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Abstract—The super-fit scheme, consisting of injecting an
individual with high fitness into the initial population of an
algorithm, has shown to be a simple and effective way to
enhance the algorithmic performance of the population-based
algorithm. Whether the super-fit individual is based on some
prior knowledge on the optimization problem or is derived
from an initial step of pre-processing, e.g. a local search, this
mechanism has been applied successfully in various examples
of evolutionary and swarm intelligence algorithms. This paper
presents an unconventional application of this super-fit scheme,
where the super-fit individual is obtained by means of the
Covariance Adaptation Matrix Evolution Strategy (CMA-ES),
and fed to a single solution local search which perturbs iteratively
each variable. Thus, compared to other super-fit schemes, the
roles of super-fit individual generator and global optimizer are
switched. To prevent premature convergence, the local search
employs a re-sampling mechanism which inherits parts of the best
individual while randomly sampling the remaining variables. We
refer to such local search as Re-sampled Inheritance Search (RIS).
Tested on the CEC 2013 optimization benchmark, the proposed
algorithm, named CMA-ES-RIS, displays a respectable perfor-
mance and a good balance between exploration and exploitation,
resulting into a versatile and robust optimization tool.

I. INTRODUCTION

Despite the important theoretical framework of the no free
lunch theorem [1], which proved that a “universal” optimizer
able to find the optimum on all possible fitness functions does
not exist, or, in other words, that the average performance of
any two algorithms on all possible fitness functions is equiv-
alent, researchers all over the world are still putting a strong
effort in designing robust and versatile algorithms for tackling
diverse problems. The idea is that it is worthwhile, from
both a conceptual and practical point of view, to study novel
algorithmic structures that, if properly tuned, can guarantee a
robust and reliable performance at least on on a broad range
of optimization problems. With this aim in mind, the research
community developed, in recent years, increasingly complex
algorithms made up, in the Memetic Computing fashion,
of multiple components (memes) and/or using sophisticated

learning techniques able to adapt the algorithmic behaviour
to the features of the fitness landscape, e.g. multi-modality,
ill-conditioning, non-separability. Some examples of modern
algorithms of this kind can be found in [2]-[6].

Such modern algorithmic structures, on the other hand, are
often characterized by an excessive computational overhead,
both in terms of memory and CPU operations, or by a high
number of parameters which require a fine-tuning on the
problem at hand. Thus, their applicability is sometimes limited
in practical contexts. In addition to that, as shown in [7]
and [8], minimalistic memetic approaches featuring two or
three simple components, if properly coordinated, show in
many cases at least the same performance as overwhelmingly
complex algorithmic structures, yet requiring a much lower
computational overhead. In [7], this finding was explained in
the light of the Ockham’s Razor, i.e. applying the principle
of parsimony to Memetic Computing, and, in general, to the
algorithmic design process: minimal structures composed of
few simple memes should be preferred to complex ones.

In this paper, we propose to combine the law of parsimony
with the super-fit logic by enhanching upon the performance
of a multi-start local search. The latter, namely Re-sampled
Inheritance Search (RIS), is a simple single-solution algorithm
composed of two memes, exploitative local search and a
re-sampling mechanism, respectively. The idea of super-fit
individual, introduced in the context of Differential Evolution
in [9] and [10], consists of “drugging” the initial population
by injecting one individual (the so called super-fit) resulting
from an exploitative search. The investment of an initial budget
for performing an exploitative search pays off by a much
high performance of the population-based framework, see [9]
and [10]. In Differential Evolution frameworks, the super-fit
individual appears to lead the search and attract the other
candidate individuals towards the most promising area of the
search space, similarly to the global best particle in swarm
intelligence. This injection of a super-fit individual into the
initial population has the clear effect of promoting exploitation



over exploration. However, in [9] it is shown that, since
Differential Evolution naturally maintains a certain degree of
population diversity during the optimization process, the super-
fit scheme allows a good balance between exploitation and
exploration without excessively biasing the search but rather
gently guiding it.

In the approach we propose here, instead of using a local
search for super-fit individual generation as in [9] and [10],
we use a population-based algorithm, namely the Covariance
Adaptation Matrix Evolution Strategy (CMA-ES). Different
from a local search, CMA-ES has a lower chance of being
trapped into a local optimum, providing a super-fit individual
which is likely close to the global optimum. After a limited
number of fitness evaluations, the super-fit individual found
by CMA-ES is then passed to RIS. The latter is supposed
to improve upon it and, in case of premature convergence,
restart the search inheriting some information from the best
individual. The resulting algorithm, named CMA-ES-RIS, is
thus characterized by a proper combination of exploration
and exploitation. Most of all, its simple structure allows to
distinguish clearly the contribution of each component to the
overall algorithmic performance.

The remainder of this paper is organized as follows. Section
IT describes the CMA-ES-RIS structure and its components.
Section IIT presents the numerical results obtained with the
CMA-ES-RIS algorithm on the CEC 2013 real-parameter
optimization benchmark in three different dimensionalities,
namely 10, 30 and 50 and some considerations on its com-
putational complexity. Finally, Section IV concludes this work
and suggests a possible follow-up of this research.

II. THE PROPOSED APPROACH

Without loss of generality, in the following we refer to the
problem of minimizing an objective function f(x), where the
candidate solution x is a vector of n design variables (or genes)
in a decision space D. We indicate with z[i] the i!" element of
the vector x. The proposed CMA-ES-RIS algorithm attempts
to solve this problem at first generating a super-fit individual,
and then refining the search to improve upon it. The two stages
of the algorithm are executed sequentially by two different
components, respectively CMA-ES and RIS, described in the
next subsections. The general structure of CMA-ES-RIS is
illustrated at the end of this section.

A. Covariance Adaptation Matrix Evolution Strategy (CMA-
ES)

The Covariance Matrix Adaptation Evolution Strategy
(CMA-ES) [11], [12], [13] is a powerful variant of classic
Evolution Strategies (ES), see [14] and [15], which makes use
of distribution model of the population. More specifically, at
each step of the algorithm A\ new solutions are sampled from
a multivariate normal distribution whose mean and covariance
matrix are adaptively updated from a weighted sum of the best
w1 solutions in the population. The loop goes on until a stop
condition is met. It is interesting to note that, compared to
classic evolution strategies employing the (u, \) or (u + \)
survivor selection schemes, CMA-ES is said to employ a
(1/ e, A) strategy, where j,, represent the weights on the best
1 individuals used to update the distribution model. A detailed

initialize covariance matrix C = I, and step-size o

initialize the mean vector m with a random sample in D

while CMA-ES stop criterion is not met do
(activate Covariance Matrix Repairing method, if needed)
sample A new individuals from distribution A (m, o2 C)
evaluate individuals and sort them based on their fitness
update m based on a weighted sum of the best p individuals
update covariance matrix C and step-size o

end while

return best individual x¢

Fig. 1. Pseudo-code of CMA-ES

description of CMA-ES is out of the scope of this paper, while
interested readers can find all relevant information in the vast
literature on this algorithm. We report instead, for the sake of
completeness, a simplified pseudo-code illustrating the main
steps of CMA-ES, see Fig. 1.

