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1 Introduction

The study of mean-value properties of solutions of elliptic PDEs has a long and fruitful history. For
harmonic functions in the Euclidean setting, the study goes back to Gauss, Koebe, Volterra, and
Zaremba, to mention just a few, see also [1] for recent results in Carnot groups. A generalized mean-
value property originating in [I4] and [I5], called the asymptotic mean-value property, facilitates
similar analysis of p-harmonic functions, one of the most important nonlinear counterparts of
harmonic functions. Related are applications of p-harmonic functions in statistical Tug-of-War
games, see for instance [14] and [I7]. In the setting of Carnot groups, similar studies have been
conducted in [§] and [9].

A new approach to the asymptotic mean-value property has been recently proposed in [I1] (see
also [2] for relations with statistical games). More precisely, in [I1], the authors proved that every
viscosity solution u to the normalized p-laplacian in an open set @ C R™ for a given 1 < p < oo
(Definition 22)), can be characterized using an asymptotic mean-value property in terms of the
function p, (e, u)(x), defined as the unique minimizer of the following variational problem

llu— pp(e, U)HLP(BE(r)) = Aé]{g lu — )‘”LP(BE(I))’

where B.(x) C Q denotes the ball centered at x with radius e. This notion encompasses the
median, the mean-value and the min-max mean of a continuous function, see [I1] for details.
In the present paper we generalize the results of [I1] to the setting of an arbitrary Carnot group.
Let G be a Carnot group of step k (Definition[ZT]). Denote by Aé\{ g the subelliptic normalized p-
Laplacian (see () and @) and by p, (e, u) the generalized median of a function u defined uniquely
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as in (B). The theorem below stays that a viscosity solution of Af,\qu = 0 can be characterized
asymptotically by the minimum g, (e, «). This provides one more, intrinsic, way to characterize
p-harmonic functions via a variant of the asymptotic mean-value property.

Theorem 1.1. Let 1 < p < oo and let Q C G be open. For a function u € C°(2) the following
are equivalent:

(i) w is a viscosity solution of Aé\{Gu =0 in Q;
(i) u(z) = pp(e,u)(x) + o(e?) as e — 0, in the viscosity sense for every x € .

In order to prove this theorem we first prove Lemma [3.I] where the asymptotic behavior of
minimizers j, is described for quadratic polynomials on balls. We illustrate the discussion with
examples of the Heisenberg group and Carnot groups of step 2, see Examples 3 and 4 in Section
3. As presented in Remark [l in Section 3, our results generalize those obtained in the Euclidean
setting in [I1]. The techniques employed in [II] do not allow us to include in our discussion the
case p = 1, see Remark [2] at the end of Section 3.

2 Carnot groups

In what follows, we briefly recall some standard facts on Carnot groups, see [B} [7, 10} [I6] for a more
detailed treatment.

Definition 2.1. A finite dimensional Lie algebra g, is said to be stratified of step k € N, if there
exists subspaces Vi,...,Vy of g such that:

g=Vi@---@Vyand V1,V;]=Viyq i=1,...,k—1; [V4,Vi] ={0}.

We denote by vy the dimension of Vj.
A connected and simply connected Lie group G is a Carnot group if its Lie algebra g is finite
dimensional and stratified. We also set hg := 0, h; := 23:1 v; and m := hy.

Using the exponential map, every Carnot group G of step k is isomorphic as a Lie group to
(R™,-) where - is the group operation given by the Baker-Campbell-Hausdorff formula.
For each x € G we define left translation by 7, : G — G by

T2(y) =2y
For each A > 0 we define a dilation §) : G — G by
oa(x) =0a(z1,y ..oy x) i= (AP, .., AR Ty,
where 0; € N is called the homogeneity of the variable z; in G and it is defined by o := 4, whenever

hi—1 <j < hy.
We endow G with a pseudonorm and pseudodistance by defining

k 1
2l 1= 1@, a®le = (D a0 %) &
j=1

d(@,y) =y~ - 2le,

where z(7) = (Th,_ 415+, 2n;) and |29)|| denotes the standard Euclidean norm in R ~hi-1. We
define the pseudoball centered at x € G of radius R > 0 by

B(z,R) = Br(z) ={y€G: |y ' x|c <R}

We illustrate the concept of Carnot groups with the following important examples.



Example 1 (The Heisenberg groups H,,). The n-dimensional Heisenberg group G = H,,, is the
Carnot group with a 2-step Lie algebra and orthonormal basis {X7, ..., Xa2,, Z} such that

g1 = Span{X1,...,Xo,}, g2 =Span{Z},

and the nontrivial brackets are [X;, X,,4;| = Z fori =1,...,n.

In particular, if n = 1, then the Heisenberg group Hj is often presented using coordinates (z,t),
where z = x + iy € C and ¢t € R, and multiplication defined by (z1,1)(22,t2) = (21 + 22,61 +
ty 4+ 2Im (21 %)). The pseudonorm given by ||(z,t)|| = (|z|* + t2)"/* gives rise to a left invariant
distance defined by dy, (p, q) = ||p~'q|| which is called the Heisenberg distance. A dilation by r > 0
is defined by §,(z,t) = (rz,7%t) and the left invariant Haar measure \ is simply the 3-dimensional
Lebesgue measure, moreover 6 d\ = r*d\. It follows that the Hausdorff dimension of the metric
measure space (Hi,dm,,A) is 4, and the space is 4-Ahlfors regular, i.e., there exists a positive
constant ¢ such that for all balls B with radius r, we have %r‘* < 7—[4(3) < ¢r, where H* denotes
the 4-dimensional Hausdorff measure induced by dp, .

