Infinite dimensional families of Calabi-Yau threefolds
and moduli of vector bundles

Edoardo Ballico, Elizabeth Gasparim, and Bruno Suzuki

Ballico - Dept. Mathematics, University of Trento, I-38050 Povo, Italy.
Gasparim; Suzuki - . Matemdticas, Univ. Catdlica del Norte, Antofagasta, Chile.
ballico@science.unitn.it, etgasparim@gmail.com, obrunosuzuki@gmail.com

Abstract

We study noncompact Calabi-Yau threefolds, their moduli spaces of vector bundles
and deformation theory. We present Calabi-Yau threefolds that have infinitely many
distinct deformations, constructing them explicitly, and describe the effect that such
deformations produce on moduli spaces of vector bundles.
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Introduction

Deformation theory of some noncompact surfaces was described in [BG19a],
together with the effect that such deformations produce on moduli spaces of vec-
tor bundles. In this work we explore the questions of deformations and moduli for
noncompact Calabi-Yau threefolds. We will see that both deformations and moduli
present a much richer behaviour in the case of threefolds, producing large families
of Calabi-Yaus which hold nontrivial moduli spaces of vector bundles (in contrast
to the case of surfaces, where commutative deformations destroyed such moduli
[BG19a, Thm. 6.14]). We construct families of threefolds admitting infinitely many
isomorphism classes of deformations, some of which support nontrivial moduli of
vector bundles (Cor. 2.22).
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Our motivation to study deformations of noncompact complex varieties comes
from mathematical physics, and the persistence of moduli spaces under deforma-
tions allows for various interpretations in physics, where Calabi-Yau threefolds ap-
pear very often in different contexts. For example, deformations of CY threefolds
enter as terms in the integrals defining the action of the theories of Kodaira—Spencer
gravity [Ber95]. Furthermore, the counting of BPS states can be computed efficiently
on toric CY threefolds, as we have considered in [GKMR12] and [GSTGV17]. (Note
that toric CY threefolds are necessarily noncompact.) Perhaps the most striking oc-
currences of CY threefolds are in the original formulation of the Mirror Symmetry
Conjecture, where a CY threefold X is conjectured to have a mirror CY partner whose
Hodge diamond is obtained from the one of X by reflection on the 45 line. These
too are to be considered together with their deformation families.

Here we consider smooth Calabi-Yau threefolds Wy containing a line ¢ = P*. For
the applications we have in mind for future work it will be useful to observe the effect
of contracting the line to a singularity. The existence of a contraction of ¢ imposes
heavy restrictions on the normal bundle [J*92], namely Ny, must be isomorphic
to one of

@) Opi(-1)®Op(~1), (b) Opi1(~2) ®Op1(0), or (C) Opi(—3)®Op (+1) .

W is the space appearing in the basic flop. It is famous in algebraic geometry for
being the simplest example of a rational map that is not a blow-up.
We will focus on the Calabi-Yau threefolds

Wy := Tot(Op1 (—k) ® Op1 (k- 2)) for k = 1.
We will also consider surfaces of the form
Zy :=Tot(Op1 (- k).

Our main contributions are descriptions of the deformation theory of such va-
rieties, constructing infinitely many non-isomorphic deformations of Wy whenever
k > 1 (see Cor. 1.29), and presenting the effects that deformations of these threefolds
have on their moduli spaces of holomorphic vector bundles (see Thm.2.21). We
present some nontrivial holomorphic maps between the deformation spaces (see
Thm. 1.24). We also discuss deformations from the point of view of affine bundles
on P!, obtaining infinitely many of them for a fixed threefold (see Thm. 1.21).

We make use of a new definition of commutative deformation, first presented in
[GKRS18], which is well suited to fit the needs of the noncompact case. Our tech-
nique to find deformations goes as follows. Even though there is no well established
deformation theory for noncompact manifolds, we obtain deformations by working
in analogy with Kodaira’s theory for the compact case, see [Kod06]. Namely, we cal-
culate cohomology with coefficients in the tangent bundle, and then we proceed to
identify which of such directions of infinitesimal deformations are integrable.

Naturally, when studying total spaces of rank 2 bundles on the complex line, one
first ought to review the corresponding 2 dimensional case, namely, that of total
spaces of rank 1 bundles. Hence, before attacking the case of threefolds, we first
recall the results proved for surfaces. In the case of the complex surfaces Z;, with
k > 0, the main results about their commutative deformations are:



S1. [GKRS18] proved that deformations of the surfaces Z; can be obtained from
the deformations of the (compact) Hirzebruch surfaces F, and

S2. [BG19a] proved that every nontrivial deformation of Z; is affine. The latter in
turn has as immediate corollary:

S3. [BG19a, Thm. 6.14] showed that moduli spaces of vector bundles fall to di-
mension 0 whenever Z; is deformed classically.

In this work we shall prove that the 3 dimensional analogues of results S1, S2, S3
are all false. Indeed, we prove that for k > 1:

T1. Deformation of the CY threefolds W are not obtained from deformations of
their compactifications; this follows directly from Cor. 1.25.

T2. W has nontrivial deformations which are not affine, see Cor. 1.14.

T3. Deformations of Wy can hold positive dimensional moduli spaces of vector
bundles, with some nontrivial deformations preserving all of the dimensions
of moduli and others preserving fewer (or none) of the positive dimensions of
the original moduli, see Thm. 2.21.

In this work we consider only classical, i.e. commutative, deformations leav-
ing noncommutative deformations for future work. In the case of surfaces [BG19b]
showed that the effect of noncommutative deformations of the surfaces Z; on mod-
uli of vector bundles is quite the opposite of the statement of property S3, in that,
noncommutative deformations can have the effect of enlarging the moduli spaces
of vector bundles. We expect that a similar phenomenon might occur for threefolds,
but details remain to be explored later. The study of noncommutative deformations
requires very different techniques from those considered here. This paper is part of
the PhD. Thesis of B. Suzuki at Universidad Catélica del Norte, Chile.

