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Abstract—This paper proposes an algorithm to solve the
CEC2013 benchmark. The algorithm, namely Super-fit Multi-
criteria Adaptive Differential Evolution (SMADE), is a Memetic
Computing approach based on the hybridization of two algo-
rithmic schemes according to a super-fit memetic logic. More
specifically, the Covariance Matrix Adaptive Evolution Strategy
(CMAES), run at the beginning of the optimization process, is
used to generate a solution with a high quality. This solution
is then injected into the population of a modified Differential
Evolution, namely Multicriteria Adaptive Differential Evolution
(MADE). The improved solution is super-fit as it supposedly
exhibits a performance a way higher than the other population
individuals. The super-fit individual then leads the search of the
MADE scheme towards the optimum. Unimodal or mildly multi-
modal problems, even when non-separable and ill-conditioned,
tend to be solved during the early stages of the optimization
by the CMAES. Highly multi-modal optimization problems are
efficiently tackled by SMADE since the MADE algorithm (as
well as other Differential Evolution schemes) appears to work
very well when the search is led by a super-fit individual.

I. INTRODUCTION

Differential Evolution (DE) is a simple, efficient, and
versatile algorithm that has been successfully applied to many
problems in engineering and applied sciences, see [1]. For
example, in [2] a DE is applied to a sensor fusion problem.
In [3] and [4] a modified DE is used to address a filter design
in the context of signal processing. In [5] a DE based hybrid
algorithm with compact structure has successfully applied in
the field of industrial robotics. Other applications, in mobile
and space robotics, of DE schemes with compact structures
are reported in [6] and [7].

As reported in [8], although DE is a very good algo-
rithmic framework, it is characterised by a wide margin of

improvement. During the latest years, computer scientists have
proposed many enhanced versions of the original DE schemes.
Paper [8] highlights that DE schemes suffer from a limited
amount of search moves and an excessive determinism in the
search logic. These facts can lead to a stagnation condition.
On the other hand, DE schemes can be be easily improved
by integrating new search moves in the offspring generations.
The pool of search moves can be easily broaden by including
a certain degree of randomization in the generation of new
solutions, see [9] and [10]. The amount of search moves
in DE schemes has been also increased by explicitly using
multiple search logics. For example, in [11] the use of multiple
mutation strategies is proposed. In [12] and [13] a local search
is integrated within the DE framework to support the offspring
generation. In [4] multiple local search assist the offspring
generation of DE.

A special way to perform the hybridisation between a DE
framework and an explicit extra search logic, is by means of
the super-fit memetic logic, see [14]. It has been observed that
DE, unlike Evolutionary Algorithms EAs, performs well when
one individual is characterised by a higher fitness with respect
to the other population individuals. This effect is due to the fact
that, in DE frameworks, the relationship between diversity and
algorithmic performance is different with respect to other EAs,
see [15], [16], [17], [18], and [18]. If we consider for example
the Evolution Strategies (ES), a proper algorithmic functioning
occurs when to the exploration necessity corresponds a high di-
versity condition and to the exploitation necessity corresponds
a low diversity condition. In high diversity conditions, the
algorithm is capable of exploring the entire decision space
while in low diversity conditions the algorithm finalizes the
search. DE schemes, unlike an ES, tend not to lose the diversity
even when the algorithm is no longer producing enhancements.



When one individual has a much better performance than the
others, the pivot individual (or super-fit individual) guides the
search and is then outperformed by the other individuals of the
population. Thus, in super-fit schemes an exploitative search is
applied to a solution that is then inserted into a DE population.
In order to generate this desirable condition, specifically in
[14] an exploitative search at the beginning of the DE search
is performed by applying the Particle Swarm Optimization
to one individual of the population that is then injected in
the DE population. The success of the super-fit logic within
DE schemes has been confirmed in [19], where a super-fit
individual generated by means of the Rosenbrock Algorithm
[20] is applied to a DE having compact structure.

The present paper, in order to obtain a competitive al-
gorithm for solving the testbed introduced in [21], proposes
a super-fit hybridization of a DE algorithm. The initial im-
provement is achieved by means of the Covariance Matrix
Adaptation Evolution Strategy (CMAES), see [22] and [23].
The DE scheme employed in this case is the recently developed
Multicriteria Adaptive Differential Evolution (MADE), [24].
The resulting algorithm is here termed Super-fit Multicriteria
Adaptive Differential Evolution (SMADE).

The remainder of this paper is organized in the following
way. Section II describes the operators composing the proposed
algorithm and their combination in a memetic fashion. Section
III displays the numerical results obtained in this study on the
testbed defined in [21] and, finally, Section IV presents the
conclusion of this work.

II. SUPER-FIT MULTICRITERIA ADAPTIVE DIFFERENTIAL
EVOLUTION

Without a loss of generality, in order to clarify the notation
in this paper, we refer to the minimization problem of an
objective function f(x), where the candidate solution x is a
vector of n design variables (or genes) in a decision space D.

A. Covariance Matrix Adaptation Evolution Strategy

The CMAES algorithm is a popular and efficient optimizer
for continuous optimization problems. The main powerful
advantage of CMAES is that it adapts the search by sampling
solutions in a region of the decision space that takes the
shape of the basin of attraction. This feature makes CMAES
very efficient for non-separable and ill-conditioned problems,
especially when the fitness landscape is not highly multi-
modal. More specifically, CMAES samples a set of candi-
date solutions from a multi-variate normal distribution. The
equivalent of the variance in a multi-variate distribution is the
covariance matrix whose dimensions are n× n and that gives
the name to this algorithm. The fitness values of the sampled
candidate solutions are calculated and the solution are then
sorted. The performance of the sampled solutions are then used
to update the state variables including the covariance matrix,
i.e. modifying the shape of the multi-variate distribution for
the new set of samples. Implementations details of CMAES
are in [23] and [25]. It is worthwhile mentioning that several
CMAES variants have been proposed in the literature, see e.g.
[26], [27].

In the CMAES framework, at each step, λ new solutions
are sampled from a multivariate normal distribution whose

mean and covariance matrix are adaptively updated from a
weighted sum of the best µ solutions in the population. The
loop goes on until a stop condition is met. It is interesting to
note that, compared to classic evolution strategies employing
the (µ, λ) or (µ + λ) survivor selection schemes, CMAES is
said to employ a (µ/µw, λ) strategy, where µw represent the
weights on the best µ individuals used to update the distribu-
tion model. For the sake of completeness, a simplified pseudo-
code illustrating the main steps of CMAES, see Algorithm 1.

