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On the differentiability of Lipschitz functions
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ABSTRACT. For every finite measure p on R™ we define a decomposability bundle
V(p,-) related to the decompositions of p in terms of rectifiable one-dimensional
measures. We then show that every Lipschitz function on R" is differentiable at
p-a.e. x with respect to the subspace V(u, ), and prove that this differentiability
result is optimal, in the sense that, following [4], we can construct Lipschitz functions
which are not differentiable at u-a.e. x in any direction which is not in V(u,z). As a
consequence we obtain a differentiability result for Lipschitz functions with respect
to (measures associated to) k-dimensional normal currents, which we use to extend
certain basic formulas involving normal currents and maps of class C* to Lipschitz
maps.
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1. INTRODUCTION

The study of the differentiability properties of Lipschitz functions has a long
story, and many facets. In recent years much attention has been devoted to the
differentiability of Lipschitz functions on infinite dimensional Banach spaces (see
the monograph by J. Lindenstrauss, D. Preiss and J. TiSer [18]) and on metric
measure spaces (we just mention here the works by J. Cheeger [7], S. Keith [15]
and D. Bate [6]), but at about the same time it became clear that even Lipschitz
functions on R™ are not completely understood, and that Rademacher theorem,
which states that every Lipschitz function on R is differentiable almost everywhere
is not the end of story.'

To this regard, the first fundamental contribution is arguably the paper [24],
where Preiss proved, among other things, that there exist null sets F in R? such
that every Lipschitz function on R? is differentiable at some point of E. There-
fore Rademacher theorem is not sharp, in the sense that while the set of non-
differentiability points of a Lipschitz function is always contained in a null set, the
opposite inclusion does not always hold. (The construction of such sets has been
variously improved in recent years, see [10], [11] for detailed references.)

Note that this differentiability result is strictly confined to functions, intended
as real-valued maps, and indeed it was later proved by G. Alberti, M. Csornyei

L As usual, the expressions “almost everywhere”, “null set”, “absolutely continuous / singular
measure”, when used without further specification, refer to the Lebesgue measure.
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and D. Preiss that every null set in R? is contained in the non-differentiability set
of some Lipschitz map f : R? — R2. This result was announced in [2], [3] and
appears in [4]; more precisely, [4] contains a complete description of the sets of
non-differentiability of Lipschitz maps from R” to R™, and a proof of the fact that
for n = 2 this class agrees with the class of null sets. Recently M. Csérnyei and
P.W. Jones announced that the latter result holds in arbitrary dimension n (cf. [13]),
thus proving that every null set in R" is contained in the non-differentiability set
of a Lipschitz map f : R”™ — R"™. Finally D. Preiss and G. Speight [25] completed
the picture by showing that there exist null sets £ in R™ such that every Lipschitz
map f:R"™ — R™ with m < n is differentiable at some point of E.

In this paper we approach the differentiability of Lipschitz functions from a
slightly different point of view. Consider again the statement of Rademacher the-
orem: the “almost everywhere” there refers to the Lebesgue measure, and clearly
the statement remains true if we replace the Lebesgue measure with a measure p
which is absolutely continuous, but of course it fails if y is an arbitrary singular
measure.

However in many cases it is clear how to modify the statement to make it true.
For example, if S is a k-dimensional surface of class C' contained in R™ and pu
is the k-dimensional volume measure on S, then every Lipschitz function on R"
is differentiable at p-a.e. x € S in all directions in the tangent space Tan(S,x).
Furthermore this statement is optimal in the sense that there are Lipschitz functions
f on R™ which, for every x € S, are not differentiable at x in any direction which is
not in Tan(S, z) (the obvious example is the distance function f(x) := dist(z, S)).

We aim to prove a statement of similar nature for an arbitrary finite measure p on
R™ (note that all results can be immediately extended to o-finite measures). More
precisely, we want to identify for p-a.e. x the largest set of directions V' (u,x) such
that every Lipschitz function on R" is differentiable at p-a.e.  in every direction
in V(u,z).

We begin with a simple observation: let u be a measure on R™ that can be
decomposed as

p= [, (1.1)
I

where I is the interval [0,1] endowed with the Lebesgue measure dt, and each
ue is the length measure on some rectifiable curve E; (formula (1.1) means that
p(E) = [;s(E)dt for every Borel set E; a precise definition of integral of a
measure-valued map is given §2.3). Assume moreover that there exists a vectorfield
7 on R™ such that for a.e. t and p-a.e. x € E; the vector 7(x) is tangent to E;
at . Then every Lipschitz function f on R” is differentiable at x in the direction
7(z) for p-a.e. x.

Indeed, by applying Rademacher theorem to the Lipschitz function f o~ where
~¢ is a parametrization of E; by arc-length, we obtain that f is differentiable at the
point y(s) in the direction 4(s) for a.e. s, which means that f is differentiable at
x in the direction 7(z) for p-a.e. x and a.e. ¢, and by formula (1.1) “for pp-a.e. x
and a.e. t” is equivalent to “for p-a.e. x”.
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This observation suggests that the set of directions V' (u,z) we are looking for
should be related to the set of all decompositions of u, or of parts of u, of the type
considered in formula (1.1).

We then propose the following makeshift definition: consider all possible families
of measures {yt} such that the measure | ; pt dt is absolutely continuous w.r.t. u,
and each p; is the restriction of the length measure to a subset E; of a rectifiable
curve, and for every x € Ey let Tan(E};, ) be the tangent line to this curve at x
(if it exists); let then V' (u,z) be the smallest linear subspace of R™ such that for
every family {p} as above there holds Tan(E;, z) C V(u,x) for a.e. t. We call the
map x — V(u,x) the decomposability bundle of p.

As formulated, this definition would not stand a close scrutiny but hopefully it
should allow the reader to understand the following theorem, which is the main
result of this paper; the “correct” definition of decomposability bundle requires
more preparation, and will be given in §2.6.

1.1. Theorem. Let p be a finite measure on R™, and let V(u,-) be the decom-
posability bundle of j (see §2.6). Then the following statements hold:

(i) Every Lipschitz function f on R™ is differentiable at p-a.e. x with respect
to the linear subspace V(u,x), that is, there exists a linear function from
V(p,x) to R, denoted by dyf(x), such that

fx+h)=f(x)+dyf(x)h+o(|lh|) forheV(ux).

(ii) The previous statement is optimal in the sense that there exists a Lipschitz
function f on R™ such that for p-a.e. x and everyv ¢ V(u,x) the derivative
of f at x in the direction v does not exist.

1.2. Remarks. (i) Obviously the differentiability part of this theorem, namely
statement (i), applies also to Lipschitz maps f : R™ — R™, because it applies to
each component of f.

(ii) Theorem 4.1 below contains a stronger version of statement (ii), where the
non-differentiability of f in a given direction is made more precise by showing that
the corresponding upper and lower directional derivatives do not agree. The possi-
bility of a uniform quantification of the non-differentiability of f (that is, of the gap
between upper an lower directional derivatives) is discussed in Remarks 4.6(ii) and
(iii), and Example 4.7. One may further ask to which extent the non-differentiable
behaviour of f could be prescribed “at many points”, e.g., by requiring that the
blowups of f at these points includes certain nonlinear functions. This problem
will be considered in [20)].

(iii) Statement (ii), can be derived (with limited effort) from the characterization
of the non-differentiability sets of Lipschitz maps given in [4]. More precisely, in [4]
the authors define for every k = 0,...,n — 1 a class 4% of sets E in R™ which
are k-dimensional in a sense that we do not specify here, and are equipped with
a suitable notion of k-dimensional tangent bundle Tan(E,-); then for every such
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E they construct a Lipschitz map on R” which, at “most” points z € E,? is not
differentiable in every direction v L Tan(E, z).

Now, using Lemma 7.3 one can show that for every measure 1 on R™ there exist
sets Fy, . .., Eyp—1 which cover p-a.e. point  where V (p, x) # R™, and such that, for
every k, Ej belongs to A%, and V (i, x) has dimension k and agrees with Tan(Ey, x)
for p-a.e. © € Ey. Then one can use the non-differentiable maps associated to each
E}, as above to construct a function f which satisfies statement (ii) in Theorem 1.1.

(iv) It turns out that the construction given in [4] can be greatly simplified when
adapted to our setting, and therefore we decided to include it here with all details.
The point is that in [4] the authors construct Lipschitz functions (actually maps)
which are non-differentiable at every point of a given set, while here we only need
Lipschitz functions which are non-differentiable p-a.e.; this means that we are al-
lowed to discard p-null sets, which makes room for many simplifications. Moreover
in our framework we can apply Baire category methods, which significantly reduces
the complexity of the construction.?

(v) Note that the non-differentiable function f in statement (ii) is a function and
not a map. Thus Theorem 1.1 is not sensitive to the dimension of the codomain,
unlike the results on pointwise differentiability and non-differentiability mentioned
at the beginning of this introduction.

This is actually not surprising, given the following (rather elementary) statement:
if f:R™ — R™ is a Lipschitz map which is non-differentiable at u-a.e. point, then
for (Lebesgue-) a.e. v € R™ the scalar product v - f is a Lipschitz function which is
non-differentiable at p-a.e. point. Note that this statement is no longer true if we
replace both occurrences of “at u-a.e. point” with “at every point of a set E”.

(vi) The idea that the differentiability properties of Lipschitz functions w.r.t. a
general measure p are encoded in the decompositions of u in terms of rectifiable
measures has been in the air for quite some time now; for example, it is clearly
assumed as a starting point in [6], where it is extended to the context of metric
measure spaces to give a characterization of Lipschitz differentiability spaces.

(vii) The notion of decomposability bundle is related to a notion of tangent space
to measures introduced in [1] (see Remark 6.2(iv) for more details).

1.3. Applications to the theory of currents. In Section 5 we study the
decomposability bundle of measures related to normal currents. More precisely,
given a measure p and a normal k-current T', we denote by 7 the Radon-Nikodym
derivative of T w.r.t. pu (see §5.3), and show that the linear subspace of R spanned
by the k-vector 7(x) is contained in V' (u, z) for p-a.e. x (Theorem 5.10). We then
use this result to give explicit formulas for the boundary of the interior product
of a normal k-current and a Lipschitz h-form (Proposition 5.13) and for the push-
forward of a normal k-current according to a Lipschitz map (Proposition 5.17).

In section 6 we give a characterization of the decomposability bundle of a mea-
sure p in terms of 1-dimensional normal currents (Theorem 6.4); building on this

2 Here “most” is intended in a sense that, again, we do not specify.
3 The use of Baire category methods to construct Lipschitz functions that are not differentiable
on a given null set in R is discussed exhaustively in [26].
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result we obtain that a vectorfield 7 on R™ can be written as the Radon-Nikodym
derivative of a 1-dimensional normal current 7" w.r.t. p if and only if 7(z) belongs
to V(u,x) for p-a.e. x (Corollary 6.5). Using this fact and a well-known result on
the decomposition of 1-dimensional normal currents in terms of rectifiable currents
(Theorem 5.5), we finally show that a measure p with non-trivial decomposability
bundle admits a decomposition of type (1.1) where each set E; is now 1-rectifiable
and its tangent bundle is aligned with any prescribed vectorfield 7 which satisfies
7(x) € V(u,x) for p-a.e. z (Corollary 6.6). This result is quite close in spirit to the
decomposition of measures in metric spaces given in [29], Theorem 6.31.

1.4. Computation of the decomposability bundle. In certain cases the
decomposability bundle V (i, z) can be computed using Proposition 2.9. We just
recall here that if p is absolutely continuous w.r.t. the Lebesgue measure then
V(p,z) = R™ for p-a.e. z, and if p is absolutely continuous w.r.t. the restriction
of the Hausdorff measure 7% to a k-dimensional surface S of class C! (or a k-
rectifiable set S) then V(u,z) = Tan(S,z) for p-a.e. z (Proposition 2.9(iii)). On
the other hand, if u is the canonical measure associated to well-known examples
of self-similar fractals such as the snowflake curve and the Sierpinski carpet, then
V(u,x) = {0} for p-a.e. = (see Remark 2.10).

1.5. Rademacher theorem and the dimension of V' (u, x). It is natural to
ask for which measures p on R™ Rademacher theorem holds in the usual form, that
is, every Lipschitz function (or map) on R™ is differentiable p-a.e. Clearly the class
of such measures contains all absolutely continuous measures, but does it contains
any singular measure?

The answer turns out to be negative in every dimension n, because a singular
measure y is supported on a null set E, and, as mentioned above, for every null set
FE in R” there exists a Lipschitz map f : R™” — R™ which is non-differentiable at
every point of E (the case n = 2 is proved in [4], while the general case has been
announced by Csornyei and Jones).

On the other hand, Theorem 1.1 shows that Rademacher theorem holds for a
measure g if and only if V' (i, ) = R™ for p-a.e. z, and therefore we conclude that if
 is a singular measure on R™ then V (u, ) # R™ for p-a.e. . Using statements (i)
and (iii) in Proposition 2.9 we can actually say slightly more: given a measure p on
R™ and denoting by u, and us the absolutely continuous part and the singular part
of p, respectively, then V(u,x) = R" for ps-a.e. z and V(u, x) # R™ for ps-a.e. x.

Note that for n = 1 it is actually easy to prove directly—that is, without using
non-differentiability results—that V(u,z) = {0} for p-a.e. x when p is singular:
indeed p is supported on a null set E, every null set in R is purely unrectifiable
(see §2.2), and the decomposability bundle of a measure supported on a purely
unrectifiable set is trivial (in any dimension, see Proposition 2.9(iv)).

For n = 2, the fact that V' (u,x) # R™ for p-a.e. z when p is singular follows also
from a result proved in [1] (see Remark 6.2(iv) for more details). A proof in any
dimension n can also be obtained as corollary of a very recent and deep result by
G. De Philippis and F. Rindler [9] (it suffices to put together Corollary 1.11 and
Lemma 3.1 in that paper).
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1.6. Higher dimensional decompositions. For k = 1,...,n let .Z#,(R") be
the class of all measures 1 on R™ which are absolutely continuous w.r.t. a measure
of the form [; p; dt where each fi; is the restriction of the k-dimensional Hausdorff
measure 7% to a k-rectifiable set F;. By Proposition 2.9(vi), for every such pu
the decomposability bundle V' (u, z) has dimension at least k at p-a.e. x; it is then
natural to ask if the converse is true, namely that u belongs to .#;(R™) when
dim(V (u, z)) > k for p-a.e. x.

The answer is positive for k = 1 and k = n: the case k = 1 is trivial, while the
case k = n is equivalent to the statement mentioned in the previous subsection,
that p is absolutely continuous if dim(V (i, z)) = n for u-a.e. x. Recently, A. M&thé
proved in [21] that the answer is negative in all other cases.

1.7. Differentiability of Sobolev functions. Since the continuous represen-
tatives of functions in the Sobolev space W1P(R") with p > n are differentiable
almost everywhere, it is natural to ask what happens to differentiability when the
Lebesgue measure is replaced by a singular measure. In [4] it is shown that for
every singular measure p and every p < 400 there exists a continuous function
in W1P(R™) which is not differentiable in any direction at p-a.e. point; it seems
therefore that Theorem 1.1 admits no significant extension to (first order) Sobolev
spaces.

The rest of this paper is organized as follows: in Section 2 we give the precise
definition of decomposability bundle and a few basic properties, while Sections 3
and 4 contain the proof of Theorem 1.1.

In Section 5 we study the decomposability bundle of measures associated to
normal currents, and describe some applications to the theory of normal currents,
while in Section 6 we give a characterization of the decomposability bundle of a
measure in terms of 1-dimensional normal currents. Note that sections 5 and 6 are
essentially independent of the rest of the paper (and of each other).

In order to make the structure of the main proofs more transparent, we have
moved a few technical results to the appendices at the end of the paper. More
precisely, Section 7 contains some statements derived from Rainwater’s Lemma,
while Section 8 contains two approximation results for Lipschitz functions.

2. DECOMPOSABILITY BUNDLE

We begin this section by recalling some general definitions and notation, we then
give the definition of decomposability bundle V' (u, ) of a measure p (see §2.6) and
prove a few basic properties (Propositions 2.8 and 2.9).

2.1. General notation. Unless we specify otherwise, sets and functions on
R™ are assumed to be Borel measurable, and measures on R" are positive, finite
measures on the Borel o-algebra (the obvious exceptions being the Lebesgue and
Hausdorff measures).

It is important to keep in mind that we never identify maps (and functions)
which agree almost everywhere w.r.t. some measure. In other words, maps are
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always defined at every point, and never to be considered as equivalence classes,
not even when it would appear natural to do so.

We say that a measure on R™ is supported on the (Borel) set E if its restriction
to R™ \ E vanishes (note that E does not need to be closed, and hence it may not
contain the support of ).

We say that a map f : R™ — R™ is differentiable at the point x € R™ w.r.t. a
linear subspace V' of R™ if there exists a linear map L : V' — R™ such that the
following first-order Taylor expansion holds

fx+h)=f(z)+ Lh+o(|h|) forall h e V;

when it exists, L is called the derivative of f at  w.r.t. V and denoted by dy f(x);
if V.=R" then dy f(z) is the usual derivative, and is simply denoted by df (z).

We add below a list of frequently used notations (for the notations related to
multilinear algebra and currents see §5.1):

B(x,r) closed ball with center z and radius 7;
dist(z, E') distance between the point = and the set F;
v-w scalar product of v,w € R™;
C(e, ) convex closed cone in R™ with axis e and angle « (see §4.11);
1g characteristic function of the set F, taking values 0 and 1;
Gr(R™) set of all linear subspaces of R™, that is, the union of the Grassman-
nians Gr(R", k) with £k =0,...,n.
de:(V, V') distance between V, V' € Gr(R"), defined as the maximum of §(V,V’)
and §(V', V), where 6(V,V’) is the smallest number § such that for
every v € V there exists v/ € V' with |[v — /| < §|v];
a(V, V') :=arcsin(dg(V, V")) is the angle between V, V' € Gr(R");
(L;v) (also written Lv) is the action of the linear map L on the vector v;
|L| operator norm of the linear map L (between normed spaces);
D, f(x) derivative of the map f: R™ — R™ in the direction v at the point x;

df (z) derivative of the map f : R™ — R™ at the point z, viewed as a linear
map from from R" to R™;

dyf(x) derivative of the map f : R™ — R™ at x w.r.t. the subspace V/;

Tan(S,z) tangent space to S at the point x, where S is a surface (submanifold)
of class C! in R™ or a rectifiable set (see §2.2);

Lip(f) Lipschitz constant of the map f;
L™ Lebesgue measure on R";
% d-dimensional Hausdorff measure;
LP stands for LP(R",.£™); for the LP space on a different measure space
(X,., 1u) we use the notation LP(pu);
|- llp LP-norm w.r.t. the Lebesgue measure; we use || - ||o also to denote the
supremum norm of continuous functions;
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pi  measure associated to a measure p and a function p, namely [pu](E) :=
Jppdu;
1gu restriction of a measure u to a set F;
f# 1 push-forward of a measure p on X according to a map f : X — X/,
that is, the measure on X’ given by [fx u](E) := u(f~1(E));
A < means that the measure A is absolutely continuous w.r.t. p, hence
A = pu where p is the Radon-Nikodym derivative of A w.r.t. u;
|| total variation measure associated to a real- or vector-valued measure
w; thus = p|p| where the Radon-Nikodym derivative p satisfies |p| =
1 p-a.e.
M(p) = |p|(X), mass of a measure p on a space X;
J; e dt integral of the measure-valued map t — p (see §2.3).