Due to its solid theoretical background, its simple param-
eter setting, and its invariance to several transformations of
the fitness function, CMA-ES is considered one of the state-
of-the-art stochastic real-parameter optimization algorithms. In
the last decade, it has been used as building block in a number
of complex modern algorithms, either extending its original
structure, introducing e.g. a restart scheme and an increasing
population size as in [16]; hybridising it with other meta-
heuristics, such as DE, see the DCMA-EA algorithm proposed
in [17]; using it as an intense local search in a memetic
structure, as proposed in [2]; or even simplifying its scheme
as in [18], where a computationally efficient (1+1)-CMA-ES
with Cholesky update for the covariance matrix is presented.
Here we follow this research trend, using CMA-ES as super-
fit individual generator for the Re-sampling Inheritance Search
described in the next subsection.

As shown in Fig. 4, we here refer to the super-fit individual
generated by CMA-ES as to x, (“elite”). As a final remark, it
is important to note that in this work we introduced into the
original scheme of CMA-ES, the Covariance Matrix Repairing
(CMR) method devised in [19] to fix ill-posed covariance
matrices. This mechanism, activated whenever the distribution
model has to be used to sample new solutions, works as
follows: at the beginning, a correction factor K = 1 is
initialized. Then, for a fixed number of iterations, first the
eigenvalues of C are calculated: if all of them are positive,
the loop is stopped as this condition ensures that C is well-
posed; otherwise, if at least one of the eigenvalues is negative,
i.e. C is ill-posed, the CMR update rule C = C+ |y|- K -1is
applied, where ~y is the minimum (negative) eigenvalue of C.
The factor K is subsequently multiplied by a factor A = 1.5
and the loop goes on until a maximum number of iterations
is reached. In [19], it is shown that 5 iterations are generally
enough to guarantee the numerical stability of C, as we also
confirmed during our numerical experiments.

B. Re-sampling Inheritance Search (RIS)

The Re-sampling Inheritance Search (RIS) is an extremely
simple single-solution algorithm for numerical optimization
designed on the basis of the Ockham Razor’s principle in MC,
see [7]. The RIS algorithm makes use of only two operators
which perturb, alternatively, a single solution. In the CMA-
ES-RIS scheme, the initial solution is obviously the super-fit
individual x, generated by the CMA-ES during the previous



input: Xe
generate a random solution x¢ within D
generate ¢ = round (n - rand (0, 1))
compute C'r according to eq. (1)
z¢[1] = xei]
k=1
while rand (0,1) < Cr and k < n do
¢ [i] = xed]
i=1+1
if i == n then
=1
end if
k=k+1
end while
if f(x¢) < f (xe) then
Xe = Xg
end if
return X, Xe

Fig. 2. Pseudo-code of re-sampling with inheritance

stage. Then, the following two operators are applied to perturb
Xe-

1) Re-sampling with inheritance: Similar to the exponen-
tial crossover used in Differential Evolution [20], this oper-
ator modifies the current solution X in order to generate
a perturbed solution x (“trial”). With reference to Fig. 2,
the operator works as follows: at the beginning, the trial
solution is randomly sampled within the decision space D.
Then, one gene of X, is randomly selected and copied into
the corresponding gene of x¢, to ensure that at least one gene
of the current solution is inherited by the new individual.
Starting from this gene, a copy process of the genes of X,
into the corresponding genes of x¢ is continued until » < Cr,
where 7 is a random number in U/(0,1) — generated for
each gene — and C'r (crossover rate) is a parameter affecting
the number of transferred genes. As shown in [21], instead
of setting C'r explicitly, we rather set the inheritance factor
alpha. = n./n, where n. is the expectation of the number
of genes copied from X, into x¢ in addition to the first gene,
which is deterministically copied. Given that the probability
that n. genes are copied is Cr™ = Cr™%c, it can be easily
shown that, in order to achieve that approximately n. genes
are copied into the offspring with probability 0.5, the crossover
rate can be set as:

1

na{:/i'

Thus C7r can be easily derived from the problem dimension
n and the inheritance factor a., making its effect independent
on problem dimension. As soon as r > C'r, the process is in-
terrupted and the remaining genes of x; remained unchanged.
The copy process is applied as for a cyclic buffer, i.e. when
the nth gene is reached, the next to be copied is the first one.

Cr = (D

Once the trial solution x¢ has been generated, its fitness
is computed and compared with that of x.. In case of
improvement, x; replaces X.; otherwise, the elite X, is not
modified. In both cases, the trial solution x is passed to the
next operator, i.e. the exploitative local search, which will use
it as a starting point. Thus, this mechanism can be seen as
a “smart” restart for the exploitative local search, i.e. a non-
destructive re-sampling which preserves parts of the genes of
the current best individual in order to reuse the achievements
obtained so far by the algorithm.

input: X¢, Xe
p=20-(ub—1b)
while p < € do
Xs = Xt
fori=1:ndo
wo[i] = @il — p
if f (xs) < f (x¢) then
Xt = Xs
else
wo[i] = a4 [i] + §
if f(xs) < f (x¢) then
Xt = Xs
end if
end if
end for
if f(x¢) < f (xe) then
Xe = Xt
else
p=14
end if
end while
return Xe

Fig. 3. Pseudo-code of the exploitative local search

2) Exploitative local search: The exploitative local search
algorithm belongs to the family of hill-descend algorithms;
more specifically, it employs the search logic of one searcher
proposed in [22], which attempts to improve upon a given
solution perturbing separately, on both directions, each of its
design variables. With reference to Fig. 3, this operator per-
forms, iteratively, the following operations. At the beginning,
the trial solution x; generated by the first operator is copied
into a temporary solution xg. The, for each ith variable, the
solution xg is perturbed by computing:

xs[t] = x4 [i] — p, 2)

where p is the search radius, initialized as fraction § of the
search space D. Le., p = ¢ - (ub — Ib), where ub and [b are
respectively the upper and lower bound of D. If the newly
perturbed solution x4 outperforms the initial trial solution x,
the trial solution x¢ is replaced by x5, otherwise a perturbation
in the opposite direction is performed, of width p/2:

wsli] = zali] + g 3)
and again x¢ is replaced by xg in case of improvement. After
all the variables have been perturbed in both directions, the
elite x, is replaced by xq if it is outperformed by it. If the
elite is not updated, the radius p is halved further. The search
is then repeated again, for all the design variables, within the
new search radius. This process is continued until the radius
p becomes smaller than a fixed threshold e.

