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Abstract

Approximation theory is a fundamental tool in order to study the represen-
tation theory of a ring R. Roughly speaking, it consists in determining suitable
additive or abelian subcategories of the whole module category Mod-R with
nice enough functorial properties. For instance, torsion theory is a well suited
incarnation of approximation theory. Of course, such an idea has been gener-
alised to the additive setting itself, so that both Mod-R and other interesting
categories related with B may be linked functorially. By the seminal work [6]
of Beilinson, Bernstein and Deligne (1982), the derived category D(R) of the
ring turns out to admit useful torsion theories, called t-structures: they are pairs
of full subcategories of D(R) whose intersection, called the heart, is always an
abelian category. The so-called standard t-structure of D(R) has as its heart the
module category Mod-R itself. Since then a lot of results devoted to the module
theoretic characterisation of the hearts have been achieved, providing evidence
of the usefulness of the t-structures in the representation theory of E. In 2020,
following a research line promoted by many other authors, Saorin and Stovicek
proved in [55] that the heart of any compactly generated t-structure is always a
locally finitely presented Grothendieck categories (actually, this is true for any
t-structure in a triangulated category with coproducts). Essentially, this means
that the hearts of D(R) come equipped with a finiteness condition miming that
one valid in Mod-R. In the present thesis we tackle the problem of characterising
when the hearts of certain compactly generated t-structures of a commutative
ring are even locally coherent. In this commutative context, after the works of
Neeman and Alonso, Jeremias and Saorin [1], compactly generated t-structures
turned out to be very interesting over a noetherian ring, for they are in bijection
with the Thomason filtrations of the prime spectrum. In other words, they are
classified by geometric objects, moreover their constituent subcategories have
a precise cohomological description. However, if the ascending chain condition
lacks, such classification is somehow partial, though provided by Hrbek [23].
The crucial point is that the constituents of the t-structures have a different
description w.r.t. that available in the noetherian setting, yet if one copies the
latter for an arbitrary ring still obtains a t-structure, but it is not clear whether
it must be compactly generated. Consequently, pursuing the study of the local
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iv ABSTRACT

coherence of the hearts given by a Thomason filtration, we ended by considering
two t-structures. Our technique in order to face the lack of the ascending chain
condition relies on a further approximation of the hearts by means of suitable
torsion theories. The main results of the thesis are the following: we prove that
for the so-called weakly bounded below Thomason filtrations the two t-structures
have the same heart (therefore it is always locally finitely presented), and we
show that they coincide if and only they are both compactly generated. Moreover,
we achieve a complete characterisation of the local coherence for the hearts of
the Thomason filtrations of finite length.



Introduction

When dealing with an arbitrary abelian category, it is crucial to know how far
it is from being a category of modules over an associative ring. Indeed, module
categories are the nicest abelian categories one can work with, since on the one
hand their objects and morphisms can be treated elementwise, on the other
hand they provide several fundamental universal constructions (indeed they
are cocomplete and complete) and distinguished objects (they have generators,
cogenerators, enough injectives and enough projectives); moreover, they come
equipped with some finiteness conditions (they are locally finitely presented).
The aforementioned categorical gap between a given abelian category and a
category of modules is usually expressed by the existence of a functor between
these latter, hence by the characterisation of the conditions under which such
functor transfers specific module-theoretic properties to the abelian category. A
lot of results dealing with this instance are well-known in the literature. Among
them, Freyd and Mitchell (see e.g. [40, IV.5]) proved that cocomplete abelian
categories .4 with a small projective generator P are precisely the categories
of modules over the endomorphism ring R of the generator (essentially, using
the functor Hom 4 (P, —): A — Mod-R); more recently, these kind of categorical
approach has been widely used for certain abelian subcategories of triangulated
categories, and in tilting and silting theories (see e.g. [12, 53, 45, 4, 55]).

Possibly, the most interesting and studied abelian categories are the Groth-
endieck ones, namely those cocomplete abelian categories with a family of
generators and exact direct limits. They naturally appear in many algebraic
and geometric settings, and turn out to be the optimal generalisation of module
categories: the celebrated Gabriel-Popescu theorem classifies them as a suitable
localisation of categories of modules. More precisely, any Grothendieck category
is the quotient of a module category, modulo a hereditary torsion class (see
Thm. 1.16). In general, in such localisation process the locally finite presentabil-
ity of modules is not inherited by the corresponding Grothendieck category.
Consequently, for a Grothendieck category G it might be very useful to know
when it is locally finitely presented. This finiteness condition has also been
decoded by means of the Gabriel-Popescu Theorem in [55, Proposition 2.10] (see
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also Prop. 1.19) and it turns out to be related with an additional property of the
relevant hereditary torsion pair, namely its finite type.

The present thesis is focused on the study of certain locally finitely presented
Grothendieck categories G, in order to characterise when their finitely presented
objects form an abelian subcategory; this instance is termed the local coherence
(see Def. 1.3).

A very interesting family of Grothendieck categories we want to study comes
from the world of triangulated categories, still by means of a specific notion
of “torsion theory” therein; for this reason, it is favorable to recall the notion
of torsion theory both for abelian and triangulated categories, and explain the
importance and versatility of the announced Grothendieck categories. Roughly,
a torsion theory of an additive category is a pair of mutually orthogonal full
subcategories, through which any object of the given category can be functorially
approximated (by a short exact sequence or an exact triangle, depending on
the relevant context). In the abelian setting, we will deal with the notion of
torsion pair (see subsec. 1.2.3); in the triangulated setting, we will deal with
the notion of ¢-structure, which actually provides the family of categories we are
interested in. More precisely (see subsec. 1.3.2), given a triangulated category
D and a t-structure (U4,V) on it, the heart C := U NV of the t-structure is
an abelian subcategory of D, whose short exact sequences are precisely the
triangles of D with all the vertices in C. Each t-structure on D with heart C
comes equipped with a cohomological functor, Hc: D — C say, which allows to
perform a cohomological algebra on D with terms in the abelian category C.

In view of what we said in the first paragraphs, the problem of characterising
additional categorical and homological properties on the heart of a t-structure
has been intensively investigated in the literature. The problem is widely open,
though decisive results have been achieved in two fundamental frameworks, as
we now resume and comment.

One family of hearts is given by the so called Happel-Reiten—Smalg t-struc-
tures, which are defined in the derived category of a Grothendieck category by
means of a torsion pair of the latter (see Ex. 1.35(2)). HRS hearts have been
studied by many authors, in order to characterise both their Grothendieck and
module-theoretic properties (see e.g. [12, 37, 44, 45, 48]). The crucial result
in this context is [44, (Addendum) Theorem 1.2], which establishes that the
HRS heart of a torsion pair is a Grothendieck category if and only if the torsion
pair is of finite type. Moreover, some results on the locally finite presentability
of the HRS hearts are known, e.g. when the ambient Grothendieck category is
in turn locally finitely presented (see [48, Theorem 6.1], which generalises [54,
Theorem 5.2], dealing with the local coherence instead).

The second family of hearts of our interest is given by the hearts of a
compactly generated t-structure of a triangulated category with coproducts (see
Def. 1.36). Notice that, though the derived category of a Grothendieck category
has coproducts, HRS t-structures are not compactly generated in general (see
[8, Corollary 4.2]). The hearts of compactly generated t-structures turned out
to behave surprisingly well as abelian categories: by very recent results, [4, 56]
among others, and eventually [55, Theorem 8.31], they are always locally finitely
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presented Grothendieck categories. In fact, compactly generated t-structures,
and more generally compactly generated triangulated categories (e.g. the derived
category of a Grothendieck one), may be thought of the triangulated analogue of
locally finitely presented Grothendieck categories, at least for they provide the
right setting in which to perform a fruitful purity theory (cf. [34] and Def. 1.27).
Moreover, the compactly generated t-structures generalise to another important
class of t-structures, namely the smashing ones, and in case the ambient category
is compactly generated and enhanced by a strong and stable derivator, to the
homotopically smashing t-structures; also in these cases fundamental results
concerning the hearts and their finiteness properties have been achieved (see
subsections 1.3.3 and 1.3.4 for a discussion in the derived category).

Among these two families of t-structures and hearts we are interested in,
those defined in the derived category of a commutative noetherian ring R
have additional crucial properties. The main one of these properties, due to
Alonso, Jeremias and Saorin [1], is a complete classification of the compactly
generated t-structures in geometric terms, i.e. using the so-called sp-filtrations
of the spectrum of the ring (explained below in more details). By virtue of this
classification, many features of the t-structures can be interpreted geometrically,
and indeed fundamental results concerning the local coherence of the hearts have
been achieved in the recent literature. We will give a survey of these results in
Chap. 2, providing also a new reformulation of a sufficient condition for the local
coherence.

In [23], Hrbek generalised such classification for the compactly generated
t-structures of an arbitrary commutative ring R (in this case, the sp-filtrations
are called Thomason filtrations). However, a lot of the results holding true in
the noetherian setting are not available for arbitrary rings: for example, the
description of the constituents of a compactly generated t-structure is different
to that given in [1]. Moreover, if one considers the class of complexes described
as in the aisle of a t-structure given by a sp-filtration, then one obtains an aisle
again; we will refer to the t-structure such an aisle gives rise as the Alonso—
Jeremias—Saorin t-structure (AJS for short). It is a very challenging problem
to see whether, given a Thomason filtration, its compactly generated and AJS
t-structures coincide. We will analyse this instance in Chap. 3, proving some
results which strengthen the possibility that the answer is affermative, and based
on new methods to face the lack of a chain condition on the rings.

The present thesis is devoted to the characterisation of the local coherence of
the hearts associated with certain Thomason filtrations of the Zariski spectrum
of a commutative ring. At this point we are now ready to expose the structure
of the thesis and explain more in detail its main results.

Chap. 1 contains the notations and all the preliminary definitions and results
we need, concerning abelian and Grothendieck categories (in particular their
torsion pairs and TTF triples), triangulated categories (in particular their t-
structures), and a brief reminder on prederivators. We introduce the notion
of quasi locally coherent additive category, which is a generalisation of the
notion of local coherence for abelian categories (see Def. 1.3) and we discuss
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the interaction of the compactly generated t-structures (and their hearts) in the
derived category (see subsec. 1.3.4).

Chap. 2 is mostly a survey on the rich literature concerning the compactly
generated t-structures in the derived category of a commutative noetherian ring
R, in particular on the local coherence of their hearts. As mentioned before and as
we will see in sec. 2.1, in this setting the compactly generated t-structures (i, V)
are classified by the sp-filtrations of Spec R, namely by decreasing mappings
@: (Z,<) — (257 ) such that each @(5) is a union of Zariski closed subsets
V(J)s, J < R. In particular, the complexes of the constituents &/ and V have a
useful cohomological description: (cf. [1] and Thm. 2.4) the objects of the aisle U
are the complexes whose jth standard cohomology is supported in @(j), for all
J € Z, while the coaisle V[—1] is formed by the complexes whose derived local
cohomology at @(j) belongs to D>/ (R), for all j.

As we will see in subsec. 2.2, by the previous result several properties of the
t-structures can be deduced from the corresponding sp-filtration. For what does
concern the local coherence of their hearts, since the paper [54] by Saorin it is
known that there are two conditions which play a prominent role, namely the
restrictability and the intermediacy. In general they are not necessary conditions
for the local coherence; restrictability is sufficient though, and it has been proven
in the very recent literature that in case of intermediacy it is necessary assuming
that the heart is cotilting (see Ex. 1.35(3) and [38, 49, 27], whose main results
in this sense have been recollect in Thm. 2.9). The intermediacy is a very easy
condition to read on a sp-filtration (@ is intermediate if @(m) = Spec R and
@(n) = 0 for some m < n); on the other hand, the restrictability is more subtle.
Nonetheless, in [1, Theorem 4.4] it is proven that it always implies a geometric
condition on the corresponding filtration, namely the weak Cousin condition, and
in [1, Theorem 6.9] that in case the ring R has a dualising complex (e.g. it is
Gorenstein) then these two conditions are equivalent.

Sec. 2.3 is the original part of the chapter, where we will prove that for any
commutative noetherian ring R, to ask for a weak Cousin sp-filtration to have a
restrictable t-structure is equivalent to ask for a Faltings’ annihilator theorem
to hold in D’(mod-R) (see Thm. 2.14). Faltings’ annihilator theorem (for
modules) is a very well-known statement in commutative algebra, concerning
local cohomology, which relates its finiteness to its vanishing. In principle,
the announced equivalence allows to extend the class of restrictable compactly
generated t-structures —whence those having a locally coherent Grothendieck
heart— by proving a suitable geometric incarnation of the problem, and viceversa.
As a byproduct, we deduce in Cor. 2.15 that the Faltings’ annihilator theorem for
complexes holds true in case R has a dualising complex. In Thm. 2.17 we prove
that the weak Cousin condition implies the restrictability over local rings which
are universally catenary with Cohen—Macaulay formal fibers, hence extending [1,
Theorem 6.9].

Chap. 3 is the very original part of the thesis, and it is devoted to the study of
the hearts of the compactly generated and the AJS t-structures of an arbitrary
commutative ring R (recall that the AJS t-structures are those whose aisle is
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described as in [1]). The techniques used in this chapter, when dealing with
the local coherence of the hearts, differ from those used in the previous one:
in summary, the key point for our results is to use certain TTF triples in the
hearts. Such idea is motivated by a more general result, Thm. 3.2, proved in
sec. 3.1, characterising the local coherence of an arbitrary Grothendieck category
equipped with a TTF triple. In view of this result, a large part of the chapter is
focused in specialising it to the hearts of the t-structures of our interest, so that
in detecting suitable TTF triples.

Sec. 3.2 contains the definition of Thomason subset and Thomason filtration
of the Spec R, their role in the classification of the hereditary torsion pairs
of finite type of Mod-R, and of the compactly generated t-structures of D(R)
(due to Hrbek [23]). We start analysing some crucial relations between the
compactly generated t-structures and the AJS ones. In Lem. 3.7 we show that,
for any Thomason filtration, if its AJS t-structure is compactly generated, then
it must coincide with the corresponding compactly generated one. In Prop. 3.9
we prove a first main result on the associated heart: in case of a weakly bounded
below Thomason filtration, the AJS heart is always a locally finitely presented
Grothendieck category (as it occurs in the compactly generated case).

In sec. 3.3 we continue giving properties relating the hearts (of both the
t-structures mentioned above) and certain subcategories involved in the study of
the finitely presented complexes of the hearts, which will be useful in the sequel.
We show that both any hereditary torsion class of finite type of Mod-R and the
HRS t-structure it gives rise is parametrised by a Thomason filtration of finite
length (respectively 0 and 1; see subsec. 3.3.2 and Ex. 3.10). The main result of
the section is Thm. 3.20, in which we completely characterise the local coherence
of the former category; that is, the local coherence of the hearts of length zero
Thomason filtrations.

Sections 3.4 and 3.5 are the central part of the chapter: altogether they provide
the machinery to apply Thm 3.2 to the case of the hearts of filtrations of finite
length.

More in detail, sec. 3.4 is devoted to detecting within the hearts of a Thomason
filtration a TTF triple of finite type. In this vein, weakly bounded below Thomason
filtrations are shown to possess hearts providing such feature; moreover, they
turn out to have additional intriguing properties. Indeed, firstly in Thm. 3.24 we
prove that, for any weakly bounded below Thomason filtration, its two relevant
t-structures have always the same heart. Even if this does not confirm that the
t-structures coincide, at least by Lem. 3.7 it suggests that this might be the case.
This said, in Thm 3.29 we show that, given any Thomason filtration, there are
naturally associated weakly bounded below Thomason filtrations whose (AJS)
hearts are TTF classes in the given heart. In particular, these classes are all
locally coherent Grothendieck categories in case the given heart is so.

Sec. 3.5 contains the main results concerning the Thomason filtrations of
finite length, hence those whose two corresponding hearts coincide. In view of
Thm. 3.29, such length is taken in the vein of providing a recursive argument for
the characterisation of the local coherence of the heart, namely by taking into
account the local coherence of the TTF classes of finite type detected previously.
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Thm 3.41, the main result of the section, identifies the local coherence in such a
recursive way, by means of five conditions. These conditions are the most eligible
ones, in the sense that for the crucial cases of length 0, 1,2, almost all translate
into module-theoretic properties, as proved in Cor. 3.43 and Cor. 3.44.

Chap. 4 contains some applications of Thm. 3.41 and Cor. 3.43: Sec. 4.1 is
focused on the case of the HRS hearts, while Sec. 4.2 is devoted to specialise
the previous main results over a commutative noetherian ring. In more details,
Cor. 4.2 is the direct application of Cor. 3.43 when the involved Thomason filtration
gives the HRS heart of a hereditary torsion pair of finite type; besides, it also
allows us to exhibit an example of a quasi locally coherent additive category that
is not locally coherent in the usual sense (see Ex 4.5). Other further applications
of such corollary are obtained by adding conditions either on the ring, i.e. when it
is coherent, or on the underlying torsion pair, i.e. when it is stable. In any case,
it furtherly enlights into more handleable module-theoretic conditions. Finally,
in case the ring is noetherian, we recover for Thomason filtrations of finite length
the useful result [54, Theorem 6.3] by Saorin, concerning the local coherence of
the hearts of the restrictable t-structures discussed in Chap. 2.

Appendix A contains another incarnation of Thm. 3.2, which might be inter-
esting on its own in view of its generality. Appendix B concludes the thesis with
some open problems related to the achieved results.
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CHAPTER 1

Preliminaries on abelian and triangulated categories

Otherwise stated, the term “category” will always stand for locally small
category, meaning that the morphisms between any pair of objects of the
category form a set, instead of a proper class. We will also identify any
category with its class of objects, when this does not create confusion. The term
“subcategory” will always stand for full subcategory closed under isomorphisms.
Any ring will be associative with identity 1 % 0. We will also assume to be
well-known the basic notions and constructions in category theory (see e.g. [50]).

1.1. Some finiteness conditions

1.1 DEFINITION. Let A be an additive category with coproducts or, accordingly,
with direct limits. An object M € A is called

e small or compact if its covariant hom functor Hom4(M,—): A — Ab
preserves coproducts;

o finitely generated if Hom4(M, —) commutes with direct limits of direct
systems of monomorphisms;

o finitely presented if Hom 4 (M, —) commutes with direct limits.

A€, fg(A) and fp(A) will denote the full subcategories of compact, resp. finitely
generated, resp. finitely presented objects of the category .A.

1.2 DEFINITION. An additive category with direct limits A is locally finitely
presented if fp(A) is skeletally small and A = limfp(A); this latter condition
meaning that every object of 4 is isomorphic to the direct limit of a direct system
of finitely presented objects of A.

Though the notion of local coherence for an additive category rephrases that
for modules, we allow the following:

1.3 DEFINITION. Let A be an additive category with kernels and direct limits.
Then it will be called quasi locally coherent if it is locally finitely presented and
the kernel (in A) of any morphism in fp(.A) is finitely presented as well.

If A is abelian with direct limits, then it is locally coherent in case it is locally
finitely presented and fp(.4) is an abelian category.

1



2 1. PRELIMINARIES ON ABELIAN AND TRIANGULATED CATEGORIES

1.4 REMARK. In Ex. 4.5 we will exhibit an example of quasi locally coherent
category which is not locally coherent.

1.2. Abelian categories

1.2.1. Categories of functors. Let C be a category and I be a small category.
The category of all functors I — C, with natural transformations as morphisms,
will be denoted by C’, and called the category of I-shaped diagrams on C; an
object M € C! will be identified with the I-indexed family of objects of C it gives
rise, M := (M; | i € I), where M; := M (z) forall i € I.

1.5 YONEDA LEMMA. Let I be a small category, and let Hom(I°P, Set) be the
full subcategory of Set! formed by the contravariant functors I — Set. There is
a bijective map

Home: (Homy(—, i), M) —=> M;
which is natural both in © € I and M € Hom(I°P, Set). In particular, there is a
Jully faithful functor

Hy: I — Hom(I°", Set)
1 — H; := Homj;(—, 1)

(A7 — j) —> Ay :=Homj(—, 1) .

One of the most favorable cases of functor category occurs when I = A is
a small preadditive category and C = Ab is the category of abelian groups;
following [40], in this case A is regarded as a ring with several objects and the
subcategory of Ab” formed by the contravariant additive functors A — Ab will
be denoted with one of the following notations:

Hom(A°P, Ab) = Mod-A,

and called the category of (generalised) right modules over A (see also [47]).
Essentially due to the properties of Ab, by Yoneda lemma this category carries
all the module-theoretic properties of right modules over a ring, in particular:

e it is an abelian category with products and coproducts (hence with limits
and colimits) computed objectwise;

e the contravariant hom functors (H, | a € A) of A form a family of small
projective generators;

e it has enough injective objects (this may be seen as a consequence of the
fact Mod-A is a Grothendieck category).

We set
mod-A := fp(Mod-A),

and this subcategory consists of the contravariant functors M which fit in an
exact sequence H, — H, - M — 0, for some morphism b — a in A. It is
well-known that mod-.A is an abelian category if and only if .4 has weak kernels;
that is, if for every morphism a — b in A there exists * — a such that the
associated sequence H, — H, — H} is exact in Mod-.A.

Another example of abelian category (which could be regarded as a functor
category indeed) is that of cochain complexes over a given abelian category A,
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denoted by Ch(.A). Its objects are Z-indexed sequences of objects and morphisms
of A
NI VA N VL VA R

satisfying d%, o d%! = 0 for all n € Z, usually denoted by (M", dy) or just by
M. TIts morphisms f: M — N are the so-called cochain maps, i.e. Z-indexed
families of morphisms f": M"™ — N" such that f" o d; ! = d% o f"~1, for all
n € Z. We refer to [29, Chapter 1] for the terminology concerning Ch(A). A
fundamental category related to A and Ch(.A) is the homotopy category K(A)
of A, defined as follows. A cochain map f: M — N is called null homotopic,
denoted f =~ 0, if there is a family of morphisms (s"”: M"™ — N"~1), cz such that
fr=ditos" +s" T odl, foraln € Z,

it dy,

Mn—l M Mn+1 .
fnlJ l\/Sn/ lfn s"+1/ an+1
N1 Nn/ Nrtl ...
g a3

This definition induces an equivalence relation on the group Homcpa) (M, N)
compatible with its sum, defined by setting f =~ g iff f — g = 0, and called
homotopy. Then K (A) has as objects those of Ch(A), and for any pair of objects
M,N € Ch(A) it is Homg 4y (M, N) := Homcn(a) (M, N)/~. We recall that
K (A) is not abelian in general (it is iff .4 is semisimple) but it carries a structure
of triangulated category, as we recall in sec. 1.3 (see again [29] for further notions
and results concerning K (A)).

1.2.2. Yoneda ext-groups. The computation of the derived functors of an additive
functor F': A — B originating in an abelian category with enough injectives or
enough projectives (e.g. module categories) is well-suited, for one can exploit
injective or projective resolutions. However, there is a description of the right
derived functors of Hom 4(—, M), Hom4 (M, —): A — Ab even when A does not
provide enough such objects. We briefly resume such description following [40,
VI1.3], mostly for these derived functors have a precise meaning when dealing
with triangulated categories.
Given M, N € A and an integer n > 1, the class of exact sequences

0—N—-X,—X,.1——>Xo—M—0

in A can be partitioned by “equivalence classes”, forming the quotient class
Ext’y (M, N) of the n-extensions of M by N. When these classes are sets for all
M, N € Aand n > 1, then they turn out to be the abelian groups appearing in the
long exact sequences one obtains by applying Hom 4(M, —) (resp. Hom 4(—, N))
on the short exact sequences of A. In particular, for any » > 1 the abelian group
structure of Ext’y (M, N) can be obtained inductively from that of Exth(M , K)
or Extil(K, N), for some K, since any n-extension can be decomposed into
suitable products of extensions of lower length. In the abelian group structure
of Exth(M ,N) we are going to define, the zero element is represented by
any split short exact sequence 0 - N — X — M — 0. In order to define the
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relevant sum, we introduce the following scalar multiplications. Given morphisms
f: M — M and g: N — N’, consider the outer exact rows of the following
commutative diagram:

ef:0 N 7 M’ 0
e

€:0 N X M 0
=]

ge: 0 N’ Y M 0

The properties of co-cartesian squares ensure that g(ef) = (ge) f for all compos-
able ¢, f, g.

1.6 DEFINITION. Let¢:0 > N - X > M - 0ande¢: 0 > N - X' - M —
0 be two short exact sequences of A. The Baer sum [€] + [¢'] is the 1-extension
in Exth(M , N) represented by

An(e®€) Vi,
where ¢ @ ¢’ is the obvious short exact sequence obtained componentwise,

Vu:M > M&Mand Ay: N @ N — N are the canonical morphisms given by
the biproducts of M and N, respectively.

Then ExtY (M, N) equipped with the Baer sum turns out to be an abelian
group. We conclude stating the following well-known result which guarantees
that the Ext’y (M, N)’s actually underlie functors playing the role of the right
derived functors of the hom functors of .A.

1.7 THEOREM. Let A be an abelian category and N be an object such that
Exty(M,N) is a set for all M € A and n € N. Then the assignment
M — Ext’) (M, N) defines functors

Ext)(—,N): A — Mod-End 4(N)
M — Ext} (M, N) .
Moreover, if 0 > K > X B M — 0 is a short exact sequence of A, then the
functors Ext’y (—, N) induce a long exact sequence in Mod-End 4(N)
0 — Homa(M, N) 25 Hom4 (X, N) - Hom (K, N) —2..
%% BxtYy (M, N) — Ext! (X, N) — Ext! (K, N) 2> ...
- — Ext’y (X, N) — Ext’} (K, N)
which is natural in the given short exact sequence.
Let £ be a subclass of A. For any n € N, set, with the clear shorthand

meaning,

Lt :=KerExt"(£,—) and  ‘L:=KerExt(—,L).
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Notice that the classes £1°(= Ker Hom4(£, —)) and +°L(= Ker Hom4(—, £))
make sense even when A is just additive.

1.2.3. Torsion pairs.

1.8 DEFINITION. A torsion pair in an abelian category A is a pair (£,F) of
subcategories such that £ = Lo F, F = £1o and for every object M € A there
is a (functorial) short exact sequence 0 > X — M — Y — 0 with X € £ and
YeF.

Given a torsion pair (£, F) in A, the first component £ is called the torsion
class while F is the torsionfree class of the pair.

In the previous definition, functoriality means that the assignment M — X
underlies an idempotent radical functor x: A — A or, equivalently, M — Y
yields an idempotent coradical functor y: A — A (see e.g. [62] for a detailed
reference). In any case, (the restrictions of) x and y give rise to the following
adjunctions:

Yy
ETZ A F.
Let £ be a subclass of A. Then
(re(L*), L) and (foL, (FoL)te)

are called, respectively, the torsion pairs generated and cogenerated by L. When
A has coproducts and £ is a subcategory of A, then £ is a torsion class if and
only if it is closed under extensions, quotient objects and coproducts; dually, if
A has products, £ is a torsionfree class if and only if it is closed under taking
subobjects, extensions and products.