2.2. Rectifiable and unrectifiable sets. Given k£ = 1,2, ... we say that a set
E contained in R” is k-rectifiable if s#*(F) < +o0o and E can be covered, except
for an #*-null subset, by countably many images of Lipschitz maps from R¥ to R”,
or equivalently by countably many k-dimensional surfaces (submanifolds) of class
C1 (cf. [22], §3.10 and Proposition 3.11, or [17], Definition 5.4.1 and Lemma 5.4.2).

Fix a point z € R", and for every r > 0 let 0, be the restriction of 7% to the
blow-up set E , 1= %(E — z). We say that a k-dimensional subspace V of R" is the
approximate tangent space to E at x if the measures o, , converge to the restriction
of #% to V in the sense of measures (that is, in the weak* topology induced by
the duality with the space of continuous functions with compact support in R™).

If it exists, the approximate tangent space V is clearly unique and is denoted by
Tan(E, z). Moreover Tan(E, z) exists for s#%-a.e. x € E (cf. [22], Proposition 3.12,
or [17], Theorem 5.4.6) and is characterized up to .##*-negligible subsets of E by
the property that for every k-dimensional surface S of class C'! there holds

Tan(F, z) = Tan(S,z) for #*-ae zc ENS. (2.1)
Finally we say that a set E in R" is purely unrectifiable if #*(E N S) = 0 for
every l-rectifiable set S, or equivalently for every curve S of class C!.
2.3. Integration of measures. Let I be a finite measure space and for every
t € I let puy be a measure on R”, possibly real- or vector-valued, such that:
(a) the function ¢ — py(E) is measurable for every Borel set F in R";
(b) [; M(p)dt < +o0, where dt denotes the measure on I.
Then we denote by [ ; kit dt the measure on R™ defined by

[ [, e dt](E) == /ut(E) dt for every Borel set E in R".
I

Note that assumption (a) is equivalent to say that ¢ — p; is a measurable map
from I to the space of finite (real- or vector-valued) measures on R™ endowed with
the weak* topology. Note that assumption (a) and the definition of mass imply
that the function ¢ — M(u;) is measurable, thus the integral in assumption (b) is
well-defined.



DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS 9

For the next definitions we need the following lemma (or rather, observation).

2.4. Lemma. Let p be a measure on R™ and let & be a family of Borel maps
from R™ to Gr(R™) which is closed under countable intersection, in the sense that
for every countable family {V;} C &4 the map V defined by V(x) := n;Vi(x) for
every x € R™ belongs to 4.

Then ¢ admits an element V' which is pu-minimal, in the sense that every other
V' € G satisfies V(z) C V'(z) for p-a.e. x. Moreover this p-minimal element is
unique modulo equivalence pi-a.e.

Proof. Uniqueness follows immediately from minimality. To prove existence,
set

(V) = /n dim(V(z)) dp(z) for every V € ¢,

then take a sequence {V;} in ¢ such that ®(V;) tends to the infimum of ® over ¥,
and let V' be the intersection of all V;. Thus V' belongs to ¢ and is a minimum of ®
over 4, and we claim that it is also a py-minimal element of ¢: if not, there would
exist V' € 4 such that V" (z) := V(z) N V'(z) is strictly contained in V' (z) for all
x in some set of positive measure, thus V" belongs to 4 and (V") < ®(V). O

2.5. Essential span of a family of vectorfields. Let 4 be a measure on R,
let .Z be a family of Borel vectorfields on R™, and let ¢ be the class of all Borel
maps V : R" — Gr(R") such that for every 7 € .# there holds

T(x) C V(z) for p-a.e. x.

Since ¢ is closed under countable intersection, by Lemma 2.4 it admits a p-minimal
element which is unique modulo equivalence u-a.e. With a slight abuse of language
we call any of these minimal elements p-essential span of .%. (The abuse lies in
the fact that we do not identify maps that agree u-a.e., and therefore the essential
span is not unique.)

2.6. Decomposability bundle. Given a measure ;1 on R" we denote by .#,
the class of all families {y; : ¢t € I'} where I is a measured space endowed with a
probability measure dt and

(a) each yy is the restriction of ! to a l-rectifiable set Ej;
(b) the map t — pu; satisfies the assumptions (a) and (b) in §2.3;
(c) the measure [} 1 dt is absolutely continuous w.r.t. .

Then we denote by ¢, the class of all Borel maps V' : R" — Gr(R") such that for
every {y :t € I} € %, there holds

Tan(Ey, x) C V(z) for p-a.e. z and a.e. t € I. (2.2)

Since ¥, is closed under countable intersection, by Lemma 2.4 it admits a p-minimal
element which is unique modulo equivalence u-a.e. With a slight abuse of language
and notation we call any of these minimal elements decomposability bundle of p,
and denote it by x — V(u, x).
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2.7. Remarks. (i) This definition of the decomposability bundle differs from the
one given in the Introduction in three aspects: the minimality property that char-
acterizes V (i, -) is now precisely stated, the sets E; are 1-rectifiable sets (instead
of subsets of rectifiable curves), and the “label space” I in the families {y; : t € I}
is any probability space (instead of the interval [0, 1] equipped with the Lebesgue
measure). Note that the last two modifications has been introduced for technical
convenience, and do not affect the definition (see the last remark in this list).

(ii) Let .# be the space of finite measure on R" endowed with the weak™* topology
and the corresponding Borel o-algebra, and let % be the subset of all measures
\ € A of the form A = 1 - " where E is a 1-rectifiable set in R”. Given a family
{pe : t € I} in F,, let ¥ be the measure on .# given by the push-forward of the
measure dt on I via the map t — py; then W is a probability measure supported on
% with finite first moment, and [, pugdt = [ , Ad¥(N).

Thus ¢, could be equivalently defined as the class of all maps « — V(x) such
that for every finite positive measure ¥ supported on &% with finite first moment
which satisfies [, Ad¥()\) < p and for ¥-a.e. measure A = 1g - ' there holds
Tan(E,z) C V(z) for #'-ae. z € E.

(iii) The class %, remains the same if in the definition of .%#, we add the as-
sumption that I is the interval [0, 1] equipped with the Lebesgue measure. This
follows immediately from the previous remark and the fact that every probability
measure W on .# can be obtained as the push-forward of the Lebesgue measure on
the interval [0, 1] according to a suitable Borel map 1) : [0,1] — ..

(iv) The class ¥, remains the same if in the definition of .%,, we require that I
is endowed with a finite measure (instead of a a probability measure), or even a
o-finite measure.

We conclude this section by giving a few properties of the decomposability bundle
(Propositions 2.8 and 2.9) besides those already mentioned in §1.5.

Before stating Proposition 2.8 we must introduce an additional notion: given a
measure p on R" and a family F' = {y; : t € I} € %, we consider the class of
all Borel maps V' : R” — Gr(R") such that (2.2) holds; since this class is closed
under countable intersection, by Lemma 2.4 it admits a y-minimal element which
is unique modulo equivalence pu-a.e.; we denote any of these minimal elements by
V(M? F, ) :

2.8. Proposition. Let i1 be a measure on R™. Then
(i) for every F € Z, there holds V(u, F,x) C V(u,x) for p-a.e. ;
(ii) there exists G € F, such that V(pu,G,x) = V(u,x) for p-a.e. x.

Proof. Statement (i) is obvious, and to prove statement (ii) it suffices to find a
family G € %, such that

V(p,z) C V(p,G,z) for p-ae. x. (2.3)

For every F' € .7, we set

O(F) = / dim [V (p, F, z)] dp(z) .
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We claim that there exists a family G' € .%,, which maximizes ® over .%#,, and that
this family satisfies (2.3).

To prove the existence, we take a sequence of families F; = {y; : t € I;} € %,
with j7 = 1,2,..., which is a maximizing sequence for ®, we then take as G the
union of all F;, and more precisely G := {1 : t € I} where I is the (disjoint) union
of the sets I;, and is equipped with the probability measure defined by the property
that its restriction to each I; agrees with the probability measure on I; multiplied
by 277.

One easily checks that G belongs to .#,,, and that for every j there holds

V(u, Fj,z) C V(p,G,x) for p-a.e. x,

which implies that ®(F},z) < ®(G, x), and therefore G maximizes ®.
In turn, this implies that for every other family F' € .%, there holds

V(p, Fox) C V(p,G,x) for p-a.e. x

(otherwise ®(F U G) > ®((G), contradicting the maximality of G). This inclusion
clearly proves that the map « — V (i, G, x) belongs to ¢, which yields (2.3). O

2.9. Proposition. Let p, i/ be measures on R™. Then the following statements
hold:

(i) [strong locality principle] if @/ < p then V(i z) = V(u,x) for p'-a.e. x;
more generally, if 1p ' < p for some set E, then V (', z) = V(u,x) for
w-a.e. v e E;

(ii) if pu is supported on a k-dimensional surface S of class C* then V(pu,z) C
Tan(S, z) for u-a.e. x;

(iil) if p < 1g H* where E is a k-rectifiable set, then V(u,x) = Tan(E, ) for
p-a.e. x; in particular if @ < L™ then V(u,z) = R"™ for p-a.e. x;
(iv) V(u,z) = {0} for p-a.e. x if and only if p is supported on a purely unrec-
tiftable set F.
Moreover, given a family of measures {vs: s € J} as in §2.5,
(v) if [jvsds < p then V(vg,x) CV(p,x) for vs-a.e. x and a.e. s € J;

(vi) if p < fJ vsds and each v, is of the form vy = 1g, /% where Ey is a
k-rectifiable set, then V (u,x) has dimension at least k for p-a.e. x.

2.10. Remarks. (i) Many popular examples of self-similar fractals, including
the Von Koch snowflake curve, the Cantor set, and the so-called Cantor dust (a
cartesian product of Cantor sets) are purely unrectifiable, and therefore every mea-
sure u supported on any of such sets satisfies V(u,z) = {0} for p-a.e. = (Proposi-
tion 2.9(iv)).

(ii) The Sierpinski carpet is a self-similar fractal that contains many segments,
and therefore is not purely unrectifiable. However, the canonical (self-similar) prob-
ability measure p associated to this fractal is supported on a purely unrectifiable
set, and therefore V(u,z) = {0} for u-a.e. x. The same occurs to other fractals of
similar nature, such as the Sierpinski triangle and the Menger-Sierpinski sponge.
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Proof of Proposition 2.9. Using Proposition 2.8(ii) we choose
o G={fu:tel} e F,suchthat V(u,G, z)=V(u,x) for p-a.e. x;
o G'={p;:tel'} € #y such that V(i/', G, x) =V (i, x) for p'-a.e. x.

Statement (i). If p/ < p then one easily checks that G’ belongs to .%,, and
taking into account Proposition 2.8(i) we get

Vg, 2) =V, G z) CV(p,x) for py'-ae. x.

To prove the opposite inclusion, take a Borel set [’ such that the restriction of u
to F' satisfies 1pp < 1/, Then the family G” := {1pfi; : t € I} belongs to .#,, and

Vig,z)=V(p,Gx)=V(,G" x) cV(y,x) for pae x€F,

that is, for y/-a.e. x. The proof of the first part of statement (i) is thus complete.

By applying the first part of statement (i) to the measures 1py’ and p, and
then to the measures 1pu’ and p' we obtain V(1gu/,x) = V(u,z) = V(¢/, x) for
w'-a.e. x € E, which is the second part of statement (i).

Statement (ii). For every t € I let F} be a 1-rectifiable set such that fi; is the
restriction of J#! to F}. Since / ;e dt < pand g is supported on S we have that

0= u®\S) = [@®\S)at= [ A EN\S)a.

which implies that, for a.e. t € I, the set F; is contained in S up to an s#'-null
subset. Thus Tan(F;, z) C Tan(S,z) for fi;-a.e. x, which implies

V(p,z) =V (u,G,z) C Tan(S,z) for p-a.e. .

Statement (iii). Using statement (i) and the definition of k-rectifiable set (see
§2.2) we can reduce to the case u = 1p.#* where E is a subset of a k-dimensional
surface S of class C', and we can further assume that S is parametrized by a
diffeomorphism g : A — S of class C!, where A is a bounded open set in R¥.

Then Tan(FE, x) = Tan(S, x) contains V(u,x) for py-a.e. x by statement (ii).

To prove the opposite inclusion we set E' := g~ '(E) and ' := 1p.L*, we fix
a nontrivial vector e € R¥, and for every t in the hyperplane et we let E} be the
intersection of the set E’ with the line {2/ =t+he: h € R}, and set p} := 1E£<%”1.
By Fubini’s theorem we have that 4/ = [ uj dt where dt is the restriction of J# k=1
to the hyperplane et.

Next we set F; := g(E}) and py := 1g,2#'. Thus each E; is a l-rectifiable
set whose tangent space at x = g(2') is spanned by the vector 7(x) := dg(z') e.
Moreover, taking into account that g is a diffeomorphism, we get that [ p; dt and p
are absolutely continuous w.r.t. each other. Therefore 7(z) € V(u,z) for p-a.e. x
and a.e. t, that is, for py-a.e. x.

Finally we let e range in a basis R, thus the corresponding vectors 7(z) span
Tan(S, z) for every z, and we conclude that Tan(F, z) = Tan(S, x) is contained in
V(p,z) for p-a.e. x.

Statement (iv). We prove the “if” part first. If p is supported on a set E,
then, arguing as in the proof of statement (ii), we obtain that for a.e. ¢t € I the
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rectifiable set F; associated to ji; is contained in E up to an J#'-null set. If in
addition F is purely unrectifiable we obtain that J#1(F;) = 0, that is, ji; = 0.
Hence V(u,z) = V(u, G, x) = {0} for p-a.e. x.

The “only if” part follows from Lemma 7.4; indeed alternative (ii) in this lemma
is ruled out by the fact that V' (u, x) = {0} for u-a.e. z, and therefore alternative (i)
holds.

Statement (v). We can clearly restrict to the case where measure on J is a
probability measure. For every s € J we choose a family Gy € %, according to
Proposition 2.8(ii), and thanks to Remark 2.7(iii) we can assume that each G is
of the form {g; : t € I} where I is the interval [0, 1] equipped with the Lebesgue
measure.

It is easy to check that the family F := {Ds;: (s,t) € J x I} belongs to .%#,,
having endowed J x I with the natural product measure. Then Proposition 2.8(i)
implies that the inclusion

Vi, Fyx) C V(u,x)
holds for p-a.e. x, and therefore also for v-a.e. x and a.e. s (recall that fJ veds < [
by assumption). On the other hand it is also easy to check that

V(vs,x) = V(vs,Gs,z) C V(p, F, )

for vg-a.e.  and a.e. s, and statement (v) is proved.

To be precise, the proof is not correct as written, because the map (s,t) — Uy
is not necessarily Borel measurable in both variables (as required in §2.3). For a
correct proof, the families G5 should be chosen for every s € J in a measurable
fashion, and this can be achieved by means of a suitable measurable selection
theorem (we omit the details).

Statement (vi). By statement (i) it suffices to prove the claim when p agrees
with [, vgds. In this case statement (v) implies that V(u,z) contains V (v, z) for
vs-a.e. © and a.e. s, and V (v, z) has dimension k by statement (iii). Thus V(u, z)
has dimension at least k for vgs-a.e. x and a.e. s, that is, for py-a.e. x. O

3. PROOF OF THEOREM 1.1(i)

We begin this section with a definition which is strictly related to the notions
of tangent space assignment and derivative assignment introduced in [19], and
indeed the key step in the proof of Theorem 1.1(i), namely Proposition 3.7, can
be obtained from a rather general chain-rule for Lipschitz maps proved in [19],
Corollary 2.24. Since the statement we need here is actually quite simple, we
include a self-contained proof.

3.1. Differentiability bundle. Given a Lipschitz f : R® — R and a point
x € R™, we denote by Z(f,z) the set of all subspaces V' € Gr(R") such that f is
differentiable at x w.r.t. V (cf. §2.1), and call the map = — 2(f, z) differentiability
bundle of f. We then denote by Z*(f,z) the set of all V € Z(f,z) with maximal
dimension. Note that 2*(f, x) may contain more than one element.
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Before going to Proposition 3.7, which is the core of the proof of Theorem 1.1(i),
we need some measurability results related to the previous definition (Lemmas 3.5
and 3.6). To state and prove these results we need some additional notation.

3.2. Borel multifunctions. A multifunction from a set X to a set Y is a map
that to every x € X associates a nonempty subset of Y. For the definition and basic
results concerning (Borel) measurable multifunctions we refer to [32], Section 5.1.
We just recall here that when X is a topological space and Y is a compact metric
space, a closed-valued multifunction from X to Y is Borel measurable if it is Borel
measurable as a map from X to the space of non-empty closed subsets of Y, en-
dowed with the Hausdorff distance (this case includes essentially all multifunctions
considered in this paper).

3.3. Deviation from linearity. Given a Lipschitz function f : R™ — R, a point
x € R", a linear subspace V' of R", a linear function o : V" — R, and J > 0, we set

m(f,l',v,a,5) = sup ’f(x—f—h)—f(x)_ah‘
heV,0<|h|<6 |h

(the definition is completed by setting m(f,z,V,«,d) := 0 when V = {0}).

Thus m(f,z,V,a,d) measures the deviation of f from the linear function «
around x at the scale §. In particular f is differentiable at  w.r.t. V with derivative
a if and only if for every € > 0 there exists § > 0 such that m(f,z,V,a,0) < ¢,
that is, m(f,z,V,a,d) tends to 0 as 6 — 0 (note that m is increasing in 9).

3.4. Lemma. Let be given f, x and V as above, W and W' linear subspaces
of V, a and & linear functions on V. Then, setting m := m(f,z, W,«,9) and
m' :=m(f,z, W', ', §), we have

m<m + o —a|+ (L +|d))d,

where L := Lip(f), d := dg:(W, W') is the distance between W and W' (see §2.1),
and the norm for linear functionals is, as usual, the operator norm.

