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Abstract Mutation is the main operator of Differential Evo-
lution (DE), as it is responsible for combining the informa-
tion of distinct solutions to generate a donor vector. Aiming
at improving the search effectivity of DE, previous research
incorporated the calculation of centroids into the DE mu-
tations. In some of the existing methods the centroids are
simply calculated as the center of some selected solutions
(or, the entire population); in other cases, one-step cluster-
ing is used to perform a local search, or the centroids them-
selves are used as actual solutions in the population. As
opposed to these methods, in this paper we extend some
traditional DE mutation strategies to incorporate centroids
calculated by deterministic hierarchical clustering. Experi-
mental results on two sets of well-known benchmark prob-
lems show that the proposed cluster-centroid-based muta-
tion strategies outperform, in general, the traditional rand/1
strategy, as well as several metaheuristics from the litera-
ture. Therefore, the use of clustering is an effective way to
improve the search performance that could be exploited also
in other population-based metaheuristics.
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1 Introduction

Metaheuristics, such as nature-inspired algorithms [1H9], are
techniques employed to solve difficult optimization prob-
lems. However, it is known that these techniques do not
guarantee that the optimal solution will be found even if
the search space is reduced [10} 11]]. Moreover, optimization
processes based on metaheuristics are usually time-consuming.
In an attempt to reduce these issues, previous research has
investigated hybrid approaches combining metaheuristics and
machine learning [[11H14].

One important aspect in metaheuristics is a proper bal-
ance between exploration and exploitation. More specifi-
cally, the exploration phase searches, usually at the begin-
ning of the search process, for promising regions of the search
space, i.e., regions where high-quality solutions may be found
[L3L[15]]. Then, the exploitation phase is meant to refine those
high-quality solutions. A possible refining approach can be
the use of local optimization methods, in order to reach the
local optimum quickly and accurately [[16H18]].

One of the most popular metaheuristics is currently Dif-
ferential Evolution (DE), originally introduced in [19]] and
later improved in various works, such as [20-26]. The main
reason behind the success of DE is its inherent self-adaptation,
which in turn balances exploration and exploitation. In par-
ticular, the key element of the algorithm is its mutation strat-
egy: essentially, DE mutations create additive solution per-
turbations by means of linear combinations of relative dis-
tances between the solutions in the current population (in
the form of differential vectors, hence the name of the al-
gorithm). As pointed out by Feoktistov [27], this mecha-
nism allows the algorithm to perform adaptive mutations:
at the beginning of the evolutionary process, those distances
are large, thus mutation is more explorative; at the end, dis-
tances tend to become smaller, thus mutation becomes more
exploitative and it allows to refine the search.
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Because of the importance of mutations in DE, several
studies have focused on the development of more efficient
mutation strategies, including ensembles [28| 29] and self-
adaptation thereof [30, [31]]; others evaluated how the mu-
tation strategy affects the population diversity [32} 33]. In
this context, a successful research direction concerns the use
of opposition-based sampling, where solutions are gener-
ated by calculating opposite points w.r.t. the problem bounds
[134]], or center-based sampling, where solutions are gener-
ated w.r.t. the central point (i.e., the centroid) either of the
entire population, as in [35,136], or of the top individuals in
the population. The latter mechanism, initially introduced in
[137]], has been used in [38, [39]] for the DE population initial-
ization phase, and in a number of other DE variants, either
for single-objective optimization [40-43], including large-
scale optimization [44, 45|, or for multi-objective optimiza-
tion [46]. Of note, the same center-based mechanism has
been used also in algorithms different from DE, such as co-
operative co-evolution [47], or Particle Swarm Optimization
[48]].

Different from the above center-based sampling mech-
anism, other works have proposed the use of centroids of
groups of random solutions. In particular, Fan and Lampinen
[49] suggested the stochastic application of the Trigonomet-
ric Mutation Operator (TMO), which resulted in the so-called
Trigonometric DE (TDE). In TDE, the donor vector is the
center point of a hyper-geometric triangle, i.e., the mean of
three randomly selected solutions. As a matter of fact, this
mean solution is a centroid, although the authors do not em-
ploy this term. The mutation strategy is then the sum of three
weighted differential vectors. Because of the weights, TMO
inherently acts as a local search procedure, especially when
the solutions are in a small neighborhood. Similarly to TDE,
Ali et al. [50] proposed another centroid-based DE, where a
Centroid Mutation Operator calculates the mean among the
current best solution and two other solutions randomly se-
lected from the current population. The authors concluded
that this simple modification achieved better mean results in
fewer function evaluations than both the basic DE and TDE.

It can be seen then that several works so far have pro-
posed using centroids in DE. However, it is important to note
that those works do not perform any explicit form of cluster-
ing [51] to calculate those centroids. Instead, they calculate
the centroid on the entire population, a subset of top indi-
viduals, or a subset of random individuals. On the contrary,
a clustering method organizes (in an unsupervised way) a
set of data samples into different groups (clusters), where
the samples in the same cluster are similar to each other (ac-
cording to a similarity measure) and distinct from those in
the other clusters. To the best of our knowledge, the only
two works that applied an explicit clustering technique into
a DE framework are the ones by Cai et al. [52]], and Wang et
al. [53].

In the first work [52], a hybrid DE based on a one-step
k-means clustering, called clustering-based DE (C-DE), is
proposed. Every T generations, C-DE runs one step of the
k-means clustering method to group the current population
into k clusters. The cluster centroids are taken as new so-
lutions and added to the population according to some cri-
teria. Therefore, they are not employed in a new mutation
strategy. The authors state that by acting as a k& multi-parent
crossover, the one-step k-means clustering utilizes the infor-
mation available in the current population more efficiently,
and allows a better balance between exploration and ex-
ploitation. The experimental analysis showed, in fact, that
C-DE outperformed several more elaborated DE variants.
However, running a single step of the k-means clustering
method may not be considered as a “true” clustering method
(i.e., one that groups the data samples by applying an iter-
ative process aimed at optimizing a certain objective func-
tion).

In the second work [53]], hierarchical clustering method
is incorporated into DE to improve its performance. Initially,
DE runs for T' — 1 generations, using the traditional rand/I
mutation strategy. Then, every 7' generations the method
clusters the population (of size V) into k groups, and cal-
culates the centroid of each group as well as a global cen-
troid, which is the centroid of the k centroids. Finally, a new
population is formed by the %k centroids and N — k solu-
tions randomly generated around the global centroid. Exper-
iments performed on a set of well-known benchmark func-
tions showed that the proposed method, named W-CDE, was
able to find good solutions more quickly than many com-
pared algorithms.

Motivated by the two related works above, in this pa-
per we propose an extension of several traditional mutation
strategies, based on the incorporation of centroids calculated
by a “true” clustering method. Our hypothesis is that, while
clusters can be used to identify the concentration of solu-
tions and detect promising regions of the search space, the
centroids (i.e., the centers of the clusters) can condense in-
formation of the solutions within the clusters. Therefore, as
high-quality solutions can be located in promising regions,
a clustering method can be used to learn the characteris-
tics of those solutions and compactly represent this knowl-
edge into the corresponding centroid. Such information can
be employed by mutation strategies to generate new, pos-
sibly better, solutions. Consequently, the acquired “knowl-
edge” can be useful to guide the search to promising regions
more efficiently. From this point of view, incorporating an
explicit clustering mechanism into the DE scheme in order
to extract useful information from the structure of the pop-
ulation may provide a benefit over the existing approaches
discussed above, that as seen calculate the centroid either
of the entire population or of a subset of individuals. While
this research direction appears particularly intriguing, yet it
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remains largely unexplored, with the exception of the two
works mentioned earlier, i.e., [52]] and [53]].

Based the aforementioned hypothesis, we tackle the fol-
lowing fundamental research questions:

1. Is it beneficial to use a “true” clustering method during
the DE process, in order to calculate centroids?

2. Is it possible to use the cluster centroids in the mutation
strategies? If so, what kind of cluster-centroid-based mu-
tation strategy is more efficient?

3. What is the effect of the parametrization of the clustering
method (in particular, the number of clusters), as well as
the parametrization of the other parts of DE when clus-
tering is used?

The main contribution of this work consists in the pro-

posal of eight cluster-centroid-based mutation strategies, which

use the cluster centroids in different ways to obtain differ-
ent balances between exploration and exploitation. The main
differences w.r.t. the two cluster-centroid-based methods in-
troduced in [52] and [53]] can be summarized as follows:

1. we use a deterministic hierarchical clustering (UPGMC),
differently from the stochastic k-means used in [52];

2. we apply clustering at every generation of DE, instead of
periodically as in [52,153];

3. we use centroids (calculated by means of clustering) into
the mutation strategy, not as actual solutions to be evalu-
ated, as in [52, 53]].

To evaluate the effectiveness of our proposal, we per-
form a thorough comparison of our proposed cluster-centroid-
based mutation strategies with the two related methods pro-
posed in [52] and [53], as well as several metaheuristics
from the state-of-the-art, on two sets of widely investigated
benchmark functions. Our analysis allows us to discuss in
detail the effect of the proposed cluster-centroid-based mu-
tation strategies, their strengths, and their weaknesses. Of
note, while the experiments carried out in this paper use
a specific clustering method, namely the Unweighted Pair-
Group Method using Centroids (UPGMC) [54], the proposed
mutation strategies are not tied specifically to it. In other
words, different clustering methods might provide different
performances, being useful in different cases.

The rest of the paper is organized as follows: in Section
2] the background concepts on DE UPGMC are introduced;
Section[3]describes our proposed cluster-centroid-based mu-
tation strategies; the computational experiments are then pre-
sented in Section [} finally, Section [5|concludes the paper.

2 Background
In this section, we provide background information on DE

and clustering, particularly the UPGMC technique used in
our experimentation.

2.1 Differential Evolution

Differential Evolution [19] is a population-based stochastic
search metaheuristic based on evolutionary concepts. One
of its main advantages is that it has few control parame-
ters, which makes the algorithm easy to configure to obtain
acceptable performance. Over the years, the research com-
munity has been using and improving DE to successfully
solve many kinds of hard-to-solve optimization problems
(12413} 16l 18 20L 55H64].

Algorithm 1 Pseudo-code of Differential Evolution
1: procedure DifferentialEvolution(N, F', CR)

2 foreachie {1,...,N} do

3 x;j < initialize() > randomly init. in problem bounds
4 F z; < f (xi)

5: end for
6.
7
8

while stopping criterion is not satisfied do
foreachie {1,...,N} do

: vi < mutation({x1,,xn}, F) > seeEq. (1}3)
9: u; < crossover(vi,xi, CR) > see E
10: Fu, < f(u)
11: if Fy, < F, then [> assuming minimization
12: Xi < U
13: Fy, « Fu,
14: end if
15: end for

16: end while
17: end procedure

The pseudo-code of the basic DE is presented in Algo-
rithm[I] At the beginning of the algorithm, a population of N
solutions (i.e., vectors of D decision variables) is randomly
initialized inside the problem bounds (line [3) and evaluated
using the fitness function f() specific for the problem at
hand (line[d). Then, the algorithm performs an iterative evo-
lutionary process, where each iteration is a generation con-
sisting of: mutation (line BI), crossover (line E]), evaluation
(line and selection (line [[T)). This iterative process is
continued until a stopping criterion (usually set on the max-
imum number of generations, or the maximum number of
function evaluations) is satisfied.

As it can be noticed in the pseudo-code, the crossover
operation is applied affer mutation. This makes the mutation
strategy, in a certain sense, the main search operator in DE:
in fact, mutation defines the way solutions are selected from
the population and combined to direct the search. Thus, most
of the research on DE has focused on improving this oper-
ator [60} |65H67]. The various existing DE configurations,
differing on the kind of mutation and crossover strategy, are
usually indicated using the so-called DE base/num/cross
notation. The first element, base, indicates the parent vector,
which can be either a random or a specific solution from the
current population, for instance the best one. The second el-
ement, num, indicates the number of difference vectors that
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are added to the base vector, generating a donor vector. Fi-
nally, the type of crossover that combines the base and donor
vectors to generate the trial solution (i.e., the new solution
to be evaluated) is identified by cross. Using the base/num
notation (omitting the crossover strategy cross), some of the
most common mutation strategies in DE are:

1. rand/1

Vi =Xp1 + I x (Xr2 — Xr3) 1
2. best/2

Vi = Xpest + F' X (Xp1 = Xr2) + F' X (Xr3 = Xra)  (2)
3. rand/2

Vi =Xp1 + F % (Xp2 = Xp3) + F X (Xp4 — Xr5) 3

where v; is the donor vector being generated, X1, X2, Xr3,
Xrq, and x5 are five distinct solutions randomly chosen
from the current population, Xpest 1S the best solution in
the population, and F' € [0, 2] (usually less than 1.0), is the
so-called scale factor.

After mutation generates the donor vector, the crossover
operator is applied to further refine the search. Such operator
combines every i-th solution x; in the population with the
corresponding newly generated donor vector, vj, to generate
the trial solution, uj. The most common crossover operator
is the binomial crossover (usually abbreviated as bin), which
works as follows:

S T if rand(0,1) <CR or j = jrand @
! x; 5, otherwise

where j = 1,..., D is the index of each variable, rand(0, 1)
is a random number sampled from a uniform distribution in
[0, 1], the crossover rate CR € [0,1] is a parameter which
controls the fraction of variables copied from the donor vec-
tor, and jqng 1S an index randomly chosen from the set
{1,..., D}. Applying this crossover with the rand/I muta-
tion leads to the well-known DE rand/1/bin, but as said sev-
eral other combinations have been proposed and more can
be obtained by combining mutation/crossover strategies.

Finally, the selection step selects the best solution (in
terms of fitness value) between x; and u;, keeping the same
population size. Therefore, since DE does not accept solu-
tions with worse fitness values, it can be considered a sort of
(parallel) hill-climbing method.

2.2 UPGMC

Clustering [51] is a process that organizes a dataset into
a (not necessarily predefined) number of groups (clusters),
such that data samples within a cluster are more similar to
each other than samples belonging to different clusters, w.r.t.

a pre-defined distance/similarity measure. To achieve such
organization, clustering methods usually minimize a given
loss function in an iterative process, which is continued until
a stopping criterion is met, e.g. a check on the convergence
(when a better clustering cannot be found after a given num-
ber of iterations), or simply until all samples are grouped.
Clustering is a well-known technique for discovering the in-
herent structure in any given dataset, and as such it is largely
used in statistics and machine learning.

In a cluster, the centroid is usually calculated as the mean
of the samples of that cluster. More specifically, given a clus-
ter C' = {X1,...,Xc}, where c is the number of samples in
the cluster, each j-th coordinate of the corresponding cen-
troid C. is given by:

1 c

Cej == Ti; Q)
Ciz1

where j = 1,..., D is the index of the corresponding vari-

able of the samples.