1.9 DEFINITION. Let A be an abelian category and (£, F) be a torsion pair in .A.

o (&£, F) is called hereditary if the torsion radical x: A — A is left exact.
e If A has coproducts, then (£, F) is called of finite type if the torsion
radical «: A — A commutes with direct limits.

It is easy to prove (see [33]) that a torsion pair (£, F) is hereditary iff the
torsion class £ is closed under subobjects, while it is of finite type iff the torsion
coradical y: A — A commutes with direct limits, iff the torsionfree class F is
closed under direct limits.

1.2.4. Localisation. Localisation is an essential tool in the approximation theory
of a given category. After recalling the general definition of localisation functor
taken from the seminal work [17], we pass to adapt it to the case of abelian
categories (though we will resume it even for their homotopy categories).

1.10 DEFINITION. Let C, C’ be two categories. A functor F: C — (' is a
localisation functor at a class of morphisms X of C if, for any category D, the
functor

F*: D 5 p°
G— GoF
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is fully faithful and its essential image consists of those functors C — D that map
morphisms in X' to isomorphisms of D.

Up to equivalence of categories, a localisation of C at X' consists of a category
X~1C and a functor ¢g: C — X ~!C which is universal w.r.t. the property of
making invertible the elements of Y. The localisation may produce a non-locally
small category; nonetheless, either the properties of C, X', and the associated
functor g, affect ~1C. We are interested in the case of exact localisation
functors:

1.11 DEFINITION. Let A, B be two abelian categories. An exact localisation
functor F': A — B (at the class X' of morphisms f such that F(f) is invertible)
is called a Serre quotient functor.

In this case, f € X if and only if F(Ker f) = 0 = F(Coker f), and the
subcategory Ker F' of A is closed under subobjects, extensions, and quotient
objects; any subcategory £ of A satisfying these closure properties is called a
Serre class of A. There is a bijection between the Serre localisation functors
originating in .4 and the Serre subcategories of A, given by the mutually inverse
assignments

(F: A— B)— Ker F
Er—(q: A—> A/E)

where A/€ is called the quotient category of A modulo &, and ¢ is canonical. It
is well-known that .4/ is a locally small category and, in particular, it is abelian.

1.12 DEFINITION. Let A be an abelian category and £ be a Serre class. If
the Serre quotient functor ¢: A — A/E admits a fully faithful right adjoint
j: A/E — A, then:

o & is called localising subcategory and,

e q: A — A/E is said to be a Gabriel quotient functor;

o j: A/E — Ais called the section functor.

Notice that if A has coproducts, then the Gabriel quotient functor ¢ commutes
with coproducts, meaning that £ is a Serre subcategory closed under coproducts,
i.e. a hereditary torsion class of 4; indeed, in this particular case the displayed
above assignments induce a bijection between the localising subcategories and
the hereditary torsion classes of A.

1.2.5. Grothendieck categories. In order to introduce Grothendieck categories,
let us recall the following terminology on abelian categories, which enables a
categorical hierarchy among them; an abelian category A is said to be:

AB-3 or cocomplete, if it admits coproducts;
AB-4 ifit is AB-3 and for any set I the coproduct functor € : A! — A is exact;
i€l
AB-5 if it is AB-3 and for any directed poset I the direct limit functor
lim: A7 — Ais exact.

el
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1.13 DEFINITION. An abelian category is called Grothendieck in case it is AB-5
and admits a set of generators.

It is very well-known (see [58, Chap. X]) that any Grothendieck category also
admits products, an injective cogenerator, and provides injective envelopes for
its objects; in particular, it has enough injectives (though there are Grothendieck
categories without nonzero projective objects).

For example, all module categories are Grothendieck (with enough projec-
tives). The classification of Grothendieck categories which are categories of
modules is provided by the celebrated Gabriel-Popescu theorem (we will state a
generalised version in Thm. 1.16).

Essentially by [58, Chap. VI, Sec. 3], we obtain the following characterisation
of the hereditary torsion pairs on a Grothendieck category.

1.14 PROPOSITION. Let G be a Grothendieck category. The following statements
are equivalent for a torsion pair (£, F) on G:

(a) (&, F) is hereditary;

(b) & is closed under subobjects;

(¢) F is closed under injective envelopes;

(d) (&, F) is cogenerated by an injective object E € G, that is, £ = LK.

1.15 ExXAMPLE. Over any Grothendieck category G there is a bijection between
hereditary torsion classes and idempotent radicals of G, as we now recall in the
case of module categories. When G = Mod-R for some ring R, by [58, Chap. VI,
Theorem 5.1] there is also a bijection with right Gabriel filters of R, i.e. sets J
of right ideals of R satisfying to the following conditions:
(i) forany I,J € J,INJ € T,

(ii) if J € J and [ is a right ideal such that I D J, then I € J;

(iii) if J € J and y € R, then (J : ) :== {r € R | yr € J} belongs to J;

(iv) for any right ideal I, if there exists an ideal J € J such that (I : x) € J

forallx € J,then I € J.

The aforementioned bijections are given by the following mutually inverse
assignments:

T +— x7: Mod-R — Mod-R
M~ >{X|XCM XeT}
x+— T, :={M € Mod-R | x(M) = M},
and
T—Jr={I<Rg|R/I€T}
J+—T7:={M € Mod-R | Anng(x) € J Vx € M} .

In particular, the hereditary torsion pairs of finite type of Mod-R are in bijection
with the right Gabriel filters of finite type, i.e. those right Gabriel filters such
that each ideal of the filter contains a finitely generated ideal of the filter.

Given a Grothendieck category G and a localising subcategory &, ie. a
hereditary torsion class, in the associated Gabriel localisation q¢ : G = G/€ : j
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the quotient category is Grothendieck as well; in particular, we have
G/E=Imj=Erong .

The aforementioned Gabriel-Popescu theorem states that any Grothendieck
category is equivalent to the Gabriel quotient category of some Mod-R, say
G = (Mod-R) /T for some hereditary torsion class 7 of Mod-R; the following is
the announced generalised version of such theorem:

1.16 THEOREM ([55, Proposition 2.10]). The following statements are equivalent
for a category G:

(a) G is a Grothendieck category;

(b) There is a small preadditive category A and a hereditary torsion class
T i Mod-A such that G is equivalent to (Mod-A)/7T;

(¢) G is an abelian category and there is a fully faithful functor j: G —
Mod-A for some small preadditive category A, such that j has an exact
left adjoint.

In the situation of claim (c), we have the following commutative diagram of
categories and functors

Mod-A ——

1.2.6. Locally finitely presented Grothendieck categories. By definition, the
locally finite presentability of an additive category A (either with direct limits or
AB-3 abelian) is controlled by the full subcategory fp(.A) of its finitely presented
objects; indeed (see [14]), the assignment

A — Lex(fp(A)°?, Ab)
M — Hom4(—, M) 'p(a),

landing in the subcategory of Mod-A formed by the left exact contravariant
functors fp(A) — Ab, is a category equivalence.

However, in general, a complete description of fp(A) is hopeless, even when
A = G is a Grothendieck category. Nonetheless, the homological algebra and
the approximation theory presented so far for G entail crucial informations,
yet necessary or sufficient conditions, concerning its locally finite presentability.
Before recollecting these results, we recall that G is locally finitely presented if
and only if fp(G) is skeletally small and G is generated by a set (B;);e; of finitely
presented generators; that is, any object of G is epimorphic image of a coproduct
of some B;’s, G = Gen(B; | 1 € I) say.

1.17 PROPOSITION ([54, Proposition 3.5(1)]). Let G be a locally finitely presented
Grothendieck category and let B € fp(G). For any direct system (M;);cy in G the
canonical homomorphism

fi: lim ExtS (B, M;) — Extg (B, lim M)

iel iel
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18 Mmjective.
1.18 PROPOSITION ([48, Proposition 1.14]). Let G be a locally finitely presented
Grothendieck category and (£, F) be a torsion pair on G. Consider the following
assertions:

(a) & = lim(& N1p(G));

(b) there exists a set S C fp(G) such that £ = Gen S;

(¢) (&,F) is generated by finitely presented objects; that is there is a set

S C p(G) such that F = S*to;

(d) (&,F) is of finite type.
Then, implications “(a) < (b) = (c) = (d)” hold true. Furthermore, when
(€, F) is hereditary, all the assertions are equivalent.

The following result gives sufficient conditions for a quotient of a locally
finitely presented Grothendieck category to be locally finitely presented as well;
therefore, by the Gabriel-Popescu theorem, it provides sufficient conditions for
any Grothendieck category to be locally finitely presented.

1.19 PROPOSITION ([55, Proposition 2.11]). Let G be a locally finitely presented
Grothendieck category and fix a set S of finitely presented generators. Let (€, F)
be a hereditary torsion pair in G, and q : G = G/E : j be the corresponding
Gabriel localisation. The following statements are equivalent:

(a) Im j is closed under taking direct limits in G;

(b) The section functor j preserves direct limits;

(¢) The quotient functor q preserves finitely presented objects;

(d) q(S) consists of finitely presented objects in G/E.

When the equivalent conditions hold true, the torsion pair (€, F) is of finite type
and the category G /& is locally finitely presented, with

fp(G/€) = add q(fp(9)) .

1.20 REMARK. When regarding a Grothendieck category G as a Gabriel quotient
of some Mod-E, one can choose as R the endomorphism ring of a generator U of G;
the Gabriel-Popescu theorem establishes that the functor j := Homg (U, —): G —
Mod-R, besides faithful, is full with an exact left adjoint gq. Therefore, if G is locally
finitely presented, then U can be taken finitely presented, so that Homg (U, —)
commutes with direct limits, whence fp(G) = add q(mod-R).

1.2.7. Locally coherent Grothendieck categories. We now give some useful
results concerning locally coherent Grothendieck categories. They are particular
cases of what we saw in the previous section.

1.21 PROPOSITION ([54, Proposition 3.5(2)]). Let G be a locally coherent Groth-
endieck category and let B € fp(G). For any direct system (M;);c; in G and for
all integer j > 0, the canonical homomorphism
fi @Ext]g(B, M;) — Ext[(B, lim M)
iel iel
18 bijective.



10 1. PRELIMINARIES ON ABELIAN AND TRIANGULATED CATEGORIES

The following result will be vital in the body of this thesis (notice that it is a
particular case of Prop. 1.19).

1.22 THEOREM ([22, Theorem 2.16], [33, Theorem 2.6]). Let G be a locally
coherent Grothendieck category and q : G = G/ : j be a Gabriel localisation
with torsion radical x: G — E. The following two statements are equivalent:

(a) The section functor j: G/E — G preserves direct limits,
(b) The torsion radical x: G — & preserves direct limits.

If the previous conditions are satisfied, then £ and G/E are locally coherent
Grothendieck categories, and the following diagram of categories and functors

fp(G) /fp(€)

.

fp(£)r——p(G) —— p(G/€)

£ G—21 gJ¢

m which p is a quotient functor and b an equivalence, is commutative.

1.2.8. TTF triples. Let G be a Grothendieck category. An interesting case of
torsion theory on G is given by its TTF theories, namely triples (£,7,F) of
subcategories such that both (£,7) and (7, F) are torsion pairs on G. Thus, the
middle term 7 is a torsion-torsionfree class, a TTF class say. By the closure
properties of torsion and torsionfree classes, it follows that a subcategory 7 of G
is a TTF class if and only if it is closed under subobjects, quotients, coproducts,
products and extensions. Since in a TTF triple (£,7, F) the right constituent
(7, F) is hereditary, as well as the left constituent (£,7) is of finite type, we
say that the triple is hereditary (resp. of finite type) in case the left (resp. right)
constituent is so.

1.23 ExXAMPLE. TTF triples over an arbitrary ring R are well-understood (see
[58, V1.6,8]): they are in bijection with idempotent two-sided ideals of R. More
precisely, 7 is a TTF class in Mod-R iff there is an idempotent two-sided ideal
I < R such that 7 consists of the modules annihilated by I, i.e. 7 = Mod-R/I.
Consequently, the torsion modules of the left constituent (+°7,T) are precisely
the I-divisible modules, i.e. those M € Mod-R such that M1 = M.

1.3. Triangulated categories

A triangulated category is an additive category D endowed with an additive
equivalence (—)[1] =: [1]: D — D and a distinguished family of diagrams
X - Y > Z — X[1], denoted

X ——>Y—Z7-*

and called (exact) triangles, satisfying certain well-known axioms (see [41]).
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1.24 EXAMPLE. One basic but important example of triangulated category is the
homotopy category K(A) of an abelian category A (see the end of subsec. 1.2.1
and [29, Chapter 1] again). In this case, the auto-equivalence of K(.A) is the
usual shift functor [1], defined as in Ch(A), and the exact triangles are those
isomorphic to one of the form

1
ML N Q)M(f) ©Y a1
where M (f) is the mapping cone of the morphism f.

Let D be any triangulated category. Given a class £ of objects of D, and a
subset I C Z, we put

L1 :={M € D |Homp(X, M[j]) =0forall X € L and j € I}
and

Lig:={M e D|Homp(M,X[j]) =0forall X € Land j € I} .

Usually, the set I is symbolised as “< 57, “> j” and similar, with the obvious

meaning; moreover we write just “;” in case I = {j}, accordingly with our
previous notation (and what we will see in subsec. 1.3.2).

1.25 DEFINITION ([55]). Let (D, [1]) be a triangulated category. A subcategory
L of the underlying additive category D is termed:
o suspended if it is closed under extensions and positive shifts; that is, in
any triangle X — Y — Z 5 of D, if X, Z € L then also Y belongs to £,
and L[1] C L;
o triangulated if it is suspended and L[1] = £;
o thick if it is triangulated and closed under direct summands.
When D admits coproducts, then L is called

o localising if it is triangulated and closed under arbitrary coproducts.

1.26 DEFINITION. Let (D, [1]) be a triangulated category and .4 be an abelian
category. A functor 7': D — A is called cohomological if it maps exact triangles
of D into exact sequences of A.

In other words, a cohomological functor 7': D — A maps any exact triangle
X — Y — Z 5 of D into the long exact sequence in A

> TNY) =T NZ) — THX) — T"(Y) > - -

where 7" := T o [n] := T o [1]" for every integer n € Z.

For example, all covariant and contravariant hom functors Homp (X, —) and
Homp(—, X) are cohomological functors D — Ab.

Recall that, in case a triangulated category D has coproducts, then an object S
is called compact if its hom functor Homp (S, —) commutes with coproducts (see
Def. 1.1). The subcategory of D formed by its compact objects will be denoted
by D°.
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1.27 DEFINITION. Let D be a triangulated category with coproducts. A triangle

X B5Y 5 Z 8B X[1] is called pure if for any compact object S € D¢ the
sequence

0 — Homp (S, X) 2> Homp(S,Y) 2> Homp(S, Z) — 0

is short exact. In this case, u is called pure monomorphism, v is called pure
epimorphism, while w is called phantom. Eventually:

e An object N € D is said to be pure-injective if any pure triangle
originating in N is split.

e A pure-injective object N is called X-pure-injective if N) is pure-
injective for any set I.

1.28 DEFINITION. Let (D,[1]), (D’,[1]') be two triangulated categories. An
additive functor F': D — D’ is called triangulated if it sends exact triangles of D
to exact triangles of D’.

In other words, if an additive functor F: D — D’ is covariant, then it is
triangulated iff there exists a natural isomorphism F o [1] = [1]' o F, whereas
when F' is contravariant, then it is triangulated iff there is a natural isomorphism

Fo[l]=[-1] o F.

1.3.1. Derived categories. As any triangulated category D is an additive cate-
gory, one may perform on it a localisation procedure (in the sense of Def. 1.10)
in order to obtain an additive category X ~1D on which transfer the triangulated
structure of D, hence obtaining a triangulated localisation functor. This is possi-
ble by requiring strong properties on X', more explicitly making it into a (left or
right) multiplicative system compatible with the triangulation on D; even in this
case, the localisation X ~1D is not locally small in general (see [31, Chapter 10]
for a detailed reference).

By localising the homotopy category D = K(A) of an abelian category A at
the set X' of its quasi-isomorphisms, one gets the derived category D(A) of A.

This definition of D(A) provides a new meaning for the boundedness of a
complex over A. Indeed, since for every complex M which is acyclic at positive
resp. negative degrees there are quasi-isomorphisms

7=0(M) coo—— M-t ——KerdY, 0 0
A N
M M M M
and
S o 1
M) 0 Imdl, —— M! —— ..

respectively, then M is said to be (homologically) bounded above 0 (resp. below 0),
if H/(M) = 0 for all j > 0 (resp. j < 0). When M is an arbitrary complex,
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the assignments M +— 7=%(M) and M — 7>°(M) well-define the so-called
(standard) truncation functors of D(A), whose essential images are denoted
by D=°(A) and DZ!(A), respectively. Clearly, one can consider standard
truncations at every degree, i.e. define 7=": D(A) — D=<"(A) and 7>": D(A) —
D="*t1(A), where D="(A) := D=°(A)[—n], for all integers n € Z. Notice there
are natural isomorphisms with the standard cohomology functor:

H" =~ .Ugn o T>n—1 ~ T>n—1 o .Ugn .

Let us pass to discuss the local smallness of the derived category. As usual,
q: K(A) — D(A) will denote the (triangulated) localisation functor.

1.29 ProOPOSITION ([61, Chapitre I11]). The following statements are equivalent
for a complex E over an abelian category A.

(a) Homg 4y (W, E) = 0 for all acyclic complexes W € K (A);

(b) For every quasi-isomorphism o: M — N of K(A), the homomorphism
Homg 4) (0, E) is bijective;

(¢) The assignment

HomK(A) (M, E) —> HomD(A) (M, E)
fr—q(f)

is a bijective correspondence for all M € K(A).

1.30 DEFINITION. Let A be an abelian category.

e A cochain complex £ € K(A) satisfying one of the equivalent conditions
of Prop. 1.29 is called a homotopically injective (or K-injective) object.

e Given M € K(A), any quasi-isomorphism M — E ending in a K-injective
object is called a homotopically injective resolution of M.

Dualising the previous result, one obtains the definition of K-projective
complex and of homotopically projective resolution.

By Prop. 1.29, the derived category of an abelian category A is a category in
the usual sense if K (A) provides homotopically injective or projective resolutions,
so that, necessarily, K-injective or K-projective complexes. However, even when
A has enough injective or enough projective objects, these resolutions need
not to exist (this occurs for the bounded derived category D°(A) of such A).
Nonetheless, we have the following crucial result, useful for our computations:

1.31 THEOREM ([2, Theorem 54], [57]). Let G be a Grothendieck category.
Then each cochain complex over G admits a homotopically injective resolution.
Moreover, the quotient functor q: K(G) — D(G) admits a right adjoint functor,

q:K(G) = D(9):i.

If G = Mod-R for a ring R, then each complex also admits a homotopically
projective resolution, and the quotient functor q: K(R) — D(R) also admits a
left adjoint functor,

p:DR)=K(R):q.
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Therefore, for a Grothendieck category G we have the following isomorphisms
of abelian groups:

HomD(g) (M,N) = HomD(g) (M,iN) = HomK(g) (M,iN),
while over the derived category D(R) of a ring R, each abelian group
Homp gy (M, N) can be interpreted by means of the following diagram
HomK(R) (pM, N) (i HomD(R) (M, N) i) HomK(R) (M, IN) .

Moreover, the existence of homotopically injective resolutions provides an effec-
tive description of the right derived functors: let G,G’ be Grothendieck cate-
gories and F': Ch(G) — Ch(G’) be an additive functor preserving contractible
complexes and degreewise split cochain maps; then F induces a triangulated
functor K(G) — K(G'), still denoted by F'. The right derived functor of F is the
triangulated functor RF': D(G) — D(G’) given by the composition

RF: D(G) - K(G) 55 K(G') -4 DG .

We will denote the cohomologies of an object F (M) € K(G') as H/F (M), while
the cohomologies of RF (M) € D(G') will be denoted by R/F (M), for all j € Z.

In case G = Mod-R for some ring R, we define dually the left derived functor
of F' as the triangulated functor

LF: D(R) 2 K(R) L K(G) -5 D(G) .

1.32 EXAMPLE. Let us recall, for a Grothendieck category G, some basic proper-
ties of K(G) and D(G). There is a hom complex bifunctor

Homg(—, —): K(G)P x K(G) — K(Z)
which extends to
RHomg(—, —): D(G)®® x D(G) — D(Z) .

For any pair of complexes M, N' € K(G) and all integers j € Z, one has a
natural isomorphism of groups

H'Homg(M',N") = Homg (M, N'[j])
R'Homg(M',N") = Homp g, (M, N'[j]) .

From this isomorphism, together with the definition of the right derived functors
of Homg (— , —) by means of the injective resolutions over G, and Prop. 1.29, one
deduces the natural isomorphism

ExtZ (M, N) = Homp g, (M[0], N[j]),

for any pair of objects M, N € G and any integer j € Z.
Eventually, when G = Mod-R for a ring R, for any M~ € D(R) and any
integer j € Z, we have a natural isomorphism of groups

H/(M") = Homp(g) (R[0], M[4]) -
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1.33 EXAMPLE. Given any ring R, there is also a tensor complex bifunctor
—®g —: K(R) x K(R®) — K(7Z)
and its left derived functor
= éR —: D(R) x D(R*®) — D(Z)
Let now R be a commutative ring, and fix an element y € R. Define the Koszul
complex of y as the cochain complex K(y) : 0 - R % R — 0, concentrated

in degrees {—1, 0}, where y is the multiplication by y. Given a finite sequence
(v1,Y2,...,Ys) of elements of R, define

K(y1,ve,-.-,vn) = K(y1) ®r K(y2) ®r -+ - ®r K(7x) -

Therefore (see e.g. [43, Chapter 8]) K(y1,...,7s) is a bounded above complex
formed by (at most) n + 1 nonzero terms, concentrated in degrees {—mn,...,0},
and for any integer k£ > 0, the —kth term is isomorphic to a direct sum of
(1) copies of R. For example, given elements y1,y, € R, the Koszul complex
K (y1,y2) is the complex

(—‘}2) 2 (1 72)
R R—0.

In the sequel we will refer to the Koszul complex of a finitely generated ideal J
of rank n, denoted by K(J), as the Koszul complex K(y1,...,y,) of any set of
generators of J.

0—R

1.3.2. t-structures. The corresponding notion of torsion pair for a triangulated
category is the one of t-structure, introduced in the celebrated work [6], to
which we will refer to. t-structures provide a useful approximation theory in
their ambient triangulated category, as well as torsion pairs do in their ambient
abelian category. The most powerful feature of such approximation theory is that
each t-structure makes a “homological algebra” available within its triangulated
category, and the relevant cohomologies belong to a suitable abelian category
naturally associated with the t-structure.

Let (D, [1]) be a triangulated category. A t-structure in D is a pair (U, V) of
full subcategories (closed under direct summands) and satisfying the following
conditions:

(i) U1 S U;
(if) Homp (U, V[—1]) =0;
(iii) For any object M € D, there exists an exact triangle U - M — V 5
with U e Y and V € V[-1].

Notice that U is a suspended subcategory of D (see Def. 1.25). The assignments
M — U and M — V provided by axiom (iii) underlie the so-called truncation
functors 7 and 7;; of the t-structure, which are adjoint to the relevant inclusions:

U= D:7; and 1 :D=V[-1].

By the axioms of a triangulated category, it is readily seen that any t-structure
(U,V) can be expressed by means of the first component I/ via the equality
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V = ULo[1]. U is called the aisle and its orthogonal U/1° is the coaisle of the
t-structure. We recall that (i, V) is a t-structure if, and only if, (U[n], V[n]) is a
t-structure for every n € Z.

Let us recall the well-known and most important results from [6] on a t-
structure (U,V) we are going to use in the sequel. The main one is that the
intersection C := U/ NV turns out to be an abelian category, called the heart of the
t-structure. This said, the “homological algebra” we referred to on D is provided
by the naturally isomorphic cohomological functors He, Hc: D — C defined as

[ g
Hc~—fu[]ofu _ru oru = Hc

The abelian structure of C is described as follows. Given a morphism
f:M — N in C, embed it in an exact triangle of D by means of a cone
C. Consider the approximation of C[—1] within (I/,V), then the following
octahedron provided by a cone W of the morphism rzf(C[—l]) - M,

75(C[—1]) — C[-1] —— 7;(C[~1]) ——

7 (C[-1)) M w

| ;

00— N

C——1y (C[ 1)[1]
Define:
Ker f := 75 (C[-1])
Imf:=W
Coker f := 7., (C[-1])[1] = He(C) .

Yet, the short exact sequences of C are precisely the exact triangles of D
whose vertices belong to C. Consequently, we have the following crucial
correspondences, valid for all M, N € C:

Extl(M, N) => Hom,, (M, N[1])
Ext%(M, N) — Hom (M, N[2]) .
If the ambient triangulated category D admits coproducts, say them denoted

by the symbol [], then the heart C has coproducts as well, generally distinct to
those of D; indeed, given a family (M;);c; of objects of C, it is not difficult to see

that

@ Ml‘ = Hc(H Ml>

i€l i€l
is the coproduct of the family in C. It is now clear how to compute direct limits.
The dual notion of products and inverse limits are also available in case D has

products.
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1.34 REMARK. Given two abelian categories, it may be necessary to distinguish
certain notations, e.g. those of kernels, cokernels, images, direct limits and so on.
For instance, when A is an abelian category and C is the heart of a t-structure
on D(A), we shall denote the mentioned distinguished objects of C by
Ker© f,... ,lig(c) M;
i€l
and let unadorned those of A.

1.35 EXAMPLE. We give three examples of t-structures discussed in the sequel.
(1) Let A be an abelian category. For every n € 7Z, let

D="(A) :={M € D(A) | H (M) =0Vj > n},
D="(A) :={M € D(A) | H (M) =0Vj < n}

be the subcategories of bounded below resp. above complexes over A
(notice that D="(A) = D=°(A)[-n]). Then (D="(A),D="(A)) is a
t-structure of D(A), called the (shifted) standard t-structure, and its
heart is equivalent to A[—n].