C. General structure of CMA-ES-RIS

Fig. 4 displays the global structure of CMA-ES-RIS, as
serial activation of the components described before. The co-
ordination of the components is rather straightforward. At the
beginning of the algorithm, for a given fraction roara—ps X T
of the total computational budget 7', CMA-ES is executed
to generate a super-fit individual x.. This will be the best
individual in the final population processed by CMA-ES.
The super-fit individual is then passed to the RIS part of
the algorithm, which is continued for the remaining budget
(1 = rema—ps) x T. During each step of this second stage,
first the re-sampling with inheritance processes the current elite



Xe and generates a trial solution x¢, which is then processed
by the exploitative local search. At the end of the local search,
the (possibly improved) elite x, is passed to the next iteration
of RIS, and the loop goes on until the budget 7" is consumed.

Each component has a clear role in the algorithmic struc-
ture and gives a different contribution to the overall perfor-
mance. As said before, the CMA-ES plays the role of super-
fit individual generator: compared to other algorithms, CMA-
ES efficiently exploits the parameter linkages, thanks to the
covariance matrix, thus converging quickly — and reliably
— towards a promising area of the search space. This area
represents the starting point for the second stage, i.e. the
RIS algorithm, a simple multi-start local search which, in
the fashion of Memetic Computing, combines an explorative
component (the re-sampling mechanism) with an exploitative
local search. A crucial element of RIS is the exchange of
information between the two components, in the form of a
partial transmission of genes from the elite to the perturbed
solution, which balances exploration and exploitation in a
simple but apparently effective way.

While super-fit individual generated by CMA-ES is pro-
cessed by the RIS a double action is taken. The exploitative
local search attempts to quickly improve upon the algorith-
mic performance while the re-sampling mechanism allows an
enhancement of the global search features and thus that the
solution is trapped within a local optimum. The inheritance
mechanism integrated within the re-sampling helps to make
the search excessively exploratory and thus randomly search
throughout the decision space. Finally, it must be observed that
the exploitative local search has a very different search rule
with respect to that of CMA-ES. While the first perturbs the so-
lution by moving along the axes, the second follows the shape
of the basin of attraction thus performing diagonal moves. The
proposed CMA-ES-RIS is supposed to harmonically combine
these features and offer a robust performance over a diverse
array of optimization problems, including separable and non-
separable problems.

From a complexity point of view, it has been shown [13]
that, due to the covariance matrix update, the time complexity
of the CMA-ES is quadratic. On the other hand, the re-
sampling with inheritance performs, on average, 0.5 -n + 1
copies from the elite to the best, being n the problem di-
mensionality. In the worst case (which is however rather
improbable), it performs n copies. Thus its complexity is
O(n). As for the exploitative local search, it performs, at
each step, 2 - n perturbations. Therefore also its asymptotic
complexity is linear. We can conclude then that the complexity
of RIS is O(n), while the global complexity of CMA-ES-RIS
(see below) is between O(n) and O(n?), depending on the
value of TCMA—ES-

As a final remark, we note that CMA-ES-RIS makes use
of a toroidal handling of the search space bounds: in other
words, if x[i] exceeds its upper bound ub[i] by a quantity ¢
(x[i] = ubli] + ¢), the replacement z[i] = b[i] + ¢ occurs. A
specular mechanism is applied on the lower bound.

III. NUMERICAL RESULTS

Following the rules of the CEC 2013 Special Session on
Real-Parameter Optimization, we tested the proposed approach

CMA-ES stop criterion: rcara—gs X T

execute CMA-ES as in Fig. 1

RIS stop criterion: (1 — repma—gs) X T

while RIS stop criterion is not met do
execute re-sampling with inheritance as in Fig. 2
execute exploitative local search as in Fig. 3

end while

return best individual x¢

Fig. 4. Pseudo-code of CMA-ES-RIS

on the 28 minimization problems defined in [23]. The whole
benchmark was tested in D = 10, D = 30 and D = 50
dimensions, and for each test function and problem size the
CMA-ES-RIS algorithm was executed 51 times, as dictated
by the competition rules. Each run was continued for 7' =
10000 x D fitness evaluations. All the experiments were coded
in Java, although we used the C/C++ original implementation
of the CEC 2013 benchmark which was wrapped through the
Java Native Interface (JNI) [24]. The 28 x 51 experiments were
run, in parallel, on a heterogeneous network of Linux/Mac
computers, through the distributed platform Kimeme [25].

A. Detailed results of CMA-ES-RIS

Tables III, IV and V show, respectively, the numerical
results obtained with D = 10, D = 30 and D = 50
dimensions. For each test function, we report the best, worst,
median and mean fitness value obtained at the end of the
computational budget 7', together with its standard deviation
over the 51 runs available.

It can be seen that, apart from f3 and f5 (only in 50D),
which however show a small deviation from the global op-
timum, all the unimodal functions (f1 — f5) are solved in
all the three dimensioned considered. As for the multimodal
functions (f6 —£20), in 10 dimensions the optimum is detected
in 4 cases, while the mean error ranges from 1.24e — 02 to
6.17e 4+ 02 and the standard deviation ranges from 7.49e — 02
to 1.72e + 02, depending on the benchmark function. In 30
dimensions, the optimum is detected in 2 cases, while the
mean error ranges from 6.94e — 04 to 3.13e + 03 and the
standard deviation ranges from 5.41e — 03 to 4.53e + 02.
In 50 dimensions, the optimum is detected in 1 case, while
the mean error ranges from 8.60e — 03 to 6.30e + 03 and
the standard deviation ranges from 5.86e — 03 to 6.74e 4 02.
Finally, regarding the composition functions (f21 — £28), the
mean error is in the order of le + 02 textdiv le + 03 for all
the three dimensionalities, while the standard deviation ranges
from 2.27e¢+ 01 to 1.89¢ + 02, from 8.41e+ 00 to 1.32e + 03,
and from 3.25e — 02 to 1.53e+ 03, respectively for 10, 30 and
50 dimensions.

It can be seen that, in case of the unimodal function f1,
CMA-ES-RIS is able to quickly converge to the optimum
for all the problem dimensionalities considered. As for the
multimodal function f16, CMA-ES-RIS obtains, fast and reli-
ably, a rather small average error. On the other hand, on the
composition function f24 the error is relatively large.