Proof. We must prove that for every h € W with |h| < ¢ there holds
|f(@+h) = f(z) —ah| < [m + |o/ —al + (L + |&/])d] |h]. (3.1)

Let h' be the orthogonal projection of h on W’; then, taking into account the
definition of dg,, we have

|W'| <|h| <5 and |h—R|<d|h|. (3.2)
Now we write f(z + h) — f(x) — ah as sum of the following four terms
I:=f(x+h)—flz+h),
II:= f(z+h)— f(z) — R,
III :=o'h — d'h,
IV :=d'h — ah,
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and we obtain (3.1) by putting together the estimates
[I| < LIh = 1’| < Ld|n],
17| < m/|B'] < m/|h],
[II] < |o/| [B' = h| < d]o| |h],
(V| < |o’ —af[R],

where the first and third estimates follow from the second inequality in (3.2) and
the fact that f is Lipschitz, while the second one follows from the definition of m’
and the first inequality in (3.2). O

3.5. Lemma. Let f be a Lipschitz function on R™. Then 2(f,x) and Z*(f,x)
are closed, nonempty subsets of Gr(R™) for every x. Moreover x — Z(f,x)
and x — 2*(f,z) are Borel-measurable, closed-valued multifunctions from R™ to

Gr(R™).

Sketch of proof. We denote by B the set of all linear functions @ on R™ with
la] < L := Lip(f), and by G the graph of the multifunction x — 2(f, x), namely
the set of all (z,V) € R™ x Gr(R") such that V € Z(f,x). Let then g be the
function on R™ x Gr(R") defined by

g(z, V) := 6>(%2£eBm(f’ z,V,a,0).

For every § > 0 the function m is Borel measurable in the variables x,V, «,
and by Lemma 3.4 it is Lipschitz in the variables «, V' with a Lipschitz constant
independent of §. Using this fact one can easily prove that g is Lipschitz in the
variable V and that the infimum that defines g can be replaced by the infimum over
a countable dense family of couples (6, ), which means that g is the infimum of a
countable family of Borel measurable functions, and therefore it is Borel measurable
itself.

Moreover V belongs to Z(f, x) if and only if g(x, V) = 0 (cf. §3.3), which means
that G = g~1(0). Since g is continuous in V then 2(f, ) is closed for all z, and
since ¢ is Borel measurable then G is a Borel set. Thus x — Z(f, ) is a closed-
valued multifunction with Borel graph, which implies by a standard argument that
x— P(f,x) is Borel measurable.

Finally, the measurability of = — 2*(f,z) can be easily obtained from the
measurability of x — Z(f,z) (we omit the details). O

3.6. Lemma. Let f be a Lipschitz function on R™, E a Borel set in R™, and
x +— V(x) a Borel map from E to Gr(R™) such that V(x) belongs to 2(f,z) for
every x. For every x € E we denote by dy f(x) the derivative of f at x w.r.t. V(x),
and we extend it to a linear function on R™ by setting dyf(x)h := 0 for every
heV(z)t.

Then x — dy f(z) is a Borel map from E to the dual of R™.

Sketch of proof. Possibly subdividing F into finitely many Borel sets, we can
assume that V(z) has constant dimension d for all x € E.
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Since the map x — V(z), viewed as a closed-valued multifunction from FE to
R™, is Borel measurable (cf. §3.2), we can use Kuratowski and Ryll-Nardzewski’s
measurable selection theorem (see [32], Theorem 5.2.1) to find Borel vectorfields
€1,-..,en defined on E so that ej(z),...,e,(z) form an orthonormal basis of R™
for every x € F and e1(z),...,eq(x) span V(x).

Then for every h > 0 and x € E we consider the linear function T (x) : R” — R
defined by

f@+hei(a) — @)
<Th($) ; ez($)> = h for i = 1, R ,d’
0 fori=d+1,...,n

Using that each e; is Borel and that f is continuous, one easily verifies that x
Ty (z) is a Borel map from E to the dual of R™ for every h > 0. Moreover, since
f is differentiable w.r.t. V(z) at each € E, T}, (x) converges to dy f(z) as h — 0.
Thus z — dy f(z) is the pointwise limit of a sequence of Borel maps, and therefore
it is Borel. [l

3.7. Proposition. Let E be a 1-rectifiable set in R™. Then, for #1-a.e. v € E
there holds

Tan(E,x) CV  for every V € 2*(f,x).

3.8. Remark. When FE is a Lipschitz curve, this statement is a particular case
of (the second part of) Corollary 2.24 in [19], and the general case follows quite
easily. For the sake of completeness, we give below a self-contained proof.

Proof of Proposition 3.7. Let E* be the set of all x € F where the tangent
space Tan(FE, ) exists, and let E’ be the subset of all x € E* such that Tan(E, z)
is not contained in V' (z) for some V(z) € Z*(f, z).

It is well-known that E* is Borel and that the map x — Tan(E,z) from E*
to Gr(R™) is Borel (this is also a corollary of Lemma 6.10). Using this fact and
Lemma 3.5 one easily checks that E’ is Borel, too, and we can use Kuratowski and
Ryll-Nardzewski’s measurable selection theorem to choose the subspace V (z) for
every x € F’ so that the map x — V(z) from E’ to Gr(R") is Borel. Then also the
map x — dfy(z), defined in Lemma 3.6 is Borel.

We must prove that E’ is .2 -null.

Assume by contradiction that it is not. Then, using Lusin’s theorem and the
fact that every 1-rectifiable set can be covered by countably many curves of class
C! up to an ##'-null subset, we can find a Borel set E” contained in E’ such that

(a) E" is contained in a curve C of class C! and s#1(E") > 0;

(b) the maps x — V(x) and x — dyf(x) are continuous on E”.
Recall now that f is differentiable at every x € E” w.r.t. to V(z), which means
that m(f,z,V(x),dyf(x),d) tends to 0 as 6 — 0 (see §3.3). By Egorov’s theorem,
we can further assume that, possibly replacing E” with a suitable subset, the
convergence is uniform w.r.t. x € E”, that is, there exists a modulus of continuity
w: [0,400) — [0, 400) such that
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(c) m(f,:):, V(x),dvf(x),é) < w(d) for every § >0, z € E".

Since #1(E") > 0 we can now choose a point z € E” such that E” has density 1
at  and f is differentiable at z w.r.t. T := Tan(C, z) = Tan(E, 7).

We claim that f is differentiable at z w.r.t. V(z) ® T, which implies that V(z) is
a proper subspace of an element of Z(f,z) (recall that 7" is not contained in V(z)
by the choice of E’) and therefore does not belong to 2*(f, ), which is the desired
contradiction.

We re-write the claim as

f@+7+h) = f(@) —drf(z) 7 — dvf(T) h = of|r| + [h]), (3-3)

for every 7 € T and h € V(Z), and we let ' be a modulus of continuity for the
maps « — V(z) and z — dyf(z) at the point Z. Since E” has density 1 at Z, for
every 7 € T' we can find a point z(7) € E” of the form

(1) =2+ 71+ o(T]). (3.4)

Then for every h and 7 as above we decompose the left-hand side of (3.3) as the
sum of the following three terms:

I'=[f(@+7+h)— flz(r) +h)] + [f(z() - f(z+7)],
II':= f(2(7) + h) — f(2(7)) — dvf() D,
a1 .= f(z+7)— f(z) —drf(z) 7,
and (3.3) is easily obtained by putting together the following estimates
[I| <2L |z 47— 2(7)| = o(|7]),
11| < m(f.2(7), V (@), dv £ (), |h]) |h]
< [m(f,a(r), V(@(r), v @(r)), [b]) + (1 +2L) o/ (7)) |A
< [w(hl) + (1 +2L) &' ()] |h] = o(|7| + |A]),
(| = o(|7]) ,
where the first estimate follows from the fact that f is Lipschitz with L := Lip(f)
and (3.4); the first inequality in the second estimate follows from the definition

of m (cf. §3.3), the second inequality follows from Lemma 3.4, and the third one
from (c); finally, the third estimate is the differentiability of f at & w.r.t. T. U

3.9. Corollary. Let f be a Lipschitz function on R™ and let p be a measure
on R™ with decomposability bundle V(u,-). Then V(u,z) belongs to Z(f,x) for
w-a.e. x, and more precisely

V(p,z) CV  for every Ve 2*(f, x).

Proof. Let E be the set of all x € R™ such that there exists V(x) € 2*(f,x)
which does not contain V'(u,z). Since x — V(u,x) is a Borel map from R" to
Gr(R") and = — 2*(f,x) is a Borel-measurable, close-valued multifunction from
R™ to Gr(R™) (Lemma 3.5), the set E is Borel, and we can use Kuratowski and
Ryll-Nardzewski’s measurable selection theorem (see [32], Theorem 5.2.1) to choose
each V(z) so that the map x — V(z) from F to Gr(R") is Borel.
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We must prove that u(E) = 0.

To this end, we extend the map x — V(x) by setting V(xz) := R" for every
x € R"\ E, and we claim that this extended map belongs to the class ¢,, defined in
§2.6. Consider indeed an arbitrary family of measures {y; : ¢t € I} which belongs to
the class ., defined in §2.6. Then each y; is the restriction of ! to a rectifiable
set Fy, and by Proposition 3.7 for every ¢ € I there holds

Tan(Ey,x) C V(z) for pu-a.e. x,

which proves the claim.

Since z +— V/(x) belongs to ¥, by the definition of decomposability bundle we
have that V' (u, x) is contained in V(x) for p-a.e. z, and since this inclusion fails by
construction for every x € E, we infer that p(E) = 0. O

Proof of statement (i) of Theorem 1.1. By Corollary 3.9, V(u,x) belongs
to Z(f,x) for p-a.e. x, which means that f si differentiable at x w.r.t. V(u,z). O

4. PROOF OF THEOREM 1.1(ii)

Statement (ii) of Theorem 1.1 is implied by a slightly more precise non-
differentiability statement given in Theorem 4.1 below. In turn, this theorem
is an immediate consequence of somewhat stronger, but also more technical re-
sults (Propositions 4.4 and 4.5) stating the residuality of certain classes of non-
differentiable functions within a suitable space of Lipschitz functions.

We begin this section by stating the results mentioned above, together with
the necessary definitions, while proofs are given in the second part of this section,
starting with §4.8. In Remarks 4.6(ii) and (iii), and Example 4.7 we briefly discuss
the quantitative form of these non-differentiability results.

Through this section p is a measure on R™. Given a function f on R"™ a point
x € R™ and a vector v € R™, we consider the upper and lower (one-sided) directional
derivatives

D f(x) := limsup f+ho) = fz) ,
h—0+ h

v e fle+ ho) = f(x)
D, f(z) == l}zrgérif . :

4.1. Theorem. There exists a Lipschitz function f on R™ such that, for u-
a.e. © € R™, f is not differentiable at x in any direction v ¢ V(u,x), and more
precisely D} f(x) — D, f(x) > 0.

4.2. The set E and the space X. For the rest of this section F is a Borel set
in R™ with the following property: there exist an integer d with 0 < d < n, and
continuous vectorfields eq, ..., e, on R"™ such that

e ¢1(x),...,en(r) form an orthonormal basis of R" for every z € R";
e ci(z),...,eq(r) span V(u,x)* for every x € E.
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In particular V (u, ) and V (i, z)* depend continuously on = € E and have dimen-
sion respectively n — d and d for every x € E.
We then denote by X the space of all Lipschitz functions f on R™ such that

}Dej(x)f(x)’ <1 for ZX"a.e. xandevery j=1,...,n,

endowed with the supremum distance. It is then easy to show that X is a complete
metric space. Note that X depends on the measure p but also on the choice of the
set I/ and of the vectorfields e;.

4.3. Residual sets and maps of Baire class 1. A subset of a topological
space is residual if it contains a countable intersection of open dense sets, and by
Baire Theorem a residual set in a complete metric space is dense, and in particular
is not empty.

The precise definition of maps of Baire class 1 between metric spaces can be
found in [14], Definition 24.1; we just recall here that every map which can be
written as pointwise limit of a sequences of continuous maps is of Baire class 1,*
and that the set of continuity points of a map of Baire class 1 is residual, see [14],
Theorem 24.14.

4.4. Proposition. Given a vector v € R”, let N, be the set of all functions
f € X such that for pu-a.e. x € E there holds
dy(z)
3vd

Then N, is residual in X, and in particular it is dense.

Df f(z) — D f(z) > where  dy(x) = dist(v, V(u, x)) . (4.1)

4.5. Proposition. Let N be the set of all functions f € X such that, for u-
a.e. x € E, inequality (4.1) holds for every v € R™. Then N is residual in X, and
in particular it is dense.

4.6. Remarks. (i) Proposition 4.5 and Theorem 4.1 are straightforward con-
sequences Proposition 4.4, which is therefore the key result in the whole section.
Note that in Propositions 4.4 and 4.5 the class of non-differentiable functions under
consideration is proved to be residual (admittedly, in a strange-looking space), and
not just nonempty.

(ii) If V(u, z) = {0} for p-a.e. x (which, by Proposition 2.9(iv) is equivalent to say
that p is supported on a purely unrectifiable set), then in §4.2 we can take £ = R"
and eq, ..., e, equal to the standard basis of R" for every x. Then Proposition 4.5
gives directly infinitely many Lipschitz functions f which are non-differentiable at
u-a.e. x and in every direction v € R™ with v # 0; moreover the non-differentiability
of f is expressed in a precise quantitative form by inequality (4.1), which becomes

D} f(z) — D, f(x) > |v]/(3y/n) for every v € R".
(iii) In view of the previous remark it is natural to ask if the statement of

Theorem 4.1 can be strengthened by requiring that the non-differentiability of f is

4 Note that for general metric spaces the converse is not true: there are maps of Baire class 1
which cannot be written as a pointwise limit of continuous maps.
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uniform in x, that is, there exists an increasing function w on [0, +00) with w(0) =0
and w(s) > 0 for s > 0, such that for p-a.e. z there holds

DY f(x) — D f(x) > w(dy(z)) for every v € R™.

Example 4.7 below—the idea of which can be traced back to [24]—shows that
this is not the case. There we describe a singular measure p on R? with the
following properties: V' (u,x) has dimension 1 at p-a.e. z, and for every Lipschitz
function f on R? and every ¢ > 0 there exists a set ' with u(FE) > 0 such that f is
e-differentiable at p-a.e. x € F, which means that there exists a linear function L
(depending on x) such that |f(z+h) — f(z) — Lh| < ¢|h|+ o(|h]), and in particular

|DEf(z) — Lv| < e for every v € R%

4.7. Example. Let F' be the union of a countable family of straight lines 2
which are dense in R?, in the sense that for every z1,xzo € R? and every € > 0
there exists a line R € & such that dist(x;, R) < € for i = 1,2. Let then pu be a
finite measure such that x4 and the restriction of /! to F are absolutely continuous
w.r.t. each other.

By Proposition 2.9(iii) we have that V(u,z) = Tan(R,z) for p-a.e. x € R and
for every R € 2, and in particular V (u, z) has dimension 1 at p-a.e. z.

We claim that, for every e > 0, every Lipschitz function f on R? is e-differentiable
on a set F with positive measure. To prove the claim, we set § := £2/(2L) and use
the density of Z (and the definition of Lipschitz constant) to find a line R € D and
r1,T9 € R such that

f(z2) = f(21) > (L —6)|w1 — x2] .

Set now e := (x2 — x1)/|z2 — x1|; then the previous inequality implies that the set
E of all z in the segment [z1,z2] where the partial derivative D, f(z) exists and
satisfies

D.f(x) >L—-9¢ (4.2)
is of positive measure w.r.t. #!, and therefore also w.r.t. 1. Finally we use that f is
V2 Lé-differentiable at every  where (4.2) holds (see for instance [8], Corollary 1),
and recall that v/2Lé = ¢ by the choice of 4.

The rest of this section is devoted to the proofs of the results stated above,
starting from Proposition 4.4. Note that since N., = N, for every v € R" and
every ¢ > 0, it suffices to prove this statement for all v € R™ with |v| = 1.

Attention! From now till the end of the proof of Proposition 4.4, v is a fixed
vector in R™ with |v| = 1.

4.8. The maps Ti » and U,. For every 0 > ¢’ > 0 and every f:R" — R we
consider the functlons T T+ J and Uy f defined as follows for every x € R™:

) ap (G =I@)

T . f(x):= inf
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Uysf(x) = T;Of(ac) — T(;Of(m).

One readily checks that 7., sof(x) and T, f(x) are respectively increasing and de-
creasing in o, and therefore U, f(z) is increasing in 0. Moreover

D} f(z) = D J(@) = f (Upf() = inf (Uymf(x).  (43)

Finally we notice that ¢ (f(z+hv)— f(z)) and D, f(z) (if it exists) are both smaller
than T"’0 f(z) and larger than T f(z) if h < o, which yields the following useful
estimate:

[z + o) — f(x)
h

Usf(z) > |Dyf(x) — for every 0 < h < 0. (4.4)

4.9. Structure of the proof of Proposition 4.4. We follow a general strategy
devised by B. Kirchheim for the proof of residuality results (see [16]). In this specific
case, this strategy reduces essentially to two key steps: in Lemma 4.10 we show
that every U, is of Baire class 1 as a map from X to L'(u), which implies that U,
is continuous at residually many f; then in Lemma 4.15 we show that any such f
satisfies U, f(x) > d,(2)/(3V/d) for p-a.e. x € E, and this inequality, together with
(4.3), implies (4.1).

The proof of Lemma 4.15 is quite long, and is split in several sub-lemmas. The
key step here is the construction described in Lemma 4.14, which is actually a
simplification of a more refined construction given in [4].

4.10. Lemma. The maps T o and Us take X mto L () for every o,0’ as
above. Moreover the maps TU o are continuous for o’ >0 while T 0 and U, are of
Buaire class 1 (as maps from X to L*(1)).

Proof. The functions T+ ,f belong to L!(u) for every o > o/ > 0 and every
f € X because they are bounded and more precisely

T, f(x)| <Lip(f) for every z € R™. (4.5)

Concerning the continuity of T , for o/ > 0, one readily checks that for every
f, f' € X there holds

2
‘T;‘U,f’(x) — Tia,f(x)‘ < ;Hf’ — flleo for every x € R",

and therefore
2
< M) 1 = flloo -

To prove that T, >0 18 of of Baire class 1 it suﬂices to notice that it agrees with the
pointwise limit of the continuous maps T +U, as o’ — 0. Indeed it follows from the
definition that, as o’ tends to 0, T o f(x } converges to T, t f(x) for every f € X
and every x € R", and then T+ f converges to T of in Ll( ) by the dominated
convergence theorem (a domination is given by estnnate (4.5)).

The rest of the statement can be proved in a similar way. (]

1ot = Tl
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4.11. Cones and cone-null sets. Given a unit vector e in R” and a real number
a € (0,7/2) we denote by C(e, ) the closed cone of axis e and angle « in R", that
is,
Cle,a):={veR": v-e>cosa-|v|}.
Given a cone C' = C(e, ) in R™, we call C-curve any set of the form ~(J) where .J
is a compact interval in R and ~ : J — R™ is a Lipschitz path such that

j(s) € C for L'-ae. s J.
Following [4], we say that a set E in R" is C-null if
A" (E N G) =0 for every C-curve G.