(2) Let G be a Grothendieck category and (£, F) =: T be a torsion pair in
G. The Happel-Reiten-Smalg t-structure associated with 7 (introduced
in [21]) is the t-structure of the derived category D(G), whose members
are defined respectively as

Uy :={M € D=°(G) | H*(M) € &},
Ve ={M e D="1(G) | H Y(M) € F}.
Therefore, the associated HRS heart C, consists of the cochain complexes

0 >Y % X — 0 over G concentrated in degrees —1 and 0 having
Kerd € F and Cokerd € £. Yet, such heart admits (F[1],£[0]) as
torsion pair. We recall that in [44] it is proved that C, is a Grothendieck
category if and only if 7 is of finite type.
(3) Referring to [53, 48], let D be a triangulated category with products (e.g.
D(G) as usual). An object N € D is called:
e cosilting if (t<°N,1>°N) is a t-structure in D and N € 1>°N; in
this case, the t-structure is called cosilting induced by N.
e cotilting if it is cosilting and Prod M C +#°M. In this case, this
latter is then termed cotilting t-structure induced by N.
As we will discuss in Chap. 2, cosilting and cotilting objects in the derived
category of a commutative noetherian ring are strictly related to the local
coherence of their hearts.

We conclude this subsection by recalling the following notions.

1.36 DEFINITION. Let D be a triangulated category and (U4, V) be a t-structure
in D with heart C. The t-structure is said to be
o left nondegenerate (resp. right nondegenerate), if ﬂjezu (7] = 0 (resp.
(jez V1J] = 0). If the t-structure is left and right nondegenerate, then it
is said to be nondegenerate;
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Let D’ be a triangulated subcategory of D. The given t-structure is called
e restrictable to D', if the pair (U N D',V N D’) is a t-structure in D’.
If D has coproducts, then the given t-structure is called:

o smashing, if the coaisle V[—1] is closed under coproducts or, equivalently,
if the functor He: D — C commutes with coproducts;

o compactly generated, if there exists a set S of compact objects in the
aisle such that V = S+<,

1.37 REMARK. In a triangulated category D with coproducts, the compactly
generated t-structures are always smashing. Moreover, by [2, Lemma 3.1],
(U, V) is compactly generated if and only if there is a set S of compact objects of
D such that U coincides with the smallest suspended subcategory of D containing
S; in this case we will write &/ = aisleS. We are particularly interested in
compactly generated t-structures of a triangulated category with coproducts
since in [55, Theorem 8.31] it is proved that they have locally finitely presented
Grothendieck hearts.

To complete the picture of the algebraic properties of the t-structures we will
treat in the present thesis, we need to contextualise their ambient triangulated
categories —more precisely, the derived categories— in a more abstract setting,
namely to regard them as categories enhanced by derivators.

1.3.3. Reminder on derivators. We briefly recall some terminology and basic
facts concerning Grothendieck prederivators, more precisely the strong and
stable derivators, following [20, 59, 35, 56]. The aim is to remind that to any
such derivator it is naturally associated a triangulated category, called its base,
in which homotopy limits and colimits are defined; furthermore, there is a strong
and stable derivator whose base is equivalent to the derived category of a fixed
Grothendieck category, so that the homotopy colimits of this latter may be
managed (and understood) in the base instead.

Let Cat be the 2-category of all categories, cat be the 2-category of small
categories, and cat®® be the 2-category obtained by cat reversing the arrows of
the 1-cells and letting the 2-cells unchanged. A prederivator is a strict 2-functor
D: cat®® — Cat. Let 1 be the discrete small category consisting of one object,
and let I be any small category; then each object 7 € I may be regarded as the
functor 1 — I, 0 — 1, and similarly any morphism A: ¢ — j in [ is a natural
transformation of functors ¢ = j. Then:

e (1) is the base of the prederivator D,
e D(1)! is the category of incoherent diagrams of shape I on D,
o I([) is the category of coherent diagrams of shape I on D.

There is a canonical diagram functor associated with a prederivator D,
diag;: D(I) — D(1)!
X r— (1> D>O)X) =),

which in general is not an equivalence of categories. Since 1 is a terminal object
of cat, for every small category I € cat there is a unique functor pt;: I — 1; the
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homotopy colimit (resp. homotopy limit) functor is the left (resp. right) adjoint
to the functor D(pt;): D(1) — D(I):

hoco}im D) == D) : D(pt;)
1€

and
D(pt;) : D(1) == D) :holilrn .
S

In general, a prederivator needs not to admit homotopy (co)limits; in fact,
derivators are axiomatised in order to guarantee (also) their existence for all
I € cat. Besides, the axioms of strong and stable derivators provide the
conditions in order to equip each of their images with a triangulated structure
and, moreover, their homotopy (co)limits into triangulated functors (see [20,
Theorem 4.16, Corollary 4.19]). Furthermore, by [56, Theorem A], given a strong
and stable derivator D and a t-structure (4, V) with heart C in the base D(1),
then the classes

Ur:={X eD) | X;eU,Viel}
and
V]IZ{lVED([)L)%EV,ViEI}

form a t-structure with heart C; in the category D([/), and the diagram functor
induces an equivalence of abelian categories C; = C’.

1.38 EXAMPLE. Let G be a Grothendieck category. For any small category
I € cat, the assignment

Dg: cat®® —> Cat
I —> D(GY)
(u: J — I) — (D(G') % D(G7)),

where u* := Dg(u) is induced by the exact functor G! — G7 given by the
precomposition by u, well-defines a strong and stable derivator, called the
standard derivator of G. The base Dg(1) is then equivalent to the derived
category of G. On the other hand, since Ch(G’) = Ch(G)! canonically, the objects
of Dg(I) = D(G') can be regarded as I-shaped diagrams with values in Ch(G).
In these derived categories, the homotopy (co)limits are naturally isomorphic to
the total right (resp. left) derived functors of the ordinary (co)limits of complexes,
i.e. for every I € catand X in D(G'), represented by (X;);cr in Ch(G)!, we have

holim X = Rlim X; and hocolim X = Lecolim X .
iel iel iel iel

We are mostly interested in the case of filtered homotopy colimits, namely when
I is a directed poset, and that we will denote by holim. In this case, the ordinary
colimit functor Ch(G)! — Ch(G) is exact, hence for any X as above we have a
natural isomorphism

holim X' = lim X; .

i€l el
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1.3.4. Some crucial results on t-structures. We conclude this preliminary chap-
ter recollecting further results known in the literature we will exploit in the body
of the thesis, concerning the t-structures in the derived category of a Grothen-
dieck category G. We will implicitly regard D(G) as the base of the standard
derivator described in Ex. 1.38. In particular, following [56], we say that a
t-structure (U, V) is homotopically smashing if V is closed under taking filtered
homotopy colimits. By [56, Theorem B], homotopically smashing t-structures
are smashing, and compactly generated t-structures are homotopically smashing.
Moreover, thanks to the following result, they actually encompass a very large
class of t-structures, in particular those we will deal with in the sequel.

1.39 THEOREM ([35, Theorem 4.6]). Let G be a Grothendieck category and (U, V)
be a nondegenerate t-structure in D(G). The following statements are equivalent:
(a) (U,V) is homotopically smashing;
(b) (U,V) is smashing with a Grothendieck heart;
(¢) (U, V) is cosilting, associated to a pure-injective’ cosilting object of D(G).

The local coherence of the hearts of (compactly generated) t-structures is
far from being characterised, even in derived categories of modules or locally
coherent Grothendieck categories. The following result by Saorin provides some
sufficient conditions for such condition to occur:

1.40 THEOREM ([54, Proposition 4.5]). Let G be a locally coherent Grothendieck
category and S be a set of finitely presented generators of G. Let (U,V) be any
t-structure in D(G) with heart C, and assume that the following conditions hold:
() (U, V) restricts” to D®(fp(G));
(i) there are integers m < m such that D="(G) CU C D="(G);
(iii) C N D°(fp(G)) is a (skeletally small) class of generators of C;
(iv) For any direct system (M;)icr in C, any B € S and any integer j € Z,
the canonical morphisms
MB[j]* l.iQIHomD(g) (B[j], M;) — Homp g, (B[], Ii_r>r;(c) M;)
1S S
are 1somorphisms.
Then C is a locally coherent Grothendieck category, with fp(G) = C N D®(fp(G)).

Notice that conditions (iii) and (iv) are quite natural in order to ask for the
heart to be locally coherent; in this sense, restrictability is not necessary in
general (see [54, Remark 4.6] and Ex. 2.8) but together with (ii), known as
mtermediacy of the given t-structure, it seems to play a crucial role at least
when G is the category of modules over a commutative noetherian ring. Indeed,
as we will review and discuss in Chap. 2, there are decisive results on the
local coherence in this setting, related either to algebraic aspects, from tilting
theory, and to geometric ones, due to the fundamental classification of compactly
generated t-structures. Such classification translates the intermediacy into a

ISee Def. 1.27
2See Def. 1.36
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very handleable condition; on the other hand, we will prove that for certain
noetherian rings the restrictability can be rephrased precisely as well-known
statements in local cohomology.

However, these results cannot be replicated for arbitrary commutative rings,
as we will see in Chap. 3, at least for their proofs heavily exploit properties
holding true in the noetherian setting. In fact, even if compactly generated
t-structures of the derived category of a commutative ring are classified (in
a geometric sense), the results we will obtain in that setting will be argued
somehow “ad hoc”.






CHAPTER 2

Compactly generated t-structures
over a commutative noetherian ring

2.1. Classification results

Throughout this chapter, R will denote a commutative noetherian ring. We
recall the very well-known results concerning the classification of localising
subcategories of Mod-R and D(R), the former termed as hereditary torsion
classes in the previous chapter. These classifications make use of certain subsets
of the Zariski spectrum of R, meaning that many features of the corresponding
localising subcategory can be decoded in geometric terms.

Even if the content of the forthcoming subsections have been generalised to
arbitrary commutative rings (see subsec. 3.2 in the next chapter), the remaining
results of the present chapter are not available in that setting.

2.1.1. Specialisation closed subsets. Let R be a commutative noetherian ring.
The prime spectrum Spec E, endowed with the topology whose closed are the
sets of the form V (I) := {p € Spec R | p D I}, the I’s being ideals of R, is called
Zariski spectrum of . For any prime ideal p, the canonical ring homomorphism
¢: R — R,, landing in the localisation of R at R\ p, yields adjoint functors

—®rRp -®%Rp
T
Mod-Rpy -——¢+—— Mod-E  and D(R,,) ¢.— D(R)
\_/
Homg (Rp,—) RHompg (Rp,—)

where ¢, is the scalar restriction functor. We can identify Spec B, as the
subset of Spec R formed by those prime ideals contained in p. For any module
M € Mod-R, define its support by setting

Supp M := {p € Spec R | M ®r R, # 0};

in particular, we have Supp R/J = V(J) for all ideals J < R. Recall that any
hereditary torsion pair 7 in Mod-R is generated by the torsion cyclic modules
R/J’s (which actually are finitely presented since R is noetherian). This is to
highlight that the support of a torsion module or of a finitely generated module

23
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is an important example of the following notion, which will play a vital role in the
rest of the thesis.

2.1 DEFINITION. A subset Z of Spec R is said to be closed under specialisation,
or sp-closed, if for any inclusion ¢ C p with ¢ € Z, we have p € Z.

A set Z of prime ideals of R is sp-closed if and only if it is the union of
Zariski closed, say Z = |J,c, V(J5.) for some set A. Therefore, by the above
considerations, the support of a module which is torsion w.r.t. some hereditary
torsion pair is a sp-closed subset of Spec R. The interplay of sp-closed subsets
with the hereditary torsion pairs is even stronger: the bijection between the
hereditary torsion classes 7 of Mod-R, the Gabriel filters 7 of R, and the
idempotent radical functors of Mod-R, extends to the sp-closed subsets of Spec R
(see [16]) by means of the following mutually inverse assignments, provided on
the hereditary torsion classes and the Gabriel filters:

T +— Zr =| J{Supp M | M € T}

Z +—> Tz :={M € Mod-R | Supp M C Z}
and

J—Zg = V()] €T}

Z+—J={J<R|V(UJ)CZ}.

The associated torsion radical is usually denoted by Iz, and it coincides with the
0th local cohomology functor:

Iz := lim Homg(R/J,—).
JETZ

2.2 REMARK.

(1) We will refer to the local cohomology of a sp-closed subset Z either as
the right derived functors of I';: Mod-R — Mod-R, denoted by H’ I for
all 5 > 0, or as the standard cohomologies of the right derived functor
RIz: D(R) — D(R), denoted by R’Iy, for all j € Z.

(2) Throughout this chapter (mostly in sec. 2.3) we will frequently drop the
rounded parentheses used for the arguments of a functor or of a function,
essentially to make the formulae lighter. Accordingly, this implies that
no associativity is allowed in these formulae; for example, Rz M[—1] will
stand for RIz(M)[—1], and so on. . .

2.1.2. Filtrations by supports. We have seen that sp-closed subsets of Spec R
parametrise the hereditary torsion pairs of Mod-E. There is a derived category
analogue of such result, due to Hopkins and Neeman, concerning the classification
of localising subcategories’ of D(R), which has been furtherly specialised to the
compactly generated t-structures of D(R) by Alonso, Jeremias and Saorin in [1]:
such t-structures are parametrised by the so-called sp-filtration of Spec R.

Lsee Def. 1.25
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2.3 DEFINITION. Let R be a commutative noetherian ring. A filtration by
support of Spec R, or a sp-filtration, is a decreasing map @: (Z, <) — (25P¢E ()
such that any image ®(n) is a sp-closed subset of Spec R.

2.4 THEOREM ([1, Theorem 3.11]). Let R be a commutative noetherian ring.
There is a bijection between the compactly generated t-structures (U,V) of
D(R) and the sp-filtrations of Spec R, given by the following mutually inverse
assignments:

U,V) —> Dy 7 — 257 R
Jj{p € SpecR | R/p[—jl €U}
D +— (Ugp, Vo)
Up := aisle(R/p[—j] | p € P(j), j € Z)
={M € D(R) |Supp H'M € ®(j), Vj € 7},
Ve[—1]:= {M € D(R) | RI'pj M € D>/ (R), Vj € 7} .

2.5 REMARK.

(1) The previous classification yields a plethora of fruitful informations con-
cerning the compactly generated t-structures of D(R), which are visible
directly on the relevant sp-filtration. For instance, a t-structure (i, V)
associated with a sp-filtration @ is intermediate if and only there are
integers m < m such that @(m) = Spec R and &(n) = @. Notice that
any intermediate (compactly generated) t-structure of D(R) is nonde-
generate.

(2) Recall that in D(R) the Telescope Conjecture holds true: any smashing
localising subcategory of D(R) is generated by compact objects. Very
recently, Hrbek and Nakamura proved in [25] a non-triangulated version
of the conjecture, namely that any homotopically smashing t-structure is
compactly generated. Therefore, in D(R), Thm. 1.39 by Laking identifies
the nondegenerate cosilting t-structures induced by a pure-injective
cosilting object with the compactly generated ones.

(3) As we will show in in Ex. 3.10, the HRS t-structure induced by the torsion
pair associated with a sp-closed subset of Spec R is a particular case of
intermediate sp-filtration, hence it is compactly generated. (In general,
HRS t-structures are not compactly generated; see [8].)

2.2. On the local coherence of the hearts

The very general Thm 1.40 by Saorin specialises to the following”:

2.6 THEOREM ([54, Theorem 6.3]). Let R be a commutative noetherian ring and
(U, V) be a compactly generated t-structure of D(R). If the t-structure restricts
to D?(mod-R), then its heart H is a locally coherent Grothendieck category, with
fp(H) = H N D?(mod-R).

21n the sequel we will always deal with t-structures given by filtrations, and we will denote their
hearts by H.
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In other words, the local coherence of a heart always occurs in case of a
restrictable compactly generated t-structure. The converse is not true in general,
see [54, Remark 4.6]. We will exhibit another interesting counterexample, after
recalling the following notion.

2.7 DEFINITION. We say that a sp-filtration @ satisfies the weak Cousin con-
dition in case for all j € Z and any maximal inclusion ¢ C p of prime ideals, if
q € D(j)thenp e &(j—1).

In [1, Theorem 4.4] it is proved that the weak Cousin condition on @ is
necessary for the restrictability of the associated t-structure, moreover by [1,
Theorem 6.9] the two conditions are equivalent if the ring has a dualising complex.

2.8 ExaMPLE. Let R = Z and consider the following intermediate sp-filtration:
@:-.-=SpecZ D MaxZ D MaxZ D 0,

concentrated in degrees {—2, —1, 0}, where Max Z = Spec Z\ {0}. The t-structure
associated with @ is not restrictable to D®(mod-Z) for it does not satisfies the
weak Cousin condition. Being Z a hereditary ring, the complexes of D(Z) are
described cohomologically, in particular it is readily seen that the complexes M
of the aisle U (resp. of the coaisle U/1°) are precisely those such that

{0} if j <—1
Mod-Q ifj=-1
Foo) ifj=0
Mod-Z if j >0,

Mod-Z if j < —1
H/(M) € { T, if j =—1,0 resp. H/ (M) €
{0} if j >0,

where (7(o), F(0)) is the canonical torsion pair of Mod-Z formed by the torsion and
torsionfree abelian groups. Consequently, the heart is H = Mod-Q[0] x 7(o)[—2],
so it is locally coherent (actually, it is even locally noetherian, see [35, 5.2]). 1t is
proven in [5, 26] that the pure-injective cosilting object inducing the t-structure
is
N:=QRle [[ Jl,
p prime

where .J, is the ring of p-adic integers. We point out the following two facts:

(1) N is neither an elementary cogenerator’ nor a X-pure-injective object of
D(Z) (see Def. 1.27). These claims follow essentially since Hp Jp is not
an elementary cogenerator of Mod-Z (the proof of [51, Example 5.3.51],
showing that the J,’s are not elementary cogenerators of Mod-Z, applies
on their product, since this latter is a reduced torsionfree abelian group)
whence in particular it is not a X-pure-injective abelian group by [51,
Example 5.3.54]. More in details, if N is an elementary cogenerator,
then H’(N) would be so as abelian group, for every j € Z, contradiction

3For any ring R, an object N in D(R) is an elementary cogenerator if the class of objects which
purely embed in a product of copies of N coincides with the smallest class containing N closed under pure
subobjects, products and direct homotopy colimits (cf. [35], and [51, sec. 5.3.5] for the theory of elementary
cogenerators in Mod-R).
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by 7 = —1; on the other hand, if N is X-pure-injective, then any direct
summand would be so, including H~!(N)[1], whence H~'(N) would
be X-pure-injective as abelian group, contradiction. This fact provides
an example of a locally noetherian heart H induced by a pure-injective
cosilting object which is not X-pure-injective, unfortunately invalidating
[35, Proposition 5.6].

(2) Referring to the forthcoming Thm. 2.9, H is induced by a pure-injective
cosilting object which is not cotilting.

A decisive result concerning the interplay between the restrictability of
the compactly generated t-structures and the local coherence of their hearts
is provided in case of intermediate t-structures (see [38, Corollary 4.2], [49,
Theorem 6.16] and [27, Theorem 3.5]).

2.9 THEOREM. Let R be a commutative noetherian ring and (U,V) be an
mtermediate compactly generated t-structure of D(R). Then (U, V) restricts to
D?(mod-R) if and only if it is cotilting with a locally coherent Grothendieck
heart.

2.3. Restrictability and Faltings’ annihilator theorem

In the previous section we saw that, in spite of intermediacy, in general the
restrictability seems to elude a characterisation in geometric terms, albeit there
are classes of noetherian rings in which such description is possible.

In this section we will deepen such possibility by proving that, indipendently
of the (commutative noetherian) ring, the situation in which the weak Cousin
condition implies the restrictability is equivalent to a Faltings’ annihilator
theorem for complexes to hold.

We recall the celebrated Faltings’ annihilator theorem for modules in the
following result, in which the depth of a module is denoted as “dp” and the height
as “ht” (see [11] for a reference in commutative algebra).

2.10 THEOREM ([32]). Let R be a commutative noetherian ring, let Z be a
sp-closed subset of Spec R, M a finitely generated R-module and n any integer.
Let us state the following:
(a) For every q with V(q) € Z and every p with V(p) C Z N V(q), it is
dpg, Mg +htp/q > n;
(b) There exists an ideal J of R such that V(J) C Z and JH/ Iz M = 0 for
all j=0,...,n;
(¢) HiIz M is a finitely generated R-module for all j =0,...,n.
Then one always has “(b) < (¢) = (a)” and the statements are equivalent
whenever R has a dualising complex or it is the homomorphic image of a
Cohen—Macaulay ring.

In case the three statements are equivalent, then the result is also known as
Faltings’ annihilator theorem (for modules).

This said, we formulate a possible incarnation of Faltings’ annihilator theorem
for complexes in the following conjecture, in which for every ideal J of R and
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every complex X € D(R) we define
dpg(J, X) :=inf{j € Z | R’ Iy, ()X # 0} = infRIy () X,

and put just dpyp X in case R is local and J is its maximal ideal. It is known
that for any sp-closed subset Z of Spec R, we have infRIz X = inf{dpz(J, X) |
V(J)C Z}.

2.11 FINITE CONJECTURE. Let R be a commutative nmoetherian ring. Let
X € D®(mod-R), let Z be a sp-closed subset of Spec R and n any integer. The
Sfollowing statements are equivalent:

(a) For every q with V(q) € Z and every p with V(p) C ZNV(q), it is
dpg, Xq +ht p/q > n;
(b) RITy X, is a finitely generated R-module for all j < n.
Consider now the following statement:

2.12 RESTRICTABILITY CONJECTURE. Let R be a commutative noetherian ring.
Let @ be an intermediate sp-filtration of Spec R with associated t-structure
(U, V) in D(R). The following statements are equivalent:

(1) U, V) restricts to D®(mod-R);

(2) @ satisfies the weak Cousin condition.

Recall that a criterion for the restrictability of intermediate compactly gener-
ated t-structures of D(R) is given by [1, Lemma 5.7].

We want to prove that conjectures 2.12 and 2.11 are in fact equivalent. This
fact, in principle, allows to extend the class of restrictable compactly generated
t-structures (hence those with locally coherent hearts) looking at an important
result in commutative algebra, and viceversa.

2.13 REMARK. During the writing of the present thesis, Ryo Takahashi proved
in [60] that our finite conjecture 2.11 is true for a certain class of commutative
noetherian rings, called CM-excellent rings, also achieving the subsequent results
of the section, though with different techniques.

2.14 THEOREM. Let R be a commutative noetherian ring of finite Krull dimen-
sion. Then the finite conjecture holds true if and only if the restrictability
congecture holds true.

Proof. Let us assume that the finite conjecture holds true, and let @ be an
intermediate sp-filtration of Spec E.

“(1) = (2)” This implication is true for any commutative noetherian ring by [1,
Theorem 4.4].

“2) = (1)” Wlo.g. we let @ be the sp-filtration*

SpecR=®(0) 2 P1)D2---2Pn—-1)D>P(n)20.
4n the sequel we will always concentrate the nonempty sp-subsets of a sp-filtration in negative

degrees; however, in this case it is more convenient to put @(0) = Spec R and @ (n) # @ for n > 0in order
to make such n agree with that in finite conjecture 2.11(a).
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Let us consider the sp-filtration @’, associated to @, introduced in [1, 5.3]: in
our hypothesis also @’ fulfils the weak Cousin condition; in particular, arguing
by induction on %, we shall assume that the t-structure (U4’,)’) of @’ restricts
to D®(mod-R). In view of [1, Lemma 5.7], we shall conclude our proof by
showing that R"Ip,) X is a finitely generated R-module for every complex
X € V' N D?(mod-R). To this end, we exploit the finite conjecture 2.11; that is,
we show that for any inclusion of prime ideals ¢ C p with ¢ ¢ @(n) > p, we
have dpp_ Xg + ht p/q > n. By [26], the map

fo=:f: SpecR — Z
r—sup{j|r € @(j)}

is order preserving, and by the weak Cousin hypothesis is such that f(p)— f(q) <
ht p/q, whence ht p/q+ f(¢q) > n. By Thm. 2.4, we have RIy; () X € D>/ (@ (R),
whence RIVv X, € D>f@(R,) by exactness of (—),, and consequently
dpg, Xq > f(q), thus we are done.

In order to prove the converse, we shall suppose that the finite conjecture
is false and exhibit an intermediate weak Cousin sp-filtration whose t-structure
does not restrict to D?(mod-R). Since one always has that “(b) = (a)” ([15,
Theorem 4.5]), then we shall assume that for all integers n there exist X €
D?(mod-R) and a sp-filtration Z such that dp R, Xq +htp/q>mnforalgq¢Z
and p € ZNV(q), and that R/I; X is a finitely generated R-module for all j < n
but R"I; X is not. Notice that we can assume in fact that RT3 X = 0 for all
j < m. This said, by the approximation RIz X — X — RQzX 5 of X in the
t-structure associated to Z (see [1, 1.6] for the notation) we also get a triangle

7<"RI3X — X — X' 5 for some X' € D(R). We claim that X’ satisfies the
same stated properties of X. Indeed, applying the triangulated functor (—), we
get X ‘; = X,, while the local cohomology sequence yields RIT;X' = 0 for all
j<mnand R"I;X' = R"I;X. Consider the following sp-filtration & of Spec R:

] j>n
B(j) =17 j=mn
PH+HUW j<m,

where W is the set of those primes p which are maximal under some other prime
q € D(j). Observe that in general @ might be not intermediate, though it is so
by our hypothesis on the dimension of R. Moreover, it fulfils the weak Cousin
condition. Let us show that the t-structure (i4,V) of @ is not restrictable.
Our claim will follow once we prove that X € V' ie. that RIp;yX € D>/(R)
for all j < » (see again Thm. 2.4). By [26, (2.16)] this occurs if and only if
dqu X4 > jforall ¢ € @(j). For any such j, we have two cases: ¢ € @(n) and
q € D(j)\ @(j +1). In the first one, i.e. when q € Z, we have dpg, Xg =1
(> 7) because infRIzX = n, and we are done; in the second case, we have
dpg, Xq > n — ht p/q > n — (n — j) = j for some p € Z. Consequently, the
t-structure (U4’, V') restricts to D®(mod-R), but R"I; X is not finitely generated,
and we conclude by [1, Lemma 5.7] again. O
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2.15 COROLLARY. Fualtings’ annihilator theorem for complexes of D(R) holds
true for rings R having a dualising complex.

Proof. Rings with a dualising complex fulfil the restrictability conjecture by [1,
Theorem 6.9]. 0

We are now concerned in proving that the equivalent conjectures of Thm. 2.14
are verified by local rings which are universally catenary and whose formal fibers
are Cohen—Macaulay (see [11]) As usual, for any local ring R with maximal
ideal m, we will denote by R the m-adic completion of R, and by A: R — R
the canonical ring homomorphism, which is injective and falthfully flat. For any
sp- -closed subset Z of Spec R we have a sp-closed subset Z in SpecR defined as
7 = UpEZ V(pR) = {P € Spec R | PN R € Z}. Let us prove formerly that
certain quantities appearing in the finite conjecture 2.11, namely

sz(X) :=min{dpp X, +htp/qlq ¢ Z, pecZnV(qg)},

are invariant when passing to the completion.