The following proposition, proved in [5], shows that the Lebesgue measure is the Haar measure
on Carnot groups.

Proposition 2.1. Let G = (R™,-) be a Carnot group. Then the Lebesgue measure on R™ is
invariant with respect to the left and the right translations on G. Precisely, if we denote by |E| the
Lebesgue measure of a measurable set E C R™, then for all x € G we have that |x-E| = |E| = |E-z|.
Moreover, for all A > 0 it holds 0x(E)| = A\?|E|, where Q := ET:l vj0;.

A basis X = {X;,..., X,,} of g, is called the Jacobian basis if X; = J(e;) where (e1,...,en) is
the canonical basis of R™ and J : R™ — g is defined by J(n)(x) := J,(0) - n, where J,, denotes
the Jacobian matrix of 7.

Let us recall the following classical proposition describing the Jacobian basis on Carnot groups,
see [0l Corollary 1.3.19] for a proof.

Proposition 2.2. Let G = (R™,:) be a Carnot group of step k € N. Then the elements of the
Jacobian basis {X1, ..., Xm} have polynomial coefficients and if hj—1 < j < h;, 1 <1 <k, then

Xj(x) =05+ ) af (20,
i>h;
where agj)(x) = agj)(ajl, ey Thy_y) when hy—y < i < hy, and agj)((k(x)) = /\”i_"faz(.j) (x).
The following definition is one of the key concepts of the analysis on Carnot groups. Let
X = {X1,..., X} be a Jacobian basis of G = (R™,-). For any function u € C*(R™), we define
its horizontal gradient by the formula

h1
Vvlu = Z(Xlu)Xz
i=1
and the intrinsic divergence of u as
h1
divy, u := Z X,u.
i=1

Moreover, for 2 < j < k, we set Vy,u:= 32, ;) (X;u)X;. The horizontal Laplacian Agu of a
function v : G — R is defined by the following

h1
Agu := Z X2u.
i=1



A priori, one studies solutions to the Laplace equation under the C2-regularity assumption. How-
ever, as in the Euclidean setting, it is natural to weaken the required degree of regularity and
consider weak solutions belonging to the so-called horizontal Sobolev space. For further details we

refer to e.g. [6 [13].

The following results describe the Taylor expansion formula in the Carnot groups, see [5, Propo-
sition 20.3.11] .

Proposition 2.3. Let Q C G be an open neighborhood of 0 and let u € C*°(Q2). Then, the following
Taylor formula holds for any point P = (z(W), 23 ... 2®) e Q:

1
wP%:wm+wkuw»ﬂ”mm+wkumxﬂ”m@+§uﬁfwmﬂ”nﬂwwl+dww%

D%;*u - <(XlXJ + Xle)u>
' 2 1<i,j<hy

is the so called symmetrized horizontal Hessian of w.

Next, we recall the definition of the main differential operator studied in this work. For p €
[1,+00] the subelliptic normalized p-Laplace operator is

. CliVV1 (|VV1 u|p*2VV1 u)

Aé\jGu = Vv, a2 if 1<p<oo (2)
and
2% Vvyiu Vyiu >
A o SPH )

Vviul?

Note that for p = 2, Ay gu = Agu is the so called Kohn-Laplace operator in G. Thus, the p-
Laplace operator is the natural generalization of the Laplacian. Furthermore, the oco-Laplacian can
be viewed as a limit of p-Laplacians in the appropriate sense for p — oo. Among its applications,
let us mention best Lipschitz extensions, image processing and mass transport problems, see e.g.
the presentation in [I4] and references therein.

In the case of the non-renormalized p-Laplacian, notions of a viscosity solution and a weak
solution agree for 1 < p < oo, see [I12] for the result in the Euclidean setting and [3] for the
Heisenberg group. Since the normalized p-Laplacian is in the non-divergence form, the concept of
viscosity solutions is more handy than weak solutions. Let us now introduce this notion.

Definition 2.2. Fix a value of p € [1,00] and consider the subelliptic normalized p-Laplace
equation

Algu=0 in QCG. (4)

(i) A lower semi-continuous function wu, is a viscosity supersolution of (@), if for every zo € ,
and every ¢ € C?(Q) such that Vy, ¢(x¢) # 0 and u — ¢ has a strict minimum at z¢ € €, we
have AZ]XGQS <0in Q.

(ii) A lower semi-continuous function w, is a viscosity subsolution of (@), if for every z¢ € €, and
every ¢ € C?(Q) such that Vy, ¢(x¢) # 0 and u — ¢ has a strict minimum at ¢ € Q, we have
AZ]X c® > 0in Q.

(iii) A continuous function wu is a viscosity solution of of (), if it is both a viscosity supersolution
and a viscosity subsolution in (2.



Fix an open set Q C G, let 1 < p < oo and let u be a real-valued continuous function in 2.

For a given x € Q, choose € > 0 so that B.(x) C ©, we define the number p,(e,u)(x) (or simply
tp(e, u) if the point = is clear from the context) as the unique real number satisfying

1w = pp (e, Wl Lo By = min llw = Al o ) - (5)

The following properties of y,(¢,u)(x) have been proved in [II] for the setting of compact topo-
logical spaces X, equipped with a positive Radon measure v such that v(X) < co. Here we apply
results from [I1] to X = B.(z) C G and v the Lebesgue measure, cf. Proposition 211

In Theorem 2] below, we summarize results proven in Theorems 2.1, 2.4 and 2.5 in [I1].