The following lemma is a particular case of a result contained in [4]; we include
a complete proof for the sake of completeness.

4.12. Lemma. Let be given a cone C' = C(e, ) in R™ and a C-null compact set
K in R™. Then for every ¢ > 0 there exists a smooth function f : R™ — R such
that, for every x € R",

() 0< f(x) <e;
(ii) 0 < Df(x) <1, and D.f(z) =1 ifx € K;
(iii) |dwf(x)| < 1/tana, where W := et dwf(x) is the derivative of f at x
w.r.t. W (cf. §2.1), and |dw f(x)| is its operator norm.

Proof. We first construct a Lipschitz function g that satisfies statements (i), (ii)
and (iii) with K replaced by a suitable open set A that contains K, and then we
regularize g by convolution to obtain f.

Step 1. There exists an open set A such that A D K and
A (ANG) <e for every C-curve G. (4.6)

More precisely, we claim that there exists § > 0 such that 7! (K5 N G) < ¢ for
every C-curve G, where Kj is the set of all = such that dist(z, K) <, and then it
suffices to take A equal to the interior of Kj.

We argue by contradiction: if the claim does not hold, then for every § > 0 there
exists a C-curve G4 such that ! (K5 N Gg) > k.

Let J be a compact interval that contains the set {x -e: = € K}. We can then
assume that each G5 admits a parametrization ~5 : J — R™ of the form

v5(s) = se +ns(s) with ns(s) € W for every s € J,
where 75 : J — W is Lipschitz and satisfies
[7s(s)| < tana for a.e. s € J.

Then we set Kj := ;' (K5) = v; (K5 N Gs).

Possibly passing to a subsequence we can assume that when 6 — 0 the maps
7ns converge uniformly to a Lipschitz map 79 : J — W, and that the compact sets
K converge to a compact set K C J in the Hausdorff distance. Therefore the
parametrizations 7s converge to vy given by yo(s) := se+no(s), the set Go := yo(J)
is a C-curve, and K N Gy contains K := vo(KY).
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We prove next that Ky has positive length, which contradicts the fact that K is
C-null. Indeed

A (Ko) > 2" (Kp) > limsup £ (K)
6—0

> limsup (cosa%l(Kg NGs)) > e cosa >0
6—0

(the second inequality follows from the upper semicontinuity of the Lebesgue mea-
sure w.r.t. the Hausdorff convergence of compact sets, and the third inequality
follows from the fact that 51 (yo(E)) < £Y(E)/ cosa for every set E C J, which
in turn follows from the fact that |7o(s)| < tan« for a.e. s).

Step 2. Construction of g.
For every x € R™ we denote by ¢, the class of all C-curves G = v([a, b]) whose
end-point z¢ := 7y(b) is of the form z¢ = x + se for some s > 0, and we set

g(z) := sup (%1(14 NG) — |z —zl).
GeY,

Starting from the definition one can readily check that for every x € R™ there holds:
(a) 0 < g(x) <e (recall (4.6));
(b) g(z) < g(x + se) < g(x) + s for every s > 0, and if the segment [z, x + se]
is contained in A then g(z + se) = g(z) + s;
(c) lg(x +v) —g(x)| < |v|/tana for every v € W.
Statements (b) and (c) imply that g is Lipschitz and
(b’) 0 < D.g(x) <1 for £"-a.e. x, and D.g(x) =1 for L"-a.e. x € A;
(¢)) |dwg(x)] < 1/tana for £L™-a.e. z.

Step 3. Construction of f.

We take r so that 0 < r < dist(K,R™\ A) and set f := g p where p is a mollifier
with support contained in the ball B(0,r). Then statements (i), (ii) and (iii) follow
from statements (a), (b’) and (c’), respectively. O

4.13. Lemma. Let be given a cone C = C(e,a) in R™, and a C-null compact
set K contained in a ball B = B(Z,r). Then for every e > 0 and every v’ > r there
exists a smooth function g : R™ — R such that

(i) ||g9llec < & and the support of g is contained in B' := B(Z,r');
and for every x € B',
(i) —e < Deg(x) <1+¢€, and D.g(x) =1 ifx € K;
(iii) |dwg(z)| < 2/tanc, where W := e,

Proof. We fix ¢/ > 0 and take a smooth function f that satisfies statements (i),
(ii) and (iii) in Lemma 4.12 with ¢’ in place of €, and then we set

g:=vf

where ¢ : R” — [0, 1] is a smooth cut-off function such that ¢ =1 on B, ¢ =0 on
R™\ B, and ||dy|leo < 2/(r" — 7).
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Then g is supported in B’ and using the properties of f and ¢ and the identities
D.g=¢oD.f + f Dep and dwg = odwf + f dwp we obtain that for every x € B’
there holds

(a) lg(x)] < [f(z)] <&
(b) =2 < Deg(x) <1+ 2, and Deg(z) = D f(z) = 1if z € K;

(c) ldwy(@)| < dwf (@) + | (@) [dwe(@)] < Gag + 755

Thus statements (i), (ii) and (iii) follow respectively from statements (a), (b)
and (c) provided that we choose £’ small enough. O

4.14. Lemma. Let £,0 be positive real numbers, f a function in X, and E' a
Borel subset of E. Then there exist a smooth function f” € X and a compact set
K contained in E' such that

() /" = flloo < 2¢;
(i) p(K) > u(E")/(4d);
(iil) Uy f"(x) > dyp(x)/(3V/d) for every x € K.

Proof. The idea is to take a smooth function f’ close to f, and then modify
it into a function f” so to get U, f”(x) large enough for sufficiently many = € E'.
This modification will be obtained by adding to f’ a finite number of smooth
perturbations with small supremum norms and small, disjoint supports, but with
large derivative in the direction v.

In order to simplify the notation, through this proof we write D; for the partial
derivative D, where e; is any of the vectorfields that appear in the definition of
the space X in §4.2.

Step 1. There exists a smooth function f' on R™ such that

(@) I/ = flloo <&
(b) 1D f loc <1 forj=1,...,n, and in particular f" belongs to X.

We fix a mollifier p with compact support in R™, choose s > 0 so that s/ ||« < €,
and set

frr=0-9)f*p

where pi(z) :=t7"p(x/t) and ¢ has yet to be chosen.

Since f is uniformly continuous, f’ converges uniformly to (1 — s)f as ¢t — 0,
then || f — f|loo converges to s||f|lcoc < €, which implies that (a) holds if we choose
t small enough.

Since the vectorfield e; that defines the partial derivative D; is continuous, it is
not difficult to show that ||D; f/||oc converges to (1—s)||D;f|lcc < 1 ast — 0 (recall
that ||D; f|lcc < 1 because f € X) and therefore also (b) holds if we choose ¢ small
enough.

Step 2. Construction of the set Ej.

For every = € E the vectors e1(z),...,eq(z) form orthonormal basis of V (u, z)*
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(see §4.2); thus
d

1/2
o) = stV () = | S0 x| < Vi sup fo-eale]

P 1<k<d

and then there exists k = 1,...,d such that d,(z) < Vd|v - ey(z)|. Consequently,
the set E’ is covered by the sets

E, = {l‘ e E : dy(z) < Vdv- ek(;v)|}; (4.7)
in particular there exists at least one value of k such that
(E")
plEy) = (43)

and for the rest of the proof k is assigned this specific value.

For the next four steps we fix a point z € Ej and positive numbers r, 7" such
that
r<a/3, r<r <2r. (4.9)

Step 3. Construction of the sets Ez .

Let «a(Z, ) be the supremum of the angle between V' (u, z) and V (u, Z) as x varies
in ENB(z,r) (the angle between subspaces of R™ is defined in §2.1). Since V' (u, x)
is continuous in x € F (cf. §4.2), we have that

a(z,r) -0 asr—0. (4.10)

Since e () is orthogonal to V' (u, ), the angle between e (z) and V (i, z) is at least
w/2 — a(z,r), and therefore the cone

Crr = Clen(z), 7/2 - 20(T, 1))
satisfies
CzrNV(p,z) ={0} forallz e ENDB(z,r).

Moreover, since the set F' := E; N B(Z,r) is contained in £ N B(Z,r), we can apply
Lemma 7.5 to find a Cz,-null set F’ contained in F' that p(F') = p(F'). Then we
can take a compact set Kz, contained in F’ such that

1 1
p(Ker) > Sp(F') = Su(B 0 B(#,r). (4.11)
Note that Kz, is Cz -null because it is contained in F.

Step 4. Construction of the perturbations gz, .
We set

1
e = min{g, e, (' — 1), 1= ||D;f']loe with j =1, .. n}

Note that €’ is strictly positive because of statement (b) in Step 1 and the fact that
r’ > r. Since Kz, is Cz,-null, we can use Lemma 4.13 to find a smooth function
9z,r Such that

(€) |9z.r1']loc < €" and the support of gz, is contained in B(Z,r’);
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and setting e := e(z), W := et, for every x € B(Z,r’) there holds
(d) =€’ < Degzrp(x) <14¢ and Degzpp(z) =1if x € Kz,
(€) |dwgz . (z)| < 2tan(2 04(5:,7“)).

Finally we set

_ 1
9zror! = + 5950,7",1”

where we convene that + is + if D, f'(Z) <0 and — otherwise.
Step 5. There exists 1o = ro(Z) > 0 such that for r < ro there holds

dy()
3Vd

In the following, given a quantity m depending on Z,r,r’ and x € B(Z,r), we
write m = o(1) to mean that, for every Z, m tends to 0 as r — 0, uniformly in all
remaining variables. In other words, for every & and every € > 0 there exists 7 > 0
such that |m| <eif r <r.

To simplify the notation, from now on we write g and g for gz, , and gz, .

For every x € Kz, C B(Z,r) we take h = h(x) > 0 such that x + hv belongs to
OB(Z,r"). Then, taking into account that |v| =1 and (4.9), we have

Us(f' + Gz ) () > for every x € Kz . (4.12)

' —r<h<r+r <3r<o.

We can then apply estimate (4.4) to the function f” := f’ + g; taking into account
that § = £3g and g(z+hv) = 0 (recall that the support of g is contained in B(z, r’)
by statement (c) in Step 4) we get

L) - ')

Uaf"(@) 2 [ Duf"(@)

h
_ D) + Do) - LTI =1E) | glo)
- gt - oy - eI ol
Since f’ is of class O, we clearly have
(D7) - [t hv) = () = o). (4.14)

h

Using statement (c¢) in Step 4, the inequality " —r < h given above, and the choice
of €/, we get

o) _ <
h —r'—r

Finally, to estimate | D,g(z)| we decompose v as v = (v-e)e+w with w € W. Then

Dyg(z) = (v-€) Deg(x) + (dwg(x) ; w),

<r=o(1). (4.15)
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and therefore
[Dog(@)| = |v - €] [Deg(x)] — |dwg()]
> |v-e| —2tan(2a(z,7))
> u- ex(a)] — lex() — ex(@)| - 2 tan(2a(, 7))
> [v-ex(@)] = o(1) = do(x)/Vd = o(1), (4.16)

where the second inequality follows from statements (d) and (e) in Step 4 and the
fact that © € Kz ,; for the third inequality we used that |v| = 1 and e = ey (Z); the
fourth one follows from (4.10) and the fact ex(x) is continuous in z, and the last
inequality follows from (4.7) and the fact that z € Kz, C EJ.

Putting estimates (4.13), (4.14), (4.15), (4.16) together we get

Us(f' +9) (@) = U f(x) > —=
which clearly implies the claim in Step 5.

Step 6. There exists 11 = 11(Z) > 0 such that f' + gz, € X if 7 <ry1.
Since g is supported in B(Z, ') and f’ belongs to X (Step 1), to prove that f'+g
belongs to X it suffices to show that

D (f + Gop) ()| <1 for every x € B(z,7') and j =1,...,n. (4.17)

We begin with the case j = k. Recalling the identities g = i%g, e = ex(T), we
obtain

Dig(e) = D) + (dg() : ex(w) ) = %1 Degle) +o(1)
Dkf’(x) = Dkf,(.f) + 0(1) s
and therefore
[DK(f +9)(@)| = [ D' (@) & 5 Degla)] +01). (4.18)

Recall now that —&’ < D.g(x) < 1+ &’ (statement (d) above), that the sign +
means + when Dy f(Z) < 0 and — otherwise, that |Dyf/(z)] <1—¢" and &’ <1/2
(by the choice of ¢'). Using these facts we can easily prove that

Def'(2) & 5 Deg()] <172,

which, together with (4.18), clearly implies that (4.17) holds for r small enough.
To prove (4.17) for j # k is actually simpler: recall indeed that ||D;f'|lc < 1
(statement (b) above) and note that

|1D;g(x)| < [(dg(2); e;(2))] + [(dg(2); ej(w) — e;(2))]
< tan(2a(z,7)) + |dg(z)] [e;(z) — €;(z)| = o(1),

where the second inequality follows from statement (e) in Step 4 and the fact that,
by definition, g = :l:%g.
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Step 7. Construction of the function f” and the set K.

We consider the family ¢ of all closed balls B(Z,r) with z € Ej and r smaller
than 71 (z) and ra(x), so that the conclusions of Step 5 and Step 6 hold. By a
standard corollary of Besicovitch covering theorem (see for example [17], Proposi-
tion 4.2.13) we can extract from ¢ finitely many disjoint balls B; = B(Z;, ;) such
that

S n(ELN B) = (B (4.19)

Since the balls B; = B(Z;, r;) are closed and disjoint, for every ¢ we can find 7, > r;
such that the enlarged balls B} := B(z;,r}) are still disjoint. Finally, for every i we
set gl = ga_ji,’l‘iﬂ";? K’L = T;,Ti and

£ ::f’+Zgi, K::UKZ».

We now check that f” and K satisfy all requirements.

The function f” is smooth because so are f’ and g;, and the set K is compact
because so are the sets K.

Note that the supports of the functions g; are disjoint (because they are contained
in the balls B]), and therefore at every point = € R" the derivative of f” agrees
either with the derivative of f’ or with that of f’ + g; for some i. Therefore, since
/' belongs to X (Step 1) and f’ + g; belongs to X for every i (Step 6), we infer
that also f” belongs to X.

Statement (i), namely that || f” — f|| < 2e, follows from statements (a) in Step 1
and (c) in Step 4, and the fact that the functions g; have disjoint supports.

Statement (ii), namely that u(K) > p(E’)/(4d), follows from estimates (4.11),
(4.19), and (4.8).

Consider now 2 € K; for some i. By Step 5, U, (f' + :)(x) > d,(z)/(3Vd).
Moreover the proof of this estimates involves only the restriction of f’ + g; to the
ball B, where f’ + g; agrees with f”. Thus the same estimates holds for U, f”(z)
as well, which proves statement (iii). O

4.15. Lemma. Take f € X and o > 0. If U, is continuous at f (as a map from
X to L'(u)) then
dy(z)
3Vd
Proof. We assume that (4.20) fails and prove that U, is not continuous at f.

Indeed, if (4.20) does not hold, we can find a set E’ contained in E with u(E") > 0
and ¢ > 0 such that

Usf(z) > for p-a.e. x € E. (4.20)

du(z)
3vd

Then we use Lemma 4.14 to construct a sequence of smooth functions f, € X and
of compact sets K}, contained in E’ such that f; — f uniformly as h — +o0, and

Usf(z) < — 4 for every x € E'.
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for every h there holds pu(Kp) > u(E’)/(4d) and

dy(x)
3vd

Thus U, fj, does not converge to U, f in the L!(u)-norm, and more precisely

[Us fo = U f| 11,y = / \Usfn — Us f| dpn > 6pu(Kp) > %M(E’) : O
Ky,

Proof of Proposition 4.4. For every o > 0, let N, , of all f € X which satisfy
(4.20). Then each N, , is residual in X because it contains the set of continuity
points of U, (Lemma 4.15), which in turn is residual because U, is a map of
Baire class 1 (Lemma 4.10).

To conclude we note that N, agrees with the intersection of all N, 1/, with
m=1,2,... (by (4.3)) and therefore N, is residual as well. O

Proof of Proposition 4.5. Let D be a countable dense subset of R", and let
N’ be the intersection of all sets N, defined in Proposition 4.4 with v € D. By
Proposition 4.4 the sets N, are residual in X, and then also N’ is residual.

Let now be given f € N’. One readily checks that for p-a.e. x € E inequality
(4.1) holds for every v € D, and we deduce that it actually holds for every v € R"
using the fact that both sides of (4.1) are continuous in v (and D is dense in R™);
notice indeed that the directional upper and lower derivatives D f () are Lipschitz
in v (with the same Lipschitz constant as f).

We have thus proved that f belongs to N, thus N contains N’, and therefore is
residual. O

Uy fr(z) > for every x € Kjp,.

Proof of Theorem 4.1. The strategy is simple: we cover R” with a countable
family of pairwise disjoint sets E; which satisfy the assumption in §4.2, then we use
Proposition 4.5 to find functions f; which satisfy (4.1) for every v and p-a.e. z € E;,
and we regularize these functions out of the set E; using Proposition 8.4; finally we
take as f a weighted sum of these modified functions.

For every x € R™ let d(z) be the dimension of V (i, )+, and let Fy be the set of
all z such that d(z) > 0.

Step 1. For every (Borel) set F' contained in Fy with p(F) > 0 there ezists a
compact set E C F with u(E) > 0 which satisfies the assumption in §/.2.

The map x — V (p, a:)L, viewed as a closed-valued multifunction from E to R"™,
is Borel measurable, and therefore we can use Kuratowski and Ryll-Nardzewski’s
measurable selection theorem (see [32], Theorem 5.2.1) to choose Borel vectorfields
el,...,e, on R™ so that

(a) e1(x),...,en(x) form an orthonormal basis of R™ for every z € R™;
(b) e1(x), ..., e4) (x) span V(u, )+ for every z € F.

Then we use Lusin’s theorem to find a compact set £ C F with pu(E) > 0 such

that the restrictions of the function d and the vectorfields e; to E are continuous;

thus d is locally constant on F; possibly replacing F with a smaller subset we can
further assume that d is constant on £ and that the restrictions of each e; to
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takes values in the closed ball B; := B(e;(Z), ) for some Z € E and some (small)
6> 0.

To conclude the proof we modify the vectorfields e; in the complement of E
so that they become continuous on the whole R™ and still satisfy assumption (a)
above. This last step is achieved by first extending the restriction of each e; to
E to a continuous map from R" to B; (using Tietze extension theorem) and then
applying the Gram-Schmidt orthonormalization process to the resulting vectorfields
(note that if ¢ is small enough these vectorfields are linearly independent at every
point).

Step 2. There exists a countable collection of pairwise disjoint compact sets E;
such that each E; satisfies p(E;) > 0 and the assumption in §4.2, and the union of
all E; contains p-a.e. point.