As discussed earlier, cluster centroids are at the basis of
the mutation strategies proposed in this work. Here, cluster-
ing is performed by means of UPGMC [54]]. This method
works by grouping the most similar samples, as well as any
previously formed groups, and replacing all samples in ev-
ery new group with the group’s unweighted centroid (i.e.,
the center of mass), thus ignoring any internal structural sub-
division. The most similar samples have the smallest dis-
tance among them. On the other hand, to calculate the dis-
tance d() between a cluster formed by two existing clusters,
C; and C}, to another existing cluster Cy, the method uses
the following recursive formula:

d(Cy,CiuCj) = —2i—d(Cy, C;) + —2—d(Cy, Cj)+

ni+77LLj"n,' ni+n; )
T, 4G C5)
where n;, n; , and ny, are the number of samples in C;, C},
and CY%, respectively. When a sample is added to a cluster,
the new centroid is calculated as the mean of the samples in
that cluster, according to Eq. (§). After clustering all sam-
ples, a cut in the clustering tree is done by traversing it
in a top-down manner until finding the desired number of
branches (k). Then, all samples below each cut are assigned
to a single cluste
Clustering methods have been employed in metaheuris-
tics [69] to detect if there is a concentration of solutions in
a few regions (thus resulting in redundant search, premature
or early convergence) and, if needed, run e.g. a local search
or restart the algorithm. In this work, clustering is employed
instead to guide the search performed by the metaheuristic
to generate more solutions in the promising regions of the
search space, as we discuss below.

! For more details on the UPGMC method, we refer the interested
reader to [68]]
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3 The proposed cluster-centroid-based mutation
strategies

In order to use the information extracted from clustering to
guide the search towards the more promising regions of the
search space, we extend the mutation strategies presented
in Section by incorporating centroids calculated by UP-
GMC. This extension results in the following cluster-centroid-
based mutation strategies:

stl: rand-centroid/l

Vi = Crana + F' x (X1 — Xr2) (7
st2: rand-to-random-centroids/2

Vi=Xp1 + Fx(Crag~Xp2) + Fx (Crg —Xp3)  (8)
st3: rand-to-best-and-random-centroid/l

Vi =Xr1 + F' x (Xpest = Crand) ©)

std: best-to-random-centroid/l

Vi = Xpest + I x (Cr1 — Xr2) (10)
st5: rand-to-best-centroid/l

Vi =Xp1 + F x (Cpest — Xr2) (11)
st6: best-centroid/]

Vi = Cpest + F' x (Xr1 — Xr2) (12)
st7: local-to-best-centroid/2

Vi =Xj+ F x (Cpest —Xi) + F x (Xp1 —Xr2)  (13)
st8: local-to-best-centroid-random-centroids/2

Vi =X; + F X (Cpest —Xi) + F x (Cy1 —Cyr2) (14)

where: x; is the i-th solution in the population; Cyangq is the
centroid of a randomly selected cluster; C,; indicates the
centroid of the cluster where a randomly selected solution
xyi (1 € {1,2,3}) is located; Cpest indicates the centroid of
the cluster where Xpest (the best solution in the population)
is located. In all the strategies above, clusters are obtained
by means of UPGMC (performed at every generation of DE)
and centroids are calculated according to Eq. (§).

An illustrative example on how to obtain the components
necessary for the proposed cluster-centroid-based mutation
strategies can be seen in Figure |1} The figure shows three
clusters (obtained by means of UPGMC), with their corre-
sponding centroids, represented by red diamonds indicated
by C;, Cs and Cg respectively. C,ang is the centroid of a
randomly selected cluster; in the figure, we assume Cyand
to be set to Cg. In order to choose C,;, first X,; is randomly
selected from the current population. E.g. if x,1 is selected,
C,1 is the cluster in which x,1 is located, which is cluster 3

in the example. Thus C,; is set to Cg. The same procedure
is applied to x,2 and x,.3 to obtain, respectively, C,2 (that in
the example is equal to C3) and C,3 (that in the example is
equal to C3). Once all these components have been identi-
fied, it is possible to apply one of the eight cluster-centroid-
based strategies defined above in Eq. (7{I4). If Xpest and
Cypest are needed (not shown in the figure), it is necessary
to identify also the best solution in the population and the
centroid of the cluster where it is located.

Cluster 1 /Cl C3 = Crana = Cn = G2

x,g\
v L e

.

X3 Cluster 3

Cluster 2

Fig. 1 Example representation on how to obtain cluster centroids (C)
and solutions (x) for the proposed cluster-centroid-based mutation
strategies, after applying the UPGMC clustering method (see the text
for details).

Of note, two of the proposed strategies, rand-centroid/l
and best-centroid/1, use a cluster centroid as the base vec-
tor, that is, they act as a local search around the selected
centroid. This implies that if the centroid moves in small
steps these strategies can get stuck easily. Furthermore, if
the number of cluster centroids is small, they can result in
low exploration and possibly premature convergence. On the
other hand, a higher number of clusters may improve the
performance. However, the cluster centroids are not guaran-
teed to be positioned in high-quality coordinates, even if the
solutions in the cluster are good. The results presented in the
next section allow, among the other things, the verification
of these assumptions.

Another issue that must be noted is that, by using cluster
centroids instead of actual solutions as base vectors, there
is a loss of the information available in the single solutions.
On the other hand, one may say that there is instead an ag-
gregation of all the information available in a cluster into
a single vector (i.e., the centroid). Notably, a similar idea
is employed in Estimation of Distribution Algorithms [70}
71]] (EDAs) and the so-called “compact” optimization algo-
rithms [72} [73]], which in some cases use Gaussian distribu-
tions to model the population and sample new solutions. In
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our implementation, we suppose that cluster centroids can
be used to identify promising regions of the search space,
while the other difference vectors in the mutation strategy
facilitate exploitation. The intuition behind this idea is that
if such aggregated vectors are well-located into a promising
region (which however, as we said earlier, might not always
be the case), then the algorithm may be able to perform an
efficient exploration, although without any guarantee on the
fact that such region contains the global optimum. Neverthe-
less, while a cluster-centroid-based strategy may be useful
to guide the search to promising regions, it may not be able
to refine the solutions to the desired precision. This means
that a local search method could be necessary to improve
the algorithm performance. To this end, the other difference
vectors based on single solutions are used in the proposed
cluster-centroid-based mutation strategies.

As a final note, it is important to state that here we per-
form clustering in the genotype, rather than fitness, space.
Therefore, solutions are clustered according to their vari-
ables only, meaning that a cluster may contain both high-
quality and low-quality solutions in terms of fitness.

4 Computational experiments

To assess the performance of the proposed cluster-centroid-
based mutations, we performed two separate experiments.
The first experiment considered 13 box-constrained bench-

mark functions with different characteristics, taken from [[74].

The second experiment was performed on the full BBOB
benchmark available in the COCO framework (v15.03), used
at the BBOB-2015 competitiorﬂ Of note, the experimenta-
tion is designed in such a way that the first experiment in-
cludes somehow simpler benchmark functions (e.g., without
any shift on the optimum or rotational transformations), but
it allows a direct comparison with the results obtained with
other cluster-centroid-based DE variants reported in the lit-
erature. On the other hand, the second experiment includes
the much harder BBOB benchmark functions, and it allows
a direct comparison with some of the metaheuristics which
are currently at the state-of-the-art in continuous global op-
timization. More details on this aspect are discussed below.

4.1 Experiment one

In the following, we first present the benchmark functions
and the algorithm configurations used in the first experi-
ment, and then we discuss the results.

2 http://coco.gforge.inria.fr/doku.php?id=bbob-2015-downloads

4.1.1 Test benchmark functions

The definitions of the test problems are presented in Table
More details of the functions, which represent minimiza-
tion problems, can be found in [[74]. We should note that the
whole set presented in [74] contains 23 functions, but for
this work we selected only those that can be scaled to any
dimensionality, thus ignoring the fixed-dimensional prob-
lems. Furthermore, these functions were selected also be-
cause they were employed in related works [52} 53], which
as said earlier allows a direct comparison with the results
presented in the literature. Of note, among the 13 selected
functions the first five are unimodal, while the remaining
ones are multimodal. Except fg, whose optimum is fo,: ~
—418.983 x D, the optimum of all the other functions is zero.
Furthermore, the optimal solution corresponds to the center
of the search space Xopt = (0,...,0) for all functions ex-
cept f5, fi2 and fi3, for which xopt = (1,...,1), and f3, for
which Xept ~ (420.9687, . ..,420.9687). The fact that most
of these functions are characterized by a search space sym-
metrical to the optimum makes these problems somehow
less challenging from an optimization perspective, but on
the other hand this allows us to reason on any possible bias
that the cluster-centroid-based mutation might have towards
the center of the search space. This is why, in the second ex-
periment, we consider instead the more complex functions
from the BBOB benchmark, which all have shifted optima
and as such are less prone to potentially biased search logics
that make use of cluster centroid information. We will come
back to this aspect later.

4.1.2 Configurations of the proposed
cluster-centroid-based DE

The parameter settings of the DE algorithm and the clus-
tering methods are reported in Table |2| and [3| respectively.
With reference to Table |2} we considered three different DE
configurations, selected to provide valuable clues on the per-
formance of the cluster-centroid-based mutation strategies
in three different regimes of exploration/exploitation bal-
ances [63]]. In particular, Configuration 1 is intended to bal-
ance exploration and exploitation, increasing DE’s capabil-
ity of escaping from local optima. As for Configuration 2,
it is known that a large C'R value makes the search more
exploitative, possibly resulting in a premature convergence
[75H77]. This problem is less present when the base vec-
tor is dynamic, such as in the rand/I strategy. On the other
hand, when using either Xpest Or Cpest as the base vector,
it is reasonable to expect stagnation, as a single solution is a
reference for all mutation; thus, this would be a good strat-
egy for a local search. Finally, Configuration 3 is intended
to be more explorative, thus without the fast stagnation that
happens whenever a high C'R is used.
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Table 1 Experiment one: Benchmark functions.

Function Definition Bounds
fi(x) =22, a7 [-100, 100]P
f2(%) = T2 [ai| + TI2, |=i [-10, 10]7
f3(x) = 22, (Xh, 5)? [-100, 100]P
fa(x) = max; {|z;|,1 <i< D} [~100, 100]P”
fg,(x) = ?:Il [100(£1+1 - ZE12)2 + (£l - 1)2] [—30, SO]D
fo(x) =32, (l=: +0.5])* [-100, 100]°
fr(x) =2, it +U(0,1) [-1.28, 1.28]P
fs(x) =22, —a; sin(y/|zs]) [~500, 50017
fo(x) = X2, [22 - 10cos(2mz;) + 10] [-5.12, 5.12]P
fio(x) = —20exp (70.2\ /D-1yD, 22 ) -exp(§5 L2, cos2ra;) +20 + € [-32, 32]7
f11(x) = (1/4000) ¥ 2, 2? -T2, cos (z:/Vi) + 1 [-600, 600]7”
T D-1 D
fr2(x) -5 {105in2(7ry1) + 3 (yi - 1)%[1 +10sin®(myi41)] + (yp - 1)2} + 3 u(z;,10,100,4)
i=1 =1
k(z; —a)™, x; >a, [-50, 5017
where:y; =1+ (z; +1)/4, u(zi,a,k,m) =10, —a<x; <a,
k(-z; —a)™, x;<-a,
f13(x) = {sin?(3rz1) + 27" (zi - 1)%[1 +sin?(3nzis1)]} /10 + (xp — 1)[1 +sin® (272 p)]/10 + £ 2 u(xs,5,100,4) [-50, 50]7
Table 2 Experiment one: DE settings. wherei =1,..., N, jrqnq 18 an index randomly chosen from
Parameter Configuration 1  Configuration 2  Configuration 3 the set {1’ T D}’ and ’I“CLTI,.d(—’ILOZS.(E, TLOZS.(’/) is a random
number sampled uniformly in [-noise, noise]. In our ex-
Scale factor F=05 F=05 F=09 . . :
Crossover rate CR=05 CR=09 CR=05 periments we used an arbitrary small value noise = le — 10
to ensure that the solutions are actually different and al-
Table 3 Exoeri Clusteri ) low clustering. It should be noted that while this process
t one: t ttings. . .. . . e
able S Bxperment one: LAUsIering setings slightly jitters the solutions, it preserves their distribution in
Parameter Value the search space. Furthermore, we should remark that this
Algorithm UPGMC additional noise is not used during the solution evaluation
Distance measure Euclidean phase, and as such it does not affect the search process and
k (clusters) k=2,5,10 its exploration/exploitation capabilities.
Ul\ll’d,ate Every DIE gI%“eratlon As for the maximum number of function evaluations (in
o1se e-

As for the clustering settings, shown in Table 3] we used
the UPGMC method, based on the Euclidean distance (that
is, the same measure employed by the related methods used
in the comparison). However, it should be noted that other
clustering methods and distance measures, possibly more
efficient than UPGMC with Euclidean distance, could be
used. We will leave this aspect for future investigations. We
considered three different number of clusters, namely k& =
2, 5, 10, and updated the clusters at every DE generation.
Finally, the noise parameter was introduced to avoid that
clustering failed because of the impossibility to find the de-
sired number of clusters, e.g. due to duplicate solutions in
the current population (which may happen especially when
the algorithm converges). To overcome this problem without
affecting the results, before performing clustering we added
a uniform noise to the solutions, as follows:

Tijrana = Lijrana + rand(—noise, noise) (15)

the following, referred to as NFEs), we set it as in [52} [53]],
to allow a fair comparison. Specifically, NFEs = 150,000
were used for f1, fs, fi0, f12, and f13; NFEs = 500,000
for f3, f4, and fy; NFEs = 200,000 for fo and f;1; NFEs =
2,000,000 for f5; and NFEs = 900,000 for fs. All the prob-
lems were executed with D = 30 dimensions, with popu-
lation size N = 100. The number of independent runs per
problem/algorithmic configuration was 30.

4.1.3 Experimental analysis

The goal of the first experiment is to evaluate the perfor-
mance of the proposed cluster-centroid-based mutation strate-
gies versus: 1) the basic DE; 2) other cluster-centroid-based
DE variants and 3) other metaheuristics from the literature.

Comparison with the basic DE This comparison aims at
verifying if by introducing cluster centroid information in
the mutation strategies leads to a performance improvement
w.r.t. the basic DE, and then ranking the mutation strategies
accordingly. Furthermore, we also assess the influence of k
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on the search conducted by the proposed cluster-centroid-
based mutation strategies. For this experiment, we ran DE
with the traditional rand/I mutation strategy and the eight

optimum is in the center of the search space, although there
are other properties of the fitness landscape that also affect
the effectiveness of using cluster centroid information. As

proposed cluster-centroid-based mutation strategies described ~we will see in the second experiment, on the BBOB bench-

in Section [3] all of them using the binomial crossover. see
Eq. @).

Figure [2] presents a multivariate plot comparing the er-
ror (w.r.t. the optimum), mean +95% confidence interval
across 30 independent runs, log-scale, obtained by all the
nine strategies under comparison on the 13 selected bench-
mark functions, varying the number of clusters £ and the
DE configuration (i.e., the three settings listed in Table [2)).
The detailed results (in terms of best fitness values, mean
and standard deviation across 30 independent runs), are pro-
vided in Tables[TTH{I3|reported in the Appendix.

Let us consider first the comparison between the pro-
posed cluster-centroid-based mutations and rand/I. With ref-
erence to the mean rank through the benchmark functions
(see the last row in Tables[TT}{I3] the lower the better), it can
be noted that for Configuration 1 the best strategy was sz3,
followed by s#4, while the last one was st8. For Configura-
tion 2, there was a tie with rand/I and st2 at the first place,
followed by st5, while the last was, again, st8. With Con-
figuration 3, the best strategy was st3, followed by s¢7, with
rand/I and st8 being the worst-performing strategies.