2.16 LEMMA. Let R be a universally catenary noetherian local ring with Cohen—
Macaulay formal fibers. For any sp-closed subset Z of Spec R and any complex
X € D®(mod-R), we have

SZ(X) = 82(2)y
where X = X (=33 R.

Proof. Recall that for any prime ideal P of Spec B, if p := P N R we have a flat
local ring homomorphism R, — Ep and, by [30, Corollary 2.6],

dpg, Xp ®r, Bp =dpg, X, +dp Rp/pRp .
In this case, the complex in the left hand term is
Xp ®r, Rp=(X ®r, Ep) ®r, (Rez Rp) = Xp
while the ring in the right hand term is
Rp/pRp = Rp ®r, (p) = (R ®3 Rp) ®r, ©(p) = (R ®r 1(p)) ® Ep,

and since by hypothesis R Qg k(p) is Cohen—Macaulay, then also Rp / pIAB pisa
local Cohen-Macaulay ring. Altogether, the first display of the proof actually is

dprp Xp = dpR,, Xp + dimf/%p/pf/%p,
for any prime ideal P of Spec R. This said, let @, P be prime ideals of R such

that @ ¢ Z and P € ZNV(Q); by setting ¢ :== QN R and p := PN R, it is clear
that ¢ ¢ Z and p € Z N V(q). We have

htP/Q —htp/q = dim R/Q — dim R/P — (dim R/q — dim R/ p)
= (dimR/Q —dimR/q) — (dimR/P —dimR/p). (1)
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Since R is universally catenary by hypothesis, then R / p}? (and R / q}AB) is a
equidimensional ring, meanining that for any minimal prime ideal P’ € V(pR)
we have L R
(dimR/p =) dimR/pR = dim R/ P’
(same argument for R/qR). We then have
dim(R/pR)p = dimRp/pRp = dim Rp/P} .
W.lLo.g. we can assume P’ C P, so that the previous display yields
ht P/P' = dimR/P’' —dimR/P = dimR/p — dim R/P .

Altogether, by repeating the argument taking @ and q, (1) is

ht P/Q —htp/q =dimRp/pRp — dim Rg/qRg .

Eventually, we compute:
dpp, X +ht P/Q —dpg, X, —ht p/q
= (dpg, X@ — dpg, Xo) + (t P/Q —ht p/q)
= dimIA%?Q/q}ABQ +dim1§p/p}A3p — dim}ABQ/qEQ >0

which proves that s, (X) > s, (X).

Conversely, let p and q be prime ideals of R suchthat ¢ ¢ Z and p € ZNV (q).
By going up property we can choose prime ideal P of the formal fiber B ® x(p)
which is minimal in V(p}AB). Since Spec Rp / p}? p consists of one element, we
have dim R p / plAB p = 0. Using the going down property, we can find a prime
Q C P such that @ N R = ¢, and these P, Q yield s,(X) < s,(X). O

2.17 THEOREM. Faltings’ annihilator theorem for complexes of D(R) holds true
for universally catenary local rings with Cohen—Macaulay formal fibers.

Proof. We will prove that for any sp-closed subset Z and X € D®(mod-R),
the local cohomology R’/IzX is finitely generated for all j < sz(X). By
the previous lemma we have s,(X) = sz()? ) =: s, moreover the complete
local ring R has a dualising complex (by Cohen Structure Theorem, see [62,
Sec. 10.160, Lemma 47.15.8]), so that the finite conjecture 2.11 is valid, and since
dpg, )?Q +htP/Q > s (forall Q ¢ Z and P € Z N V(Q) as usual) we have

that R/, X = R/, X ®g R are finitely generated R-modules for all j < s (the
previous isomorphism follows by generalising [62, Lemma 47.9.3] to sp-closed
subsets). We conclude our proof by faithful flatness of the homomorphism
A: R — R, since it reflects finiteness (that is, finite generation descents along A,
see e.g. [62, 35.3]). O






CHAPTER 3

Compactly generated t-structures
over a commutative ring

As we announced in the introduction and in the previous chapter, several
results on compactly generated t-structures of a commutative noetherian ring are
available for arbitrary commutative rings, though the relevant proofs rely on very
different arguments. In the present chapter we will provide instances of these
arguments, working on a commutative ring and pursuing the characterisation of
the local coherence of the hearts of its compactly generated t-structures. In more
details, we achieve a characterisation (Thm. 3.41) by means of a general criterion
(Thm. 3.2), valid for any Grothendieck category equipped with a TTF triple.
Large part of the chapter is focused in detecting within the hearts suitable
TTF triples, in order to apply Thm. 3.2. For this reason, we will start the chapter
by proving such criterion, which is our key tool to get around the lack of the
ascending chain condition on the rings.

3.1. A criterion for the local coherence

As usual, given a torsion pair (£, F) in a Grothendieck category G, the adjunc-
tions it gives rise with the inclusion functors originating in the subcategories of
the pair will be denoted by

Y
EZG=F.
x
There is a notion of restrictability for torsion pairs in a locally finitely presented
Grothendieck category:

3.1 DEFINITION. Let G be a locally finitely presented Grothendieck category. A
torsion pair (£, F) of G is said to restrict to fp(G) if for any B € fp(G), also x(B)
and y(B) are finitely presented.

In fact one just checks that x(B) is finitely generated, for then y(B) is a
cokernel in G of a morphism in fp(G), whence finitely presented as well.

3.2 THEOREM. Let G be a Grothendieck category equipped with a TTF triple of
finite type (£,7T, F). Consider the following three statements:

(a) G is locally coherent;

33
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(b) The following conditions are satisfied:
(i) € and T are quasi locally coherent;
(ii) For every P € fp(£), the functor Exté (P, —) commutes with direct
limats of direct systems of T;
(iif) For every @ € fp(7), the functor Exté(Q, —) commutes with direct
limits of direct systems of £.
(¢) Conditions (i), (ii) of part (b) hold true, and moreover
(iii)’ The torsion pair (£, T) restricts to fp(G).
Then “(a) & (b) = (¢)”, and the statements are all equivalent in case G is
locally finitely presented.

Proof. We will denote by

£ GT

the adjunction provided by the left constituent of the TTF triple. Notice that the
finite type the TTF triple implies, by [48, Lemma 2.4], that fp(E), fp(7) C fp(G).
In turn, the local coherence of G always implies conditions (ii), (iii) and (iii)’: the
first two conditions are guaranteed by [54, Proposition 3.5(2)]; to see the third,
for every B € fp(G) we have x(B) € fp(G), since the latter occurs as the kernel
of the epimorphism B — y(B) in fp(G).

“(a) = (b)” By what we just observed, we only have to check condition (i). 7
is a locally coherent Grothendieck category thanks to Thm. 1.22, thus it is quasi
locally coherent. Now, let us show that £ is locally finitely presented. Let
X € & and (By)ier be a direct system in fp(g) such that X = lim,_, B;. Since
(€,7) is of finite type, we have X = x(X) = lim,_; x(B;), thus & is locally
finitely presented since each x(B;) belongs to fp(£). It remains to show that
£ is quasi locally coherent. By the previous part, it suffices to check that the
kernel in £ of an epimorphism f: P — P’ in fp(€) is finitely presented as well.
Notice that f is an epimorphism also in G, therefore Ker f € fp(G) by the local
coherence hypothesis. Our claim then follows since Ker® (f) = a(Ker f) and
(€,7T) restricts to fp(G).

Let us now show that if G is locally finitely presented, then “(c) = (a)”. We
have to prove that the kernel of any epimorphism f: B — B’ in fp(G) is finitely
presented as well. Since the torsion pair (£, 7) restricts to fp(G) by (iii)’, the
following commutative diagram with exact rows

0 x(B) B y(B) 0

R

0—— 2(B)—— B —— y(B')——0

lives in fp(G). Besides g, also p is an epimorphism, being Cokerp € ENT = 0.
Therefore, p and g are epimorphisms in fp(€) and fp(7) respectively, hence
by hypothesis (i) we obtain that Ker®(p) and Ker'?) (q) = Ker ¢ are finitely
presented objects of G. Thus, once we prove that Kerp € fp(G), we infer that
Ker f is finitely presented by extension-closure (see [48, Corollary 1.8]), applied
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on the short exact sequence 0 — Kerp — Ker f — Ker ¢ — 0 provided by the
snake lemma. Consider the approximation

0 —> Ker® (p) —> Kerp —> y(Ker p) — 0

of the relevant kernel within (£,7), and let us prove that the third term is
finitely presented in G. We have the following pushout diagram:

Ker® (p) == Ker'® (p)
Kerp ©(B) —— x(B')
l ro. l H
y(Ker p) C x(B")

whose second column tells us that the pushout C is finitely presented as well.
Eventually, given a direct system (M;);<; of objects of 7, applying the functors

lim Extf(—, M;) and Ext§(—,limM;)  (keNuU{0})

el iel

on the second exact row, thanks to hypothesis (ii), by the five lemma we get that
Homg (y(Ker p), —) preserves direct limits of 7; that is, y(Ker p) is a finitely
presented object of 7, hence of G, as desired.

In order to conclude the proof, we now show that condition (b) implies that G
is locally finitely presented and (c). For the first claim we will follow the pattern
of the proof of [48, Lemma 2.5]. Let M be an arbitrary object of G and consider
its approximation 0 — x(M) - M — y(M) — 0 within (£, 7). Since 7 is locally
finitely presented by (i), there exists a direct system (Q;);cs in fp(7) such that
y(M) = lim Q;. We have the pullback diagram

i€l

0 —— (M) M; Q; 0

| ]

0— (M) —— M ——y(M) ——0

and the M,’s form a direct system in G whose direct limit is M. Once we show that
M; € Gen(fp(G)) forall i € I,then we conclude our first claim (see the proof of [48,
Lemma 2.5]). Consider the extension &; : 0 - (M) — M; — Q; — 0 provided
by the previous diagram. Since £ is locally finitely presented, there exists a
direct system (P3)5ea C fp(€) such that x(M) = limp P;. By hypothesis (iii), we
obtain req

& € Ext§(Q;, lim Py) = lim Ext§(Qi, Py),
reA rEA
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i.e., by definition of Yoneda ext-group, there is an index y € A such that &;
factors as the pushout diagram (see again [48] for details)

0 P, N, — Qi ——0
J bo. J H
0 x(M) M; Qi 0

in which N, is a finitely presented object of G by [48, Corollary 1.8]. Moreover,
it is
M; = lim N,
AZ>y

so that our first claim is proved. Let us check that condition (iii)’ holds true. Let
B € fp(G) and let us consider its approximation 0 — x(B) - B — y(B) — 0
within (£,7). We only have to show that x(B) € fp(€) C fp(G), since y(B) €
fp(7) C fp(G). The approximation yields the following long exact sequence of
covariant functors:

0 — Homg(y(B), —) - Homg(B, —) — Homg(x(B), —) —---
-+— Ext§(y(B), —) — Ext§(B, -)

which, when restricted to &, by hypothesis (iii), [48, Proposition 1.6] and the five
lemma, gives that x(B) € fp(&). O

3.2. Classification results

The classification of the localising subcategories of the module and the derived
category of a commutative noetherian ring have been suitably generalised to
arbitrary commutative ring, as we now recall.

3.2.1. Thomason subsets.

3.3 DEFINITION. Let R be any commutative ring. A subset Z of Spec R is said
to be Thomason if there exists a family 5, of finitely generated ideals of R such
that Z = U ¢p, V().

In other words, Thomason subsets generalise specialisation closed subsets.
There is a bijection, described precisely as in the previous chapter, between
hereditary torsion pairs of finite type 7 of Mod-R, whence with Gabriel filters of
finite type J of R, and Thomason subsets Z of Spec R. More precisely, given
a Thomason subset Z of Spec R, we have associated a hereditary torsion class
of finite type 7z := {M € Mod-R | Supp M C Z} and a Gabriel filter of finite
type Jz :={J < R | V(J) C Z}. By the following results, we can regard any
Thomason subset Z as the union of Zariski closed indexed over the set 7, of all
finitely generated ideals in J7.

3.4 PROPOSITION. Let Z, Tz, Jz and Iz be as above.
(i) 7z is a Grothendieck category, and fp(7z) = 7z N mod-R;
(il) 7z = Gen(R/J | J € Iz).
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Proof.

(i) It is well-known that 77 is a Grothendieck category (we deduce it in
Prop. 3.19). Let us show the equality in the second part of the statement.
The inclusion “D” is clear, while “C” follows by [48, Lemma 1.11] since (7z, Fz)
is a torsion pair of finite type.

(ii) The inclusion “2” is clear from the properties of a torsion class. Conversely,
since 77z is a hereditary torsion class of Mod-R, every torsion object is the direct
limit of a direct system of finitely generated objects of 7z, hence it suffices to
show that each module M in such direct system is the homomorphic image of the
direct sum of some R/J’s, where each J is a finitely generated ideal in 7. Since
M is a finitely generated module, then Supp M = V(Anng(M)) (see e.g. [36,
Exercise 23, p. 58]). Therefore, V(Anng(M)) C Z, and since Jz is a Gabriel
filter of finite type, Anng (M) contains a finitely generated ideal J of the filter.
This means MJ = 01ie. M is a R/J-module, in fact finitely generated over R/J
as well, so that there exists an epimorphism (R/J)" — M for some positive
integer n. O

3.5 COROLLARY. Let Z = J;cp, V(J) be any Thomason set and Jz the associ-
ated Gabriel filter. Then Z = J ;c1, V(J).

Proof. The right-ward inclusion Z C | JeT, V(J) is clear since Bz C Iz.
Conversely, let p be a prime ideal containing some finitely generated ideal J in
Jz, and let us prove that p contains an ideal in Bz. The module R/p is torsion
by Prop. 3.4, whence Supp R/p = V(p) C Z, so we are done for p € V(p). O

3.2.2. Thomason filtrations. Filtrations by supports are then naturally replaced
by the so-called Thomason filtrations. We actually allow the following:

3.6 DEFINITION. A Thomason filtration of Spec R is a decreasing map @: (Z, <) —
(25pec® ) such that @(n) is a Thomason subset of Spec R for all n € Z.
A Thomason filtration @ will be called:

o weakly bounded below if there is [ € Z such that &(I) = ®(l — 1) for all
1> 0;if &(l) = Spec R, then @ is called bounded below;
e bounded above if there exists r € Z such that @(r + 1) = 0.

In these cases, we say that @ is (weakly) bounded below I and bounded above r,
respectively.

e A Thomason filtration @ weakly bounded below and bounded above will
be called of finite length.

Without loss of generality, we will always assume a Thomason filtration of finite
length to be bounded above 0, so that if it is weakly bounded below —I, with
D(—1+1) # &(-1), we will say that it has length [.

Of course the bounded above and bounded below Thomason filtrations are
intermediate. Contrarily to the previous one, in this chapter we will prominently
deal with Thomason filtrations of finite lenght, i.e. with filtrations with a weaker
condition than the intermediacy.
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Thomason filtrations of Spec R classify the compactly generated t-structures of
D(R), but not precisely as described in the previous chapter. In [23, Lemma 3.7],
Hrbek generalises Thm. 2.4 for bounded below compactly generated t-structures
in D(R): they are in bijection with the bounded below Thomason filtrations of
Spec R, via the mutually inverse assignments

U,V) —> By: 7 — 257
j— U Supp M,

MeMod-R
M[—jleU

D —> (Up, Vo)
Up:={M € D(R) | Supp H" (M) C ®(n), Vn € Z}
= {M € D(R) | Hn(M) S Tq;(n), Vn € Z} .

Notice that the aisle of the t-structure associated with @ has the same description
as in Thm. 2.4, but this is not true for the coaisle; actually, so far for the latter
no characterisation is available.

Another bijective correspondence, involving arbitrary compactly generated
t-structures and Thomason filtrations, is shown in [23, Theorem 5.1]. However, in
this case even the relevant aisle, still denoted by U/g, has a different description
w.r.t. the previous ones, indeed we have

Up = aisle(K(J)[—n] | V(J) C @(n), Yn € Z),

where “K” denotes the Koszul complex (see Ex. 1.33 and Rem. 1.37). The crucial
fact, proved by Hrbek, is that if we denote by L{;‘f the class of complexes whose
cohomologies are supported along @ (i.e. copying the definition of the noetherian
or bounded below cases) then still it an aisle of D(R). However, it is not known
whether this latter aisle gives rise to a compactly generated t-structure, nor
if the two aisles U, and U} coincide. Nevertheless, by [24, Lemma 3.6] they
coincide in the bounded below derived category of the ring:

Uy N DY (R) =UY NDT(R) .

Consequently, the cohomologies of the complexes of Uy are always supported
on the Thomason subsets; moreover, for any module X € 74, j € Z, by the
previous equality we see that its stalk X[—j] belongs to Ug.

In order to make clearer the distinction between the above two t-structures as-
sociated to a Thomason filtration @, we will call the t-structure (I/ 2& , (U 2& yLto[1]) =:
(Uf , Vg ) and its heart H# the Alonso-Jeremias—Saorin t-structure, resp.
AJS heart, induced by P.

3.7 LEMMA. Let ® be any Thomason filtration of Spec R. Then Uy, = L{jf if and
only if the AJS t-structure (Z/{;T,’E , Vﬁf ) is compactly generated in D(R).

Proof.
“=" There is nothing to prove since Ug is the aisle of a compactly generated
t-structure.
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“<” By hypothesis, there exists a family S C D(R)¢ of compact complexes
such that Z/{;‘f = aisleS. By a well-known characterisation of D(R)¢ due to
Rickard, the objects of S belong in particular to Dt (R). In other words, we
have S C U¥ N D*(R), and this latter coincides with ¢, N DT (R), thus we infer

U;f C Uy by minimality in containing S, and we are done. O

3.8 REMARK.

(1) Henceforth, accordingly with our previous notation, when a Thomason
filtration @ is fixed we will denote the two t-structures it gives rise by
(U,V) and (U#,V7F), i.e. omitting any subscript referring to @. The cor-
responding hearts will be denoted by H and H#, respectively. Moreover,
the Gabriel filter and the torsion pair associated with each Thomason
subset @(n) will be denoted just 7, and by (7, F,), respectively; in
turn, the adjunction of the relevant torsion radical and coradical to the
inclusions in Mod-R will be denoted by

Yn
T, <= Mod-R == F, .

(2) Albeit so far in the literature there is no evidence of that the aisles ¢/
and U7 should coincide, in this thesis we will prove results suggesting
somehow that this might be the case. The main one in this sense is
Thm. 3.24, in which we will prove that when @ is a weakly bounded below
Thomason filtration, then H = H*.

(3) In particualar, the previous hearts are locally finitely generated Groth-
endieck categories. As mentioned at the beginning of the chapter, one
first aim to pursue is to detect in the heart of a (weakly bounded be-
low) Thomason filtration a TTF triple (of finite type); we will solve this
problem in Thm. 3.29.

As claimed in the previous remark, our interest will be focused mostly on the
weakly bounded below filtrations. Let us conclude this section with the following
result, which has a vital role throughout the chapter.

3.9 PROPOSITION. Let @ be a weakly bounded below k Thomason filtration of
Spec K.
(i) The AJS heart H* is contained in DZ*(R); in particular, when @ has
length | (> 0) we have H C DI=L01(R).
(il) H* is an exact abelian subcategory of H and an AB-3 abelian category.
Moreover, the coproducts hence the direct limits of H* are computed as
m H.
(ili) H7 is a locally finitely presented Grothendieck category.
Proof.
(i) Let us prove that for every M € H#* we have t=F=1(M) = 0. Notice that, by
definition, 7,, = T; for every n < k. Thus, 7<¥~1(M) € U#[1] since
Hi-\M) €Ty =T =T, ifj<k

o <h—1 1Ty —
B @00 1])_{0 if > k.
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Therefore, in the exact triangle 7<¥=1(M) — M — v>*=1(M) 5 the first edge
is the zero morphism. By [41, Corollary 1.2.7] we obtain the decomposition
>N (M) = M @ v=F~1(M)[1], thus our claim follows at once by additivity of
the standard cohomology. Thus we have H# = (U#* N V#) N DZ*(R) and this
latter coincides with H N DZ*(R) by [24, Lemma 3.6]. The second part of the
statement is a consequence of the previous part.

(ii) We recall that, by [44, Proposition 3.2], the heart of any t-structure of D(R) is
an AB-3 abelian category. The fact that the kernels and the cokernels of H# are
the same as in H is clear by the construction of these objects (see subsec. 1.3.2).
Let us prove that for any family (M;);c; of objects of H# the coproduct @g} M;
belongs to H#, whence the thesis. By [24, Lemma 3.6] the coproduct belongs to
U*. On the other hand, since (/,V) is a compactly generated hence smashing
t-structure of D(R), we have GBEQ M; = T1;c; M;, and this latter object belongs
to V' N DZ*(R), hence to V# by [ibid.].

(ili) Since H#* is an AB-3 category with direct limits computed as in 7, which
is an AB-5 category, then in turn H# is an AB-5 abelian category. Recall now
that, by [44, Lemma 3.1], for any t-structure (X', ))) with heart C the restriction
Heta: X — C is left adjoint to the inclusion C — &X. We claim that the
restriction L := Hy# My: H — H¥ is left adjoint to the inclusion H# < H.
Indeed, for all M € H and M’ € H* we have

Homy# (L(M), M") = Homp gy (Hy# tux (M), M") (M € H CU CU¥)
= Homy# (M, M') (by adjunction)
= Homy (M, M") (M,M'" € H).

This said, let us prove that for any generator U of H, the object L(U) is a
generator of H#. Let M € H*. Then there is a set a and an epimorphism
U@ — M in H, whence applying the left adjoint functor L we obtain an
epimorphism L(U)® — L(M). Now, by definition of L, we have L(M) =
74 (M[—1])[1], and being M[—-1] € (U#¥)'o since M € H¥, then actually
7+ (M[—1]) = M[-1],ie. L(M) = M, and we are done.

The previous paragraph also shows that the right adjoint to L is a direct limit
preserving functor, hence by [33, Lemma 2.5] L(S) is a set of finitely presented
generators for H# for any set S of finitely presented generators of . O

3.10 ExaMPLE. We show that the HRS heart of a hereditary torsion pair of
finite type of Mod-R can be realised as the heart of an intermediate Thomason
filtration (i.e. bounded both below and above).

Let Z be a proper Thomason subset, and let H, the HRS heart of the torsion
pair t := (7z,Fz) corresponding to Z (see Ex. 1.35(2)). Consider now the
Thomason filtration

D:SpecRDOZ DY
(concentrated in degrees {—1,0}) and let us prove that H = H# = H,. The first
equality is guaranteed by [23, Lemma 3.7].

Let us prove that H C H,. For every M € H we have H®(M) € Tz, so it

remains to verify that H~1(M) € Fz. This follows by Lem. 3.11 and Prop. 3.9.
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Conversely, let us prove the inclusion H, C H by showing that both the
torsion and torsionfree classes Fz[1] and 7z[0] approximating H, are contained
in H, whence the conclusion by the extension-closure of the heart. The fact that
T7[0] C 'H is clear by definition of the t-structure (U, V).

On the other hand, let Y € F. Since Supp H~1(Y[1]) = Supp Y is contained
in the spectrum i.e. in @(—1), whereas Supp H7(Y[1]) = @ for all j # —1, we have
Fz[1] CU. Let now M € U C D=°(R); out of the exact triangle 7=~ (M) —

M — H°(M)[0] & provided by the standard t-structure of D(R), applying the
cohomological functor Homp gy (—, Y [0]) we obtain the exact sequence
Homp g (H® (M)[0], Y[0]) — Homp(r) (M, Y[0]) — Hompg)(z="" (M), Y[0])

whence we obtain the remaining inclusion F[1] C U+0[1], for the left hand term
is zero by [61] and since (77, F7z) is a torsion pair in Mod-R, and for the right
hand term being clearly zero as well.

3.3. Some useful results

Let us introduce some further notions and useful results that will be crucial
throughout the rest of the chapter.

3.11 LEMMA [46, Lemma 4.2(3)]. Let @ be a Thomason filtration of Spec R and
let M be a complex in the associated heart H. If m is the least integer such that
H™(M) # 0, then

H™(M) € T, N Fpup1 N Ker Exty(Trupo, —) -

Proof. By what we recalled before of Lem. 3.7, we only need to check that
H™(M) belongs to the last two classes of the displayed intersection. By
hypothesis, H™(M)[—m] = 7=" (M), hence for every X € 7,1 we obtain

Hompg (X, H™(M)) = Homp g) (X [—m], H™ (M)[-m])
= HOHID(R) (X[—m], Tsm(M)) .

The latter group is zero, indeed we have X[—m] € U#[1]N DY (R) = U[1] N
DT (R) C U[1], so that the covariant hom functor of the stalk complex applied
on exact triangle 7> (M)[—1] — <" (M) — M = yields the claimed vanishing
by the axioms of t-structure. Therefore, the least nonzero cohomology of M is
an object of Fy11.

On the other hand, by Verdier’s thesis [61], for every X € 7,,+2 we have

Extk(X, H™(M)) = Hompg)(X[—m], H™(M)[-m + 1)),

and the right-hand group is zero by the previous argument, i.e. by applying the
hom functor of X[—m] € U[2] on the rotation of the above triangle. O

Notice that, again by [24, Lemma 3.6], that the previous lemma also holds true
for any objects M of H* because, within the notation used in the statement, we
have M € H#* N D="(R).

Let us recall some basic facts concerning Koszul complexes and their cohomol-
ogy (see e.g. [43, Chap. 8] and Ex. 1.33). For any finitely generated ideal J one
has:
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e K(J) € DI="%(R) N D(R)¢, where n = rank J;
o H'(K(J)) = R/J;
e JH/(K(J)) = 0 or, equivalently, Supp H /(K (J)) C V(J), for all
j=0,...,n.
The last two items tell us that the Koszul cohomologies are torsion modules
w.r.t. the torsion pair associated with V (/).
The following result will be resumed in sec. 3.4 and stengthened in Thm 3.24.

3.12 PROPOSITION. Let @ be a Thomason filtration of Spec R. For any n € Z
and for any ideal J € I, we have Hy (K (J)[—n]) = Hp# (K(J)[—n)).

