in Section 7.1 and Section 7.2 of [68],
where the possibility to extend the construction of [68] to higher order bracket
respecting the asymptotic formulas is extensively studied.

On the other hand, (3.23) is coherent with the asymptotic formula at all
z € R, by construction, but lacks of a simpler representation.

The problem for the pointwise set-valued bracket has been partially treated
in [42], and will be concluded in [43], by using different techniques w.r.t. this
paper. We just point out here that a useful tool to study the cluster points
of B(X7,...,X])(z) as 7 — 0 is provided by the following result, which is a
simplified version of Theorem 9.67 in [70].

Proposition 3.4.23. Let f : R — R be a locally Lipschitz function, and let
{sp}p>0 be a sequence of smooth mollifiers. Set f, = f xs,. Then

co( ) {VF(@): 2 € B(x,0), 0 <7 < p} = dcf(w).

6>0p>0

3.4.4 An Example

In this section we provide an example illustrating our approach.

In the example below, we first consider the case in which the measure p is
blind w.r.t. the singularity set H of the vector fields, i.e. the singularities of
the vector fields are contained in a u-negligible closed set. In this case, roughly
speaking, we can neglect them and perform the computations exactly as in the
classical case. In the same setting, we then analyze the behaviour of the system
on the singular set H. To this aim, we will set D = R¢\ H.

Ezample 3.4.24. In R?, set H := {(z,y) € R? : 2y = 0} and consider two Borel
vector fields safifying for (z,y) € D

X('Tvy) ::\/g'y;v/g'(la]-)7 Y(x,y) = X(yvx)'

Since in the open set D these vector fields are smooth, we can set Uy(z,y) =
(675, 0¥ |(x,y) for (z,y) € D and t small enough, thus for all (x,y) € D we have

lim \Ilt(ua U)Q_ (uvv)
(u,w)—=(z,y) t
t—0t

z—y
= [X,Y](z,y) = m(l, 1).
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According to the representation formula, we have that if V' (u, ¥) # (), we must
have

r—=y
V(z,y) = W(la 1), for p-a.e. (z,y) € D and all V € VI (u, ®).
Thus if the map (z,y) — ;E;y(l,l) € L2(R?) and u(D) = 1, we obtain
22/342/3 1

Yy
22/3y2/3
holds for 1 < p < 3/2 and any p < £ with compact support.

that V¥ (u, ¥) reduces to the singleton (z,y) — (1,1). For istance, this

Fix ¢ # 0. For every 8,0 > 0 the set Sg’g (29,0) is unbounded, since

o o r—Y
Sz,’éD(l’o,O) 2 ﬂ SQ;%(I(%O) = {W’(Ll) : (z,y) € B((20,0),9) QD}-
o>0

According to the representation formula, we have that if V) ,(u, ®) # 0, we
must have for p-a.e. (z,0) € R?

V(zo,0) € ﬂ coS;’g(xo,O),
0,6>0

but this set is empty. Thus if u({(z9,0) : o > 0}) > 0 we have that
Vy b1, ¥) = 0. However, it is easy to show that for 1 < m < 2 we have

() oS (@0,0) = {A(1,1) : A >0},
0,0>0

We can reason in a similar way on all the points of H \ {(0,0)}.
Concerning the origin, we notice that

[ coS57(0,0) = R?,
0,0>0

thus in the case that u(H \ {(0,0)}) = 0, we are able to define again V(-) €
p : r—y d

Vy p(u, ¥) provided that (z,y) — W(l,l) € LE(R\ {(0,0)}) (we can

simply set V'(0,0) = 0).
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Chapter 4

Time-optimal control
problem in a non-isolated
case

The formulation of the problem we are going to study in the present chapter
(see [33]) is strictly related to the theory presented in the previous one for
the mass-preserving case (cfr. the related papers [28,30-32]), where a time-
optimal control problem in the space of probability measures is investigated.
As already discussed, in the mass-preserving case, the admissible trajectories
are time-depending Borel probability measures on R solving an homogeneous
(controlled) continuity equation

8t,ut + diV(’Ut/JJt) =0

in the distributional sense, thus granting the preservation of the total mass
during the evolution. The Borel velocity field v; is the control parameter, and
ranges among L,ﬁt—selections of the multifunction F' driving the underling ODE.

Given a set S C R closed and nonempty, we can choose as target set
S C Z(R%) the set of all the probability measures supported in S (recalling the
concept of classical counterpart), and so the aim is to steer an initial state pg €
P2 (R?) towards S along a mass-preserving trajectory driven by an admissible
velocity field v;. The cost-functional associated to this trajectory driven by v,
is chosen to be the final time 7" for which supp(pp—r) € S.

In that setting, the natural definition of minimum time function starting
by a probability measure pg is the infimum of the cost-functionals associated to
admissible trajectories with initial state ug, as usual. We adopt the notation T:
P (RY) — [0, +00] to refer to the generalized minimum time function associated
to this problem without the superscript ® in Definition 3.2.10 since we are
considering the case of existence of a classical counterpart for the target.

In this chapter we face a different problem, more related to the study of
the evacuation problem, i.e. the problem to find the minimum time for a crowd
to completely leave a region under some constraints on the trajectory of each
pedestrian.

107
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The problem we are going to introduce can be seen also as a logistic problem
involving non renewable resources. More precisely, we consider again an initial
state pp € Z(R?), representing for example the initial statistic distribution of
agents. At the initial time, to each agent of the system is given an amount
of supplies depending on his/her initial position, represented by a funcion fj :
R? — [0, +00] called clock-function. The aim for each agent is to reach a fixed
region S C R? (common for all the agents) before the full consumption of the
provided supplies, which decrease linearly in time during the evolution. The
goal is to find the minimum amount of supplies which must be assigned at
the beginning to each agent to comply the task, together with the macroscopic
description of the trajectories of the agents allowing them to reach S with this
minimum amount of supplies.

Notice that we ask the target set S to be strongly invariant for F' in order
to remove the agents once they have achieved their own task.

Another possible way to interpret this problem as a time-optimal control
problem, is to associate to each admissible mass-preserving trajectory p starting
by fi0, a function fy : R? — [0, +-00] whose aim is to bound from above the time
needed by the particles in the support of pg to reach the target S following the
trajectory pu.

This formulation gives us the possibility to study a new class of trajectories
o for pg, called clock-trajectories, which are no longer mass-preserving, but
time-depending positive measures which loose their mass linearly in time, as
prescribed by the clock-function fy. At this point, an upper bound on the
time weighted on the initial agents’ distribution to reach the target is given by

/ fo(z) duo(z), and we look for the least of these upper bounds.
Rd

We notice that such a formulation is different from the problem of instanta-
neous annihilation of the mass discussed in Section 2.3.

The main results obtained in this Chapter can be summarized as follows:

1. a theorem of existence of a solution for the problem, with a characteriza-
tion of the value function in this case (Corollary 4.3.7);

2. a Dynamic Programming Principle (Corollary 4.3.8) and some regularity
results on the value function (Corollaries 4.3.10 and 4.3.11);

3. the introduction of a natural Hamilton-Jacobi-Bellman equation for the
value function of this problem, which turns out to be a solution in a
suitable infinite-dimensional viscosity sense (Theorem 4.4.3).

4.1 Statement of the problem and preliminary
results

We formalize now the objects involved in the present study recalling also the
ones defined in Chapter 3 for the mass-preserving case as done below.

Definition 4.1.1. Let F': R? = R be a set-valued map, i € Z(R%).

1. Let T > 0. We say that p = {u¢}reo,r) C P(R?) is an admissible mass-
preserving trajectory defined on [0,T] and starting from [ if there exists
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v = {vi}iepo,r) C A (R%R?) such that vy <y for a.e. t € [0,T], po = fi,
Ogpir + divy = 0 in the sense of distributions and v (x) = &(aﬁ) € F(x)
At

for a.e. t € [0,T] and py-a.e. @ € R% In this case, we will say also that
the admissible mass-preserving trajectory w is driven by v.