1. Deformations of noncompact manifolds

Classical deformation theory is well understood in the compact case, as explained
in the beautiful textbook of Kodaira [Kod06]. However, a general theory for the non-
compact case is lacking. In joint work with Képpe and Rubilar [GKRS18] we studied
some features of deformation theory for noncompact Calabi-Yau threefolds, and we
gave a new definition of deformation of complex structure, which proved useful. We
now recall the basic definitions:

Definition 1.1. A deformation of a complex manifold X is a holomorphic surjective
submersion X = D, where Disa complex disc centered at 0 (possibly a vector space,
possibly infinite dimensional), satisfying:

e 170)=X,
» Xislocally trivial in the C*® category.
The fibers X, := 771 (¢) are called deformations of X.

Remark 1.2. Our choice for the dimension of D is n = h' (X, T X) whenever possible.
The case n = 0 corresponding to the following definition:



Definition 1.3. We call a manifold X formally rigid when H' (X, T X) = 0.

Definition 1.4. We call a manifold X rigid if any deformation X Z D is biholomor-
phic to the trivial bundle X x D — D.

It is too early to say for sure how this new concept will converge to a permanent
one; it ought to accommodate several refinements and improvements, for instance
allowing for more general base spaces, and allowing for singularities such as orbifold
singularities as in [LZ18] or toric degenerations such as in [GS03]. Developing a solid
theoretical background is a fundamental goal of our work in this theme, but clearly
alarge collection of examples needs to be studied first. Here we apply Definition 1.1
to CY threefolds that are the total space of vector bundles on the projective line, and
construct deformations corresponding to elements of first cohomology with coeffi-
cients in the tangent bundle. We will see that this method produces large families of
deformations.

1.1. The Calabi-Yau threefolds W;

Let us now describe those Calabi-Yau threefolds which are the total spaces of
vector bundles on the projective line viewed as manifolds.

Definition 1.5. For k > 1, we set
Wi = Tot(Cp1 (k) ® Op1 (k - 2)).
The complex manifold structure can be described by gluing the open sets

and v==C3

{&,v1,v2}

u=¢c?

{z,uy,u2}

by the relation

k

(fv U1, UZ) = (Z_I)Z ul,Z_k+2u2) (]-)

whenever z and ¢ are not equal to 0. We call (1) the canonical coordinates for W.

We will use H' (Wy., TW4) to find deformations of Wj. even tough we do not know
if it will provide all deformations fitting into definition 1.1.

Example 1.6. W, is formally rigid. This was proved in [Rub17] by direct calculation
showing that H' (Wy, TWy) = 0.

Interestingly, k = 1 is the only such case, and for all other values of k the first
cohomology groups with tangent coefficients are infinite dimensional.

1.2. Infinitely many deformations of W5

In this section we prove Thm. 1.13 showing that the deformation space of W,
contains infinitely many distinct isomorphism types of complex threefolds.

We observe that W> = Z, x C is the product of a Calabi-Yau surface by affine
space, but the surface Z, has one single nontrivial deformation, which is affine (see
[BG19a]). Therefore any deformations of the CY threefold W, that is not affine does
not come from deforming the CY surface Z,.



Example 1.7. Computing cohomology with tangent coefficients produces a large
and nontrivial family of deformations of W,. [GKRS18] computed an infinite-dimensional
family of deformations #> of W> whose elements can be described by gluing U =

C?z,ul,uz} and V = C?{,vl,vg} with the following relations:
v, =278 Z2w+ Y tzud, up || )
$=0

Deformations are obtained by varying the parameters ;. [GKRS18] proved that this
family is nontrivial by showing that it contains both affine and non-affine deforma-
tions.

We now focus on a class of such deformations of W, indexed by an integer y.

Notation 1.8. Fix an integer y = 0. We denote by #5(y) the deformation of W, ob-
tained by gluing the charts

u=¢3 and V =C3

{z,uy,uz} & v1,v2}

with the relation
& v1,02) = (27, 22 ur + zu), up)
for z #0.

We show that this family contains infinitely many distinct manifolds, that is, we
prove that there are infinitely many complex isomorphism types in 2. Hence, we
wish to show that for y; # y», the threefolds W>(y;) and W (y») are not isomorphic.
Accordingly, we compute H (#5( ), TH>(y)).

Lemma 1.9. Fix y = 0. The cohomology group H' (#>(y), T#>(y)) is generated as a

complex vector space by the classesas= [0 z 'uj 0] ' withs=0.

Proof. The transition matrix for the tangent bundle of #5(y) is given by

-z72 0 0
J= |2z +u) 22 yzu)™'
0 0 1

A 1-cocycle with coefficients in T#5(y) may be expressed in U coordinates by

1
2 @& ||

o= X aéis Z U Uy
|=—00i=05=0 alis

We will omit the indices lis from the coefficients a',a?,a® to simplify notation.
Since monomials having nonnegative powers of z are holomorphic on the U-chart,
we have

ol
o~ Z ZZ [ai] zlu{ug,
a

I<-1i=0s=0



where ~ denotes cohomological equivalence. Changing coordinates:

—alz™?
1

Jo=Y Y ¥ |a'@zuy + u)) + o222+ aByzu) ' | 2l ulug
I<-1i=05=0 as
_aIEZ
- 1] =12 i
=Y Y Y |2atévi+atE v alyiv) T | E v —Ev)) w5
I=-1i=0520 ad

As the monomials that are holomorphic on V are cohomologous to 0, we obtain that

0
Jo~3 g |§7 s,
520 0
which proves the lemma. O

Some of the 1-cocycles o may still be null-cohomologous. The result depends
on the specific deformation #5(y) we consider.

Lemma 1.10. Fix y = 0. The class of o5 in H(#5(y), T#>(y)) is cohomologous to 0 if
szy-1.

Proof. We divide the proof into three cases.

T

- -y+1] T, s

CASE 1: Assume s = y = 1. Then [—zug Yo —%u; y is holomorphic in
: . - - —ye]T

U coordinates, so o5 is cohomologous to [—zug Yoozl —%u; Y ] , which we

now show is null-cohomologous. In fact, changing coordinates we obtain

—zu;_y —z72 0 0 —zug_y
g 27w | = |2zu + uy 2 yzug_1 z7'ug
2 s—y+1 2 s—y+1
—}uz 0 0 1 —;MZ
zlu, Y
= | (222w u, ¥ - zud) + zu§ - 2zuj
_%u;—y+l
zluy Y
= |-2u, 7 (ZPuy + zu)
_%ug—y+1
vy Y
=|-21n; v;_y
—%US_JH—I

since the monomials in the last vector are all holomorphic on V.