Proof. For all n and J as stated, by [24, Lemma 3.6] we have K(J)[—n] € U N
DT (R) = U#ND*(R). On the other hand, we have 7=""1(K (J)[—n]) € UF[1]N
DT (R) = U[1]n DT (R) C U[1], so out of the triangle ="~ (K (J)[-n]) —
K(J)[-n] — R/J[—n] 5, provided by the basic properties of the Koszul
complex, we infer that

Hy (K(J)[—n]) = Hy(R/J[—n])
and
Hy# (K (J)[—n]) = Hy# (R/J[—n]) .
We now anticipate an argument which will be formalised in sec. 3.4. There
exists a (weakly bounded below) Thomason filtration @, associated to @ whose

t-structure has its aisle 2/ and the heart M}’ contained, respectively, in /% and
H* (see Lem. 3.23); moreover, R/J[—n] € Uu¥ thus out of the triangle

rzf# (R/J[-n —1]))[1] — R/J[-n] —> Hyz(R/J[—n]) =+

we infer that Hy#(R/J[—n]) = Hy#(R/J[—n]). On the other hand, the first
vertex of the triangle belongs to D*(R) for the other two vertices do, therefore
it also belongs to /1] by the usual argument of [24]. Thus, the displayed triangle
also shows that Hy (R/J[—n]) = Hyz (R/J[—n]), and we are done. O

3.13 LEMMA. Let @ be any Thomason filtration of Spec R, let C be either H or
the AJS heart H¥, and let (M;);e1 be a family of objects of the heart C. Then,

forall n € Z,
P a" oy = (HOm) .
i€l i€l
Moreover, if I is directed, then
lig £ (M;) = H" (lim "0 M;) .
iel iel
Proof. Since each stalk complex of the ring R is a compact object of D(R), we
have
H"(@(C)MZ’) = HOHID(R) (R[—%], @(C)MZ')
i€l i€l

= (P Homp ) (R[-n], M;) = D H" (M) .

i€l i€l
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Notice that this result in fact holds true for the heart of any smashing t-structure
of D(R).

Let now I be a directed set. By [56, Proposition 5.4], R[—n] is a homotopically
finitely presented object of D(R), meaning that its covariant hom functor
commutes with direct homotopy colimits; by [56, Corollary 5.8], the direct
homotopy colimits of the heart H are canonically isomorphic to the underlying
direct limits; consequently, we can repeat the proof above by replacing the
coproducts of (M;);c; with its direct limit, and we are done. O

Slightly diverting from [46], we fix the following notation: given any Thomason
filtration @, for any n € Z we set

TFy =Ty, N Fpa1
TFT, =T, N Fui1 NKerExth (7,42, —-) .
It is readily seen that 7.F, is closed under subobjects and that 7F7,, is closed
under kernels; moreover, we will show in Rem. 3.35(1) that the latter category
has direct limits, so it will make sense to consider the subcategory of its finitely

presented objects (mostly in order to study its quasi local coherence), which will
play a crucial role in the subsequent sections.

3.14 COROLLARY. Let @ be a Thomason filtration of Spec R. Then the class

HTF, :={M € Mod-R | M[—n] € H}
cotncides with
HTFF = {M € Mod-R | M[—n] € H*} .

Moreover, HTF,, is a subcategory of Mod-R closed under direct limits, for every
n € Z.

Proof. The equality between the two classes of modules follows since the corre-
sponding stalk complexes belong to the relevant hearts and to Dt (R). Let now
(M;)ier € HTF, be a direct system, so that (M;[—n]);c; is a direct system of
‘H. By Lem. 3.13 we obtain

H"(lig ™ M;[—n]) = lig M;,

iel iel

while in any degree different from 7 the direct limit has no cohomology.
Therefore,

g 0 M) = (1 11—

iel iel
i.e. direct limits of H7F,, are computed precisely as in Mod-R. O

3.3.1. Bounded above Thomason filtrations. We continue giving useful results
concerning the bounded above Thomason filtrations.

3.15 LEMMA. Let @ be a Thomason filtration bounded above r. Then

HTFr1 =TF—1 .
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Proof. Notice that, by boundedness of @, we have Y C U#* C D="(R).

This said, let M € HTF,_1. Then M = H"~Y(M[—r+1]), hence by Lem. 3.11
we obtain M € T,_1 N F,.

Conversely, let us prove that the stalk concentrated in degree » — 1 of a
module M € 7,_1 N F, belongs to the heart associated with @. M[—r + 1]
belongs to U# N D*(R), hence it lands in &. On the other hand, we see that
M[—7] belongs to the coaisle (U#)1o, since for every U € U# the standard

approximation 7<"~1(U) — U — H"(U)[—r] & (provided by the boundedness
of @) yields, by [61], the desired vanishing Hompr) (U, M[—7]) = 0. By the
usual argument of [24], we infer that M[—r 4+ 1] € V. O

3.16 REMARK. As we shall deduce by Prop. 3.19 (which does not depend on the
forthcoming results; see however the comments after its proof), the torsion class
corresponding to any nonempty Thomason subset is a locally finitely presented
Grothendieck category. In particular, for a Thomason filtration as above, by
Lem. 3.15 and [48, Corollary 5.3] we have

fp(TFr-1) = add y, (fp(7,—1)) = add y,(7,—1 N mod-R) .

3.17 LEMMA. Let @ be a Thomason filtration bounded above r. Then:
(i) Forevery J € L, itis Hy»(K(J)[—r]) = R/J[—7);
(il) Forevery J € Z,_q, it is Hy»(K(J)[—-r +1]) Z y.(R/J)[—r + 1].

Proof. Notice that, by definition of the aisles ¢/ and U#, and by Prop. 3.12, it
makes no difference in working within the compactly generated t-structure or
in the AJS one. For the sake of clearness, we will continue in working in the
AJS t-structure.

(i) Let J € Z,. The complexes K := K(J)[—r] and M := Hy»(K) fit as the
vertexes of the triangle

Ull] — K — M =+

provided by the object U := 175# (K[—1]). We will prove that H"(M) = R/J
and that 7=""1(M) = 0. Fix j < r — 1 and consider the exact sequence
H/(K) — H/(M) — H’*2(U) in Mod-R. The Koszul cohomology H/(K) is an
object of 7;, hence of 7,1, so that H/(M) € 7T;1; since in turn 7j41 D Tj40. It
follows ="~1(M) € U#[1], and from the triangle

SN M) — M — TN (M)

we deduce 7>""Y (M) = M & r=""'(M)[1] by [41, Corollary 1.2.7], whence
r="1(M)[1] € D=""Y(R) N D="(R) = 0. Now, the first displayed triangle
yields the following exact sequence in Mod-R:

HY(U) — H(K)(ZR/J) — H"(M) — H"2(U),

whence we obtain H" (M) = R/J since ®(r +1) = &(r +2) =@ and U € U#.

(ii) Let J € 7,1, K := K(J)[—r + 1] and M := Hp»(K[1]). The thesis follows
as in the previous part, namely by proving that H/(M) = 0 for every j # » — 1
and that H"~1(M) = y,(R/J). To this aim, look at the long exact cohomology
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sequence arising from U[1] - K — M =5, in which U := rzf# (K[-1]), and use
Lem. 3.11 again. O

3.18 PROPOSITION. Let @ be a Thomason filtration bounded above r. The
Sfollowing hold true for a module X € Mod-R:
(i) X € p(7;) ifand only if X[—r] € fp(H). Inparticular, H" (fp(H))[—r] C
fp(H);
(il) X € fp(HTF,—1) if and only if X[—r + 1] € fp(H).

Proof. Notice that T[—r] € H N H# for all T € 7, (the proof is similar to that
in Ex. 3.10).

(i) Let X be a finitely presented object of 7, i.e. an object of fp(7,) = mod-RN7Z,.
By (the proof of) Prop. 3.4 there exists in 7, N mod-R an exact row (R/J')" %
(R/J)™ — X — 0, which can be embedded in the following diagram in D(R) by
taking the stalk complexes:

(Kera)[—r] —— (R/J")"[—r] —— (Im a)[—7] _tr
(R/I)"[—r]
X[—r]
+

By Lem. 3.17(i) and [56, Lemma 6.3], for every I € Z, the stalk R/I[—r] is a
finitely presented object of . Moreover, since the triangles of the diagram are
in H (by what we noted at the beginning of the proof), then they actually are
short exact sequences of H, hence X[—r] = Coker™ (a[—r]) and it is finitely
presented being the cokernel of a map between finitely presented complexes.

Conversely, let X be a module whose stalk X[—7] is a finitely presented
complex of H. Then clearly X € 7,; moreover, for all direct systems of modules
(Xi)ier in 7, so that X;[—r] € H for all 7 € I, by [61] we deduce the natural
isomorphism

m HomR (X, Xz) = HomR(X, m XZ‘),

iel iel
whence X € mod-R since (7,,F,) is a torsion pair of finite type (see [48,
Lemma 2.4]).

The second part of the statement readily follows by the previous one, since out
of the exact triangle 7<"~1(B) — B — H'(B)[—r] - approximating a finitely
presented complex B of the heart H, by [61] we infer that H"(B) is a finitely
presented object of 7.

(ii) If X is a module whose stalk X[—»+ 1] is a finitely presented complex of the
heart H, then by definition of H7F,_; and by Corollary 3.14, Lem. 3.15 and [61],
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for every direct system of modules (M;);c; in H7F,_1 we obtain the following
commutative diagram

lig Homy (X[~ + 1], Mi[—r + 1]) —— Homg (X [~ + 1], lim ™ M;[—r + 1])

i€l i€l
lim Hompg (X, M;) Hompg (X, lim M;)
i€l i€l

showing that X is a finitely presented object of H7 F,_;.

Conversely, let X be amodule in fp(7F,_1) = add ¥, (fp(Z,—1)) (see Rem. 3.16),
so that there exists a finitely presented object B of 7,_; such that X <g y,(B)"
for some n € N, hence we shall prove the statement on y,(B)", in particular by
showing that y,(B)[—r + 1] € fp(H). By Prop. 3.4 there is an exact sequence
(R/IN % (R/J)™ — B — 0 in Mod-R for some positive integers m,n and
ideals J', J in Z,_1. By Lem. 3.17(ii) and Prop. 3.12, we have the exact row
’ n Yr(@)[—r+1] m
Hy#(K(J)[—-r+1)" ————> Hy#=(K(J)[-r+1))" —---
.+ -— Coker "™ (yr(@)[—r+1]) >0

in the AJS heart H*, whose first two terms are finitely presented objects of
H, so Coker™™) (¥r (@)[—r + 1]) turns out to be finitely presented of H once we
prove that it belongs to D* (R). Let us prove that in fact such object is a stalk
complex. To prove this, consider the canonical short exact sequences of H#*

0 — Ker™ (y,(a)[—7 +1]) — Hyw (K(J)[—r +1])" —+--
= I (@) [-7 4+ 1) - 0
and
0= Im (g (@)[—r +1]) = Hygs (K () [—r +1)" —---
cee—> Coker(H#)(yT(a)[—r +1]) —0,

say them 0 - K - M’ — L - 0and 0 - L. - M — N — 0 respectively.
Since their middle terms are stalk complexes concentrated in degree r — 1,
they yield H"(L) = 0 and H"(N) = 0, respectively. On the other hand, from
the second exact row, we have H/~Y(N) = H/(L) € 7; for all j < r — 2, and
H™2(N) is a submodule of H"~Y(L) € 7,_;. Hence 7=""2(N) € U¥[1], so
that N = 7>""2(N) = 12""}(N) = H"Y(N)[—7» + 1]. Therefore, the very first
displayed exact row M’ — M — N — 0 gives, by exactness,

N = Coker™" (y,(a)[ =7+ 1)) = D[~ + 1],

for some D € 7F,_1; whence D[—r+1] € fp(H). Once we prove that y,(B) = D,
then we get the thesis. By the long exact sequence in cohomology of the previous
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two short exact sequences, we obtain the commutative diagram with exact rows:

Y (R/JN —— y,(R/J)™ ——— Coker y,(¢) ——— 0

N

5/ q
/m

0— > H Y L) ——— y,(R/I)™ P D 0

where Cokerd = H"(K) € 7, and p is an epimorphism since H" (L) = 0. We
deduce that D = y,(Coker y,(a)); set now C := Coker y,(a). On the other hand,
we have the following commutative diagram with exact rows:

0—— 2, (R/J)" —— (R/J")" — y,(R)J)" — 0

xr(a)l la lyr(a)

0—— . (R/J)" —— (R/I)" —— y.(R/J)" —— 0

l | |

Cokerz,(a) B ! C 0

The short exact sequence 0 - A — B % C — 0 provided by the factorisation of
the morphism Coker x,(a) — B through its image A yields that this latter is an
object of 7,.. Consequently, we deduce D = y,(B) by the snake lemma applied
on the following commutative diagram

0——x,(B)— B——4,(B)——0

|
0—— 2, (C)—— C —— 4, (C) ——0

and this concludes the proof. O

3.3.2. Lenght zero Thomason filtrations. We conclude the section by fixing a
proper Thomason subset Z of Spec R and studying the heart H;’& given by the
weakly bounded Thomason filtration

b =Z=7=---=7ZD90.
3.19 PROPOSITION. Let @ be as above. Then the heart H? s equivalent to T,.

Proof. We have H? C 7,[0] by Prop. 3.9; on the other hand, by a similar

argument to that of Ex. 3.10, we obtain 7,[0] C H}. O

Consequently, we get that for any Thomason subset Z # #, its torsion class
Ty is a locally finitely presented Grothendieck category by Prop. 3.9 (in fact, by
Thm 3.24, H? coincides with the heart H, of the compactly generated t-structure
associated with Z). Now, the following result completely characterises the local
coherence of Hf; that is, by [18, Theorem 2.2], that of any hereditary torsion
class of finite type in Mod-R.



48 3. COMPACTLY GENERATED T-STRUCTURES OVER A COMMUTATIVE RING

3.20 THEOREM. Let Z be a nonempty Thomason subset. The following state-
ments are equivalent:

(a) The torsion class Tz is a locally coherent Grothendieck category, that is,
Tz Nmod-R is an exact abelian subcategory of Tz.

(b) (J :v) is a finitely generated ideal for every J € Iz and for all y € R;

(¢) R/J is a coherent commutative ring for every J € Iy.

Proof. Let us recall that 7, is the family of finitely generated ideals in the
Gabriel filter associated with the Thomason subset Z.

“(a) = (b)” For every J € Zz and for all y € R, the ideal J + yR is in Z»
hence R/(J 4+ yR) is a finitely presented (torsion) module (see Prop. 3.4). In
turn, (J + yR)/J = yR/(J N yR) is so, being the kernel of the epimorphism
R/J — R/(J +yR) in 7z Nmod-R. The conclusion follows from the short exact
sequence 0 —> (J :v) > R —>yR/(J NyR) — 0.

“b) = (a)” Let f: M — M’ be a R-linear map in 7z N mod-R. By the well-
known closure properties of this latter class of modules, we only need to verify
that Ker f is a finitely presented module, and clearly it suffices to consider f as
an epimorphism. Furthermore, from the following commutative diagram with
exact rows

0 K (R/J)" —— M'——0
la
0 Ker f v—' - w 0

in which the epimorphism a is provided by (the proof of) Prop. 3.4(ii), we argue
that a “backward” argument on the extension-closure of the finitely presented
modules shows that our claim is equivalent to requiring that Kera is finitely
presented. Indeed, we have the following exact diagram:

0 —— Ker(aou) — (R/J)" ' —— Im(aou) —0

U
0 K1r a (R/J)" —& 114 0
0 c R/J C’ 0

where u is the canonical split monomorphism and the third exact row is given
by the snake lemma, so that Ker « is finitely presented if C and Ker(a o u) are
so. Now, once we prove that C is finitely presented, we can repeat the previous
argument for each n > k > 2, achieving the validity at the base k = 2. In other
words, Ker a is finitely presented iff C is finitely presented. Let us prove that
C is a finitely presented module. It is finitely generated for Ker a being so.
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Consider now the pullback diagram

0 J J' 0

0 J I R/J 0

R/J'=——=R/J'

in which J' is a finitely generated ideal by extension closure, so that an element
of Zz. Let us prove the claim by induction on the rank of J'. If J' = y1 R,
then it is J' = J + y1 R, whence C = J'/J = y1R/(J N y1R). We conclude by
hypothesis (b) applied on the short exact sequence 0 — (J : y;) > R — C — 0.
Notice that we just proved that for any ideal J € 7z and any y € R, then
(J +yR)/J is finitely presented. This said, assume J' = y; R + ys R. Then again
J'=J +7v1R+ 2R, with J + y; R being in Tz, and from the exact commutative
diagram

0O—sJ ———J+yR—— (J+y1R)/J ——0

|

0 J JL i 0
S/ +7R) == J/(J + nE)

we obtain, by the inductive base, that (J + y1R)/J and J'/(J + y1 R) are finitely
presented, hence C is so by extension-closure. This argument clearly applies at
every finite rank of J', so C is finitely presented.

“(b) = (e¢)” Let J'/J be a finitely generated ideal of R/J (so that J'/J is a
finitely generated module over R) and let us prove that it is finitely presented.
J' is in Gz, and by the short exact sequence 0 — J'/J — R/J — R/J' — 0 in
Mod-R we deduce that R/J’ is a finitely presented R-module. By the hypothesis
“(b) & (a)” we get that J'/J is finitely presented over R, hence over R/J.

“(c) = (b)” Assume that R/J is a coherent ring for each J € Zz, and let y € R.
By the short exact sequence 0 — (J : y) - R — yR/(JNyR) — 0 we shall prove
that yR/(J NyR) = (J + yR)/J is a finitely presented R-module. (J + yR)/J
is a finitely generated hence a finitely presented ideal of R/J, so there is a
presentation 0 - K — (R/J)" — (J + yR)/J — 0 with » € N and K a finitely
generated R /J-module. Since the scalar restriction functor E/J-Mod — Mod-R
is exact, and since K is also a finitely generated R-module, such presentation
lifts to Mod-R so that (J + yR)/J is finitely presented, as desired. O

3.21 COROLLARY. Let R be a coherent commutative ring and Z be a Thomason
subset. Then Tz is a locally coherent Grothendieck category.
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Proof. 1t follows by the previous theorem, since any factor ring R/J is coherent
for every finitely generated ideal J (see [36, (c) p. 143]). O

For the sake of the reader, let us exhibit a Thomason subset for which one
of the equivalent conditions of Thm. 3.20 is not satisfied. This example will be
resumed in Chap. 4.

3.22 EXAMPLE. In [9, Appendix A] Bravo and Parra consider the ring R :=
7 @ (Z/27)™), whose sum is componentwise and its multiplication is defined by
(m,a) - (n,b) := (mn, mb+ na + ab),
where ma = (may, mag,...) and ab := (a1b1, agbg,...). In [9, Lemma A.1]
it is proved that R is a commutative non-coherent ring, namely for the ideal
generated by any (2m, a) is finitely generated and not finitely presented. This
fact entails at once a (somehow trivial) example of a Thomason subset whose
torsion class is not a locally coherent Grothendieck category, namely Spec R

itself, since the resulting torsion class is Mod-R.

Nonetheless, let us show that, over R as above, there are proper Thomason
subsets of Spec R and finitely generated ideals which do not satisfy Thm 3.20(b).
For instance, consider

J:=0,e1)R, Z:=V(J), and y:=(2,e2) €R,
where e, is the standard basis vector of (Z/27%)™, so that J € Z,. We compute:
J ={0,e1) - (m,a)|(m,a) € B}

= {(07 el(m + (11)) | (m’ CL) € R}

and
(J:y) ={(m,a) € B|(2,e3)(m,a) € J}

={(m,a) € R| (2m,esm + esa) € J}

={(m,a) € R|(@2m, ex(m + az)) € J}

= Anng(y) .
Now, out of the presentation 0 — Anng(y) - R — YR — 0, since yR is not

finitely presented ([9, Lemma A.1]), then (J : y) is not finitely generated, as
claimed.

3.4. Arbitrary Thomason filtrations

Let @ be any Thomason filtration of Spec R, let (U/, V) be the corresponding
compactly generated t-structure with heart #, and let ((/*, V) be the induced
AJS t-structure, with heart H#. For any k € Z we define

Dk) ifn<k
d(n) ifn > k.
Thus, @y is a weakly bounded below & Thomason filtration, naturally associated
with @. We will denote by (Uy, Vx) and Hy, respectively, the corresponding

compactly generated t-structure and the heart, and by (Z/{,f’& , V,fe ) and H?f& the
induced AJS t-structure and heart. It is clear that at each degree in which &;, and

Dy (n) == {
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@ have the same Thomason subsets, namely for all » > k, their corresponding
torsion pairs coincide as well; in this case we will denote these latter just as
(7n, Fy), i.e. as those associated with @(n). Throughout this section, & will
denote an arbitrary, but fixed, integer.

3.23 LEMMA. Let @ be a Thomason filtration of Spec R. Then Hff c H*.

Proof. Given M € Hz&, then clearly M € U so it remains to prove that M [-1] €
(U#)*o. This follows immediately by applying the functor Homp g (—, M[—1])
on the approximation 7<¥~1(U) — U — t>*=1(U) 5 of an arbitrary object
U € U# within the shifted standard t-structure of D(R), bearing in mind that
H¥ C DZ*(R), by Prop. 3.9, and that 7>%~1(U) € U}". O

The following is the second main result of the chapter.

3.24 THEOREM. Let @ be a Thomason filtration of Spec R. The following hold:

(i) For any compact object S either in U or U*, we have Hy((S) = Hy#(S);

(il) If @ is weakly bounded below, then the heart H of the compactly
generated t-structure associated with @ coincides with the corresponding
AJS heart H*.

Proof. Recall that we have D(R) NU = D(R)¢ NU¥.
(i) Let S € D(R)° "U. Then there is an integer k£ such that S € L{f.
Consequently, by the triangle

T (S[-1)[1] — S — Hyp (S)

we see that the first vertex belongs to D (R) for the other two do so (the third
vertex belongs to DT (R) by Prop. 3.9), moreover we deduce

H3(S) = Hy (Hy2(S))
and
Hy#(S) = Hy#(Hy#(S)),

since U N D*(R) C U* N D*(R) = U N D*(R). By Lem. 3.23, the object of
the previous display coincides with Hy# (S), which is a complex of H#* N DT(R),
i.e. of H N DT (R). Consequently, the objects in the previous displays coincide,
as desired.

(ii) Recall that, by [55, Theorem 8.31], S := add Hx(D(R)® N U) is a set of
(finitely presented) generators for H, and by the previous part we obtain the
equality

add Hy (D(R)° NU) = add Hy#(D(R)¢ nUT) .

Thanks to the hypothesis on @ we have, by Prop. 3.9, that H# C H, whereas
by the proof of the proposition we see that Hy#(S) is a set of generators for
H#. Therefore, we infer H = H* since Hy#(S) = S, H* is an exact abelian
subcategory of H, and the coproducts in H# are computed as in H. O

3.26 COROLLARY. For any Thomason filtration @ of Spec R, we have Hf =H,
and H, C H.
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Proof. The stated identity among the two hearts is ensured by the previous
theorem. In order to prove the stated inclusion, we will imitate the proof
of Lem. 3.23. Let M € Hy, then M € U, C U, since the compact objects
generating U belong to Y. Let us prove that M[—1] € /+°. This follows
immediately by applying the functor Hompg)(—, M[—1]) on the approximation
7<F=1(U) - U — v>*=1(U) 5 of an arbitrary object U € I within the shifted
standard t-structure of D(R), bearing in mind that H, = H,f& C DZ*(R), by
Prop. 3.9, and that 7>*~Y(U) € U} N D*(R) C U,. O

3.26 COROLLARY. If @ is a Thomason filtration of finite length, then the
statements (i) and (i) of Proposition 3.18 hold true even replacing H by H¥.

3.27 COROLLARY. Let @ be a Thomason filtration. For every M € H¥ the
following assertions hold:
(i) there exists in H* a short exact sequence 0 - A — M — B — 0 with
Aet (Hf) and B € Hff (the orthogonal being computed w.rt. H™);
(ii) there exists in H* a short exact sequence 0 — A — M — B — 0 with
Ae Hz’& and B € (H#)l" (the orthogonal being computed w.r.t. H¥).

Proof.
(i) Let M € H*, and consider the octahedron:
T<E=1(]) A Ul ———
r<E=1(f) M (M) —
Hyp (v7F71 (M) == Hyp (t7F 1 (M)
+ +

provided by U := rsz (t>*=1(M)[—1]) and a cone A (notice that v>*—1(M) e
L{:’E). Since B := Hy# (v>*=1(M)) actually is in Hf, hence in H* by Lem. 3.23,
we only have to check that A belongs to H* and that it is left orthogonal to Hff
in H*. From the first vertical triangle we see that A € V¥, whereas by the
first horizontal one we deduce that A € {#. Moreover, using once again the first
horizontal triangle, we infer that A € -° (Hf) since H,f& C DZ¥(R), as desired.
Thus, the first vertical triangle yields the stated short exact sequence of H#.

(ii) Consider the approximation A — M — B 5 of M within the t-structure
(Ll,f& , Vf ), thus surely B is right orthogonal to Hf in H*. It remains to check
that A € V,f and that B € H*. The first claim holds true by extension-closure
of the coaisle applied on the rotated triangle B[—2] — A[—1] — M[-1] 5,
and since Z/{/Zée C U*. On the other hand, B belongs to the aisle U* in view
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of the rotated triangle M — B — A[1] 5, while for every U € U#, by the
approximation

=N U) — U — 7 (U) 5,
we have 7>5~1(U) € U}, whence Homp g, (t>*~1(U), B[-1]) = 0. Therefore,
once we show that Homp g, (r=*~1(U), B[—1]) = 0, we conclude the proof. Our
claim follows at once by applying the covariant hom functor of 7<¥~1(U) on the

triangle M[—1] — B[—1] — A 5, bearing in mind that A € H,f& C DZ*(R). O

3.28 COROLLARY. Let @ be a Thomason filtration. Then the heart H# 1s closed
in H* under taking products and coproducts.

Proof. Let (M;);c; be a family of objects of Hf with product ([],c; M, (7i)ier)
in H,f&. We have to prove that such pair satisfies the universal property of the
product in H#. So,let M € H* and (f;);c; be a family of morphisms f;: M — M,
in H#. By Cor. 3.27(i) we obtain the following commutative diagram,

Aoyt . p *

hence a family of morphisms ¢g;: B — M; in H,f& inducing a unique morphism
g: B — [;e; M; such that 7; 0 g = g; for all ¢ € I. The composition g o 8 yields
the existence of a morphism M — [],.; M; in H# such that ;0 (g o B) = f;
for all i € I. Uniqueness of g o § w.r.t. the latter property is a byproduct of
the construction of the triangle made in Cor. 3.27, namely for both A and B
are uniquely determined up to isomorphism, together with the fact that g is an
epimorphism in H#.

The proof concerning the coproduct is dual. O

3.29 THEOREM. For any Thomason filtration @ of Spec R and for any integer
k, the following assertions hold true:
(i) the heart Hz’& (= H,, see Thm. 3.2},) is a TTF class in H*;
(i) If H = H¥ (e.g. when R is noetherian or ® is weakly bounded below,
see Thm. 3.24), then Hf 1s a TTF class of finite type in H*.

Proof.