Let ¢4 be the class of all countable collections {F;} that satisfy all require-
ments except possibly the last one (the union contains p-a.e. point). The class ¥4
is nonempty and admits an element which is maximal with respect to inclusion.
Using Step 1 it is easy to prove that this maximal element satisfies also the last
requirement.

For the rest of the proof we assume that the collection {E;} is infinite and that
i =1,2,...; the case of a finite collection can be treated in the same way (and is
actually simpler).

Step 3. For every i = 1,2,... there exists a function g; with Lip(g;) < 2 which
is smooth outside E; and for u-every x € E; satisfies

D} gi(z) — D, gi(z) >0 for every v ¢ V (i, ). (4.21)

We use Proposition 4.5 to find a Lipschitz function f; with Lip(f;) < 1 such that
for u-a.e. x € E;,

D} fi(z) — D, fi(x) >0 for every v ¢ V(u,x); (4.22)

and then we apply Proposition 8.4 to each f; to find a Lipschitz function g; with
Lip(g;) < 2 which agrees with f; on E;, is smooth on R™ \ E;, and satisfies

lgi(x) — fi(z)]| < (dist(:zc,E,))2 for every x € R".
This implies in particular that for every x € E; and every v € R™ there holds
gi(x 4+ hv) = fi(z + hv) + O(|h|?) for every h € R,
which yields DFg;(x) = D f;(x), and then (4.22) implies (4.21).

Step 4. Construction of the function f.
We take the functions g; as in Step 3, and note that, possibly adding a suitable
constant to g;, we can further assume g;(0) = 0 for every i. Then we set

+oo
f(z) = Z géf) for every x € R"™.
i=1

The function f is well-defined (thanks to the estimate |g;(z)| < 2|z|, which follows
from Lip(g;) < 2) and satisfies Lip(f) < 2.



DIFFERENTIABILITY OF LIPSCHITZ FUNCTIONS 31

We claim that for p-a.e.  there holds D f(z) — Dy f(z) > 0 for every v ¢
V(p,x). Taking into account (4.21) and the fact that the union of the sets E;
contains p-a.e. x, it suffices to prove that for every ¢ and every x € E; the function

. g;\x
gi ‘= Z ]2(3)
J#i
is differentiable at x.

To this end, it suffices to show that for every ¢ > 0 we can decompose §; as
Gi = g, + g/ where ¢, is differentiable at x and Lip(g) < e.

Let indeed g, be the sum of g; over all j # i with j < jo, and g/ be the sum
over all j # i with j > jo; thus ¢} is a finite sum of functions which are smooth
in a neighbourhood of x, and therefore is differentiable at x, while the Lipschitz
constant of g/ satisfies

Lip(g: ,
Lin(a!) < 3 50 <2,
J>jo

and in particular it smaller than ¢ for jy sufficiently large. (|

5. MEASURES RELATED TO NORMAL CURRENTS

In the main result of this section (Theorem 5.10) we establish a connection be-
tween the decomposability bundle of a measure p and the Radon-Nikodym deriv-
ative of a normal current w.r.t. to u. Then we consider a few well-known formulas
related to normal currents and smooth functions (or forms), and use the previous
result to extend these formulas to the case of Lipschitz functions (or forms). More
precisely, we prove formulas for the action of the boundary of a normal current on
a Lipschitz form (Proposition 5.12), for the boundary of the interior product of a
normal current and a Lipschitz form (Proposition 5.13), and for the push-forward
of a normal current according to a Lipschitz map (Proposition 5.17).

5.1. Notation related to currents. We list here the notation from multilinear
algebra and the theory of currents that is used in this section and in the next one:

Aik(V) space of k-vectors in the linear space V;
AF(V) space of k-covectors on the linear space V;
(ac; v)  duality pairing of the k-covector o and the k-vector v, also written as
(v a);
v A w exterior product of multi-vectors (or multi-covectors);
vLa interior product of the k-vector v and the h-covector o (§5.7);
(T'; w) duality pairing of the k-current T" and the k-form w;
TLw interior product of the k-current 7' and the h-form w (§5.7);
dw exterior derivative of the k-form w;
drw exterior derivative of the k-form w w.r.t. the current 7" (§5.11);
OT boundary of the current T' (§5.2);
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M(T') mass of the current T' (§5.2);
[E,T,m] current associated to a rectifiable set E, an orientation 7, and a mul-
tiplicity m (§5.4);
span(v) span of the k-vector v (§5.8);
f#w pull-back of the form w according to the map f (§5.15).
f#w restriction of f#w to the tangent bundle of T' (§5.15).
f4# T push-forward of the current T" according to the map f (§5.16).

5.2. Currents and normal currents. We recall here the basic notions and
terminology of the theory of currents; elementary introductions to this theory can
be found for instance in [17], [22], [30]; the most complete reference remains [12].

A k-dimensional current (or k-current) T in R™ is a continuous linear functional
on the space of k-forms on R™ which are smooth and compactly supported. The
boundary of T is the (k — 1)-current 9T defined by (9T ; w) := (T'; dw) for every
smooth (k — 1)-form w with compact support in R”. The mass of T, denoted by
M(T), is the supremum of (T'; w) over all forms w such that |w| < 1 everywhere.”

A current T is called normal if both T and 0T have finite mass.

5.3. Representation of currents with finite mass. By Riesz theorem a
current T' with finite mass can be represented as a finite measure with values in
the space Ag(R™) of k-vectors in R™, and therefore it can be written in the form
T = 7u where 1 is a finite positive measure and 7 is a k-vectorfield in L'(y). In
particular the action of T on a form w is given by

(T5w) = [ ()i 7)) dufa),

and the mass M(T) is the mass of T' as a measure, that is, M(T) = [ |7|dpu.

In the following, whenever we write 1" in the form 7" = 7pu we tacitly assume
that 7(z) # 0 for p-a.e. z, and in this case we say that p is a measure associated
to the current 7. Note that u and 7 are uniquely determined if we further require
that |7(x)| =1 for p-a.e. x.

Moreover, if T' is a k-current with finite mass and p is an arbitrary measure, we
can write T as T = 7 + v where T is k-vectorfield in L!(u) (the Radon-Nikodym
derivative of T" w.r.t. p), and v is a measure with values in k-vectors which is
singular w.r.t. p (the singular part of T" w.r.t. u).

5.4. Rectifiable currents. Let E be a k-rectifiable set. An orientation of E is a
k-vectorfield 7 on R™ such that 7(z) is a simple k-vector with norm 1 that spans the
approximate tangent space Tan(E, z) for s#*-a.e. x € E. A multiplicity on E is any
integer-valued function m such that | pmdA ¥ < 4+00. For every choice of E, 7, m
as above we denote by [E,7,m] the k-current defined by [E,T,m| := mrlg ¥,
that is,

<[E,T,m];w> = /E<w; T)md%”k.

5 We endow Ax(V) and A*(V) with the Euclidean norms, but other norms would work as fine.
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Currents of this type are called integer-multiplicity rectifiable currents, and in the
following simply rectifiable currents.

The next statement contains a decomposition for normal 1-currents which is
strictly related to a decomposition given in [31].

5.5. Theorem. Let T = 7 be a normal 1-current with |7(x)| =1 for p-a.e. x.
Then there exists a family of rectifiable 1-currents {Tt =By, 1, 1] t € I}, where
I is a measure space endowed with a finite measure dt, such that

(i) T can be decomposed as T = [, T, dt (in the sense of §2.3) and

anﬁwmﬁ:ﬁ%wa (5.1)

(ii) 7(z) = 7(x) for 1 -a.e. x € E; and for a.e. t € I;
(iil) p can be decomposed as p = [} juy dt (in the sense of §2.3) where each py is
the restriction of S to the 1-rectifiable set Ey.

Proof. The existence of a family {7} : t € I} satisfying the decomposition in
statement (i) and (5.1) can be found for instance in [23], Corollary 3.3.

To prove statement (ii), we integrate the vectorfield 7 against T, viewed as a
vector measure, and using the decomposition of T we obtain

M(T) = [ vduta) = [ (r(a); dT(@)

~ [ [ s amican] at
_ / [ / <T(m);7’t(:v)>d<%ﬂ1(x)] dt

Ly
< %%m&z/MmMu
I

I
I
where the inequality follows from the fact that 7(z) and 7(x) are unit vectors.
Now (5.1) implies that this inequality is actually an equality, which means that the
vectors 7(x) and 7¢(z) agree for #'-a.e. x € E; and a.e. t.

Finally, the identity of scalar measures y = [ 7 M¢ dt in statement (iii) is obtained
by multiplying the identity of vector measures T' = | ; T dt by the vectorfield 7. [

A consequence of Theorem 5.5 is the following.

5.6. Proposition. Let i1 be a positive measure and let T be the Radon-Nikodym
derivative of a 1-dimensional normal current T w.r.t. p. Then

span(7(x)) C V(pu,z) for p-a.e. x. (5.2)

Proof. We write T in the form T = 7'y with |7/(x)| = 1 for p'-a.e. x, and
consider the decomposition p’ = [ ;e dt given in Theorem 5.5: for u-a.e. x and
a.e. t we have that span(7/(z)) agrees with Tan(FE}, z) which in turn is contained
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in V(i/,z) (by the definition of decomposability bundle and Remark 2.7(iv)), and
this means that
span(7'(z)) C V(¢',z) for p'-a.e. z. (5.3)
Now, let E be the set of all x such that 7(z) # 0. Thus 1gu < 1/, and therefore
Proposition 2.9(i) yields V (i, ) = V(p, z) for p-a.e. x € E. Moreover 7/ = 7/|7]
p-a.e. in E. These facts together with (5.3) yield that span(7(x)) C V(u,z) for
p-a.e. z € E, and since this inclusion is trivially true for x ¢ E, the proof of (5.2)
is complete. [l

In order to extend Proposition 5.6 to currents with arbitrary dimension, we need
some additional notions.

5.7. Interior product. Let h, k be integers with 0 < h < k. Given a k-vector v
and an h-covector o on V, the interior product vL « is the (k — h)-vector uniquely
defined by the duality pairing

(vLa; B = (v;aAB) forevery B € AF(V).

Accordingly, given a k-current 7" in R™ and a smooth h-form w on R”, the interior
product T'L w is the (k — h)-current defined by

(TLw; o) =(T; wAo) (5.4)

for every smooth (h — k)-form o with compact support on R”. Then the natural
counterpart of the Leibniz rule for the exterior derivative of the product of forms
is
T Lw) = (—l)h[(HT)I_w—Tl_dw] . (5.5)
Note that if T" has finite mass and w is bounded and continuous then formula
(5.4) still makes sense, T'Lw is a current with finite mass, and given a representation
T = 7 there holds TLw = (TLw) u. Along the same line, if 7" is a normal current
and w is of class C'!, bounded and with bounded derivative, then T'Lw is a normal
current and formula (5.5) holds.

5.8. Span of a k-vector. Given a linear space V and a k-vector v in V, we
denote by span(v) the smallest linear subspace W of V' such that v belongs to
Ak (W).0

5.9. Proposition. Taken v and span(v) as above, we have that

(i) if v =0 then span(v) = {0};
(ii) if v # 0 then span(v) has dimension at least k;
(iii) if v is simple and non-trivial, that is, v can be written as v = viA- - -Avy with
V1, ...,V linearly independent vectors in V', then span(v) is the subspace
of V' spanned by vi,...,vg; in particular span(v) has dimension k;
(iv) conversely, if span(v) has dimension k then v is simple and non-trivial;
(v) span(v) consists of all vectors of the form vLa with a € AF=Y(V).
6If W is a linear subspace of V' then every k-vector in W is canonically identified with a k-vector

in V via the immersion I : W — V. Assuming this identification we have that A (W)NAR(W') =
Ne(WNW') for every W, W' subspaces of V', and therefore the definition of span(v) is well-posed.
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Proof. Statement (i) is immediate, while statements (ii) and (iv) are conse-
quence of the following general facts, respectively: if dim(W) < k then every
k-vector in W is null, and if dim(W) = k then every k-vector in W is simple.

To prove statement (iii), denote by W the linear subspace of V' generated by
v1,...,0. Clearly span(v) is contained in W; moreover span(v) has dimension at
least k by statement (ii) while W has dimension at most k; therefore span(v) and
W agree.

To prove statement (v), denote by W the linear subspace of V consisting of all
vectors vL o with o € A¥~1(V). The inclusion W C span(v) is immediate because
v is a k-vector in span(v), and therefore the interior product of v by any h-covector
on span(v) is a (k — h)-vector in span(v).”

To prove the opposite inclusion, namely that span(v) C W, we introduce some
additional notation. Given a basis {e; : ¢ =1,...,n} of V, we denote by {e}} the
corresponding dual basis.® We then denote by I(n, k) the set of all multi-indexes
i = (i1,...,%) such that 1 < i3 < i9 < -+ < i < n, and we set, as usual,
e :==ej N---Nej and ef = e;-‘l AREEWA e;‘k. Thus the k-vectors e; form a basis of
Ak(V) while the k-covectors e form the corresponding dual basis of A*(V').

Let now &’ := dim (W), and choose the basis {e;} so that {e;: i =1,...,k'} is a
basis of W. Then the inclusion span(v) C W means that v is a linear combination
of e; over all i with i, < K/, or equivalently that (v; e}*) = 0 for all j such that
jx > k'. Indeed we can write €] as e A\ej with j€I(n,k—1)and j > k', and then

(v;ef) =(v;ey Nej) =(vLey;e;) =0,

because w :=vL e;, belongs by definition to W, and (w; e;) =0 for every w € W
and every j > k’ by the choice of the basis {e;}. O

We can now state and prove the main result of this section.

5.10. Theorem. Let u be a positive measure and let T be the Radon-Nikodym
derivative of a k-dimensional normal current T w.r.t. p.

Then span(7(x)) is contained in V(u,x) for p-a.e. . In particular V(u,x) has
dimension at least k for p-a.e. x such that 7(x) # 0.

Proof. For every a € A*1(R"), TL a is a normal 1-current whose Radon-
Nikodym derivative w.r.t. p is 7L« (see §5.7), and therefore the vector 7(x)L «
belongs to V(p, z) for p-a.e. = (Proposition 5.6). In particular, taken a finite set
{aj: j € J} that spans A¥=1(R"), for p-a.e. x there holds

T(z)Laj € V(pu,x) for every j € J. (5.6)

Moreover the vectors 7(x) L oj span {7(z)La : o € AF71(R™)}, which by Propo-
sition 5.9(v) agrees with span(7(x)). This fact and (5.6) imply that span(7(z)) is

7 This is actually a consequence of the fact that the interior product commutes with the
immersion [ : W — V', and more generally with every linear map 7' : W — V| in the sense that
(Tyv)La = Ty (vL (T#a)) for every v € Ap(W) and every a € A"(V).

8 That is, the basis of the dual V* defined by the identity (€7 ; e;) = &;5 for every i, 7.
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contained in V(u, z) for p-a.e. z. The rest of the statement follows from Proposi-
tion 5.9(ii). O

In the rest of this section we give some applications of Theorem 5.10. We begin
with a simple remark.

5.11. Exterior derivative of Lipschitz forms. Let i be a positive measure on
R™ and w a Lipschitz h-form on R™. Then the (pointwise) exterior derivative dw(x)
is defined at £"-a.e. x but in general not at u-a.e. xz. However, since the coefficients
of w w.r.t. any basis of A"(R") are Lipschitz functions, they are differentiable w.r.t.
V(u, ) at p-a.e. x, and therefore it is possible to define the exterior derivative of
w relative to V (i, x) at p-a.e. x, which we denote by d,w(z).

The precise construction is the following: given a basis {a;} of A"(R™), we denote
by w; the coefficients of w w.r.t. this basis, so that w(z) = >, wi(z) o; for every
x € R™. Then, given a point x such that the functions w; are all differentiable
at  wr.t. to V = V(u,x), we chose a basis {e;} of V, and let d,w(x) be the
(h + 1)-covector on V defined by

dyw(x) = Z De,wi(z) e A
Y]

Assume now that T = 7u is a normal k-current on R™. By Theorem 5.10,
span(7(z)) is contained in V' (u,x) for p-a.e. x, and therefore we can define the
exterior derivative of w w.r.t. span(7(x)) at p-a.e. x, which we denote by drw(x);
in other words drw(z) is the (h+ 1)-covector on span(7(x)) given by the restriction
of dyw(x).

Note that the form dpw is essentially independent of the specific decomposition
T = T, because so is the bundle z — span(7(x)). Indeed, for every other de-
composition T' = 7y’ the measures p and u' are absolutely continuous w.r.t. each
other, and span(7(z)) = span(7'(x)) for p-a.e.x.

Now we turn our attention to the identity that defines the boundary of a k-
current 7', namely (0T ; w) = (T'; dw) for every smooth (k—1)-form w with compact
support. If T is a normal current then both terms in this identity can be represented
as integrals; therefore they make sense even when w is a form of class C' with w
and dw bounded, and a simple approximation argument proves that they agree.

The next result shows that the same is true for Lipschitz forms, having made
the necessary modifications.

5.12. Proposition. Let T' = Tu be a normal k-current on R™, and w a bounded
Lipschitz (k — 1)-form on R™. Then

(0T ; w) = / (drw(z); T(x))du(z), (5.7)
where drw is taken as in §5.11.

Note that the duality pairing (drw(z); 7(z)) in (5.7) is well-defined for p-a.e. x
because drw(x) is a k-covector on the span of 7(z).
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Proof. We apply Corollary 8.3 with V(z) := span(7(x)) to the coefficients of w
w.r.t. some basis of A*~1(R™) and construct a sequence of smooth (k — 1)-forms w;
which are uniformly bounded, have uniformly bounded derivatives dw;, converge
to w uniformly, and satisfy

lim drwj(z) = drw(x) for p-a.e. x. (5.8)
J—r+00
Then
(0T ; w) = lim (OT'; w;) = lim (T'; dwj)
J]—00

J—00

= lim | (drw;(z); 7(x))dp(x)

— [ tdre@); r@)duta).

where the first equality follows from the fact that w; converge to w uniformly,
and the fourth one from (5.8) and Lebesgue’s dominated convergence theorem (the
domination is easily obtained using that the forms dw; are uniformly bounded and
7 belongs to L'(p)). O

Next we consider the interior product T L w of a k-current 1" and a bounded
Lipschitz h-form w, and prove a variant of formula (5.5) for the boundary of T'L w.

5.13. Proposition. Let T'= tu be a normal k-current on R" and w a bounded
Lipschitz h-form on R™ with 0 < h < k. Then TLw = (TLw)p is a normal
(k — h)-current with boundary

0T Lw) = (—l)h[(aT) Lw— (TLdrw) p] (5.9)
where drw is taken as in §5.11.