Theorem 2.1. Let 1 < p < oo and u € C(B:(x)).

1) There exists a unique real valued e,u) such that
Hop
lu = pp (e, Wl Lo By = 10 llw = Al o (5 -

Furthermore, for 1 <p < 0o, pp(e,u) is characterized by the equation
[ o 110 = e P2 )~ o)y = (6)

where for 1 < p < 2 we assume that the integrand is zero if u(y) — pp(e,u) = 0. For p = oo
we have the following equality:

oo (&, 1) = % ( min v+ max u) . (7)

B(x,e) B(x,e)

(2) If 1 <p < oo then it follows that

= tip(es )y — 10 — s 0) o sy | < 10— 01l
for any u,v € LP(B.(x)). Moreover, if u, — u in LP(Bc(x)) for 1 < p < oo and up,u €
CY(B:(x)) forp =1, then py(e,un) — pp(e,u) as n — oo, the same is true for any p € [1,00]

if {un} C C°(B:(x)) converges uniformly on B.(z) as n — oo.

(8) Let u and v be two functions which, in the case 1 < p < 0o, belong to LP(Bc(x)), and in the
case p =1, belong to C°(B(x)). If u <v a.e. in B.(z), then p,(e,u) < ppy(e,v).

(4) pp(e,u+c) = pp(e, u) + ¢ for every c € R.
(5) pp(e, cu) = cup(e,u) for every ¢ € R.
The following is [I1] Corollary 2.3] in Carnot groups of step k:

Corollary 2.1. Let u € LP(B:(z)), for 1 < p < oo, or in CO%(B.(z)) for p = 1. Let u.(2) =
u(zde(2)) for z € B1(0), then

pp(&,u) (@) = pp(1, u)(0).

Proof. For every A € R and 1 < p < oo it holds:

Y- /
Lr(B.) = [,

and

WA de = et [ e g = e
B1(0)

5($

[ = All Lo (B. (2)) = llue = Al (B, (0))
and the conclusion follows by (1) in Theorem 211 O



Next we state carefully what is meant by the statement that the asymptotic expansion of the
function w in terms of u, holds in the viscosity sense, see (B and Definition 24l First, we need
the following auxiliary definition.

Definition 2.3. Let h be a real valued function defined in a neighborhood of zero. We say that
h(z) < o(x?) as x — 0T

if any of the three equivalent conditions is satisfied:

b) there exists a nonnegative function g(x) > 0 such that h(z) + g(x) = o(z?) as x — 0T,

¢) lim W ()

rz—0t X

<0.

A similar definition is given for h(x) > o(2?) as z — 0 by reversing the inequalities in a) and
¢), requiring that g(z) < 0 in b) and replacing h™ by A~ in ¢l

Let f and g be two real valued functions defined in a neighborhood of zg € R. We say that f
and g are asymptotic functions for x — xg, if there exists a function A defined in a neighborhood
Vaoof xo such that:

(1) f(z) = g(x)h(z) for all z € Vy, \ {zo}-
(ii) limgy_yq, h(x) = 1.
If f and g are asymptotic for x — xg, then we simply write f ~ g as * — xg.
Definition 2.4. A continuous function defined in a neighborhood of a point x € G, satisfies
u(@) = pp(e, u)(@) + o(€?),
as € — 07 in the viscosity sense, if the following conditions hold:

(i) for every continuous function ¢ defined in a neighborhood of a point = such that u — ¢ has
a strict minimum at x with u(x) = ¢(x) and Vy, ¢(x) # 0 , we have

() > pple, d)(x) +o(e?), ase—0T.

(ii) for every continuous function ¢ defined in a neighborhood of a point = such that u — ¢ has
a strict maximum at x with u(z) = ¢(z) and Vy, ¢(x) # 0, then

6(2) < pple, @)(@) + o), as e — 07

3 The proof of Theorem [1.1]

In order to prove Theorem [T we need the following key lemma.

Lemma 3.1 (cf. Lemma 3.1 in [I1]). Let G be a Carnot group of step k. Moreover, let Q C G
be an open set and x € Q be a point such that Be.(x) C Q for all small enough ¢ < eo(x). Let
1<p<ooand € RN\ {0}, n € R¥2. Let further A be a symmetric vy X v1 matriz with trace
tr(A). Moreover, consider the quadratic function q : Be(x) — R given by

a(y) = q(@) + (€ (@ 'y e + (1, (27 1y) D)o +%<A($*1y)(1)7 (') Vg, y € Be(), (8)

1 As usual, we denote by ht(z) := max{h(z),0} and h~ () := — min{h(z), 0}.



where (z~ y)V) and (z= y)® are the horizontal and the vertical components of x~ 'y, respectively
and (-, )ge1 and (-, -Ygv2 denote the Euclidean scalar products on R and RY2, respectively. It then
follows that

AE, E) g
e, a)(a) = ate) + 2 () + (0~ 2 EEGEL ) o), o)
where
v P+Zf;11 j'Uj T Jj—1 I
1 B (Q(kkl)!’ = 1) k=1 B (%, p7+22§1 Lt 1)
c:= C(p,'Ul,-- '7Uk) =

2(p+wv v —24 3kt o, . jo; p—2+3071 iv;
) B <2(k_kl)!7 . ;(%:—11_)1! =+ 1) i=2B (JQTJ" e 1)

and B (x,y) denotes the Beta function B (z,y) = fol t*=Y(1—t)v=tdt for all x,y > 0. Furthermore,
if u € C%(Q) with Vv,u(x) # 0, then
pp(e,u)(z) = u(z) + CA{XGU(QS)EQ +o0(e?), as e—0T . (10)

Remark 1. The formula describing the constant ¢(p,vi,...,vg) is complicated and not easily
simplified using the properties of the Beta function.

