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Abstract — In this paper two procedures are proposed for the estimation of the frequency, amplitude, and
phase of sine-waves affected by either wideband noise or by both noise and harmonic distortion,
respectively. The procedures are very simple and suitable for real-time applications. According to them,
firstly the signal parameters are estimated by means of the new Corrected Interpolated Discrete Fourier
transform (IpDFTc) algorithm, which compensates the contribution of the spectral interference from the
fundamental image component and harmonics on the parameter estimates returned by the classical IpDFT
algorithm. Then, a linear sine-fit algorithm is applied to optimize the noise robustness of the estimators,
which is worsened by signal windowing employed to reduce the effect of spectral leakage on the IpDFTc
estimates. In the paper, the Hann window is applied since it exhibit both the highest noise robustness among
the Maximum Sidelobe Decay (MSD) windows and a good reduction of long-range spectral leakage. It has
been shown that both proposed procedures almost attain the Cramér-Rao Lower Bounds (CRLBs) for
unbiased estimators when at least about 1.5 sine-wave cycles are observed so that the effect of interfering
tones on the IpDFTc estimates can be effectively compensated by windowing. The performances of both

procedures are analysed through computer simulations and experimental results.
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1. Introduction

High spectral purity sine-waves are used in ICs or electronic components testing [1, 2]. Conversely,
sine-waves encountered in common application fields, such as communications, power systems, and
vibration analysis, are often corrupted by disturbances like harmonics and spurious tones. In both situations,
sine-waves are affected by wideband noise. Thus, noise immunity is a relevant characteristic of all sine-
wave parameter estimation algorithms. The classical Pisarenko harmonic decomposition method, MUSIC
and ESPRIT algorithms can provide optimal wideband noise rejection capability, but they strongly rely on
the accuracy of the adopted signal model. Moreover the required processing effort is quite high [3, 4]. Other
state-of-the-art time-domain algorithms, such as estimators based on linear prediction [5, 6], singular value
decomposition [7], or autocorrelation [8] are affected by the same drawbacks. Time-domain methods widely
adopted in Analog-to-Digital (ADC) testing are the three-parameter sine-fit (3PSF) and the four-parameter
sine-fit (4PSF) algorithms [1, 2, 9-12], which are named according to the number of parameters to be
estimated. Specifically, the 3PSF algorithm assumes that the sine-wave frequency is a-priori known and it
returns estimates for the waveform amplitude, phase, and offset by solving a simple linear least-squares
problem that exploits closed-form formulas requiring matrix inversion. Conversely, the 4PSF algorithm
assumes that all the sine-wave parameters are unknown and the resulting nonlinear estimation problem is
solved through an iterative and computationally expensive procedure. Both the 3PSF and the 4PSF
algorithms provide statistically optimal estimators if the noise superimposed to the sine-wave is Gaussian
and sufficiently accurate initial frequency estimates are available [12, 13]. Unfortunately, both these
algorithms exhibit low immunity to harmonics and spurious tones [1, 2, 14]. To overcome that issue the so
called multi-harmonic sine-fit (MHSF) algorithms have been proposed in the case of either known or
unknown signal frequency. However their computational burden is quite high [15].

Frequency-domain algorithms based on the Discrete Fourier Transform (DFT) are often used when
fast and accurate sine-wave parameter estimates are required. Unfortunately, since in practice non-coherent
sampling usually occurs, frequency estimates returned by these algorithms are affected by the so called

picket-fence effect [16, 17]. A variety of Interpolated DFT (IpDFT) algorithms has been proposed to



compensate that detrimental effect in either real-valued [16-24] or complex-valued [25-29] sine-waves.
These algorithms evaluate the inter-bin frequency location using two or more DFT samples as interpolation
points. Then, the related sine-wave amplitude and phase are estimated exploiting the knowledge of the
obtained frequency value. However, when multi-tone signals are observed, estimation accuracy is limited
by the mutual interference between tones induced by the spectral leakage that arises because of the finite
length of the observation interval [16]. To reduce that phenomenon, the acquired signal is weighted by a
suitable window sequence before applying the IpDFT algorithm [30]. Cosine windows are often used, since
they are simple to be implemented and ensure a good leakage reduction capability [30], [31]. In particular,
the Maximum Sidelobe Decay (MSD) cosine windows [31] are often adopted because of two main reasons.
Firstly, they exhibit the highest sidelobe decay rate among the cosine windows with a given number of
terms, thus ensuring an optimal long-range spectral leakage reduction. Secondly, the related IpDFT
estimators can be expressed with simple formulas [16, 18].

Unfortunately, any IpDFT algorithms cannot provide optimal robustness to wideband noise and the
uncertainties of the returned estimates do not attain the corresponding Cramér-Rao Lower Bounds (CRLBs)
[13]. This is mainly due to both windowing and the use of only two or a few DFT samples in the interpolation
formulas [24]. When real-valued sine-waves are analyzed, instead of reducing the spectral interference from
the fundamental image component by windowing, a three-step iterative algorithm has been proposed in [32].
In the first step a coarse frequency estimate is obtained. In the second step the fundamental image component
is removed from the signal. Finally, the third step estimates the sine-wave frequency by applying the
iterative IpDFT algorithm proposed in [25] to the residual signal. In such a way, the impact of wideband
noise on the estimated frequency is minimized and an estimation variance very close to the CRLB is
obtained. Leveraging on the same idea, an iterative algorithm that compensates the contribution of the
fundamental image component on the frequency estimator presented in [25] has been developed in [33].
The achieved estimators attain the CRLB and, in particular, the frequency estimator outperforms the one
proposed in [32] when few signal samples are acquired. However, even if both these estimators attain the

CRLB, they require the application of an iterative procedure and they assume that a pure sine-wave is



acquired. A new iterative estimator for the parameters of harmonically distorted noisy sine-waves that is
based on the results reported in [25] has been proposed in [33]. It can be applied to both complex-valued
and real-valued signals and it is capable to attain the asymptotic (that is long data record) CRLB, which
coincides with the CRLB of complex-valued single-tone estimators.