2. Let T > 0, pu be an admissible mass-preserving trajectory defined on
[0, T] starting from i and driven by v = {v; }4cjo,7). We will say that p is
represented by n € 2 (R4 x I'y) if we have e;fn = p; for all t € [0, 7] and
7 is concentrated on the pairs (z,7) € R? x I'r where v is an absolutely
continuous solution of

{"Y(t) = v(y(2)), forae 0<t<T

where v () := ﬁ(m)
Mt

We now define the concept of clock-trajectory and clock-function. The fact
that the clock is ticking downward is recapitulated by condition 4 of the following
definition.

Notice that, since we want to define the admissible clock-trajectory for pos-
sible infinite times, we need to have a sequence of mass-preserving trajectories,
each extending the previous one, defined in increasing finite time intervals. In
this way, we can use resuts valid for separable metric spaces as I'r for every
0<T < +4o0.

Definition 4.1.2. Let F : R? = R be a set-valued map, S C R? be closed,
nonempty and strongly invariant for F, i € 2 (R?) with supp(iz) C R%\ S.

A Borel family of positive and finite measures 1 = {fit }sc[0,10of C # T (R?) is
an admissible clock-trajectory (curve) for i with target S if there exist a Borel
map fo : R? — [0, +00] called clock-function, and sequences {T}, }nen C [0, +00],
{1 tnen, {V" }nen, and {n, }nen such that

1. T, = +o0;

2. for any n € N we have that pu" = {u} }1cp0,7,] is an admissible mass-
preserving trajectory defined on [0,T,], starting from g, driven by v™ :=
{I/Zl}te[()’Tn], and represented by n,,;

3. given ny,ny € N with T,,, < T,,,, we have (Idga X 7pyn, )i, = M,
where 7y, n, : I't,, = I',, s the linear and continuous operator defined
by setting rpn, n,v(t) = ¥(t) for all t € [0,T5,]. Clearly, 7, n,7 € I',,| for
all v € T'r,,, . In particular, this implies u;"* = ;" for all ¢ € [0, Ty,].

4. for any n € N, t € [0, T5,], ¢ € C2(R?), we have

[ewdic=[[ | oa@ns GO @)
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In this case we will say that 1 follows the family of mass-preserving trajectories
{1} hen. Notice that, since we ask jig(R?) < 400, then we can identify fo with
et
I

Ho*

Remark 4.1.3. We recall that if the time-dependent vector field v:(x) := %(x)

¢
satisfies the assumption of the Superposition Principle (Theorem 1.3.3) then
there exists n € Z(R% x I'r) representing pr = {y: }1e0,1) € P (RY).

Necessarily, since by Definition 4.1.2, fi; is a positive measure, then we have
the following first comparison result between an admissible clock-function and
the classical minimum time function for the underlying finite-dimensional dif-
ferential inclusion with target S.

Lemma 4.1.4 (Lower bound on the clock function). Let ug € Z(R%), i =
{fit}ref0,400[ be an admissible clock-trajectory for pg with clock-function fo.
Then we have fo(x) > T(z) for po-a.e. = € R, where T : R — [0, +00]

is the classical minimum time function for the same target set S C R?.

Proof. By assumption, let {u"},en be a family of admissible mass-preserving
trajectories starting from pg represented by {n,, }nen, and {7}, }nen C [0, +00[
such that i follows {u"},en, T, — 400 and p™ is defined on [0,7,,]. For any
t > 0, chosen T,, > t, we have

[ewdi =[] e GOI@ 0 i)

In particular, since fi; is a positive measure, we must have fo(z) > ¢ for n,,-a.e.
(x,7) such that y(t) ¢ S. Thus we must have fo(x) >t for n,-a.e. (z,7) such
that ¢t < min{T,,, T(x)}, i.e., fo(x) >t for pp-a.e. x with0 < t < min{7T,,T(z)},
so fo(xr) > min{T,,,T(z)} for yp-a.e. * € R? and for all n € N. We conclude
that fo(z) > T(x) for pg-a.e. x € R O

Proposition 4.1.5 (Clock trajectory and mass-preserving trajectory). Defini-
tion 4.1.2 is well-posed in the sense that it defines a Radon measure fiy for all
t>0.

Moreover, let fo = {fit}1c(o,400] C© AT (R?) be an admissible clock-trajectory
with clock-function fo, and let us call with {u" nen = {{4i }iejo,1,)}n the
family of mass-preserving trajectories followed by ;. Then for all n € N we
have fiy, < py for allt € [0,T,] .

Proof. Let fi = {jit}refo,+00] © -4+ (R?) be an admissible clock-trajectory for
o with clock-function fy following the family of mass-preserving trajectories
{n" e == {{uf }repo,1,) }n represented by {n,, tnen-

For any n € N let us fix any t € [0,7,,]. We disintegrate n,, with respect
to the continuous map eg : RY x I'y, — R9. This yields a family of probability
measures {n?},cga which is uniquely defined egfin,,-a.e. such that n,, = po@n2
and so the right-hand side of Definition 4.1.2(4) can be written as

/Rd / (1) xra\s(1(1)) - (fol@) = £) dn () dpso (),
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where ©(7(t)) xra\s(7(t)) is Ls.c. in v and (fo(z) —t) is Borel measurable in z,
hence the integrand is Borel measurable w.r.t. n7. Thus the whole expression
is well-posed in terms of measurability.

Let us consider the operator L : C(R?) — [0, +o00[ defined as follows

2o = [ ) xwasO0) - (ola) =) dmy ).

In order to prove that Definition 4.1.2(4) gives a Radon measure f; €
M+ (R?) we should prove that the operator L is linear and continuous w.r.t.
the sup norm, hence fi; € [C2(R?)]'.

Claim 1: linearity. Immediate by definition of L.

Claim 2: continuity. Immediate by boundedness of ¢ € Cg and by the fact
that fo € L}, , indeed

|L(p)| =

L[ o) xans00) - (ow) = 1) i (2) i)

<Nl [ 1ola) =t dinfa) < +oc.

Thus, recalling linearity property, we conclude continuity of the operator L.

For the last assertion, let us consider again any n € N and any ¢ € [0,T},].
We disintegrate n,, with respect to the continuous map e; : R? x 'y, — R9.
This yields a family of probability measures {ng}yeRd which is uniquely defined
etfin,,-a.e. such that

[e@dn@ = [ [ o 0)60) - dge) i)
Rd R Je, " (y)

= / P(y)xse(y) ( / Jo(2(0)) dny () = t) dpi (y),
Rd e ' ()
We define the Borel map (see Section 5.3 in [9])
wetg) = [ o0 i),
e (v)
and we notice that fi; < pj for all ¢ € [0,7;,] and for all n € N, with

5—;@) = X5 (1) (W (t, ) — 1),

in particular, for pp-a.e. y € R? we have fo(y) = xs-(y)¥"(0,y) for all n €
N. O
4.2 Some results in a mass-preserving setting

In this section, we prove some approximation results on the mass-preserving
trajectories on which our objects are built.
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Given N € N, N > 0, consider a set of N agents moving along admissible tra-
jectories v;(+), ¢ =1,..., N of the differential inclusion &(t) € F(z(t)). We want
to associate to the evolution of such a system an admissible mass-preserving
trajectory.