Before we prove the lemma, let us discuss its assertion in some particular cases:

Example 2 (The Euclidean space RY). If G is the Euclidean space RY then c(p, vy, ..., vy) agrees
with the constant computed in [I1], namely
) = 1

~2(p+N)’
Example 3 (The Heisenberg group Hy, cf. Example [[)). If G = H;, then quadratic function ¢
in (§) takes the form:

c(p,N

y) = a(e) + (& 7)) +wlan)@ + SAE Y, @) D,y € Bala),

where w € R, ¢ € R?\ {0}. Furthermore, the constant ¢ = ¢(p) appearing in (@) and ([0) takes

the following form
pt6) )\ ?
c(p) = : v :
(p+2)(p+4) \ I (22)

2~ le™? dx is the Gamma function.

where for t > =1, T'(t) = [

Example 4 (Carnot groups of step 2). Let G be a Carnot group of step 2, then the quadratic
function ¢ in (8) takes the form:

a(y) = (@) + (& (@)D + 1, (27 y) P)re + %<A(m‘1y)(”, (@ 'y)M)pn,  y € B.(),

that is v; = n,vy = k, £ € R"\ {0} and n € R*. Moreover, the constant ¢ = ¢(p, n, k), appearing
in @) and (I0), takes the following form

kE niptd
c(p,n, k) = L B
2+ 9 B (5, 252)
In the proof of Lemma Bl we employ the following integral formula.
Lemma 3.2. Let ag,...,a, be real numbers such that a; > —1 for i =1,...,n. It then follows
that I ( +1)
LI, D=
Peairde = T EL -2 11
/$1 T, AT on ]_—\(nJrQJgZ Oti) ( )

Tn

where T), := {(ml,...,a:n)ER":m%+...+xi<1,m¢20f0ri:1,...,n}.



Proof of LemmalZA. Let a,b > —1. Upon applying the change of variables t = sin” x, we obtain
the following equation:

o 1 1
., b / o 1 1/ az1 b—1 1 (a+1 b+1>
sin® x cos” xdx = t2(1 —t)2 ———dt = — t =z (1—t)2dt==B ,— .
/0 0 ( ) VT =1 2 Jo ( ) 2 2 2

Now we are in a position to calculate the left-hand side of ([[IJ). We apply the spherical
coordinates

[SIE)

T = 7 COS Y1
To = 7 sin 1 cos P2
T3 = 7 sin 1 sin g cos @3
Tp—1 =Tsingp;sings ... coS@p_1
Tn =rsing; sines...sinY,_1
with the Jacobian determinant |J| = r"~! sin" "% sin” 2 g - ... - sing,_y and the spherical

coordinates varying as follows: r € (0,1), ¢; € (0,7/2) for i =1,...,n — 2. The result is

1 ™ Ed
2 2 n . — . n . —
/ it aprde = / / .. / |:’]"Zi1 aitn—1 o0 P1 gin2oizz @itn—2 01
0 JO 0

n

- cos?? gy sin2-i=s itn—3 @2 ... cos o, sin®” @nl} dpy ... dpn_1dr
. 1 ].B 2?220@4—71—1 a; +1 ].B E?:3ai+n_2 oy +1
Y a2 2 T2 2 2 T2
1 anp+1 ap_1+1
L ey,
D(2)T(y)

which is equal to the right-hand side of ([TI) upon using the well-known formula B (z,y) = —~—%

Proof of Lemma 31l In the proof we follow the steps of the proof of Lemma 3.1 in [I1]. However,
since the setting of Carnot groups differs from the Euclidean one, the computations are to some
extent, more demanding and nontrivial.

We begin with computing 1, (e, q). For z = (2(V,...,2)) € B := B(0,1), we introduce the
following functions:

and  v(z) == (€, (21, .., 20, ))mr = (&, 2P )por .

¢=(2) := q(20:(2)), ve(z):= M

We know that p,(e, q)(x) = pp(1, ¢-)(0) by Corollary 211 Then, by points (4) and (5) of Theorem
[Z11 we see that

wp(e,q)(x) — q(x
ZD( )(6) ( ) p(l,Us)(O).
Let us further observe that

ve(2) = (6, 2M) + (4=D,20) + e, 2) (12)
which shows that v. converges uniformly to v as ¢ — 0 on B. We appeal to the second part
of claim (2) in Theorem 2] to obtain that p,(1,v:)(0) — p,(1,v)(0) as e — 0. Recall that the

characterization of A = p1,,(1,v)(0) given by (@) in Theorem 1] states that if p € [1,00), then A is
the unique number such that

/B 16,y ™) — AP2((, 5 D) — Ay = 0.

8



On the other hand we have

‘LK&¢WP”«§MWMy=&

which follows from the symmetry of the unit ball and the following natural change of variables

d(yW, y@ Ly By = (=W @ BT =1, @(B) = B.