Algorithm 1 Pseudo-code of CMAES
initialize covariance matrix C = I, and step-size σ
initialize the mean vector m with a random sample in D
while CMAES stop criterion is not met do

(activate Covariance Matrix Repairing method, if needed)
sample λ new individuals from distribution N (m, σ2C)
evaluate individuals and sort them based on their fitness
update m based on a weighted sum of the best µ
individuals
update covariance matrix C and step-size σ

end while
return best individual xe

B. Multicriteria Adaptive Differential Evolution

A population of NP individuals is sampled within the
decision space D. As in DE schemes, each element is taken
into consideration. Similar to several successful DE versions
proposed in the literature, such as [11], [28], and [29], MADE
makes use of multiple mutation/crossover strategies. More
specifically, for each individual of the population, in order to
generate the offspring, the four mutation/crossover strategies
in Fig. 1 are considered. In accordance with the analysis
reported in [8], the employment of multiple search strategies
is here proposed to increase the pool of search moves and thus
enhance the DE performance.

Each strategy is associated to a probability pk for k =
{1, 2, 3, 4}. These probability values dynamically vary during
the evolution. At the beginning of the optimization process,
the probability values are set to be the same, i.e. pk = 0.25,
∀k. The probability values are then updated on the basis of a
feedback on the evolution. More specifically, at the generation
g the Normalized Relative Fitness Improvement (NRFI) and
Normalized Distance to the Best Individual (NDBI), measuring
respectively the fitness impact (ηgi ) and the diversity impact
(τgi ) related to the individual i at the generation g, are
calculated. These two metrics are formulated as follows:

1) Normalized relative fitness improvement (NRFI):

ηgi =
η̃gi

max{η̃gi |i = 1, 2, . . . , NP}
(1)

where

η̃gi =
f(xgi )− f(x

g+1
i )

f(xgi )− f(x
g
best)

(2)

2) Normalized distance to the best individual (NDBI):

τgi =
τ̃gi

max{τ̃gi |i = 1, 2, . . . , NP}
(3)



1) rand/1/bin:

ugi,j =
{

xgr1,j + F (i) · (xgr2,j − xgr3,j) if randj(0, 1) ≤ Cr(i) or j = jr
xgi,j otherwise

2) rand/2/bin:

ugi,j =
{

xgr1,j + F (i) · (xgr2,j − xgr3,j) + F (i) · (xgr4,j − xgr5,j) if randj(0, 1) ≤ Cr(i) or j = jr
xgi,j otherwise

3) rand-to-best/2/bin:

ugi,j =
{

xgr1,j + F (i) · (xgbest,j − xgi,j) + F (i) · (xgr1,j − xgr2,j) + F (i) · (xgr3,j − xgr4,j) if randj(0, 1) ≤ Cr(i) or j = jr
xgi,j otherwise

4) current-to-rand/1:
ugi = xgi + rand(0, 1) · (xgr1 − xgi ) + F (i) · (xgr2 − xgr3)

Fig. 1. Recombination strategies used by MADE

where

τ̃gi =

√∑D

j=1
(xgi,j − xgbest,j)

2 (4)

Here, NRFI measures the degree of fitness improvement
and NDBI weights the potential of escaping from a local
optimum. The two indexes are then combined to generate the
impact γgi related to each individual i at the generation g by
means of the so called number-of-dominating-impacts method,
consisting of the following:

γgi = |{(ηgj , τ
g
j )|(η

g
i , τ

g
i ) � (ηgj , τ

g
j ), j ∈ h

g
i }| (5)

where | · | denotes the cardinality of a set; a � b means that
vector a = (a1, . . . , ak) dominates vector b = (b1, . . . , bk),
i.e., ∀i ∈ {1, . . . , k}, ai ≥ bi ∧ ∃i ∈ {1, . . . , k}, ai > bi;
hgi = {

⋃K
k=1 s

g
k}\sgni

denotes the set of indexes of the target
vectors which use the operator differing from the operator ni
used by xgi .

On the basis of the calculated impact of the operator, the
credit of each operator in the current generation is calculated
by

rgk =

∑
ni∈sgk

γgi

|sgk|
(6)

where k = 1, . . . ,K (in our case K = 4 as we have four
recombination strategies). Then the operator quality is updated
by an additive relaxation mechanism, i.e.,

qgk = (1− β) · qgk + β · rgk (7)

where β (β ∈ [0, 1]) is the adaptation rate; q0k is initialized
with 1. Finally, the probability of each operator to be selected
at the next generation is updated by

pg+1
k = pmin + (1−K · pmin)

qgk∑K
k=1 q

g
k

. (8)

Apart from the trial vector generation strategy, the control
parameters F and Cr are also adaptively adjusted by introduc-
ing a degree of randomization and rewarding the successful
strategies. Let sFk and sCrk denote the sets containing the
LP (stands for Learning Period) most recent values of F

and Cr associated with the kth strategy which generates trial
vectors entering the next generation. At each generation g, for
each target vector xgi that selects the kth trial vector generation
strategy, the scale factor F (i) is sampled according to a Cauchy
distribution with a local parameter µFk and a scale parameter
0.1 by:

F (i) = randc(µFk, 0.1) (9)

and re-sampled if F (i) > 1 or F (i) ≤ 0; the crossover rate
Cr(i) is generated following a normal distribution with mean
µCrk and standard deviation 0.1 by

Cr(i) = randn(µCrk, 0.1). (10)

and regenerated if Cr(i) > 1 or Cr(i) < 0.

In (9) and (10), the local parameter µFk and the mean
µCrk are initialized as 0.5. At the end of each generation,for
LP generations if |sFk| < LP , the values of µFk and µCrk
remain unchanged, otherwise old values of sFk and sCrk are
first removed to guarantee |sFk| = |sCrk| = LP . Then they
are updated by

µFk =

∑
F∈sFk

F 2∑
F∈sFk

F
(11)

and

µCrk =

∑
Cr∈sCrk Cr

LP
. (12)

By means of these procedure an offspring individual is
eventually generated. As for all the DE based algorithms, if
the offspring solution outperforms the parent that generated it,
then the parent solution is replaced by its offspring otherwise
no replacement occurs. For the sake of clarity, the pseudo-
code describing the working principles of MADE is reported
in Algorithm 2.