(i) In order to prove that Hf is a TTF class in H*, by Cor. 3.28 we only
have to show that the former heart is closed under subobjects, quotient objects
and extensions. The closure under extensions is obvious since the relevant
aisle and coaisle fulfil it. So, let 0 - L — M — N — 0 be a short exact
sequence in H* with M e Hk#. Clearly, L and N belong to V,f’E . By Prop. 3.9,
applied on the Thomason filtration @y, we deduce H’/(M) = 0 for all j < k — 1.
Thus we have H/(N) = H/*Y(L) € Tj41 () for all j < k — 2, and that
H*~1(N) is a submodule of H*(L), i.e. it belongs to 7;. Moreover, it follows
7SF=1(N) € U#[1] and consequently, by the usual argument of the proof of
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Prop. 3.9, that 7<¥~1(N) = 0. By (*), we infer 7=F~1(L) = 0 as well. Therefore,
N,L € H* n D>*(R) C U* n DZ¥(R) C U;", and this concludes the proof (as
stated, the equality Hk# = H,, follows by Thm 3.24).
(i) Suppose that H# = H. We have to prove that the class (H#)LO, right
orthogonal of Hff in H* (= H), is closed under taking direct limits of the latter
heart. We claim that
Hi® = U NH,

where the orthogonal of U}, is computed in D(R), so that the inclusion “D” is
clear. Let M € H,f" and apply the functor Hompg)(—, M) on the exact triangle
tsz(U[—l])[l] — U — Hy, (U) X associated with an arbitrary object U € Uy,
to get Homp g (U, M) = 0 since U, C U and ‘H;® C H. This proves our claim.
Now, for any direct system (M;);c; in H,f ° by [56, Corollary 5.8] we have the
natural isomorphism

lig * M; = holim M;;

iel iel
moreover, since (Uy, Vi) is a compactly generated hence homotopically smashing
t-structure of D(R), by [56, Corollary 5.6] we infer that @EZI) M; e HN Z/{kl 0=
H;°. Therefore, the class H;° is closed under direct limits taken in .
Eventually, we conclude by our assumption together with the identities H,f& =H,
and

(' = {M € H* | Homp gy (H, M) = 0}
= {M € H | Homp gy (H,, M) =0} = H;° . O

3.30 COROLLARY. Let @ be a Thomason filtration bounded above r and weakly
bounded below. Then T,[—r] is a TTF class of finite type in H¥*.

Proof. Thanks to the boundedness of &, we have H} = 7T,[—7], so the conclusion
follows by the previous theorem. Notice that in this case the left constituent
of the TTF triple is (="~ (H#), T,[—r]), for there are no nonzero morphisms
between the members of the pair and, by Cor. 3.27(i), for every M € H¥ its

standard approximation 7<"~1(M) - M — H"(M)[—r] 5 yields a functorial
short exact sequence in H#. O

3.31 REMARK. The existence in H# of TTF triples carries useful information,
both on the members of the triples and on the local coherence of H* itself. More
precisely:
(1) Within the notation of Cor. 3.27(i), the torsion class *° (HZ&) consists of
those complexes M of H* which fit in an exact triangle 7<¥=1(M) —
M — UJ[1] 5 for some object U € Z/I,fé.

(2) The torsion class H,f& is a locally finitely presented category by Prop. 3.9.
Moreover, if @ is weakly bounded below, then we have

fp(°(H})), fp(H} ) C tp(H™)
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by [48, Lemma 2.4]. Furthermore, by Thm 3.2, both -° (Hf) and Hff are
quasi locally coherent categories’ in case H# is locally coherent.

(3) If @ is weakly bounded below, then thanks to Thm 3.24 and [24,
Lemma 3.6], for any module X € 7; the triangle

Ull] — X[—j] — Hu(X[-j]) =
can be taken either with U € U or U € U#, since both X[—j] and
Hy(X[—7]) belong to Dt (R).

(4) In order to distinguish the torsion radicals and coradicals of each torsion
pair (l" (H,f&), HZ&) of H* to those of each torsion pair (7x, Fi) of Mod-R
we dealt with so far, we will use the following notation

Y
o) =t =
k

furthermore, we will drop the index in case the value of the integer is
clear from the context.

3.32 REMARK. Let @ be any Thomason filtration, and k¥ € Z. Then the
composition H~* o Hy o [k] defines a functor

Yk TFE . — TFT .
X — H ¥ (Hy (X [k])

equipped with a functorial monomorphism o: id = X ~* such that Coker ox €
T_k+9. Indeed, for every X € TF_y,ie. X € T_j N F_j11, its stalk X[k] is an
object of U NU_, (see Rem. 3.31(3)), hence Hy (X[k]) = Hy_, (X[k]), so that
the least nonzero cohomology of the latter complex is at degree —k by Prop. 3.9.
Therefore, by Lem. 3.11, X ~* is well-defined on objects. Let now f: X — X’ be
a morphism in 7F_j. Then we have a diagram

U] —— X[k) —— Hy(X[k) ——
Jf[k] D
U] —— X'[K] —— Hy(X'[k]) —

for some U, U’ € U, which can be completed to a morphism of triangles since
the composition U[1] — X[k] utd X'[k] — Hwn(X'[k]) is the zero map. We have
h = Hy(f[k]), hence X% actually is a functor. This said, apply the standard
cohomology H~" on the first triangle of the previous commutative diagram, to
obtain the exact sequence

0— H*U[]) — X % 27%"X) — H*L(U[1]) — 0

in which H=*(U[1]) € T_x11 N F_z+1 = 0 by assumption on X. Therefore,
the ox’s are monomorphisms, moreover they form a natural transformation in
view of the construction of the functor X —*. Finally, Coker ox € 7_j 2 being
isomorphic to H=*+1(U[1]).

ISee Def. 1.3
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3.33 LEMMA. Let @ be a Thomason filtration, k € Z and X € T_j. Consider the
following assertions:

(a) Hy(X[k]) € fp(H);

(b) Hy(y—r+1(X)[k]) € fp(H);

(©) Hy(Z7*(y_rt1(X))[K]) € fp(H);

(@) Z7F(y-r1(X)) € Ip(TFT_).
Then “(a) < (b) & (c) = (d)”; moreover, if & is weakly bounded below, then
all the assertions are equivalent. In this case, the subclass of 7_x of modules
satisfying the previous equivalent conditions will be denoted by XT_.

Proof.

“(a) < (b)” Consider the approximation 0 - x_11(X) > X - y_r+1(X) >0
of X within the torsion pair (7_xt1, F—+1) of Mod-R. Then x_j41(X)[k] € U[1]
hence applying the functor Hy on the triangle involving the stalk complexes of
the sequence, we obtain Hy (X [k]) = Hy(y—x+1(X)[k]), and we are done.

“(b) © (c)” Since y_r+1(X) € TF_g, in view of Rem. 3.32 we have a short exact
sequence

0 — Y_p41(X) — Z7*(y_p41(X)) —> Cokero,_, ., x) —> 0

sayit 0 > Y - S — C — 0 for short, in which C € 7_j,9. By applying the
functor Hy on the triangle involving the stalk complexes of such sequence, we
obtain Hy (Y [k]) = Hy(S[k]), whence the thesis.
“(c) = (d)” The proof is similar to that of Thm. 3.24. In view of the previous
notation, we have S[k] € Z/{f&k, hence Hy(S[k]) = Hy#, (S[k]). We now apply
Lem. 3.36 on the heart 1™, obtaining that H—*(Hy#, (S[k])) € fp(TFT_y),
but this latter object coincides with S by Lem. 3.34(ii). Notice that, even if
our filtration @_j, is not of finite length, the arguments of the cited forthcoming
results still hold true for the cohomologies involved in the present proof.

If @ is weakly bounded below, we have ka = H_, and H* = ‘H, by
Thm. 3.24. By Rem. 3.31(2) we have that fp(H_x) C fp(H), eventually by
Lem. 3.36 applid on H_; we infer that “(d) = (c)”. O

3.5. Thomason filtrations of finite length

The present section is devoted to deepen the approximation theory of the
AJS heart H# associated with a Thomason filtration @ of finite length, in order
to characterise its local coherence. In this vein, the main tools we have at our
disposal are:

o the TTF classes of finite type Hf detected in Thm 3.29, for they allow to
specialise Thm 3.2;

e Thm 3.24, which ensures that all these hearts coincide with those of the
compactly generated t-structures corresponding to @.

In view of this latter result, we will make the identifications

H=H" and H,=H] forallkeZ,
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so that, within H = H#, we also have Lo(H]) = “°H; and (HF)™ = H;™.
Bearing in mind Rem. 3.31, it is then natural to seek for a recursive argument,
namely a result which takes in account the local coherence of each heart Hjy.
Therefore, we set [ + 1 to be the length of @.

3.34 LEMMA. Let @ be a Thomason filtration of length | + 1. Then:

(i) For every X € T_;_1, we have Hy (X[l +1]) € LoH_;;
(ii) For every X € TFT_;_1 there exist U € U_j12 and a triangle U[1] —
X[l +1] - Hy (X[l + 1)) 5. In particular, H"= 1 (Hy (X[l +1])) = X.
(iii) for all M € +oH_;, there exists in H a functorial short exact sequence
0>L—>W—>M~—0,inwhich L € H_j41 and W = Hy (X[l + 1)),
where X = H'=Y(M);
(iv) YoH_; = Gen(Hy(K(N[I+1]) | J € T_;_1).

Proof. We will often exploit the characterisation of the torsion class LoH_;
deduced from Cor. 3.27 (see Rem. 3.31(1)).

(i) Given X € 7_;_4, let M := Hy (X[l + 1]) and consider the exact triangle
Ull] - X[l +1] - M 5 given by some object U € U (see Rem. 3.31(3)).
Let us show that M satisfies the aforementioned characterisation of the torsion
class 1oH_;. Applying the standard cohomology on the above triangle we
obtain H7/(M) = H/*2(U) for all j > —I + 1 and that H~Y(M) < H~'*2(U),
where the former two are modules in the torsion class 7j;2. We claim that
727H(M)[—1] € U_;, whence the conclusion thanks to the triangle

H YD+ 1] — M — =74 (M) =+ .
Indeed, we have

- . 0 if 1 —1<—1
HI (@ (M)[-1) = B = ) = | A
Hi=Y (M) ifj—1> -1,

hence, when j — 1 > —I, we have H/=Y(M) = H/*1(U) € T;+1 C T}, as desired.

(i) Let X € TFT_;_1 and U[1] —» X[l +1] - M 5 as in part (i). The long
exact sequence in standard cohomology yields

0—HYU)—X —>H""Y(M)— H (WU —0

in which in fact H~(U) = 0 for it belongs simultaneously to 7_; and F_; by
assumption on X. Moreover, the resulting extension of H~'~1(M) is split by
assumption on X again, meaning that H~'*1(U) = 0 as well. Consequently,
U € D=""2(R) NU, as desired.

(ili) Let M € toH_;, so that by Prop. 3.9 and Rem. 3.31(1) there exists U € U_;
and an exact triangle H='""1(M)[l + 1] - M — U[1] 5, in which we set
X = H'=Y(M). The long exact sequence in standard cohomology yields in
particular U € U_; N DI=HLON(RY C U_;41. The usual triangle of U w.rt. the
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heart of (U_;+1,V—_;+1) gives the following octahedron

U'[1] =—— U'[1]

U——X[Il+1]— M —

for some U' € U_;41, so that L = Hy_,, (U), and a cone W, which actually
belongs to H by extension-closure applied on the second horizontal triangle.
Applying the t-cohomological functor Hy on the second vertical triangle we
obtain W = Hy (X[l + 1]), hence the former triangle is a functorial short exact
sequence of H; indeed, it is the image under Hy; of the first horizontal triangle,
which is in turn functorial.

(iv) Let M and X be as in part (iii). By Prop. 3.4 we know that there exist a
family (J;);er of finitely generated ideals in the Gabriel filter associated with the
torsion class 7_;_1, and an epimorphism ¢: @, ;(R/J;)*) — X. Applying Hy
on the associated triangle of the stalk complexes concentrated in degrees — — 1,
bearing in mind that it commutes with coproducts of D(R), we obtain the exact

sequence of H ~ W
Hy (Ker(¢)[l + 1)) — @D Hn(R/Ji[l + 1)) — Hy(X[I+1]) — 0.
iel

Thus, our claim follows once we prove that Hy (K (J)[l 4+ 1]) = Hx(R/J [l + 1))
forall J € Z_;_1, since M is an epimorphic image of W in H. Shifting by [ + 1
the standard approximation 7<~1(K(J)) — K(J) — R/J[0] 5 of the Koszul
complex K (J), we see that 7="1(K(J))[l + 1] = (z="1(K(J)[I]))[1] is an object
of the aisle U[1]. Therefore, applying the functor Hj; on the result in triangle,
we conclude. O

3.35 REMARK.

(1) For all Thomason filtrations of finite length and &k € Z, the class 7F 7y
is closed under direct limits (of Mod-R). Indeed, let (X;);c; be a direct
system in T7F 7Ty, and for all ¢ € I consider Hy, (X;[—Fk]) = Hy (Xi[—k]);
since @y is weakly bounded below, by using the proof of Lem. 3.34(ii) we
get that H(Hy(X;[~k])) = X,. On the other hand, lig'") Hy,(X;[—k])
belongs to Hj, which in turn is contained in DZ*(R), and consequently
H*(lin'Y) Hy(X,[~k])) € TFT; by Lem. 3.11. But this latter module is
isomorphic to ling._, H*(Hy(X;[—k])) = ling,_, X;, as desired (see also
the proof of Cor. 3.14).

(2) For every X € TFT_;_1 and M € H_;41 we have Ext},(Hy (X[l +
1]), M) = 0. Indeed, by Lem. 3.34(ii) there are U € U_;, 9 and a triangle
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U[1] — X[l +1] — Hy (X[l +1]) 5, hence applying Homp g, (—, M[1])
on the triangle we obtain, by [61], the desired vanishing of the ext-group
since in the exact sequence

HomD(R) (U[Z], M[l]) — EXt%{(HH(X[l—Fl]), M) — HomD(R) (X[l—i—].], M[l])

the first term is zero by axioms of t-structure, as well as the third since
M[1] € D=7Y(R).

3.36 LEMMA. Let @ be a Thomason filtration of length | + 1, and X € T_;_;.
Then Hy (X[l + 1)) € fp(H) if and only if the functor Homg(X, —) commutes
with direct limits of direct systems in TFT_;_1.

In particular, for all B € fp(TFT_;_1) we have Hy (B[l + 1]) € fp(H).

Proof.

“=” Let X € 7_;_1 and suppose that H (X[l + 1]) is a finitely presented
object of H. Let (X;);ec; be a direct system in 7F7_;_;. For each complex
X,[l + 1] € U we have a triangle U;[1] — X,[l + 1] — Hp (X[l + 1]) 5, say
M; its last vertex, for some U; € U, in which X; = H~'=1(M;) for all i € I, by
Lem. 3.34(ii). On the other hand, out of the triangle U[1] - X[l +1] - M 5
corresponding to X[l + 1], we obtain the commutative diagram with exact rows

0 —)@HOHID(R) (M, MZ) 4)@1‘101?11)(1{) (X[l + 1], MZ) —0

iel J{ iel l

0 —— Hompg) (M, lim ™ M;) —— Homp g (X[I + 1],1im ™ M;) —— 0
iel iel
in which the left hand vertical homomorphism is bijective by hypothesis, thus the
right hand one is so. Eventually, by Prop. 3.9 we have a triangle

H~7 im0 M) [+ 1] — lig ™ M; — o7 (lig 7 M)
iel iel iel
whose first vertex is (ling,_, H —I=1(M;))[l + 1] since the standard cohomologies
commute with direct limits, hence applying Homp g) (X [l41], —) on such triangle
we see, by [61, Proposition 3.1.3, page 191], that the right hand isomorphism of
the previous diagram actually is

lim Hompg (X, H~"~1(M;)) — Hompg (X, lim H '~ (M,))

iel iel
i.e. the desired one showing that Hompg (X, —) commutes with direct limits of
direct systems in 7F7_;_;.
“<” Let X € 7_;_1 be a module whose functor Homg (X, —) commutes with
direct limits of direct systems in 7F7_;_;. Let (M;);c; be a direct system in H,
and consider the direct system of approximating triangles (H —'~Y(M,)[l + 1] —

M; — v~ (M;) 5);er in D(R). Applying Homp gy (X[l + 1], —) we obtain,
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as in the previous part of the proof, the commutative diagram with exact rows

0—— ﬁﬂHOH’lR(X, H_l_l(Mi)) %@HomD(R) (X[l + 1], M;)) ——0

i€l J i€l l

0 —— Homg (X, lim H "1 (M;)) —— Homp g (X[I + 1],1im ™ M;) —— 0
iel i€l

in which the left hand vertical homomorphism is bijective by hypothesis.
Eventually, applying the functors Hompg)(—, M;)’s on the usual triangle

Ull] - X[+ 1] - M 5 (see the previous part of the proof), we obtain
again that the right hand isomorphism of the previous diagram is the desired
one. O

3.37 COROLLARY. Let @ be a Thomason filtration of length | + 1. For every
B e fp(TFT_;_1), there exist n € N, ideals J1,...,J, € T_;_1, and

(i) an epimorphism in H

P Hn(K ()L +1]) — Hy (B +1));
k=1

(i) integers k1, ..., kyn, and a homomorphism in Mod-R
n
P r 'y — B
i=1
with Coker f € 7_;.

Proof.

(i) By Lem. 3.36 we know that Hy, (B[l + 1]) is a finitely presented object of the
heart. On the other hand, by Lem. 3.34(iv) there are families (J;);c; of ideals in
Z_i—1,aset A and an epimorphism

p: (@ Hy (K (J)[l + 1]))(A) —s» Hy (B[l +1]) .

i€l

For every finite subset I C I, every i € I, and every finite subset A C A,
consider the composition

Hr (K4 1)D 5 (@ BB+ 1)) " 2 Hy(BL+1)

i€l
where sf is the split monomorphism. Then

Hy (Bl +1]) =Imp = > Im(poef),
i€l
IcI
ACA

hence being the former a finitely presented complex, there exist finite subsets

I cIand A C A such that Hy (B[l +1]) = DicrIm(po ef), as desired.
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(ii) Let p be as in part (i) and define f := H~'"'(p). In view of the proof of
Lem. 3.34(iv), in the heart H we have exact rows

Hy(Ker(f)[1+1]) — €D Hu(R/Ji{l +1]) 25 Hy (Im(£)[1 +1]) — 0
i=1
and

Hy (Im(H[l + 1]) %> Hx (B[l + 1]) —> Hy(Coker(f)[I +1]) — 0

in which ¢ o 8 = p, whence a is an epimorphism, so that Hy,(Coker(f)[l+1]) = 0.
Consequently, the usual triangle of D(R) ending in this latter complex of H shows
that Coker(f)[l + 1] is isomorphic to the object U[1] for some U € U, meaning
that Coker f = H-'"Y(U[1]) € T_,. O

We now pass to consider some necessary conditions to the local coherence of
the heart of a Thomason filtration of finite length.

3.38 PROPOSITION. Let @ be a Thomason filtration of length | + 1. If 'H is a
locally coherent Grothendieck category and P € LOH_;, then P € fp(toH_;) if
and only if the following conditions hold true:
(i) H'7N(P) € fp(TFT_11);
(ii) Homp g (z=~1(P)[—1], —) commutes with direct limits of direct systems
m H_H_l.

Proof.

“=” Let P € fp(+°H_;). By Lem. 3.34(iii) there exists L € H_;,; and a short
exact sequence 0 — L — Hy(X[I+1]) — P — 0in M, in which X := H~'~1(P).
Set W := H; (X[l + 1]), and consider the exact sequence of covariant functors

0 — Homy (P, —) — Homy (W, —) — Homy (L, —) —---
.o BExt}, (P, —) — Ext}, (W, —) .

When we restrict these functors to H_;12, we obtain Homy (W,—)} = 0
by Lem. 3.34(i), hence Homs (P, —)} = 0, moreover Ext] (W,—)} = 0 by
Rem. 3.35(2). Therefore, there is a natural isomorphism Homgy (L, —)| =
Ext}, (P, —)}, and by local coherence of H together with [54, Proposition 3.5(2)]
we get that L € fp(H_;12) C fp(H). By extension-closure of fp(H) (see [48,
Corollary 1.8]), we have that W is a finitely presented object of H, whence
X € fp(TF7T_;—1) by Lem. 3.36. This proves part (i), so let us show part (ii).
By Prop. 3.9 we have an exact triangle H—'"3(P)[l +1] - P — 7274(P) &,
say X[l + 1] the first vertex, as in part (i). By Rem. 3.31(1), we know that
27Y(P) € U[1]. Thus, by applying the functor Hy, on such triangle we obtain
the exact row

0 — Hy (=7 YP)[-1]) — Hy(X[l+1]) — P — 0,

which actually coincides with the short exact sequence 0 - L — W — P — 0
provided by Lem. 3.34(iii). Therefore, by local coherence of H together with
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Lem. 3.36, Hy (=~} (P)[—1]) is a finitely presented complex of the heart. More-
over, we have the triangle U[1] — t>~(P)[—1] — Hy (72"} (P)[-1]) 5 pro-
vided by U := rﬁ(rz_l(P)[—Z]), so given a direct system (M;);c; of complexes
in H_;41 and applying the functors
F = @HomD(R)(—,Mi) and G := HomD(R)(—,@(H) Ml)
iel iel
on the previous triangle, we obtain the commutative diagram with exact rows

0 —— F(Hy(r>"(P)[-1])) — F (z>7(P)[-1]) — 0

| |

0 —— G(Hy(v="(P)[-1]) — G(=""(P)[-1]) — 0

yielding the thesis. Notice that in this way we proved that our condition (ii) is
equivalent to L € fp(H).

“<” Let P € YoH_; and consider the short exact sequence 0 - L — W — P —
0 of H provided by Lem. 3.34(iii). Then L € fp(H) by what we said at the end of
the proof of the previous part (ii), whereas W € fp(H) by Lem. 3.36. Therefore,
P is finitely presented as well, being a cokernel of a morphism in fp(H). O

3.39 COROLLARY. Let @ be a weakly bounded below Thomason filtration such
that its heart H is a locally coherent Grothendieck category. If B € fp(H) and m
is the least nonzero cohomology degree of B, then we have H™(B) € fp(TF7T,,).

Proof. By definition of m and by Prop. 3.9, we have B € H,,. Moreover,
since H is locally coherent, so is H,, being a TTF class of finite type. In
particular, the torsion pair (1°H 41, Hmi1) of H,, restricts to fp(H.,,), meaning
that (see Thm. 3.2) the approximation” 0 — x(B) — B — y(B) — 0 of B
within the torsion pair actually is in fp(H,,). By the proof of Prop. 3.38, we
get H™(x(B)) € fp(T7FT,), and being y(B) € Hpy1 € DZ"T1(R), it follows
H™(B) =Z H™(x(B)), and we are done. O

3.40 PROPOSITION. Let @ be a Thomason filtration of length | + 1. If the heart
‘H is locally coherent, then

(i) fp(TFT_;—1) s closed under kernels (in Mod-R);

(ii) For all B € fp(TFT_;—1), there exists a R-linear map

f+ PR} I)) — B
i=1
with Coker f € X7T_y;
(iii) For all morphisms fin fp(TF7T_;_1) with Coker f € 7_;, then Coker f €
2T .

Proof.
(i) Given f: B — B’ a homomorphism in fp(7F7_;_1), we have to show that
Ker f € fp(7F7_;—1). Consider the following diagram in D(R) obtained by

23ce Rem. 3.31(4)
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approximating the stalk complexes of the modules within the t-structure (4, V):

U[1] —* B[l + 1] —— Hy (B[l +1]) N

_ fl+1] q

U] —— Bl + 1] =2 Hy (B[l + 1]) ——

Since b’ o f[l + 1] o @ = 0, the dotted vertical maps actually exist and they
complete the diagram to a morphism of triangles. Now, by Lem. 3.34(i) we
have that Hy (B[l + 1]) =: M and Hy(B'[l + 1]) =: M’ are complexes of 10H_;,
whereas by Lem. 3.36 we have that ¢ is a morphism in fp(+°?_;). This said,
by the hypothesis of quasi local coherence of LoH_; we infer that x(Ker" (¢))
is a finitely presented object of “°H_;, so that of H. Moreover, notice that
H~'=1(q) = f, and that the standard cohomology sequences associated with the
following two sequences of ‘H

0o—— x(Ker(H) () — Ker (9 — y(Ker(H) (9)) ——0

M
l"
M
yield
H™'" (x(Ker™ () = H'7" (Ker™ (g))
= Ker H~'71(g) = Ker f,

where the second equality follows by applying the functor H~'~1 to commutative
diagram of H obtained by the factorisation of ¢ through its kernel and image.
Now, since Ker f = H~'=1(x(Ker™ (q))), by Prop. 3.38 we infer that Ker f €
fp(TF7T_;_1), as desired.

(ii) We know that there is a homomorphism f: @, X =" (y_,(R/J))*) — B
having cokernel in 7_; (see Cor. 3.37(ii)). Let us rename the corresponding
canonical exact sequence by 0 - K — N Lo 0, and let L := Im f.
Since N, B € fp(TF7_;—1), by part (i) we know that K € fp(7F7_;_1) as well.
In turn, L € TF_;_1 and Hy (L[l + 1)) is finitely presented being a cokernel in
fp(H), by Lem. 3.36. On the other hand, since C € 7_;, we have C[l + 1] € U[1]
whence Hp(C[l + 1]) = 0. This said, in the heart we have the commutative
diagram with exact row

Hy(B[l]) —— Hx(C[l]) —— Hy (L[l +1]) —— Hx (B[l +1]) —— 0

NSNS

in which Hy(B[l]) € H_;+2 (as we will show at the end of the proof), so that also
H belongs to such TTF class of H; then Hy(C[l]) € t°H_;+1 by an adaptation
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of Lem. 3.34(i), so that also H' belongs to such torsion class of H; eventually,
the remaining terms of the diagram belong to L°H_; N fp(H) by lemmata 3.34(i)
and 3.36. Since H is locally coherent by assumption, we infer that H' € fp(H).
Now we take the standard cohomologies of the extension of H(CJl]) to see
that H~!(Hy(C[I])) = H-Y(H') € fp(TFT_;) by Cor. 3.39. On the other hand,
the standard cohomology sequence of the triangle U[1] — C[I] — Hy(C[l]) &
provided by some object U € U yields

H Y U) — ¢ — H Y (Hy(C[l))) — H™T2(U) — 0

and the canonical factorisations of the first two homomorphisms give indeed
the approximation of C' within the torsion pair (7_;y1,F—;+1). Therefore,
H='(Hy(C[1))) = 274 y_141(C)) by means of the monomorphism induced by
the natural transformation o (see Rem. 3.32), and we are done.

As announced above, let us now show that Hy(B[l]) € H_;1+2. By Lem. 3.34(ii)

there exist U € U_;,5 and a triangle U[1] — B[l+1] — Hy(B[l+1]) &5, whence
Hy (Hi (B[l 4+ 1])[j]) = 0 for j = —1, —2, meaning that Hy(B[l]) = Hx(U) =
Hy_,,,(U), as claimed.