It now follows that s, (1,v)(0) = A =0.
If p = oo, then by (@):

|~

;Mmm:<?mwwgmwﬂ=3MHwﬂ.

Next, we split the discussion into the cases depending on the value of p. Let us define

b up(e,(J)(;‘) —a(z)

3.1 Case 1l: 1 <p<oo.

For the sake of brevity, we introduce a function f(s) = |s|P=2s. Then, upon applying () to
tp(1,06)(0) = e7e, we obtain

/ f(ve(2) — eve)dz = 0.
B

By using ([I2)), this can be transformed to the following expression:

/Bf (<§, 20 4 ¢ (%(Az(l), 20y o 4, 2(2)>)) dz =0, (13)

Without loss of generality we may assume that || = 1, since otherwise we can consider the
quadratic function § = ¢q/|¢|. Let us apply the change of variables z = (21,23 ... 2(®) =
(Ry(l),y(z)7 - ,y(k)) in ([I3)), where R is a v; x v; rotation matrix with RT¢ = e and e; denotes
the first element of the canonical basis of R, Set C' = RT AR, then ([3) reads as

/Bf (y1 +e (%<Cy(”,y(”> — e + <77,y(2)>>) dy = 0.

Since fB fly1)dy = 0, it follows that for all € > 0, we have:

/B % (f <y1 +e <%<Cy(”,y(”> — %+ (n, y(2’>)> - f(y1)> dy = 0.

Therefore, by the Fundamental Theorem of Calculus, we have:

1
/ [/ f (y1 T te (%<Cy(”, y Oy — . + (n, y(2’>>) dt} <%<Cy(”, yW) — e + <n,y(2)>> dy = 0.
B 0

(14)
Equality (I4) implies that 7. is a weighted mean value of the function 1(Cy®, yM) + (n,y®?)
over B with respect to a weighted Lebesgue measure w(y)dy for

! 1
w(y) = / f (y1 T te (§<Cy(”,y(”> — 7+ <n,y(2)>>) dt, ye€B.
0

The weight function w is nonnegative since f/(s) = (p—1)|s[P~2 > 0. Therefore, 7. is bounded by
c = I5(CyM,yD) + (0, 5@ | 5).



Let us consider any subsequence of (v.) converging to o as € — 0%, which for the sake of
brevity, we also denote by (7). Let us consider two cases. If 2 < p < oo, then for all y € B we
obtain

! 1 1
/ f (y1 Y te <§<0y(1),y(”> — 7+ <n,y(2)>)) dt <5<0y(”,y(”> — 7+ <n,y(2)>) '
0

1 p—2
< 2¢(p — 1)/
0

dt < 2¢(p —1)(1 4 2ce).
Therefore, by the dominated convergence theorem the sequence () converges to

i, — AP GCY Dy ) + (1, y™)) dy (15)
TS T lonP=2dy |

Let now 1 < p < 2. Fix 0 < 6 < 1 and split the integral (I4) into two parts: over the set
Go := BN {|y1| > 6} and Fy := BN {|y1] < 0}. Observe that for all y € Gy and for all € > 0
satisfying 2ce < 0, we have the following:

! 1 1
/ f (y1 tte <§<Cy(1),y(”> — e + <n7y(2)>)) dt <5<Cy(”,y(”> — e + <n7y(2)>) }
0

< 2¢||yy| — 2ceP 2.

1
y1 + te <§<Cy(”7 y Dy — . + (n, y(2)>)

Moreover,

e—0

lim [ [jy1] — 2cef" dy:/ |y1|p72dy</ ly1 [P~ 2dy, (16)
Go Gy B

where the inequality holds uniformly for all § € (0,1). Furthermore, the last integral turns out
to be finite which can be seen from the explicit calculation below in ([IT). Hence, by applying
Theorem 5.4 in [IT] to X = Gy with v being the Lebesgue measure, we obtain the following:

! 1 1
lim/ / 1 (yl T te (§<Cy(”,y(”> — e + <n,y(2>>>) dt <§<Cy(”,y(”> — e + <77,y(2>>> dy
Gg JO

e—0
o (1
= [ =0l (580 + ) 20
6

Observe that here the upper bound in ([IG]) allows us to conclude that the limit as § — 07 is finite.
We now focus on the part of the integral in (Id)) involving the set Fy. Since |Fy| = [ , 1dy, then
upon writing this integral as in (I7), one sees that |Fy| = c(k,v1,...,v,)0, and so |Fy| — 0, as
6 — 0. Moreover, it suffices to consider 6 = 2ce and the related me ly1| — 2¢£[P~? dy. We again
appeal to integral () and reduce our computations to finding

/ (2c — [y ])P % dy .
By, (0,R1)N{|y1|<2¢ce}

However, direct computation shows that this integral is of order eP~!, which then allows us to let
e — 0%, and in turn conclude (IH).

In order to approach the proof of (@), we first need to compute integrals in (IH]). We begin with
computing the denominator of (I&). Once this is completed, the computation of the numerator
will be more straightforward. We write

I:/ ly1|[P~2dy = / / / / ly1 [P~ 2dy D dy@ . .. dy =D dy®)|
B

By, (0,1) By, (0,Re—1)  Buy(0,R2) By, (0,R1)
(17)
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where for j = 1,...,k, B,,(0,R;) denotes the Euclidean ball in R"/ centered at 0 with radius
Ry, = 1. Furthermore, each radius R; > 0 is a function depending on the variables y® with i > j,
with the following property:

E
Ry—1 =Ry_1(y™) = (1 - Hy(k)H%) -

k—2
2k!