As known, the 4PSF and the MHSF algorithms with initial frequency estimated by the IpDFT
algorithm provides almost optimal sine-wave parameter estimates [12, 15], but - as already specified above
- they require a significant processing effort. The goal of this paper is to overcome this drawback by using
a two-step approach. The first step provides a preliminary estimation of the sine-wave parameters using a
new modified version of the classical two-point IpDFT algorithm. Then, instead of using the 4PSF or the
MHSF algorithms, the obtained estimates are refined by applying a linear sine-fit algorithm based on the
Gauss-Newton method [13]. Two sine-wave parameter estimation procedures are proposed: in the first one
the available data are modeled as a distortion free noisy sine-wave, while the second procedure takes into
account also harmonic distortion.

The modified version of the classical two-point [pDFT algorithm based on the two-terms MSD (or
Hann) window [31] — which is called corrected IpDFT (IpDFTc) algorithm - compensates the contribution
on the estimated parameters of the spectral interference from the fundamental image component and
harmonics by leveraging on the analytical expressions presented in [35] and [36]. It is worth noticing that
an IpDFT algorithm based on the same idea has been proposed in [19]. However, that algorithm estimates
the signal parameters through an iterative procedure, while the proposed IpDFTc algorithm exploits
analytical expressions, thus ensuring fast and easy application.

The proposed estimation procedures exploits the combined application of two simple algorithms: the
IpDFTc algorithm and a linear sine-fit method [13]. The [pDFTc algorithm returns a first estimate of the
signal parameters, which is then refined by using a linear sine-fit algorithm based on one iteration of the
Gauss-Newton method [13]. Both proposed procedures are very fast, simple to be implemented, and exhibit
almost optimal accuracy when at least 1.5 signal cycles are observed. The procedure aimed at distortion-

free noisy sine-waves is called Parameter estimation by linear Sine-Fit and IpDFTc (PSF-IpDFTc)



algorithm, while the one proposed for harmonically distorted noisy sine-waves is called Harmonics PSF-
IpDFTc (HPSF-IpDTFc) algorithm. These procedures and the IpDFTc algorithm represent the main
contributions of the paper.

The performance of the proposed sine-wave parameter estimators are analyzed and compared with

those of several state-of-the-art algorithms using both computer simulations and experimental results.

2. The linear sine-fit algorithm for parameter estimation
Let’s assume that a continuous-time harmonically distorted noisy sine-wave is sampled with a constant
sampling rate f; = 1 /T;. Thus, the record of M samples acquired at the sampling instants #,,, m =0, 1,..., M — 1

can be modeled as:
H €]
x(ty) = Z Apcos(2rk fity, + ¢r) + e(tn), m=20,12,...M — 1
k=1

where 41, f1, and ¢ are the amplitude, input frequency, and the offset of the fundamental component (which
corresponds to k = 1), 4x, kf1, and ¢ are the amplitude, frequency, and phase of the kth harmonic (k = 2,
3,..., H), and e(-) is a wideband noise with Gaussian distribution of zero mean and variance ¢*. The Signal-
to-Noise Ratio (SNR) of (1) is defined as SNR & A% /(20?).

The ratio between the sine-wave frequency f; and the sampling frequency f; represents the normalized

sine-wave frequency, which can be expressed as:

fi

fal=

v I+6 )
i M M’

where v=1[+ 6 is the number of acquired signal cycles, in which / is its integer part and ¢ is the inter-bin
frequency location (-0.5 < §< 0.5). When sampling is coherent, i.e., 6 = 0, the picket-fence effect does not
affect the estimated normalized frequency. Unfortunately, non-coherent sampling usually occurs in practice

and the inter-bin frequency location ¢ has to be estimated by suitable processing.



From (2) it follows that the number of acquired signal cycles v, or normalized frequency expressed in bins,
is equal to v= M-f. That variable will be widely used in the following analysis.

When frequency SNR, equal to M-SNR [17], is higher than a threshold of about 18 dB, the integer part
[ of the number of acquired signal cycles coincides, with very high probability, with the location of the
largest sample of the DFT spectrum of the signal (1) [17, 37]. Thus, the estimated number of acquired cycles
¥ can be written as ¥ = [ + &, and from (2) it follows that the corresponding correction term for the

normalized frequency is:

A Av A6 3
Af = % == 3)
where Av = ¥ — v = A§ = § — & are the number of acquired signal cycles and inter-bin frequency location
correction terms, respectively.

Let f;, A;, and ¢, be the estimators of the unknown frequency fi, amplitude 4}, and phase ¢ so that the
differences Af, = f; — fi, AA; = A; —A;, and A¢p, = ¢, — ¢, represents the corresponding error
correction terms. Since the [pDFTc algorithm returns accurate estimates when a sufficient number of sine-
wave cycles is observed [17, 18], in (1) we can assume f; = f;, A; = A;, and ¢, = ¢, and refine the initial
estimates by applying the Gauss-Newton method [13].

By using the Taylor’s series expansion of the cosine function around f; truncated to the first order term
we obtain:

x(tm) = XH_, Apcos(2rk ity + ¢i) — 2m (T, kAgtysin(2rnkfity, + ¢i))AfL +e(tn), ()

which, using (3) and the above approximations, becomes:

H H
A A “ 2m N R - ®)
x(ty,) = Z Ay cos(2mkfity, + di) — Mfs (Z kAytmsin(2nkfit, + ¢k)> Av + e(ty,).
k=1 k=1
Expression (5) can be written as follows:
(6)

H
21 N A ~
e(ty) = — Tfs (Z kAtnsin(2rkfit, + cl)k)) Av + e(ty),
k=1



where £(tp) = x(t,) — 2H_; Ajcos(2mkfity, + Py ).

By applying the least-squares approach to (6), the following expression for Av is finally achieved:

M Y3268, (tn)e(tn) (7)
2nfy  YmZo8i(tn)

Av = (DyDy) ' Dye(ty) =

where D, = [8,(to) $,(t1) ... $,(ty—_1)]17,inwhich $,(t,,) = — Zle kﬁktmsin(anfltm + a)k)’ and
(-)! is the transpose operator,
Thus, the new estimate for the number of acquired sine-wave cycles is V = V + Av.