(iii) This is a consequence of the proof of part (ii). O

3.5.1. A characterisation of the local coherence. We are now ready to state and
prove the characterisation of the local coherence of the heart associated with a
Thomason filtration of finite length of the prime spectrum of a commutative ring.
We recall once again that such result is a specialisation of Thm. 3.2.

3.41 THEOREM. Let @ be a Thomason filtration of length | + 1. Then H is a
locally coherent Grothendieck category if and only if the following conditions
hold true:

(1) H_; is a locally coherent Grothendieck category;

(2) For every B € fp(TFT_;_1), the functor Ext},(Hy (B[l + 1]), —) com-
mutes with direct limits of dirvect systems in H_;

(3) For every B € fp(TFT_;_1), the functor Ext},(Hy (B[l + 1]), —) com-
mutes with direct limits of direct systems in ~0H_;;

(4) For all P € fp(toH_;), in the functorial short exact sequence 0 — L —
W — P — 0 of Lem. 3.34, we have L € fp(H);

(5) The torsion pair (L°H_;, H_;) restricts to fp(H).

Proof. Let us assume that the heart H associated with @ is a locally coherent
Grothendieck category, and let us show that the five stated conditions hold true.
(1) H—; is a locally coherent Grothendieck category since it is a TTF class of
finite type in H. (2) and (3) follow by Lem. 3.36 and [54, Proposition 3.5(2)].
(4) follows by the proof of Prop. 3.38. (5) holds true by hypothesis on H and
since the torsion pair (H_,, Hf‘l’) is of finite type.

Conversely, let us show that the five stated conditions imply the local coherence
of the heart H. More in details, we want to exploit Thm. 3.2, which characterises
the local coherence of an arbitrary Grothendieck category equipped with a
TTF triple of finite type. Notice that hypothesis (iii)’ of Thm. 3.2 coincides with
our hypothesis (5)
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Concerning condition (i) of Thm. 3.2, thanks to our hypothesis (1) we need to
check that the torsion class “°H_; is quasi locally coherent. We know that 7 is a
locally finitely presented Grothendieck category by Prop. 3.9 and Thm. 3.24, and
by imitating the proof of “(a) = (b)” in Thm. 3.2 we deduce that -0+ _; is locally
finitely presented as well, thus it remains to prove that fp(+°H_;) is closed under
taking kernels; in particular, it suffices to check that for every epimorphism
p: P — P’ in fp(toH_;), we have x(Ker™(f)) € fp(toH) C fp(H). The
following diagram provided by Lem. 3.34(iii)

0 L w P 0
a B lp
0 L w’ p’ 0

can be completed to a commutative diagram, since in D(R) the composition

W — P B P’ — L[1] yields an element of Ext;, (W, L), which is zero by
Rem. 3.35(2); consequently « is defined by the universal property of the kernel.
By condition (4), the objects L, L' are finitely presented complexes of H, while
W, W' are so by extension-closure. Moreover, since W’ € LoH_; by Lem. 3.34(i),
then f is an epimorphism since its cokernel in H is a quotient in both the torsion
classes +°H_; and H_;. The snake lemma applied on the previous commutative
diagram gives us the exact row

0 —> Ker™ (a) — Ker™ (8) — Ker™ (p) —> Coker"™ (a) — 0

in which the outer terms are finitely presented by hypotheses (1). This said,
by [48, Corollary 1.8] and hypothesis (5), our claim will follow once we check
that H := Ker™ (p) is a finitely presented object. Let X = H~'"1(P) so
that W = Hy((X[l + 1]) (similarly for W’), and consider f := H~'~1(f), with
K :=Kerf, N := Im f and C := Coker f. By applying the functor Hy to the
triangles K[I+1] - X[I+1] = N[l+1] 5 and C[I]] - N[I+1] > X'[I+1] 5
obtained out of the canonical short exact sequences in Mod-R associated to f, we
get the commutative diagram of H with exact rows

Hy(K[1+1))

/
M ———M
\H \ B

0 w w' 0
o ]
Hy (C[l])) ——— Hy (N[l +1]) z W' 0

in which § = a o (this also implies Hy(C[l + 1]) = 0 ie. that C € 7_,
whence Hy(C[l]) € H_;) and the epimorphism H — M is provided by the
universal property of the kernel. Moreover, by the snake lemma, the image
M’ of the morphism Hy (K[l + 1]) — W induces the short exact sequence
0 > M — H — M — 0, which actually is the approximation of H within the
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torsion pair (t°H_;, H_;) (see Lem. 3.34(i)). Thus, we reduced our claim to
check that M, M € fp(H). We have M’ € fp(t°H_;) C fp(H) by hypothesis (3)
applied on the short exact sequence 0 — M’ — W — Hy (N[l +1]) — 0,
whereas M € fp(H_;) C fp(H) thanks to hypothesis (2) applied on the short
exact sequence 0 - M — Hy (N[l +1]) - W — 0.

Eventually, let us prove that Thm. 3.2(ii) holds true. Given P € fp(+°H_;) we
have a short exact sequence 0 > L - W — P — 0 by Lem. 3.34(iii), in which
L € fp(H) by hypothesis (4). The sequence yields an exact row

0 — Homy (P, —) — Homy (W, —) - Homy (L, —) —---
.= BExt}, (P, —) — Ext}, (W, —) — Ext}, (L, -)

of covariant functors H — Ab. When restricted to H_;, the first three
functors commute with direct limits, whereas the last two do so respectively by
hypotheses (2) and (1), and by [54, Proposition 3.5(2)], so that Ext}, (P, —) }_,
commutes with the desired direct limits. O

3.42 REMARK. The previous theorem provides a recursive argument for the
construction of a Thomason filtration of finite length whose heart is a locally
coherent Grothendieck category. However, one practical issue is to check
conditions (2) and (3) when the length of the filtration, i.e. [, is greater than
2. Nonetheless, for 0 < [ < 2 (that are values involving interesting classes of
abelian categories, e.g. torsion classes of Mod-R and certain HRS hearts, as
we have already seen), the conditions of the theorem simplify so that most of
them can be rephrased in module-theoretic ones, as we will show in the following
results.

The length zero case has been treated in subsec. 3.3.2, and it consists in a
characterisation of the local coherence of an arbitrary hereditary torsion class of
finite type in Mod-R.

3.43 COROLLARY. Let @ be a Thomason filtration of length 1. Then H is a
locally coherent Grothendieck category if and only if the following conditions
are satisfied:

(1) 7o s locally coherent,

(2) For all P € fp(TFT_1), the functor Hompg (P, —) commutes with direct
limits of direct systems in Ty,

(3) For all P € fp(TFT_1), the functor Exth(P, —) commutes with direct
limits of direct systems in TFT_1;

(4) For all Q € fp(Tp), the functor Ext%(Q, —) commautes with direct limits
of direct systems in TFT_;.

Proof. First, notice that Hy(P[1]) = P[1] for all P € TF7_4, that Hy = 75[0]
and that Y0H, = 7F7_1[1]. Thus, the stated conditions (1), (2) and (3) are
exactly the corresponding ones of Thm. 3.41, since [ = 0. In turn, condition (4) of
the theorem is clearly satisfied since L € H; = 0 (see Lem. 3.34). Let us check
condition (5) of the theorem. We claim that it is implied by our condition (4). Let
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B € fp(H) and consider its approximation 0 — H~(B)[1] — B — H°(B)[0] — 0
within the torsion pair (f°Ho,Ho) = (TFT_1[1],79[0]); we have to prove
that the outer terms are finitely presented objects of H. We recall that
H°(B)[0] € fp(H) by Cor. 3.26(i); in particular, we have H®(B) € fp(7y). Let
(X)ier be a direct system of modules in 7F7_;. Applying the functors
F¥ :=lim Extf (-, X;[1]) and G":=Extf(—,limX;[1])) (k€NuU{0})
iel iel

on the previous approximation, say it 0 — Y[1] - B — X[0] — 0 for short, we
obtain the following commutative diagram with exact rows

0—— F°(X[0]) — F°(B) —— F°(Y[1])) —— F}(X[0]) —— FY(B)

fll lfz lfs lfcx lfs
0 —— G°(X[0]) — G°(B) —— G°(Y[1])) —— G (X[0]) —— G}(B)

in which, using [61, 6], f1 is an isomorphism by Cor. 3.26(i), f3 is iso and f5 is
monic, and fy is an isomorphism by hypothesis (4), so we are done by the five
lemma.

In order to conclude, it remains to prove that if H is locally coherent,
then our hypothesis (4) is satisfied. Let @ € fp(7y). By Cor. 3.26(i) again,
we have Q[0] € fp(H), hence Extj,(Q[0], —) preserves direct limits by [54,
Proposition 3.5(2)]; in particular, it commutes with direct limits of 7F7_4[1],
which is our thesis by [61, 6]. O

3.44 COROLLARY. Let @ be a Thomason filtration of length 2. Then H is a
locally coherent Grothendieck category if and only if the following conditions
are satisfied:
(1) H_1 is locally coherent (cf. Cor. 3.,3);
(2) Forall P € fp(TF7T_y), the functor Hompg (P, —) preserves direct limits
of direct systems in TFT_q;
(3) The following conditions hold true:
(34) Forall J € T_y, the functor Exty, (X2 ~2(y_1(R/J))[2], —) preserves
direct limits of direct systems in “OH_1;
(3.1i) fp(TF7T_y) is closed under kernels in Mod-R.
(8.ii) For all morphisms f in fp(TFT_3), we have X ~2(Im f)/Im f €
mod-R;
(4) For all exact sequences of Mod-R of the form 0 — Y — M LNSXx
0 such that Y € fp(TF7T_5), X € fg(7y) and Cone(f[1]) € H, we have
X € fp(To).
(5) Forall P € fp(H), the following conditions hold true:
(5i) H=2(P) € fp(TFT_5);
(5.1) @o(H~1(P)) € Ip(Tp).

Proof. 1t is clear that our hypothesis (1) corresponds exactly to condition (1) of
Thm. 3.41.

Let us prove that our hypothesis (2) is equivalent to Thm. 3.41(2). Notice
again that for all P € 7F7_5 we have Hy(P[2]) = P[2]. This said, any
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direct system (M;);c; of H_; is approximated by (0 — H~1(M;)[1] - M; —
H°(M;)[0] — 0);c; within the left constituent of the TTF triple given by the
TTF class Ho (see the proof of Cor. 3.43). Thus, by applying the cohomological
functor Homp gy (P[2], —) on the direct limit of the previous approximation and
using [61, 6], we obtain the commutative diagram with exact rows

0 —— lim Homg (P, H =1 (M;)) — lim Extj, (P[2], M;) —— 0
iel i€l

| l

0 —— Homg(P, lim H~1(M;)) —— Exty,(P[2],lim M;) —— 0
iel iel
which shows the desired equivalence, since for all M € H_; and Y € TF7T_;,
we have H—1(M) € TFT_1 and Y[1] € H_;.
Let us show that Thm. 3.41 implies our condition (3).

(8i) Let J € T_,. By the approximating triangle 7=~1(K (J)[2]) — K(J)[2] —
R/J[2] & of the Koszul complex K(J)[2] within the standard t-structure of
D(R), since the first vertex belongs to U[3] by the proof of Lem. 3.34(iv), we
obtain Hy (K (J)[2]) = Hy(R/J[2]), and these are finitely presented objects of
‘H by [56, Lemma 6.3]. Let us call M such complex; it fits in an exact triangle

U[1] - K(J)[2] = M =5 provided by some U € U, whose standard cohomology
exact sequence yields

0— HYWU)—R/J % H2M)— H°(U) —0.
On the one hand we infer that M is a stalk, i.e. M = H—2(M)[2], whence in turn
H~2(M) € fp(TFT_3) by Lem. 3.36; on the other hand, we have Imd € TF_,
and H°(U) € Ty, thus

H™2(M) = 27*(Imd) = X *(y_1(R/J))

and we conclude by Lem. 3.33 and [54, Proposition 3.5(2)].
(3.i) It follows by Prop. 3.40(i).
(3.iii) Let f: B — B’ be a morphism in fp(7F7_5). In view of Rem. 3.32,
we have to prove that Coker oim ¢ is a finitely presented R-module. We have
Ker f € fp(7F7_2) by part (3.ii), so by the exact sequence

0 — Hy(Im(f)[1]) — Ker(f)[2] — B[2] — Hyx(Im(f)[2]) — 0

of the heart H we obtain that the outer terms are finitely presented, in particular
we infer X ~2(Im f) € fp(TFT_3) by Lem. 3.33. On the other hand, from the
short exact sequence 0 — Im f — X ~2(Im f) — Coker oi,  — 0 we obtain the
triangle
X7%(Im £)[0] —> Coker(dim £)[0] —> Im(f)[1] — X~ 2(Im f)[1]
whence
Hy (Im(f)[1]) = Hy(Coker(om r)[0]) = Coker(0m 7)[0]

and the latter term belongs to fp(H). Then, by Cor. 3.26(i) we obtain that
Coker 0, y € mod-R, as desired.
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Conversely, let us prove that our hypotheses (2) and (3) imply Thm. 3.41(3).
Let B € fp(7F7_3). By Cor. 3.37(ii) there exists an R-linear map

f P E YR/ — B,

i=1

which we rename f: N — B, with cokernel C' € 7_; and kernel K € fp(7F7_2)
by hypothesis (3.ii). Let f = u o  be the canonical factorisation of f through its
image L. Consider the following commutative diagram with exact rows in H

Hy(C[1])
Y
0 — Hy(L[1]) —>— K[2] —2 s N2 298D g (2] ——— 0
I [
0 H N2 —BL_, pro 0

in which f[2]is an epimorphism since its cone in D(R) belongs to U[1], whereas A
and y are monomorphisms since Hy (N[1]) = 0 and Hy(B[1]) = 0, respectively.
Moreover, notice that Hy(C[1]) = y_1(C)[1], in particular it belongs to H_;.
The snake lemma yields a short exact sequence 0 — Im™ (v[2])) - H —
y¥—1(C)[1] — 0 in which the outer terms are finitely presented objects, as we now
show. On the one hand, Im™ (v[2]) is finitely presented for being a cokernel in
fp(H); indeed, Hy (L[1]) = Coker(oy)[0] is finitely presented by hypothesis (3.iii)
and Cor. 3.26(i). On the other hand, we have

Hy(L[2]) = Hy(Z7*(L)[2]) = Z7*(L)[2]

and Y ~2(L) € fp(TF7T_3) by Lem. 3.33; moreover, by our condition (2) (i.e.
Thm. 3.41(2)) in view of the exact column of the previous diagram, we infer that
y—1(C)[1] € fp(H-1) C fp(H). By extension-closure, we have H € fp(H) as well.
Thus, the second exact row of the previous diagram induces the exact sequence
of covariant functors

0 — Homy,(B[2], —) - Homy(N[2], —) - Homy (H,—) —---
--.— Ext},(B[2], —) — Ext},(N[2], —) — Ext},(H, -)

in which, since Ext3,(N[2], —) restricted to 10 _; preserves direct limits by (3.i),
then also Ext},(B[2], —)| does so, as desired.

Let us prove that Thm. 3.41 implies our condition (4). First notice that if
X € fg(7y), then there exists B € fp(7y) and an epimorphism p: B — X, whence
a short exact sequence 0 — Ker(p)[0] — B[0] — X[0] — 0 in H, which shows

that X[0] € fg(H). Letnow 0 - Y — M J, N = X — 0 be as in the statement.
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Then we obtain the following diagram of D(R)

Y[2]

M 22 v Cone(f[1]) ——
X[1]
+

and the rotation of the vertical triangle is a short exact sequence of H by
hypothesis on the cone. In particular, by 0 — X[0] — Y[2] — Cone(f[1]) — 0,
being X[0] € fg(H) and Y [2] € fp(H) (see Lem. 3.33(d)), we infer that Cone(f[1])
is a finitely presented object of H. By [54, Proposition 3.5(2)], the functor
Ext;,(Cone(f[1]), —) commutes with direct limits, in particular those of 7, [0], but
the relevant restriction of the functor is naturally isomorphic to Homg (X, —) 'z,
and we are done.

Let us prove that our conditions (4) and (5.) imply Thm. 3.41(4). Let
P € fp(*°H_1), and consider the associated short exact sequence 0 — L -5
W — P — 0 as in Lem. 3.34(iii), so that with L. € H, and W = H~2(P)[2].
By hypothesis (5.i) and Lem. 3.33 we know that W € fp(H), thus L € fg(H).
Therefore, there exists an epimorphism @ — L originating in a finitely presented
complex @ of H, whence we have the epimorphism H°(Q) — H° (L) originating
in H°(Q) € fp(7y), whence H®(L) € fg(7y). Now, since € is a morphism in

Homp gy (L, W) = Homp g (H° (L)[0], H*(W)[2]) = ExtR(H (L), H*(W)),
then it is represented by an exact sequence
0— H2(W) — X, L5 X; — H(L) — 0

of Mod-R, in which Cone(f[1]) = B. By (4.ii), we deduce that H° (L) € fp(7y),
ie. L = H°(L)[0] € fp(H) by Cor. 3.26(i).

It remains to treat condition (5). Part (5.i) has been proved in Cor. 3.39. On
the other hand, for any P € fp(H) consider the approximation 0 — x(P) —
P — y(P) — 0 within the torsion pair (*°H_1, H_1). Its cohomology long exact
sequence breaks up in the following exact rows of Mod-R:

0 — H 2?(x(P)) — H %(P) — 0
0 — H '(x(P)) — H'(P) — H '(y(P)) — 0
0 — H°(P) — H°(y(P)) — 0
where the only non-trivial fact is that H(x(P)) = 0, but this follows since the
epimorphism x(P) — H?(x(P))[0] is zero by axiom of torsion pair. This said,

we have H~!(x(P)) € 7y since x(P) € L°*H_q, and H~Y(y(P)) € TFT_; C
Fo. Therefore, by the second displayed exact row we deduce H~!(x(P)) =
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xo(H~1(P)). Moreover, by rotating the approximation of x(P) within the
standard t-structure of D(R) we obtain the short exact sequence

0 —> o (H Y(P))[0] — H2%(P)[2] — x(P) — 0
of H. Now, bearing in mind part (5.), if H is locally coherent, then our
condition (5.ii) holds true by Cor. 3.26(i); conversely, if xo(H~1(P)) € fp(7y),
then x(P) € fp(H) for being a cokernel of a morphism in fp(H). O






CHAPTER 4

Applications

4.1. On the HRS hearts

We apply Cor. 3.43 in the case of the HRS heart H, associated with a
hereditary torsion pair of finite 7 := (7, F) in Mod-R; indeed, in Ex. 3.10 we
have seen that H, can be realised as the AJS heart associated with the Thomason
filtration length 1

@ :SpecR D> Z D4,

where Z is the Thomason subset that corresponds to the torsion class 7.

Firstly, we see that for an arbitrary torsion pair r of Mod-R, one necessary
condition for the local coherence of H, is that T must be hereditary of finite
type. Notice that this follows by [28, Proposition 2.6] since the locally finite
presentability of the heart is equivalent to 7" = lim fp(7) by [48]; however, we
now achieve such result with a different argument.

4.1 PROPOSITION. Let t := (7,F) be any torsion pair in Mod-R. If the
associated HRS heart Hy is a locally finitely presented Grothendieck category,
then t is hereditary (of finite type).

Proof. By [44] the torsion pair is necessarily of finite type; moreover, since
H, is locally finitely presented, by [48, Theorem 6.1] we have in particular
7T = lig(7 Nmod-R). Therefore, 7 N mod-R is a set (up to isomorphism), whose
right orthogonal in Mod-R coincides with F, hence by [8, Theorem 3.3] 7 is a
tCG torsion pair, that is, its HRS t-structure (U,V:) in D(R) is compactly
generated. Consequently, by [23, Lemma 3.7] there exists a Thomason filtration
@ such that (U, Vr) = Ue, V). We claim that 7 = Tg(0), whence 7 turns
out to be a hereditary torsion class. This readily follows thanks to the equality
U, = Uyp, namely by taking the Oth cohomology of the stalk X[0] for a module X
either in 7 or in 7o) (see Rem. 3.31(3)). O

We recall that the converse of the previous result is known in the literature
(see [18, Theorem 2.2] and [23, 48, 55]).

73
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4.2 COROLLARY. Let T := (7,F) be a torsion pair in Mod-R, say with adjunc-

tions

T <= Mod-R 7= F .

The associated HRS heart Hy is a locally coherent Grothendieck category if and
only if T is hereditary of finite type and the following four conditions hold:

(i) The torsion class T is locally coherent;
(ii) For every B € mod-R, the functor Homg (y(B), —) commutes with direct
limits of direct systems in T;
(iii) For all B € mod-R, the functor Extk(y(B),—) commutes with direct
limits of direct systems of F;
(iv) For every finitely generated ideal J in the Gabriel filter associated with
T, the functor Ext%(R/J, —) commutes with direct limits of F.

Proof. The necessity of the torsion pair being hereditary and of finite type has
been proved in Prop. 4.1; this said, we shall prove the present Corollary by
showing that the listed four conditions are equivalent to the corresponding ones
of Cor. 3.43.

It is clear that our hypothesis (i) is precisely Cor. 3.43(1). On the other hand, we
have TFT_1 = TF_1 = Fo, thus fp(7F7_1) = add y(mod-R) (see Rem. 3.16).
The previous equality together with the additivity of the bifunctors Homg(—, —)
and Exth(—, —) shows that also our hypotheses (ii) and (iii) are equivalent to
the corresponding conditions of Cor. 3.43. Moreover, it is clear that Cor. 3.43(4)
implies our condition (iv). Let us prove that our hypotheses (i) and (iv) imply
Cor. 3.43(4). Let Q € fp(7) and let (Y;);es be a direct systems of modules in F.
By Prop. 3.4 there exist a finitely generated ideal J in the Gabriel filter of the
torsion pair (7, F) and a short exact sequence 0 - X — (R/J)" — @ — 0, for
some 7 € N and X a torsion module (we have X € fp(7) by (i)). By applying
the functors

LF :=limExth(—,Y;) and I'":=Exth(-,limY;) (k>1)
iel iel
on the above short exact sequence, we get the commutative diagram with exact
rows

0— LYQ) — L'((R/)") — L}(X) — L*(Q) — L*((R/J)") — L*(X)

S
0—I'(Q) — I'(R/)") — I'(X) — I'*(Q) — '*((R/])") — I'*(X)

in which g1, g2, g5 are isomorphisms since Q[0], (R/J)"[0], X[0] € fp(H) by
Cor. 3.26(i), g5 is iso by condition (iv), while gs is a monomorphism by [48,
Proposition 1.6], so that g4 is iso as well. This concludes the proof. O

4.3 REMARK. A more general characterisation of the local coherence of the
HRS hearts has been achieved in [48, Sec. 7] in the context of locally finitely
presented Grothendieck categories.
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4.4 EXAMPLE. Let us exhibit an example of hereditary torsion pair of finite
type whose HRS heart is not locally coherent. Consider the non-coherent
commutative ring R := Z & (Z/27)™ introduced in Ex. 3.22. For any nonzero
tuple a € (Z/27)™, the non unitary element e := (1, a) is idempotent, and the
ideal J := eR is idempotent as well. Therefore, J gives rise to a TTF triple
(€,7,F) in Mod-R which is split; that is (see [58, Proposition V1.8.5]), in which
& = F and both the torsion pairs (7, F) and (F, 7) are hereditary. In particular,
(7, F) is of finite type for being F = Ker Homg (R /J, —); moreover it restricts to
mod-R being split. We claim that it does not have a locally coherent HRS heart.
Assume, by contradiction, that such H is locally coherent. Since the ring R is
non-coherent, there exists an R-linear epimorphism f: M — N in mod-R such
that Ker f is not finitely presented. In the exact row

0 — Kerx(f) — Ker f —%> Ker y(f) —> Cokerz(f) — 0

provided by the snake lemma, we have Ker y(f) € fp(F) by conditions (ii) and (iii)
of the previous corollary. On the other hand, Ker x(f), Coker x(f) € fp(7) since
the torsion pair is split, so that (M) and x(N) are finitely presented objects
of 7, which is locally coherent (as proved in the previous corollary). By
hypotheses (i) and (ii) we infer that Im a € mod-R, thus we get the contradiction
Ker f € mod-R by the extension-closure of the finitely presented modules.

4.5 EXAMPLE. Let us exhibit an example of a quasi locally coherent category in
which the finitely presented objects do not form an abelian category. Consider
the ordinary torsion pair (7,F) formed by the torsion and the torsionfree
abelian groups. Since Z is noetherian, the torsion pair is of finite type and
restricts to the finitely presented Z-modules, hence by [54, Theorem 5.2] its
HRS heart H is locally coherent. By Ex. 3.10, we know that there exists a proper
Thomason subset Z of Speec Z such that H is the heart of the Thomason filtration
SpecZ D Z D 0. We then obtain a TTF triple of finite type

(FH 5, Hyy HyO)

in which LoHz (= F[1]) is a quasi locally coherent category by Thm. 3.2. We
claim that this torsion class is not locally coherent, i.e. that the subcategory
fp(+oHz) is not abelian. By contradiction, assume that this is the case and let
M € T be a finitely presented nonzero Z-module, say it presented by the exact

sequence Z" Logm M . Now, Z"[1] and Z™[1] are finitely presented
objects of H ([56, Lemma 6.3]), therefore from the exact row

0 —> Ker"°M2) (£[1]) —s z"[1] L z[1] — Coker™ (£[1]) —> 0
which lives in fp(+°Hz) by quasi local coherence, we would have
Coker™) Ker("°"2) (f[1]) = Ker(°"2) Coker™ (f[1D -

On the other hand, the canonical short exact sequences in Ab given by the
factorisation of f through its image yield, once one takes the shifted stalk



76 4. APPLICATIONS

complexes, the following commutative diagram with exact rows in H,

M{0]

0—— (Kervf)[l] ——72"[1]—— (Im f)[1] —— 0

!

00— Ker(m (f[1])) — Z"[1] T[] 50

~

f1]
—

whence we see that f[1] is an epimorphism, so that
Ker"™2) Coker™ (f[1]) = Z™[1],
and being
Coker™ Ker°M2) (£[1]) = (Im £)[1],

we conclude M[0] = 0, contradiction.

4.1.1. When the ring is coherent. When the ring is coherent, our previous
characterisations furtherly lighten, as we shall prove in Cor. 4.7. Let us start
with an interesting example, which can be deduced formerly by [54, Theorem 5.2].

