Some combinatorial properties of the Hurwitz series ring
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Abstract

We study some properties and perspectives of the Hurwitz series ring Hg[[t]], for
a commutative ring with identity R. Specifically, we provide a closed form for the
invertible elements by means of the complete ordinary Bell polynomials, we highlight
some connections with well-known transforms of sequences, and we see that the Stirling
transforms are automorphisms of Hg[[t]]. Moreover, we focus the attention on some
special subgroups studying their properties. Finally, we introduce a new transform of
sequences that allows to see one of this subgroup as an ultrametric dynamic space.

1 The ring of Hurwitz series, transformations of sequences
and automorphisms

Given a commutative ring with identity R, let Hg|[[t]] denote the Hurwitz series ring whose
elements are the formal series of the kind

oo
- an n
Auy_ijat,
n=0
equipped with the standard sum and the binomial convolution as product. Given two
formal series A(t) and B(t), the binomial convolution is defined as follows:

A(t)* B(t) := C(t)

where

Cp i — Z (Z) ahbn,h.

h=0
The ring of Hurwitz series has been organizationally introduced by Keigher [9] and in
the recent years it has been extensively studied, see, e.g., [10], [I1], [7], [3], [4], [5].
The Hurwitz series ring is trivially isomorph to the ring Hr whose elements are infinite
sequences of elements of R, with operations + and . Moreover, fixed any integer n, we

can also consider the rings H ](%n) whose elements are sequences of elements of R with length
n.

Remark 1. The binomial convolution is a commutative product and the identity in Hg s
the sequence

(1,0,0,...).

Moreover, Hr can be also viewed as an R—-algebra considering the map
m:R— Hg, =(r):=(r0,0,..),

for any r € R.



Definition 1. In the following, when we consider an element a € Hg, we refer to a sequence
(an)2 = (ao, a1, a2, ...), a; € R for all i > 0, with exponential generating function (e.g.f.)
denoted by A(t).

Proposition 1. An element a € Hg is invertible if and only if ag € R is invertible, i.e.,
Hp={a€ Hg:ay € R*}.
Proof. The proof is straightforward. O

Given a € Hp, it is possible to recursively evaluate the elements of b = a~'. Indeed, it
is easy to see that by = a L and

b, = —aal Z (Z) apbp_n, Yn >0,

h=1
since a x b = (1,0,0,...), i.e.,

n

- <Z> anby_n =0, n>0.

h=0

Moreover, we can write the elements of b in a closed form by means of the complete ordinary
Bell polynomials [2]. Here we use the definition as given in [13].

Definition 2. The complete ordinary Bell polynomials are defined by
n
Bu(t) = Bu(¥),
k=1

where t = (t1,t2,...) and the partial ordinary Bell polynomials By, 1,(t) satisfy

k

Z th2" | = Z By, k(t)2",

n>1 n>k

and

k! ivgis i
Bue®= 3 it
1142i24+nin=n
i1Figttin=k
We also introduce the Invert transform (see, e.g., [0] for information) that is strictly

related to the Bell polynomials.

Definition 3. The Invert transform I maps a sequence a = (an)3>, into a sequence
b= (by)32 as follows:

1=t ant™

Barbero et al. [I] highlighted that, given a € Hg and b = Z(a), we have

(o] OO_ ntn
T(a)=b, 3 bat" = L4
n=0

bn:Bn+1(a07a17a27"‘)7 n > 0.
These tools allow to obtain a nice closed form for the inverse of a sequence in the ring Hrg.

Theorem 1. Let a,b = a~' € H}, be sequences with e.g.f. A(t) and B(t), respectively.
Then
o n!Bn(907gl7g27 )

by, , Vn >0,
ao
where
an+1
= — 0.
= Ty e



= ——. It is possible to see that

G(t) _1<1—‘?>

is the ordinary generating function of the sequence g = (g,)52 . Indeed

e =2(1-Llar> @) ) =25 o5 o), —Z .
=3 ag 0 o’ n! N tn:l agn! _n=0 ap(n + 1) gnl .

The ordinary generating function H(t) of the sequence h = Z(a) must satisfy

B(t) = alo(l +tH(t)).