Proposition 4.2.1 (Finite embedding of classical admissible trajectories). As-
sume hypothesis (Fy). Let N € N\ {0}, and consider a set of N admissible tra-
jectories {vi(-), i =1,...,N} C 'y of the differential inclusion z(t) € F(x(t)).
For any t € [0,T], we define the empirical measures

N
1
1" (@,7) = 3 D o) @ 0y, € P(R? x ),

i=1
XN
= edn™ = i Z(;%(t) € Z(RY).
i=1
Then puN = {,Uiv}te[o,T] is an admissible mass-preserving trajectory driven
by vN = {y{v}te[O,T] and represented by ™ for every N € N, where v¥ €

M (R R?) is defined for a.e. t € [0,T] by
| X
VtN = N Z;Yi(t)a’n(t) € ///(Rd;Rd).
i=1

Proof. For any ¢ € CF(R?) and for a.e. t € [0, T] we have

d 1 o d 1 &
d Jo, F@ A = ; 7 PiM) = & ;(V@(%(t)),%(t»
| X
= L. Vip(x)d (N ;%(t)fsm(t)) ,
since the set in which 4;(¢) exists for all ¢ = 1,..., N has full measure in [0, 7.
Defining

N
1 .
v = ¥ > 4i(t)0y, ) € M (RERY),
i=1

we obtain that p™ = {4 }ic0,7] and vV = {1 }1c(0,7] satisfy the continuity
equation
8tllt + div Uy = O7

and v < pl for a.e. t € [0,T]. We adopt now an Eulerian point of view: for
any Borel set B we are interested in the average speed of the agents which at
time ¢ are inside B, i.e., for a.e. t € [0,T] we set

Ig, ={ie{l,...,N}: v(t) € B},

and so if I, # 0, we have

% > lt)

N S~ TN
vy (B) i€l , 1 .
= = 7 t .
B "L |I§,t|i€Z,N )
N Bt

ielg,t
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Fix now € R? and € > 0. Recalling that the set-valued map F is convex valued
and upper semicontinuous, there exists 6 > 0 such that F'(y) C F'(z) +eB(0,1)
for all y € B(xz,6). In particular, if Ig(m ot 7 0

v (B(,9)) 1 3" Au(t) € F(x) +¢B(0,1).

N(B(z,0)) |IN
pe (B(,6)) | B(I’a)’t| eIy, ;.

We have that IY #Pforalld >0ifand only if x € {v;(¢): i =1,..., N},
B(z,8),t

i.e., if and only if x € supp u2¥. So for any = € supp pl¥, by taking the limit for
d — 07 and then letting € — 0", we have

vy ) (B(x,9))

u?’(x)_ :

= dm N B <T@

We thus obtain that pu™¥ = {uf }1eo,7) is an admissible mass-preserving trajec-
tory driven by v = {v}N }eejo, ) and represented by nY for every N € N. O

‘We consider now the limit of the above construction as N — +oo in the case
p>1.

Proposition 4.2.2 (Mean Field Limit). Assume hypothesis (Fy) and (F1). Let
{Vi}ien C 'y be a sequence of admissible trajectories of the differential inclusion
z(t) € F(x(t)), p> 1. For any N € N\ {0}, we define

N
1
N d
= ;Zl 0yi(0) ® 04, € P(RY x T'p),

N
1
N N d
uy = edn” = Eﬁl Oyir) € P(RY) for all t € [0,T],

N
Zﬁ(t)&h.(t) € M (RERY) for a.e. t € 0,T).
i=1

1
N
Assume that there exists C; > 0 such that

lim my(pd) = sup m,(ul) < Cy.
Nesboo p(ﬂo) NHEOO p(ﬂo) 1

Then there exist a sequence {Ni }ren such that N, — +o0o0, n°° € Z2(R? x I'7),
1> = {uhep.r) © Pp(RY), v = {1 }icjo.1), such that

a. M —*m%;
b, Wy(u*, us®) — 0 for all t € [0,T);

v ~x p for a.e. t € [0,T);

o

> is an admissible trajectory driven by v°>° and represented by n™°;

d p
e. for any closed set K C T'r such that {v;};en C K, we have that

suppn™ C {(7(0),7) e R x 'y : v € K}.
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We will say also that p* is a mean field limit associated to {7;}ien C I'r.

Proof. Thanks to Proposition 4.2.1, we can apply Lemma 3.2.7 to uV = {,uév}te[oj]
and vV = {v} };c(0,7), and we have that there exist D', D" > 0 such that

my,(u) < D' (my () +1) < D'(Cy + 1),
(4.1)
m, () < DY+ 1),

Claim 1: The sequence {n’} yey is tight, thus there exists a subsequence
{n"™* }ren and n> € Z(R? x I'r) such that n™Nk —* n>.

It is enough to prove that {ryin™}nyen, & = 1,2, are tight, where 7y :
RY x Ty — R? and ry : R? x I'y — Ty are defined by r(z,7) = z and
ro(x,7v) = 7. Recalling Remark 5.1.5 in [9], it is enough to prove that there are
two Borel functions 11 : RY — [0, +00] and vy : T'p — [0, +00] with compact
sublevels such that

sup 1/)1( ) d(riin™)(y) < +oo, sup [ ha(y) d(ratn™)(y) < +oc.
NeN NeNJT
We set

T
/ KOPd, ity e ACP((0,T)),
U1(y) = |yl?, PYa(y) =70

400, otherwise.

We have that 15(-) has compact sublevels if p > 1. We recall that if §(¢) €
F o~(t) for a.e. t, then by (F}) we can apply Lemma 1.4.3 to have

(&) < (I7(0)] + Ct)e*

Indeed, for all N € N we have

P1(y) d(rigm™) [P dn™ (2,7) = mp(ug') < Ch,
. D=,

[ < f[ (/ cr (e |+1>pdt> an (z,7)

<TCv / (el + CT)CT + 1) df )

< TCp(eCTmzl,/p(,uéV) +CTeCT +1)P
< TCP(CTCHP 4 OTeCT +1)7,

which confirms Claim 1. S

Claim 2: Set p® = efin®™. Then p™ = {uFleor € Z»(RY) and
W (ui*, u5°) — 0 as k — +oo for all t € [0, T]. Moreover, for a.c. t € [0,T] the
sequence {v} }yen is tight, thus up to a non relabeled subsequence, it weakly*
converges to a measure v° € .4 (R RY).
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Since the map e; : R? x 'y — R? is continuous, we have that
plE = ep™Ne = eyin™ = p°, for all t € [0,T).

All the other assertions follow from the fact that the moments of ulY are uni-
formly bounded for N € N and ¢ € [0, 77, also the tightness of {v } ey follows
from (4.1). o

Claim 8: p* is an admissible trajectory driven by v = {1{°}ic10,77-

Notice that the functionals

(p,v) = /0 /Rd [

400, otherwise,

T
(n,v) = sup / (/ Orpdyut +/ VWM) dt,
0eCL([0,T]xR4) Jo  \JRd Rd

are L.s.c. w.r.t. a.e. pointwise weak* convergence of measures (see Lemma 2.2.3,
p. 39, Theorem 3.4.1, p.115, and Corollary 3.4.2 in [18] or Theorem 2.34 in [6]).
Then we have that the equation

P
)+ e (Zt(x))] dp(x) dt, if v, < py for ae. t,
¢

14
—(x
,Ut(

Ops® +divy® =0

holds in the sense of distributions, and for a.e. ¢ € [0,T] we have v/° < pg°,

) Py o e e B ot o € 11
e z) € F(x) for p-a.e. x € R* wit e () € Ljjee. o
¢ ¢

Consider now the last assertion to be proved. Let (x,7v) € suppn®. By
Proposition 5.1.8 in [9] there exists a sequence {9; tren € I'r such that (9% (0), 4%)
suppn? for all N € N and |4 —7||cc — 0. By definition of n™ we have 4;, = v,
for an index 0 < jr < N, and so {%x }ren C K, thus v € K.

O

Remark 4.2.3. We notice that the tightness of {u¥} yen holds also in the case
p=1by (4.1).

The following result provides us with the possibility to construct an admis-
sible mass-preserving trajectory p := {4 }¢efo,1), i-e., a curve in P (R?) that
satisfies a continuity equation with velocity field that is an LI -selection of
the multifunction F', by constructing it on admissible trajectories of the finite-
dimensional system of characteristics in a consistent way.

Corollary 4.2.4. Assume hypothesis (Fy) and (Fy). Let p > 1, K C R? be
closed, f € C°(R%;[0,T]).

1. For any sequence {v;}ien of admissible trajectories of the differential in-
clusion &(t) € F(x(t)) satisfying

N
1
1 _ . p . . ;
Wl 5 3O < oo, W (h(0) € K for alli €N,
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we have that all the corresponding mean field limits p®> are represented
by measures n°° such that v is an admissible trajectory of the differential

inclusion satisfying v(f(v(0))) = v(f(z)) € K and ¥(0) = z, for n>-a.e.
(z,v) € R x T'p.