Ricz =Ria(y®,y*1) = (1= [y @) %* — |y #5)
Ry =Ry(y® ...y0™0) = (1= Jy @ — =y )

2
2k1
2k
B

1
k 2k
Ry =Ri(y®,...,y?) = <1 -3 |y(i)||%> .
=2

Upon applying the scaling change of variables, followed by Lemma [3.2] with a; = p—2 and a; =0

k
=3

for i =2,...,v1, we obtain the following equality:
/ g1 [P~2dy D = R§1+p’2/ g1 P2y = RY1+P*22U1/ o7 2dy D
By, (0,R1) By, (0,1) Ty,
—1 1 ’Ul—l
_ Rv1+P—2F(pT)F(§) (18)
' T (=5%)
Using ([I8) in I, we see that
(e=typ (L)t
i )v +(§) / . / RyP 2y @)y, (19)
F ( 12 ) B”k (O,l) Bv2 (O,Rg)
Since R;”er*z is a radial function with respect to y®, ..., y®)  in particular with respect to y(?),
1

2k! 1\ 2&T
we use the spherical coordinates together with the observation that Ry = (R22 —ly@| %) " to
obtain the following:

V! R | vi+p—2
/ R11}1+P*2dy(2) = 2ﬁ ’ / ’ (R;T — 1"27“) 12k! 7‘”2_1d7’
By (0,R2) r(%2) Jo
2 /T2 [l witp2 P
= r\@)/ Ry, * (1-s%)"# Ry~ 1s» 'Ryds  (Ros:=1)
3 ) Jo
,U2 v v P— 1 1 v p—
= i\/—(:——2) R%/ (1 —3%) 1;—k! 25U271d8
2 0
2ﬁv2 2vptvitp—2 9 1 vitp—2 2@wy-1) 2 4 -
= T (W)‘RQ 2 2_]§|/ (T—t)" 2o ¢~ 2 2t (t:=s7)
2 *Jo
27?2 Zvptviip-z 9 1 ip 2
B % . Q_k'/o (1 — )= 28 gy
2 .
_ T et (2o v 42 p 2
2k (g) 7 oK1 o] :

11



In summarise, we now have

—1 v1+v2—1 » _
_ 4F(%f0;/51 i E;(?EE,ELijﬁiiJL:E)‘/' ,.'/" [ et TR
2kID (B2) I (2) 2k! 2k! Buy(01)  JBuy(0,Rs)

In order to complete the computation of the iterated integral I, we need to proceed similarly to
the previous case. As it turns out, the key step is to calculate the following integral:

0 ;
/B o Rjj_ldy(ﬂ) (20)
v; (0,R;

where 0; > 0 is defined inductively for j = 2,3,...,k — 1. From the previous computations we see
that 0o =v1 +p — 2 and 03 = %.
Let us observe, that from the construction of R;, it follows that

j—1
2k! ok \ 2FT
RH:( ey ||J) .

(i—1)0; (i—1)0;

L -~ R, | " )
Ry = [ <_ Iyt ||2T"“’) T -2 (RQ; ) o,
r'(%) Jo

ij (O7Rj) ij (O’Rj)

Hence

which again follows by the integrand being radial. We apply the change of variables R;s := r to
obtain

(i—1)0; (i—1)0;

R; 2k! - SR L 1 2k! 2L, SR o1 .
/ R/ —r T dr—/ R/ — R/ s Ry s Rjds
0 0
(3— 1)9 +ivj
le (1—1)6,
i / —S§ 7 ) = e sVt

(J 1)9 +ivj

G=16; jv;—1) _7 —2k! 2k!

(1—t) 20t 3w %t%~ﬁ (t:=s7)

j (=10 +jv, (G—1)8; ]v i —2k!
_ R J / (1 _ t) kT o dt
0

oK1
S (-6 v . .
_J (v (G- 1)Y,
= ot B(ﬂ? o 1)

Therefore 0; is defined by the following recursive formula

Oy =v1+p—2 and 9j+1:1}j+]—_9j, J=2,....k—1,
J

which leads to the following explicit formula:

p—2+ 370 v
0j+1 =
J

Indeed, observe that

j=1 o p=24 i P24 3
J j—1 J

12



Now we are in a position to complete the calculation of the integral I, cf. (I7) and ([I9):

r(gt) vt w2y ) gyl
2 ka (071) B"’Z(O’RQ)
— v1—1 v
D) vt AR (e w4 2k 4 p -2 / / S T .
T r(E) R R

By, (0,1) By (0,R3)

Each inner integral of R?j_ 1 gives rise to the multiplicative constant

VT G (3 G =10
Ll L=y
AT

in the value of the iterated integral. Therefore, we end up with

k—1
T (22) v R e - A e (G- 106,
5 By, (0,1)

i (v [ — K !
T e () 14\
okl e
Recall, that ), = 172?:%]1:1“, R = (1 — |ly®||*)5" and compute
[ mma® = [ ) gy
v (0,1) B., (0,1)
Vi 1
%) Jo
2yt 1 ! op(k—1) vt 1
) 2(k =Dl Jo
\/Evk i Op (k1)  vp 20— 1)!
BRI

Vg O (k —

B 1)
(%) (k- 1)!8 (2(k— D" 2(k —1)! H)

Hence we arrive at

_ ) Ja TR Vr 0, k-1 ju G=19,
(BRI (22) [T, T (%)B <2(’€ U2k -2) 1) 1;[2 b <2k!’ S 1) - (22)