T
CASE 2: Assume s = y—1 = 0. Note that [0 0 —H is holomorphic on U

coordinates. Then o is cohomologous to [0 z7ug —%

is null-cohomologous. In fact, changing coordinates we have

T
] , which we now prove

0 —z72 0 0 0
J|z7tuy| = 2zuy+uy  2° yzug_1 z7lug
-1 0 0 1 -1
y y
0
= 0
L)
0
= 0
NO’

since the the last vector is holomorphic on V.

CASE 3: Assume y = 0. Note that [zu; 0 0] T'is holomorphic on U coordinates.

In this case o is cohomologous to [z z‘lug 0]”. Then changing coordi-

nates:
zuj -z% 0 0 zuj
Iz = 22w+ i) 22 yaud M| |2 us
0 0 0 1 0
—z7'ug
= [2u3(22ur + 1)
0
.
= (2v1v3
0

~0,

since the last vector is holomorphic on V.
O

Corollary 1.11. For every s = 0 we have the following bounds for the dimensions of
the cohomology groups of deformations with coefficients on the tangent bundle:

« B (Wa(0), TW,(0)) = b (Wa (1), TW>(1)) = 0.
o K'(Wa(y), TWa(y) <y—1fory=2.
We now show that these bounds are sharp.

Theorem 1.12. For y =2 we have hl(Wg(y), TWo(y)=y—-1.



Proof. Fix y = 2. First we show that the cocycles [o'5] = [0 z71 uj 0] T are nontriv-
ialfors=0,...,y—2.

Suppose o is a coboundary. Then there exist functions ¢ holomorphic on U
and f holomorphic on V such that

os=a+T !B

Thus, omitting indices /i s from the coefficients of @ and  we have an expression
of the form:

0 [a! &2 0
Zlus| = Y || Zulus+ 28 —v) 62 yfv ﬁz vlvs
0 1,i,s20 | o3 0
ral . —,B 672
= Y |a?|Zulus+ ,61(251/1—1)2)+,62§2 ﬁsjfvyl vl
1,i,s=0 a?’ ﬁ
’al _ﬁlZZ
= Y || dulu+ | e +u)) + P2 - By ) | 2 P un + zud)
1,i,s20 | o3 s
'al _ﬁl 2
= Y |a?| Zulus+ ,61(2zu1+u2)+,62 ~Byz ) 2 e + u) u.
1,i,s=0 as ﬁ

But on the right-hand side of the equation the monomials of the form z~! ”(1) u; ap-

pear only for s = y—1. So it is impossible to solve for a and . Hence, we have
showed that each o is nonzero in cohomology. It remains to show that they linearly
independent.

Assume otherwise, that there is a linear dependence among the cohomology
classes of the o;. Such a relation would then be given by a polynomial on these
classes whose class is a coboundary. Let p be any polynomial on u, that has de-
gree atmost y—2 and leto, = [0 z 'p(up) 0]7. We wish to show that opisnota
coboundary. Suppose there exist functions a@ holomorphic on U and f holomorphic
on V such that

op=a+ T71B.

Analogously to the first part of the proof, in coordinates we would have

0 al -Blz?

_ ; 1

Zlpw) | = Y |@?| Zulus+ |t (2zu1+u2)+,62 ~Byz w7 2 ew + u) u.
0 1,i,s20 | o3 JiE

But on the right-hand side of the equation the monomials of the form z~! “(1) u; ap-

pear only for s = y— 1. So it is impossible to solve for a@ and B. It follows that the
sections 0y, ..., 0y, are pairwise non cohomologous. O

We have thus proved the following result:



Theorem 1.13. Let y1,y2 = 2. Then W,(y1) is isomorphic to #>(y»2) if and only if
Y1 = ¥2. Hence the family (2) contains infinitely many distinct isomorphism classes of
complex manifolds.

Observe that Theorem 1.12 also implies:

Corollary 1.14. For y = 2 the threefolds W»(y) are not affine.

1.3. Deformations of W3 as affine bundles

We use H' (W5, TW3) to parametrise formal infinitesimal deformations of W3. In
this section we will regard these deformations as affine line bundles on the surface
Z_y, as defined in 1.20. Even though in a certain sense the results of this section
on affine bundles are somewhat weaker then those of section 1.5 which study their
total spaces, the former do not follow from the latter, and they are of independent
interest, so we have decided to present both points of view. The reader interested
only on deformations of manifolds may skip this subsection. Recall from definition
(1) that W3 can be covered by U = {(z, u;, up)} and V = {(&, vy, v2)}, with UNnV =
C — {0} x C? and transition function given by:

3

& v, ) =z, 22U,z  up) 3)

An infinite dimensional family parametrising deformations of W3 is given by:

Lemma 1.15. [GKMRI12, Thm. 20] There is a semiuniversal deformation space W for
W3 parametrised by cocycles of the form
alis )
biis zluiug 3i—-3-1-s<0.
Clis
But, it is a priori still possible that the family produces only finitely many isomor-

phism types. We first show that the family given in lemma 1.15 does indeed produce
infinitely many integrable directions.

Lemma 1.16. A cocycle of the form

0
1,,i

z u1 u;
0
defines a deformation of W3 if and only if i = 0.

Proof. The deformation is given by

& [z72 0 0 z 0
nl=]0 22 o u | + [2lulug
vl [0 o0 z7! up 0
-
= |Bu +23ulug
zlu,




This rule defines a change of coordinates (an invertible function) if and only if i = 0.
Indeed, we have z=¢"1and wp =& 1o,
Then '
vy =& 3w+ &Pl
which does not admit a unique solution for u; if i # 0. O
Lemma 1.17. A cocycle of the form

0

0
1

z'uju;
defines a deformation of Ws if and only if s = 0.