2. For any p € ,@p(Rd) such that for p-a.e. x € R there exists an admis-
sible trajectory for the finite-dimensional system 4(t) € F(v(t)) satisfying
7(0) =2 and yo f(x) € K, there exist p = {1t }1c[0,r) and m such that p
is an admissible mass-preserving trajectory represented by m with po = w,
and vy is an admissible trajectory of the differential inclusion satisfying

Y(f(7(0) =v(f(z)) € K and 4(0) = z, for n-a.e. (z,7) € R x I'r.
Proof. For the first assertion is enough to notice that the set
K:={yeTlr: y(f(r(0)) € K}

is closed in I'r and then apply Proposition 4.2.2. In the second case, we have
1
that there exists a sequence of compact sets {C;};en such that u(R?\ C;) < -

J

for all j € N\ {0}. Set

w(BNCj) € 2(RY),

clearly p; —* p and mp(p;) — my (1) as j — +oo by Dominated Convergence
Theorem, thus Wp,(p;, ) — 0. There exists {x; ;}i jen such that x; ; € C; for
all 4,7 € N and

k
iy
po? = Z&Ew‘ —* uj, as k — +oo.
i=1

| =

Since suppug’j C C; and supp p; € Cj, we have also mp(ulg’j) — my(p;) as
k — 4o00. For any j € N, let k; € N be such that

| —

kj,j 1 kj.j
my(ag"™) < myppsg) + 5 and W (qu j,uj) <

<

In particular, we have W), (,u’gj’j,,u) < 1 + W, (s ;) — 07 as j — +oo, and
SO ]

sup mp(ugj’]) < +o0.

jeN
Consider the countable set of points {x; ; : ¢ = 1,...,kj, j = 1,...,00}. We
can order it by stating that (i,7) < (¢/,7') if either j < j' or j = j and i < 7/,
thus we obtain the sequence of points {zp, }ren. By assumption, for each h € N
there exists v, € I'r admissible trajectory of the differential inclusion satisfying
Y(0) = x5, and 7, o f(zp) € K. We then apply item (1) to this sequence to
conclude the proof. O

Remark 4.2.5. The assumption f € C°(R9) of the previous corollary can be
weakened by assuming that f(-) is continuous at z for ug-a.e. x € R? or,
equivalently, that the set of discontinuities of f(-) are contained in a pg-negligible
closed set.
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4.3 A Dynamic Programming Principle

This section is devoted to state a time-optimal control problem in the space of
positive finite Borel measures for a non-isolated case with mass loss using the
definition of clock-trajectory given in Definition 4.1.2 and then prove a Dynamic
Programming Principle related to such a minimization problem.

From now on, we will consider only closed, nonempty and strongly invariant
target sets for our dynamics.

Definition 4.3.1 (Clock-generalized minimum time). Let F : R = R? be a
set-valued function, S C R? be a target set for . In analogy with the classical
case, we define the clock-generalized minimum time function T : P (R%) —
[0, +00] by setting

(1) = inf {fio(R?) : f1 := {fis }re(0, 4] € 4T (R?) is an admissible clock-
(4.2)

-trajectory for the measure po, fij;—o = ﬂo} ,

where, by convention, inf ) = +oo0.
Given py € Z(RY) with 7(pg) < +oo, an admissible clock-curve i =
{ft}eef0,400] © M (RY) for pg is optimal for pg if

7(1o) = fijr—o(R?).

Given p > 1, we define also a clock-generalized minimum time function
7 ¢ Pp(RY) — [0, +00] by replacing in the above definitions 22(R?) by 22, (R?)
and .#(R?) by .4, (R?). Since .4, (RY) C .4 (R?), it is clear that 7,(p0) >
7(o)-

The main task of this section is to prove a Dynamic Programming Principle
for our minimization problem. To this end we will prove a representation result
expressing 7(x) as an average of the classical minimum-time function 7'(+), and
then applying the well-known Dynamic Programming Principle (Theorem 1.4.8)
holding for T'(-).

Before treating the case with milder assumptions in Section 4.3.2, we will
see a result yielding the Dynamic Programming Principle in a more regular case
(Section 4.3.1).

4.3.1 Regular case

Lemma 4.3.2 (Extension). Assume hypothesis (Fy) and (Fy). Let p > 1 and
po € Py(RY). Let T > 0 and i = {it}repo,1] be an admissible mass-preserving
trajectory driven by v = {4}e0,1) and represented by 7 € PR x I'r), with
fiji—o = Ho. Then there exist a sequence {Ty}nen C [0,+00[, T, > T for
alln € N, T,, — +o0o and a family of admissible mass-preserving trajectories
{" nen, u™ = {uf bepo, 1), driven by {v" }nen, such that given ni,ny € N
with Ty, < Th,, we have py* = py? for all t € [0,Ty,], and there exists a
sequence {M, }nen such that n,, represents {uf }iepo,1,]-

Proof. For any € > 0, let us define by induction an increasing sequence {1}, }nen

such that T, — +oo. Take Ty := T, and suppose to have defined T;, ¢ > 0.
Then T;41 :=T; + ¢, for all i € N.
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We can define by induction the family {p"},en, ™ := {N?}te[O,Tnl , in the
following way. We take u® = ji. Let us suppose to have defined u*, i > 0.
Then, for any i € N we define p*t! as follows. Consider a continuous selection
v+ of F and the solution {/i{™" },c[0,) of

{atut +divo' ™ty =0,

Hit=0 = H%ﬁi
By setting

ul, for 0 <t < Ty,

pitt =
ity for T, <t <Ti+e="Tiy,
i, for 0 <t < Tj,

i+1 .
v =

vt for T, <t < T4 e =Ty,

then by gluing results (see Lemma 4.4 in [41]) we obtain an admissibile trajectory
it = {1, driven by v+t = {v/ 1}, which is defined on [0, T} 1] and agrees
with ! on [0,7;]. The last assertion follows from the Superposition Principle
on the family of admissible trajectories {u} }nen. O

In the following result we prove the existence of optimal trajectories in the
case in which 7T'() is continuous. As we can imagine, the classical minimum
time function turns out to be the optimal clock function.

Lemma 4.3.3. Assume that T(-) is continuous, p > 1 and that (Fy) and (Fy)
hold true. Let S C I_Rd be a target set for F. Given pg € P,(R%) with supppuo C
RZ\ S, such that T := [T[Lee < 400, then there exists an admissible clock-

tragectory f1 = {fit }1e[0,400 With target S for po with clock-function T'(-).

Proof. We take f(-) = T(-) in Corollary 4.2.4 with T = T and with K = S,
obtaining an admissible mass-preserving trajectory represented by n € Z(R% x
I'7) satisfying v(T'(x)) € S for a.e. (z,7) € n.

We can use Lemma 4.3.2 to construct a sequence {7}, }nen, Tn > T, T, —
400, and an extended family of admissible mass preserving trajectories repre-
sented by {1, }nen € Z(R? x T'r,) satistying v(T(z)) € S for a.e. (z,7) €n,,.
In particular, by the strongly invariance of S, we have that if T'(z) <t < T,
then yse(v(t)) = 0. Thus xgc(y(t))(T(z) —t) > 0 for all ¢t € [0,7,] and a.e.
(z,7) € m,,- Then we can construct by definition an admissible clock-trajectory
following the family of admissible mass-preserving trajectories represented by
{M,, }nen and with clock-function T'(+). O

Remark 4.3.4. As remarked for Corollary 4.2.4, we can weaken the assumption
of continuity on 7'(-) by requiring that T is continuous at pg-a.e. z € R%.

The Dynamic Programming Principle is then a direct consequence of Lemma 4.1.4
and Lemma 4.3.3 which together say that, under regularity hypothesis, it is pos-
sible to construct an admissible clock-trajectory with clock-function T'(-) and
this turns out to be an optimal trajectory for the system. Hence we conclude
by applying the result holding for the classical minimum-time function.
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4.3.2 L' case

In this section we will see how to prove a Dynamic Programming Principle
(Corollary 4.3.8) requiring a natural assumption, i.e. boundedness of the L!-
norm of T(-) w.r.t. a given initial measure u € 22,(R%). The proof is based
on a result of optimality of the classical minimum time function among the
admissible clock-functions for a given initial measure (Corollary 4.3.7). The
main tools used are selection and disintegration results.