Next we consider the integral in the numerator of (&), namely

1
J = /B |y |P~2 (§<Cy(”,y(”> + (1,9 >) dy.

We note that [ 51, y)|y1|P~2 = 0, which follows by applying the change of variables

Gy, y, g,y W) = N, =@ @y,

with |J¢| =1 and ¢(B) = B, resulting in the value of the integral being invariant under multipli-
cation by —1. Let us denote the coefficients of matrix C' as follows: C' = [¢;j]i j=1,...,v,, then

2J—C11/ Iyll”dy+zcm/ lya]P™ ylyjdy+Zcu/ 1 [P2y
ﬁ_/

Gatl

Ja J3

13



Observe, that by the symmetry of B, every integral term of the sum Jy vanishes. We will

handle J; and J3 analogously to I. First, for i = 2,...,v; we compute the following integrals
-1 3 1\v1—2 v —1 —1
/ |y1|p—2y2dy(1) _ R11)1+pr (pT) I (5) r (5) i — R11)1+p\/E - T (pT) (23)
oy (0,R) % T (p+1)21+2) o (;DJrUQl +2)

where again we use Lemma and the familiar property I'(1 + s) = sI'(s) with s = % (cf.
computations at ([I8)).

Notice that the calculations summarised in (22]) work for an arbitrary p > 1. More precisely, the
integrals J; and J3 over the ball B, can be expressed in the same way as in ([IT), the multiplicative
constants arising from the computation of integrals (20)) will be the same but with the exponents
0; replaced by the exponents 9;- defined by the following formula (cf. definition of 6; in (ZII)):

0 p+211w3
J j—l

Therefore, by using ([23)) and calculations analogous to those between formula (20) and [22]) we
arrive at

k—1
o \/__1+Zj=1 ij ( ) — <]’U (j _ 1)9/ ) zkv o (k b
Jy = B4, 57— +1 / 1- 25 dy(F)
s ;c 2(kNk=1T (p+v1+2) Hk 21F (7) Jl;[ 2k! 2%k! ( ||y || ) Y

B, (0,1)

EETE o - _ .
_§: i e MY g 1 IIB ju G- 10
Pt i 2(kNA-1T (B 2) 15, T (%) \2(k — DI 2(k — 2)! e 2k!7 2k! '

j=2 2

Moreover, in order to compute Jy, we proceed computationally the same way we did for for (1)
with the power p instead of p — 2, and obtain (2Z2) with p now corresponding to p + 2:

()R R o u UL,
Jl_cll(k!)k—lr(mﬂﬂr?)nj 2F(”1)8(2(k—1) 2( +1) HB(2k" 2k +1>

2

We collect the above calculations to arrive at

L T \/%_H_Z?:l v B< Uk A . 1)
T AR (PR T, () A2~ D 22
V1 k—1 . /
p+1 1 p—1 jv; (G —1)f;
x<011P< 9 >+ 2C“F< 5 >>HB<2/<J" 2/€' +].
i=1 j=2
SR N s Y S Y
ST () [, T () 26 -7 22

vl k—1 . !
c(j—1)0
X <011(p—1)+ E Cii) | | B(%ZJ"( 2k) J —l—l)
=2 ’

where we again use the familiar property of the I' function as in ([Z3)). It now follows that

Vi l‘ )0/
_ i _ T (H%) B( (kfkl)" 2(k9k2)' + 1) <C11 -1 +vzlcﬂ> kH1 ° <j_k j2;' Tt 1)

=7 = T21v
I 4F(P 5 I)B( et 2B(j_k j2]]€.')91+1)

(k 1)"2k 2)'+1 =2

_ 1 B((h 17 35— 2)|+1)HB
2(p+v1)3( (k 1)"2(k 2)'+1) =2 B

=c(p,v1,...,vp) - <611(p— 1)+ Z%) ;
i—=2

(5.5 ) ;
- culp—1)+ ) ci
(T 2k' “ 1) =2



where the constant ¢(p,vi,...,v;) is defined with the above equality (see also Remark [0 and
Examples in Section 3 for further discussion about this constant).

In order to arrive at assertion (), we express the constants ¢11 and tr(C') in terms of the matrix
A and the vector &. Recall that C = RT AR and RT¢ = ey, which imply that

c11 = (Cey,e1) = (CRTE, RTE) = (R(RTAR)RTE,€) = (AL, ¢€),

moreover, the orthogonality of R implies that tr(C) = tr(RTAR) = tr(A). Therefore, we can
conclude that

Yo = C(p, Vlyenny ’Uk)(<A§,§>(p - 2) + tl"(A)),

which upon substituting § with £/|¢], proves the assertion ().

We now consider the second assertion of the lemma, namely the asymptotic formula (0] for
pp(e,u) and w € C%(Q). Suppose € > 0 is chosen so that B.(xz) C Q. Consider the function ¢(y)
as in (), with

q(z) =u(z), &£=Vyulz), A= V%,lu(x), and 1 =2Vyu(x).
Notice that with this notation (and by the assumption £ # 0), it holds that

(A€, €)
ISE

Set u.(z) = u(zd:(2)) and q-(2) = q(zd-(2)). Since u € C?(Q), it follows that for all ¢t > 0,
there exists £(t) > 0 such that for every z € B and all € € (0,£(¢)) it holds |uc(z) — ¢-(2)| < te?.
Furthermore, by claims (4) and (5) of Theorem 2] we have p, (e, q & te?)(z) = pp(e, q)(x) £ te2.
These observations together with Corollary 21 and Part (3) of Theorem 2] allow us to obtain the
following estimates:

Apgu(e) = tr(4) + (p - 2)

pp(e; q) — u(x) pple,w) —u(x) _ pple,q) — ulz)

= —t< - < = +t.
Applying (@) we obtain
N (s q) —u(x)
c(p,v1,- - ve) A gu(r) —t < hgl_}(r}f e
£,q) —
< lim sup w <c(p,v1,... ,vk)AgGu(x) +t,
e—0 € ’

which implies the assertion ([I0) for 1 < p < co.