C. Super-fit Memetic Hybridization and parameter setting

A the beginning of the optimization process, a population
of NP individuals is sampled within the decision space D.
By following the principles explained in [14] and [19], in
the proposed SMADE, CMAES is run for 30% of the total
budget. At the end of this procedure, the best solution detected
by CMAES is injected into the MADE initial population and



Algorithm 2 Pseudo-code of MADE algorithm
Require: NP , LP , β, pmin

1: g = 0, K = 4
2: Generate initial population P 0 = {x01, x02, . . . , x0

NP } and
evaluate P 0

3: Set q0k = 1, p0k = 0.25, µFk = µCrk = 0.5, sFk =
sCrk = ∅, k = 1, . . . ,K

4: while termination criterion is not satisfied do
5: for i = 1 to NP do
6: Select a strategy k via a roulette-wheel selection

scheme for xgi
7: Generate F (i) by (9) and regenerate it if F (i) > 1

or F (i) ≤ 0
8: Generate Cr(i) by (10) and regenerate it if Cr(i) > 1

or Cr(i) < 0
9: Generate ugi using kth strategy and parameter values

F (i) and Cr(i)
10: Evaluate ugi as f(ugi )
11: if f(ugi ) ≤ f(x

g
i ) then

12: xg+1
i = ugi ; sFk = sFk ∪ {F (i)}; sCrk = sCrk ∪
{Cr(i)}

13: else
14: xg+1

i = xgi
15: end if
16: end for
17: for k = 1 to NP do
18: Calculate fitness impact ηgi by (1)
19: Calculate diversity impact τgi by (3)
20: Calculate aggregated impact γgi by (5)
21: end for
22: for k = 1 to K do
23: Calculate reward rgk by (6)
24: Update quality qgk by (7)
25: Update probability pgk by (8)
26: if |sFk| ≥ LP then
27: Remove old values from sFk and sCrk so that

|sFk| = |sCrk| = LP
28: Update µFk and µCrk by (11) and (12)
29: end if
30: end for
31: g = g + 1
32: end while
Ensure: the best solution

replaces the worst solution of the population. The MADE
algorithm continues the optimization until the budget reaches
its limit. As for the CMAES part of the algorithm, we used the
default parameter setting of the original Java implementation
[25]. In particular, the evolution strategy was configured with
the standard values λ = b4 + 3 ln(D)c, µ = bλ/2c, and
initial step-size σ = 0.2, which are broadly accepted in the
literature. The parameters of MADE, with reference to Fig.
2, are chosen in the following way: NP = 50, β = 0.7,
pmin = 0.02. As mentioned in the algorithmic description, we
set as initial values µFk = µCrk = 0.5 and qk = 1. While the
setting pmin = 0.02 appears to be good for all the problems,
we suggest that NP and β are selected from the intervals
[20, 60] and [0.4, 0.8]. The initial values of µFk and µCrk are
selected at the centre of their interval and let evolve according
to formulas (11) and (12). Thus the parameters to be selected

are essentially β and NP .

By means of this hybridization, we expect that uni-modal
or mildly multi-modal problems are solved (or nearly solved)
during the first 30% of the budget. Due to the CMAES features,
non-separable and ill-conditioned problems, stated that they
are not highly multi-modal, should quickly be solved. For
highly multi-modal landscapes, although CMAES is not likely
to detect solutions with an extraordinary high performance, its
application can be beneficial to achieve some improvements.
The improved solution will then act as a super-fit individual to
guide the search of MADE towards the optimum. The choice of
30% has been carried out on the basis of a tuning and general
considerations. Given the total budget for this competition,
we observed that 1500 × n fitness evaluations are enough,
for CMAES, to achieve a reasonably good result and stop
improving upon the solution. It has been observed that a shorter
budget can be not enough to reach high quality solutions and
a too long budget would not lead to any further improvement.
Usually, uni-modal problems are very easily/quickly solved
by CMAES while highly multi-modal problems are likely to
never been solved by it. We noticed that if CMAES has not
solved yet the problem within 1500×n fitness evaluation, the
problem will unlikely be solved within a longer budget. On the
other hand, MADE appears to efficiently explore the decision
space and make use of the super-fit individual. Although
sometimes MADE improvements can be slow, the action of
this algorithmic component appears to be efficient when a
long budget is assigned. On the basis of these consideration,
we recommend that most of the budget is assigned to MADE
and only a moderate portion of the budget is initially given to
CMAES.

III. NUMERICAL RESULTS

The proposed SMADE has been run over the 28 test
problems contained in the testbed CEC2013 described in [21].
The problems of the testbed have been considered in 10, 30,
and 50 dimensions. The SMADE algorithm, for each test
problem and dimensionality value, has been run 51 times. Each
run has been continued for 10000×n fitness evaluations. Tables
I, II, and III report best, worst, median, and mean fitness values
(in terms of fitness error at the end of the budget) as well the
corresponding standard deviation in 10, 30, and 50 dimensions.

The proposed SMADE succeeded at solving, at least once,
eight problems in 10D, seven problems in 30D, and five
problems in 50D.

Fig.s 2, 3, and 4 show the average performance trends
for some of the test problems listed in Tables I, II, and III.
More specifically, in each figure, one example where CMAES
solve the problems in the early stages of the optimization is
depicted. This is the case of unimodal and moderately multi-
modal optimization problems with or without ill-conditioning,
such as f1, f2, f3, and f4. In addition, in each figure, the
average trends of some cases where the initial improvement
and thus the super-fit individual assists the DE based evolution
is also shown. This would be the case of highly multi-modal
and complex problems, such as f17, f20, and f25.



TABLE I. RESULTS OF SMADE IN 10D.