Another observation is that, compared to the cluster-centroid

based mutations, rand/l worked overall better on fg and fg.
More specifically, considering fs, rand/l worked especially
well with Configuration 1 and 2, while the only proposed
strategies on par with (or slightly outperforming) it were
st4 and st5 with k£ = 10 and Configuration 1. Concerning
fo, the only proposed strategy that was able to outperform
rand/I was stl with k = 5 and Configuration 1. This obser-
vation is particularly important as it may indicate a potential
bias of some (but not all) of the proposed cluster-centroid-
based mutation strategies w.r.t. rand/I: considering in par-
ticular the case of fg, as discussed earlier this function has
its optimum shifted w.r.t. the center of the search space, dif-
ferently from most of the other benchmark functions listed
in Table [} which have their optimum in zero. The lower
performance of most cluster-centroid-based mutation strate-
gies w.r.t. rand/I on fs might then be due to the fact that
cluster centroid information might be more beneficial when
the search space is symmetrical w.r.t. the optimum, i.e., the
optimum is in the center of the search space. However, we
should note that also f5, fi2 and fi3 have their optimum
shifted w.r.t. the center of the search space, yet the perfor-
mance of rand/I appears in these cases overall inferior to
that of the proposed cluster-centroid-based mutation strate-
gies. On the contrary, fy does have its optimum in zero, yet
rand/I appears overall superior on it. All in all, it seems that
in general cluster-centroid-based mutation strategies tend to
work better than rand/I especially (but, not only) when the

mark, this potential bias does not impede though the pro-
posed cluster-centroid-based mutation strategies to perform
well also on more complex problems, especially at low di-
mensionalities, even w.r.t. state-of-the-art techniques.

Let us now analyze Figure 2] w.r.t. the number of clus-
ters k. Overall, a reduction of the mean error is observed
in most cases as k increases. It is interesting to notice that
such behavior is present mainly when using Configuration
1. Considering e.g. stl, a consistent performance improve-
ment while increasing k was found on f1, fo, f1, f7, fs,
and fio to fi3, making it the strategy that better used the
knowledge provided by the clusters. Other strategies also
largely benefited from having more clusters, with different
DE configurations: for instance st2 (see f1, f2, f1, f10. f12,
and fi13) and s (see fg and f12). Moreover, strategies st3,
and s76-st8 also obtained better performance with more clus-
ters, although this is not clearly visible in the plot because
of the log—scaleﬂ The opposite behavior, that is a perfor-
mance drop when k£ increases, also occurred, being clearly
visible for strategies st3 to st7 when using Configuration 3.
Nevertheless, for some problems, i.e., f1, f4, and f5, this
configuration showed the best overall performance across all

configurations and strategies.

The main conclusions of this first analysis can then be
summarized as follows: 1) using the difference between two
cluster centroids negatively affects the search (st8); 2) us-
ing the cluster centroid corresponding to the best solution in
the population to calculate the difference vector positively
affects the search (sz5 and s¢7); 3) for Configuration 3, the
larger the number of clusters, the worse the performance.

Comparison with other cluster-centroid-based DE variants
The previous comparison showed that cluster centroid infor-
mation can improve the search when compared with the tra-
ditional rand/I mutation strategy. Hence, this second analy-
sis compares the performance of the proposed cluster-centroid-
based mutation strategies with other methods from the lit-
erature that also employ clustering to improve DE, i.e., C-
DE [52] and W-CDE [53]]. The results of this comparison
are given in Table [ where the “Summary” column shows
the lowest mean error corresponding to the best fitness val-
ues reported in Tables @-@ i.e., the best result for each
problem found across the various combinations of cluster-
centroid-based strategy, number of clusters, and DE config-
uration. This comparison is meant to verify if the overall best
solutions found in this work are better than the solutions ob-
tained by the existing cluster-centroid-based methods, given

3 These improvements can be seen in more detail by looking at Ta-

bles ['l;f]-['lz}
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Configuration: -©- F=0.5 CR=0.5 - F=0.5CR=0.9 — F=0.9 CR=0.5
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Fig. 2 Experiment one: Error (mean +95% confidence interval across 30 independent runs, log-scale) obtained with rand/I and st to st8, varying
both the number of clusters k and the DE configuration (see Table.
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that, as seen earlier, the quality of the results found in our
work depends on the mutation strategy, the numbers of clus-
ters, and the DE configuration. Then, for a more direct com-
parison we selected for each of the three configurations the
best mutation strategy, and the intermediate number of clus-
ters (k = 5). For the ranking process, mean errors below
1e-06 were converted to 0 in order to obtain a fair compari-
son with the results published in [53]], while duplicate values
were assigned the same rank.

From the table it can be observed that, even with the
drawbacks identified in the strategies proposed in this work
(see Section [3), it is possible to achieve results competitive
with those of the other cluster-centroid-based DE variants
from the literature. On the other hand, it is also important
to remember that our approaches are based on the basic DE,
with the addition of cluster centroid information in the mu-
tation strategies, whereas the compared methods are even
more improved versions of DE. Regarding the mean error,
the best method was Configuration 3 st3. We also provide
the median error, which shows that the best method was C-
DE, followed by Configuration 1 st5. The last row has the
mean rank, which shows that the two best methods were C-
DE and Configuration 3 sz3. Finally, we applied the mul-
tiple comparison Friedman test suggested in [78] to check
if there is any difference among the methods, followed by
the Nemenyi post hoc test to rank the methods if a signif-
icant difference is detected. For the analysis, we employed
a significance level o = 0.05. The p-value calculated by the
Friedman test was 0.9583, thus, higher than o, suggesting
no significant differences among the compared methods.

Comparison with other metaheuristics After having veri-
fied that the proposed cluster-centroid-based mutations im-
prove, in general, on the traditional rand/I DE mutation strat-

taken from the original papers, to reduce any reproducibility
issue, and were obtained with the same NFEs.

Concerning the mean error, the best method was SaDE,
a DE variant with self-adaptation of the parameters, which
was the best on 5 out of 13 functions, followed by our ap-
proach (Configuration 3 st3), which was the best on 4 func-
tions, while the worst method was PSO. The p-value cal-
culated by the Friedman test was 2.566e-10 (lower than «),
meaning that there are significant differences among the com-
pared methods. Therefore, we performed the Nemenyi post
hoc test to calculate the pairwise comparisons, whose results
are shown in Table [6] Taking our approach as the baseline,
significant differences were detected for 3 out of 11 meth-
ods: CEP, BFA, and PSO. Of note, SaDE outperformed the
same methods, as well as BBO.

4.2 Experiment two

In the following, we present the benchmark functions and
the configurations of the algorithms used in the second ex-
periment, and we discuss the results.

4.2.1 Test benchmark functions

For this experiment, we used the 24 benchmark functions
available in the BBOB noiseless testbed, whose definitions
can be found in [86]. These functions are separated into five
groups: separable functions (f; — f5); functions with low or
moderate conditioning (fs — fg); functions with high condi-
tioning and unimodal (f19 — f14); multimodal functions with
adequate global structure (f15 — f19); multimodal functions
with weak global structure (fog — f24). The experiment was
performed according to the BBOB-2015 competition rules,
i.e., setting the maximum NFEs to 10,000 x D (expensive

egy, and show competitive results w.r.t. previous cluster-centroid-scenario) for each run, and solving the problems in 2, 3, 5,

based DE algorithms proposed in the literature, we conclude
the analysis on the first experiment with a comparison of the
proposed algorithm with some of the most successful meth-
ods from the literature.

Table [3] indicates that the results obtained by our best
ranked approach (according to Tabled] Configuration 3 s¢3)
are competitive with those of other DE-based approaches
(namely: SaDE [79]], DEahcSPX [80], and ODE [34]]) and
generally better than those obtained with Evolutionary Pro-
gramming (in its “classical” and “fast” variants, respectively
indicated as CEP and FEP, both from [81]]), Particle Swarm
Optimization (PSO) [82], two variants of Bacterial Forag-
ing Algorithm (namely the original one, indicated as BFA,
and its fast version, FBSA, both from [83]]), Biogeography
Based Optimization (BBO) [84], and two versions of Artifi-
cial Bee Colony (ABC and GABC), both taken from [85]. It
should be remarked that the results shown in the table were

10, and 20 dimensions for a total of 15 independent runs per
problem/problem size and algorithmic configuration.

4.2.2 Configurations of the proposed
cluster-centroid-based DE

Similarly to the first experiment, we used UPGMC with Eu-
clidean distance as clustering method, updating the clus-
ters at every DE generation, and applying a noise of le —
10. Concerning the cluster-centroid-based mutation strate-
gies, in this case we considered only the two strategies that
achieved the best results in the first experiment, namely s¢3
and st5. Considering also the other DE and clustering set-
tings, we then performed an exhaustive parameter search of
a total of 72 possible parameter configurations, i.e., com-
binations of scale factor I, crossover rate C' R, number of
clusters k, population size N and mutation strategies. The
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Table 4 Experiment one: Error (mean and standard deviation across 30 independent runs) of three selected combinations of DE configurations
(see Table E]) and mutation strategy, with k = 5, vs. C-DE and W-CDE. The “Summary” columns shows the lowest mean error obtained by any
configuration for each problem, corresponding to the fitness values reported in Tables [TTNI3] (ignoring rand/I). The boldface indicates the lowest

error for each problem.

Fun Summary  Configuration 1 st5 Configuration 2 st2  Configuration3st3 C-DE[52] W-CDE [33]

fi 1.3510e-52 2.4660e-33 1.0730e-26 8.3150e-41 2.3500e-30 1.0000e-06
(2.59e-52) (1.58e-33) (1.19e-26) (1.06e-40) (2.46e-30) (2.00e-06)

fo 2.2200e-40 1.2380e-26 5.2860e-19 1.9440e-31 4.3700e-22 0.0000e+00
(5.06e-40) (4.90e-27) (3.39%¢-19) (2.38e-31) (2.38e-22) (0.00e+00)

f3 2.6830e-24 5.7180e+00 2.6610e-21 2.7140e-03 1.1800e-24 1.1000e-05
(6.41e-24) (4.07e+00) (3.10e-21) (2.96e-03) (2.72e-24) (1.40e-05)

fa 2.1350e-28 6.3030e-20 2.2410e-17 1.7430e-22 1.6200e+00 7.5000e-05
(4.60e-28) (9.19e-20) (6.04e-17) (2.62e-22) (1.19e+00) (7.50e-05)

fs 2.8530e-30 5.9970e-30 4.4420e-01 2.3920e-01 3.2500e-27 1.8300e+00
(1.27e-29) (1.18e-29) (1.23e+00) (9.56e-01) (1.52e-26) (6.83e+00)

fe 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00  0.0000e+00
(0.00e+00) (0.00e+00) (0.00e+00) (0.00e+00) (0.00e+00) (0.00e+00)

fr 6.1480e-04 3.2260e-03 3.1200e-03 2.5700e-03 1.9700e-03 4.6000e-04
(2.54e-04) (1.54e-03) (1.23e-03) (9.30e-04) (6.49¢-04) (3.60e-04)

fs 1.8190e-12 4.4950e+02 6.8930e+03 8.9490e+01 5.6600e+03 1.2500e+03
(7.35e-13) (1.19e+03) (4.24e+02) (1.20e+02) (9.21e+02) (5.03e+02)

fo 1.7450e-05 8.6710e+01 1.5010e+02 3.8650e+01 5.5500e+01 1.8000e-05
(7.22e-05) (7.98e+00) (9.20e+00) (2.63e+01) (2.45e+01) (2.30e-05)

fio 4.7780e-15 5.3470e-15 2.6590e-14 4.7780e-15 3.7200e-15 4.7000e-05
(1.49¢-15) (1.74e-15) (1.22¢-14) (1.49¢-15) (1.17e-15) (4.50e-05)

fi1 0.0000e+00 0.0000e+00 0.0000e+00 2.1680e-03 0.0000e+00  0.0000e+00
(0.00e+00) (0.00e+00) (0.00e+00) (4.79e-03) (0.00e+00) (0.00e+00)

fi2 1.5710e-32 1.5710e-32 2.6030e-28 1.6710e-32 2.4700e-32 0.0000e+00
(0.00e+00) (0.00e+00) (2.52¢-28) (7.12e-33) (2.31e-32) (0.00e+00)

fis 2.4790e-05 9.5550e-04 6.3100e-04 8.1350e-03 7.8300e-27 0.0000e+00
(1.75e-04) (6.27¢-04) (7.34e-04) (2.95e-02) (3.89¢-26) (0.00e+00)

Mean Error - 41.687 541.811 9.877 439.779 96.295
Median Error - 6.30e-20 2.24e-17 2.17e-03 1.18e-24 1.10e-05
Mean Rank - 3.077 3.154 3.0 2.692 3.077

parameter values considered in this search are shown in Ta-
ble [

Consequently, we selected the best four CDE configu-
rations in terms of aggregated results (considering all the
BBOB functions in five dimensionalities) and the two con-
figurations that achieved the closest performance curve (in
terms of bootstrapped empirical cumulative distribution, see
Figure[3) to the reference algorithm in COCO, namely Best
2009 (obtained aggregating the best results from the BBOB-
2009 competition). While the former are the overall top-
performer configurations, the latter is able to achieve better
results only when a lower NFEs is considered. These se-
lected configurations are shown in Table

It can be noticed that, apart from CDE-Conf-10, all the
selected configurations are strongly exploitative, especially
considering C'R set to 0.9. Furthermore, all the configu-
rations are characterized by small population sizes (up to
N =50, being the maximum possible value N = 200). Since

4 In Table and in the rest of the text, we use the acronym “CDE”
to indicate our cluster-centroid-based DE, that should not be confused
with the C-DE algorithm proposed by Cai et al. [52].

these settings are likely to lead to a fast loss of population
diversity, we added a simple restart mechanism that gener-
ates a new random population (without elitism) whenever
the current population fitness variance is less than an empir-
ically chosen threshold of le-16.

4.2.3 Experimental analysis

The goal of the second experiment is to investigate how

the proposed cluster-centroid-based DE algorithm, config-

ured with the six settings reported in Table [/} performs on

a harder benchmark, i.e., the BBOB testbed, in comparison

with the state-of-the-art algorithms that have been tested so

far on the same benchmark. For this comparison, we consid-
ered the best algorithms that participated in the BBOB-2015
competition, namely:

1. The multivariate Brent STEP method and many of its
variants (Sif, Sifeg, BSifeg, Srr, BStr, and BSqi) [87];

2. IPOP-CMA-ES, i.e., Covariance Matrix Adaptation Evo-
lution Strategy (CMA-ES) with two step-size adaptation
mechanisms (CMA-MSR and CMA-TPA) and Cumula-
tive Step-size Adaptation (CMA-CSA) [88];
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Table 5 Experiment one: Error (mean and standard deviation across 30 independent runs) of the best ranked configuration from TableE(Conﬁ gu-
ration 3 5t3) vs 11 metaheuristics from the literature. “NA” means “Not Available” (replaced by +Inf to calculate the ranks). The boldface indicates
the lowest error for each problem.