4.6 EXAMPLE. Let R be a commutative coherent ring, and let (X', )) be a torsion
pair in the abelian category mod-FR; by [14, p. 1666] (lip X, lim V) =: (7, F) is a
torsion pair (of finite type) in Mod-R. We claim that the associated HRS heart
in D(R) is a locally coherent Grothendieck category, namely by showing that
the torsion pair is hereditary and satisfies the four conditions of the previous
Corollary.

The torsion pair (7, F) is hereditary by the same argument of the proof of
Prop. 4.1, namely for it is a tCG torsion pair.
(i) Since Mod-R is a locally coherent Grothendieck category, then 7 is so.

On the other hand, the torsion pair (7, F) restricts to mod-R, so y(B) is a
finitely presented module for all B € mod-R, whence it is clear that conditions (ii),
(iii) and (iv) of Cor. 4.2 hold true, since R is coherent.

4.7 COROLLARY. Let R be a commutative coherent ring and t := (7,F) be a
torsion pair in Mod-R. Then the HRS heart H; is a locally coherent Grothendieck
category if and only if
(i) The torsion pair T is hereditary of finite type;
(ii) For all B € mod-R, the functor Hompg(y(B), —) commutes with direct
limits of direct systems in T;
(iii) For all B € mod-R, the functor Extk(y(B),—) commutes with direct
limits of direct systems of F.

4.1.2. When the torsion pair is stable. We equip the torsion pairs of Mod-R
with a homological condition, namely we consider the stable torsion pairs,
i.e. those whose torsion class is closed under taking injective envelopes. As we
shall see, such a homological condition translates into a finiteness one and, in
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particular, the necessary and sufficient conditions for the local coherence of the
involved HRS hearts furtherly simplify. In fact, our assumption is consistent and
independent from the previous subsection, thanks to Ex. 4.4, which exhibits a
non-trivial TTF triple (F, 7, F) over a non-coherent commutative ring, in which
(7, F) is stable for (F, 7T) being hereditary.

We need some auxiliary preliminary results, which in fact specialise the
conditions of Cor. 4.2 within the stability assumption.

4.8 LEMMA. If (7,F) is a stable hereditary torsion pair of Mod-R, then for
every X,Y € T we have Ext’(X,Y) = Exth (X, Y), for all k € N U {0}.

Proof. By the adjuction j : 7 <= Mod-R : x and by [42, Proposition 2.28], we
have the adjoint pair

Ly:D(7T) = D(R) :Rx
of derived functors. In particular, for all X,Y € 7, regarding the stalk of X as
an object of D(7) and the stalk of Y as a complex of D(R), being x an exact
functor by hereditariness, we have the natural isomorphism
Homp g, (Ly(X[0]), Y[n]) = Homp 1) (X[0], Re(Y[n]))
= Homp (7 (X[0], x(iY[n]))
= Homp (1) (X[0],iY[n])
= Homp 1) (X[0], Y[n]),
where iis the homotopically injective coresolution functor, computed equivalently
either on D(R) or in D(7), for 7 being a stable torsion class and an exact
subcategory of Mod-R. By [61, Proposition 3.1.3, page 191], the latter group
of the display is isomorphic to Ext’7(X, Y), so we claim that the first displayed
group is isomorphic to Exty (X, Y). Indeed, we have
Homp g (Ly(X[0]), Y[n]) = Hompr) (7(pX[0]), Y[n])
= Hompg) (pX[0], Y[n])
= Hompg) (X[0], Y[n]),

where p: D(R) — K(R) is the homotopically projective resolution functor. [

4.9 LEMMA. Let (7,F) be a stable torsion pair of Mod-R. Assume that
conditions (i) and (iv) of Cor. 4.2 hold true. Then, for every finitely generated
tdeal J in the Gabriel filter associated with T, itis R/J € fps(R), i.e. the functors
Exth(R/J, —) commute with direct limits for k = 0,1, 2.

Proof. Let (M;);c1 be a direct system in Mod-R and consider the direct system
0 —> X; > M; - Y; — 0);c; formed by the approximations of its members
within (7, F). Since R/J is a finitely presented torsion module (so that R/J[0]
is a finitely presented object of H), by applying the functors

LF :=limExth(R/J,—) and I'*:=Exth(R/J lim(-)) (ke NU{0})

iel el
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on the latter direct system, we find at once that L°(M;) = I'° (M;); moreover, in
the following commutative diagram with exact rows,

LY(X;)— LY(M;) — LY(Y;) — L?(X;) — L?(M;) — L%(Y;) — L3(X;)

fll lfz lfs lfzx st lfa lﬁ
' (X;)— Ir'(M;) — r'(Y;) — r*(xX;) — r*(M,) — r*y;) — r’x,)

the canonical maps f1, f1, f7 are isomorphisms by hypothesis (i) and Lem. 4.8, fs
is an isomorphism by hypothesis (iv), while f3 is iso as well by [61, 6] and since
R/J[0] € fp(H). Therefore, by the five lemma we deduce that f5 and f5 are
isomorphisms, as desired. 0

4.10 REMARK. By the proof of [19, Lemma 2.14] every indexing set [ is the union
of a well-ordered chain of directed subposets (I, | « < A), where each I, has
cardinality less than I. Moreover, for every direct system (M;);c; of R-modules,
(lim M; | @ < 2) is a well-ordered direct system satisfying
i€l, @ Mi _ llﬂ llﬂ Mi )
iel a<hricl,

4.11 LEMMA. Let (7,F) be a stable torsion pair in Mod-R. Assume that
condition (ii) of Cor. 4.2 holds true. Then, for every B € mod-R and every direct
system (M;);cr tn T, the canonical homomorphism

lim Exty (y(B), Mi) — Extp(y(B), lig M;)

iel iel
18 Mmjective.

Proof. We formerly prove the statement in case I is a well ordered directed
poset.

If I is a finite set, there exist indices 7,7 € I such that lim,_, M; = M;
and lim,_, Extk(y(B), M;) = Extk(y(B), M;); moreover, there exists k > 7,7
making the displayed canonical map an isomorphism indeed.

If I is infinite, by [23, Lemma 3.5] there exists a direct system (0 - M; —
E; - C; — 0);c; in which E; is the injective envelope of M;, so that the
direct system is in 7 by the stability hypothesis. Therefore, the canonical
homomorphism displayed in the statement factors through the kernel of the map

Extr,(y(B), lim M;) — Exty(y(B), lim E;)
iel iel
by means of an isomorphism, thanks to the snake lemma and the assumption on
y(B) (similarly to the proof [48, Proposition 1.6]). In other words, our statement
is true for well ordered directed posets.

This said, the general case follows as soon as we write I = |J,_; I, as in
Rem. 4.10; indeed, by the argument of the previous part (applied twice) and
by AB-5 condition of abelian groups, we obtain the following composition of
monomorphisms
liny liny Ext},(y(B), M) —> lim Exth(y(B), lim M;) —> Exth(y(B), limy limg M;),

a<Ai€l, a<A i€l, a<Ai€l,
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which coincides with the natural map of the statement. O

4.12 COROLLARY. Let (7,F) be a stable torsion pair in Mod-R. Then its
HRS heart 'H is a locally coherent Grothendieck category if and only if the
torsion pair is of finite type and the following three conditions hold:
(i) fp(7) C fp3(R);
(i) fp(F) C mod-R;
(iii) For all B € mod-R, the functor ExtL(y(B),—) commutes with direct
limits of direct systems of F.

Proof. We shall prove that the stated conditions are equivalent to the ones of
Cor. 4.2. Let us start by proving that our three hypotheses imply the conditions
of the corollary.
(i) By Prop.3.19, Prop. 4.1, and [55], 7 is alocally finitely presented Grothendieck
category. It remains to show that fp(7) is an exact abelian subcategory of 7,
and this follows by condition (i), namely for the kernel of any epimorphism in
fp(7) is finitely presented as well.
(ii) It follows immediately by our hypothesis (ii).
(iv) It follows immediately by our hypothesis (i).

Let us prove that the four conditions of Cor. 4.2 imply our hypotheses (i)
and (ii).
(i) Let B € fp(7); by Cor. 3.26 there exist finitely generated ideals J', J in the
Gabriel filter associated with 7 and an exact row (R/J')"* % (R/J)™ — B — 0
for some n,m € N. By Lem. 4.9, R/J and R/J' are objects of fp;(R), thus,
being Ker a a finitely presented torsion module by Cor. 4.2(i), in view e.g. of [10]
we infer that Im a € fp,(R) and consequently that B € fp4(R).
(ii) Since fp(F) = add y(mod-R), we shall prove our assertion (ii) on torsionfree
modules of the form y(B), where B € mod-R. Let (M;);c; be a direct system
in Mod-R and consider its approximation (0 — X; - M; — Y; — 0);c; within
(7, F). By applying the functors

L* :=limExtg(y(B),—) and I'":=Exth(y(B),lim(-)) (k€ NU{0})
iel iel

on the latter direct system, we obtain

0 —— L°(X;) —— L°(M;) —— L°(Y;) —— LY(X))
gll lgz 193 lgz;
0——I%X,)——TI°(M;) — I'°(Y;) — I''(X))
in which g¢; is an isomorphism by Cor. 4.2(ii), g3 is isomorphism since y(B) €
fp(F), and g4 is monic by Lem. 4.11. By the five lemma, we conclude that y(B)
is a finitely presented module. 0
4.2. On the restrictability over a commutative noetherian ring

We want to recover Thm. 2.6 for Thomason filtrations of finite length; that
is, we want to check that in case the commutative ring E is noetherian,
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given a Thomason filtration @ of length [ + 1 whose (compactly generated)
t-structure (U, V) restricts to D?(mod-R), then its heart is locally coherent and
fp(H) = H N D?(mod-R).

4.13 LEMMA. Let R be a commutative noetherian ring. For every Thomason
filtration @ of Spec R, if X € fp(7x), then Hy(X[—k]) € fp(H).

Proof. Notice that it suffices to prove the statement for the heart Hj, instead of
‘H, thanks to Thm. 3.29. This said, we conclude by Lem. 3.36 using the hypotheses
on R and X. O

4.14 LEMMA. Let R be a commutative noetherian ring, and let @ be a Thomason
filtration whose t-structure (U, V) restricts to D?(mod-R). For all integers k € 7Z,
if X € Ty, is such that Hy(X[—k]) € fp(H), then Hy(X[—k]) € D®(mod-R).

Proof. Let (X;);c; be the canonical direct system of finitely generated submod-
ules of X in 7j, such that X = lim,_, X;. Since each torsion pair associated with
@ is of finite type, we have
Yr+1(X) = limg x4 1 (Xy);
iel
and the direct system (yx+1(X;))icr livesin 7F;, and yx41(X) as well. Therefore,
in view of Rem. 3.32, we get a commutative diagram with exact rows,

0 —— Yor1 (Xi) —— ZF (g1 (X;) —— Ci —— 0

| L]

0 —— Yor1 (X) —2 ZF (g1 (X)) —— Cx —— 0

where Cx,C; € Tiy9, for all i € I, and the vertical R-linear maps are the
canonical ones. Moreover, we have

ZF(yer1(X)) = HY (Hy(X[—K))) -

We claim that the vertical R-linear map of the previous diagram is an isomor-
phism. First, observe that the functor Hy;: D(R) — H commutes with coproduct
(see [4, Lemma 3.3]). This said, consider the following diagram of triangles of
D(R),

(Ker f)[—k + 1]

1T X;il—k] 222 1T X0 %) — 2 ——

i<j iel

X[—k]

+
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where f: @,;; Xji - @,;cr Xi is the colimit-defining homomorphism of X in
Mod-R. Applying Hy; on the diagram, we obtain the following one with exact
TOWS

@D Hu(Xji[—k]) — @ Hn(X;[—k]) — lim ") Hy(X;[~k]) —— 0

i<j el iel

Hy (11 Xji[—k]) —— Hy (1] Xi[—K]) ——— Hy(Z) ————0

i<j i€l J

Hy (X[—kK])

where the dotted morphism is given by the universal property of the cokernel,
and the last vertical morphism is iso since (Ker f)[—k + 1] € U[1]. The diagram
show that Hy (X[—k]) = hﬂf?} Hy(Xi[—k]), and being the former a finitely
presented object of H, its identity morphism factors through Hy (X;[—k]), for
some index 7 € I. Consequently, the resulting R-linear map

H"(Hy(X:[~k))) — H"(Hy(X[~k]))

is a split epimorphism, by additivity of the standard cohomology functors. Such
homomorphism coincides with the relevant vertical R-linear map in the middle
of the first commutative diagram of the proof. Eventually, from the following
commutative diagram with canonical morphisms

0 —— xp1(X7) — X5 —— Y41 (X7) ——0

l

00— a1 X)) — X —— 411 (X) —— 0

by the snake lemma we deduce that y;1(X3) — yr+1(X) is monic as well, so
that, in the first commutative diagram, the left vertical map is injective too.
Altogether, in such diagram, by the snake lemma again, we infer that the middle
vertical map is an isomorphism, since its kernel is a submodule of the kernel of
C; — Cx, which belongs to 7;4+2 C T;4+1. On the other hand, y41(X;)[—k — 1]
belongs to D?(mod-R), and since the t-structure restricts by hypothesis, the
associated triangle, call it

U— ypi1(X)[~k—1] — V 5,
lives in D®(mod-R). Now, in view of the proof of Lem. 3.33, we compute:

Hy(X[—K]) = Hy(yr41(X)[—K]) = Hy(Z" (g1 (X)) [—k])
= Hy (Z" (o1 (X)) [—k]) = Hy(yrer1 (X9)[—K]) = V1],

where the equality follows from the previous triangle. Since V[1] belongs to
D?(mod-R), we conclude. O
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4.15 PROPOSITION. For every complex M € D®(mod-R), every direct system
(Xi)ier i Mod-R, and integer k € Z, the canonical morphism

lim Homp r) (M, X;[k]) — Hompr) (M, (ling X;)[k])

i€l iel
18 am 1somorphism.

Proof. Let us start by showing that the displayed homomorphism is epic. Con-
sider the standard triangle 7<~%*=1(M) - M — v>%=1(M) 3 and apply the
cohomological contravariant hom functors of the stalks X;[k] and (limg,_, X;)[k],
to get the commutative diagram with exact rows

00— @HOHID(R) (‘l7>_k_1(M), Xz[k]) —_— mHomD(R) (M, Xz[k]) —0
iel iel

J |

0 — Homp g, (7>~ 1 (M), (lim X;)[k])) — Homp g, (M, (ling X;)[k]) — 0
iel iel

In order to conclude our claim, it suffices to check that the left vertical ho-
momorphism is epic. Consider the triangle H*(M)[k] — 7>~ 1(M) —
7>%=2(M) 5, which we rename H — V; — V, 5 for brevity. Applying
the same functors of before, call them respectively 1';" and I'*, we obtain the
following commutative diagram with exact rows:

lig I} (Vo[ 1)) — lim I}* (H) — lig I}* (V1) — lim I7*(Vp) — lim I*(H[1])

el i€l i€l i€l i€l

m| al [#s 2 [
¥ (Vo[1)) —— I'(H) —— T*(V1) —— I’ (Vo) —— T'*(H[1))

where us and us are isomorphisms since H*(M) is finitely presented. By the
snake lemma, we reduced to prove that u, is epic. Moreover, arguing inductively,
bearing in mind that M belongs to D®(mod-R), it suffices to check our claim for
a truncation 7>/(M), for some j < —k, having just two nonzero cohomologies.
In such case, we have the following standard triangle:

HI=H M) [=j + 1] — 777(M) — H'7(M)[~j + 2] =,
say it H — Vi — V, 5. Applying the functors I* and I'* as above, we obtain
ling (Vo[ ~1]) — ling I (H) — lim I} (V1) — lim I3 (Vo) — ling I} (H[1])

i€l i€l i€l i€l i€l

I*(Vo[~1]) —— I'*(H) —— I'*(Vy) —— ['*(V3) —— T'F(H[1])

whose vertical homomorphisms but i, are bijective, since H/~1(M) and
H’=2%(M) are finitely presented. By the five lemma, (i, is bijective as well.

The injectivity of the stated homomorphism follows by the recursive argu-
ment of the previous part. Indeed, since Vo[—1] belongs to D®(mod-R), the
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homomorphism w; is surjective, so that ug is an isomorphism if and only if w4 is
s0; this said, since in the last step of the previous argument we proved that i is
bijective, it follows that w4 will be bijective as well. O

4.16 PROPOSITION. Let @ be a Thomason filtration of finite length. Then for
every complex M € H N D°(mod-R) we have that M € fpy(H); that is, the
Sfunctors Hom,, (M, —) and Ext}i(M , —) preserve direct limits.

Proof. Let [+ 1 be the length of @. Let (M;);c; be a direct system of H. Recall
that the standard cohomology functors preserve direct limits of H, so that
H*(lig "™ M;) = limg H* (M;)
il iel
for all k € Z. Let us prove that, for all integers k € Z, the canonical morphism
lim Homp g (M, M;[k]) —> Homp gy (M, (lim ™ M;)[k])
i€l iel
is an isomorphism. Consider the following family of triangles:
(H™H M)+ 1+ k] — M[k] — 777N (My) k] ),
and
H™ (lig M) (1414 k) — (lig M;)[k] — 777" (lim M) [k] =
il iel il
let us rename them by
and

H[k] — L[k] — V[k] =
for short. Apply the functor A := Hompr) (M, —) and the direct limit functor
on these triangles to get
-+ — lim A(H;[k]) — lim A(M;[k]) — lig A(V[k]) — lig A(H;[k +1]) — -

i€l i€l el i€l

| | | |

oo —— A(H[E]) —— A(L[k])) —— A(V[k]) —— AH[k+1]) — - -

By the previous proposition, all the vertical homomorphisms in which the H’s
and their shifting do appear are bijective. Our claim then reduces to prove that
all the vertical morphisms involving the V’s are bijective. Arguing recursively,
we have to show that the canonical homomorphism

lim Homp g, (M, 7>~ (M;)[k]) —> Homp gy (M, 7>~ (lim ™ M;)[k])

i€l iel
is bijective, but this occurs, by the previous proposition, since we have

(M) = HOM)[0]  and 777 (i ™ M) = B (im0 M) [0)
iel iel

= (lim H° (M;))[0] .

el
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Thus, we conclude by [6] letting &k = 0,1 in the second display of the present
proof, bearing in mind that M € H. O

We are now ready to recover the aforementioned result of Saorin for Thomason
filtrations of finite length:

4.17 COROLLARY ([54, Theorem 6.3]). Let R be a commutative noetherian
ring, and @ be a Thomason filtration of finite length. If the associated t-
structure restricts to D®(mod-R), then the heart H is locally coherent and
fp(H) = H N D?(mod-R).

Proof. By [55, Theorem 8.31], we know that H is a locally finitely presented
Grothendieck category, with fp(H) = add Hy (U N D(R)¢). By the hypothesis
on R, it is clear that D(R)¢ C D’(mod-R), and since the t-structure restricts
to D®(mod-R), we infer that fp(H) = H N D®(mod-R). Now, by [48, Proposi-
tion 1.13(2)] and in view of Prop. 4.16, we obtain that H is locally coherent. [

Let us conclude this section with the following result, which shows that over
a commutative noetherian ring any Thomason filtration of length 1 has locally
coherent heart (recall that [54, Remark 4.6] and Ex. 2.8 exhibit an example of
a Thomason filtration of length 1 with locally coherent heart whose t-structure
does not restrict to D®(mod-R)).

4.18 COROLLARY. Let R be a commutative noetherian ring. If @ is a Thomason
filtration of length 0 or 1, then its heart H is locally coherent.

Proof. The length 0 case has been proved in Cor. 3.21. For the length 1 case
we will show that the four conditions of Cor. 3.43 hold true. In our hypotheses,
only conditions (2) and (3) of such Corollary are not trivially satisfied. However,
these conditions follow by the following inclusion

fp(TFT-1) Cfp(7-1),

which we now prove. Indeed, let B € fp(7F7_1) and (B;);c; be the canonical
direct system in mod-R such that B = limg, _; B;. Notice that the direct system
lives in 7F7T_1 = 7_1NJFp, hence by hypothesis the identity of B factors through
Bj, for some index 7 € I, whence B is finitely presented in 7_;. O
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On the criterion for the local coherence

In view of the generality of Thm. 3.2, we give a similar reformulation of such
result, which might be interesting on its own. We recall these two easy lemmata.

A.1 LEMMA. Let G be a locally coherent Grothendieck category and (£, F) be a
torsion pair of G. If there is a set S of finitely presented generators of G such
that x(S) s finitely presented for all S € S, then the torsion pair (£, F) restricts
to fp(9).

Proof. Let B € fp(G) and let us prove that its torsion part x(B) is finitely
presented as well. By hypothesis, there exists an exact sequence @;”:1 S; EA
@, . Si > B — 0, and applying y we get y(B) = Coker y(f), which is finitely
presented for each y(Si) in the sequence being so. By local coherence of G, we
conclude x(B) € fp(G). O

A2 LEMMA. Let G be a locally finitely presented Grothendieck category endowed
with a TTF triple (£,7,F). If the left constituent (£, 7T) resticts to fp(G), then
the right constituent (T, F) is of finite type (i.e. the TTF triple is of finite type).

Proof. Let y: G — T be the torsion coradical in the left constituent of the
TTF triple. Then 7 = Gen y(fp(G)), whence the conclusion by Prop. 1.18. ]

A.3 THEOREM. Let G be a Grothendieck category equipped with a TTF triple
(E,7T,F). The following statements are equivalent:

(a) G is locally coherent and the TTF triple is of finite type;
(b) The following conditions are satisfied:
(i) G is locally finitely presented;
(ii) The left constituent (£, T) restricts to fp(G);
(iii) Any morphism either in € N fp(G) or in T N {p(G) has a finitely
presented kernel.
(¢) Conditions (i), (ii) above are satisfied; moreover:
(iil)” Any (epi)morphism in £ N fp(G) with kernel in T has finitely
presented kernel;
(iv) & and T are quasi locally coherent.

85
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Proof.

“(a) = (b)” Conditions (i) and (iii) are trivial. Condition (ii) has been proved in
Thm. 3.2.

“(b) = (a)” The fact that the TTF triple is of finite type is a consequence
of Lem. A.2. In order to prove that G is locally coherent we exploit [48,
Proposition 2.10], whose condition (1) is clearly satisfied, as well as half of
condition (2), namely in case of a morphism f: B — C in fp(G) N &. It remains
to prove that if B € fp(G) N7 =1p(7) and C € fp(G) N € = fp(€), then Ker f is
finitely presented. We have Coker f € fp(G) N &, whence Im f € fp(G) N 7T by
hypothesis (iii) and since 7 is a TTF class, and the same hypothesis entails the
conclusion.

“(b) = (¢)” Condition (iii) implies at once (iii)’. Conditions (i,ii) imply, by
Lem. A.2, that besides the left hand one, also the right constituent of the TTF
triple is of finite type, hence the quasi local coherence of £ and 7 follows by
hypothesis (iii).

“(¢) = (b)” The part of the statement concerning 7 N fp(G) is clear, since this
latter coincides with fp(7") by Lem. A.2 and since 7 is a locally coherent category
closed in G under taking subobjects. So, let ¢: B — B’ be a morphism in fp(£)
with kernel K (in G). Without loss of generality we shall assume that ¢ is an
epimorphism, since Coker ¢ € fp(£) and hypothesis (iv) yields Im ¢ € fp(€) as
well. We then get the following pushout diagram:

0 K B—2.p 0
| v |
0 —— y(K) M2 B 0

whence x(K) = Ker f, which are finitely presented objects by hypothesis (ii).
Consequently, M € £ N{p(G), and therefore y(K) is finitely presented being an
object of 7 that occurs as a kernel of an epimorphism in £ N fp(G). By extension
closure of fp(G) we are done. O
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Open problems

We conclude the present thesis with some open problems and possible future
directions related to the discussed or proved results. Essentially, those concern-
ing the local coherence of the hearts associated to a sp-filtration are motivated
by Saorin’s Thm. 2.6, which establishes that restrictability is a sufficient and not
necessary condition for such finiteness condition.

Thm 2.14 relates the local coherence of the hearts of compactly generated t-
structures over a noetherian ring to an important result in commutative algebra;
we detected in Thm. 2.17 a class of rings for which the weak Cousin sp-filtrations
are restrictable, using arguments mutuated by commutative algebra, but we are
convinced that other classes of rings might be obtained in this way (see also [60]).
In particular, a derived version of the so-called Faltings’ Local-Global principle
for sp-closed subsets would give a decisive result in this sense'; with such result
at disposal, we think we should extend Thm. 2.17 and the results in [60] to larger
classes of (finite dimensional) noetherian rings.

We exhibited in Ex. 2.8 a pure-injective cosilting object inducing a locally
noetherian heart which is not cotilting. Following [35], this naturally leads to the
problem of identify the (pure-injective) cosilting objects whose induced heart is
locally noetherian.

In Cor. 4.18 we proved that over a noetherian ring, the sp-filtrations of length
zero and one have always a locally coherent heart. A natural question would be
whether such fact occurs in general for sp-filtrations of finite length, or at least
give a bound on the length for this to happen. With this result, one then has a
rich source of locally coherent Grothendieck categories at hand.

Eventually, albeit the local coherence is far from being characterised in
general, i.e. for an arbitrary locally finitely presented Grothendieck category G,
of course it is not the only aspect one may investigate furtherly. For instance,
on any such G a notion of flatness can be introduced, as we now recall, and we
think that the hearts studied in this thesis might provide interesting example in

L0ne possible formulation would be precisely [15, Theorem 3.8], though by a private communication
with the authors and Michal Hrbek it seems that there is a crucial error in the proof invalidating the
result.
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this context. Flatness is formulated by means of the purity” of G: a short exact
sequence 0 - M' — M — M" — 0 in G is said to be pure if it yields short
exact sequences under every functor Homg (B, —), with B € fp(G); in such case,
M' — M is called a pure monomorphism and M — M" a pure epimorphism,
an object L € G is said to be flat in case any epimorphism of G landing in L is
pure. Notice that this notion of flatness is indipendent both of the existence of
a monoidal structure on G (hence of a tensor product) and of the existence of
enough projective objects, though evidently any projective object would be flat®.
A conjecture by Cuadra and Simson* asks whether a locally finitely presented
Grothendieck category with enough flat objects has enough projectives indeed.
The conjecture is open, and so far no evidence of its truthfulness arose in the
literature, however, it is natural to expect that a counterexample might be
provided by a locally coherent Grothendieck category, as soon as a generating
set of flat objects is detected.

2We gave in Def. 1.27 the corresponding notion for triangulated categories with coproducts.

3There are Grothendieck categories without nonzero flat objects though, see S. Estrada, M. Saorin,
Locally finitely presented categories with no flat objects, Forum Math. 27 (2015), 269-301

4Qee Open Problems 2.9 in J. Cuadra, D. Simson, Flat Comodules and Perfect Coalgebras, Comm.
Alg. 35:10, 3164-3194 (2007)
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