Func. Best Worst Median Mean Std

1 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

2 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

3 0.00e + 00 6.32e + 00 0.00e + 00 2.48e − 01 1.23e + 00

4 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

5 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

6 0.00e + 00 9.81e + 00 9.81e + 00 5.41e + 00 4.76e + 00

7 7.03e − 03 2.32e + 01 3.05e − 01 2.27e + 00 4.45e + 00

8 2.00e + 01 2.05e + 01 2.04e + 01 2.03e + 01 1.03e − 01

9 8.33e − 01 3.84e + 00 2.36e + 00 2.29e + 00 7.19e − 01

10 0.00e + 00 3.95e − 02 1.23e − 02 1.42e − 02 9.58e − 03

11 0.00e + 00 9.95e − 01 0.00e + 00 9.75e − 02 2.96e − 01

12 1.99e + 00 1.79e + 01 6.96e + 00 7.80e + 00 4.10e + 00

13 1.99e + 00 2.73e + 01 1.18e + 01 1.21e + 01 6.40e + 00

14 1.87e − 01 1.87e + 01 3.48e + 00 3.64e + 00 4.39e + 00

15 1.60e + 02 1.14e + 03 7.93e + 02 7.36e + 02 2.60e + 02

16 3.00e − 02 1.45e + 00 2.90e − 01 4.04e − 01 3.14e − 01

17 1.01e + 01 1.08e + 01 1.02e + 01 1.03e + 01 1.55e − 01

18 1.42e + 01 3.57e + 01 2.50e + 01 2.46e + 01 4.68e + 00

19 1.64e − 01 6.79e − 01 3.84e − 01 3.95e − 01 1.25e − 01

20 1.60e + 00 3.48e + 00 2.67e + 00 2.65e + 00 4.48e − 01

21 2.00e + 02 4.00e + 02 4.00e + 02 3.83e + 02 5.50e + 01

22 8.29e + 00 2.12e + 02 2.60e + 01 4.93e + 01 5.33e + 01

23 1.07e + 01 1.38e + 03 5.17e + 02 5.78e + 02 3.16e + 02

24 1.17e + 02 2.18e + 02 2.05e + 02 2.02e + 02 1.76e + 01

25 2.00e + 02 2.08e + 02 2.01e + 02 2.02e + 02 1.91e + 00

26 1.02e + 02 2.00e + 02 1.08e + 02 1.26e + 02 3.69e + 01

27 1.80e + 02 4.00e + 02 3.03e + 02 3.37e + 02 5.23e + 01

28 3.00e + 02 6.00e + 02 3.00e + 02 3.17e + 02 6.87e + 01

TABLE II. RESULTS OF SMADE IN 30D.

Func. Best Worst Median Mean Std

1 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

2 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

3 0.00e + 00 3.52e + 05 2.25e + 00 9.82e + 03 4.94e + 04

4 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

5 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

6 0.00e + 00 2.64e + 01 0.00e + 00 2.67e + 00 7.85e + 00

7 3.66e + 00 6.53e + 01 3.38e + 01 3.25e + 01 1.61e + 01

8 2.08e + 01 2.10e + 01 2.10e + 01 2.10e + 01 4.80e − 02

9 1.24e + 01 3.15e + 01 2.21e + 01 2.23e + 01 3.57e + 00

10 0.00e + 00 5.42e − 02 1.23e − 02 1.84e − 02 1.34e − 02

11 3.98e + 00 1.99e + 01 1.09e + 01 1.09e + 01 4.18e + 00

12 2.89e + 01 1.10e + 02 5.47e + 01 5.72e + 01 1.70e + 01

13 4.95e + 01 2.24e + 02 1.31e + 02 1.28e + 02 3.50e + 01

14 1.31e + 01 5.47e + 02 7.29e + 01 1.33e + 02 1.27e + 02

15 2.10e + 03 6.12e + 03 4.07e + 03 4.10e + 03 8.47e + 02

16 3.46e − 02 3.72e − 01 1.06e − 01 1.31e − 01 7.57e − 02

17 3.14e + 01 4.08e + 01 3.47e + 01 3.48e + 01 1.52e + 00

18 5.28e + 01 1.89e + 02 8.12e + 01 8.33e + 01 2.06e + 01

19 1.24e + 00 3.90e + 00 2.52e + 00 2.55e + 00 5.18e − 01

20 8.54e + 00 1.23e + 01 1.05e + 01 1.05e + 01 8.07e − 01

21 2.00e + 02 4.44e + 02 3.00e + 02 3.27e + 02 8.65e + 01

22 1.27e + 02 2.95e + 02 1.66e + 02 1.79e + 02 4.50e + 01

23 2.72e + 03 6.41e + 03 4.18e + 03 4.22e + 03 8.74e + 02

24 1.40e + 02 2.60e + 02 2.40e + 02 2.32e + 02 2.57e + 01

25 2.43e + 02 2.94e + 02 2.79e + 02 2.78e + 02 9.90e + 00

26 1.37e + 02 3.48e + 02 2.00e + 02 2.15e + 02 5.25e + 01

27 4.00e + 02 8.56e + 02 6.73e + 02 6.47e + 02 1.37e + 02

28 1.00e + 02 1.38e + 03 3.00e + 02 3.88e + 02 3.23e + 02

TABLE III. RESULTS OF SMADE IN 50D.