Proof. The deformation is given by

& [z72 0 0 [ 2 0
nl=]0o 22 o up | + 0
vl [0 0 z')\|w Zlulug
71
= z3u1
[ 27 up + 2! ud s |

This rule defines a change of coordinates (an invertible function) if and only if s = 0.
The proof is analogous to the proof of Lemma 1.16. O

Lemma 1.18. The cocycles

are nonzero in H' (W3, TW3) for l = —1,-2 and s > 0, and pairwise distinct.

Proof. A general 1-coboundary 7 is given by

(o) [ -2 0 0 ][B
=Y Y Y |e?|dulus+ | 3% & o ||| Evivg
120020520 | o3 &2y, 0 &-1 ,33
ral — B2
=Y Y Y |a?| Zulus+ |36 5w + B3| Sl u,
120020520 | o3 —ﬁlzug—ﬁ3z
So we see that on the second entries of the matrices the monomials z™! u; and z72 u;
do not appear. O

Proposition 1.19. The following infinite-dimensional family of deformations of W3
is obtained by integrating cocycles in W :

Ev,v) =27 2w+ Y (622 + thz) us, 2 up|.

s=0

10



Proof. This family is obtained from the cocycles of the form

0 0
z72u| and |z7'ug|.
0 0

O

We now present a result about the deformations of Wj given in Proposition 1.19
regarded as affine rank 1 bundles over a surface. Recall that for each integer k the
surface Z; can be described in charts by gluing two copies of C? with coordinates
(z,u) and (¢, v) and with change of coordinates on C* x C given by (¢, v) = (271, zFu).
In particular the surface Z_;y can be described by gluing (¢, v) = (z71,z7tu). We
now consider deformations #5(j) which may also be regarded as the total space of
an affine line bundle over the surface Z_y,.

Notation 1.20. Fix j a positive integer. Then by #5(j) we mean the deformation of
W3 given by the transition function

& v1,v2) = (Z_I,Z3u1 + zzug,z_1 ug) )
The threefold #5(j) can also be regarded as the total space of the rank 1 affine bundle
E(j) % 7.,

where 7 is the projection on the first and third coordinates and the transition func-
tion for E(j) is given in canonical coordinates by u; — z°u; + z2u).

To identify the structure of affine bundle, we just write (z, ) and (¢, v2) as the
coordinates of Z_y.

Theorem 1.21. If j; # j» then E(j1) and E(j,) are not isomorphic as affine bundles.

Proof. We may assume, without loss of generality, that j; < j». Suppose the bundles

were isomorphic, and let T : E(j;) — E(j2) be an affine bundle isomorphism. Then

T is an affine transformation on each fiber, i.e., there exist holomorphic functions
AY:cz, — GLQ)=C-{0}

Z,Up

Av:c:, - GL)=C-{0}
pv.cz,, — C
bV: 2 - C
(337
such that
Tz,uz (u1) = Aguz (uy) + bgug 4)
Tz y, (V1) = Agvz(vl) + b:‘/,vz' 5)

11



N AUy pU
E(i)oU> UNV TyO=A70+b7 U CE(jy)

du | lpu
E(jy>V> UnV UnV' <V cE(j)

Ty ()=AY () +bY

Figure 1: Diagram illustrating the commutativity of the transition functions of E(j;) and E(j») with the
restrictions of T to the intersections UnV cUand UNnV c V.

Let ¢y and @y denote the transition functions from (z, u;, uz) coordinates to (¢, vy, v2)
coordinates of E(j;) and E(j,), respectively. The relations (4) and (5) should agree
on the intersection of U and V, i.e., Diagram 1 must commute. Then

Togpy(z, ur,uz) =@yoT(z u,us)

1 2 -1 U U
Tz Y 22u +2 u]1 z ug):(pU(z,AZ w,(U1) + by, , o)

-1 4V 3 2 01 -1 2 j2 -1
(z A,lu(z U +zu ])+b,1u zZ up)=(z"” z(Azuz(u1)+bzu2)+z ué,z Us).

By comparing the second coordinates on both sides of the equations we have:

v 2.1 v 2 J2
A_lu(z u+z Mé)+b_1u =23 (AY,, () +bY,,) +2 ué
v 3 2. 01V _ U J2
Az_l'uzu1+A_1uzu2 +b_1u2 Azuzz u1+bzu2z + 2 uy’ .
By comparing the linear and affine parts we get:
v U 3
Azluz =A} .2 (6)
v 2 N v _ U 2 J2
A1, 2 U +b,, 0y bzuzz +z°uy. (7
The only solution is bY,,, = b:_l’uz =0 and AZ_l =AY, = u?~7', which is not

possible because then AV and AY would vanish on u, = 0 and v, = 0 respectively
and by definition they must be everywhere non-zero.
We conclude that the bundles E(j;) and E(j,) are not isomorphic. O

1.4. Holomorphic maps between the Wy.’s.

We describe holomorphic maps between W, and W3 and between their defor-
mation families. Existence of such holomorphic maps is not at all a priori guaran-
teed.

Lemma 1.22. The map ¢: W, — W3 defined by

olu(z, w, up) = (2, 2u3, up)
@y (& v1,v2) = (€, v5,Evp)

is holomorphic.

12



Proof. We prove that T30¢@y =@y o Ts:

2
T30@y(z, uy, up) = T3(z, zug, uz)
-1 4.2 _-1
=(z ",z uy,z " up)
-1 2
=@v(z ",z7uy, up)

=@y o To(z, uy, up).
In a diagram:

PYu
(2, u1, uz) — (z, zus up)

Iy | T3
— 4% — —
(71 Z2u,up) — (271, 2YuE 27 )

(gr vy, UZ) ﬂ' (5) V%)€U2)

Lemma 1.23. The map y: W3z — W, defined by

Yly(z, uy, uz) = (2, u1, 2° Uy U)

W|V(§) v, UZ) = (é‘)évlr V1 UZ)

is holomorphic.