In addition, by replacing A; = A; + AA; in (1) and since f; = f, and ¢, = ¢, , we have:

H (8)
x(ty,) = 2 Akcos(anfltm + qsk) + cos(anltm + (ﬁl)AAl + e(ty),
k=1

from which:
(tm) = cos(2mfity + ¢1)AA; + e(ty). ©)
By applying the least-squares approach to (9), we obtain:

Y=t 8a(tm)e(ty) (10)

M3 82(tm)

AAy = (Dg D)™ Dge(ty) =

where Dy = [3,(to) Sa(t1) - 34 (ty—1)17, in which 3, (t,,) = cos(2mfity, + a)l)'
Hence, the new estimate of the fundamental amplitude is A; = :‘11 + AA;.
Finally, by expanding the cosine function in (1) using the Taylor’s series around ¢, truncated to the

first order term and since f; = f; and 4;, = Ay, we obtain:

H (11)
x(ty) = Z Akcos(anfltm + cﬁk) — Alsin(anltm + <]31)A¢1 + e(t,),
k=1

which can be written as:
(tm) = —Asin(2nkfity, + ¢1)Ad; + e(ty). (12)

Thus, by applying the least-squares approach to (12), we have:



- M6 3p(tm)e(tn) (13)
Ay = (DgDy) 1D<1T>g(tm) =2 )
m=0 S¢>(tm)

where Dy = [§¢(t0) $p(t1) .. §¢,(tM_1)]T, in which 34 (t,) = —ﬁlsin(anltm + a)l)’ and the new
estimate for the phase of the fundamental phase is ¢; = a)l + A, .
Simulations showed that, when the uncertainties of the estimators A k> and (,‘lA) . are enough small, as

may happen when they are provided by the IpDFTc algorithm, the variances of the estimator ¥, A;, and ¢,

2
can attain the related CRLBs for unbiased estimators, i.e., (62)crip = 3/(m? - M - SNR), (63)crip = %,

and (a(f,)CRLB = 1/(M - SNR), respectively [13, 17].

3. The PSF-based and HPSF-based procedures

In the following the proposed PSF-IpDFTc and HPSF-IpDFTc parameter estimators for a noisy sine-
wave and a harmonically distorted noisy sine-wave are presented. Both of them use the linear sine-fit
algorithm presented in the previous Section. The parameters of the fundamental component of the signal (1)
are estimated by means of the I[pDFTc algorithm based on the Hann window, which is defined as [30, 31]:

wer 2w M-1 4r M-1
w(m) ¥ 0.5cos ﬁ(m_T> + 0.5cos ﬁ(m_T> ,m=0,12..,M-1

That window has been chosen since it ensures the smallest variances of the IpDFT estimators due to

(14)

wideband noise in the class of MSD windows [18]. In addition, the Hann window ensures an efficient
reduction of spectral interferences from the fundamental image component and harmonics thanks to its good
decay rate, equal to 18 dB/octave [31].

To ensure that the phase estimators $ « are independent of the frequency estimator ¥, the time instants

are chosen equal to: t,, = (m - %) T,, m=0,1,..,M — 1[17, 38]. Thus, the analyzed discrete-

time signal is:



M—1 (15)

H
v
x(m) = ) Aycos <2nk—<m - —) + ¢k> +e(m), m=0,1,..,.M—1
2. Tl

The Discrete-Time Fourier Transform (DTFT) of the windowed signal x,,(m) = x(m)-w(m) is given by:

M-1

X,(1) & Z xw(m)e_jzn%(m_%)
— (16)

N Ay ; .
= z > (W - kv)e/® + W(A + kv)e /%] + E, (1), A€ [0,M)
k=1

where E\,(-) is the DTFT of the windowed noise e,(m) = e(m)-w(m), w(-) is the Hann window, and W(-) is

its DTFT:

- M-1) Msin(mA)

W) Z w(mye 2T (m"7") A€ [0,M)

T 2mA(l - 22’ (17)

which is a real-valued even function.
The estimators for the parameters v, 41, and ¢ provided by the IpDFTc algorithm based on the Hann
window are:

e estimator V
V=17,+A.v, (18)

in which V5 =1+ 5'0 where the estimator 80 is returned by the IpDFT algorithm based on the Hann

| Xw (1+D)]
| Xw (+i-1)]

_ (i+Da+i-2

window, that is [18] SO =0 where a@ = with i =0if | X,({— 1) > |XW(/+ 1) and i=1

if [ Xou({ = 1)| <|Xw(l + 1)|. In (18) the correction term A.vis given by [35]:

. —1)i29 w20, -6 -
ACV = AC(S = —(2 + (_1)150) 2’\ ( ) VO ( VO 0) COS(2¢10)

VO - 80 + (_1)l+12 W(So)

d —1Di(k—1 Ay W (k= 1)00+8 I
+kz=;(k DX ) ‘ ( 0 0)005(4)1(,0—(]-"10),

- 1)1’)0 + SO + (_1)12 AIO W(So)



in which W(-) is given by (17) and A ko and (IAJ ko are the amplitude and phase estimators of the fundamental

(k= 1) and harmonic (k > 2) components returned by the IpDFT algorithm based on the Hann window, i.e.:

0]

10 = W(SO) ) ¢A>1o = angle{X,, (1)}

and:

A~ 2|er(lk)| n
=W = angle{X,,(l)}, k=2,3,...,H
k0 W((Sko) Do gle{X, (lk)}

in which X, is the DTFT of the residual windowed signal x,.(m) = x(m)-w(m), in which x,(-) is

obtained from (15) after the removal of the fundamental component, that is: x,.(m) = x(m) —
Ajocos (Znﬁ (m - E) + q.'>10) m=0,1,...,M—1, [, =round(kv,), where round(z)

returns the integer closest to z, and 8o = kVy — L.

e estimator A,

~ ~

A = Ajoc + LA, (19)

21Xy (D)

Where AlOC S m

and Ac4; is the related correction term, given by [36]:

- W(29, = 8) (k-—l)v +6 -~ -
0 0

e estimator ¢4

€B1 = ¢A’10 + Acy, (20)

where Ac¢ is the ¢ correction term, given by [36]:

W(29. — & AW (e =10 +6 .
Acpr = %sm(zfﬁlo) ZA’:Z ( W(SO)O O)Sin(d)ko_d’lo)-

Of course, for noisy sine-waves, the harmonics contributions are null in the expressions above.
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The steps required to perform the PSF-IpDFTc and the HPSF-IpDFTc procedures are presented in
Table 1 and Table 2, respectively.

Table 1. Steps of the PSF-IpDFTc¢ procedure.

Step 1: Apply the IpDFT algorithm based on the Hann window to the analyzed signal and determine

the estimators Vg, A1y, and 1.

Step 2: Compute the estimators V, Al, and (ﬁl by using (18), (19), and (20) neglecting the harmonics
contribution.