Func. Best Worst Median Mean Std

1 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

2 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

3 5.52e − 06 9.30e + 06 1.38e + 04 3.81e + 05 1.35e + 06

4 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

5 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00

6 0.00e + 00 4.91e + 01 4.34e + 01 4.30e + 01 6.28e + 00

7 1.89e + 01 1.02e + 02 4.22e + 01 4.32e + 01 1.66e + 01

8 2.10e + 01 2.12e + 01 2.11e + 01 2.11e + 01 3.85e − 02

9 3.64e + 01 5.25e + 01 4.26e + 01 4.36e + 01 4.06e + 00

10 0.00e + 00 7.14e − 02 2.46e − 02 2.47e − 02 1.48e − 02

11 2.39e + 01 8.76e + 01 4.68e + 01 4.81e + 01 1.49e + 01

12 7.06e + 01 2.77e + 02 1.55e + 02 1.57e + 02 4.52e + 01

13 2.07e + 02 4.57e + 02 3.40e + 02 3.35e + 02 5.63e + 01

14 5.41e + 01 7.90e + 02 3.14e + 02 3.41e + 02 2.05e + 02

15 6.27e + 03 1.05e + 04 8.74e + 03 8.54e + 03 9.77e + 02

16 1.95e − 02 2.38e − 01 7.91e − 02 8.96e − 02 4.24e − 02

17 5.46e + 01 8.45e + 01 6.46e + 01 6.57e + 01 5.27e + 00

18 1.19e + 02 2.67e + 02 1.91e + 02 1.93e + 02 3.46e + 01

19 3.11e + 00 7.63e + 00 5.57e + 00 5.43e + 00 1.07e + 00

20 1.72e + 01 2.12e + 01 1.92e + 01 1.92e + 01 8.86e − 01

21 2.00e + 02 1.12e + 03 8.36e + 02 8.46e + 02 3.43e + 02

22 8.69e + 01 1.18e + 03 2.64e + 02 3.39e + 02 2.24e + 02

23 6.34e + 03 1.30e + 04 1.06e + 04 9.89e + 03 1.90e + 03

24 2.72e + 02 3.26e + 02 3.02e + 02 3.00e + 02 1.20e + 01

25 3.29e + 02 3.92e + 02 3.69e + 02 3.68e + 02 1.36e + 01

26 1.82e + 02 4.15e + 02 2.01e + 02 2.91e + 02 9.70e + 01

27 8.10e + 02 1.57e + 03 1.17e + 03 1.18e + 03 1.67e + 02

28 4.00e + 02 4.26e + 03 4.00e + 02 1.07e + 03 1.27e + 03
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Fig. 2. Average fitness (error) trend of SMADE for f2 and f20 in 10D
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Fig. 3. Average fitness (error) trend of SMADE for f4 and f17 in 30D
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TABLE IV. COMPUTATIONAL COMPLEXITY.

T0 T1 T̂2 (T̂2−T1)/T0
D = 10 824.0 1847.0 48.7
D = 30 21.0 2005.0 5764.2 179
D = 50 3417.0 13280.8 469.7

A. Computational Complexity

Table IV reports four measures of the computational
complexity of SMADE by following the procedure reported
in [21]. More specifically, T0 is the execution time of a
benchmark program performing some simple mathematical
operations in double precision, T1 is the time needed to
compute 200000 evaluations of the benchmark function f14,
and T̂2 it the average execution time (over 5 repetitions) of
a run of SMADE while performing 200000 evaluations on
the benchmark function f3. Parameters T1, T1 and T̂2 are
here expressed in ms. A fourth, adimensional metric, is also
defined as (T̂2−T1)/T0. In order to show how the algo-
rithmic complexity varies with the problem dimension, T1,
T̂2, (T̂2−T1)/T0 are reported for the three dimensionality
values considered in this study (10, 30 and 50).

As in our previous experiments, the algorithm, as well
as the program to compute its complexity, was coded in
Java, wrapping the C/C++ implementation of the benchmark
functions through JNI. The program was executed, in single
thread, on a Linux Ubuntu system, version 12.04.2, with
2.66 GHz Intel Core 2 Quad processor, and 4 GB RAM.
The timestamps were measured through the Java system call
System.currentTimeMillis().

The proposed SMADE contains two fairly complex com-
ponents. The use of a covariance matrix has an important
impact on the computational times as it introduces a quadratic
complexity in the early stages of the optimization. On the
other hand, the presence of CMAES at the beginning of the
optimization is of great help to solve some problems in the
benchmark and assists the DE framework to achieve solutions
with a high quality. Although the MADE framework requires
some non-trivial calculations to select the mutation strategy, its
complexity is much lower than that of CMAES. In other words,
the impact of MADE on complexity after the first 30% of the
budget partially mitigates that of CMAES usage to generate
the super-fit individuals. The computational complexity of the
entire SMADE is thus super-linear but still sub-quadratic.
This property makes the SMADE algorithm as an attractive
option for optimization problem with a medium-relatively high
number of dimensions.

B. Comparison against state-of-the-art algorithms

In order to provide a clear understanding of the SMADE
performance, we compared the results shown in the previous
section - on the same CEC 2013 benchmark and under
the same conditions of budget and repetitions - with three
different state-of-the-art optimization algorithms, namely the
original CMAES [23], the Self-Adaptive Differential Evolution
with pBX crossover (MDE-pBX) [29], and the Cooperatively
Coevolving Particle Swarms Optimizer (CCPSO2) [30]. As
suggested in their original papers, MDE-pBX was run with
population size equal to 100 individuals and group size q equal

TABLE V. HOLM TEST ON THE FITNESS, REFERENCE ALGORITHM =
SMADE (RANK = 3.18E+00 )

j Optimizer Rank zj pj δ/j Hypothesis
1 MDE-pBX 2.49e+00 -4.47e+00 3.82e-06 5.00e-02 Rejected
2 CCPSO2 2.23e+00 -6.17e+00 3.37e-10 2.50e-02 Rejected
3 CMAES 1.87e+00 -8.49e+00 1.06e-17 1.67e-02 Rejected

to 15% of the population size, while CCPSO2 was executed
with population size equal to 30 individuals, Cauchy/Gaussian
sampling selection probability p = 0.5 and set of potential
group sizes S = {2, 5}, S = {2, 5, 10}, S = {2, 5, 10, 25},
for experiments in 10, 30 and 50 dimensions, respectively.
To provide a fair comparison, CMAES and SMADE were
configured with the same values of λ, µ, σ.

Tables VI, VII and VIII, show the average fitness error
(with respect to the target fitness) and its standard deviation,
over 51 repetitions, obtained by the four algorithms under
comparison after T = 10000 × D fitness evaluations. We
report also the result of the Wilcoxon test [31] applied, with
confidence level 0.95, to each pair-wise comparison on the
final values obtained by SMADE against CMAES, MDE-
pBX and CCPSO2 (“+”, “-” and “=” indicate, respectively, a
better, worse or equivalent performance of SMADE against the
other algorithms). It can been seen that SMADE is extremely
competitive: indeed, it outperforms MDE-pBX in 12 cases in
10D, 16 cases in 30D, and 18 cases in 50D, thus showing
an excellent scalability. Most impressively, SMADE system-
atically outperforms (with few exceptions) both CMAES and
CCPSO2 in all the three dimensionality values. This result is
confirmed by the Holm-Bonferroni prodedure [32], which we
performed as described in [33], with confidence level 0.05.
As shown in Table V, SMADE is ranked first among the four
algorithms, with the null-hypothesis (that SMADE and one
of the other algorithms have indistinguishable performances)
rejected in all the pair-wise comparisons.