Fun Configuration 3 st3 FEP [81] CEP [81] SaDE [79]
f1 8.315e-41(1.058e-40) 5.7e-04(1.3e-04) 2.2e-04(5.9e-04) 1.48¢-18(9.28¢-19)
fo 1.944e-31(2.384e-31) 8.1e-03(7.7e-04) 2.6e-03(1.7e-04) 3.16e-15(1.34e-15)
f3 2.714e-03(2.956¢-03) 1.6e-02(1.4e-02) 5.0e-02(6.6e-02) 4.02¢-20(4.89¢-20)
fa 1.743e-22(2.623¢-22) 3.0e-01(5.0e-01) 2.00e+00(1.2¢+00)  8.01e-10(3.49¢-10)
fs 2.392¢-01(9.564e-01)  5.06e+00(5.87¢+00)  6.17e+00(1.36e+01)  7.97e-02(5.64¢-01)
fe 0.00e+00(0.00e-+00) 0e+00(0e+00) 5.78e+02 (1.13e+03) 0e+00(0e+00)
fr 2.57e-03(9.3e-04) 7.6e-03(2.6e-03) 1.8e-02(6.4¢-03) 6.21e-03(1.42e-03)
fs 8.949e+01(1.203e+02) 1.45¢+01(52.6) 4.6519e+03(634.5) 0e+00(0e+00)
fo 3.865¢+01(2.628e+01) 4.6e-02(1.6e-02) 8.90e+01 (2.31e+01) 0e+00(0e+00)
f1o 4.778e-15(1.487¢-15) 1.8e-02(2.1e-03) 9.2e+00(2.8¢+00)  3.08e-10(8.70e-11)
f11 2.168e-03(4.788¢-03) 1.6e-02(2.2e-02) 8.6e-02(12e-01) 0e+00(0e+00)
f12 1.671e-32(7.119¢-33) 9.2e-06(3.6e-06) 1.76e+00(2.4e+00)  4.48¢-20(3.10e-20)
f13 8.135e-03(2.95¢-02) 1.6e-04(7.3e-05) 1.4e+00(3.7e+00)  4.83e-18(3.96¢-18)
Mean Rank 3.769 6.615 8.923 3.192
Fun DEahcSPX [80] ODE [34] BFA [83] PSO [82]
f1 6.82¢-18(2.68¢-18) 5.61e-24(5.24e-24) 7.8e-03(1e-03) 7.35e+00(1.95¢+00)
fo 2.59¢-14(6.34e-15) 6.73¢-13(2.17e-13)  4.72¢-01(5.28¢-02)  3.04e-01(1.87e-01)
fs 2.65e-12(1.57e-12) 2.95¢-08(2.19¢-08)  3.00e-03(4.80e-03)  1.67e+03(4.69¢+02)
fa 2.19¢-08(5.17e-09) 2.08¢-37(2.77e-37)  2.80e-01(1.24e-02)  6.67e+01(1.56e+01)
fs 3.69¢-22(8.56e-22) 2.37e+01(1.50e+00)  6.33e+01(4.24e+01)  9.89e+02(6.40e+02)
fe 3.24e+04(1.13e+03)  2.48e¢+04(8.83¢+02)  3.86e+01(3.12e+00)  1.15e+01(3.15¢+00)
fr 5.84e-03(1.54e-03) 2.04e-03(6.04e-04) 1.16e-01(3.85e-02)  3.0e+01(1.34e-02)
fs 0e+00(0e+00) 0e+00(0e+00) 4.12e+03(6.55¢+02)  2.01e+03(3.86e+02)
fo 2.56e+05(6.29e+03)  2.32e+05(1.17e+04)  1.49e+02(6.63e+00)  5.29e+01(1.08e+01)
f10 7.16e-10(1.74e-10) 9.50e-13(3.34e-13) 4.70(8.21e-01) 1.54e+00(1.02e+00)
f11 1.45¢+05(3.28¢+03)  1.20e+05(6.81e+03)  5.74e-02(7.30e-03)  9.92e-01(1.09¢-01)
fi2 4.15e-19(2.60e-19) 8.14e-25(8.63¢-25)  1.67e+01(9.84e+00)  9.92e-02(1.29¢-01)
f13 6.04e-17(2.78¢-17) 5.99e-21(9.39e21)  3.89e-01(9.09¢-02)  3.88e+00(1.54e+00)
Mean Rank 5.808 4.962 9.308 10.308
Fun FBSA [83] BBO [84] ABC [85] GABC [85]
f1 2.50e-135(4.22e-13)  1.529¢-01(7.85¢-02)  2.02e-13 (2.15e-13)  1.92e-22 (1.16e-22)
fo 2.01e-29(3.31e-31) 1.178¢-01(1.74e-02)  1.43e-07 (4.35¢-08)  3.23e-12 (9.27¢-13)
fs 1.49¢-04(2.93e-05)  1.045e+03(4.03e+02) NA NA
fa 6.5¢-03(2.3e-04) 4.345e-01(1.40e-01)  1.64e+01 (2.88¢-00)  7.00e-00 (1.01e-00)
fs 3.02e+01(1.28¢+00)  8.552e+01(7.68e+00)  2.39e-01 (1.59e-01)  1.15e-00 (2.81e-00)
fe 0e+00(0e+00) 0e+00(0e+00) 0e+00 (0e+00) 0e+00(0e+00)
fr 5.63e-02(2.72e-02) 1.980e-02(8.99¢-03)  1.93e-01 (5.29¢-02)  8.94e-02 (2.42¢-02)
fs 5.53e+03(3.02¢-02) 0e+00(4.50e-02) 3.78e+01 (1.40e-00)  2.09e-12 (6.66e-13)
fo 3.54e+001(9.3e+00)  1.450e-02(6.20e-03)  1.55¢-06 (2.87¢-06)  1.15e-15 (3.22¢-15)
f1o 7.99¢-15(0e+00) 1.047¢-01(2.18e-02)  2.05¢-06 (5.86e-07)  2.15e-11 (1.06e-11)
f11 0e+00(0e+00) 9.440e-02(3.95¢-02)  3.39e-09 (1.00e-08)  2.08e-03 (6.54e-03)
f1o 3.87e-31(8.47¢-32) 1.100e-03(1.70e-03)  1.43e-14 (1.60e-14)  3.07e-24 (4.71e-24)
f13 1.35e-04(9.72¢-06) NA 2.02e-13 (1.67e-13)  4.80e-23 (3.80e-23)
Mean Rank 4.769 8.115 6.808 5.423
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Table 6 Experiment one: Nemenyi post hoc test comparison of the algorithms compared in Table |5} The symbol “A” indicates a statistical
difference with a = 0.1, while the symbol “@” indicates a statistical difference with a = 0.05. A symbol in a cell indicates that the method in the
row is statistically worse than the method in the column. Thus, empty cells indicate no statistical difference.

Method Configuration 3st3 FEP CEP

SaDE DEahcSPX ODE BFA PSO FBSA BBO ABC GABC

Configuration 3 st3
FEP
CEP [ ] [ ]
SaDE
DEahcSPX

ODE
BFA [ ]
PSO
FBSA
BBO A °
ABC

GABC

°
| X

Table 7 Experiment two: DE and clustering settings considered for the
parameter search.

Parameter Values
Scale factor F=0.5,09
Crossover rate CR=0.5,0.9
Clusters k=2,5,10
Population size N =k x {5, 10, 20}
Mutation strategy st3, st5

Table 8 Experiment two: Selected CDE configurations after the pa-
rameter search.

Best aggregated results

Name F CR k N st
CDE-Conf-29 09 09 5 25 3
CDE-Conf-30 09 09 10 50 3
CDE-Conf-65 09 09 5 25 5
CDE-Conf-67 09 09 2 20 5

Closest to the Best 2009 performance curve
CDE-Conf-10 09 05 2 10 3
CDE-Conf-28 09 09 2 10 3

3. IPOPCMAV3p61,i.e., IPOP-CMA-ES with restart mech-
anism and population doubled at each restart [89];

4. CMA-ES with Gaussian Processes (GP5-CMA-ES) and
Random Forests (RF5-CMA-ES) surrogate models, i.e.,
CMA-ES using respectively GP or RF as surrogate mod-
els to reduce the NFEs [89];

5. LHD-10xDefault, included in the MATLAB Surrogate
Model Toolbox (MATSuMoTo), which uses multivariate
Gaussian Processes as surrogate models and the expected
improvement as infill criterion. Latin Hypercube is used
to obtain the samples in the search space needed to build
the surrogate model [90]].

As it can be noticed, some of the methods above use sur-
rogate models to improve the search, and as such they are
supposed to achieve better results using a lower NFEs.

Furthermore, the comparison included the Bi-Population
CMA-ES (BIPOP-CMA-ES) from the BBOB-2009 compe-
tition, to date one of the best methods for continuous global
optimization. Finally, as a reference algorithm we included
the Best 2009 results available in COCO.

According to the indications given in the COCO frame-
work [86l 91]], we report the results of this comparison in
terms of bootstrapped empirical cumulative distribution of
the NFEs divided by problem dimensionality, see Figure
The figure shows the aggregated results (i.e., not divided
by function group) of all the compared algorithms on the
24 benchmark functions on the five dimensionalities consid-
ered. The main performance measure used in COCO is the
expected running time (ERT), which estimates the expected
NFEs required to reach a particular target function value if
an algorithm is continued until it finds that value. The ERT
depends on a given target function value, fi = fope + Af,
and is computed over all the available runs of an algorithm
as the NFEs executed during each run until the best function
value did not reach f;, summed over all runs and divided by
the number of runs that actually reached f; [92][93].

For the 2-D functions, it can be seen that our proposed
CDE algorithm performed quite well, being CDE-Conf-28
the second-best method. Almost all our CDE configurations
outperformed most of the CMA-ES variants, which is an
important result as CMA-ES is the basis for some of the
most effective methods for continuous global optimization.
CMA-TPA obtained overall the best position (proportion of
functions solved), but CDE-Conf-28 was faster (closer to the
Best 2009 performance curve, solving 80% of the problems
in only 100 x D NFEs). Furthermore, it can be noted that
while both CMA-TPA and CDE-Conf-28 were slower than
the Brent ones, they solved more problems to the desired
precision (le-8).

Regarding the 3-D functions, the best CDE configura-
tion (CDE-Conf-65) uses sz5. It is more exploratory than
st3 because it employs two random vectors, but not at the
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Fig. 3 Experiment two: Bootstrapped empirical cumulative distribution of the NFEs divided by problem dimensionality (NFEs/D) for 50 targets in
101782 for all functions and dimensions. The Best 2009 curve corresponds to the best expected running time (ERT) observed at the BBOB-2009

competition for each target.

maximum allowed capability (5 clusters instead of 10, and
population size of 25 instead of 200). This configuration
was the second-best method, also in this case being CMA-
TPA the first one, and it outperformed six CMA-ES variants.
However, CDE-Conf-65 was slow, taking 500 x D NFEs to
achieve 80% of the targets. Although faster, the other CDE
configurations could only outperform IPOP-CMA-ES and

the surrogate versions. In particular, CDE-Conf-28 was the
fastest CDE configuration, getting close to the Best 2009
performance curve for 10 x D < NFEs < 100 x D, but was
unable to refine the solutions and adequately solve enough
problems. For that reason, it had the worst aggregated result.
Nevertheless, all the CDE configurations found high-quality
solutions, while the Brent methods, LHD-10xDefault, and
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RF5-CMA-ES failed. GP5-CMA-ES, on the other hand, was
the fastest method until 100 x D NFEs.

Scaling the problems to 5 dimensions, the CDE perfor-
mance started to decrease especially w.r.t. the CMA-ES vari-
ants. Nevertheless, most CDE configurations could still beat
IPOP-CMA-ES and the surrogate methods. The best CDE
result was achieved by CDE-Conf-29, which being based
on st3 considers the current best solution to calculate the
difference vector. After 100 x D NFEs, this configuration
solved approximately 75% of the problems. CDE-Conf-28
was once again faster than the other CDE configurations (see
the curve in the range 10 x D < NFEs < 100 x D). Interest-
ingly, CDE-Conf-65 was in this case the slowest configura-
tion; nevertheless, it solved a large proportion of functions.

For 10-D, all the CDE configurations were outperformed
by the CMA-ES variants, except those ones based on surro-
gate models. In this case CDE was still able to solve a large
proportion of functions (see CDE-Conf-30) faster than the
CMA-ES variants at low budgets, but it became slower and
less precise as the budget increased. A local search method
could be necessary from this point to solve more problems.

Finally, for 20-D the results show that the majority of
the CDE configurations solved approximately 90% of the
problems (except for CDE-Conf-28) after 1,000 x D NFEs.
They became much slower than CMA-ES after 10x D NFEs,
but the overall results are promising and encourage further
research to improve the performance of the CDE algorithm.

Overall, there seems to be a relationship between the
problem size (i.e., the number of dimensions) and the num-
ber of clusters used by CDE, see Table @ In fact, the best
configurations were CDE-Conf-28 (k = 2), CDE-Conf-65
(k = 5), CDE-Conf-29 (k = 5), CDE-Conf-30 (k = 10), and
CDE-Conf-30 (k = 10) for 2, 3, 5, 10, and 20 dimensions
respectively. The opposite is also true, as the worst results
were achieved by CDE-Conf-28 (k = 2) for D > 2. There-
fore, such information could be helpful to adapt the number
of clusters to be used by the algorithm depending on the
problem size.

To conclude our analysis of the second experiment, we
compared the algorithms above w.r.t. their success rate per
function, as it is reported by COCO. This additional com-
parison is aimed at identifying on which problems exactly
the proposed CDE algorithm performs better than the other
algorithms from the state-of-the-art. An important aspect to
note here is the success rate is defined in terms percentage of
runs that reached the targets, regardless of the NFEs needed
to do that. Therefore, this comparison provides different in-
formation w.r.t. the bootstrapped empirical cumulative dis-
tribution shown in Figure

In Tables [9] and [T0} we show the success rates on the
problems for 5-D and 10-D, respectivel In 5 dimensions,

5 For brevity, we omit the results for 2-D and 3-D, where most of
the compared methods showed 100% success rate. Likewise, we omit

CDE solved most problems with a performance similar to
that of the best algorithms (i.e., the CMA-ES variants). It
even outperformed CMA-ES on f3 and f4 (separable func-
tions: Rastrigin function and Biiche-Rastrigin function, re-
spectively), as well as fo; and foo (weakly structured mul-
timodal functions: Gallagher Gaussian functions). On the
other hand, CDE failed almost completely on functions fi5
and f19 (multimodal functions: Rastrigin function and Com-
posite Griewank-Rosenbrock function F8F2, respectively),
fo3 and foy (weakly structured multimodal functions: Kat-
suura function and Lunacek bi-Rastrigin function, respec-
tively). [IPOP-CMA-ES showed a very poor overall perfor-
mance, while BIPOP-CMA-ES showed overall the highest
success rates. Of note, the surrogate methods failed on most
benchmark functions, although one may assume that a larger
budget could improve their performance. Finally, the Brent
methods were the best for the separable functions, but failed
for the remaining problems.

In 10 dimensions, CDE failed completely on more prob-
lems and outperformed CMA-ES only on functions f2; and
f22. CDE-Conf-28 did not solve any problem to the desired
precision, while CDE-Conf-30 solved nine of them. After
checking the results, we believe that a better refinement pro-
cess would improve the success rate, as CDE did find high-
quality solutions yet with a slightly larger error than the de-
sired precision. Once again BIPOP-CMA-ES was the over-
all best method, followed by the three CMA-ES variants
(CSA, MSR, and TPA). Also in this case the Brent meth-
ods perfectly solved the separable functions, but failed on
the remaining problems. The surrogate methods failed again
on most benchmark functions. As they did not solve the 5-D
problems, probably due to the small budget, it is understand-
able that they could not solve the larger instances either.