Step 3: Compute the correction terms Av, AA;, and Ay by using (7), (10), and (13) in which
e(m) = x(m) — A cos (Zn% (m - ?) + (],’31),
8,(m) = —A; (m =) Tysin (202 (m - 22) + 3,),
$,(m) = cos (27‘[% (m - %) + (7)1), and
Sp(m) = —Agsin (2n~ (m -2+ $,), m=01,..,.M—1

Step 4: Return the estimates for the number of acquired sine-wave cycle, amplitude, and phase V =

V+Av, A = A+ AAy,and ;= ¢, + A,

Table 2. Steps of the HPSF-IpDFTc¢ procedure.

Step 1: Apply the IpDFT algorithm based on the Hann window to the analyzed signal and determine
the estimators Vo, A1, and ¢

Step 2: Determine the residual signal removing the fundamental component:

x,(m) = x(m) — A,ocos (ZE%(m — ?) + glA)lo).

Step 3: Apply the IpDFT algorithm based on the Hann window to x,(-) and determine the estimators
AkO and ¢k0 .
Step 4: Compute the estimators V, Al, and gBl by using (18), (19), and (20).
Step 5: Compute the correction terms Av, AA;, and A¢; by using (7), (10), and (13) in which
e(m) = x(m) —

A, cos (271% (m - ?) + (131) — YH_, Apocos (ZHk%(m — E) + d3ko),
8,(m) = —4; (m - %) Tsin (an% (m - ?) + $1) -
Y, kA (m - ?) Tysin (an% (m — %) + ‘/ﬁko)'
$,(m) = cos (Zn% (m — ?) + (?)1) and

84(m) = —A;sin (Zn%(m — ?) + (?)1) m=0,1,..,M—1

11



Step 6: Return the estimates for the number of acquired sine-wave cycle, amplitude, and phase V =

V+Av, 4, =41+ AAy,and §y = ¢, + A,

When the number of acquired sine-wave cycles is quite high (simulations showed that four cycles are
enough) the above described PSF-IpDFTc¢ and HPSF-IpDFTc estimators can be replaced by more simple
PSF-IpDFT and HPSF-IpDFT procedures, which are based on the I[pDFT algorithm instead of the IpDFTc¢

algorithm (i.e. only the estimators ¥, A, and ¢, can be used instead of v, A;, and ¢,).

In the case of a noisy sine-wave the variances of the [pDFTc estimators based on the Hann window

are given by [18, 38]:
2 (2 -168])?(106% —10|8| +7) ENBW 1 (21)
@ = 27 M -SNR SIZ(5)
, _ . ENBW o? (22)
o5 =2 .
A SL2(6) M’
(23)

, _ ENBW 1
%: = M -SNR SI2(6)

where ENBW and SL(-) represent the window Equivalent Noise BandWidth and Scalloping Loss,

sin(md)
s [18: 301

respectively, which for the Hann window are equal to ENBW = 1.5 and SL(§) =

It is worth noticing that, similarly to the IpDFT algorithm, the parameter estimates returned by the

IpDFTec algorithm follow a normal distribution [39]. Thus, with 99.73% probability, we have:

|Av] < 3 (09)max = 3 (09)|5=0 SO that |Av| < 6.79 - (0,)cr (24)
1841 <3+ (02,),,.0, = 37 (04,) 5__, 5 S0 that [A4;] < 4.33- (g4)cr (25)
(26)

Ay <3-(03,) =3- ("$1)|5:_o.5 so that |A¢,| < 433 (dy) .,

12



where (0,)cg, (G4)cg and (o ¢)CR are the standard deviations corresponding to the CRLBs [13, 17]. Thus,

considering the number of samples M used in practical engineering applications, (24) — (26) show that the
IpDFTc algorithm returns estimates with small errors and suitable to be used as initial parameter values of

the proposed linear sine-fit algorithm.

4. Computer simulations and experimental results

In this Section, the accuracies the PSF-based procedures are compared with those of the IpDFTc
algorithm, the 4PSF algorithm, the corrected Aboutanios and Mulgrew (AMc) algorithm [33], the Harmonic
Aboutanios and Mulgrew (HAM) algorithm [34], and the Weighted Least Squares with the monic constraint
(WLS1-monic) algorithm for single tone [6]. Moreover, the accuracies of the HPSF-based procedures are
compared with those of the IpDFTc algorithm, the nonlinear MHSF algorithms [15], and the WLS-monic
for multi-tone signals (WLS2-monic) algorithm [6]. The comparison is performed through both computer
simulations and experimental results and the RMSE or the variance are used as accuracy parameters,

respectively. In the case of real-valued single-tone signals the obtained RMSE values are referred to the

related CRLB, which is equal to (6:2) g = for unbiased estimators of the number of acquired sine-

3
m2-M-SNR

202 . . . 1 .
wave cycles, (62)cg = %for unbiased estimators of the amplitude, (a(f,)CR =z for unbiased

4

for unbiased estimators
M-SNR

estimators of the sine-wave phase that do not depend upon v, and (J‘fz’)CR =

of the sine-wave phase that depend upon v [13]. The latter expression for the CRLB on phase estimators is
used for the AMc and WLS1-monic algorithms.

The initial values used of the parameters used in the 4PSF and the MHSF algorithms are determined
by applying the IpDFT estimator based on the Hann window to the analyzed signal and performing three
iterations. All analyzed testing conditions assume M = 512 processed samples, except when the HAM and
WLS-monic algorithms are considered, for which only M = 128 samples are processed due to the relevant

processing effort required. The frequency SNR is set greater than 18 dB to avoid spurious spectrum peaks

13



(the corresponding time-domain SNR is greater than -9 dB or -3 dB when M = 512 or M = 128 samples are
considered, respectively) [37]. Thus, the integer part / of the number of acquired signal cycles can be
assumed to be known a priori. Indeed it can be easily determined with very high probability as the location

of the largest DFT spectrum sample [37].

4.1. Computer simulations

The amplitude of the simulated sine-wave is 41 = 1 p.u. while the phase ¢ is chosen at random in the
range [0, 27) rad. For harmonically distorted sine-waves the first 7 harmonics with phases chosen at random
are considered in the signal model. The number of acquired sine-wave cycles v varies in the range (1.5, 8)
cycles. For each value of v, 1000 runs of M samples each are considered. It is worth noticing that very
similar results have been obtained using acquisition lengths between 128 and 4096. In the 4PSF and MHSF
algorithms 3 iterations are performed.