Note that for p-a.e. x the interior product 7(x)Ldrw(z) in (5.9) is a well-defined
(k — h — 1)-vector in span(7(z)) (and hence a (k — h — 1)-vector in R") because
drw(z) is a k-covector on span(7(z)).

5.14. Remark. In the special case h = 0 Proposition 5.13 can be restated as
follows: if T'= 7p is a normal k-current on R™ and f a bounded Lipschitz function
on R" then fT' = fru is a normal k-current with boundary

O(fT) = fOT + (TLdrf)p.

Proof of Proposition 5.13. We take a sequence of smooth forms w; exactly
as in the proof of Proposition 5.12. Since the forms w; are smooth and bounded,
the currents T'Lw; are normal (cf. §5.7) and it is easy to see that as j — 400 they
converge to 7'Lw in the mass norm. Moreover formula (5.5) yields

T Lwj) = (=1)"[(0T) Lw; — T L dwj] (5.10)

which, together with the fact that the forms w; and the derivatives dw; are uni-
formly bounded, implies that the masses of O(7T'Lwj;) are also uniformly bounded.
Thus (T Lw) has finite mass, and T'Lw is a normal current.
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To prove formula (5.9) we pass to the limit in (5.10), and the only delicate point
is to show the convergence of T'L dw; to T'L drw. To this end, we use that

TLdwj = (TLdwj)p = (TLdrwj)p, TLdrw = (TLdrw)p,

and that the forms drw; are uniformly bounded and converge p-a.e. to drw by
assumption (5.8). O

We conclude this section by proving a formula for the push-forward of a normal
current according to a Lipschitz map (Proposition 5.17).

5.15. Pull-back of forms. Given a map f : R® — R™ of class C' and a
continuous k-form w on R™, the pull-back of w according to f is the continuous
k-form f#w on R™ defined by

((fFw)@); e A Aoy = ((f(@); (df (@) o) A= Adf (@) op))  (5.11)

for every vy,...,vxr € R™.

Note that when f is a Lipschitz map, (f#w)(z) is a well-defined k-covector on R”
only at the points x where f is differentiable, that is, at £"-a.e. x, but in general
it is not defined at p-a.e. x when p is an arbitrary measure on R". However, since
f is differentiable w.r.t. V(u,z) at p-a.e. x, we can use formula (5.11) to define
the restriction of (f#w)(z) to V(u,z); we denote this k-covector on V(u,x) by
(@),

Given a normal current 7' = 7p on R™, we use that span(7(x)) is contained
in V(pu,z) for p-a.e.  (Theorem 5.10) to define (fz#w)(x) as the k-covector on
span(7(z)) given by the restriction of (ffw)(a:) to span(7(x)) for u-a.e. x.

5.16. Push-forward of currents. Given a smooth map f : R® — R™ and a
k-current T in R™ with compact support, the push-forward of T according to f is
the k-current fx T in R™ defined by

(f4T; w) :=(T; fFw) (5.12)

for every smooth k-form w on R™ (since T has compact support, (T"; o) is well-
defined for every smooth k-form o on R", even without compact support, and in
particular it is defined for o := f#w).

If in addition 7" has finite mass then identity (5.12) can be extended to all
continuous k-forms w and can be used to define f4T when f of class C*.

When f is Lipschitz the right-hand side of formula (5.12) does not make sense
because the form f#w is not defined, but the push-forward f#T is still defined if
T is a normal current, although in a completely different way (see [12], §4.1.14,
or [17], Lemma 7.4.3). Indeed one can prove that for every sequence of smooth
maps f;j : R" — R™ that are uniformly Lipschitz and converge to f uniformly, the
push-forwards (f;)41 converge in the sense of currents to the same limit, which is
then taken as definition of fuT.

In the next statement we prove a modification of formula (5.12) which holds
when f is Lipschitz.
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5.17. Proposition. Let T = 7p be a normal k-current on R™ with compact
support, let f : R" — R™ be a Lipschitz map, and let fxT be the push-forward of
T according to f. Then, for every continuous k-form w on R™, there holds

FoTiw) = (T fFo) = [ ((HFo)@)i @) duta).  (513)

Note that the duality pairing <(f#w)(x), 7(x)) in (5.13) is well-defined for p-
a.e. T because (f#w)(x) is a k-covector on the span of 7(x).

Proof. We use Corollary 8.3 to choose the approximating maps f; used to define
f#T so that for p-a.e. x the linear maps dr fj(x) converge to dr f(x).

Therefore, using formula (5.11) we obtain that for every smooth k-form w there
holds

f]#w(aj) j_}—+>oo f#w(:n) in A¥[span(7(z))] for p-a.e. z. (5.14)

Hence
(f4T; w) = dim ((f))#T; w)

+oo

= tim [ (@) 7)) duta)

= [ (U@ @) duto).

where the first equality follows from the fact that (f;)47 converge to f4#T in the
sense of currents, the second one follows from (5.12), the third one follows from
(5.14) and Lebesgue’s dominated convergence theorem using the domination

[(fFw; 7] < |dflFlwl 7] < LF|w] |7,

where |w||7| belongs to L!(u) and L is the supremum of Lip(f;) over all j.
We have thus proved identity (5.13) for every smooth w, and we extend it to
every continuous w by a standard approximation argument. ([l

6. A CHARACTERIZATION OF THE DECOMPOSABILITY BUNDLE.

In this section we give a characterization of the decomposability bundle of a
measure g on R"™, n > 2, in terms of normal 1-currents (Theorem 6.4), and more
precisely we show that V(u,z) agrees for p-a.e. x with the space N(u,z) defined
in the next subsection. Building on this result we obtain a precise description of
the vectorfields 7 on R” that can be obtained as the Radon-Nikodym derivative of
a l-dimensional normal current w.r.t. u (Corollary 6.5), and a decomposition for
measures with non-trivial decomposability bundle (Corollary 6.6).

Through this section p is a fixed measure on R"™ with n > 2.

6.1. The auxiliary bundle N (u,x). For every point = in the support of y,
we denote by N (u,x) the set of all vectors v € R™ for which there exists a normal
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1-current T in R™ with 9T = 0 such that

o 1T = ol (BG.1)

M By (6.1)

(in this section we view 1-currents with finite mass on R™ as R"-valued measures;
thus |T" — vu| denotes the total variation of the R"-valued measure T — vpu).

It is sometimes convenient that N(u,z) is defined for all x € R™, and therefore
we set N(u, ) := {0} when z does not belong to the support of pu.

In the following we refer to condition (6.1) by saying that T is asymptotically
equivalent to vy at the point x.

6.2. Remarks. (i) The set N(u,z) is clearly a linear subspace of R" and is
uniquely defined at every point x (by contrast, the decomposability bundle V (u, x)
is only unique up to p-negligible subsets of ).

(ii) If 7 is the Radon-Nikodym derivative of a normal 1-current 7" w.r.t. u, then
7(x) belongs to N(u,z) for p-a.e. x. More precisely, if we write T = 7u + v
with v singular w.r.t. p, then 7(z) € N(u,x) at every point 2 where 7 is L'(ju)-
approximately continuous and the density of |v| w.r.t. p is 0.

(iii) In dimension n = 1, the only normal 1-current 7" with 07 = 0 is the trivial
one, and therefore N(u,x) = {0} for every x and every p.

(iv) In dimension n = 2 the bundle N(u,-) is closely related to the bundle
E(u,-) introduced in [1], Definition 2.1. More precisely E(u,x) is the set of all
vectors v € R? such that vy is asymptotically equivalent at x to a vector-valued
measure A = 7|\| on R? which is a (distributional) gradient,” which is equivalent
to say that 7|\| is a normal 1-current without boundary (here v denotes the
rotation of the vector v by 90° counterclockwise), and therefore

N(p,z)={vt:veB(ux)}.

If p is a singular measure on R?, it was proved in [1], Theorem 3.1, that E(u,z)
has dimension at most 1 for p-a.e. z. Thus N(u,x) has dimension at most 1 for
p-a.e. z as well, and thanks to Theorem 6.4 below we obtain that also V (i, z) has
dimension at most 1 for p-a.e. x (cf. §1.5).

(v) We prove in Lemma 6.9 that the map x — N(u,z) agrees outside a suitable
p-negligible Borel set with a Borel map from R" to Gr(R"™). We actually believe
that the map z — N(u,x) itself is Borel measurable, but the only proof we could
devise is rather involved, and since this result is not really needed in the following,
we decided to omit it.

(vi) There are many possible variants of the definition of N(u,x). Among these,
the one given above imposes the strongest requirements on the elements of N (u, x).
Going to the opposite extreme, we may consider the set N'(u, z) of all v € R™ for
which there exists a sequence of positive numbers r; that converge to 0 and a

9The original definition actually requires that A is the gradient of a BV function, but the
difference is irrelevant.
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sequence of normal 1-currents T} such that

L 1T vl (B, 1))
J—+oo M(B(x,rj))

=0.

Clearly N'(u,z) contains N(u,x) for every z, and it is easy to show that this
inclusion may be strict. However, it should be true that N'(u,z) = V(u,z) for
p-a.e. x, which in view of Theorem 6.4 below yields N'(u, z) = N(u, z) for u-a.e. x
(we do not pursue this issue here).

We now give the main results of this section. The first one is a converse of the
statement in Remark 6.2(ii).

6.3. Theorem. Let 7 be a Borel vectorfield on R™ which belongs to L'(u) and
satisfies T(x) € N(p,x) for p-a.e. x. Then there exists a normal 1-current T' on
R"™ such that

(i) the Radon-Nikodym derivative of T w.r.t. pu agrees (p-a.e.) with T, that is,
T = Ttu+ o where o is singular w.r.t. u;

(ii) 9T =0 and M(T') < C||7| 11(,) where the C' depends only on n.
6.4. Theorem. There holds V(u,z) = N(u, ) for p-a.e. x.

Putting together Theorems 6.3 and 6.4 and Proposition 5.6 we immediately
obtain the following corollary.

6.5. Corollary. Let T be a vectorfield on R™ which belongs to L'(u). Then the
following statements are equivalent:

(i) 7(x) € V(u,z) for p-a.e. x;
(ii) there exists a normal 1-current T whose Radon-Nikodym derivative w.r.t. 1
agrees with T, that is, T' = Tu + o where o is singular w.r.t. u.

From the previous result we obtain the following decomposition for measures
with non-trivial decomposability bundle (cf. [29], Theorem 6.31).

6.6. Corollary. Let T be a vectorfield on R™ which belongs to L' (1) and satisfies
T(x) € V(u,z) and 7(x) # 0 for u-a.e. x (thus V(u,z) # {0} for p-a.e. x). Then
wadmits a decomposition p = f[ e dt in the sense of §2.3, where each u; is the
restriction of 1 to a 1-rectifiable set E; such that

Tan(FEy, z) = span(r(z)) for #'-a.e. x € E;.

6.7. Remarks. (i) In dimension n = 1 the statements of Theorems 6.3 and 6.4
and of Corollaries 6.5 and 6.6 are either false or irrelevant (cf. Remark 6.2(iii)).

(ii) We know from Theorem 5.10 that if 7 is the Radon-Nikodym derivative of a
normal k-current w.r.t. u, then span(r(x)) C V(u,x) for p-a.e. . In the wake of
Corollary 6.5 we ask now if the converse is true, that is, if every k-vectorfield 7 in
LY(p) that satisfies this inclusion can be obtained as the Radon-Nikodym derivative
of normal k-current w.r.t. pu.

It follows from a result by A. Mathé [21] that the answer is negative for k = 2
and n = 3 (and therefore also for every k,n with 1 < k < n). More precisely,
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Méthé constructs an example of a measure p in R3 such that (a) dim(V (u, z)) = 2
for p-a.e. z, and (b) u cannot be decomposed in terms of measures associated to
2-dimensional rectifiable sets, that is, i does not belong to the class %5 (R3) defined
in §1.6. Now, property (a) implies that there exists a 2-vectorfield 7 in L'(u) such
that 7(x) # 0 and span(7(x)) C V(u,z) for p-a.e. x. On the other hand every
normal 2-current 7' in R3 can be decomposed in terms of rectifiable 2-currents
(see for instance [5]), and together with property (b) this fact implies that 7' is
singular w.r.t. to u, and in particular 7 cannot be the Radon-Nikodym derivative
of T w.r.t. u.

The rest of this section is devoted to the proofs of Theorems 6.3 and 6.4, and
Corollaries 6.5 and 6.6.

Through these proofs we use the letter C' to denote every constant that depends
only on the dimension n (the value may change at every occurrence).

6.8. Lemma. Let T be a normal k-current in R™, n > k > 0, and B an open
ball in R™ which does not intersect the support of OT. Then there exists a normal
k-current U in R™ such that

(i) the currents U and T agree on B, that is, 1gU = 15T;
(i) the support of U is contained in the closure B of B;
(iii) OU = 0;

(iv) M(U) < C|T|(B).

Proof. First of all, we notice that it suffices to prove the statement when B is
the open ball with center 0 and radius 1

We begin with an outline of the construction of U. We choose a point xg € B,
and construct a retraction p of R™ \ {zo} onto R™ \ B as follows: for = ¢ B we let
p(z) := x, and for x € B we let p(z) be the intersection of the sphere B and the
half-line which starts in g and pass through z. Thus
r — X

p(z) == xzp +tw where w:= ———
]a: —xzo|’

and t > 0 is chosen so that |p(z)| = 1, that is,

ti= 1+ (z0-w)2 — |zo|2 — 20 - w.

We then denote by T" the push-forward of T according to the map p, that is,
T'" := p4T. Since p maps B into OB and agrees with the identity on R™ \ B we
have that

(a) 7" =0 on B;

(b) T" =T on R"\ B;
Moreover 91" = p4 (9T, and since JT is supported in the complement of B, where
p agrees with the identity, we have that

(c) 0T" = OT.
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Finally we set U := T—T", and then statements (i), (ii) and (iii) follows immediately
from (a), (b) and (c).

There are two issues with this construction: the main one is that the map p is
singular at zg, and therefore the push-forward p4T' cannot be defined using the
standard definition; the second issue is estimate (iv). Note that the same problems
arise in the proof of the Polyhedral Deformation Theorem presented in [12], §4.2.9,
and can be solved in the same way.

Step 1. We can choose xo € B so that

/R AT o7y (B). (6.2)

n |z — zol*

We actually prove that the integral of the left-hand side of (6.2) over all zp € B
(w.r.t. the Lebesgue measure) is bounded by C|T’|(B), which implies that (6.2)
holds for a set of positive measure of xy. Indeed

Lt an= L] ak]amie

<[ [ / . ‘jm 4IT|(x) = C|T|(B).

where dx( stands (as usual) for d.£"(x¢), the first equality is obtained by applying
Fubini’s Theorem together with the change of variable y = x — x(, the inequality
follows from the fact that the ball B(—xg,1) is contained in B(0,2), and the last
equality follows from the fact that [ B(0.2) dy/|y|* is finite.

Step 2. Construction of T' := puT.
The map p is clearly locally Lipschitz on R™ \ {—z¢}, and a straightforward
computation shows that

C

a |x — 20|

|dp(z)| < u(x) where wu(z): +1. (6.3)
Then, using estimate (6.2) and the fact that the support of 9T does not intersect B,
we obtain that the integrals [, u™d|T| and [, u'~*d|0T| are both finite, which
allow us to define the push-forward 7" := p4T as in [12], §4.2.2. More precisely 7"
is a normal current which satisfies the properties (a), (b) and (c) mentioned above.
Moreover estimates (6.2) and (6.3) yield

T'|(B) < /B dp|* d|T| < /B W™ dIT| < C[T|(B). (6.4)

Step 3. Construction of U.
As anticipated, we take U := T—T". Then statements (i), (ii) and (iii) follow from

statements (a), (b) and (c) above, while statement (iv) follows from estimate (6.4).
O

6.9. Lemma. The map x — N(p,x) is universally measurable as a map from
R™ to Gr(R™) (that is, measurable w.r.t. the completion of the Borel o-algebra
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according to any finite measure on R™). In particular it agrees outside a suitable
p-negligible Borel set Eg with a Borel map.

Sketch of proof. Let K be the support of u, and let G be the graph of the
restriction of x — N(u,x) to K, that is, the set of all (x,v) such that x € K and
v € N(u,z). It suffices to prove that the set G is analytic (cf. [32], Chapter 4).

Let N be the space of all normal l-currents 7' on R" with M(7) < 1 and
JT = 0, endowed with the weak* topology of currents (as dual of smooth forms
with compact support); thus N is compact and metrizable, and in particular is a
Polish space.

Now, for every x € K, v € R", T € N we set

o T — op|(B(z, 1))
Y(x,0,T) lll;ﬂjélp B
and we remark that v belongs to N(u,z) if and only if there exists T € N such
that ¢ (z,v,T) = 0 (we have only to show that N(u,z) does not change if we add
the requirement that the current 7" in (6.1) satisfies M((T") < 1, and indeed, if need
be, we simply replace T by the current U given by Lemma 6.8, having chosen as B
a ball centered at x with sufficiently small radius).

It follows that G = p(x»~1(0)) where p is the projection of K x R" x N on K x R".
Since p is continuous, the analyticity of G follows by the fact that 1~1(0) is a Borel
set, which in turn follows by the fact that ¢ is a Borel map.

Indeed the ratio at the right-hand side of (6.5) is left-continuous in the variable
r, and therefore the value of ¥ does not change if we restrict r to a fixed countable
dense subset of (0,400). Thanks to this observation and to the fact that the ratio
is Borel in the variables x, v, T, we obtain that 1 is Borel as well. ([l

(6.5)

6.10. Lemma. Let {oy : t € I} be a family of measures on R™ which is Borel
reqular int (cf. §2.3). Assume that each oy is the restriction of 7' to a 1-rectifiable
set By, and denote by D the set of all (t,xz) € I x R™ such that the approzimate
tangent line Tan(Ey, x) exists.

Then D is a Borel set and (t,z) — Tan(FEy, x) is a Borel measurable map from
D to Gr(R™).

Sketch of proof. We denote by .# " the space of all positive, locally finite mea-
sures on R", and denote by L the subclass of all measures given by the restriction
of 1 to a 1-dimensional subspace of R".

Given o € #™", a point x € R", and r > 0, consider the rescaled measure oy,
given by 04, (F) := +0(x + rF) for every Borel set F' in R", and let o, be the limit
(in .#7T) of the measures o, as r — 0, if it exists. If o is the restriction of ! to
a l-rectifiable set F, then the approximate tangent space Tan(FE,z) exists if and
only if o, exists and belongs to L (cf. §2.2).

Now, since (o,z,7) — 04, is a continuous map from .#* x R™ x (0,1] in .#Z ™",
it is easy to see that the set of all (o,x) € .#" x R™ such that o, exists is Borel,
and that (o, z) — o, is a Borel map from this set to .# ™. Since moreover L is a
closed subset of .Z ™", then also the set of all (o, x) such that o, exists and belongs
to L is Borel.
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Using these facts and recalling that ¢ — oy is Borel we conclude the proof. [J

The next statement is the key step in the proof of Theorem 6.3.