It is possible to note that we can actually construct such optimal trajecto-
ries by approximation techniques, in particular by Lusin’s Theorem and Corol-
lary 4.2.4 (see the forthcoming paper [34]), however we will not present this
construction here since it is not necessary for present purposes.

Lemma 4.3.5 (Borel selection of optimal trajectories). Let T > 0, # =
T7Y[0,4+x), and p € P(R?) be such that u(R*\ #) = 0. Then there ex-
15t

1. a Borel map v : # — U such that v, := ¥ (x) is an admissible trajectory

starting from x,

2. an optimal trajectory 4, : [0,T(x)] — R such that 4.(t) = v.(t) for all
t 10,7,

3. an admissible mass-preserving trajectory p = {pt}iejo,r) With po = p,
driven by v = {vi}1e0,1), and represented by n € P(R? x T'r) with

N =& 0,

Proof. Define the set of admissible trajectories defined in [0,7] for the finite-
dimensional system, Ar C I'r, and the set-valued map G : Z = I'tr by

Ar :={y€Tr: 4 € Foy(t) forae 0<t<T},
{yveAr: v(0) =z, and T(v(0)) =T (v(T)) + T}, forT <T(z),
Gr(z) =
{v€ Ar: v(0) =z, and v(T(x)) € S}, for T > T'(x).

We notice that Gr(z) is closed and nonempty for every x € Z. Given (x,7v) €
Z x I'r, we have that v € G(z) if and only if there exists an optimal trajectory
4 defined on [0,T(z)] starting from z such that 4(t) = ~(¢) for all 0 < ¢ <
min{T, T(x)}. Define the map

L:(7(0)) + Lap () + Ls(v(T'(2))), if T > T(x),
g(Jf,’}/) =
Io(7(0) + Lar (7) + Loy (T(2) =T(v(T)) = T), T <T(x),

and notice that (z,7) € Graph(Gr) if and only if g(x,~) = 0. Since we have

M%w==Sm}im@—vwﬁ+L%h0+MmﬂT@M@mWT@D%%m@M+
TR

+ (1= xpo,11(T(@))as (T(@) = T(HT)) = T) |,



120 CHAPTER 4. NON-ISOLATED CASE

we have that g is the pointwise supremum of Borel maps, and so it is Borel (we
recall that v +— L4, (7) is Ls.c. since Ap is closed, and v — T'(y(T)) is Ls.c.).
Hence Graph G = g—1(0) is a Borel set. By Theorem 8.1.4 p. 310 in [13],
we have that the set-valued map G : # = I'r is Borel measurable, and so by
Theorem 8.1.3 p. 308 in [13] it admits a Borel selection 9 : #Z — T'p.
Since pu(R?\ #) = 0 we can define the probability measure

n= M®5w(z) € W(Rd x IT'p),

which is concentrated on (z, ) such that v is an admissible curve of the finite-
dimensional system satisfying v(0) = z, and y(T'(z)) € S if T > T(x), or
T(v(0)) =T((T))+ T, if T(x) > T, i.e., there exists an optimal trajectory 4
defined on [0, T'(x)] such that 4(¢) = y(¢) on [0,T]. This definition of 1 induces
a curve p = {fu }repo,r) € P (RY) defined by

/Rd x) dpg(x //RMT ) dn(z, ),

for all p € CZ(RY), with M=o = p. We want to show that p is an admissible
mass-preserving trajectory.

The set N of (t,z,7) € [0,T] x R? x 'y for which (0) # x or 5(t) does
not exists or ¥(t) ¢ F(v(t)) is £' ® n-negligible as seen at the beginning of
Section 2.3, thus by projection on the first component, we have that ¥(t) €
F(y(t)) for n-a.e. (z,7) € R? x I'y and a.e. t € [0,T]. For a.e. t € [0,T] we
disintegrate n w.r.t. e; : R? x I'r — R?, obtaining n = p; ® Ny

G L= [[  Tetm)-iwdne)

N /Rd /1( )Vw(v(t)) () dny (2, 7) dpe(y)
:/ Vel): /71 A(t) dnyy (2, 7) die(y),
R e ()

We define v = {vs s }1e[0,1) by setting for a.e. t € [0,T]

mwz/gmwwww@m»

In order to conclude that p is an admissible trajectory driven by v, it is enough
to show that

[, 1O € Fo)

for ps-a.e. y € R% and a.e. t € [0,7]. This follows from Jensen’s inequality,

since
Ir@) ( / »

t

wwwwmw)s/l Ly (3(0)) di (,7) = 0.
(y) e, (

(W)
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Definition 4.3.6 (Movements along time-optimal trajectories). Let T > 0,
po € PRY). We say that ({1 }ieo,r(, {vi }ieo,r) is a movement along time-
optimal curves from pgy (1o-MATOC) if

a. there exists 7 € Z(R? x I'7) such that for n-a.e. (x,7) € RY x I'r we
have v € AC([0,T];R?) and v(0) = =, 4(t) € F(y(t)) for a.e. t € [0,T],
and either v(T'(x)) € Sif T(x) <T or T(z) =T(y(T)) + T if T(x) > T}

b. =0 = po, s = eifn for all t € [0, T[, and we set pur = erfn;

c. b = {tepr € P(R?) is an admissible mass-preserving trajectory
driven by v = {vt }seqo,17-

Corollary 4.3.7 (Optimal clock). Assume hypothesis (Fo) and (Fy). Let S C
R be a target set for F. Let p > 1 and po € P,(R?), with supppo C R\ S, be
such that ”T(')H%o < +o00. Then T(-) is the optimal clock function for pg.

Proof. By assumption, we have that yo(R?\ Z) = 0.
We consider the set (see Definition 4.3.6)

X = {({Mt}te[o,T[7 {vitecior) = T >0, ({pe e, (Vi hepo,ry) is a Mo-MATOC}-

By Lemma 4.3.5, we have X # (). We endow X with the partial order relation
defined by

(pt,vh) < (u?v?) iff 1 <1, and pf = p?, v =2 forall t € [0, 7],

where p! = {Mt}te[o np V= {l/t}te[o n[» @ = 1,2. Consider a total ordered
chain

C={(p" ={uittepra v = (W' eeral) faca € X

We define (pt = {i}eeosuprals ¥ = {Vt}ecosupra) Dy setting py = pf and v, =
v for all @ € A such that ¢ € [0,74]. The definition is well-posed since all the
elements of C agree on the set where they are defined, moreover given 0 < t <
sup T, there exists ¢t < 7, < sup 7, and so we can define g and v on the whole
of [0, sup 74 [.

Finally, we prove that p is an admissible trajectory driven by v. Given any
¢ € CL([0,5up 7o [xRY) we have that supp ¢ C [0, 75[xR? for a certain a € A,
and, since p agrees with an admissible trajectory on [0, 75[, we have that

/] oottt = [ ouptt o i
[0,sup 7o [XR? [0,75 [ xR

=— // V(t,z)dvy dt = — // V(t, z) dv dt,
(0,75 [x R4 [0,sup 7o [xR?

and so p is an admissible trajectory driven by v. In particular, we have (u,v) €
X and (u®,v%) < (u,v) for all « € A. By Zorn’s Lemma there exist maximal
elements in X.

Let (i = {pt}eejo,r[, ¥ = {Vt}eefo,~[) be one of these maximal elements. We
want to prove that 7 = 4+o0o. By contradiction, assume that 7 < +o0. By
Lemma 3.2.7, there exist D’, D’ > 0 such that for all ¢ € [0, 7] we have

my(pe) < D'(myp(po) + 1),
mp—1(Jv2]) < D"(my (o) + 1)
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Thus, according to Remark 5.1.5 in [9], there exist pu, € Z(RY) and v, €
M (R%R?) such that py —* p, and vy —* v, ast — 7—. Consider now & > 0,
a continuous selection v of F' and the solution {1} };ep0,s] of

{@Mt +divou, =0,

Hit=0 = Kt
By setting
Lt for0 <t <,
pi =
wy_py form<t<7T+e,
Vs, for 0 <t <,
vy =

vy, forT <t <7+4¢,

we obtain an admissibile trajectory pu® = {ug}: driven by v° = {v}; which is
defined on [0, 7+¢[ and agrees with p on [0, 7[, thus contradicting the maximality
of (u,v). Thus 7 = 4o0.