3.2 Case 2: p= 0.

We need to demonstrate that the expression

. uoo(&z)g— q(x)

- (min {<£,y<”> +e <<n,y(2>> + %<Ay(1)’y(l)>)]

2e yEB

1
+ max {<§, yW) +e <<77, y@) + 5 (Ay™, y(1)>>] )
yEE 2
has a limit as € — 0.
Let us define a function g : G — R by setting g(y) = (£, y) + (n,y @) + 2 (AyD, yV). Observe
further, that the change of variables y = d,,.(z) implies the following equalities:

min_g(z),
z€B.(0)

. 1
min [<£,y(”> +e <<77,y(2)> + §<Ay(1),y(”>>} =
y€B1(0)
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and
1 1
e (6 ) e (0.9 + 3,9 )| = 1 max o),

y€B1(0) € 2eB.(0)

and it follows that

Ve = % < min _g¢(z) + max g(z)> .

z€B(0) z€B.(0)

Next we note that Vy, g(0) = £ # 0, thus we can apply Lemma 1.5 and 1.6 in [9], and affirm
that for all small enough e, there exist points P. s = (yél]\)47 ceey yék]%/[) and P; ,, = (yﬁ%, T, §’i21)
in 0B (0) with the following properties:

max g = g(Pem) and min g = g(Pem)-
B:(0) Bc(0)

In terms of the expression we have the following estimate

52z (0(Pon) + 0(~Pe)) < 72 < 525 (0(Pent) + 9(—Pen)). (24)

Moreover, by applying again [0, Lemma 1.6], we have that

(1)
lim YeMt = é and lim =—— Yem _ —i,
e=0 ¢ |§| e=0 € |f|

which implies

1 _ n o O
5o (9(P-nr) + 9(—Ponn)) = 15 (14 s + (4 — 50—

(
Lo gYes Yer, coo, 1{AGE)
2 e ¢ 2 [¢?

We treat the left-hand side of ([24)) similarly to conclude that

{469
SRTE + o(g?).

Hoo(g,9) = q(x) +
Upon repeating the reasoning similar to the one for AN , we obtain that asymptotic formula (0]
holds for AY ¢ as well. Thus, the proof of LemmaBjI is completed for all 1 < p < oo. O

We are now in position to prove Theorem [T}

The proof of Theorem [Tl Let B(x) C Q be ball and let us fix u € C°(Q) and ¢ € C?(B(x)) with
Vv, é(z) # 0. The asymptotic formula (I0) implies that

o(z) = pple, o) () — clp,vi, ... ,vk)AfXGqS(m)sQ +o0(e?), as e—0. (25)

Suppose that u is a viscosity solution, in the sense of Definition [Z2 to the equation Aﬁf@u =0
in Q. Thus, in particular, u satisfies parts (i) and (ii) of Definition Since u is a viscosity
supersolution of AZ]XG = 0 in Q, then at point x, for ¢ as above such that u — ¢ has a strict
minimum at x and u(z) = ¢(x), it holds that Aﬁf@qb(x) < 0. Therefore, from (23] we obtain

$(x) > pp(e,u)(x) +o(e?), as e—0,

which proves that ¢ at x satisfies part (i) of Definition Z41 By using the fact that w is also a
viscosity subsolution (and so u satisfies part (ii) of Definition 222]) we show that inequality in part
(ii) of Definition 24 holds as well. This proves that u(z) = u,(e,u)(z) + o(¢?) as ¢ — 0 in the
viscosity sense.
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Now we will prove the converse. Suppose, that u(z) = p,(e,u)(x) + o(¢?) as € — 0 in the
viscosity sense. If u — ¢ attains a strict minimum at z, then by Definition 24 it follows that
é(x) > ppy(e,0)(z) + o(e?) as € — 0. Using this result in ([Z5), we get

Apcd(w) = pple, O)(z) = 97) o(1) < o(1),

C(pavlv . 'avk)EQ

as ¢ — 0, and hence Aé\_ZGqﬁ(aj) < 0. We apply a similar reasoning in the case u — ¢ has a strict
maximum at z. This proves, that u is a viscosity solution of Aé\f gu = 0in €. O

We close this section with a remark of Theorem [[.T] in the case p = 1.

Remark 2. The techniques used in the proof of [IIl Lemma 3.1] cannot be easily adapted to
obtain Theorem [Tl for p = 1. Indeed, the Implicit Function Theorem employed on pg. 11 in [11]
for an ellipsoid in R™ and f., cannot be used directly already in the setting of the Heisenberg
group H;. The noncommutativity of the group operation in H; together with the formula for
the Koranyi-Reimann distance result in the singular set within the ellipsoid in H; and prevent
us from using the Implicit Function Theorem. The alternative approaches lead to difficulties of
computational nature.
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