5 Conclusions

In this paper, we proposed eight novel cluster-centroid-based
mutations strategies for Differential Evolution (DE), in the
attempt to improve the performance of the traditional rand/I
mutation strategy. In particular, we used a hierarchical clus-
tering method (UPGMC) to cluster the solutions at each gen-
eration of the DE, and calculate the related centroids. We
hypothesized that the information obtained by cluster cen-
troids could provide the location of promising regions of the
search space, thus improving the search efficiency.

In order to verify our hypothesis, we performed two ex-
periments on two sets of well-known box-constrained global

the results for 20-D, where the proposed CDE algorithm did not solve
any of the problems to the desired precision (le-8), thus having 0%
success rate. We did note however that the algorithm could solve some
problems if the budget is increased to 10e + 06 x D, as used in some
works in the literature. However, this analysis is out of the scope of the
comparison reported in this paper.
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Table 9 Experiment two: Success rates across 15 independent runs
with precision le-8 on 5-D problems. The symbol “-” indicates 0%
success rate.

Algorithm f1 2 3 4 f5 6 7 18 9 f10  f11  f12
Best 2009 1.00 100 1.00 1.00 1.00 1.00 1.00 100 100 100 100 1.00
IPOPCMAv3p61  1.00 - - - 1.00 - 0.20 - - - - -
BIPOP-CMA-ES  1.00 1.00 0.93 - 1.00 1.00 1.00 1.00 1.00 1.00 100 1.00
CDE-Conf-10 100 1.00 1.00 040 0.67 100 087 100 093 - - 0.07
CDE-Conf-28 100 0.67 - - 0.07 007 073 - - - - -
CDE-Conf-30 1.00 100 0.67 - 1.00 1.00 1.00 1.00 1.00 1.00 100 100
CDE-Conf-67 100 1.00 - - - 080 100 100 100 1.00 1.00 033
CDE-Conf-65 100 1.00 - - 0.07 087 100 100 100 100 100 0.87
CDE-Conf-29 1.00 100 033 020 0.67 1.00 100 100 100 100 0.3 027
CMA-CSA 1.00 100 033 - 1.00 1.00 1.00 1.00 1.00 1.00 100 100
CMA-MSR 1.00 100 093 - 1.00 1.00 1.00 1.00 1.00 1.00 100 100
CMA-TPA 1.00 100 033 - 1.00 1.00 1.00 1.00 1.00 1.00 100 1.00
GP5-CMA-ES 073 0.3 - - 1.00 - - - - 0.07  0.07 -
LHD-10xDefault - - - - 1.00 - -
RF5-CMA-ES - - - - 0.67 -

Sif 1.00 100 1.00 1.00 1.00 -

Sifeg 100 100 1.00 1.00 1.00 -

Srr 100 100 1.00 1.00 1.00 -

BSifeg .00 1.00 100 1.00 1.00 -

BSqi 1.00 100 1.00 1.00 1.00 -

BSrr 1.00 100 1.00 1.00 1.00 -

Algorithm f13 f14 15 16 17 f18 f19 £20 21 22 23 24
Best 2009 1.00 100 093 1.00 1.00 1.00 100 093 093 093 100 020
IPOPCMAv3p61 - - - - - - - - - 0.07 - -
BIPOP-CMA-ES  1.00 1.00 1.00 1.00 100 100 100 100 100 1.00 100 020
CDE-Conf-10 - - - - - - - 067 067 080 -
CDE-Conf-28 - - - - - - - - 040 020
CDE-Conf-30 100 1.00 - 0.07 0.07 - - 0.60 1.00 1.00
CDE-Conf-67 040 100 - - 0.87 0.67 - 0.67 1.00 1.00
CDE-Conf-65 033 1.00 - 0.07 080 040 - 093  1.00 1.00
CDE-Conf-29 007 067 0.3 - - - - 073 1.00 100 -
CMA-CSA .00 1.00 100 1.00 1.00 1.00 100 100 060 040 100
CMA-MSR 1.00 100 1.00 1.00 1.00 1.00 - - 040 047  1.00
CMA-TPA 1.00 1.00 1.00 1.00 1.00 1.00 100 100 067 053 0.87
GP5-CMA-ES - - - - - - - - - - -
LHD-10xDefault - - - - - - - -
RF5-CMA-ES - - - - - - - - -

Sif - - - - - - - 0.13  0.07

Sifeg - - 020 0.3

Srr - 007 020

BSifeg - 007 0.3

BSqi - - -

BSrr - -

Table 10 Experiment two: Success rates across 15 independent runs
with precision le-8 on 10-D problems. The symbol “-” indicates 0%
success rate.

Algorithm f1 2 3 4 5 f6 7 8 9 flo  f11  f12
Best 2009 100 100 100 080 1.00 100 100 100 100 100 100 1.00
IPOPCMAv3p61  1.00 - - - 1.00 - - - - - - -
BIPOP-CMA-ES  1.00 1.00 0.13 - 1.00  1.00 100 100 100 1.00 1.00 1.00
CDE-Conf-10 1.00 100 - - - - - - - - - -
CDE-Conf-28 - - - - - - - - - -
CDE-Conf-30 1.00 100 - 1.00 020 093 1.00 - - 0.07
CDE-Conf-67 1.00 100 - - 0.87 033 007 - - -
CDE-Conf-65 1.00 100 - - 1.00 073 027
CDE-Conf-29 1.00 100 - - 0.07 - 033 027 - - -
CMA-CSA 1.00 100 - 1.00 1.00 100 100 100 1.00 1.00 1.00
0
.0

CMA-MSR 1.00 1.00 1.00 1.00  1.00 1.00 100 1.00 1.00 1.00 1.00
CMA-TPA 1.00  1.00 0.07 1.00  1.00 1.00 100 1.00 1.00 1.00 1.00
GP5-CMA-ES 0.27 - - 1.00 - - - - - - -
LHD-10xDefault - - - - 1.00
RF5-CMA-ES - - - - 0.67 - -

Sif 1.00 1.00 100 1.00 1.00 - -

Sifeg 1.00  1.00 100 1.00 1.00 - - -

Srr 1.00 1.00 100 1.00 1.00 - - -

BSifeg 1.00 1.00 100 1.00 1.00 - - -

BSqi 1.00 1.00 100 1.00 1.00 - -

BSrr .00 1.00 100 1.00 1.00 - -

Algorithm f13 f14  f15 f16 17 f18 f19  f20 21 22 23 24
Best 2009 .00 1.00 080 1.00 1.00 1.00 100 100 100 1.00 1.00 0.07
IPOPCMAv3p61 - - - - - - - - 0.07 - - -
BIPOP-CMA-ES 1.00 100 100 100 1.00 1.00 100 100 100 0.60 1.00 0.07
CDE-Conf-10 - - - - - - - - 0.13 - - -
CDE-Conf-28 - - - - - - - - -
CDE-Conf-30 - - - - - - - - 093  0.80
CDE-Conf-67 - - - - - - - - 0.80  0.20
CDE-Conf-65 - - 0.93  0.40
CDE-Conf-29 - - - - - - - - 0.80 0.27 -
CMA-CSA .00 1.00 100 1.00 1.00 1.00 100 100 047 0.07 040
CMA-MSR .00 1.00 100 1.00 1.00 1.00 - - 0.47 0.07 1.00
CMA-TPA 1.00 100 100 1.00 1.00 100 087 007 053 007 0.67
GP5-CMA-ES - - - - - - - - - - -
LHD-10xDefault -
RF5-CMA-ES - - - -

Sif - - - -

Sifeg - - - -

Srr - - - -

BSifeg - - - -

BSqi - - - - -

BSrr - - - - 0.07

optimization benchmark functions. In the first experiment,
we tested the proposed cluster-centroid-based mutation strate-
gies with three different DE configurations on 13 selected
benchmark functions, and used the results in three distinct
comparisons. The first comparison considered the basic DE
with rand/l mutation strategy: this result showed that the
proposed cluster-centroid-based mutations statistically out-
performed the traditional one, thus proving that using cluster
centroid information to guide DE does provide a benefit on
the search efficiency. Another interesting finding is that this
positive effect does not correlate with the number of clusters
on the contrary, the performance seems to decrease as more
clusters are used. The solution might be to increase the pop-
ulation size in order to have a better sample of the search
space leading to better clusters, at the cost of increasing the
runtime.

The second comparison was with two other cluster-centroid-
based versions of DE from the literature, i.e., W-CDE [53]]
and C-DE [52]. Differently from our approach, these two
algorithms do not employ clustering information in the mu-
tation strategies, but rather use cluster centroids to replace,
periodically, some of the solutions in the population. Our re-
sults show that our cluster-centroid-based approach is com-
petitive against both W-CDE and C-DE in terms of solution
quality.

The third comparison included results from recent meta-
heuristics of different kinds, most of which nature-inspired.
Also in this case, our algorithm compared favorably against
the other methods, outperforming well-established methods
such as PSO and ABC.

We then performed a second experiment on a harder
benchmark (BBOB), and compared the proposed approach
with the best algorithms from the BBOB-2015 competition,
as well as BIPOP-CMA-ES from the BBOB-2009 competi-
tion. The results, in terms of aggregated bootstrapped empir-
ical cumulative distribution, showed that in the case of low-
dimensional problems the proposed cluster-centroid-based
mutation strategies could achieve a performance similar to,
and in some cases better than, that of various CMA-ES vari-
ants. On the other hand, on the higher-dimensional problems
the performance of the proposed approach degraded, mostly
because of a lack of better exploitation capabilities.

A possible reason for this lack of exploitation is the fact
that in our proposal clustering is done in the solution space
(i.e., clusters can contain mixed quality solutions), thus ig-
noring any fitness information. Therefore, we intend to in-
vestigate the inclusion of the solutions’ quality (i.e., their
fitness values) in the clustering process. Moreover, it will be
interesting to consider alternative scale factor schemes (e.g.
based on randomized scale factors) to help the clustering
process and avoid adding explicit noise as we did here.

Another possible explanation for the degradation of per-
formance as the problem dimensionality increases is the fact
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that in our current proposal the number of clusters (k) was
fixed during the entire DE optimization process. However, as
the solutions change over time, it might be advantageous to
adjust k£ dynamically during the evolutionary process. This
intuition is supported by the observation that, for the harder
high-dimensional problems, the best configurations of our
method used a number of clusters k » D. Thus, larger prob-
lems were solved more efficiently by configurations using
more clusters. Even though this observation seems to con-
tradict the results obtained in the first experiment, where we
noted that better results were obtained with less clusters, we
believe that studying alternative clustering methods, capable
to either automatically select £ depending on the problem
size and characteristics, or adjust k£ over time, might be an
interesting research direction.

Regarding computational cost and speed, the technique
presented in this paper is certainly slower than the other
methods used in the comparisons: this is because the cluster-
ing process is executed at every DE generation, calculating
the pairwise distances among all the solutions to be clus-
tered (this process has O(N?) time complexity [68]], with
N being the population size). Future investigations might
be devoted to reduce this overhead, e.g. by introducing a dy-
namic scheme that automatically adapts the frequency of the
clustering updates, or using a different clustering algorithm.

To conclude, the results presented herein contribute to
justifying the hybridization of metaheuristics and machine-
learning methods to improve the search. In particular, the
use of cluster centroid information is a promising research
topic that could be exploited not only in advanced DE vari-
ants, but also in other population-based metaheuristics.

Declarations

Funding: Not applicable.

Conflicts of interest/Competing interests: Not applicable.
Availability of data and material: The raw data are avail-
able upon request.

Code availability: The code is available upon request.
Authors’ contributions: Both authors contributed to the de-
sign of this study. Experiments and data collection were per-
formed by V. V. de Melo. The analysis was performed by V.
V. de Melo and G. lacca. The first draft of the manuscript
was written by both authors. Both authors read and approved
the final manuscript.

Compliance with ethical standards

Conflict of Interest: The authors declare that they have no
conflict of interest.

References

1. Davis, Lawrence and others: Handbook of genetic algo-
rithms, vol. 115. Van Nostrand Reinhold (1991)

2. Shi, Yuhui and Eberhart, Russell: A modified particle
swarm optimizer. In: IEEE Congress on Evolutionary
Computation, pp. 69—73 (1998)

3. Geem, Zong Woo and Kim, Joong Hoon and Lo-
ganathan, GV: A new heuristic optimization algorithm:
harmony search. Simulation 76(2), 60—68 (2001)

4. Karaboga, Dervis and Basturk, Bahriye: A powerful
and efficient algorithm for numerical function optimiza-
tion: artificial bee colony (ABC) algorithm. Journal of
Global Optimization 39(3), 459-471 (2007)

5. Tuba, Milan and Brajevic, Ivona and Jovanovic, Raka:
Hybrid Seeker Optimization Algorithm for Global Op-
timization. Applied Mathematics & Information Sci-
ences 7(3), 867-875 (2013)

6. Hamed Soleimani and Govindan Kannan: A hybrid
particle swarm optimization and genetic algorithm for
closed-loop supply chain network design in large-scale
networks. Applied Mathematical Modelling 39(14),
39904012 (2015)

7. Ligang Cui and Jie Deng and Lin Wang and Maozeng
Xu and Yajun Zhang: A novel locust swarm algorithm
for the joint replenishment problem considering multi-
ple discounts simultaneously. Knowledge-Based Sys-
tems 111, 51-62 (2016)

8. Zhenyu Meng and Jeng-Shyang Pan: Monkey King
Evolution: A new memetic evolutionary algorithm and
its application in vehicle fuel consumption optimiza-
tion. Knowledge-Based Systems 97, 144—157 (2016)

9. Marko Miti¢ and Najdan Vukovi¢ and Milica Petrovi¢
and Zoran Miljkovi¢: Chaotic fruit fly optimization
algorithm. Knowledge-Based Systems 89, 446458
(2015)

10. Wolpert, David H. and Macready, William G.: No free
lunch theorems for optimization. IEEE Transactions on
Evolutionary Computation 1(1), 67-82 (1997)

11. de Melo, Vinicius Veloso and Delbem, Alexandre Clau-
dio Botazzo and Pinto Junior, Dorival Leao and Fed-
erson, Fernando Marques: Improving global numerical
optimization using a search-space reduction algorithm.
In: Genetic and Evolutionary Computation Conference,
pp- 1195-1202 (2007)

12. Vinicius Veloso de Melo and Alexandre Cldudio Bo-
tazzo Delbem: Investigating Smart Sampling as a popu-
lation initialization method for Differential Evolution in
continuous problems. Information Sciences 193, 36-53
(2012)

13. de Melo, Vinicius V. and Delbem, Alexandre C. B.: Us-
ing Smart Sampling to Discover Promising Regions and
Increase the Efficiency of Differential Evolution. In:



G. Iacca and V. V. de Melo

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

International Conference on Intelligent Systems Design
and Applications, pp. 1394-1399 (2009)

Laetitia Jourdan and Clarisse Dhaenens and El-Ghazali
Talbi: Using Datamining Techniques to Help Meta-
heuristics: A Short Survey. In: Hybrid Metaheuristics,
pp. 57-69 (2006)

de Melo, Vinicius Veloso and Delbem, Alexandre C.
B. and Pinto Junior, Dorival Leao and Federson, Fer-
nando Marques: Discovering Promising Regions to
Help Global Numerical Optimization Algorithms. In:
Mexican International Conference on Artificial Intelli-
gence, pp. 72-82 (2007)