Let {T}nen be a sequence with T, — +oo and (p = {ptbeefo, 400, ¥ =
{Vt}1e[0,4-00[) e a maximal element in &'. Then {(u = {pt }repo, 1., ¥ = {Ve beejo,m))
n € N} is a totally ordered chain in X whose upper bound is (p = {1t }re[0, 400, ¥ =
{Vt }1e[0,400[)- Then, by Definition 4.3.6, we have a sequence of probability mea-
sures {n, }nen € 2(R? x 'z, ) such that {4 }e(o,7,) is represented by n,,. We
notice that by construction if nq < ng then for all ¢ € [0, T,,] we have

I, eownseo@@-na, = [[  comms6O)T@-1d,,.

thus we can define i = {i¢}4c[0,400] Dy setting for all n € N and for all
te[0,Ty]

e = [ s )@@ -1, @).

Since m,, is concentrated on (restriction to [0,T;,] of) optimal trajectories and
S is strongly invariant, we have that ¢ > T'(z) if and only if v(¢) € S, and so

fi € AF(R?) for all t > 0. Thus T(:) = @() is an admissible clock for puyg.
Ho

[0,
(x

Moreover, since for pg-a.e. x € R? and for every admissible clock fy(-) for uo we
must have fo(x) > T'(z) by Lemma 4.1.4, we conclude that T'(-) is the optimal
clock for . O

Now we can deduce the following Dynamic Programming Principle.

Corollary 4.3.8 (DPP for the clock problem). Assume hypothesis (Fy) and
(F1). Let S C RY be a target set for F. Let p > 1 and po € Z,(R%), with
supppo € R\ S, be such that ”T(')HL}LO < +o0. We have

rolio) = [ T(a)dio(a).
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Let i = {fit }1ejo,+00| be an admissible clock-trajectory for juo following a family
of admissible mass-preserving trajectories {pu"™ }nen starting from pg. For any
s > 0 we choose n > 0 such that pu™ is defined on an interval [0,T,] containing
s and it is represented by m,, € P(R% x I'r,)). Then we have

wo) = [[ | raoydn, < [[rae) s, < s e

Moreover, if n,, is concentrated on (restriction to [0,T,] of) time-optimal tra-
jectories, then for all s > 0 such that suppu” C R4\ S, we have

Tp(po) = s + Tp(1),

and so for such s > 0 we have
TP(:UO) = iﬁf {5 + TP(:US)} )

where the infimum is taken on admissible mass-preserving trajectories pu =
{Mt}te[(),s] satisfying pi—o = po-

The proof is a direct consequence of Corollary 4.3.7, Theorem 1.4.8 and
Lemma 4.1.4.

Remark 4.3.9. We notice that, in the same hypothesis of Corollary 4.3.7, if
p € Z,(R?) we have that 7,(u) = ”T()”Lh < ||T()||L;;o = T,(), where T,(-)
is the generalized minimum time function studied in the previous chapter for
the mass-preserving case (see Definition 3.2.10) with generalized target set S =
{0 € 2(R?) : suppo C S} (i.e. we are requiring the existence of a classical
counterpart for the target set which coincides with S). In particular, we refer
to Corollary 3.2.22 in the previous chapter for the last equivalence.

4.3.3 Regularity results

Thanks to Corollary 4.3.7, under suitable assumptions, the clock-generalized
minimum time function inherits regularity results from the classical one as shown
in the next corollaries. For the following result, we refer to [51] for conditions
under which the classical minimum time function T'(-) is l.s.c..

Corollary 4.3.10 (L.s.c. of the clock-generalized minimum time function).
Assume that T(-) is l.s.c.. Assume hypothesis (Fy) and (Fy). Let S C R? be a
target set for F. Let p > 1 and pg € P,(R?), with suppuo € R4\ S, be such
that HT(')”L}LO < +00. Then 7, : Z,(R?Y) — [0, +o] is Ls.c..

Proof. We have to prove that 7,(o) < liminf 7,(n). Taken a sequence
Wy (#,110)—0

{8 nen € Zp(RY) st Wy(ul, po) — 0 for n — +oo, and  liminf 7,(u) =
WP(/MNO)_>0

o n < Timi ny
lﬁgl}rrg Tp(py), we want to prove that 7,(ug) < 1&@3&5 Tp (1)

By Lemma 4.1.4, Lemma 5.1.7. in [9] and Corollary 4.3.7, we conclude im-
mediately that

liminf 7, (1) > lim inf /]Rd T(x)dug (x) > / T(z)dpo(x) = mp(po)-

n—-+4oo n—-+oo R4
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We are now intersted in proving sufficient conditions on the set-valued func-
tion F(+) in order to have controllability of the generalized control system, i.e. to
steer a probability measure on the generalized target by an admissible trajectory
in finite time.

Representation formula for the generalized minimum time provided in Corol-
lary 4.3.7 allows us to recover many results valid for the classical minimum time
function also in the framework of the generalized systems. We refer the reader
to Chapter 2 in [21] and Sections 2 and 3 in [21] for a definition and classi-
cal results about semiconcave functions, in particular regarding the classical
minimum time function.

Corollary 4.3.11 (Controllability). Assume (Fy), (F1), (F3). Let S C R?
be a target set for F. Assume furthermore that for every R > 0 there exist
NRr, or > 0 such that for a.e. x € B(0,R) \ S with ds(x) < og there holds

05(2)(=Vds(z)) > 1R, (4.3)

where 0 p () is the support function of the set F(x) as in (1.1).
Then, if we set for p > 1

Zp(RY) g = {p € Pp(RY) : IT()|ry < +o0 and suppu C B(0,0r) \ S},

there exists cg > 0 such that for every pg € z@p(Rd)‘R the following properties
hold.

1
1. (ko) < aHdSHL}LO-

2. The function 7, : Z,(R%) — [0, +00] is Lipschitz continuous on Z,(R%) g
with respect to the metric Wp.

3. If 0S € CY1, then the function 7, : Z,(R?) — [0, +oc] is semiconcave on
{ne Zp(RY) g : suppun S = 0}
with respect to the metric W.

Proof. According to Proposition 2.2 in [21], the present assumptions imply that
there exists a constant cg > 0 such that the classical minimum time function
satisfies

T(x) < —ds(z), (4.4)

for every z € B(0, R) \ S with dg(z) < or. Moreover, T(+) is Lipschitz contin-
uous in such set. We denote by kr > 0 its Lipschitz constant.
Now, property (1) follows from (4.4) and Corollary 4.3.7, since

1 1
o) = [ T@dio < = [ ds(w)do = sl

To prove (2), fix p1, g € P,(R%)|g. By setting

= R
R (1+CR)(1+]€R)7
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we have that the function ¢;T'(-) is Lipschitz continuous with constant less than
1 and that ¢;T(-) < R. Hence, it can be extended to a continuous bounded
function on the whole R?, and |czT(z) — cRT(y)| < |x — y|P for all z,y € RY.
According to Kantorovich duality (1.3) and Corollary 4.3.7 we then have

Wy > [ T din(e) = [ T o) dua(s) = calrylon) = 7(0m))-

By switching the roles of 1 and ps, we obtain (2).

Finally, according to Theorem 3.1 in [21], when S € C1! we have that the
classical minimum time function is semiconcave in {z : T(z) < +oco} \ S. In
particular, there exists Dr > 0 such that

T(tey + (1 — t)z) > tT(x1) + (1 — )T (22) — D t(l —t) |21 — z2|?,  (4.5)

for every x1,22 € {z: T(z) < 400} \ S.