B. Comparison against state-of-the-art algorithms

To provide a deeper understanding of the performance of
CMA-ES-RIS, we compared the results shown in the previous



TABLE 1. HOLM-BONFERRONI TEST, REFERENCE = CMA-ES-RIS

(RANK = 3.13E+00)

j Optimizer Rank Zj D 0/7 Hypothesis
1 MDE-pBX | 2.64e+00 | -3.16e+00 | 7.80e-04 | 5.00e-02 Rejected
2 CCPSO2 2.24e+00 | -5.79e+00 | 3.60e-09 | 2.50e-02 Rejected
3 CMA-ES 1.79e+00 | -8.72e+00 1.41e-18 1.67e-02 Rejected

section - on the same CEC 2013 benchmark and under the
same conditions of budget and repetitions - with three differ-
ent state-of-the-art optimization algorithms, namely the orig-
inal CMA-ES [13], the Self-Adaptive Differential Evolution
with pBX crossover (MDE-pBX) [26], and the Cooperatively
Coevolving Particle Swarms Optimizer (CCPSO2) [27]. As
suggested in their original papers, MDE-pBX was run with
population size equal to 100 individuals and group size g equal
to 15% of the population size, while CCPSO2 was executed
with population size equal to 30 individuals, Cauchy/Gaussian
sampling selection probability p = 0.5 and set of potential
group sizes S = {2,5}, S = {2,5,10}, S = {2,5,10,25},
for experiments in 10, 30 and 50 dimensions, respectively. To
provide a fair comparison, CMA-ES and CMA-ES-RIS were
configured with the same values of A, i, o (see next section).

Tables VI, VII and VIII, show the average fitness error
(with respect to the target fitness) and its standard deviation,
over 51 repetitions, obtained by the four algorithms under com-
parison after ' = 10000 x D fitness evaluations. We report also
the result of the Wilcoxon test [28] applied, with confidence
level 0.95, to each pair-wise comparison on the final values
obtained by CMA-ES-RIS against CMA-ES, MDE-pBX and
CCPSO2 (“+7, “-” and “=" indicate, respectively, a better,
worse or equivalent performance of CMA-ES-RIS against
the other algorithms). It can been seen that CMA-ES-RIS is
extremely competitive: indeed, it outperforms MDE-pBX in
12 cases in 10D, 16 cases in 30D, and 18 cases in 50D, thus
showing an excellent scalability. Most impressively, CMA-ES-
RIS systematically outperforms (with few exceptions) both
CMA-ES and CCPSO?2 in all the three dimensionalities. This
result is confirmed by the Holm-Bonferroni prodedure [29],
which we performed as described in [30], with confidence level
0.05. As shown in Table I, CMA-ES-RIS ranks first among
the four algorithms, with the null-hypothesis (that CMA-ES-
RIS and one of the other algorithms have indistinguishable
performances) rejected in all the pair-wise comparisons.

C. Parameters

The CMA-ES-RIS algorithm was executed with the fol-
lowing parameters. As for the CMA-ES part of the algorithm,
we used the default parameter setting of the original Java
implementation [31]. In particular, the evolution strategy was
configured with the standard values A = [4 + 3In(D)],
@ = |A/2], and initial step-size o = 0.2, which are broadly
accepted in the literature.

The RIS algorithm has instead three main parameters which
affect its performance, namely the inheritance factor o, the
initial search radius p and the stop-threshold . As said, the
inheritance factor represents the approximate percentage of
genes transferred during re-sampling, with probability 0.5,
from the elite to the trial solution. Its value ranges in (0, 1]:
the smaller «., the lower is the number of genes copied from
the best individual, and vice versa. If one needs to improve

the exploration capabilities of the algorithm, a smaller value
of a. should be used: this might be needed, for example,
to tackle highly multi-modal landscapes. Otherwise, a larger
value would increase the exploitation pressure.

Similarly, possible values for the fraction § of the search
space (used to initialize the search radius p in the exploitative
local search) are (0,0.5], so that smaller values make the
local search explore in a narrow neighbourhood of the current
solution xg, and vice versa. This parameter should be related
to the width of the basin(s) of attraction present in the fitness
landscape, so that, if one has some prior knowledge about
the fitness, the initial search radius should be as large as the
smaller basin.

As for the stop-threshold ¢, its value obviously affects the
exploitation pressure of the local search: smaller values let RIS
refine the search deeper, larger ones instead produce a coarser
exploitation stage in favor of exploration. This parameter
depends on the precision one wants to obtain on the fitness,
and is related to the steepness (or, on the contrary, flatness) of
the fitness landscape. Therefore € may take arbitrarily small
values, depending on the required precision.

Finally, the most crucial — and sensitive — parameter in the
CMA-ES-RIS structure is the budget ratio between rcpra—Es
which determines the amount of budget assigned to both CMA-
ES and RIS. This parameter ranges, theoretically, in (0, 1).
However, according to our empirical observation in order to
have a well-balanced combination of the two algorithms this
parameter should be selected within the range [0.2,0.5]. A
value larger than 0.5 would obviously assign more budget to
the super-fit individual generation. As shown in the compara-
tive experiments, the RIS application has an important impact
on the performance with respect to the sole CMA-ES action,
see Section III-B. This parameter should be set based both on
theoretical and practical considerations: on one hand, allotting
more budget to CMA-ES means that more effort is put in
the first stage to learn the variable linkages and determine a
super-fit individual; on the other, due to the higher complexity
of CMA-ES with respect to RIS (see below), a larger value of
romA—gs increases the overall complexity of CMA-ES-RIS.

The numerical results shown in the previous section were
obtained with a. = 0.5, § = 0.2, e = 107%, and ropja_gs =
0.3. These values were selected tuning each parameter keeping
the others at a fixed value chosen from a predefined set. More
specifically, we tested the following sets of values: a, =
{0.2,0.5,0.8}, § = {0.2,0.3,0.5}, e = {1071°,1076, 107}
and ropma—gs = {0.2,0.3,0.5}. We recorded the average
fitness error (over 51 runs) obtained with CMA-ES-RIS on
the whole CEC 2013 benchmark at the three different dimen-
sionalities, and then selected, for each parameter, the value
showing the best global mean fitness error. The performance
obtained with the best parameter setting can be explained as
follows: ar, = 0.5 forces the trial solution to inherit at least half
genome from the elite (with probability 0.5), thus guaranteeing
a well-balanced inheritance ratio. Moreover, configuring the
local search so that it explores a neighbourhood equal to
1/5 of the whole search space provides a sufficiently large
space for fitness improvements, still being enough focused
on a restricted area of the search space. Similarly, the value
¢ = 107 guarantees a good trade-off between the re-sampling
with inheritance and the exploitation local search, as well as



romAa—gs = 0.3 guarantees the best trade-off between CMA-
ES and RIS, allowing an optimal usage of the budget.