Noman, N. and Iba, H.: Accelerating Differential Evo-
Iution Using an Adaptive Local Search. IEEE Trans-
actions on Evolutionary Computation 12(1), 107-125
(2008)

Chandra Sekhar Pedamallu and Linet Ozdamar: Inves-
tigating a hybrid simulated annealing and local search
algorithm for constrained optimization. European Jour-
nal of Operational Research 185(3), 1230-1245 (2008)
Noman, Nasimul and Bollegala, Danushka and Iba, Hi-
toshi: Differential evolution with self adaptive local
search. In: Genetic and Evolutionary Computation Con-
ference, pp. 1099-1106 (2011)

Storn, Rainer and Price, Kenneth: Differential Evolu-
tion - A Simple and Efficient Heuristic for Global Op-
timization over Continuous Spaces. Journal of Global
Optimization 11(4), 341-359 (1997)

Vinicius V. de Melo and Grazieli L. C. Carosio: Inves-
tigating Multi-View Differential Evolution for solving
constrained engineering design problems. Expert Sys-
tems with Applications 40(9), 3370-3377 (2013)
Boussaid, Ilhem and Chatterjee, Amitava and Siarry,
Patrick and Ahmed-Nacer, Mohamed: Biogeography-
based optimization for constrained optimization prob-
lems. Computers & Operations Research 39(12), 3293—
3304 (2012)

Kovacevié, Darko and Mladenovié, Nenad and Petrovic,
Bratislav and MiloSevi¢, Pavle: DE-VNS: Self-adaptive
Differential Evolution with crossover neighborhood
search for continuous global optimization. Computers
& Operations Research 52, Part B(0), 157-169 (2014)
Marco Locatelli and Mirko Maischberger and Fabio
Schoen: Differential evolution methods based on lo-
cal searches. Computers & Operations Research 43(0),
169-180 (2014)

dos Santos Coelho, Leandro and Souza, Rodrigo
Clemente Thom and Mariani, Viviana Cocco: Improved
differential evolution approach based on cultural algo-
rithm and diversity measure applied to solve economic
load dispatch problems. Mathematics and Computers in
Simulation 79(10), 3136-3147 (2009)

Pedrosa Silva, Rodrigo César and Lopes, Rodolfo Ay-

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

ala and Guimardes, Frederico Gadelha: Self-adaptive
mutation in the differential evolution. In: Genetic and
Evolutionary Computation Conference, pp. 1939-1946
(2011)

Quan-Ke Pan and P.N. Suganthan and Ling Wang and
Liang Gao and R. Mallipeddi: A differential evolution
algorithm with self-adapting strategy and control pa-
rameters. Computers & Operations Research 38(1),
394-408 (2011)

Feoktistov, V.: Differential evolution. Springer (2006)
Tacca, Giovanni and Caraffini, Fabio and Neri, Ferrante:
Multi-Strategy Coevolving Aging Particle Optimiza-
tion. International Journal of Neural Systems 24(01)
(2013)

Tacca, Giovanni and Neri, Ferrante and Caraffini, Fabio
and Suganthan, Ponnuthurai Nagaratnam: A differential
evolution framework with ensemble of parameters and
strategies and pool of local search algorithms. In: Eu-
ropean Conference on the Applications of Evolutionary
Computation, pp. 615-626 (2014)

Iacca, Giovanni and Caraffini, Fabio and Neri, Ferrante:
Continuous Parameter Pools in Ensemble Self-Adaptive
Differential Evolution. In: IEEE Symposium Series on
Computational Intelligence, pp. 1529-1536 (2015)
Yaman, Anil and lacca, Giovanni and Coler, Matt
and Fletcher, George and Pechenizkiy, Mykola: Multi-
strategy differential evolution. In: International Confer-
ence on the Applications of Evolutionary Computation,
pp. 617-633 (2018)

Karol Opara and Jarostaw Arabas: Comparison of muta-
tion strategies in Differential Evolution - A probabilistic
perspective. Swarm and Evolutionary Computation 39,
53-69 (2018)

Yaman, Anil and Iacca, Giovanni and Caraffini, Fabio:
A comparison of three differential evolution strategies
in terms of early convergence with different population
sizes. In: AIP Conference Proceedings, vol. 2070-1, p.
020002 (2019)

Rahnamayan, S., Tizhoosh, H.R., Salama, M.M.:
Opposition-based differential evolution. IEEE Transac-
tions on Evolutionary computation 12(1), 64-79 (2008)
Rahnamayan, S., Jesuthasan, J., Bourennani, F.,
Naterer, G.F., Salehinejad, H.: Centroid opposition-
based differential evolution. International Journal of
Applied Metaheuristic Computing (IJAMC) 5(4), 1-25
(2014)

Rahnamayan, S., Jesuthasan, J., Bourennani, F., Sale-
hinejad, H., Naterer, G.F.: Computing opposition by in-
volving entire population. In: 2014 IEEE congress on
evolutionary computation (CEC), pp. 1800-1807. IEEE
(2014)

Rahnamayan, S., Wang, G.G.: Center-based sampling
for population-based algorithms.  In: 2009 IEEE



Cluster-centroid-based mutation strategies for Differential Evolution

19

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

Congress on Evolutionary Computation, pp. 933-938.
IEEE (2009)

Salehinejad, H., Rahnamayan, S.: Effects of centralized
population initialization in differential evolution. In:
2016 IEEE Symposium Series on Computational Intel-
ligence (SSCI), pp. 1-8. IEEE (2016)

Khanum, R.A., Jan, M.A.: Centroid-based initialized
jade for global optimization. In: 2011 3rd Com-
puter Science and Electronic Engineering Conference
(CEEC), pp. 115-120. IEEE (2011)

Salehinejad, H., Rahnamayan, S., Tizhoosh, H.R.:
CenDE: Centroid-based differential evolution. In: 2018
IEEE Canadian Conference on Electrical & Computer
Engineering (CCECE), pp. 1-4. IEEE (2018)
Esmailzadeh, A., Rahnamayan, S.: Enhanced differen-
tial evolution using center-based sampling. In: 2011
IEEE Congress of Evolutionary Computation (CEC),
pp. 2641-2648. IEEE (2011)

Hiba, H., El-Abd, M., Rahnamayan, S.: Improving
SHADE with center-based mutation for large-scale op-
timization. In: 2019 IEEE Congress on Evolutionary
Computation (CEC), pp. 1533-1540. IEEE (2019)
Mousavirad, S.J., Rahnamayan, S.: A novel center-
based differential evolution algorithm. In: 2020 IEEE
Congress on Evolutionary Computation (CEC), pp. 1-
8. IEEE (2020)

Hiba, H., Mahdavi, S., Rahnamayan, S.: Differential
evolution with center-based mutation for large-scale op-
timization. In: 2017 IEEE Symposium Series on Com-
putational Intelligence (SSCI), pp. 1-8. IEEE (2017)
Hiba, H., Ibrahim, A., Rahnamayan, S.: Large-scale op-
timization using center-based differential evolution with
dynamic mutation scheme. In: 2019 IEEE Congress
on Evolutionary Computation (CEC), pp. 3189-3196.
IEEE (2019)

Hiba, H., Bidgoli, A.A., Ibrahim, A., Rahnamayan, S.:
CGDE3: An efficient center-based algorithm for solv-
ing large-scale multi-objective optimization problems.
In: 2019 IEEE Congress on Evolutionary Computation
(CEC), pp. 350-358. IEEE (2019)

Mahdavi, S., Rahnamayan, S., Deb, K.: Center-based
initialization of cooperative co-evolutionary algorithm
for large-scale optimization. In: 2016 IEEE Congress
on Evolutionary Computation (CEC), pp. 3557-3565.
IEEE (2016)

Mousavirad, S.J., Rahnamayan, S.: CenPSO: A novel
center-based particle swarm optimization algorithm for
large-scale optimization. In: 2020 IEEE International
Conference on Systems, Man, and Cybernetics (SMC),
pp. 2066-2071. IEEE (2020)

Fan, Hui-Yuan and Lampinen, Jouni: A Trigonometric
Mutation Operation to Differential Evolution. Journal
of Global Optimization 27(1), 105-129 (2003)

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

Ali, Musrrat and Pant, Millie and Nagar, Atulya: Two
New Approach Incorporating Centroid Based Mutation
Operators For Differential Evolution. World Journal of
Modelling and Simulation 7(1), 16-28 (2011)

Tan, Pang-Ning and Steinbach, Michael and Kumar,
Vipin: Introduction to Data Mining. Addison Wesley
(2005)

Zhihua Cai and Wenyin Gong and Charles X. Ling and
Harry Zhang: A clustering-based differential evolution
for global optimization. Applied Soft Computing 11(1),
1363-1379 (2011)

Yong-Jun Wang and Jiang-She Zhang and Gai-Ying
Zhang: A dynamic clustering based differential evolu-
tion algorithm for global optimization. European Jour-
nal of Operational Research 183(1), 5673 (2007)
Sneath, Peter HA and Sokal, Robert R: Numerical tax-
onomy. The principles and practice of numerical classi-
fication. W.H. Freeman (1973)

Vinicius Veloso de Melo and Grazieli Luiza Costa Caro-
sio: Evaluating differential evolution with penalty func-
tion to solve constrained engineering problems. Expert
Systems with Applications 39(9), 7860-7863 (2012)
Ferrante Neri and Giovanni Iacca and Ernesto Mininno:
Disturbed Exploitation compact Differential Evolution
for limited memory optimization problems. Information
Sciences 181(12), 2469-2487 (2011)

Pan, Quan-Ke and Wang, Ling and Gao, Liang and Li,
W. D.: An effective hybrid discrete differential evolu-
tion algorithm for the flow shop scheduling with inter-
mediate buffers. Information Sciences 181, 668—685
(2011)

Wang, Yu and Li, Bin and Weise, Thomas: Estimation
of distribution and differential evolution cooperation
for large scale economic load dispatch optimization of
power systems. Information Sciences 180, 2405-2420
(2010)

Chakraborty,, Uday K.: Advances in Differential Evo-
lution. Springer (2008)

Bhowmik, Pavel and Das, Sauvik and Konar, Amit and
Das, Swagatam and Nagar, Atulya K.: A new differen-
tial evolution with improved mutation strategy. In: IEEE
Congress on Evolutionary Computation, pp. 1-8 (2010)
Rui Mendes and Arvind S. Mohais: DynDE: a dif-
ferential evolution for dynamic optimization problems.
In: IEEE Congress on Evolutionary Computation, pp.
2808-2815 (2005)

Min Zhang and Wenjian Luo and Xufa Wang: Differen-
tial evolution with dynamic stochastic selection for con-
strained optimization. Information Sciences 178(15),
3043-3074 (2008)

Swagatam Das and Ponnuthurai Nagaratnam Sugan-
than: Differential Evolution: A Survey of the State-of-
the-Art. IEEE Transactions on Evolutionary Computa-



20

G. Iacca and V. V. de Melo

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

7.

tion 15(1), 4-31 (2011)

Jingqiao Zhang and Arthur C. Sanderson: JADE: Adap-
tive Differential Evolution With Optional External
Archive. IEEE Transactions on Evolutionary Compu-
tation 13(5), 945-958 (2009)

Bi, Shujun and Zhou, Jianjun: Adaptive Differential
Evolution Based on New Mutation Strategy. In: Inter-
national Conference on Computational and Information
Sciences, pp. 1103-1106 (2011)

Vinicius Veloso de Melo and Grazieli Luiza Costa Caro-
sio: Automatic generation of evolutionary operators: a
study with mutation strategies for the differential evolu-
tion. In: Symposium on Applied Computing, pp. 188—
193 (2013)

Pant, M. and Ali, M. and Abraham, A.: Mixed Mutation
Strategy Embedded Differential Evolution. In: IEEE
Congress on Evolutionary Computation, pp. 12401246
(2009)

Miillner, Daniel: Modern hierarchical, agglomerative
clustering algorithms. arXiv preprint arXiv:1109.2378
(2011)

Hallawa, Ahmed and Yaman, Anil and Iacca, Giovanni
and Ascheid, Gerd: A framework for knowledge inte-
grated evolutionary algorithms. In: European Confer-
ence on the Applications of Evolutionary Computation,
pp. 653-669 (2017)

Larranaga, Pedro and Lozano, Jose A.: Estimation of
Distribution Algorithms: A New Tool for Evolutionary
Computation. Kluwer Academic Publishers (2001)
Lozano, Jose A and Larrafiaga, Pedro and Inza, Ifiaki
and Bengoetxea, Endika: Towards a new Evolutionary
Computation: advances on estimation of distribution al-
gorithms, vol. 192. Springer (2006)

Neri, Ferrante and Iacca, Giovanni and Mininno,
Ernesto: Compact Optimization. In: Handbook of Op-
timization: From Classical to Modern Approach, pp.
337-364. Springer (2013)

Giovanni lacca and Fabio Caraffini: Re-sampled inher-
itance compact optimization. Knowledge-Based Sys-
tems 208, 106416 (2020)

Yao, Xin and Liu, Yong and Lin, Guangming: Evolu-
tionary Programming Made Faster. IEEE Transactions
on Evolutionary Computation 3(2), 82—102 (1999)
Zaharie, D.: Critical values for the control parameters
of differential evolution algorithms. In: International
Conference on Soft Computing, pp. 62-67 (2002)
Zaharie, D.: Control of population diversity and adap-
tation in differential evolution algorithms. In: Interna-
tional Conference on Soft Computing, vol. 9, pp. 41-46
(2003)

Zaharie, D.: Influence of crossover on the behavior of
differential evolution algorithms. Applied soft comput-
ing 9(3), 1126-1138 (2009)

78.

79.

80.

81.

82.

83.

84.

85.

86.

87.

88.

89.

90.