IV. CONCLUSION

This paper proposes a novel algorithm for tackling the
twenty-eight optimization problems listed in the CEC2013
benchmark in 10D, 30D, and 50D. The proposed algorithm
applies the super-fit memetic logic to enhance upon a modified
DE scheme. The super-fit logic consists of enhancing upon the
initial performance of one solution by means of an exploitative
component and injecting the improved solution into a starting
population of DE. The solution has been here improved by
means of the popular CMAES, thus allowing that unimodal and
mildly multi-modal fitness landscapes are nearly solved in the
initial stages of the optimization. The DE scheme here used is
modified by the presence of multiple mutation strategies and an
adaptive mechanism that tends to reward the most successful
ones. This structure should then be able to handle high multi-
modalities and thus continue the search performed by CMAES
towards the optimum.

Numerical results show that the proposed SMADE is
capable to solve several problems in the benchmark and can
consistently achieve good results.
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TABLE VI. AVERAGE ERROR ± STANDARD DEVIATION AND WILCOXON RANK-SUM TEST (REFERENCE =SMADE) FOR SMADE AGAINST
MDE-PBX, CMAES, AND CCPSO2, ON CEC2013[21] IN 10 DIMENSIONS.

SMADE MDE-pBX CMAES CCPSO2
f1 0.00e + 00 ± 0.00e + 00 0.00e + 00± 0.00e + 00 boh 0.00e + 00± 0.00e + 00 = 1.92e − 04± 1.16e − 03 +
f2 0.00e + 00 ± 0.00e + 00 4.15e + 02± 9.60e + 02 + 0.00e + 00± 0.00e + 00 = 9.93e + 05± 7.58e + 05 +
f3 2.48e − 01 ± 1.23e + 00 4.96e + 03± 4.66e + 04 + 5.69e − 01± 1.81e + 00 = 2.13e + 07± 3.13e + 07 +
f4 0.00e + 00 ± 0.00e + 00 6.50e − 02± 6.38e − 01 + 0.00e + 00± 0.00e + 00 = 8.80e + 03± 2.50e + 03 +
f5 0.00e + 00 ± 0.00e + 00 0.00e + 00± 7.54e − 14 = 0.00e + 00± 0.00e + 00 = 2.94e − 03± 8.06e − 03 +
f6 5.41e + 00 ± 4.76e + 00 6.18e + 00± 4.73e + 00 + 6.74e + 00± 6.74e + 00 = 1.52e + 00± 2.91e + 00 =
f7 2.27e + 00 ± 4.45e + 00 5.63e + 00± 7.94e + 00 + 5.45e + 08± 5.38e + 09 + 3.27e + 01± 8.31e + 00 +
f8 2.03e + 01 ± 1.03e − 01 2.05e + 01± 1.06e − 01 + 2.03e + 01± 1.32e − 01 = 2.04e + 01± 7.66e − 02 =
f9 2.29e + 00 ± 7.19e − 01 2.37e + 00± 1.41e + 00 = 1.50e + 01± 3.65e + 00 + 4.98e + 00± 9.13e − 01 +
f10 1.42e − 02 ± 9.58e − 03 1.25e − 01± 9.20e − 02 + 1.33e − 02± 1.39e − 02 = 1.47e + 00± 6.44e − 01 +
f11 9.75e − 02 ± 2.96e − 01 2.48e + 00± 1.61e + 00 + 2.31e + 02± 2.67e + 02 + 1.97e + 00± 1.18e + 00 +
f12 7.80e + 00 ± 4.10e + 00 1.06e + 01± 4.76e + 00 + 3.49e + 02± 3.81e + 02 + 2.64e + 01± 7.93e + 00 +
f13 1.21e + 01 ± 6.40e + 00 2.01e + 01± 7.94e + 00 + 2.94e + 02± 3.99e + 02 + 3.56e + 01± 8.30e + 00 +
f14 3.64e + 00 ± 4.39e + 00 1.25e + 02± 1.12e + 02 + 1.88e + 03± 4.25e + 02 + 5.27e + 01± 3.86e + 01 +
f15 7.36e + 02 ± 2.60e + 02 7.26e + 02± 2.61e + 02 = 1.80e + 03± 3.92e + 02 + 8.92e + 02± 2.18e + 02 +
f16 4.04e − 01 ± 3.14e − 01 5.43e − 01± 4.49e − 01 = 4.51e − 01± 5.06e − 01 = 1.18e + 00± 2.19e − 01 +
f17 1.03e + 01 ± 1.55e − 01 1.32e + 01± 1.85e + 00 + 9.55e + 02± 3.42e + 02 + 1.60e + 01± 2.07e + 00 +
f18 2.46e + 01 ± 4.68e + 00 1.93e + 01± 4.67e + 00 - 9.01e + 02± 3.10e + 02 + 5.41e + 01± 6.33e + 00 +
f19 3.95e − 01 ± 1.25e − 01 6.44e − 01± 2.09e − 01 + 1.19e + 00± 5.00e − 01 + 7.65e − 01± 2.52e − 01 +
f20 2.65e + 00 ± 4.48e − 01 2.87e + 00± 5.25e − 01 + 4.68e + 00± 3.79e − 01 + 3.50e + 00± 1.96e − 01 +
f21 3.83e + 02 ± 5.50e + 01 3.98e + 02± 1.99e + 01 + 3.68e + 02± 8.71e + 01 = 3.73e + 02± 6.75e + 01 -
f22 4.93e + 01 ± 5.33e + 01 1.33e + 02± 1.04e + 02 + 2.32e + 03± 4.25e + 02 + 7.27e + 01± 4.98e + 01 +
f23 5.78e + 02 ± 3.16e + 02 8.82e + 02± 3.08e + 02 + 2.25e + 03± 4.48e + 02 + 1.15e + 03± 2.58e + 02 +
f24 2.02e + 02 ± 1.76e + 01 2.02e + 02± 1.56e + 01 = 3.83e + 02± 1.57e + 02 + 2.01e + 02± 2.54e + 01 -
f25 2.02e + 02 ± 1.91e + 00 2.00e + 02± 1.23e + 01 - 2.62e + 02± 4.92e + 01 + 2.12e + 02± 1.09e + 01 +
f26 1.26e + 02 ± 3.69e + 01 1.47e + 02± 4.36e + 01 + 2.57e + 02± 1.13e + 02 + 1.58e + 02± 2.40e + 01 +
f27 3.37e + 02 ± 5.23e + 01 3.06e + 02± 2.76e + 01 - 4.23e + 02± 1.35e + 02 + 4.27e + 02± 4.91e + 01 +
f28 3.17e + 02 ± 6.87e + 01 3.07e + 02± 5.78e + 01 = 1.21e + 03± 1.21e + 03 + 3.01e + 02± 1.28e + 02 -