Fig. 1 shows the RMSEs normalized to the vVCRLB for the estimated number of cycles ¥ (Fig. 1(a)),
amplitude 4; (Fig. 1(b)), and phase ¢, (Fig. 1(c)) as a function of v. The IpDFTc, the PSF-IpDFT, the PSF-
IpDFTc, and the 4PSF algorithms are adopted, SNR = 20 dB. However, very similar estimator RMSEs
behaviors occur for SNR > -5 dB. Insets are reported in Fig. 1 for a better visual comparison between the
performance of the PSF-IpDFTc and the 4PSF algorithms.

From Fig. 1 it follows that the PSF-IpDFTc procedure outperforms the IpDFTc algorithm for all the
considered values of v. Conversely, the PSF-IpDFTc procedure outperforms the more simple PSF-IpDFT
procedure only when the number of acquired sine-wave cycles v is small, that is when the contribution of the
spectral interference from the fundamental image component on the estimated parameters overcomes the effect of
noise. Of course, the value of vabove which that occurs increases as SNR increases. Both the PSF-IpDFTc and the
4PSF algorithms almost attain the VCRLB when at least 1.5-2 cycles are acquired. Indeed, below such a
threshold the results returned by the PSF-IpDFTc procedure are affected by significant spectral interference from

the fundamental image component.
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Fig. 1. RMSEs normalized to the vV CRLB for the estimators of the acquired number of cycles ¥ (a), amplitude
A;(b), and phase ¢, (c) returned by the IpDFTc, the PSF-IpDFT, the PSF-IpDFTc, and the 4PSF algorithms
when SNR = 20 dB. Insets showing the results achieved by the PSF-IpDFTc and the 4PSF algorithms are
also reported; 1000 runs of M = 512 samples for each value of vand sine-wave phase selected at random;
Hann window is used.

Fig. 2 shows the RMSEs normalized to the vVCRLB for the estimated number of cycles ¥ (Fig. 2(a)),
amplitude A; (Fig. 2(b)), and phase ¢, (Fig. 2(c)) returned by the PSF-IpDFTc procedure and the AMc
algorithm when SNR = 20 dB and M = 512 samples. In the AMc algorithm 4 iterations- are performed;
further iterations do not significantly improved the estimation accuracy.

In Fig. 2 it can be observed that the RMSFESs ensured by both the PSF-IpDFTc and the AMc algorithms are
very close each other, except for phase estimates where the AMc algorithm results exhibit higher variation. It is

worth noticing that the computational efforts of both algorithms are of order O(Mlog,M) because the integer number
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of acquired cycles / is determined by means of the FFT algorithm. However, the AMc algorithm requires an
iterative procedure and the number of iterations depends on the estimation accuracy and the number of analysed

samples M. Thus, the application of PSF-IpDFTc results to be more straightforward.
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Fig. 2. RMSEs normalized to the VCRLB for the estimators of the acquired number of cycles ¥ (a), amplitude
A, (b), and phase ¢ (c) returned by the PSF-IpDFT and the AMc algorithms when SNR = 20 dB. 1000 runs
of M =512 samples for each value of v and sine-wave phase selected at random; Hann window is used.

Fig. 3 shows the RMSEs normalized to the VCRLB for the estimated number of cycles ¥ returned by
the PSF-IpDFTc procedure and the WLS1-monic algorithm when SNR = 20 dB and M = 128 samples. In
the WLS1-monic algorithm 3 iterations are performed [6]. As it can be seen, the RMSESs returned by the

proposed PSF-IpDFTc and the WLS1-monic algorithms are very close to each other. However, the

16



computational effort required by the WLS1-monic algorithm is of the order O(M°), while that required by

the PSF-IpDFTc procedure is of order O(Mlog,M).
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Fig. 3. RMSEs normalized to the VCRLB for the estimators of the acquired number of cycles ¥ returned by the

PSF-IpDFTc and the WLS1-monic algorithms when SNR = 20 dB. 1000 runs of M = 128 samples for each
value of vand sine-wave phase selected at random; Hann window is used.

Fig. 4 shows the RMSEs normalized to the v/CRLB for the estimated acquired number of cycles ¥ (Fig.
4(a)), amplitude A, (Fig. 4(b)), and phase ¢, (Fig. 4(c)) versus SNR. The IpDFTc, the PSF-IpDFT, the PSF-
IpDFTc, the AMc, and the 4PSF algorithms are applied and v= 2.1 cycles. For each value of SNR, 1000 runs of
M =512 samples each with randomly selected sine-wave phase are considered. Four iterations are performed
in the AMc algorithm.

As it can be observed, the PSF-IpDFTc and the 4PSF algorithms almost attain the corresponding
vVCRLB when SNR > -5 dB (that is when fiequency SNR is at least 22 dB). Also, these methods outperform
the IpDFTc and the PSF-IpDFT algorithms. Moreover, when SNR > 40 dB the estimates returned by the
PSF-IpDFT algorithm are strongly affected by the spectral interference from the image component.
However, when at least 4 cycles are observed, the contribution of spectral interference becomes negligible
and the estimates returned by the PSF-IpDFT algorithm are almost efficient for all the considered SNR
values. Observe also that the RMSEs of amplitude and phase estimates returned by the [pDFTc algorithm
are quite close to the corresponding vCRLB. Moreover, it can be seen that the PSF-IpDFTc procedure

provide almost the same RMSEs as the AMc algorithm, except when the number of acquired signal cycles
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and the phase are estimated and SNR > 45 dB, where the proposed PSF-IpDFTc¢ procedure has better
accuracy. In the case of small v and moderate or high SNRs the spectral interference from the image
component on the number of acquired signal cycles and phase AMc estimators is important and to avoid
this contribution a higher number of iterations should be used. For the considered v value 6 iterations are

needed in the AMc algorithm to achieve RMSESs very close to those achieved by the proposed PSF-IpDFTc¢

procedure and the related CRLBs.
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Fig. 4. RMSEs normalized to the VCRLB for the estimators of the acquired number of cycles ¥ (a), amplitude
A, (b), and phase ¢, (c) returned by the IpDFTc, the PSF-IpDFT, the PSF-IpDFTc, the AMc, and the 4PSF
algorithms versus SNR; 1000 runs of M = 512 samples for each value of v and sine-wave phase selected at

random; Hann window is used.
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Fig. 5 shows the RMSEs of the number of cycles 7 (Fig. 5(a)), amplitude A; (Fig. 5(b)), and phase ¢,
(Fig. 5(c)) estimated by the IpDFTc, the HPSF-IpDFT, the HPSF-IpDFTc, and the MHSF algorithms as a function

of v when the sine-wave is affected by the first 7 harmonics and SNR = 20 dB with respect to the fundamental

component. The amplitude of all harmonics is equal to 0.1 p.u.