Let K := B(0,0g). For any Borel sets A, B C R? and 7w € TI(j1, u2), we
now have

AxBC[(AxB)N(K x K)JU[(A\ K) x R UR? x (B\ K)],
so that

(A x B) < 7((A x B) N (K x K)) + po(A\ K) + s (B K)
(Ax B)N (K x K)),

because p1 and ps are concentrated on K. In particular, supp(n) C K x K.
Therefore, we choose an optimal transport plan 7 € II(u1,u2) realizing the
p-Wasserstein distance between pq and pe, so that py := tpug; + (1 — s =
(tpr* + (1 — t)pr?) 4w, where pr': R x RY — R?, i = 1,2, is the projection on
the i—th component, i.e., pré(z1,z2) = x;. We integrate the estimate (4.5) to
find that, by using Lemma 4.1.4 and Corollary 4.3.7,

) > [ @ dun(a)
= // T(t.’El + (1 — t).’EQ) d’]'('(xl,.’bg)
R4 x R4
> t/Rd T(ey) dpr + (1 — 1) /R () dpis
— DRt(l — t) //Rded |1‘1 — 1‘2| dﬂ'(ZEl,JCQ)
= t7p(p1) + (1 = t)7p(p2) — Drt(1 —t) W3 (p1, p2).

O

Remark 4.3.12. For other controllability conditions generalizing (4.3), the reader
may refer e.g. to [37,58].
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4.4 Hamilton-Jacobi-Bellman equation

In this section we will prove that under the assumptions granting the validity of
the Dynamic Programming Principle and of a result which aims to recover the
initial velocity of admissible trajectories, the clock-generalized minimum time
function solves a natural Hamilton-Jacobi-Bellman equation on %,(R%) in a
suitable viscosity sense (Theorem 4.4.3).

We observe also that once we have the Dynamic Programming Principle and
once the problem is modeled on the same notion of admissible mass-preserving
trajectories, then the Hamilton-Jacobi-Bellman equation related to the present
problem is the same considered in Section 3.3 for the mass-preserving case. We
then follow a very similar approach as the one discussed in Section 3.3.

First, let us point out that in the following we will use Lemma 3.2.7 about
properties of the evaluation operator already seen in the previous Chapter.

The following proposition allows to construct an admissible mass-preserving
trajectory concentrated on characteristics of class C'' with initial velocity the
given one.

Proposition 4.4.1. Assume hypothesis (Fy), (F1). Let p € P5(R%), and
T +— v, be a Borel selection of F belonging to Li. Then for any T > 0 there
exists an admissible mass-preserving curve p defined on [0,T] starting from
w and represented by m such that for m-a.e. (x,7) € R? x I'r we have that
v € CLH([0,T7)), 5(t) € F(v(t)) for all t € [0,T], v(0) = = and §(0) = v,.

Proof. Let T > 0 be fixed. Consider the set-valued map G : R = C°(R%; RY)
defined by

G(x) == {v € CO(RLGRY) : () = v,, v(y) € F(y) for all y € R},

and notice that, recalling the assumptions on F', we have that G(x) is nonempty,
convex and closed. Indeed, for every z € R? and v, € F(x) there exists by
Michael’s continuous selection Theorem a continuous selection v of F' such that
v(z) = vg.

Define the map g : R? x C°(R%; R?) — [0, +oc] by setting

g9(x,v) := sup_ {Ir@) (W) + (¢, ve — v(2)) },

noticing that v € G(«) if and only if g(z,v) = 0.

To prove that g is a Borel map, it is enough to show that (v,y) = Ip(y) (v(y))
is a Borel map from C°(R%;RY) x R? to {0, +o0}.

Indeed, consider any sequence {v, }neny € C°(R%; R?) uniformly convergent
to v € C°(R%; R?) on compact sets, and {y, }nen € R? converging to y.

Then, vy, (yn) — v(y), n — +o00. Indeed, denoted with w,(-) a modulus of
continuity for v at the point y, we have

[V (yn) — v(Y)| < [vn(Yn) — v(yn)| + [v(yn) — v(y)]
< Nlon = vllLe(B(y,s) +wy([Yn — YI),

for a suitable s > 0. Hence, we deduce that

lim inf IF(yn) (vn (yn)) > IF(y) (’U(y))7

n—-+oo
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where we used the fact that the map f : RY x R? — {0,400}, f(z,w) :=
Ip()(w), is Ls.c. due to u.s.c. of F.

Thus we have just proved that (v,y) = Ip(,(v(y)) is Ls.c. and hence a
Borel map. Hence GraphG = ¢~!(0) is a Borel set. By Theorem 8.1.4 p.
310 in [13], we have that the set-valued map G : R? = C°(R¢;RY) is Borel
measurable, and so by Theorem 8.1.3 p. 308 in [13] it admits a Borel selection
V:R? — CO(RY;RY). We denote V(x) € C°(R% R?) by V.

We fix a family of smooth mollifiers {p. }.~0 € C(R?) such that supp p. C
B(0,¢), and denote by H] _ the (unique) v € p satisfying 4(t) = (Vp*pc)ov(t),
7(0) = 2. We want to prove that HI_ is a Borel map in x.

For any € R? and W € Lip(R%R?) denote by h, w(t) the solution of
#(t) = Wox(t), z(0) = . The map h : R? x Lip(R?; R?) — 'y is continuous,
hence Borel, since for all z,y € R?, Wy, W, € Lip(R% R?), we have

v (8) — s (B)] < | — 9] + / Wi (B (5)) — Wa(hy s (5))] ds
<lr—yl+ / W (s (5)) — Wi (hy.ws (5))] ds+
4 [ WAy, (5)) = Wathyra5) ds
0

t
<l = ol Lin(V2) [ [hear, (5)) = huras)| ds + #] Wi = Wall
0

and so by Gronwall’s inequality
[P, (8) = hyw, (D)] < (J& = y| + [ W1 = Wal|oo)e™ PV,
which implies

1wy = hyws lloo < (|2 =yl + TIW1 = Wi log )P,
Since Hgﬁ can be written as the composition of the Borel maps = — (z, V),
(x,Z) = (x,Z * pe), and (z, W) + hy w, we have that it is a Borel map.

Finally, we define the Kuratowski upper limit of Hg . by
HT(z):={y €Ty : there exists {e, }nen s.t. €, — O+,H£6" — v, asn — 4oo}.

Thanks to Theorem 8.2.5 in [13], this is a Borel set-valued map from R? to I'z,
thus possesses a Borel selection 9 : R — T'p.
Given z € R?, let {e, }nen be such that &, — 07 and H _ — v, 1= ¢(x).
In particular, we have that HJ_ (0) = z for all n € N, and so ~,(0) = .
Since there exists a compact K containing H, g ., (1) for all n € N sufficiently
large and all 7 € [0,7], and moreover V, x p., converges to V, in C°(R?) on
all the compact sets of R?, we can pass to the limit by Dominated Convergence
Theorem in
T T s
Hoen®) 2 Hees® _ 1 [ Vesp (L ()
¢

s—t
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obtaining

s—t

’yz(s)_ :S_t/ V 'Yx (46)

thus 7, € C! is an admissible curve satisfying 4, (0) = v,.