Proof. We prove that Tooyy =ywyo Ts:

2
Toyy(z, ur, uz) = To(z, uy, 27Uy Up)

-1 .2 2
=(z77,2°u1, 2" uj up)

-1 -1
:WV(Z )Zsul»z uz)

=Yy o I3(z, uy, up).
In a diagram:

4% 2
(Z) u, uZ) —_ (Z) Zul uZ)

Ts | | T,
_ 4% - _
(Z lyzzuly MZ) —_ (Z lvz4u%)Z lu2)

Eviv) A & v3,Evo)

O

Extending the map to deformations and repeating a proof similar to the one of
Lemma 1.23 we obtain a holomorphic map between deformation spaces:

13



Proposition 1.24. The map ¢: W3 — W

— 2 s+1
Plu(z,uy, u) = 2, w1, 2° W up + 2 ) L5ty

$=0
Plv (&, v1,v2) = (§,6v1, v112)

is holomorphic.
1.5. Infinitely many deformations of Wy,

In further generality we might consider

Wi, k, = Tot(Op1 (k1) ® Op1(— ko)), with k1 = k».

Using the same methods from the previous sections we deduce the following results:

e If0 = k; = ky then the threefold is formally rigid, i.e., H! (Wi ko» TWiy 1) = 0.

e If k1 = k» > 0 then the threefold has a finite dimensional deformation space.

e If k; > ko = 0, then the threefold has an infinite dimensional deformation
space.

e If k1 > 0 > k, then the threefold has an infinite dimensional deformation
space.

Using Theorem 1.13 we will now also construct infinitely many deformations for
all cases k > 2, thus proving:

Theorem 1.25. There are infinitely many distinct deformations of Wy for k > 1.

The idea of the proof comes from observing deformations of vector bundles of
P! asillustrated in the following example.

Example 1.26. Consider the family of rank 2 vector bundles on P! parametrised by
t, described by transition functions in canonical coordinates as

8tz

0 z!

2

Taking total spaces of these deformations, when ¢ = 0 we obtain W5 and when ¢ =1
we obtain W,. Indeed, making a change of coordinates

2 Z)[1 o] [0 =z 2 0
0 zYY|-z 1] |-1 2zt |zt -1
Changing of coordinates again
1 0][z2 0] _ [z o0
-z 1)zt -1]7 |0 -1)

This example is just a concrete way to write in coordinates a family of extensions of
the form
0—-0p(-3) = E;—O0Op(1) =0

such that
W; = Tot(E,).

14



This implies that deformations of W, induce deformations on Ws. Similarly, we
can use this method to induces deformations on Wy, with k > 2 using deformations
on W,. We now formalize this argument.

Proposition 1.27. Let k > q > 0 be 2 positive integers. Then in H' (W, TWy) the class
of the section
0
Z—k+q s

0

is not zero.

Proof. Thislemma also follows from Thm. 1.28 but we present an independent proof
for completeness. A 1-coboundary with values in T Wy is given by

6_2 0 'Bérs érs
T= ke, ¢k [ﬁém] olvs+ s Zlulug
[=20r=05=0 »(—k+2)f_k+11}2 0 & k+2 lrs o}
ﬁlZZ al
— kﬁlz_1u1+ﬁzz_k —l+kr+( k+2)su{us+ az Zlu{ug
[=07r=0s=0 L(—k+2)ﬁlzu2+ﬁ3zk‘2 a3

(in the second line we omitted the subindices /7s). Now we see that it is not possible
to obtain [0z ¥*9u, 0] Tasa coboundary. Indeed, the possibilities for having
z™u, for m < 0 would be obtained from the monomials with coefficients ﬁ%{)l’ for
which the power of z is —2k + 2 — [, and thus impossible to be equal to —k + g. O

By using the cocycles from Proposition 1.27 we obtain a (k — 1)-parameter defor-
mation family for W

k-1
-1 —k+2
& v1,0v2) = (z 2+ Y ty2up, 27 uz). ®)
4=0

Theorem 1.28. Let k > g > 0. Then the deformation of Wy given by

& v1,02) = (Z‘l,zkm +Z"uz,Z‘k+2uz). 9)

is isomorphic to Wy.

Proof. Consider the vector bundle over P! given by

PARN 1)
0 —k+2
Changing coordinates we have:
P2 1 0][zF =z 1[0 1 ] [z9 0
0 gz k+2 z7k-q+2 4 0 —k+2| 1 _gk-q| T | o za+2|-

15



Replacing the extension class with tz7 we also obtain a deformation family from Wy
to W,. We may reinterpret this isomorphism as:

W — Wy
2z uy z 0 1 - ux
" uo "1 —zka U
4] 1 0 4]
(6’ v2 ) (E' ¢kraz 1] |, )
where #4 denotes the deformation of Wy, given by Equation (9). O

Corollary 1.29. For k > 1 the threefold Wy has infinitely many distinct deformations.

Proof. Combine theorems 1.13 and 1.28. O

2. Moduli of vector bundles

2.1. Background on moduli spaces

Moduli space of vector bundles over complex varieties are a classical theme of
study in algebraic geometry, with many applications in various areas of mathemat-
ics and physics. The definition of moduli spaces used in algebraic geometry, though
powerful, is rather abstract. Given an algebraically closed field k one requires a
moduli functor Bung(: (Sch/k)°P — Sets which associates to a scheme T € Geh/k
the set Bun/, (T) of isomorphism classes of families of rank r vector bundles on X
parametrized by T If the functor Bun', is representable in the category of schemes,
then ./ is called a fine moduli space for the moduli problem. However, in most
situations fine moduli spaces do not exist. Instead the notion of a coarse mod-
uli space is used, which is a scheme .# )r( which corepresents Bung(, and such that
¢(Speck): Bun’ (Speck) — Home /i (Speck;,.#y) is a bijection, see for instance
[Ses75].

Even moduli spaces of well-behaved objects can be “arbitrarily bad”, i.e. moduli
spaces are governed by a kind of “Murphy’s law”. The case of moduli of holomorphic
vector bundles on the surfaces Wy seems to be no exception, but we will see that
simple choices can provide us with well behaved moduli spaces that fit under the
definition of coarse moduli. We will however continue to work with the analytic
topology, not the Zariski one.