Indeed

1 _ 1 tG(t) 1 1
LT H®) = (1 T —t(‘;(t)> = W =G0 g Am PO

Observing that h,, = B,+1(90, 91,92, -..) and conventionally By(go, g1, g2, ...) = 1, we have

i 1+ Z B )tn—i-l . i Byn.(90, 91, 92, )m
ag n+1(90, 91, 92, - — ,

n=0 @0
from which the thesis follows. O
It is interesting to observe that some well-studied transformations of sequences can be

defined within the Hurwitz series ring as the product of fixed sequences. Specifically, let
us consider the Binomial interpolated and the Boustrophedon transforms.

Definition 4. The Binomial interoplated transform £, with parameter y € R, maps any
sequence a € Hg into a sequence b = E(y)(a) € Hp, whose terms are

-2 ()

Definition 5. The Boustrophedon transform B maps any sequence a € Hpg, with e.g.f.
A(t), into a sequence b = B(a) € Hg with e.g.f. B(t) = (sect + tant)A(t). See [12] for
some information.

See [1] for some information.

Clearly, the Binomial interpolated operator can be defined by means of the binomial
convolution considering the sequence

A= ()‘H)SLO:O = (1ay7y2a "'aynv )7

ie.,
LY (a) = Axa,
for any a € Hp.
Furthermore, considering the sequence of the Euler zigzag numbers 5 = (5,)52, having
e.g.f.
= B
Z 4" = sec(t) + tan(t),

n!
n=0

we have
B(a) = f *a,
for any a € Hg (see [12] for information about the Euler zigzag numbers).
The Hurwitz series ring is strictly connected to other well-known and interesting trans-
forms of sequences.



Definition 6. The Stirling transform S maps any sequence a € Hp into a sequence b =

S(a) € Hi, whose terms are
bn = Z {Z}aha

h=0

where {Z} are the Stirling numbers of the second kind. Let us observe that S is a bijection
whose inverse is T that maps any sequence a € Hg into a sequence b =T (a) € Hg, whose

terms are N
n
b= 3 |1
h=0

where Bﬂ are the Stirling numbers of the first kind. For information see [6)].
Proposition 2. Given a € Hg with e.g.f. A(t), then b= S(a) has e.g.f. B(t) = A(e! —1).
Proof. Let us recall that {Z} = 0 when h > n and

i {n}tn CERL

= h)n! T

see [8] pag. 337.
Thus, we have

B(t)zi(}io{ } ) Z (Z{ }Z)ziahw:fl(et—l).

Proposition 3. Given any sequences a,b € Hg, we have
1. S(a+b) =S(a)+ S(b)
2. S(axb) =S8(a)*xS(b)

Proof. 1. The proof is straightforward.

2. We prove that the sequences S(a x b) and S(a) * S(b) have the same exponential
generating functions. Let A(¢) and B(t) be the e.g.f. of a and b, respectively. By
Proposition [2, A(e! — 1) and B(e* — 1) are the e.g.f. of the sequences ¢ := S(a) and
d := S8(b), respectively. Said S(t) the e.g.f. of S(axb), we have

=22 <Z> Chidn—n = ZZ cht o T A(et —1)B(e! — 1).

n=0 h=0 n=0 h=0

O]

Hence, S and T are automorphisms of Hr. Another (more trivial) automorphism of
Hp is the transform £ defined as follows.

Definition 7. The transform £ maps any sequence a € Hp into a sequence b = E(a) € Hp,
whose terms are
b, = (—1)"ay,.

The transform £ is very used for studying properties of integer sequences. In this case,
it is immediate to see that, given any a € Hr with e.g.f. A(t), then £(a) has e.g.f. A(—t).



2 Special subgroups of Hj,

In this section, we study the properties of some interesting subgroups of Hp,.

Definition 8. Let Ur and Bg be subgroups of Hy, defined as
Up={acH}:a0=1}, Br={acUg:E(a)=a'}.

Definition 9. The transform V maps any sequence a € Hg into a sequence b=V (a) € Hpg,
where b = (1,a0,a1,2,...). Let us denote V¥ the iteration of V for k times.

Trivially, given any a € Hp, then VE(a) € Ug, for any exponent k > 1. Tt is interesting
to see in the next proposition how the e.g.f. of a sequence changes under the map V*.