We define the probability measure
ni=p®s, € PR xTI'r),

which, as already seen in the last part of the proof of Lemma 4.3.5, induces an
admissible trajectory p = {us = €tﬁ77}te[o,T]- Moreover, we prove that

lim G _ Vg =0.
t—0 t L%
Indeed,
e — € 2
Ly, / / | d8, (7) du(a)
t Rd x
Y2 (t) = 72(0) 2
:/ — ) — Uy d,u(x),
Rd t

and for p-a.e. © € R? recalling (4.6), continuity of V,(-) and that v € C! and
4(0) = vy, we have

(1) — e L
vax = ‘/ Va(Ve(T)) dT — g
t tJo
1 t
S,/ Ve (a (7)) dr + [,
<
< max. IV (v ()] + [zl
i |22 =0
t—0+t t

Thus we conclude applying Lebesgue’s Dominated Convergence Theorem. [

Corollary 4.4.2. Assume hypothesis (Fy), (Fy). Let p € P5(RY), T > 0.
Define the set Ap(u) of the maps wy, € L% satisfying the following

1. there exists an admissible mass-preserving trajectory p defined on [0,T)
and represented by n € P (R x T'p) with egtn = u,

2. there exists a sequence {t;};en C|0,T] such that t; — 0 and

lim //RdxFT (poeo(z,7), e (x,7) —eo(x,7)) dn =

— //Rder (poeo(x,v),wn(x,v))dn,

forallp e Li(Rd;Rd).
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Then Ap(u) ={voeq: ve L2, v(x) € F(x) for p-a.e. x € R},

Proof. Tt is trivial that Ap(u) is contained in the right hand side. The opposite
inclusion follows from the previous Proposition with v(z) = v,, noticing also

that since v € Li, then voeg € Lf, with 1 as in 1 by Lemma 3.2.7.
€t — €o

Indeed, in Proposition 4.4.1 we proved strong convergence in L% of

to v, for ¢ — 0. Hence we have weak convergence, in particular since poey € Lf,

for every p € L7, by Lemma 3.2.7, then there exists a sequence {;};en €J0,T]
such that ¢; — 0 and

tim [ et e et in= [[ et ), voeo(r, ) dn,

thus item 2 is satisfied with w, = v o eg, and item 1 follows directly by the
previous Proposition. O

We are now ready to prove the following theorem in which we adopt the
same notion of sub-/super-differential defined in Definition 3.3.6 for the mass-
preserving problem, and the corresponding notion of viscosity solutions as well
as the same hamiltonian function of Definition 3.3.8.

The procedure used for the proof of the following result is like the one
adopted in Theorem 3.3.9 for the generalized minimum time function of the
mass-preserving case.

Theorem 4.4.3 (Viscosity solution). Let S C R? be a target set for F. Let
A be any open subset of P5(R%) with uniformly bounded 2—moments and such
that if i € A then suppu C R\ S. Assume hypothesis (Fy), (Fy). Assume that
IT()llLy < 400 for all p € A and that T : Po(RY) — [0, +00] is continuous
on A. Then 7(-) is a viscosity solution of #x(p, DT(p)) = 0 on A, with 7%
defined as in Definition 3.5.8.

Proof. The proof is splitted in two claims.
Claim 1: 7(-) is a subsolution of % (u, D7(1)) =0 on A.

Proof of Claim 1. Let g € A. Let i = {fit }1e[0,400[ Pe an admissible clock-
trajectory for pg following a family of admissible mass-preserving trajectories
{pu" }nen starting from po. For any s > 0 we choose n > 0 such that u™ is defined
on an interval [0,7},] containing s and it is represented by n,, € Z(R% x 'z, ).
Then by the Dynamic Programming Principle we have 7(ug) < 7(u”) + s for
all s > 0. Without loss of generality, we can assume 0 < s < 1. Given any
Puo € DFT(po), and set

A(S, o) = — 5 — / / (Puo © €0(2, 1), €a(2,7) — €0, 7)) i,
]RdXFTn
B8 Do 1) =7 (") — 7(1t0) — //R b0 0l ex(a) = ol )i,
d>< Th

we have A(S,puy, M) < B(S, Pgs M)
We recall that since by definition p,, € Lio,
Lemma 3.2.7. Dividing by s > 0, we obtain that

we have that p,, oeg € van by

s—=0t S

. A(s, Puo
hmsup ( 1o nn) Z —-1- //d <pu0 oeO(x57)7wnn(x57)>dnn('r7’y)7
R XFTn
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for all wy, € Ar, (1o), with A, (o) defined as in Corollary 4.4.2.

Recalling the choice of p,,, we have

€s — €0

B B
i sup 2P0 M) _ oo B P )

s—0+t S s+ |les — eOHL%n

< K§,
S

L2
Mn

where K > 0 is a suitable constant coming from Lemma 3.2.7 and from hypoth-
esis.

We thus obtain for all n,, as above and all w,, € Ar, (u0), that

1+ / / (Do © €0, 7) twn, (2,7)) dipy (2,7) > — 5.
RdXFTn

By passing to the infimum on 7, and wy, € Ar, (o), and recalling Corol-
lary 4.4.2, we have

ki<ie ot [ oclma)vo et ), (@)
vel? (RGRY) RIXT'r,,
v(z)EF () po-a.e x

—1e it [ o oot vo cae,) di0) duoo)
veLy (R%RY) Re JT%,
v(z)EF (z) po-a.e

=1+ 2infd ; / (puo,v> dpog = —%F(MO»PM)»
velL? (RYRY) Rd
v(z)EF(x) po-a.c x

so 7(+) is a subsolution, thus confirming Claim 1. o
Claim 2: 7(-) is a supersolution of % (u, D7(p)) =0 on A.

Proof of Claim 2. Let o € A. Let fi = {fit }+e[0,4+o0[ De an admissible clock-
trajectory for po following a family of admissible mass-preserving trajectories
{" }nen starting from pg. For any s > 0 we choose n > 0 such that p™ is defined
on an interval [0,7},] containing s and it is represented by n,, € Z(R? x I'r,).
Taken q,,, € Dy 7(p0), there is a sequence {s;}ien €0, Ty[, 55 — 07 and wy, €
Ar, (uo) as in Corollary 4.4.2 such that for all i € N

I oo BB,
RExTp,,

S

es —eof  Tlao) = T(ul)

2 Si
L3,

<24

S;
By taking ¢ sufficiently large we thus obtain

S oot )i, o)) din o) < 3565 - T,

Si

By using Corollary 4.4.2 and arguing as in Claim 1, we have

inf // (qmoeo(m,'y),voeo(m,’y» dnn(xvv) = _%F(Novql’m)_L
) RdXFTn

veLﬁo(Rd;Rd
v(z)EF (x) po-a.e
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and so .
7(po) — 7(1y,)

Si

A (1o, duo) = —3K6 + —1.

By the Dynamic Programming Principle, passing to the infimum on all ad-

_ n

M — 1 < 0 with equality hold-
S

ing if and only if i, is concentrated on time-optimal trajectories, we obtain

I (1o, Gy ) > —C'6, which proves that 7(-) is a supersolution, thus confirming
Claim 2. O

missible curves and recalling that
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Chapter 5

Open Problems

In order to conclude the discussion, we list below the main open issues.

1. Regarding the general treatment discussed in Chapter 2, the open prob-
lems are

e to prove a result of existence of optimal trajectories (the idea is to
use L.s.c. of the cost functional J(T, i, v) together with relative com-
pactness of the set of admissible trajectories for the finite-dimensional
underlying problem);

e to find the corresponding HJB equation in a very general form, under
further smoothness assumptions;

e to prove some estimates for the value function (maybe related to the
generalized distance from the target).

2. In Section 3.2.1, we discussed sufficient conditions on the dynamics grant-
ing attainability in the mass-preserving case and then, in Section 3.2.2
we strengthen this hypothesis in order to have Lipschitz continuity of the
generalized minimum time function. In this line, an open problem con-
sists in the study of further regularity properties of the minimum time
function with milder assumptions on the dynamics, stating the problem
in a suitable smaller class of probability measures, following the so called
Lagrangian flow problem.

3. As pointed out in Section 3.4, in which a correspondent quantity for the Lie
bracket in a measure-theoretic setting is presented, an interesting study
will be related to the proof of higher order controllability conditions for
the time-optimal control problem presented in Chapter 3.

4. The most important open problem of this thesis regards the framework
of Chapters 3 and 4 which lack a Comparison Principle result that would
lead to a characterization of the generalized minimum time function as
the unique viscosity solution of an Hamilton-Jacobi-Bellman equation.
Furthermore, as remarked in Section 3.3, another open problem is the
extension of the definition of viscosity solutions and the related result on

133
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HJB equation to the case where we have only lower semicontinuity of the
minimum time function, instead of continuity, following a Barron-Jensen’s
approach to viscosity solutions.

Another open problem regarding Chapters 3 and 4 is to provide an analo-
gous of the Pontryagin mazimum principle, in order to formulate necessary
conditions for an admissible trajectory to be optimal.

Finally, from an applicative point of view and in purpose of possible ap-
plications in multi-agents systems, it would be interesting to implement
numerical symulations for the theory presented in Chapters 3 and 4.
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