2.2. The threefolds Wi and their moduli of vector bundles

We wish to describe rank 2 vector bundles over W;. in the simplest possible way,
as extensions of line bundles. Hence, the first step is to study filtrability, which is
a property that holds true for bundles over W, and W, but not for the cases when
k = 3. We summarize the results of [K10] about filtrability.

Lemma2.1. [Ki0, Thm. 3.10] Every holomorphic vector bundle on W, is filtrable and
algebraic.

16



Proof. Direct application of the more general theorem proved in [BGK09] which
uses ampleness of the conormal bundle of a subvariety, in this case P! inside Wj.
Note that in this case the conormal bundle is Gp1 (1) ® Op1 (1), hence ample.

O

For W there exists a slightly weaker result, proving filtrability only for algebraic
bundles.

Theorem 2.2. [Ki0, Thm. 3.11] Let ¢ be the zero section of Op1(—2) ® Op1(0). Fix an
integer r > 1 and a holomorphic rank-r vector bundle E on 0. Leta,=---=a, be
the splitting type of Ely. Then there exist vector bundles F; on 2,0 <i<r, such that
F,:=E, F := Ly;, Fy:= {0} and F;|, has rank i and splitting type a1 = --- = a;, and
such that there are r — 1 exact sequences on ¢ (for2<i<r)

0— Lg — F; — Fi_1 — 0 (10)
where Ly, = 0 (a;).

Proof. Theresultisobviousifr = 1. Hence we may assume r = 2 and that the result is
true for all vector bundles with rank at most r—1. By assumption there is an injective
map j: G¢(a,) — E|, on ¢ such that coker(j) is a rank-(r —1) vector bundle on ¢ with
splitting type a; = --- = a,_;. The map j gives a nowhere-zero section s of E(—a;)|,.
Let us show that this section extends over a neighbourhood of ¢: There is an exact
sequence

0— S'(N; ) — O — 0P —0 an

where S* (N; Wz) is the symmetric power of the conormal sheaf of £ in W5. In this
case, we have N ; W, =0y (2) ® Oy, therefore,

t
S'(N; ) = @0, 2k).
k=0
After tensoring by the bundle E(—a;), the exact sequence (11) becomes

t
0— E(-as)® (EB 0r2k) | — E(-a,) 80" — E(-a;) 80" —0,

k=0

thus inducing the long exact cohomology sequence

t
= H(¢,E(-a,)@0)Y) - H(¢,E(-ay) ® 0)) — DH" (¢, E(-a, +2k) — -
k=0

Note that H(¢,E(—a,) ® @’én) is the space of global sections of E(—a,) on the rth
infinitesimal neighbourhood of ¢ in W>; moreover, the obstruction to extending a
section from the " infinitesimal neighbourhood to the (¢ + 1) one lives in

t
PH' (¢, E(-a, +2k).
k=0

17



However, since E(—a,) is a bundle of degree Z;;l (a; — ar) = 0, the splitting type of
E(—a; + 2k) consists only of non-negative integers for 0 < k < ¢, and thus all the
cohomology groups H' (¢, E(—a, + 2k)) vanish for 0 < k < ¢. Thus any section of
E(—a;) on the 1 infinitesimal neighbourhood extends to the (¢ + 1)St. Hence, by
Grothendieck’s existence theorem [Gro61, 5.1.4], the section s extends to an actual
neighbourhood of ¢ in W5, and consequently there is an exact sequence on W, of
the form
0— Ly — E— Fr_y — 0.

Corollary 2.3. Every algebraic vector bundle on W5 is filtrable.
Problem 2.4. Prove (or disprove) filtrability for all holomorphic bundles on W5.

An application of the exponential sheaf sequence shows that line bundles on
Wy are classified by their first Chern Class. We denote by Oy, (j) the line bundle
on W with first Chern class j. Thus, Ow, (j) = 7*Op1 (j), where n: Wy — P! is the
projection. When it is clear from the context we omit the subscript, and use only
0(j) instead of Ow, (j).

We focus our attention on rank 2 vector bundles with vanishing first Chern class
on Wg. If E is such a bundle, then by Grothendieck’s splitting principle E|p1 = Op1 (j)®
Op1 (—j) for some integer j = 0, which we call the splitting type of E. We can then
naively define a "space" of isomorphism classes of rank 2 vector bundles over Wj of
splitting type j as a set by considering the quotient

M;(Wi) =Ext%,vk(@’(j),@’(—j))/ ~ (12

where ~ denotes bundle isomorphism.

Such a quotient is rather badly behaved, as expected. Nevertheless, there is a
simple way to extract a moduli space out of it that is a quasi-projective variety. This
can be done by restricting ourselves to the subset 91 ; (W) of bundles with splitting
type j that are defined over the first formal neighborhood of the P! inside Wj. (ex-
tended trivially to higher neighborhoods). In other words, in 90T ; (W) only extension
classes that vanish to order exactly one on P! (and contain no higher order terms on
u; up) are considered.

We formalize this notation:

Notation 2.5. We denote by 9t j(Wy) the subset of M; (W) consisting of those bun-
dles with splitting type j defined by extension classes of order exactly 1 over P!.

Koppe described M ; (W) for k=1,2,3:

Lemma 2.6. [Ki0, Prop. 3.24] The subset of M(W;; j), i = 1,2,3, which consists of
extensions that do not split on the first infinitesimal neighbourhood ¢V is a projective
space of dimension

dim (MW;; 1) =4j-5  forj=2.

Moreover, 1 (Wy; 1) is empty, N (Wa; 1)1y is a point, and I (Ws; 1)1, is one-dimensional.

18



Proof. Let C" be the space of coefficients p1os and po;s of p, these correspond to
coefficients of nontrivial extension classes in the first formal neighborhood ¢V,
Direct verification shows that the only isomorphisms on #() are scaling, see [Ki0,
Prop. 3.5], and thus D (W;; j); is obtained by projectivising the open subset of generic
coefficients of the affine space C".