Demsar, Janez: Statistical comparisons of classifiers
over multiple data sets. The Journal of Machine Learn-
ing Research 7, 1-30 (2006)

Qin, A.K., Suganthan, P.N.: Self-adaptive differen-
tial evolution algorithm for numerical optimization.
In: 2005 IEEE congress on evolutionary computation,
vol. 2, pp. 1785-1791. IEEE (2005)

Noman, N., Iba, H.: Accelerating differential evolution
using an adaptive local search. IEEE Transactions on
evolutionary Computation 12(1), 107-125 (2008)

Yao, X., Liu, Y., Lin, G.: Evolutionary programming
made faster. IEEE Transactions on Evolutionary com-
putation 3(2), 82-102 (1999)

Kennedy, J., Eberhart, R.: Particle swarm optimization.
In: Proceedings of ICNN’95-international conference
on neural networks, vol. 4, pp. 1942-1948. IEEE (1995)
Chu, Y., Mi, H,, Liao, H., Ji, Z., Wu, Q.: A fast bacte-
rial swarming algorithm for high-dimensional function
optimization. In: 2008 IEEE congress on evolutionary
computation (ieee world congress on computational in-
telligence), pp. 3135-3140. IEEE (2008)

Xiangtao Li and Jinyan Wang and Junping Zhou and
Minghao Yin: A perturb biogeography based optimiza-
tion with mutation for global numerical optimization.
Applied Mathematics and Computation 218(2), 598-
609 (2011)

Gao, Wei-Feng and Liu, San-Yang and Huang, Ling-
Ling: A novel artificial bee colony algorithm with Pow-
ell’s method. Applied Soft Computing 13(9), 3763—
3775 (2013)

Finck, Steffen and Hansen, Nikolaus and Ros, Ray-
mond and Auger, Anne: Real-Parameter Black-Box
Optimization Benchmarking 2009: Presentation of the
Noiseless Functions. Tech. rep., INRIA (2010)

Posik, Petr and BaudiS$, Petr: Dimension selection in
axis-parallel Brent-step method for black-box optimiza-
tion of separable continuous functions. In: Companion
of the Genetic and Evolutionary Computation Confer-
ence, pp. 1151-1158 (2015)

Atamna, Asma: Benchmarking IPOP-CMA-ES-TPA
and [POP-CMA-ES-MSR on the BBOB noiseless
testbed. In: Companion of the Genetic and Evolutionary
Computation Conference, pp. 1135-1142 (2015)

Bajer, Lukas and Pitra, Zbynék and Holenia, Martin:
Benchmarking Gaussian processes and random forests
surrogate models on the BBOB noiseless testbed. In:
Companion of the Genetic and Evolutionary Computa-
tion Conference, pp. 1143-1150 (2015)

Brockhoff, Dimo and Bischl, Bernd and Wagner, To-
bias: The impact of initial designs on the performance
of MATSuMoTo on the noiseless BBOB-2015 testbed:
A preliminary study. In: Companion of the Genetic and
Evolutionary Computation Conference, pp. 1159-1166



Cluster-centroid-based mutation strategies for Differential Evolution

21

91.

92.

93.

(2015)

N. Hansen and A. Auger and S. Finck and R. Ros.:
Real-Parameter Black-Box Optimization Benchmark-
ing 2012: Experimental Setup. Tech. rep., INRIA
(2012)

Kenneth Price: Differential evolution vs. the functions
of the second ICEO. In: IEEE Congress on Evolution-
ary Computation, pp. 153-157 (1997)

Hansen, N. and Auger, A. and Finck, S. and Ros, R.:
Real-Parameter Black-Box Optimization Benchmark-
ing 2010: Experimental Setup. Tech. rep., INRIA
(2010)

A Extended results for experiment one

Single-sided paired Welch test (o« = 0.05) was employed to perform
pairwise comparisons on the mean fitness, provided that the distribu-
tion of the fitness of each pair of compared algorithm configurations
presented unequal variances. The symbol “*” indicates that the mean
fitness obtained with the focal mutation strategy is statistically better
than that obtained with rand/I (the baseline). Paired test was performed
because all methods were run using the same 30 distinct initial popu-
lations (one for each of the 30 independent runs).



G. Iacca and V. V. de Melo

€168 9e¥'S £26'S L99°T €€€°¢ 8TS 128°¢ S0TY 9e'E suey uedy
(20+992S°S)T0+or61° 1 (10-981S'D)T0-06FT'L  (00+F6T 1)00+180'T (10-98%6'S)P0-98LY'6 (€0-98€6'1)€0-98+9' T (10-91€1°8)T0-0LEEY ($0-010T°9)¥0-95T1°9 ($0-2€14°6)€0-9580"T (F0-96LS LIVO-0FITL 01
(2O+36L7)T0+80€" T (10-0L8€'1)70-9888'C  (00+3SST 1)10-9866'6 (F0-9TLT'9IH0-9555°6 ($0-9296'€)€0-958¢€" T (00+2960'T0-966L8  #(F0-99¥6'PIV0-9PST  (£0-2L99'6)E0-T1H6'S (F0-96LS LIVO-FITL S eLf
(10+2€66')T0HELY'E  (T0-2LS0'6)T0-9699'T (10-29%°9)10-21"1 ($0-259%" L)¥0-2¥89'L (0-$9L'€)€0-269¢" T (00+€SH)00+9100°C  «(FO-OTIEHF0-9THL'T (10-26091)20-28%'6 (F0-26LS LIVO-2VITL T
(00+2€T0'T)00+81L'E (S0-96°6)S0-21 LS (10-9696'1)20-9696'S  «(TE-2568'VTE-8KE H #(00+20)TE-R1LS'T (10-268€ M 10-SLY T «(FT09V6 P)FT2199'6  (80-959€°€)60-96LL Y (0T-2L8'T0T21867 01
(00+2900°€)00+2S€9y  (S0-9890'1)90-288 "t (20-2€9T°0)€0-29LT '8 «(00+20)TE-R1 LS T #(00+20)TE-R1LS'T (10-98TL°O10-21PL' T «(TTO1T6'TTOTH8T  (S0-9668 1)90-9€5S°9 (0T-2L8T)0T-2186'1 S eif
(00+2956'1)00+F01y  (TO-R9E1TIE0-BLI'S (€0-2761 1E0-21H0'T «(00+20)TE-21LST #(TTALS6'LITT-2STIT  (10-0€8'9)10-216€°T #(TT-26T9) 172180 (€0-$9T 1)¥0-220¢'8 (0T-2L8T)0T2186r €
(10-2800°27)00+2161"1 (20-2828'1)TOIET'T (20-2928'1)70-9TSL'1 (00+20)00+20 (€0-29TL DY0-21SH'E (TO-2SEP H)TO219S (00+20)00+20 (LO-3TTT'6)L0-98LY'1 (00+20)00+20 o1
(10-250€°€)00+2168'1 (20210t 1)€0-27L'8 (T0-21EL'1)T0-2886'1 (00+20)00+20 (00+20)00+20 (20-21TH 1)20-26£8°€ (00+20)00+20 ($0-29T 1)S0-2€TT L (00+20)00+20 S T
(10-2150°9)00+2928'T (10-27"0)10-2661"1 (20-2579°D)T0°¢ '€ (00+20)00+20 (S0-2LL0'1)90-2€TS T (T0-98L6°€)T0-29L8°T (00+20)00+20 (102150 1)T0-24L8 '€ (00+20)00+20 T
(00+29T€ 1)00+36TH'9  (£0-TLI"8)E0-98T0°€ (102166'P)102¢rr'e  +(ST-218L'1ST-2986'S  +(ST-LLO'DST-o¥61°L  (10-2197°)10-9SHE'E  «(E1-2S6'€)TI-268S (90-2559'T)L0-2LTE9 (IT-2€LF'DOT-2810°'T 01
(00+2L0Y' 1O0+TTIOL  (E0-9€TTT)E0-STOT (10-2161°DT02LLLG  #(ST-THPLDST-ALYE'S  «(91-9€TS'R)ST-29¢€’L  (10-2L6FL) 1026669 #(T1-2L06')T1-290'8 (€0-2LLT DEOY'T (IT-9€LF'DOT-2810'T oLf
(00+2€0° 100+LTH9 (10-9€6€°€)10-9C10°T (TORTIT°9T0298€'S  #(ST-P€TLDSI-ALTS  +(91-0€€0'LIST-2LOY' L  (10-2166'L)10-9T06'6  +(TI-2890°S)11-9868'1 (20-2618'1)20-9CE € (IT-9€L1"D01-9810'T T
(00+L9EPITO+I69T'T  (10+2661°TDT0+98T T (00+€06'DIOHILOT  (00+0LTL'TOHTEE6  (00+95ST'6)10+oHE0'8  (00+9€TO'E)TO+HEET'T (00+920T°)10+6€°6  (00+PP0'L)00+ELS T (10-9€6T°$)10-98L8°C 01
(10+260°DI0+PTIT  (10+RISTDI0H6TY T (00+29617)00+2140°9  (00+6L6'LITOHRILIS  (00HIEES'E)T0H96T8  (00+H0STTOHLYOT  (00+RESSLITOH9IZO T #(SO-0LITLISO0SHL' T (10-9€6T°S)10-98L8C S f
(10+998€°D10+9CS6'L  (10+9SS0 00HLTE'G  (00+T08H)00+LSE9  (10+960 1) T0+HSEL L (10+TEF DO (00+R1P0'E)T0HLTOT  (00+91S 6)T0+STO' (00+2LS0'D10-426'€  (10-9€6T°S1098L8C T
(€0+9€L0'DEOHFI0 6 (E0HOE]S DPOHIS00T-  (TOHPLEOPOHRITTT-  «(TI-066T DYOHILSTT-  (E1-96E LVOHILST T (TOHI9F P0+890 [~ (TOHI6ISG)E0HSOS6- (1049798 PO+ITSTT-  (E1-959€°9P0+LSTT- 01
(TOHO6TE 6)E0HITE'S-  (E0HFIT DEOHIZSI'8-  (TOHIV6L EFO+I9LO -  (E0+LZT DYOHITITT-  (TOHPI6'IVOHI/FT 1= (TO+HHHOOF0+950' - (Z0HILISTIEOHIEIT-  (TOHI6SEDVOHSITT-  (E1-969€°F0+LSTT- 8f
(TOHOETEIEOHI896'E-  (TOHIIE6HIEO+I66T L (TOHIVTL LIE0+H99'6-  (E0+960 E0HIESTS-  (E0HPIL EOHSEI6-  (TOHEIESPOHTHOT-  (TOHRIP6TIE0+IE06'L (20+op)p0+2880°1- (E1-969€°OHO+OLSTT- T
(20-986T°0)70-260LT  +(#0-LO6'9)E0-9€TS'| (£0-2985°8)20-9C01°1 #(€0-9€T6'E0-06L8'E  #(€0-0F8LDE00EHPY  +(€0-980F 1)E0-98LST  (€0-IETTIE096L'S  #($0-26£STP0-28P1°9  (€0-95SSTE0-98LE9 01
(20-2LEY 1)T0-9T0L T #(P0-99T8'7)€0-981 €| (€0-2651°6)€0-2LS'8 #(€0-96€SE0-09TTE  #(€0-9991 DE0-06L6'E  #(€0-9E6FTDIE0-OL8Y'E  (€0-0L8LTIE0-OT69S  «($0-980LTP0-266v'L  (€0-9SSSTE0-98LE9 € Lf
(€0-9C10°9)€0-218°L  +(H0-09THP)E0-9980°'T  #(€0-98E1°€)E€0-9699°€  #(€0-04TT EO-9TEI'E  #(€0-09€SE0-068S°E  #(€0-018TTE0-9E8S'E  (€0-966LTIE0-S6L'S  #($0-9TLTLIEO-9TLTT  (€0-9SSSTE0-98LE9 T
(TO+LET TOOLYOT (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 o1
(20+920€ 1)20+9800°€ (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 S of
(10+2990°8)20+2161'C (00+20)00+20 (10-9828'0)20-2F (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 T
(10+9969°8)10+36Z€°6  (10+6F 1" DIOHLIET  (10HTLL'DIOHIEOT  «(1T-98€6'DTT-0T9T'y  (00+9EHT 08K T (00+STL'DI0-0LTL'G  #(€0-0LITDFO-40E'€  (00+9280 1) TO+39L8'T (20-210T°9)70-098'€ 01
(TO+9T6TVTOHS0T T (00691 DT0+69€T  (10+2L89'1T0+869T  #(6T-0€81°1OE-0L66'S  (10+98LL DTO+IE09'T  (00+9808 1)00+91T°T #(8T-9€€"€)8T-O8I 11 (10-99LE°6)10+3L6L T (20-210T°$)70-998°€ S <f
(T0+o9rT' DZO+ILTT  (00+9810°L10+ZTLT  (00+TFS DIOHBIET  (10-9468'T)T0-9E60°t (10+36€€ T10+88TT  (00+9PS 1I0-0€61°L  +(6T-69T 1)0E-2€S8'T (10-9629°6)10+361°C (20-210T°$)70-998°€ T
(10-9€SL°D)00+96€S"T (€0-999'1)€0-91+'T (€0-921°9)€0-2101'8 #(L1-9LE8°€)8T-011°8 (LO-2FF'1)80-9€96'6 (00+2¥9°2)00+4S'S #(E1-0LETYITI-OTTY T (€0-2L1'1)€0-2909'T (T1T-9F19°€)01-96ST'T 01
(10-21€5°€)00+3T (€0-9€LL'€)€0-98€9°8 (€0-96L6')€0-98L9'9  +(0T-2981'6)0T-2€0€'9  (90-v¥8'$)LO-AL6L'6  (00+ITESTO0+9TI'Y  «(TI-9v0€ TI-OTLE'E  (TO-F 1T 1)T0-9TLY'T (I1-2719°901-26ST'T v/
(10-26¥S#)00+9980°¢ (2T0-21€°DT0-2IL'S (€0-9LY1°8)20-1€9'T #(81-9LLT Y)61-9¥80'9 (S0-2L81°7)90-9ST€€ (00+2€0F 1)00+3SLEE #(T1-9L0°1)T1-9L88'T (20-920§°S)10-991°1 (I1-9919°0)01-96ST'T T
#(00H9SEMTOHITT  «(T0-2€S6'1)T0-2TI8T  +(10-99LF' 1)T0-996L'6  «(TOHLITDIOHTLT  x(00+28T9I00+3LOTIL  +(TI-SLEHTIOIINT  «(TO+186'TOITIEL'G  x(00+29F1°€)00+29¥ST  (€0+2660° DEO+ALLET 0T
#(00+79'OTO+ELLT  #(T0-RLI9TTO280LT  +(10-9616'DT0-96S8'T  «(00+FLOH)O0HIBIL'S  x(00+€8T°€)00+29TSE  %(60-0LST DOT-09€8' T «(€0+TE0'TIEO+IITT  x(00+3TSTTI00+S8L T (€0+9660' DEOHRLLET S ef
#(10+2699°DT0+2€8F'S  x(00+2686'L)00+6L6T  +(10-0S¥8TT0-988'¢  %(00+9TIO DO0HRI96'T  x(00+3TLY DT0-2ST6'6  +(01-91S0'6)0I-0460'E€  «(€0+3T8TTIEO+98I' T x(00+2LIT I00+3STS T (€0+9660' DEOHALLET T
(10-2LE0")00+EEY T (S0-29¥T')S0-2¥9T°T (S0-2918'0)S0-986€T  #(ST-260% 1ST-2460Y  #(6T-2LST'T6T-2E1'T (01-2206'S)01-3TH'T «(61-99T8'TIBI-6L0' T x(81-998T°D6I-0LLYT  (91-9GTL DIT-2¢r6'S 01
(10-2620°$)00+28TH'T ($0-286€'1)50-9CS'S ($0-9886'DY0-S6TT  #(LT-R106'7)9T-98ET T «(TER6YEPITER68Y'L  (60-2126'€)60-270S T #(81-21LG)LI-2¢6'T (90-280€ 1)L0-2¥79'9 (91-3GIL'I9T-2¢46'S € ef
(10-920%'L)00+€T8 (2025 16°S)T0-259T9 (€0-2699'9)€0-98L1°6  +(8T-OEIH'1)8T-9T88T  #(SE-REBEOPEHTIT  (60-9TESS)60-2LIST #(L1-218T)LI-OEEE6 (20-210v'T)T0-2LT (91-961L'1)91-2¢k6'S T
(10+361L P)TO+LYT T (€0-2916'D)70-289T°9 (20-26£T°€)T0-98€"1 #(1€-9608' DIEHIOT  x(9€-989LP)9E-06TE9  (80-991T1)60-9SS6'T  #(€T-088L 1IETPLO'E  (O1-96LE LIOI-2810' (612790 1)61-2€€8'T 01
(10+92SH°S)T0+LIS T (€0-2960")0-258S°S (20-9SHT'9)T0-989€'S  #(E€-GLSEE-99FT  +(6€-26LS'6)8E289E' T (80-2TOT'160-2S8Ly  +(TT-O81€ ) 198001 (£0-2L6T 1¥0-2890°S (61-2790'D61-2¢€8'T ¢ o
(TO+R1T0 1)T0+T8'T (00+2F€8'1)00+€T 1 (10-2€5€° 1102611 #(9€-9CLO'LISE0STTT  #(IP29SL°OTH-2¢STy  (L0-O8117)80-2608'€ #(1T-2€)1T-2708°S (20-9CL6'8)70-2L08'9 (619490 61-2€€8'T T
85 L5 915 sIs p1s s us s I/puvi | uny