TABLE VII. AVERAGE ERROR ± STANDARD DEVIATION AND WILCOXON RANK-SUM TEST (REFERENCE =SMADE) FOR SMADE AGAINST
MDE-PBX, CMAES, AND CCPSO2, ON CEC2013[21] IN 30 DIMENSIONS.

SMADE MDE-pBX CMAES CCPSO2
f1 0.00e + 00 ± 1.27e − 13 0.00e + 00± 4.09e − 13 = 0.00e + 00± 5.57e − 14 = 2.27e − 13± 1.21e − 12 +
f2 0.00e + 00 ± 1.74e − 13 9.56e + 04± 6.16e + 04 + 0.00e + 00± 7.88e − 14 = 9.95e + 05± 5.24e + 05 +
f3 9.82e + 03 ± 4.94e + 04 1.80e + 07± 3.12e + 07 + 1.53e + 01± 1.23e + 02 - 5.59e + 08± 5.57e + 08 +
f4 0.00e + 00 ± 1.86e − 13 1.32e + 01± 5.46e + 01 + 0.00e + 00± 5.08e − 14 = 5.57e + 04± 2.06e + 04 +
f5 1.14e − 13 ± 2.75e − 13 1.14e − 13± 8.35e − 13 = 1.14e − 13± 1.14e − 14 = 2.62e − 08± 6.05e − 08 +
f6 2.67e + 00 ± 7.85e + 00 1.99e + 01± 2.22e + 01 + 3.05e + 00± 8.33e + 00 + 2.19e + 01± 2.27e + 01 +
f7 3.25e + 01 ± 1.61e + 01 5.70e + 01± 1.77e + 01 + 9.83e + 03± 6.44e + 04 = 1.15e + 02± 3.11e + 01 +
f8 2.10e + 01 ± 4.80e − 02 2.11e + 01± 5.94e − 02 + 2.09e + 01± 6.66e − 02 - 2.10e + 01± 4.60e − 02 =
f9 2.23e + 01 ± 3.57e + 00 2.22e + 01± 4.80e + 00 = 4.45e + 01± 6.99e + 00 + 2.84e + 01± 2.08e + 00 +
f10 1.84e − 02 ± 1.34e − 02 1.64e − 01± 1.20e − 01 + 1.73e − 02± 1.25e − 02 = 1.48e − 01± 6.90e − 02 +
f11 1.09e + 01 ± 4.18e + 00 4.62e + 01± 1.44e + 01 + 9.47e + 01± 2.36e + 02 + 1.19e − 01± 2.90e − 01 -
f12 5.72e + 01 ± 1.70e + 01 6.94e + 01± 2.00e + 01 + 7.11e + 02± 9.66e + 02 + 2.12e + 02± 5.24e + 01 +
f13 1.28e + 02 ± 3.50e + 01 1.49e + 02± 3.66e + 01 + 1.64e + 03± 1.66e + 03 + 2.44e + 02± 3.44e + 01 +
f14 1.33e + 02 ± 1.27e + 02 1.17e + 03± 3.95e + 02 + 5.21e + 03± 7.37e + 02 + 4.48e + 00± 2.87e + 00 -
f15 4.10e + 03 ± 8.47e + 02 3.95e + 03± 6.57e + 02 = 5.37e + 03± 6.73e + 02 + 3.85e + 03± 4.52e + 02 =
f16 1.31e − 01 ± 7.57e − 02 1.25e + 00± 6.19e − 01 + 1.26e − 01± 8.87e − 02 = 2.16e + 00± 3.76e − 01 +
f17 3.48e + 01 ± 1.52e + 00 7.05e + 01± 1.24e + 01 + 3.95e + 03± 7.89e + 02 + 3.07e + 01± 3.03e + 00 -
f18 8.33e + 01 ± 2.06e + 01 8.26e + 01± 1.89e + 01 = 4.23e + 03± 8.31e + 02 + 2.31e + 02± 5.43e + 01 +
f19 2.55e + 00 ± 5.18e − 01 9.54e + 00± 5.54e + 00 + 3.66e + 00± 9.52e − 01 + 7.77e − 01± 1.58e − 01 -
f20 1.05e + 01 ± 8.07e − 01 1.07e + 01± 7.75e − 01 + 1.50e + 01± 6.45e − 02 + 1.35e + 01± 5.50e − 01 +
f21 3.27e + 02 ± 8.65e + 01 3.40e + 02± 7.62e + 01 + 3.05e + 02± 9.01e + 01 = 2.37e + 02± 6.71e + 01 -
f22 1.79e + 02 ± 4.50e + 01 1.17e + 03± 4.92e + 02 + 6.97e + 03± 1.06e + 03 + 9.87e + 01± 6.70e + 01 -
f23 4.22e + 03 ± 8.74e + 02 4.70e + 03± 7.70e + 02 + 6.76e + 03± 6.82e + 02 + 4.99e + 03± 6.31e + 02 +
f24 2.32e + 02 ± 2.57e + 01 2.31e + 02± 8.60e + 00 - 8.19e + 02± 6.15e + 02 + 2.80e + 02± 6.34e + 00 +
f25 2.78e + 02 ± 9.90e + 00 2.79e + 02± 1.38e + 01 = 3.46e + 02± 1.45e + 02 + 2.98e + 02± 6.94e + 00 +
f26 2.15e + 02 ± 5.25e + 01 2.26e + 02± 5.15e + 01 = 5.51e + 02± 5.14e + 02 + 2.00e + 02± 6.76e − 01 -
f27 6.47e + 02 ± 1.37e + 02 6.50e + 02± 1.04e + 02 = 8.53e + 02± 2.42e + 02 + 1.04e + 03± 8.09e + 01 +
f28 3.88e + 02 ± 3.23e + 02 3.09e + 02± 1.50e + 02 - 1.96e + 03± 3.40e + 03 + 4.35e + 02± 5.10e + 02 +

TABLE VIII. AVERAGE ERROR ± STANDARD DEVIATION AND WILCOXON RANK-SUM TEST (REFERENCE =SMADE) FOR SMADE AGAINST
MDE-PBX, CMAES, AND CCPSO2, ON CEC2013[21] IN 50 DIMENSIONS.