Proposition 4. Given a € H}, with e.g.f. A(t), then V*(a) has e.g.f. TF(A®)), k > 1,
where

J(A(t) =1 —i—/o A(u)du

and J¥ =Jo..07.

k

Proof. The e.g.f. V(t) of V¥(a) is

k—1 th i th+1
V(t) = —+ ap, ,
| |
Zpl - T (At 1)
i.e., we have
VO)=V'(0)=..=V*Do)y=1, vE(@) = A®),

where V() (1) is the k-th derivative of V(t).
If k = 1, we clearly obtain that V(¢) = 1+ f(f A(u)du and when k > 1 the thesis easily
follows. =

Now, we see some interesting properties for the subgroup Bgr. It is immediate to see
that a € Bp if and only if A(t)A(—t) = 1. Moreover, if f(¢) is an odd function, then
the sequence with e.g.f. e/() belongs to Br. It is interesting to observe that the set of
sequences having e.g.f. e/ with f (t) odd function, is a subgroup of Bp.

Proposition 5. The group Bp is closed with respect to the transformations €, B and LY,
for any y € R.

Proof. By definition of Bp, it is immediate that £(Br) = Bg (with this notation, we say
that given any a € Bpg, then £(a) is still in Bpg).

Given any a € Bg, with e.g.f. A(t), we have that b = £¥)(a) has e.g.f. e A(t), i.c.,
b € Bpg.

Let us recall that the Euler zigzag numbers § have e.g.f. B(t) = sec(t) + tan(t). We
have

Bt 1 1+sin(?) cos(—t) 11— sin?(t) — cos?(t) 0
) - B(—t)  cos(t)  1+sin(—t)  cos(t)(1—sin(t))
i.e., B € Bg. Hence, given any a € B, B(a) = f*a € Bpg. O

Remark 2. It is possible to see that the group Bgr is not closed with respect to the trans-
formation S. It would be interesting to characterize the group S(BR).

The elements of a sequence a € Bpr are constrained to severe restriction, since it holds
E(a) = a. Said b= a"! and ¢ = &(a), we have, for instance,

bo=1, by =—-a1, b :2a%—a2



and
c=1 ¢ =—-a, c2=ao,

i.e., the element a; of the sequence a can be arbitrary, while as must satisfy
ag = Qa% — asg,

i.e., ag = a?. By continuing in this way, we can also see, e.g., that ag can be arbitrary, while
ay = —3a} + 4ajaz. In the following theorems, we provide a closed form for the elements
of a sequence in Bp.

Theorem 2. Given any a € Bg, we have

"L /1/2
= (271)'2 < ]{3 >Bn+k,2k(x1; ...,xn,kJrl), Vn Z 1,

k=0

w1 e ILD0/2-0)
(20— 1)1 VRS k!
ordinary Bell polynomial as given in Definition |3,

where T; = , and By ok(21, ..., Tn_gt1) s the partial

Proof. Let A(t) be the e.g.f. of a, we can write A(t) = P(t) + D(t), where

P(t) =) (;in)!t%

n=0

and - -
Z a2n—1 th 1 }Z a2n—1 9y,
(2n —1)! t (2n—1)!"
n:l n=1
Moreover, we have

1= A(t)A(=t) = (P(t) + D(t))(P(t) — D(t)) = P(t)* - D(t)*,

since A(—t) = P(—t) + D(—t) = P(t) — D(t) and &(a) = a~'. Since, P(0) = ag = 1 and
D(0) = 0, we obtain from the MacLaurin series of (1 + t)/? that

P(t)=(1+Dt)*)? = i<1/2>

k=0

By definition of partial ordinary Bell polynomials we have

(@)
2% 29m—2k
:E B ok (21, ooy Tm—op 1 )t
m=2k

If we set n =m — k, we get

P(t) = Z <1]{:2> Z Bikok (T1, ooy Ty 2" = Z (Z <1£2> Bt kok (1, ...,mnk+1)> 2,

k=0 n=~k n=0 \k=0

From this identity and P(t) = Y 72, (;LQn)'
n)!