22

*SULI2ISNO 2SN JOU SAOP 1 asnedaq pajeadal are j/pun.t 10§ sINSAY (0T ‘G ‘g = ¥) sIAsn(d
Jo Joquunu Yy pue (91§ 0) IS pue [/punt) K39)ens uoneynw oY) yjoq Surkiea ‘1 uonern3yuo)) Jursn ‘(suni juopuadopul )¢ SSOIOE UOTIRIAIP PIEPUR)S PUB UBAW) SSAWIL] :ouo juowadxy [T d[qeL



23

YLO'L €267 1799 €01°¢ S19°¢ PSI°L 01T [5°%3 01H'C Juey uedy|
(TO+RI8T €)TO+2680° (00+21L°2)00+CS6'T (SO+STISDNO+STI'S  (10-°1H6H)T10EL1'T  (E0HIEP9 LIE0HSSOT  (TOHITO6 T0+8YY'S  (€0-08SH €)E0-2THE (10-29T4"€)10-2€0€ T (10-2901'9)¥0-29L6C 01
(10+2605°8)10+3520'7  (00+210T 1)10-9TPL'6 (10-9616'6)00+31€" T (10-9€T1L'1)T0-9€18'9 (€0+3L9'1)T0+298°S (20+3TEY'9)T0+9820' T ($0-95€€"L)Y0-21€°9 (10-96L1°€)10-96¥8'T (F0-2907'9¥0-9L6C S £1f
(T0+3LTE DT0+SST'T (10-079T1)10-98SH'C ~ (00+LTI'DO0HARIT T (10-96€€ DTOTITY  (FO+ITIT'EIE0+3808'L  (I0+TISTTOHZEE'T ($0-218'P)P0-21€T°T (10-96LL'S)10-26¥0'F (F0-9901'9¥0-29L6C T
(00+9898°6)00+990S°L  (10-98€6°1)10-9TH 11 (00+9€80°LITO+oPST'T (209991 1)E0-9€L0°T  (TOHILL'ETO+HPER'S  (00+STELITOHBY T «(8T-216€ 1ST-291HT  (90-9868'1)90-981T' (FT-9€5S'9PT-o5PL’S 01
(00+2726'D00+387S'S  (20-9€EF 1E0-999€°6  (00+9ZS9' DOOH6ET'E  (€1-9C8T DY1-9560'C (10+37TH 7)00+98T 6 (00+96T€ L) T10+96€E" T #(8C-9815°0)8T-9€09C  (F0-OLST'1)S0-9TIL'6 (FT-9€SS'OVT-IGHL'S S ey
(00+9THE 1)00+L6'E (€0-968L7)€0-2700 (20-2L8L'8)TOLLO'S (€0-98€°TP0-259¢°€ (10+96L1'D00+2610'8  (00+€0E')TOHSHO' T  +(6T-99€ 1)6T21TL T (£0-9799'8)€0-98€6'H (PT-ESS9PTosHLS T
(10-9€ 1L T)00+3LEET (T0-2¢rT'P)T0-2v6T'S  (00+6ST'8)00+€899  (2O-ET 1)E0-9LT L (20-9611°6)20-2v88'%  (10-LIH'9)00+€00"T (€0-916L°T)¥0-2988'L (£0-9885'9)£0-988'C (€0-06€ DYO-21L6T 01
(10-988L'1)00+3CZS' (20-2L9€°9)10-2960' T (10-968S° D102t ¥ (€096t L)E0-0TLT'S (20-21€L°€)T0-2509'S (10-9286'€)10-298'8 (00+20)00+20 (20-9290'1)€0-260S"L (€006 DY0-21L6'T S T
(10-929€'7)00+291°C (10-9280"1)10-9LS6'T (20-9528'7)T0-2L8'9 (20-o¥Ty 1E0-2116°L (20-9LEL'6)T0-29L6'9 (10-9881°€)10-2196'S (00+20)00+20 (10-9%6L 1) 10-956T' T (€0-016€ 1P0-21L6'T 4
(00+966'1)00+218€'8 (10-259°9)00+9€T1°T (00+21TS DO0+ELTS  #(E1-0LTIDVI-obEY L (10-9THFOI0-2L8Y'9  (00+OE8L TIO0HRI999  +(ST-99€0°6)FI-PI8T  (€0-9€H1 1)€0-2H0E | (T1-9¢61°1TI-2L96T 01
(00+28€H 1)00+99€8°9 (10-210°L)00+2919"1 (10-219€'P)00+RTE6T  #(€1-98TSLIET-069T T (10-9TLS'HT0-2S86'L  (00+TI9DO0+HEE'9  «(FI-24TT DFI-96S9T  (€0-26SH6)T0-2€16'T (T1-9¢61'DTI-2L96T S orf
(00+25L0'1)00+2150°9  (10-2108°€)10-9L6'+ (10-2%"L)00+2$08 "1 #(ST-0T0€°OST-OCTT'6  (10-9661'8)00+6ET T (00+26S9'00+¥9%'S  «(ST-0LOY'TST-19'8  (10-0LST 1T0-°S10'T (T1-9¢61'DTIPLY6T T
(10+96L'DT0+2981°8  (00+3887'7)00+8IT8  (00+949S°6)T0+I69L'E  (00+6S0P)TOHIEET' T (00HIE]SHITOHIGIT T (00+9€L LTOHSIST  (10+9687'TTO+9ETT  «(00+910T DI0-9¢yTy  (00+S0F'T00+1+09 01
(10+9€LL'DT0+9897°6  (00+9Z8TTI00HTHF'S  (00+991°LITO+ISLT  (10+POTTDTOHLOLT — (00HTOEHTOHLFT T (10+350T DI0HT09F  (00+9561°6)20+o10S T ($0-210€°1)S0-250€'8 (009507 D00+1+0'9 S f
(10+ZLIDTOHFTIT  #(00+2199°€)00+507 'y (00+38F1°9)T0+6€E T (10+9€SS IO+ T'T (00+2L9S°OTO+TELT  (10+9T60 DIOHEYTY  (00+9T8E'LITOHISTS' T #(00+995S 1T0-966€°S  (00+950¥'T)00+1#09 T
(20966 )E0+LOE'9-  (TOHRGESRIEOHLTYS-  (TO+I880'S)E0H+ILITL-  (E0+O9KH TIE0+I6S9'L-  (E0+6ET DVOHIEIT T-  (TOHRTISSEOH968 L~ (TOHRITEOFOHIB6I T (E0+I8TTEOHIPEG-  (TO+H600°TPO+LITT- 01
(TO+RT00°LIE0HOLOL'S-  (€0+999G DE0+H9LL' L (TOHRITO'SIE0HIEHE’ L (TOHRTLSTIE0+RT09°S-  (€0+366€ TE0HFSL' 6~ (TOHOTO0'LICOHLEL’ L (TOHIETHIEO+A9LIG-  (E0+THOTIEOHRLIT'L-  (TOHR600TFO+LITT- S 8f
(TO+TEY'OEO+ITLO'E-  (E0+RIST TIEOHITG-  (TO+ITLY'LIEOH+IIEL'D-  (TOHISLTTIEO+ILSE'S-  (E0+I89TTIEO+I9ET'S-  (TOHABIF'SIE0+ILEY L (TOHIBTITIE0O+AT/Y'S-  (€0+3STH 1EOHIB0T'Y-  (TO+HI600°DVO+LTTT- T
(20-21L6°$)20-°v88'+ (20-9651°1)20-219¢'1 (10-0129'1)10-980T°C (€0-9866'1)€0-21LT'E (£0-9868'6)€0-9761°8 (20-9€16°L)20-2698'9 (€0-9€€1°1)€0-99L8°C #(€0-960'1)€0-9CTLY'T (€0-097$'1)€0-296T°€ 01
(£0-258'8)20-26£T' 1 (€0-0116'S)€0-21LS'S (10-960T° D10-96€S° T «(b0-9ELE'RIE0-2K6ET  (£0-9196'L)E0-2108'8 (20-2L8'S)T0-1HL'S (€0-9€T'1)€0-9C1 € (£0-9€T0°€)€0-9€59°T (€0-99T$'1E0-967°€ S L
(€0-21960€0216F'S  #(€0-09K0°TDE0-2168' (20-09€8°7)70-98LET  «(H0-96TS'R)E0-2EV0T  (T0-2608°T)TO-2669' (10-0LST1)T09SLY'8  «(€0-9T90°DE0-LIST  (£0-99€6°TE0-2HLO'E (€0-992$'1€0-967°€ T
(TO+98L9'1)T0+2606'€ (00+2860'1)10-29°L (10-2€0°€)10-21 (00+20)00+20 (00+20)00+20 (10241 1)T0-2C (00+20)00+20 (00+20)00+20 (00+20)00+20 o1
(TO+EE ITOTOrEE Y (00+98LT'1)10-99°'8 (10-96L6'1)T0-2% (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 S of
(ZO+38T'1)TO+OET9'E (00+2687'1)10-97°'8 (00+212°9)00+29T°T (00+20)00+20 (00+20)00+20 (00+20)00+20 (00+20)00+20 (10-29€1°€)20-29 (00+20)00+20 4
(10+96L1'D)10+9888°C  (10+218'1)10+9688°C  (10+2601'9)10+3€008  (00+119'DI0EL6’L  (10+9€29DI0+6TTT  (10+9SDIOHLEST  (00+9CST D096 (10-2401°S)10-9L'T (10-2168°L)10-966'T 01
(00+2yT9'P)10+9898°C  (10+2190°DIO+LOLT  (I0+PTL DI0+9T8T  (00+2808'1DO0H9IT'T  (10+2L96°0)10+981 (0+LSTDI0H6r'E  (00+26TT DI0-Tryy  (00+2500°E)10+6E T (10°168'L)10-2665T € <
(1042126 D10+TEEY  (00HPILDIOHEIT  (10+9TLL DIOHL6'T  (00+1TH'H)00+9819°9  (I0+LETEOTO+9LE  (10+2606 1 T0+6ET € (€2-2166'DYT-29LT (002617 D10+887'C  (10-2168'L)10-9565"1 4
(10-9222°€)00+9€S9 T +(€0-€8LPIE0-THOL  (10-998S°)T0-29LL'S  (00+91+'TI00+LYT Y (10-9€9°)10-99LL'L (0092500558 (91-9865°2)91-960S' T #(€0-9STE'HIE0-96H8'8  (20-21TI'9)T0-2109°S 0T
(10-991'9)00+3€€0T  %(€0-9TSH'8)T0-9T0T T (20-98+5'8)20-9€9'8 (10-9680°6)10-2986'9  (10-91TS'L)00+TTS T (00+98LL'DO0+ITE'E  #(LI-0LEO'OLI-OTHTT  +(TO-401'DTO0I8Y'T  (20-21T1'9)T0-2109°S S v
(10-0126'€)00+2L2TT  +(T0-PTODTOOEITY  «(€0-0120°8)20-9S8Y' T (10-968L°T10-0LE0T  (10-9906'S)00+9¢H T (00+OTEO DOOHILLY T «(61-9VETOGI-PIL'E  (20-9SHH ¥)T0-95+8'6 (20-0121'9)70-2109S ¢
(00+2L0S'D00HIE6T'S  ($0-98F0'OF0-9€€9'E  (10H6LEPTOHIT8TT  +(€T-06L'€)ETOL6Y'T (10+768°OT0+9ET' T (00+€TE DI09610S  «(TT-2S0TTETAS0T6  (€0-9€6€°S)E0-9€L'T (S1-988%'L)ST-91€8°€ 01
(00+266L ) TO+EETT (€0-9TEL'TE0-2916'T (20-218+°6)20-9988 % «(FTOLIFOFT-2€89C  (TOHRIIF DIO+68'8  (00+10€ DI0-F0L  +(1T-9660°€)1T-2199C  (TO-2€TH 1)TO-2LLY T (S1-988%'L)ST-21€8'E € ef
(10+262S DT0+ET6'E (20-291+'7)T0-9€L'E (20-21L6'8)10-98¢'T #(€2-9801'9)€T-09CT’ T (T0+OE98°€)T0+ES0'E (00+3219')10-98°L «(TT-OPL )TToELY'E (10-2680'7)10-9C6L'S (S1-988%'L)ST-21€8'C T
(10-9€S'7)00+290°T (20-2¥9'9)20-01+9'L (00+2118°9)00+198'8  +(8T-2198'1)8T-2988°L  (FI-4SODST-H06T  (00+26TH 1O0+FSS T «(0T-2€0€ $)0T-2S1S'6 (20-295€°€)£0-289'9 (91-96€5'1)91-920T°E 0T
(10-9T16'7)00+299L°C (20-9%95'9)10-9510° (10-2116'€)10-98%'L #(0€-9618'0)0€-9L88'C  (TO-OILI'T)E0-0L6ET (00+920S 100+ T +(61-988€°€)61-998T'S  (T0-96+9"€)T0-OLYH (91-96€6' 1919207 § e
(10-2890'6)00+36+ 1 (20-9918°9)10-9C€T' 1 (TO-OLYL'P)TO-9E8E'6  +(€€-961FTIEE-2vE8T  (TO-2PT €)T0-2700'T (10-9226'8)00+2190' T %(0T-2%S8'8)61-2119'T  (10-9LLT'6)00+611'1 (91-96€6'1)91-920T°E T
(10+2658°D10+29L9°L  (10-0L9EH) 0969y (E0+9THT DEO+SIOT  «(E€-090°DHE-2r61y  (10+L00'O0HERS T (10+PSEOTOHRIGEL  +(LT-96S8T)LT690F  (H0-2L1'T)P0-29+0' (TT2P81'1)TT-250S'T 01
(10+2698°€)T0+FT T (10-2986'€)10-961°9 (00+2L9T°L)00+3S"9 #(LERTSSR)LERLIT  (00HRLOY DI0-2¢6TH  (I0+99LT6)TO+IE8L'S  «(9T-2461"1)9T-0ELO' (20-26%'1)20-2888'T (TT-2¥81'1)TT-2608' T S i
(10+2162°8)20+210C  (10-24TT'$)10-9819°6 (10-9€°€)10-97ST'€ #(O7-95LS'90F-290€' T (TO-9EI8'E)T0-09SS' T (10+380F'€)T0+T6ST  +(LT-THE TLT-490'T (10-961°6)10-99+8'S (TT-o181'1)TT-250S' T T
85 V2 918 s 1S s us s 1/puvt | uny

Cluster-centroid-based mutation strategies for Differential Evolution
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