D. Algorithm complexity

Table II reports four measures of the computational com-
plexity of the proposed CMA-ES-RIS, as defined in [23].
More specifically, TO is the execution time of a benchmark
program performing some simple mathematical operations in
double precision, T1 is the time needed to compute 200000
evaluations of the benchmark function f14, and T2 it the av-
erage execution time (over 5 repetitions) of a run of CMA-ES-
RIS performing 200000 evaluations of the benchmark function
f3. T1, T1 and T2 are here expressed /i\n ms. A fourth,
adimensional metric, is also defined as (T2 — T1)/T0. To
show how the algorithm complexity changes with the problem
dimension, T'1, T2, (T2 Tl) /TO0 are reported for the three
dlmenswnahtles considered in this study (10, 30 and 50).

TABLE II. COMPUTATIONAL COMPLEXITY
TO T1 T2 (T2 — T1)/TO0
D =10 544.0 496.0 —1.8
D =30 27.0 914.0 2451.6 56.9
D =50 1520.0 6390.2 180.4

As in our previous experiments, the algorithm, as well
as the program to compute its complexity, was coded in
Java, wrapping the C/C++ implementation of the bench-
mark functions through JNI. The program was executed,
in single thread, on a Mac OS X system, version 10.7.5,
with 2.2 GHz Intel Core i7 processor, and 4 GB RAM.
The timestamps were measured through the Java system call
System.currentTimeMillis ().

It can be seen that the time complexity of CMA-ES-RIS
grows super-linearly (but sub-quadratically) with the problem
dimensionality, showing a trade-off between the complexity
of CMA-ES, which is quadratic, and that of RIS, which is
linear, as proven previously. For the sake of completeness,
it is interesting to note the also the space complexity is
quadratic for the CMA-ES part (because of the covariance
matrix, which requires n? elements), and linear for RIS (which
instead requires only 3 n-dimensional vectors, i.e. Xo, X5 and
x¢). Thus the proposed approach is mostly indicated for low-
medium scale problems, while for large-scale problems the first
part of the algorithm, based on CMA-ES, becomes naturally
more time consuming.

IV. CONCLUSION

In this paper we introduced CMA-ES-RIS, a simple yet
powerful optimization algorithm composed of two sequential
elements: an initial CMA-ES step which is used to generate
a super-fit individual, and a local search with inheritance
which improves upon it. In the first stage, thanks to the
covariance matrix adaptation mechanism, the features of the
fitness landscape are implicitly analysed and exploited to
rapidly converge to a promising area of the search space. Once
this area is detected, the best individual in the final population
of CMA-ES is selected as a starting point for the local search
algorithm, which refines the search further. During this second
stage, based on a fitness threshold, the algorithm is however

allowed to perform a re-sampling with partial inheritance of the
current best individual, so to prevent premature convergence
and explore other areas of the search space. We presented the
numerical results obtained on the CEC 2013 real-parameter
optimization benchmark and discussed the parameter setting
and time complexity of the proposed approach, showing that
CMA-ES-RIS is able to obtain good solutions fast and reliably
on a broad range of optimization problems. In the future,
the CMA-ES-RIS structure will be further investigated testing
different super-fit mechanisms and local search methods.

TABLE III. RESULTS FOR 10D
Func. Best Worst Median Mean Std
1 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00
2 0.00e 4 00 0.00e 4 00 0.00e + 00 0.00e + 00 0.00e + 00
3 0.00e + 00 3.29e 4 01 0.00e 4 00 7.04e — 01 4.57e + 00
4 0.00e 4 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00
5 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00
6 0.00e 4 00 9.81e 4 00 2.42e — 03 1.10e + 00 2.85e + 00
7 1.99e + 00 1.78e + 02 4.0le + 01 5.33e + 01 4.63e + 01
8 2.00e 4 01 2.06e 4 01 2.03e 4+ 01 2.03e 4+ 01 1.36e — 01
9 1.10e + 00 5.48e 4 00 3.63e + 00 3.59e + 00 1.03e + 00
10 0.00e + 00 5.17e — 02 9.86e — 03 1.24e — 02 1.33e — 02
11 0.00e 4 00 7.96e 4 00 2.98e 4 00 3.57e + 00 1.46e + 00
12 1.99e + 00 2.59e + 01 1.29e 4 01 1.29e + 01 5.36e + 00
13 4.48e + 00 5.00e 4 01 2.64e 4 01 2.56e 01 1.07e + 01
14 3.60e + 00 2.60e + 02 1.13e + 02 1.02e + 02 7.32e 4+ 01
15 1.42e + 02 1.03e + 03 6.33e 4 02 6.17e 4 02 1.72e 4+ 02
16 0.00e + 00 3.55e — 01 1.76e — 01 1.64e — 01 7.49e — 02
17 1.69e + 00 1.79e 4+ 01 1.18e 4+ 01 1.04e 4+ 01 3.70e + 00
18 1.95e + 01 4.59e 4+ 01 2.95e 4+ 01 2.98e 4 01 6.10e + 00
19 3.94e — 01 1.62e + 00 7.6le — 01 8.14e — 01 2.7le — 01
20 3.35e 4+ 00 4.70e 4+ 00 4.25e + 00 4.16e + 00 3.95e — 01
21 1.00e + 02 4.00e + 02 2.00e + 02 1.61e + 02 5.97e 4 01
22 5.05e 4+ 01 4.77e 4+ 02 2.68e 4 02 2.44e 4 02 1.07e + 02
23 3.40e 4 02 1.23e + 03 8.34e + 02 8.35e + 02 1.89e + 02
24 1.07e + 02 1.32¢ 4 02 1.18e 4 02 1.19e 4 02 5.63e 4+ 00
25 1.14e + 02 2.17e 4 02 2.07e + 02 1.93e + 02 3.39e 4 01
26 1.04e + 02 2.00e 4 02 2.00e 4 02 1.61e 4 02 4.02e 4+ 01
27 2.25e 4 02 4.00e 4 02 3.08e + 02 3.13e + 02 2.27e 4 01
28 1.74e — 06 3.00e + 02 3.00e + 02 2.06e + 02 1.06e + 02
TABLE IV. RESULTS FOR 30D
Func. Best Worst Median Mean Std
1 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00
2 0.00e 4 00 0.00e 4 00 0.00e + 00 0.00e + 00 0.00e + 00
3 0.00e + 00 7.73e + 04 9.65e¢ — 01 2.24e + 03 1.09e + 04
4 0.00e 4 00 0.00e 4 00 0.00e + 00 0.00e + 00 0.00e + 00
5 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00
6 0.00e + 00 9.78e¢ — 03 0.00e + 00 6.94e — 04 1.99e¢ — 03
7 1.03e + 00 1.25e + 02 3.79e + 01 4.48e + 01 2.93e + 01
8 2.07e 4+ 01 2.10e 4 01 2.09e 4 01 2.09e 4 01 8.11le — 02
9 1.99¢ + 01 2.76e 4+ 01 2.38e 4 01 2.37e 4+ 01 1.93e + 00
10 0.00e + 00 2.46e — 02 7.40e — 03 8.31e — 03 5.41e — 03
11 1.49e + 01 4.97e 4+ 01 2.39e 4 01 2.54e 4+ 01 6.30e + 00
12 2.79e 4+ 01 1.61le + 02 5.77e 4+ 01 7.94e + 01 4.35e + 01
13 5.57e 4+ 01 2.41e 4 02 1.45e + 02 1.56e + 02 5.36e 01
14 3.27e + 02 1.30e + 03 8.08e + 02 7.92e 4+ 02 2.19e + 02
15 1.90e 4 03 4.60e + 03 3.12e¢ + 03 3.13e + 03 4.53e + 02
16 2.28e — 02 3.17e — 01 9.03e — 02 1.07e — 01 6.71e — 02
17 4.00e 4 01 6.71le 4+ 01 5.49e 4 01 5.50e 4+ 01 5.19e + 00
18 1.34e + 02 2.44e 4 02 1.89e + 02 1.89e + 02 2.71le 4 01
19 1.54e + 00 4.21e + 00 2.71le 4+ 00 2.80e + 00 6.35e — 01
20 1.23e + 01 1.45e + 01 1.45e + 01 1.43e + 01 5.69¢ — 01
21 1.00e + 02 3.00e + 02 2.00e + 02 1.86e + 02 3.97e 4+ 01
22 6.34e 4 02 1.74e + 03 1.18e 4 03 1.17e¢ 4+ 03 2.90e 4 02
23 2.71e + 03 5.35e + 03 4.0le + 03 4.03e + 03 5.38e + 02
24 1.97e + 02 2.80e 4 02 2.65e 4 02 2.59e 4 02 1.74e 4 01
25 2.59e 4 02 3.01le 4 02 2.82e 4 02 2.82e 4 02 8.41e + 00
26 1.32e + 02 2.00e + 02 2.00e + 02 1.97e 4 02 1.20e + 01
27 4.00e 4 02 1.01le + 03 8.15e 4 02 7.49e 4+ 02 1.85e + 02
28 1.00e + 02 9.57e 4+ 03 3.00e + 02 5.39e + 02 1.32e + 03
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TABLE V. RESULTS FOR 50D