, we finally obtain

" /1/2
agn = (271)!2 ( ]/€ >Bn+k,2k(f517 e Tnky1), Vn > 1

k=0
O

By Definition 2| and observing that Byg = 1, B o = 0 for h > 1, we immediately have
the following corollary.



Corollary 1. Given a € Br, we have

n 1/2 n—k+1
agnz(gn)!z< " ) > (2k)! H W
k=1 i1+ 24+ A+ (n—k+1)ip 1 =n+k g=t

i1+io+ iy =2k

Theorem 3. Given any a € Bg, if aa € R*, we have

n

—k(1/2

aop41 = (27’L—|— 1)'2@5/2 < ]/f )Bn,k(-rly --'7$n—k+1)a vn > O,
k=0

1 ) .
+1 (2142
(2i 4 2)! koo () azkzn—n)-

Proof. Let A(t) be the e.g.f. of a, we can write A(t) = P(t) + D(t), where

where x; =

o aan om
(t) - Z (Qn)l
n=0
and
D(t) = i 201 on-1 1 i 201 on
- Y] Ty —_ 1)
—~ (2n —1)! t e~ (2n—1)
We have i i o 0
P2(t) =1+ agt® + < >a2ka2n 2k | 757
|
= \= 2k 2n)
and

1

z ay! & 2n 2n—2)° 3 ;1 T omt2 2m ) 2
D(t) =tad |1+ Z (zn)v Z ( ok )‘1219‘1271,7219 [ =tag | 1+ Z (2m+2). Z ( 2k )“2k“2m—2k+2 £
me

Then, considering the Maclaurin series expansion of (14t)'/2

ordinary Bell polynomials, we obtain

> _k(1/2
0= 3 (7 (42) Bustors i) ) 20

n=0

and by definition of partial

A9y
Remembering that D(t) = > o7 2n

el mt%_l, the proof is completed.

O]

Remark 3. When R = 7Z, By contains many well-known and important integer sequences.

We have seen that the Fuler zigzag numbers belong to Byz. They are listed in OFIS
[15] as A000111. Thus, all the sequences having as e.g.f. a power of sec(t) + tan(t) are in
By. For instance the sequence A001250 in OEIS has e.g.f. (sec(t) + tan(t))?, whose n—th
element is the number of alternating permutations of order n.

Moreover, the sequence A000667 which is the Boustrophedon transform of all-1’s se-
quence has e.g.f. e'(sec(t) + tan(t)) and belongs to By,
1 + tan(t)

— tan(t)

The sequences A006229 and A002017 belong to the subgroup of By, assembled by the
sequences having e.g.f. of the shape ef®), with f(t) odd function. Indeed, they have e.g.f.
etan(®) gnd st respectively. They are very interesting sequences.

Thanks to Theorem [4 and Corollary we have many new interesting identities for
the elements of these sequences. Furthermore, it is quite surprising that all these (very
different) sequences satisfy same limitng conditions.

Another interesting sequence in By, is the sequence A000831, with e. gf

n—k+1

H azyl

1



In the following, we will introduce a new transform of sequences that arises from the
study of Bg and it will be very useful and interesting. For example it allows to see Ugr as
a dynamic ultrametric space.

Given a,b = a~! € Ug, we know that

n

Z <Z> apbn_p =0, VYn >0,

h=0

from which it follows that

n—1
n
an = — E (h) apbn—n, bn
n=0

If a € Bg, ie. A(—t) = A(t)"}, then, for all n > 0, we have

n—1 .
0 if dd
-y (Z)<—1>hahan_h:{ oo
h=0

2a, if n even

n

Zl <Z> by -

h=0

Thus it is natural to define the following transform.

Definition 10. The autoconvolution transform A maps a sequence a € Hg into a sequence
b= A(a) € Hg, where

bo = ag
bont1 = azny1, YN >0

1
bon = 5 (= 32t () (D anan-s), ¥n>1

It is immediate to prove the following proposition.
Proposition 6. Given any a € Hr, we have a € Br < A(a) = a.
Finally, we introduce another transform striclty related to A.