— |pDFTc algatithm :
oo ——HPSF-IpDFT procedure |

10 =
— IpDF Tt algorithm
77| =——HPSF-IpDFT procedure :
| =———HPSF-IpDF Te procedure — HPSF-IpDFTe procedure
*1 = MHSF algorithm o — MHSF algorithrm
%
8
TURE T SO S
03]
=
v
h :
107 i ' ; ; ; ;
1 2 3 1 5 5 7 8 [ 2 3 4 ° B ! !
v (eycles) v (cycles)
(a) (b)
— IpDF Tc algorithm
... ——HPSF-IpDFT procedure
——— HPSF-IpDFTc procedure
— MHSF algaorithm

]

o 4t

o 107k

[43]

=

o

i i i
1 2 3 4 4 G 7 g
v {cycles)

(c)
Fig. 5. RMSE:s for the estimators of the acquired number of cycles ¥ (a), amplitude 4, (b), and phase ¢, (c)

returned by the IpDFTc, the HPSF-IpDFT, the HPSF-IpDFTc, and the MHSF algorithms versus v. Sine-
wave affected by the first 7 harmonics of amplitude 0.1 p.u. and SNR =20 dB; 1000 runs of M =512 samples
for each value of vand sine-wave phase selected at random; Hann window is used.

As shown, the RMSEs of the HPSF-IpDFTc and the MHSF algorithms are very close each other when v >
2.5 cycles so that the effect of the spectral interference on the estimated parameters from both the
fundamental image component and harmonics becomes negligible. The threshold on v above which that

behavior occurs increases as the SNR and the number of harmonics increase. However, the effect on that
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threshold of harmonics of order higher than 4 is negligible. The HPSF-IpDFTc, the HPSF-IpDFT, and the
MHSF algorithms clearly outperform the IpDFTc algorithm. It is worth noticing that the MHSF algorithm
requires to consider all harmonics contained in the analyzed signal since significant errors can arise if some
harmonics are neglected. This implies a relevant computational burden [35].

The accuracy of the HPSF-IpDFTc procedure as a function of the harmonics considered by the sine-
fit algorithm is analyzed when the signal is affected by the first 7 harmonics of amplitudes 1/4, 1/8, 1/128,
1/16, 1/256, and 1/32 p.u. respectively and SNR = 20 dB. For this value of SNR and M = 512, the 4th and 6th
harmonics are below the noise floor, as shown in Fig. 6 in which the spectrum of a generic signal record related to

v=6.41 cycles is plotted.

Magnitude (dB)

a0 | 1 1 1 1
0 a0 100 150 200 250

No. of samples

Fig. 6. Spectrum of a generic signal record related to v=6.41 cycles and weighted by the Hann window. 7
harmonics of amplitudes 1/4, 1/8, 1/128, 1/16, 1/256, and 1/32 p.u. respectively and SNR = 20 dB.

Fig. 7 shows the RMSEs for the number of cycles ¥ (Fig. 7(a)), amplitude A, (Fig. 7(b)), and phase ¢,
(Fig. 7(c)) estimated by the HPSF-IpDFTc procedure when all harmonics or only part of them are taken into
account in the sine-fit algorithm. Fig. 7 confirms that only the most significant harmonics have a significant impact

on the algorithm accuracy.
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Moreover, the accuracy of the HPSF-IpDFTc¢ procedure has been analyzed when all harmonics or only

the 2nd harmonic are considered by the IpDFTc algorithm. The results obtained using the same signal

considered in Fig. 7 are shown in Fig. 8.
The obtained results show that the [pDFTc algorithm returns accurate estimates of the fundamental

component parameters even if only the 2nd harmonic contribution is taken into account.
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Fig. 7. RMSE:s for the estimators of the acquired number of cycles ¥ (a), amplitude A, (b), and phase ¢; (c)

returned by the HPSF-IpDFTc procedure versus v when all the first 7 harmonics or only part of them are
considered. Sine-wave affected by the first 7 harmonics of amplitudes 1/4, 1/8, 1/128, 1/16, 1/256, and 1/32

p.u. respectively and SNR =20 dB; 1000 runs of M = 512 samples for each value of v and sine-wave phase
selected at random; Hann window is used.
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Fig. 8. RMSE:s for the estimators of the acquired number of cycles ¥ (a), amplitude 4, (b), and phase ¢; (c)
returned by the HPSF-IpDFTc procedure versus v when all harmonics or only the 2nd harmonic are
considered in the I[pDFTc algorithm. Sine-wave affected by the first 7 harmonics of amplitudes 1/4, 1/8,

1/128, 1/16, 1/256, and 1/32 p.u. respectively and SNR =20 dB; 1000 runs of M = 512 samples for each

value of vand sine-wave phase selected at random; Hann window is used.

The accuracies of the proposed HPSF-IpDFTc¢ procedure, the HAM algorithm and the WLS2-monic
algorithm have been compared each other. The analyzed signal exhibits a fundamental component of

amplitude 4; = 1 p.u. and a 3rd harmonic of amplitude 43 = 0.3 p.u. The CRLB for unbiased estimators of

602

the parameters of sine-waves distorted by one harmonic is expressed by (6:2)cg = NN PR for the
2 3

1 me- 2 ~ 2;‘2 1 2 ~ —20 (3_A3)2
number of acquired sine-wave cycles, (05)cr = VL for the amplitude, (0¢)CR = (Rronl) [ + =) |
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3

when the phase does not depend upon v, and (0¢,) [4 + A3 ] when the phase depends

W
upon v (see the Appendix). The latter expression for the CRLB on phase estimators is used for the HAM
and the WLS2-monic algorithms.

Fig. 9 shows the RMSEs normalized to the vVCRLB for the number of cycles ¥ (Fig. 9(a)), amplitude A,
(Fig. 9(b)), and phase ¢, (Fig. 9(c)) estimated by the HPSF-IpDFT and HAM algorithms when SNR = 20 dB.
For each value of v, 1000 runs of M = 128 samples each are considered and the phases of the both fundamental and
3rd harmonic are chosen at random in the range [0, 2r) rad. The HAM algorithm is implemented by performing
four iterations [34].