Now we just compute y; directly : On the 0-th neighborhood we have E° := E|, =
Op1 (—j) ® Op1(j), so that

ENdE° = Op1 (—2) ® Op1 (2)) ® Op1 ® Op1 = (End E°)".
Also, the normal bundle of ¢ is

Nyw, =0p (-1)%*  Npw, =0p1(=2)®0p1 Ny, = Op1 (=3) & Gp1 (1),

and by Serre duality,
y1=h° (é; (&ndE’ ® N;YWE,)V ®w[p1)
=h®(¢;(End EY)Y ® Ny, ® wp1)
=4(j—-1Dfori=1,2,3and j=2.
The results for j =1 follow from a similar computation. O

Since the general extension class is nontrivial on the first neighborhood, we re-
fer to the open subset 901 (W) of the moduli space as its generic part. So, we may
rephrase Képpe’s result as:

Theorem 2.7. For k = 1,2,3, the generic part of the moduli of algebraic bundles
9N (Wy) is smooth of dimension 4 j - 5.

Proof. In canonical coordinates elements of 91;(W}) are given by transition matri-

ces ,
J
(ZO Z’fj), where p=pi(z,2 Vs +pa(z, 2 g,
and isomorphism is given by projectivization. Calculating Ext%,vk (G ()),0(-j)) we
show that the expression of p has 4 j —4 coefficients, and projectivization lowers the
dimension by 1.

O

Problem 2.8. Describe moduli spaces of algebraic bundles on W; for k > 3.
Using canonical coordinate charts for the Calabi-Yau threefolds Wy, = Tot(Gp1 (—k))®

Op1 (k—2)) asin 1, we can represent an element E, of M (W) by a transition matrix:

J
(ZO z’fj)’ where peExtl(@(j),@(—j)),

with p = p(z,z7!, u). Those bundles belonging to the generic part are then the ones
having p homogeneous of degree 1 on u;, up (because u; = uy = 0 cut out the P!
inside Wy on the U-chart).
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Then, by upper semicontinuity every element near E), can also be represented
by an element of Ext! (@ (j),0(~j)). That is, there is a small disk D around p over
which the family of bundles near £, may be represented by

j
(26 5—‘3‘), with  p, € Ext (G (j),0(- ).

Therefore, the existence of the maps:

D —Hom(D, #y)

. (Z pa
implies that our naively defined quotients satisfy the definition of coarse moduli
space if regarded from the point of view of algebraic geometry.

The behaviour of moduli changes quite a bit if we consider all holomorphic bun-
dles at once (instead of only algebraic).

Observe that the threefolds Wy admit strictly holomorphic vector bundles which
are not algebraic whenever k = 2, see for example [GKRS18, Cor. 5.4]. This contrasts
with the result of Zy, where all holomorphic vector bundles are algebraic [Gas97].

We have:

Theorem 2.9. W, has infinite-dimensional moduli spaces of holomorphic bundles.

Proof. Rank 2. Consider in general, all holomorphic bundles that correspond to
elements of Ext%/v2 (G (j),0(—))/ ~. Then the result follows from the fact that

dimExtjy, (G (),0(- ) = h' (Wp;6(-2) = oo,

by choosing different monomials on u;, u of order n, these define bundles that split
to neighborhood 7 — 1 but do not split on neighborhood 7.

Rank 3. For brevity we give just an example. Consider the moduli space that con-
tains the tangent bundle of W,. The Zariski tangent space of this moduli space at
TW, is given by the cohomology H! (W5, End(TW,)), which is infinite-dimensional.
Indeed, Cech cohomology calculations show that H! (W5, End(TW>)) is generated as
a C-vector space by the following cocycles:

©,...,0,z 'wyu3,0...,0),(0,...,0,z7"u5,0...,0) fori=1,2,3,and
[ ~——
4 4

©,...,0,z7'u3,0...,0),(0,...,0,z ' 13,0...,0) fors=>0.
~—— ~——
6 7

O

Problem 2.10. Describe moduli spaces of holomorphic bundles on Wy, for k > 1.
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2.3. Moduli of bundles on deformations of W,

Notation 2.11. Fixt =) ¢, ug € O(C). Then by #5(t) we mean the deformation of W,
given by

12
(& v, 1) =(27, 27Uy + 2T, Up).

Lemma 2.12. Pic(#, (1)) =Z.

Proof. Tt follows from the exponential sheaf sequence and the facts that H! (#5(1),0) =
H2(#5(1),0) = 0 and H?(#4(1),2) = Z. O

Assume 7(0) = 0, then by the moduli 91 j(#2(7)) of rank 2 bundles over the sur-
face #5(t) with splitting type j we mean:

M;(Wa(1)) = Exty, . (0(),0(= )/ ~,
where ~ denotes bundle isomorphism, i.e., p ~ g if the vector bundles defined by

z q
0 zJ

zZ p

0 zJ and

are isomorphic, and recall that (to obtain a moduli space) we are considering only
extension classes of first order, that is of the form p = pl(z,z‘l)ul + pz(z,z‘l)ug,
otherwise considering all order we would have obtained moduli stacks in the sense
of [BBG14].

Remark 2.13. For special values of T we have:

o If there exists u € C such that 7(u) = 0, then #5 (1) contains a P'. The inclusion
is given by:
fu: P — #)
z — (z,0,u)

& — (0w

e For 7 = 1, we have that #5 (1) = Z, x C, where Z, is the nontrivial (affine) de-
formation of Z,.

Assumption: in what follows we consider only those deformations #5(7) that con-
tain a P! as a subvariety (algebraically or analytically). In particular, such defor-
mations are not affine varieties, allowing for the possibility of positive dimensional
extension groups.

Lemma 2.14. Elements ole (#>(1),0(—])) can be expressed in the form
j-1j-i-1

> IZ olisz ulus.
0 I=1

$20i=
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Proof. A 1-cocycle can be expressed in the form

o .
o=Y Y Y ouZulu.