6.11. Lemma. Let 7 be a Borel vectorfield on R™ which belongs to L'(u) and
satisfies T(x) € N(p,x) for p-a.e. x. Then there exists a normal 1-current T' on
R™ such that, denoting by T the Radon-Nikodym derivative of T w.r.t. p,

() 17 =7l < 5lTlleegs
(ii) 9T =0 and M(T) < C||7| £1(,)-
Proof. We can clearly assume that 7 is nontrivial, and we set

[EalFAYP
= (6.6)
AM()
We begin with two well-known facts: for all z € R™ and all r > 0 except at most

countably many there holds

1(0B(z,r)) =0, (6.7)
and for p-a.e. x and for r > 0 small enough there holds
[ = r@ldi < mpBa)). (68)
B(z,r)

By the definition of N (u, ), for p-a.e. x (and precisely for every x in the support
of u such that 7(x) € N(u,z)), there exists a normal 1-current T, with 9T, = 0
such that, for » > 0 small enough,

T — 7(2) pl(B(z, 7)) < mp((B(z,7)). (6.9)

Consider now the family of all closed balls B(z,r) that satisfy (6.7), (6.8) and
(6.9): by a standard corollary of Besicovitch covering theorem (see for example
[17], Proposition 4.2.13) we can extract from this family countably many balls
B; = B(x;,r;) which are pairwise disjoint and cover p-almost every point.

For every i we set T; := Ty, and use Lemma 6.8 to find a current U; with OU; = 0
which agrees with 7; in the interior of B;, is supported on B;, and satisfies

M(Us) < C|Ti|(B;) (6.10)
and finally we set

T::ZUi.

We first show that 7" is well-defined and satisfies statement (ii). Since the currents
Ui satisfy OU; = 0, it suffices to show that >, M(U;) < C||7|11(,). And indeed

> M) <C Y ITIB)

< C YTy = el (B + [((w:) = 7)ul (Bi) + 70l (By)
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<C Y mu(B) +mp(B)+ [ il

3
< C(2mM(p) + HT”Ll(u)) =3 Cll7llr () -

where the first inequality follows from (6.10), the second one is obtained by writing
the measure T; as sum of the measures T; — 7(z;)u, (7(z;) — 7)p and 7, the third
one follows from (6.8) and (6.9), the fourth one follows from the fact that the balls
B; are pairwise disjoint, and finally the fifth one follows from (6.6).

Now we prove that T satisfies statement (i). Let 7; be the Radon-Nikodym
derivative of T; w.r.t. u. Since the balls B; are pairwise disjoint, in the interior
of each B; the current T agrees with U;, which in turn agrees with T;; therefore 7
agrees (p-a.e.) with 7; in the interior of each B;, or equivalently on B; (because
the boundary of B; is p-negligible, cf. (6.7)). Then

7=l = 3 [ I =il
sZ/ rT—T<xi>\du+/ 7 — ()| dp
— JB; B;
< S mu(Bi) + |Ts - 7(ai) ul(By)

1
<3 2mpu(By) < 2mM(p) = 57l

where the first equality follows by the fact the balls B; cover u-almost every point,
for the second inequality we used (6.8), the third one follows from (6.9), the fourth
one follows from the fact that the balls B; are disjoint, and finally the last equality

follows from (6.6). O
Proof of Theorem 6.3. We set 79 := 7 and then construct currents T and
vectorfields 7;, 7; for j = 1,2,... according to the following inductive procedure:

we apply Lemma 6.11 to 7j_1 to obtain a normal 1-current 7} such that 97; = 0

and .
17j-1 = Tillorg < 5liT-1llorgy s MTH) < Clim—alloi (6.11)

where 7; is the Radon-Nikodym derivative of T} w.r.t. p; we then set 7; 1= 7,1 —7;.

We finally set
T:=>1T;.
j=1

We first prove that T is well-defined and satisfies statement (ii). Since the
currents T} satisfy 07; = 0, it suffices to show that 3, M(T}) < C||7|L1 (-
To this regard, note that the first estimates in (6.11) can be rewritten as
1751l L1(uy < 31ITj=1ll21() and therefore, recalling that 7o = T,

1
I7ill 2wy < o517l - (6.12)
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Then, using the second estimates in (6.11),

o) [ee)

o0
C
M(T;) <> Clliralipig < Tz = 2007l -
j=1 j=1 j=1
Next we show that T' satisfies statement (i). Since 7; is the Radon-Nikodym
derivative of T; w.r.t. u, it suffices to show that the series of all 7; converge in

LY(u) to 7. Since 79 = 7 and 7j = 7j_1 — 7; for every j, we have that
T+ +7,=7—15,
and we conclude the proof by noticing that 7; converge to 0 in L*(u) by (6.12). O

The next statement is the key step in the proof of Theorem 6.4.

6.12. Lemma. Let C = C(e,«) be a closed convex cone in R™ (cf. §4.11) and
let Int(C') be the interior of C. Let o be a non-trivial measure on R™ which can be
decomposed as o = [; oy dt where each oy is the restriction of S to a 1-rectifiable
set By such that Tan(FEy, x) is contained in Int(C) U {0} for 7 -a.e. x € E;.

Then there exists a normal 1-current T with 0T = 0 whose Radon-Nikodym
derivative w.r.t. o belongs to C for o-a.e. point and is nonzero in a set of positive
o-measure (that is, the measures |T'| and o are not mutually singular).

Proof. We first construct a current 7' that satisfies all requirements except 0T =
0, and at the end of the proof we explain how to modify the construction to obtain
oT = 0.

The idea for the construction of T is quite simple: for every ¢ € I we choose a
C-curve Gy (cf. §4.11) such that J#'(E; N G¢) > 0; we then denote by T; the 1-
current associated to Gy, and set T := [T, dt. However, some care must be taken
with measurability issues (for example, G should be chosen in a Borel measurable
fashion w.r.t. t).

Before starting with the detailed construction, we note that, possibly replacing
I with a suitable Borel subset, we can assume that #!(E;) > 0 for every t € I.

We denote by 2 the class of all paths v : J — R"™ with J := [—1, 1] such that
Lip(y) < 1and 4(s) € C for a.e. s € J (here and in the following J is endowed with
the Lebesgue measure, which we do not write explicitly), and we endow 2~ with
the supremum distance. Note that (.J) is a C-curve for every v € 2" (cf. §4.11).

Step 1. For every t € I there exists v € X such that
AN ENA(])) = or(7(J)) > 0. (6.13)

Since the set Ej is rectifiable and #!(E;) > 0, we can find a curve G of class C*
such that 2 (E;NG) > 0. We take a point z9 € G such that E; NG has density 1
at xo. Then Tan(G, zg) agrees with Tan(E;, zp) and is contained in Int(C) U {0},
which implies that Tan(G, ) is contained in C for all z in a suitable subarc G’ of
G that contains zg, and clearly J#1(E; N G') > 0. We then take as v a suitable
parametrization of G’.
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Step 2. The set F' of all (t,v) € I x 2" such that (6.13) holds is Borel.
It suffices to show that (¢,7) — o(y(J)) is a Borel function on I x 27, and this
is an immediate consequence of the following facts:

e t — oy is a Borel map from I to the space .# T of finite positive Borel
measures on R endowed with the weak™ topology (cf. §2.3);

e v — y(J) is a Borel map from 2" to the space J# of compact subsets of
R"™ endowed with the Hausdorff distance;

e (K,0)— o(K) is a Borel function on ¢ x .Z*.

Step 3. For every t € I we can choose vy, € 2 so that (6.13) holds and t —
agrees with a Borel map in a Borel subset I' with full measure in I.

The set F defined in Step 2 is a Borel subset of I x 27, and by Step 1 its
projection on I agrees with I itself. Thus we can use the von Neumann measurable
selection theorem (see [32], Theorem 5.5.2), to choose v, € 2" for every ¢ € I so that
(t,7¢) belongs to F' (that is, v, satisfies (6.13)) and the map ¢ — ; is universally
measurable, and in particular it agrees with a Borel map in a Borel subset I’ with
full measure in I.

Step 4. Construction of the normal current T'.
We let T' be the integral (over ¢ € I') of the 1-currents canonically associated to
the paths 7, that is,

i) = [ | [ tnte: o) as] ae (6.14)

for every smooth 1-form w on R™ with compact support (note that the integral in
this formula is well-defined because t — 7; is a Borel map from I’ to 2" (Step 3),
and then t — 4 is a bounded Borel map from I’ to L'(J;R")).

A simple computation shows that

(0T 5 ) = (T'; dy) =/ [o(1:(1)) = (e (—1))] dt (6.15)

’

for every smooth O-form (or function) ¢ on R™ with compact support. It follows
immediately from (6.14) and (6.15) that both 7" and 0T have finite mass, and
therefore T is normal.

Step 5. The Radon-Nikodym derivative of T w.r.t. o takes values in C.
It suffices to show that T', viewed as a measure, takes values in C. Take indeed
a Borel set E in R™: formula (6.14) yields

T(E) = / | { /7 R0 ds] dt, (6.16)

and since “;(s) belongs to the cone C, which is closed and convex, so does T'(E).

Step 6. The measures o and |T| are not mutually singular.
For every t € I' let o} be the restriction of ! to E; N~ (J), or equivalently the
restriction of oy to y(J), and set o’ := [}, o} dt.
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Note that the measure ¢’ is nontrivial because of the choice of ¢, and therefore
we can prove the claim by showing that ¢/ < o and cosac’ < |T|. The first
inequality is immediate. Concerning the second one, for every Borel set F in R"
we have that

IT|(E) 2T(E)-e:/l M;I@ %(s)-eds] dt

2/ U cosa|"yt(s)|ds} dt
Lrim

>cosa | AN (y(J)NE)dt > cosad' (E),
I/
where the equality follows from (6.16), the second inequality follows from the fact
that 4;(s) belongs to C' = C(e, «), the third one from the area formula, and the
last one from the definition of o”.

Step 7. How to modify the construction of T' to obtain 01 = 0.

We choose an open ball B such that o(B) > 0. Then, possibly replacing o with
its restriction to B, we can assume that o is supported in B, which means the set
FE; is contained in B up to an . '-negligible subset for (almost) every t.

We then proceed with the construction of T shown above, with the only difference
that 2" is now the class of all paths v from J = [—1, 1] to the closure of B such
that the endpoints y(%1) belong to 0B, Lip(y) < r/cosa where r is the radius
of B, and %(s) € C for a.e. s € J, as before. The only modification in the proof
occurs in step 1, where the path v must be suitably extended so that the endpoints
belongs to 0B.

We thus obtain a current 7' that satisfies the same properties as before, and in
addition its boundary is supported on 9B (see (6.15)). Finally we apply Lemma 6.8
to the current 7" and the ball B, and obtain a current U without boundary that
agrees with 7' in B. Using this property and the fact that ¢ is supported in B we
easily conclude that Radon-Nikodym derivative of U w.r.t. u agrees (p-a.e.) with
that of T'. Finally we replace T by U. O

Proof of Theorem 6.4. We first prove that N(u,z) C V(u,x) for p-a.e. .

We argue by contradiction, and assume that this inclusion does not hold. Then,
using the Kuratowski and Ryll-Nardzewski’s measurable selection theorem (see
[32], Theorem 5.2.1), we can find a bounded Borel vectorfield 7 on R™ such that
T(z) € N(p,z) \ V(p, x) for every z in a set of positive y-measure (here we need
Lemma 6.9).

Then Theorem 6.3 yields a normal 1-current 7" whose Radon-Nikodym derivative
w.r.t. u agrees (pu-a.e.) with 7, and Proposition 5.6 implies that 7(x) € V(u,z) for
u-a.e. z, in contradiction with the choice of 7.

We now prove that V(u,x) C N(u,x) for u-a.e. x.
First of all, we use Lemma 6.9 to modify the map = — N(u,z) in a p-negligible
set and make it Borel measurable.
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By the definition of V(u,-) it suffices to show that the map x — N(u,x) be-
longs to the class ¢, (see §2.6). In other words, given a measure y' of the form
W= 7 i dt such that p’ <y and each pi; is the restriction of J# 1 to a 1-rectifiable
set F;, we must show that

Tan(Ey,x) C N(p,x) for pp-ae. z and a.e. t € I. (6.17)
We now argue by contradiction, and assume that (6.17) does not hold.

Step 1. There exist a cone C' = C(e, ) and a non-trivial measure o such that
(a) C and o satisfy the assumptions in Lemma 6.12;
(b) o <y < pu;
(¢) N(pu,z) nC = {0} for o-a.e. x.

Let p be the measure on I x R" given by p” := [;(6; X ju;) dt where §; is the
Dirac mass at ¢, and let F' be the set of all (¢,2) € I x R™ such that Tan(F, x)
exists and is not contained in N (y, z) (note that F' is Borel by Lemma 6.10). Then
the assumption that (6.17) does not hold can be restated by saying that u”(F) > 0.

Now, let .% be a family of cones C' = C/(e, a) where e ranges in a given countable
dense subset of the unit sphere in R", and « ranges in a given countable dense
subset of (0,7/2); for every C € .7 let Fco be the subset of (t,z) € F such that
Tan(Ey, x) and N(p,x) are separated by C, that is, Tan(E};, z) C Int(C) U {0} and
N(u,z) N C = {0} (the set F¢ is Borel because the set F' is Borel and the maps
(t,z) — Tan(E;, z) and x +— N(u,x) are Borel).

Then the sets Fo with C' € % form a countable cover of F, and since p”’(F) > 0
there exists at least one C' € .# such that p"(F¢) > 0.

We then take o equal to the push-forward according to p of the restriction of p”
to the set Fo, where p is the projection of I x R™ on R™. Note that ¢ = fI o dt
where oy is the restriction of p; to the set of all x such that (¢,x) € Fe.

Step 2. Completion of the proof.

By applying Lemma 6.12 to the cone C' and the measure ¢ constructed in Step 1
we obtain a normal 1-current 7" with 0T = 0 whose Radon-Nikodym derivative
w.r.t. ¢ belongs to C' o-a.e., and is nonzero on a set of positive o-measure.

Since ¢ < v (statement (b) above) we deduce that also the Radon-Nikodym
derivative of T' w.r.t. u, which we denote by 7, belongs to C' g-a.e. and is nonzero
on a set of positive o-measure.

Moreover we have that 7(z) € N(u,z) for p-a.e. x (cf. Remark 6.2(ii)) and
therefore also for o-a.e. x. Therefore N(u,z) N C # {0} for a set of positive o-
measure of z, in contradiction with statement (c) above. (]

Proof of Corollary 6.5. The implication (ii) = (i) is an immediate conse-
quence of Proposition 5.6, while the implication (i) = (ii) follows from Theorems 6.3
and 6.4. 0

Proof of Corollary 6.6. By Corollary 6.5 there exists a normal 1-current of
the form T' = 7u + o where o is singular w.r.t. u. We then set i := p + |o| and
write T' in the form T = Tji.
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Since p and |o| are mutually singular, there exists a Borel set E such that p is
supported on E and |o| is supported on R™\ E, which means that 4 is the restriction
of fi to E. Accordingly, 7(x) = 7(x) for fi-a.e. x € E, and modifying 7 in a fi-null
set we can assume that 7(z) = 7(x) for every x € E.

By Theorem 5.5 the measure i can be decomposed as fi = || 7 Hi¢ dt where each
fi; is the restriction of /! to a l-rectifiable set F; such that

Tan(Ey, z) = span(7(z)) for #'-ae. x € E,.

Therefore p = [; ju; dt where each y; is the restriction of fi; to E, that is, the
restriction of 7! to the 1-rectifiable set E; := E;NE, and clearly for 7#'-a.e. z € E;
the tangent space Tan(Ey, x) agrees with Tan(Fy, z), which is spanned by 7(z) =
7(x). O

7. APPENDIX: RAINWATER’'S LEMMA AND APPLICATIONS

In this appendix we give two technical results used in the previous sections
(Lemmas 7.4 and 7.5), which are derived from Rainwater’s lemma.

7.1. Rainwater’s Lemma. (See [27] or [28], Lemma 9.4.3). Let X be a compact
metric space, F a family of probability measures on X which is conver and weak*
compact, and p a measure on X which is singular with respect to every \ € F.
Then p is supported on a Borel set E which is \-null for every A € F.

For our purposes we need the following variant of Rainwater’s lemma:

7.2. Corollary. Let X be a compact metric space and . a weak™ compact family
of probability measures on X. Then for every measure pn on X one of the following
(mutually incompatible) alternatives holds:

(i) p is supported on a Borel set E which is A\-null for every A € F;
(ii) there exists a probability measure o supported on % and a Borel set E such

that the measure
/ (1g A)do())
\eF

(intended as in §2.3) is nontrivial and absolutely continuous w.r.t. .

Proof. We denote by &(.%) the space of probability measures on the compact
space Z#, and for every o € Z(.%) we denote by [o] the corresponding average of
the elements of .#, that is, the measure on X given by

o] = /}\EfAdJ(A).

We claim that the class .Z#' of all [o] with ¢ € (%) is convex and compact
(w.r.t. the weak* topology of measures on X). Convexity is indeed obvious, and
compactness follows from the compactness of the space &(.#) (endowed with the
weak* topology of measures on .%) and the continuity of the map o + [o], which in
turn follows from the identity ([o]; @) = (0; @) where ¢ is any continuous function
on X and ¢ is the continuous function on .# defined by ¢(A) := (A; ¢).



52 GIOVANNI ALBERTI AND ANDREA MARCHESE

There are now two possibilities: either p is singular with respect to all measures
in .%’ or not.

In the first case Rainwater’s Lemma (Lemma 7.1) implies that x is supported on
a set E/ which is null w.r.t. all measures in .%#’, and therefore also w.r.t. all measures
in .Z (because .Z is contained in .#’). Thus (i) holds.

In the second case there exists o € #(.%) such that u is not singular with respect
to [o], and therefore by the Lebesgue-Radon-Nikodym theorem there exists a set F
such that the restriction of [0] to F is nontrivial and absolutely continuous w.r.t.
w. Thus (ii) holds with such o and FE. O

7.3. Lemma. Let C = C(e,a) be a cone in R™ with aris e and angle «
(see §4.11). Then, for every measure p on R™, one of the following (mutually
incompatible) alternatives holds:

(i) p is supported on a Borel set E which is C-null (see §4.11);

(ii) there exists a nontrivial measure of the form p' = f] wy dt where y' is ab-
solutely continuous w.r.t. u, each j; is the restriction of ' to some 1-
rectifiable set Ey, and

Tan(Ey,x) C [CU(=C)]  for pi-a.e. x and a.e. t € 1.

Proof. The idea is to apply Corollary 7.2 to the measure p and a sequence of
suitably chosen families %, of probability measures.