In Fig. 9 it can be observed that the HPSF-IpDFTc procedure outperforms the HAM algorithm when the
frequency or the phase are estimated, while the two algorithms have almost the same accuracy with amplitude
estimates. Also, the RMSEsof the frequency or the phase estimates returned by the HPSF-IpDFTc procedure exhibit
smaller variations than the HAM algorithm. Moreover, the proposed HPSF-IpDFTc procedure returns RMSEs
very close to the related CRLBs.

Fig. 10 shows the RMSEs normalized to the v/CRLB for the number of cycles ¥ estimated by the HPSF-
IpDFTc and the WLS1-monic algorithms when SNR =40 dB. For each value of v, 1000 runs of M = 128 samples
each are considered and the phases of the fundamental and the 3rd harmonic are selected at random in the range [0,
2m) rad. The WLS2-monic algorithm is implemented by performing three iterations [6].

From Fig. 10 it follows that the proposed HPSF-IpDFTc algorithm outperforms the WLS2-monic
algorithm, except when less than about 1.5 cycles are observed. Indeed, in such conditions the effect on
frequency estimates of the spectral interference from both the fundamental image component and harmonics
is quite high and the proposed algorithm is not capable to effectively compensate it. In addition, when at
least 1.5 cycles are observed, the proposed HPSF-IpDFTc procedure ensures a frequency RMSES very close
to the CRLB. Moreover, both algorithms ensures RMSEs that are almost independent of the observed

number of cycles.
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Fig. 9. RMSEs normalized to the VCRLB for the estimators of the acquired number of cycles ¥ (a), amplitude

A;(b), and phase ¢, (c) returned by the HPSF-IpDFTc and the HAM algorithms when SNR = 20 dB. Sine-
wave affected by a 3rd harmonic of amplitude 0.3 p.u. and SNR =20 dB; 1000 runs of M = 128 samples for
each value of v; fundamental and 3rd harmonic phases selected at random; Hann window is used.
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Fig. 10. RMSEs normalized to the vVCRLB for the acquired number of cycles 7 estimated by the HPSF-
IpDFTc and the WLS2-monic algorithms. Sine-wave affected by a 3rd harmonic of amplitude 0.3 p.u. and
SNR =40 dB; 1000 runs of M = 128 samples for each value of v; fundamental and 3rd harmonic phases

selected at random; Hann window is used.

4.2. Experimental results

The signals analyzed in the experiments were provided by an Agilent 33220A signal generator and
acquired by means of an NI6023E acquisition board with sampling rate f; = 100 kHz, full scale range 10 V
and resolution 12-bit. The SNRs of the generated signals were estimated by the MHSF algorithm and resulted
close to 60 dB. The signal frequencies varied in the range (500, 680) Hz with steps of 20 Hz. The sine-wave
amplitude was 4; =2 V and 1000 acquisitions of M = 512 samples each were performed at each considered
frequency.

Fig. 11 shows the standard deviations of the frequency and amplitude estimators provided by the
IpDFTc, the PSF-IpDFT, the PSF-IpDFTc, the AMc, and the 4PSF algorithms as a function of vwhen noisy
sine-waves are considered. In Fig. 11(a) the standard deviation of the frequency estimator returned by the
WLS1-monic algorithm is also reported. The values of vreported in the abscissa coincides with the average
of the estimates returned by the 4PSF algorithm. In the AMc algorithm 4 iterations are performed; further
iterations do not significantly improved the estimation accuracy. Conversely, the WLS1-monic algorithm

requires 3 iterations to ensure accurate results [6].

25



—#— |pDFTc algorithm

P | —¥—P3SF-IpDFT procedurs :

. | —©—PSFpDFTc procedure | & ¢ |
Abc algarithrm :

+  4PSF algorithm

/| —%— IpDFTc algorithm [ TP TOROTP SOOI
i | —¥—PSF-IpDFT procedure :

| —©&— PSF-IpDFTe procedure |5

: : Ahdc algarithrm

1k : WLS1-monic algarithm
: + 4PSF algorithm

std v . St}

T R

: : : ;k\\-
i i i | i i i i i i gy | i
25 26 27 28 29 3 31 32 33 34 35 29 3 31
v {cycles) v {cycles)

(a) (b)

Fig. 11. Real noisy sine-waves: standard deviations of the estimated number of cycles v (a) and amplitude (b)
returned by the IpDFTc, the PSF-IpDFT, the PSF-IpDFTc, the AMc, and the 4PSF algorithms versus v.
The standard deviation of the estimated number of cycles v returned by the WLS1-monic algorithm is also
shown in Fig. 11(a). 1000 runs of M = 512 samples for each value of v and sine-wave phase at random;
Hann window is used.

Fig. 11 shows that the standard deviations of the frequency estimates returned by the PSF-IpDFTc, the
PSF-IpDFT, the AMc, the WLS1-monic, and the 4PSF algorithms almost coincides, except at the lowest
considered frequency, where the IpDFTc algorithm provides more accurate estimates than the IpDFT
algorithm. Conversely, the amplitude estimates returned by the PSF-IpDFTc, the AMc, and the 4PSF
algorithms are almost equal and they are more accurate than those obtained by applying the PSF-IpDFT
procedure and the IpDFTc algorithm, except for small values of the inter-bin frequency location (i.e., in
quasi-coherent sampling conditions) where the PSF-IpDFT procedure almost achieves the accuracy of the
4PSF algorithm.

The algorithms were applied also to real-life harmonically distorted signals provided by the power
grid. To that aim, the voltage grid was applied to a transformer and then acquired by using the NI6023E
acquisition board with sampling rate f; = 5 kHz and full scale-range 10 V. 1000 acquisitions of M = 512
samples each were performed. Since the grid frequency is close to 50 Hz, it follows from (2) that about v=
5.12 cycles are observed in each acquired record. The signal corresponding to the 456th acquisition and its

DFT spectrum obtained using the Hann window are shown in Fig. 12.
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Fig. 12. Signal acquired from the power grid (a) and its DFT spectrum obtained using the Hann window (b).