SMADE MDE-pBX CMAES CCPSO2
f1 2.27e − 13 ± 0.00e + 00 1.11e − 11± 7.68e − 11 + 2.27e − 13± 0.00e + 00 = 6.82e − 13± 1.31e − 12 +
f2 2.27e − 13 ± 0.00e + 00 4.37e + 05± 1.64e + 05 + 2.27e − 13± 0.00e + 00 = 1.85e + 06± 9.33e + 05 +
f3 3.81e + 05 ± 1.35e + 06 8.45e + 07± 1.46e + 08 + 9.64e + 02± 4.49e + 03 - 1.98e + 09± 2.09e + 09 +
f4 2.27e − 13 ± 0.00e + 00 3.05e + 01± 6.62e + 01 + 2.27e − 13± 0.00e + 00 = 1.00e + 05± 3.57e + 04 +
f5 6.82e − 13 ± 2.38e − 12 1.93e − 11± 9.76e − 11 + 6.82e − 13± 1.57e − 12 = 2.70e − 10± 8.03e − 10 +
f6 4.30e + 01 ± 6.28e + 00 5.48e + 01± 2.12e + 01 + 4.32e + 01± 7.10e + 00 + 4.35e + 01± 1.36e + 01 +
f7 4.32e + 01 ± 1.66e + 01 6.59e + 01± 1.06e + 01 + 4.19e + 01± 1.70e + 01 = 1.37e + 02± 2.31e + 01 +
f8 2.11e + 01 ± 3.85e − 02 2.12e + 01± 4.44e − 02 + 2.11e + 01± 9.75e − 02 - 2.11e + 01± 4.49e − 02 =
f9 4.36e + 01 ± 4.06e + 00 4.32e + 01± 7.71e + 00 = 7.66e + 01± 7.77e + 00 + 5.79e + 01± 4.39e + 00 +
f10 2.47e − 02 ± 1.48e − 02 1.34e − 01± 1.23e − 01 + 2.24e − 02± 1.49e − 02 = 1.24e − 01± 4.62e − 02 +
f11 4.81e + 01 ± 1.49e + 01 1.24e + 02± 2.87e + 01 + 2.19e + 02± 4.56e + 02 + 4.31e − 01± 5.74e − 01 -
f12 1.57e + 02 ± 4.52e + 01 1.58e + 02± 3.25e + 01 = 2.25e + 03± 1.37e + 03 + 4.46e + 02± 7.92e + 01 +
f13 3.35e + 02 ± 5.63e + 01 3.24e + 02± 4.74e + 01 = 3.36e + 03± 1.09e + 03 + 5.49e + 02± 6.67e + 01 +
f14 3.41e + 02 ± 2.05e + 02 2.65e + 03± 8.86e + 02 + 8.82e + 03± 1.04e + 03 + 6.45e + 00± 3.20e + 00 -
f15 8.54e + 03 ± 9.77e + 02 7.46e + 03± 7.95e + 02 - 9.09e + 03± 9.43e + 02 + 7.95e + 03± 7.11e + 02 -
f16 8.96e − 02 ± 4.24e − 02 1.75e + 00± 7.40e − 01 + 8.01e − 02± 4.72e − 02 = 2.39e + 00± 5.90e − 01 +
f17 6.57e + 01 ± 5.27e + 00 1.75e + 02± 3.72e + 01 + 6.97e + 03± 1.07e + 03 + 5.14e + 01± 2.84e − 01 -
f18 1.93e + 02 ± 3.46e + 01 1.85e + 02± 3.40e + 01 = 7.08e + 03± 9.14e + 02 + 4.94e + 02± 1.08e + 02 +
f19 5.43e + 00 ± 1.07e + 00 4.25e + 01± 2.66e + 01 + 6.32e + 00± 1.18e + 00 + 1.40e + 00± 2.19e − 01 -
f20 1.92e + 01 ± 8.86e − 01 2.00e + 01± 9.04e − 01 + 2.50e + 01± 9.73e − 02 + 2.28e + 01± 7.85e − 01 +
f21 8.46e + 02 ± 3.43e + 02 9.22e + 02± 3.06e + 02 + 8.12e + 02± 3.73e + 02 - 3.27e + 02± 2.64e + 02 -
f22 3.39e + 02 ± 2.24e + 02 3.09e + 03± 9.98e + 02 + 1.19e + 04± 1.26e + 03 + 7.58e + 01± 8.58e + 01 -
f23 9.89e + 03 ± 1.90e + 03 8.88e + 03± 1.20e + 03 - 1.18e + 04± 8.52e + 02 + 1.05e + 04± 1.11e + 03 =
f24 3.00e + 02 ± 1.20e + 01 2.87e + 02± 1.47e + 01 - 1.64e + 03± 1.05e + 03 + 3.56e + 02± 9.89e + 00 +
f25 3.68e + 02 ± 1.36e + 01 3.69e + 02± 1.78e + 01 = 4.94e + 02± 1.88e + 02 + 3.96e + 02± 1.19e + 01 +
f26 2.91e + 02 ± 9.70e + 01 3.50e + 02± 7.93e + 01 + 6.04e + 02± 7.11e + 02 = 2.09e + 02± 3.92e + 01 -
f27 1.18e + 03 ± 1.67e + 02 1.24e + 03± 1.56e + 02 = 1.28e + 03± 2.51e + 02 + 1.79e + 03± 8.78e + 01 +
f28 1.07e + 03 ± 1.27e + 03 4.33e + 02± 3.26e + 02 - 3.27e + 03± 5.60e + 03 + 6.33e + 02± 8.95e + 02 -
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