I=—00i=0520
Then
o~ Y Y Y ousuiug
I=-1i=0s=0
because monomial with positive powers of z are coboundaries. Changing coordi-
nates we have v, = up and v; = z?u; + z7, hence u; = &2, — 1, so the expression for
o transforms to

To= ) ZZU”sz”ju{ug

I=-1i=05=0
I—j 2
=Y Y Y oud v -in'u
I1<-1i=0s=0
=Y Y ¥ ous v -
I=-1i=0s5=0

To improve notation we change [ to —I so that we have
To=Y Y Y o4& v -1l vs. (13)
[=1i=05=0

The holomorphic terms on the V chart are those in which the power of ¢ is greater
than or equal to 0, so we can remove those terms. The ones that remain satisfy the
condition

I+i<j
for =1 and i = 0. Therefore, we can rewrite (13) as

j—1j-i-1

To = ZZ Z Ultsfl ]H(CYVI T)

s=20i=
By changing back to the U chart we have

j-lj-i-1

UNZZ Z OlisZ ”1”2

$20i=
O

Lemma2.15. [Harl3, I11.6.3.(c), I11.6.7] There is an isomorphism between ExtW 0 ©@(j2),0(j1)
and Hl(%(r),@(h — j2)) given by:

Exty, ,(@(j2),0(1) — H'#(1),0(:1~ j2)
Z_jl p .
( 0 z_j2) = 2.
In particular, there is an isomorphism
Ext; (T)(@(]) o-j) - Hl(%(r),@(_Zj))

(0 z‘f) -~ z'p.
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Corollary 2.16. Elements of Ext;V2 0@ ()),0(=)) can be expressed in the form

2j-12j-i-1 o
Y XN ousz Mulu.

s=20 i=0 [=1

Proof. It follows from Lemma 2.14 applied to ©(-2j) and Lemma 2.15.
O

Proposition 2.17. Let #5(t) be a deformation of W that contains aP' an a subvari-
ety. Then every algebraic vector bundle on #>(t) is filtrable.

Proof. The transition matrix for the cotangent bundle of #5 (1) is given by:

—z° 0 0
2zul +1(p) 272 -z M (up)
0 0 1

We then have the conormal bundle N,
PL#(1)

proof as Theorem 2.2. O

= Op1(2) ® Op1, and we use the same

Example 2.18. An application of Corollary 2.16 shows that Ext;,,2 0(0Q2),0(-2) is
1

generated over C by monomials of the form zus, uj, z7 w3, zuyu3, ujus, zuf u; for
s = 0. So, on the first formal neighborhood we have, in principle, for any 7, genera-
tors zuy, Uy, 2~ Uy, zuy, U1, some of which may still be zero. In fact, we observe that
u; will be zero in the moduli space for any choice of T because we have the equality

Z2 ux

0 z2

Z2 ux

0 z2

z2 0
0 z72

1 0
0 z72

1 —Uux
0 2z

’

which is an isomorphism of vector bundles, therefore u; defines the split bundle.
We conclude that the first formal neighborhood of Ext%,/2 @ (6 (2),6(-2)) is generated
over C by the monomials zuy, up, z Y uy, zuy, some of which might still be zero,
depending on the choice of 7.

Notation 2.19. We denote by E; and E, the vector bundles over #> defined respec-
tively by the following transition matrices:

22 zup
0 z72

22z
0 z72

E =

, Ex=

Lemma 2.20. The vector bundles Ey and E, over #> are not isomorphic.

Proof. We calculate the generators for HO(¢LE ilp1) for i = 1,2 as C-vector spaces.
On the 0-th formal neighborhood, that is over ¢ = P! the global sections of E;| s
for both i = 1,2 are those pulled back from ¢'(2), namely

OS_OS_
;I—Z)Z_

0
S():l

22|
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We now verify which of these extend to the first formal neighborhood. For n =0,1,2
~ a . . .
let§, = e denote a possible extension of s, to a section of E;| 1.

CASE OF E;: We claim that sy does not extend to ¢'. For such an extension § to exist,
we must have a function a holomorphic on U = C|[[z, u;, uz]] such that

2z

0 z72

ZZa+zuy
72

a
1

is holomorphic on V = C[[¢, vy, v2]] = C[z7), 2%y + zuy, up]]. But zuy = vy — vy is
itself holomorphic on V, therefore we must have z2a holomorphic on V, which is
impossible on neighborhood 1. So, sy does not extend to a section of Ej|,1. Direct
verification then shows that H’(¢1, E;) is generated by

_ul
Z

—2Uy

ZZ

’ 82_

§1=

CASE OF E,: Direct verification shows that E» |, admits the sections:

~ [Z5] ~ —Uy ~ —Up
So = 1 y S1= z , 2= Z2
We conclude that h°(¢!, Ey|,1) = 5 but h°(¢1, E»| 1) = 6, hence E; < Ea. O

Theorem 2.21. Some deformations of Wo have the effect of decreasing the dimension
of Mo (Wa) while keeping the moduli nontrivial.

Proof. In this proof we will denote by #> the deformation given by 7 (1) = u;. We
will show that the deformed space 9, (#5) is strictly smaller than the original 91, (W5).
We will use the isomorphism
1 p
0 1

zZ p
0 z7/J

zZ p

zl p+zib+z7Ip
0 z7/ /

0 z7J ’

1 b
0o 1]~

where b is a holomorphic function on U and S is a holomorphic function on V. It
implies that the cocycles p and p + z/ b+ z~/  define isomorphic vector bundles.

The space Ext%,l,2 (0(2),0(-2)) is generated by the non-zero cocycles zuy, z7 ' u,,
Uz, zuy. The space Ext%,/2 @ (0(2),0(-2)) of the deformation #,(7) is generated by
the same cocycles, but in these case we will find out that there are further relations
among them.

In the case of #,, by choosing b=0and = -v; = —z%uy — zuy we see that 1
and z~'u, define isomorphic bundles, i.e.,

22 z7lu

0 z32

z? 0
0 z72

Z2 ux
0 z72

)

by Example 2.18. We conclude that the dimension of 9, (#2 (1)) < 2, hence strictly
smaller than the dimension of 91, (W,), which is 3, by Lemma 2.6.

To prove that the moduli 91, (#5) is nontrivial, we use Lemma 2.20 which shows
that the classes zu;, and zu», define nonisomorphic bundles. O
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Combining Theorems 2.21 and 1.28 we obtain:

Corollary 2.22. For k = 2 the threefolds Wy admit infinitely many isomorphism classes
of deformations. Some of these deformations support nontrivial moduli of vector
bundles.
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