Func. Best ‘Worst Median Mean Std
1 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00
2 0.00e 4 00 0.00e 4 00 0.00e 4 00 0.00e 4 00 0.00e 4 00
3 9.56e — 05 3.96e + 06 8.55e + 03 2.83e + 05 7.80e + 05
4 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00 0.00e + 00
5 1.29e¢ — 08 7.64e — 08 3.26e — 08 3.54e — 08 1.44e — 08
6 0.00e + 00 4.34e 4+ 01 3.52e 4+ 00 9.51e 4 00 1.41e 4+ 01
7 1.39e 4 01 1.09e + 02 4.50e 4+ 01 4.81e 4+ 01 2.16e 4 01
8 2.09e 4 01 2.12e 4 01 2.11le 4+ 01 2.10e 4+ 01 6.02e — 02
9 4.21e + 01 5.37e 4+ 01 4.69e 4 01 4.72e 4+ 01 2.76e + 00
10 0.00e + 00 2.7le — 02 9.86e — 03 8.60e — 03 5.86e — 03
11 2.89e 4 01 9.55e 4+ 01 5.07e 4+ 01 5.36e 4 01 1.31e 4 01
12 7.46e 4 01 4.28e + 02 2.91e 4+ 02 2.66e + 02 1.02e + 02
13 2.04e 4 02 5.94e 4 02 4.70e 4 02 4.56e 4 02 8.54e 4+ 01
14 8.13e 4 02 2.40e 4 03 1.49e + 03 1.49e + 03 3.07e + 02
15 4.60e + 03 8.73e + 03 6.38e + 03 6.30e + 03 6.74e + 02
16 2.37e — 02 2.02e — 01 7.76e — 02 8.66e — 02 4.20e — 02
17 8.39e + 01 1.24e + 02 1.01le 4 02 1.02e 4 02 1.04e 4 01
18 2.89e 4 02 5.43e 4 02 4.18e 4 02 4.18e + 02 5.24e 4 01
19 2.97e + 00 6.86e + 00 4.88e + 00 5.04e + 00 9.33e — 01
20 2.11e 4+ 01 2.45e 4 01 2.45e 4 01 2.43e 4 01 5.49e — 01
21 1.00e + 02 8.36e 4 02 2.00e 4 02 2.85e 02 2.20e + 02
22 1.48e 4 03 3.34e + 03 2.36e + 03 2.39e + 03 3.67e + 02
23 6.73e 4 03 1.19e + 04 8.27e 4 03 8.37e 4+ 03 1.0le 4 03
24 2.70e 4+ 02 3.50e + 02 3.29e 4+ 02 3.22e + 02 1.95e 4+ 01
25 3.45e 4 02 3.94e 4 02 3.67e 4+ 02 3.66e + 02 9.94e + 00
26 2.00e 4 02 2.00e 4 02 2.00e 4 02 2.00e + 02 3.25e — 02
27 4.00e + 02 1.58e + 03 1.24e + 03 1.25e + 03 2.08e + 02
28 4.00e + 02 7.25e + 03 4.00e 4 02 1.24e + 03 1.53e + 03

carried out on the computer network of the De Montfort Uni-
versity by means of the software for distributed optimization
Kimeme [25].
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TABLE VI AVERAGE ERROR £ STANDARD DEVIATION AND WILCOXON RANK-SUM TEST (REFERENCE=CMA-ES-RIS) FOR CMA-ES-RIS
AGAINST STATE-OF-THE-ART ALGORITHMS IN 10D