Definition 11. The transform U maps a sequence a € Hg into a sequence U(a) =b € Hp
as follows:

b(]:a()

bont1 = a2ny1, YN >0 ;
bgn = (271)' ZZ:O (1,/62)Bn+k,2k(a;1, ...,xn_k+1), Vn Z 1

a2;—1

where €T, = m

Remark 4. Given any sequence a € Ug, the transform U constructs a sequence in Bgr
where the elements in odd places are the elements of a. Clearly, we have that a sequence
a € Ug is in By if and only if a = U(a).

Proposition 7. Given a € Hp, with e.g.f. A(t), then U(a) has e.g.f.
1/2

A




A(t) — A(=1)
We have A(—t) = P(t) — D(t) and consequently D(t) = — By Theorem [2| the
terms in the odd places of U(a) have e.g.f (1 4+ D(t)?)"/2. Thus, we have

A'(t) = (1+ D()*)Y? + D(1).

Given a,b € Hp, let us define
d(a,b) := 27k,

if a; = b;, for any 0 < ¢ < k — 1. It is well-known that 0 is an ultrametric in Hg. Indeed,
e i(a,b)=0<a=0,
e 5(a,b) =0(b,a),
e i(a,c) < max(d(a,b),d(b,c)),

for any a,b,c € Hg. Thus, (Hg,d) is an ultrametric space.
Let us recall that we denote H(Rn) the ring whose elements are sequences of elements of

R with length n. Similarly, U }(;in) and Bg) are the subgroups of Hl(%n)* corresponding to the
subgroups Ur and Bp of H, respectively.

Theorem 4. Given any a € Ugr, we have

1
92(n+1)’

6(A"(a),U(a)) <

where A" = Ao...oA.

n
Proof. We prove the thesis by induction.
Let us denote ' = U(a) and b = A(a). It is straightforward to check that
d =(1,a1,a3,a3,..), b= (1,a1,a% as,...).

Thus, a’ and b coincide at least in the first 4 elements, i.e.,

1

6(A(a),U(a)) < 57

Now, let us suppose that given b = A"(a), we have 6(A"(a),U(a)) < PYTCESIE ie. b =a
for all i < 2n+1 and consider ¢ = A(b). Since a’ € B, we remember that for all n > 0 we

have .
— 0 ifn odd
—Z(Z)(—nhaaa;_h:{

2al, if n even

Thus, by Definition we obtain ¢; = a} for all ¢ < 2n + 3, since (b, ..., ban11) =
(ag, .., by, 4q) € Bgn+2 by inductive hypothesis. Hence, we have proved that

5An+1 U < 1
(A" (@), U(@) € S5y

O]

As a consequence of Theorem [d] we can observe that A can be considered as an ap-
proximation of U. Indeed, given a sequence a € Ug, sequences A" (a) have more elements
equal to elements of U(a) for greater values of n.



Example 1. Given a = (ag, a1, a2, as,a4,as) € U}(;{G), then

U(a) = (1,@1,@%,@3,4&1&3 — 3a‘11,a5)
and

A(a) = (1,a1,a%,a3,4a1a3 — 3a%,a5).

Considering A%, we obtain
Az(a) = (1,@1,&%,@3,4&1&3 — Sa%,%) =U(a).

In other words, given any sequence a € Ugi), A%(a) = U(a) € Bg;?), ie., in U](f) the
transforms A? and U are identical.

Frow Theorem [4] follows the next corollary.
Corollary 2. 1. Given any a € Ugn), we have

Ua) = A" (a).

2. Given any a € Ug, we have
— i n
U(a) = nILH;oA (a)
Moreover, if two sequences a,b € Hp coincide in the first k places, then A(a) and A(b)
coincide at least in the first k£ places. Thus, we have the following proposition.

Proposition 8. Given any a,b € Hp, then
6(A(a), A(b)) < 6(a,b).

Remark 5. By the previous proposition, we have that A is a contraction mapping on the
ultrametric space (Hg,0). As a first interesting consequence, we can observe that A is
a continuous function. Moreover, we have that the ultrametric group (Ug,*,d) with the
contraction mapping A is an ultrametric dynamic space, where the set of fixed points is the
subgroup Bgr. In this way, we have found a very interesting example of ultrametric dynamic
space. Ultrametric dynamics are very studied in several fields, see [14)] for a good reference
about dynamics on ultrametric spaces.
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