Fig. 12(b) shows that odd harmonics up to 19th order are significant. Thus, they have been taken into
account in the HPSF-IpDFT, the HPSF-IpDFTc and the MHSF algorithms. The standard deviations of the

estimates for the number of acquired signal cycles and the fundamental amplitude are given in Table 1.

Table 1. Signal acquired from the power grid: standard deviations of the estimates returned by the HPSF-

IpDFT, the HPSF-IpDFTc, and the MHSF algorithms for the number of acquired signal cycles v and the
fundamental amplitude 4;.

Parameter HPSF-IpDFT HPSF-IpDFTe MHSF algorithm
procedure procedure
v 1.31-10° 1.31-10° 1.32:10°
A1 2.60-107 2.60-10° 2.56:10°

As expected from theory since v> 5 cycles, the results reported in Table 1 show that the HPSF-IpDFT,

the HPSF-IpDFTc and the MHSF algorithms exhibit very close standard deviations.

5. Conclusions

In this paper the PSF-IpDFTc and the HPSF-IpDFTc procedures have been proposed for frequency,
amplitude, and phase estimation of distortion-free and harmonically-distorted noisy sine-waves,

respectively. Both procedures obtain an initial estimate of the unknown parameters by applying the [pDFTc
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algorithm which compensates of the contribution of the spectral interference from the fundamental image
component and harmonics on the selected DFT spectrum samples. A linear sine-fit algorithm is then applied
to optimized estimator noise robustness which is worsened by signal windowing employed to reduce the
effect of spectral leakage on the IpDFTc estimates.

Also, the accuracies of the PSF-IpDFT and the HPSF-IpDFT procedures, which are based on the
simpler I[pDFT algorithm instead of the [pDFTc algorithm, have been analyzed.

Both computer simulations and experiments showed that the PSF-IpDFTc and the HPSF-IpDFTc
procedures provide more accurate results than the corresponding PSF-IpDFT and HPSF-IpDFT procedures
when less than about 3-4 sine-wave cycles are acquired, even if at the cost of a slightly higher computational
effort.

For distortion-free noisy sine-waves the PSF-IpDFTc procedure is as accurate as the 4PSF algorithm,
thus it almost attains the CRLB for all estimated parameters, except when less than about 1.5 sine-wave
cycles are observed. Conversely, the statistical efficiency of the simpler PSF-IpDFT procedure is assured
when at least about 4 sine-wave cycles are acquired. Also, when at least 1.5 cycles are observed, the PSF-
IpDFTc procedure is as accurate as the WLS1-monic algorithm [6], despite its significantly smaller
computational complexity. In addition, the PSF-IpDFTc and the AMc algorithms [33] provide almost the
same accuracy and require almost the same processing effort. However, the application of the former one is
more straightforward since the AMc algorithm requires to implement an iterative procedure.

For harmonically distorted noisy sine-waves the HPSF-IpDFTc and the HPSF-IpDFT procedures
provide close estimates to the more computational demanding MHSF algorithm if at least about 4.5 sine-
wave cycles are acquired even though only the second harmonic is considered in the IpDFTc algorithm,
while the effect of higher order harmonics is neglected. Also, the HPSF-IpDFTc procedure outperforms the
HAM algorithm [34] in the case of frequency and phase estimation, while the two algorithms ensure almost
the same accuracy in the case of amplitude estimation. In addition, the HPSF-IpDFTc procedure

outperforms the WLS2-monic algorithm [6] for all estimated parameters. The superior accuracy of the
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HPSF-IpDFTc procedure is obtained despite it requires a much smaller effort than the iterative HAM and
WLS2-monic algorithms.

Concluding, the authors believe that the PSF-based and HPSF-based procedures can be advantageously
used in real-time applications since they are simple to be implemented, require a low processing effort and
ensure optimal sine-wave parameter estimation accuracy.

Appendix
Closed-form expressions for the CRLBs of unbiased estimators

on the parameters of a sine-wave affected by one harmonic

Let’s assume that the analyzed discrete-time signal is composed by a fundamental component of
amplitude 4, normalized frequency f, and phase ¢;, and a kth harmonic of amplitude A, and phase ¢. i.e.:
s(m) = A;cosQufm + ¢;) + Apcosukfm+ ¢,), m=0,1,..,M—1 (A1)
Assume also that the number of acquired samples M is high and that all the parameters in (A.1) are
unknown. Thus, the unknown parameter vectoris 8 = [A; A, ¢, ¢, f 17, where () denotes the transpose
operator.

Reminding that [13]:

M-1
1 .
s Z m'sinQ2arfm + @) = 0,
m=0
1

M-1
EE Z m' cos(2nrfm + ¢) = 0,
m=0

for i = 0, 1, 2, where r is a positive integer and ¢ € [0, 2r) rad, after some algebra the following Fisher

information matrix for @is obtained:
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M 0 0 0 0

0 M 0 0 0
0 0 AiM 0 2mA? Z m
106) =—
0 o0 0 M kA Z m (A2)
M-1 M-1 M-1
0 0 2mA? Z m  2mkAZ Z m  4(A} + k2A%)n? Z m?
m=0 m=0 m=0
Since [13]:
M-1
M(M -1)
m= ,
m=0
M-1
MM —1)(2M — 1)
m- = i
6
m=0

after some calculations the determinant of the matrix /(6) results:

M>(M? — 1)n2A2A%(A% + k2 A% ) M2 A2A% (A3 + k2A2) (A3)

A=
3 3

Using (A.3), after some algebra, the entries of the inverse Fisher matrix (which are the CRLBs for

unbiased estimators of the unknown parameters) are obtained:

202 A4
(64, = o)z =22 (4
2 AS
(02, = @)z =22 (A
L kAk (A6)
(021)612 =) = M - (A2 + k2A2 )[4 * ]

_ 202 A z (A7)

(O-‘%R)CR = VO = M - (A? + k242 )[ 4 + Ak> ]'
602 (A8)

2
(9F) ¢ = U5 = 73 (A2 + k2A2)
It is worth noticing that (A.8) is a particular case of the CRLB for the normalized frequency of a

harmonically-distorted sine-wave, which was derived in [40].
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Observe also that, when the signal frequency is known, it can be shown that expressions (A.6) and

(A.7) for the CRLBs on unbiased phase estimators become [17]:

(7]

(A9)

kA
(¢1)CR M- (A2+k2A)[1+ k ]

2 Al0
202 [2+A)] (A10)
k

(6)c, = M- (A% + k242)
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