CMA-ES-RIS MDE-pBX CMA-ES CCPSO2
f1 0.00e + 00 = 0.00e + 00 0.00e + 00 £ 0.00e + 00 = 0.00e + 00 £ 0.00e + 00 1.92e — 04 £ 1.16e — 03 +
fa 0.00e + 00 + 0.00e + 00 4.15e + 02 4 9.60e + 02 + 0.00e + 00 £ 0.00e + 00 9.93e 4+ 05 £+ 7.58e + 05 +
f3 7.04de — 01 £ 4.57e + 00 4.96e + 03 £ 4.66e + 04 + 5.69e — 01 = 1.81e + 00 2.13e + 07 £ 3.13e + 07 +
fa 0.00e + 00 £+ 0.00e + 00 6.50e — 02 + 6.38e — 01 + 0.00e + 00 £ 0.00e + 00 = 8.80e + 03 + 2.50e + 03 +
fs 0.00e 4+ 00 + 2.76e — 14 0.00e + 00 £ 7.54e — 14 = 0.00e + 00 + 0.00e + 00 = 2.94e — 03 £ 8.06e — 03 +
fe 1.10e + 00 + 2.85e + 00 6.18e + 00 £ 4.73e + 00 + 6.74e + 00 + 6.74e + 00 + 1.52e + 00 & 2.91e + 00 +
f7 5.33e + 01 + 4.63e + 01 5.63e + 00 + 7.94e + 00 - 5.45e + 08 + 5.38e + 09 = 3.27e + 01 + 8.31e + 00 =
fg 2.03e + 01 + 1.36e — 01 2.05e + 01 + 1.06e — 01 + 2.03e + 01 £+ 1.32e¢ — 01 = 2.04e 4+ 01 + 7.66e — 02 +
fg 3.59e + 00 £ 1.03e + 00 2.87e + 00 + 1.41e + 00 - 1.50e + 01 4 3.65e + 00 + 4.98e 4+ 00 £ 9.13e — 01 +
flO 1.24e — 02 £+ 1.33e — 02 1.25e — 01 £ 9.20e — 02 + 1.33e — 02 £ 1.39e — 02 = 1.47e + 00 & 6.44e — 01 +
f11 3.57e + 00 £ 1.46e + 00 2.48e + 00 + 1.61e + 00 - 2.3le + 02 £+ 2.67e + 02 + 1.97e + 00 £+ 1.18e + 00 -
f12 1.29e + 01 £ 5.36e + 00 1.06e + 01 £+ 4.76e + 00 - 3.49e 4+ 02 + 3.81e + 02 + 2.64e + 01 £+ 7.93e + 00 +
fis 2.56e + 01 £ 1.07e + 01 2.0l1le + 01 * 7.94e + 00 - 2.94e + 02 £ 3.99e + 02 + 3.56e 4+ 01 £ 8.30e + 00 +
f1a 1.02e + 02 + 7.32e + 01 1.25e + 02+ 1.12e + 02 = 1.88e + 03 + 4.25e + 02 + 5.27e 4+ 01 & 3.86e + 01 -
fis 6.17e + 02 + 1.72e + 02 7.26e + 02 £+ 2.61e + 02 + 1.80e + 03 £+ 3.92e + 02 + 8.92e 4+ 02 + 2.18e + 02 +
fie 1.64e — 01 + 7.49e — 02 5.43e — 01 £+ 4.49e — 01 + 4.51e — 01 + 5.06e — 01 + 1.18e + 00 +2.19e — 01 +
fi7 1.04e + 01 + 3.70e + 00 1.32e + 01 £ 1.85e + 00 + 9.55e + 02 + 3.42e + 02 + 1.60e + 01 £ 2.07e + 00 +
fis 2.98e + 01 + 6.10e + 00 1.93e + 01 + 4.67e + 00 - 9.0le + 02 & 3.10e + 02 + 5.41e + 01 &+ 6.33e + 00 +
f19 8.14e — 01 + 2.71le — 01 6.44e — 01 £+ 2.09e — 01 - 1.19e + 00 & 5.00e — 01 + 7.65e — 01 & 2.52e — 01 =
f20 4.16e + 00 £ 3.95e — 01 2.87e + 00 + 5.25e — 01 - 4.68e + 00 £ 3.79e — 01 + 3.50e + 00 £ 1.96e — 01 -
f21 1.6le + 02 £+ 5.97e + 01 3.98e + 02+ 1.99e + 01 + 3.68e + 02 £ 8.71le + 01 + 3.73e + 02 £ 6.75e + 01 +
fa2 2.44e + 02 £ 1.07e + 02 1.33e + 02 4= 1.04e + 02 - 2.32e + 03 £ 4.25e + 02 + 7.27e + 01 = 4.98e + 01 -
fa3 8.35e + 02 + 1.89e + 02 8.82e + 02 4 3.08e + 02 = 2.25e + 03 + 4.48e + 02 + 1.15e + 03 4+ 2.58e + 02 +
f2a 1.19e + 02 + 5.63e + 00 2.02e + 02 + 1.56e + 01 + 3.83e + 02+ 1.57e + 02 + 2.0le 4+ 02 £ 2.54e + 01 +
fas 1.93e + 02 + 3.39e + 01 2.00e + 02 + 1.23e + 01 + 2.62e + 02 £+ 4.92e + 01 + 2.12e + 02 + 1.09e + 01 +
fa6 1.61le + 02 + 4.02e + 01 1.47e + 02 + 4.36e + 01 - 2.57e + 02 + 1.13e + 02 + 1.58e + 02 4 2.40e + 01 =
for 3.13e + 02 + 2.27e + 01 3.06e + 02 £+ 2.76e + 01 4.23e 4+ 02 £ 1.35e + 02 + 4.27e + 02 £4.91e + 01 +
fog 2.06e + 02 + 1.06e + 02 3.07e + 02 + 5.78e + 01 = 1.21e + 03 + 1.21e + 03 + 3.0le 4+ 02 + 1.28e + 02 +
TABLE VIIL. AVERAGE ERROR 1 STANDARD DEVIATION AND WILCOXON RANK-SUM TEST (REFERENCE=CMA-ES-RIS) FOR CMA-ES-RIS
AGAINST STATE-OF-THE-ART ALGORITHMS IN 30D
CMA-ES-RIS MDE-pBX CMA-ES CCPSO2