Step 1. Construction of the families Fy,.
For every k =1,2,..., we define the following objects:

4. set of all paths v from [0, 1] to the closed ball By := B(0, k) such that
Lip(y) < 1 and 5(s) - € > cosa for L -a.e. s € [0,1];

G~ :=7([0,1]), image of the path v € %;

py restriction of #1 to the curve G.;

Ay push-forward according 7 of the Lebesgue measure on [0, 1];

F, set of all Ay with v € ¢,.

One easily checks that each G is a C-curve (see §4.11) contained in By, and A, is
a probability measure supported on G, such that

fry < Ay <

. 7.1
S cosa oy ( )

In particular %, is a subset of the space & (By) of probability measures on Bj.
Step 2. Each Fy is a weak® compact subset of & (By,).

This is a consequence of the following statements:

(a) the space ¥ endowed with the supremum distance is compact;
(b) Z is the image of ¢, according to the map v — A, which is continuous
as a map from ¥ to & (By) endowed with the weak* topology.

Statement (a) follows from the well-known compactness of the class of all paths
v :[0,1] — By with Lip(y) < 1 and the fact that we can re-write the constraint
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4(s) - e > cosa in the form
(7(s") —v(s)) e > cosa (s’ — s) for every 5,8’ with 0 < s <s' <1,

which is clearly closed with respect to uniform convergence. To prove statement (b)

we observe that for every v € ¥, and every continuous test function ¢ : By — R
there holds

O = [ i = [ etr)dzls).
By [0,1]
and therefore the function v — (A, ; ¢) is continuous on %.

Step 3. Completion of the proof.

Thanks to Step 2, for every k = 1,2,... we can apply Corollary 7.2 to the family
Z and to the measure py given by the restriction of p to Bg. There are then two
possibilities: either there exists k such that statement (ii) of Corollary 7.2 holds,
or statement (i) of Corollary 7.2 holds for every k.

In the first case there exists a probability measure o on the space ¢}, and a Borel
set F such that the measure

/ (L Ay) do()
%,

is nontrivial and absolutely continuous w.r.t. pg, and therefore also w.r.t. u. Then,
using (7.1) we obtain that also the measure

= [gk(lE fiy) do(7)

is nontrivial and absolutely continuous w.r.t. y, and since each measure 1g p is
the restriction of ! to a subset of the C-curve G, we have that ' satisfies all
the requirements in statement (ii), which therefore holds true.

In the second case we obtain that for every k the measure uy is supported on a
set Ey contained in By which is null w.r.t. all measures in %, and using the first
inequality in (7.1) we obtain that

AN ExNG,) =0 forevery v € %. (7.2)

Now we notice that intersection of every C-curve GG with the ball By is contained
in a curve G, with v € %, and therefore (7.2) implies 71 (Ex N G) = 0. We have
thus proved that Fj is C-null.

We then let E be the union of all Fj and observe that E is C-null, too, and p is
supported on E. Thus (i) holds. O

7.4. Lemma. For every measure i on R™ one of the following (mutually incom-
patible) alternatives holds:
(i) p is supported on a purely unrectifiable set E (see §2.2);

(ii) there exists a nontrivial measure of the form u' = f[ e dt where y' is ab-
solutely continuous w.r.t. p and each g is the restriction of ' to some
1-rectifiable set E;.
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Proof. We choose finitely many cones Cj, the interiors of which cover R™ \ {0},
and then apply Lemma 7.3 to 4 and to each C;. There are now two possibilities:
either there exists 7 such that statement (ii) of Lemma 7.3 holds, or statement (i)
of Lemma 7.3 holds for every 1.

In the first case we immediately obtain that statement (ii) holds. In the second
case, for every ¢ there exists a set F; which supports p and is Ci-null. We then
let E be the intersection of all F; and claim that E satisfies the requirements in
statement (i), which therefore holds true.

It is indeed obvious that E supports pu. Concerning the unrectifiability of F,
note that since the interiors of the cones C; cover R™ \ {0}, we can cover every
curve G of class C! in R™ by countably many sub-arcs Gj, each one contained in
a Cj-curve for some i. Therefore 7#'(E N G;) = 0 because E is C;-null. Hence
HY(ENG) =0, and we have proved that E is purely unrectifiable. O

7.5. Lemma. Let be given a Borel set F' in R™, a cone C = C(e,«) in R™, and
a measure | such that

V(p,z)NC ={0} for p-a.e. z € F.
Then there exists a C-null Borel set F' contained in F such that (F \ F') = 0.

Proof. Let i be the restriction of u to the set F; thus V (i, x) = V(u,x) for
f-a.e. x by Proposition 2.9(i), and in particular

V(g,z)nC = {0} for fi-a.e. x. (7.3)

We must prove that ji is supported on a C-null set. To this end we apply
Lemma 7.3 (to the measure i and the cone C) and show that, of the two alter-
natives given in that statement, only (i) is viable. Indeed the definition of the
decomposability bundle in §2.6 and (7.3) imply that for every family {u; : ¢t € I} in
5 there holds Tan(Ey, x) N C' = {0} for ys-a.e. x and a.e. t, and this contradicts
alternative (ii). O

8. APPENDIX: APPROXIMATION OF LIPSCHITZ FUNCTIONS

In this appendix we prove two approximation results for Lipschitz functions
used in the previous sections, namely Corollary 8.3 (obtained as a consequence of
Proposition 8.1) and Proposition 8.4.

8.1. Proposition. Let f be a Lipschitz function on R™, u a measure on R"™, and
V : R" — Gr(R™) a Borel map such that V(x) € P(f,x) for p-a.e. x (see §3.1).
Then for every € > 0 there exist a compact set K in R™ and a function g : R" — R
of class C! such that:

(i) p(R"\ K) <e;
(i) [lg = flloo <5
(iif) Lip(g) < Lip(f) +e;
(iv) [dvg(z) — dvf(x)| < e for every z € K.
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8.2. Remark. In the special case where V(x) does not depend on x we can
simply take g := f * p with a suitable asymmetric mollifier p. For example, when
n =2 and V is the line R x {0}, it suffices to take as p the characteristic function
of the rectangle [—r,7] x [—r2, r?], renormalized so to have integral equal to 1, and

r sufficiently small. This is the idea behind Step 5 in the proof below.

Proof of Proposition 8.1. We set L := Lip(f) and denote by E be the set of
all z € R™ such that V(z) € Z(f,x). Then it follows from Lemma 3.5 that E is a
Borel set.

For every = in E we extend the linear function dy f(z) to a linear function a(x)
on R" by setting a(x)h := 0 for every h € V(z)*; thus |a(z)| = |dvf(z)] < L.
Note that the map x — «a(x) is a Borel measurable map from E to the dual of R”
by Lemma 3.6.

The rest of the proof is divided in several steps.

Step 1. There exist 6 > 0 and finitely many pairwise disjoint compact sets K;
with the following properties:

(a) w(R™\ K) < e where K is the union of all K; (thus statement (i) holds);
and for every 1,

(b) dg(V(2),V(2")) < e/L for every x,x’ € K;;

(¢) |a(z) —a(z")| < e for every z,z' € K;;

(d) m(f,z,V(z),a(x),d) <e for every x € K; (see §3.3).

For every x € E the function f is differentiable w.r.t. V' (z) with derivative a(x),
and therefore there exists 6 > 0, depending on z, such that the estimate in (d)
holds (cf. §3.3). Since moreover pu(R™ \ E) = 0, we can find a subset E’ of FE such
that u(R™\ E’) < /2 and the estimate in (d) holds with the same § for all x € E'.
This value of J is the one we choose.

Next we partition E’ into finite a number N of Borel sets E; such that the
oscillations of the maps x — V(z) and = — a(x) on each E; are less that ¢/L and

g, respectively. Finally for every i we take a compact set K; contained in F; such
that u(E; \ K;) < e/(2N). It is now easy to check that statements (a—d) hold.

Step 2. For every i we choose x; € K; and set V; := V(z;) and o = a(z;).
Then for every x € K; there holds m(f,z,V;, a;,d) < 4e.

We obtain this estimate by applying Lemma 3.4 together with the estimates in
statements (b), (c¢) and (d) and the fact that |a(z)| < L.

Step 3. Given h € R™ and an index i, we write h = h' + h" with ' € V; and
R € V. If |R'| < 6 then for every x € K; there holds

|[f(z+h) — f(z) — ailt| < 4e|b/| + L|n"]. (8.1)
The estimate in Step 2 yields |f(x + h') — f(z) — a;h'| < 4e|h/|, and using that
|f(z+h)— f(x+ 1) < LIA"| we obtain (8.1).

Step 4. Let p be a positive function on R™ with integral 1 and support contained
in the ball B(0,7). Then f * p is a function of class C* that satisfies

(€) [If = f*plloo < Lr;
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(£) lld(f * p)lloo < L.

Statement (e) is obtained by a simple computation taking into account that f
has Lipschitz constant L and that the support of p is contained in B(0, ).

The distributional derivative d(f * p) = df * p, being the convolution of an L
and an L' function, is bounded and continuous, which means that f * p is of class
C' and has bounded derivative. Moreover ||d(f * p)|loo < ||dflsollplli = L, and
statement (f) is proved.

Step 5. For every i and every r > 0 there exists a positive function p; with integral
1 and support contained in B(0,7) such that f; := f * p; satisfies the following
property: for every x € K; the restriction of the linear function df;(z) — oy to the
subspace V; has norm at most Me, where the constant M depends only on n.

We assume that k := dim(V;) > 0, otherwise there is nothing to prove. We then
take r’ > 0 and denote by B’ the ball with center 0 and radius r’ contained in V;,
and by B” the ball with center 0 and radius 7" := 7'/L contained in V;*. We then
identify R™ with the product V; x Vf and set

1
fk(B’) gn—k(B//) :

pi:=clpypr with c:=

We claim that if ' < §/2 then f; := f x p; satisfies
|filz 4+ h) — fi(x) — azh| < Melh| (8.2)

for every x € K;, every h € V; with |h| < 1/, and a suitable M. This inequality
shows that f; has the property required in Step 5.
We fix x and h as above. A simple computation yields

file +h) = fi(x) — caih = /n e(2) (pi(h = z) — pi(=2)) dZL"(2), (8.3)

where e(z2) := f(x+2)— f(x) —a;z for every z € R™. We observe now that estimate
(8.1) yields

le(2)| < 4el2’| + L|2"| (8.4)

for every z € R™ such that |z/| < 0, where 2z’ and 2" come from the decomposition
z =2 +2" with 2/ € V; and 2" € V;* (cf. Step 3). Therefore, in order to use (8.4)
to estimate the integral in (8.3), we must check that |2/| < ¢ for every z such that
pi(h—z) —pi(—z) # 0. Indeed, taking into account the definition of p; and the fact
that h belongs to V;, we obtain

pilh = 2) = pi(=2) = (8.5)

+c if 2/ € (B'+h)AB" and 2" € B”,
0 otherwise,

and therefore if p;(h — z) — p;(—2z) # 0 then 2’ belongs to the symmetric difference
(B" + h)AB'; in particular |2'| <’ + |h| < 21/ <4, as required.
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Then, denoting by ¢, the volume of the unit ball in R*, we obtain
| filz 4+ ) — fi(x) — ouh

< / [4e|2'| + LIZ"|] | pi(h — 2) — pi(—2)| dL"(2)
Rn

< [8er’ + L] /]R” lpi(h — z) — pi(—2)| dZL"(2)

, ZL*((B'+h)AB') - Ba
gk(B,) - Ck

where the first inequality follows from (8.3) and (8.4), for the second we use that
|2| < 2r" and |2”| < r” whenever p;(h — z) — pi(—2z) # 0 (cf. (8.5)), for the third
one we use that 7’ = er’/L, formula (8.5), and the definition of ¢, and finally for
the fourth inequality we use that the volume of B’ is cx(r')¥ and the volume of
(B' 4+ h)AB' is at most 2cx_1(r")*~1|h].

We have thus proved (8.2) with M equal to the maximum of 18 ¢;_1 /¢y over all
k=1,...,n.

Step 6. Take M and f; as in Step 5. Then for every x € K; there holds

|dv fi(x) — dvf(z)| < (M +3)e. (8.6)

Taking into account §3.3 and the fact that dy f(z) agrees with a(z) on V(z) we
rewrite claim (8.6) as

< Qer

elhl,

m(dfi(z),0,V(x),a(x),1) < (M + 3)e, (8.7)
and the estimate in Step 5 as
m(dfi(z),0,V;, a;,1) < Me. (8.8)

We then derive (8.7) from (8.8) by applying Lemma 3.4 together with the following
estimates: dg(V(x),V;) < e/L (statement (b)), |a(z) — oy < e (statement (c)),
and |df;(z)], |a;| < L.

Step 7. Construction of the function g.

Since the sets K; are compact and pairwise disjoint we can find smooth functions
o; : R™ — [0,1] such that ), os(x) = 1 for every x € R" (thus {o;} is a smooth
partition of unity of R™) and each o; is constant outside some compact set and
takes value 1 on K;. Thus the derivatives do; have compact support and therefore
are bounded, and

m = max {1; Z HdUiHoo} < 400.
i
Now we take f; = f % p; as in Step 5, where p; supported in the ball B(0,r) with
r:=¢/(mL), and set
g:= Zaifi :
i

The function g is clearly of class C'. We prove next that g satisfies statements (ii),
(iii) and (iv).
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Note that statement (e) and the choice of r and m yield
fi(z) — f(z)| < Lr= = <& for every z € R, (8.9)
m

and since the number g(x) is a convex combination of the numbers f;(z), it satisfies
lg(z) — f(x)| < e as well, which proves statement (ii).

Given x € K, take i such that z € Kj;, and note that g = f; on the neighbourhood
of K; where o; = 1; hence (8.6) becomes |dyg(x) — dyf(z)] < (M + 3)e, which is
the inequality in statement (iv) with (M + 3)e instead of . ..

It remains to prove statement (iii). By deriving the identity ), oi(z) = 1 we
obtain that ), do;(z) = 0, and then

dg(x) = > _oi(@) dfi(w) + 3 _(filw) = f(2) doi(x).

Using this identity together with the estimates |df;(x)| < L (see statement (f)) and
|fi(x) — f(z)| < e/m (see (8.9)), and the fact that ). |do;(x)| < m by the choice of
m, we finally obtain that |dg(x)| < L+e¢ for every x, which concludes the proof. [

8.3. Corollary. Let f be a Lipschitz function on R™, u a measure on R™, and
x +— V(z) a Borel map from R™ to Gr(R") such that V(z) € Z(f,x) for p-a.e. x.

Then there exists a sequence of smooth functions f; : R" — R such that the
following statements hold (as j — +00):

(i) the functions f; converge to f uniformly;

(ii) Lip(f;) converge to Lip(f);
(ili) dvfj(x) = dvf(x) for p-a.e. x, where convergence is intended in the sense
of the operator norm for linear functions on V.

Proof. We first construct a sequence of approximating functions f,, of class C*
that satisfy requirements (i), (ii) and (iii) using Proposition 8.1, and then regularize
these functions by convolution. O

8.4. Proposition. Let f be a Lipschitz function on R™, K a compact set in R",
and ¢ an increasing, strictly positive function on (0,+00). Then for every € > 0
there exists a Lipschitz function g : R™ — R such that

(i) g agrees with f on K and is smooth in R" \ K;
(ii) |g(z) — f(x)] < ¢(dist(z, K)) for every x € R";
(ili) Lip(g) < Lip(f) +e.

Proof. We let L := Lip(f) and for every k =1,2,... we set

1 1
Ay = {x eR™: il < dist(x, K) < m}
(here we adopt the convention 1/0 = +00).

Then {Ax} is an open cover of the open set A := R™\ K, and we take smooth
functions oy : A — [0, 1] which form a partition of unity of A subject to this cover
(that is, the support of each oy is contained in Ay and ), ox(x) =1 for every
x € A). Note that each o has compact support in A.
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Next we choose a decreasing sequence of positive real numbers r; such that for
every k there holds

L||dogllscrs < 2% and Lry < ¢( (8.10)

k+ 1) ’
and a sequence of positive smooth mollifiers p; with support contained in the ball
B(0,ry). Finally we set

+oo
g =F+> oxlfxpe—1). (8.11)

k=1

To prove statement (i) note first that g agrees with f on K because op(z) = 0
for every x € K and every k (because x does not belong to Ay). To see that g is
well-defined and smooth on the open set A we rewrite it as

+oo
g = Zak(f*pk)a

k=1

and note that the functions in the sum are smooth, and the sum is locally finite
(more precisely, oy vanish on Ay for all k except k =h —1,h,h + 1).

Let us prove statement (ii). Since the support of py is contained in the ball
B(0,7;) and f has Lipschitz constant L, a simple computation shows that for
every x € R" there holds

|f * pr(x) — f(x)| < Lrg. (8.12)

Therefore, given z € A and denoting by k(z) the smallest k such that z € Ay, we
have

lg(@) = f@)] < D onl@) [f * pulz) = f(2)]

k>k(x)

< Z O’k(l') L?“k
k>k(x)
1
E(x)+1

(for the first inequality we use that ox(x) = 0 for k < k(x) because = ¢ Ayg; the
second inequality follows from (8.12); the third one follows from the fact that the
sum of all o (z) is 1 and ri(z) > ry for every k > k(x); the fourth one follows from
the second inequality in (8.10), the fifth one from the fact that x belongs to Ay,
and from the definition of the sets Ag).

We conclude the proof by showing that g is Lipschitz and satisfies statement (iii).
For every h =1,2,... set

< Lrggy < 0 ) < o(dist(, K))

h

gni=F+> on(fxpr—f).

k=1
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Since the functions gp are Lipschitz and converge pointwise to g as h — 400,
it suffices to show that Lip(gn) < L + € for every h, or equivalently that the
distributional derivatives dg; satisfies

ldgnlloe < L +e. (8.13)
Let h be fixed for the rest of the proof. We can write g;, as

h
g =Y onfr,
k=0

where 09 :=1— (01 4+ -+ 0p), fo:=f, and fr := f*pp for 0 < k < h.
Since og + - - - + o5, = 1 we have that dog + - - - + dop, = 0, and then

h h
dgn =Y ondfr+ > (fx — f)doy. (8.14)
k=0 k=1

Observe now that df, = df * pr where df is the distributional derivative of f, and
then ||dfx|lco < ||df||ocllprllt < L; hence the first sum in line (8.14) is a (pointwise)
convex combinations of functions with L°°-norm at most L, and therefore its L°°-
norm is at most L as well. Thus it remains to show that the L>°-norm of the second
sum in line (8.14) is at most ¢, and indeed

h

> (fi— f)doy

k=1

h h
<D M= flloo ldokllos <D Lrlldor]lo < e
o0 k=1 k=1

where the second inequality follows from the fact that fy = f % py and (8.12), and
the last inequality follows from the first inequality in (8.10). O
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