f1 0.00e + 00 £ 1.68e — 13 0.00e + 00 £ 4.09e — 13 = 0.00e + 00 + 5.57e — 14 2.27e — 13 £ 1.21e — 12 +
fa 0.00e + 00 £ 1.83e — 13 9.56e + 04 £+ 6.16e + 04 + 0.00e + 00 + 7.88e — 14 = 9.95e 4+ 05 £+ 5.24e + 05 +
f3 2.24e + 03 £ 1.09e + 04 1.80e + 07 £ 3.12e + 07 + 1.53e + 01 £ 1.23e + 02 - 5.59e + 08 £ 5.57e + 08 +
fa 0.00e + 00 £+ 1.68e — 13 1.32e + 01 & 5.46e + 01 + 0.00e + 00 + 5.08e — 14 = 5.57e + 04 £ 2.06e + 04 +
fs 2.88e¢ — 10 £ 4.04e — 10 1.14e — 13 £ 8.35e — 13 - 1.14e — 13 + 1.14e — 14 - 2.62e — 08 £ 6.05e — 08 +
fe 6.94e — 04 + 1.99e — 03 1.99e + 01 4+ 2.22e¢ + 01 + 3.05e + 00 £ 8.33e + 00 + 2.19e 4+ 01 £+ 2.27e + 01 +
fr 4.48e + 01 + 2.93e + 01 5.70e + 01 £ 1.77e 4+ 01 + 9.83e + 03 £ 6.44e + 04 = 1.15e + 02+ 3.11e 4 01 +
fs 2.09e + 01 + 8.11le — 02 2.11e + 01 + 5.94e — 02 + 2.09e + 01 + 6.66e — 02 + 2.10e 4+ 01 + 4.60e — 02 +
fg 2.37e + 01 + 1.93e + 00 2.22e + 01 1 4.80e + 00 - 4.45e + 01 £ 6.99e + 00 + 2.84e + 01 + 2.08e + 00 +
flO 8.3le — 03 + 5.41e — 03 1.64e — 01 +1.20e — 01 + 1.73e — 02+ 1.25e¢ — 02 + 1.48e¢ — 01 £ 6.90e — 02 +
f11 2.54e + 01 + 6.30e + 00 4.62e + 01 £ 1.44e + 01 + 9.47e + 01 £ 2.36e + 02 + 1.19e — 01 + 2.90e — 01 -
fi2 7.94e + 01 + 4.35e + 01 6.94e + 01 + 2.00e + 01 = 7.1le + 02 + 9.66e + 02 = 2.12e 4+ 02 £ 5.24e + 01 +
fi3 1.56e + 02 + 5.36e + 01 1.49e + 02 + 3.66e + 01 = 1.64e + 03 & 1.66e + 03 + 2.44e + 02 + 3.44e + 01 +
f1a 7.92e + 02 £ 2.19e + 02 1.17e + 03 £ 3.95e¢ + 02 + 5.21e + 03 + 7.37e + 02 + 4.48e + 00 + 2.87e + 00 -
fis 3.13e + 03 + 4.53e + 02 3.95e + 03 £ 6.57e + 02 + 5.37e + 03 £ 6.73e + 02 + 3.85e + 03 £ 4.52e + 02 +
fie 1.07e — 01 + 6.71le — 02 1.25e + 00 £ 6.19e — 01 + 1.26e — 01 £ 8.87e — 02 = 2.16e + 00 &+ 3.76e — 01 +
fi7 5.50e + 01 + 5.19e + 00 7.05e + 01 + 1.24e + 01 + 3.95e + 03 £ 7.89e + 02 + 3.07e + 01 4+ 3.03e + 00 -
fis 1.89e + 02 + 2.71le + 01 8.26e + 01 + 1.89e + 01 - 4.23e + 03 +8.31e + 02 + 2.31le + 02 + 5.43e + 01 +
f19 2.80e + 00 * 6.35e¢ — 01 9.54e 4+ 00 £ 5.54e + 00 + 3.66e + 00 £ 9.52e¢ — 01 + 7.77e — 01 + 1.58e — 01

f20 1.43e + 01 + 5.69e — 01 1.07e + 01 + 7.75e — 01 - 1.50e + 01 4 6.45e — 02 + 1.35e + 01 + 5.50e — 01 -
f21 1.86e + 02 + 3.97e + 01 3.40e + 02 £ 7.62¢ + 01 + 3.05e + 02 £9.01e + 01 + 2.37e + 02+ 6.71le + 01 +
fa2 1.17e + 03 £ 2.90e + 02 1.17e + 03 £ 4.92e + 02 = 6.97e + 03 = 1.06e + 03 + 9.87e + 01 + 6.70e + 01 -
f23 4.03e + 03 + 5.38e + 02 4.70e + 03 £ 7.70e + 02 + 6.76e + 03 £ 6.82e + 02 + 4.99e + 03 £ 6.31e + 02 +
f2a 2.59e + 02 + 1.74e + 01 2.31e + 02 * 8.60e + 00 - 8.19e + 02 = 6.15e + 02 + 2.80e + 02 + 6.34e + 00 +
fas 2.82e + 02 + 8.41e + 00 2.79e + 02 + 1.38e + 01 - 3.46e + 02 + 1.45e + 02 + 2.98e + 02 £ 6.94e + 00 +
f26 1.97e + 02 £+ 1.20e + 01 2.26e + 02 £ 5.15e + 01 + 5.51e + 02 + 5.14e + 02 + 2.00e + 02+ 6.76e — 01 +
far 7.49e + 02 + 1.85e + 02 6.50e + 02 *+ 1.04e + 02 - 8.53e + 02 £ 2.42e + 02 = 1.04e + 03 £ 8.09e + 01 +
fog 5.39e + 02 + 1.32e + 03 3.09e 4+ 02 + 1.50e + 02 - 1.96e + 03 £ 3.40e + 03 = 4.35e + 02 £ 5.10e + 02 -

TABLE VIII. AVERAGE ERROR & STANDARD DEVIATION AND WILCOXON RANK-SUM TEST (REFERENCE=CMA-ES-RIS) FOR CMA-ES-RIS
AGAINST STATE-OF-THE-ART ALGORITHMS IN 50D

CMA-ES-RIS MDE-pBX CMA-ES CCPSO2
71 2.27¢ — 13 £ 0.00e + 00 T.1le — 11 £ 7.68e — 11 I 2.27¢ — 13 £ 0.00e + 00 = 6.82¢ — 13 £ 1.31e — 12 ¥
fa 2.27¢ — 13 + 0.00e + 00 4.37e + 05 4 1.64¢ + 05 + 2.27¢ — 13 4 0.00e + 00 = 1.85¢ + 06 £ 9.33¢ + 05 +
f3 2.83¢ + 05 + 7.80e + 05 8.45¢ + 07 & 1.46¢ + 08 + | 9.64e +02+4.49¢ + 03 1.98e 4 09 + 2.09¢ + 09 +
fa 2.27¢ — 13 + 0.00e + 00 3.05e + 01 & 6.62¢ 4 01 + 2.27e — 13 4 0.00e + 00 = 1.00e 4 05 + 3.57e + 04 +
fs 3.54e — 08 + 1.44e — 08 1.93e — 114 9.76e — 11 - 6.82¢ — 13+ 1.57e — 12 - 2.70e — 10 + 8.03e — 10 -
fe 9.51le + 00 + 1.4le + O1 5.48¢ + 01 4 2.12¢ 4 01 + 4.32e 4 01 4 7.10e + 00 + 4.35e¢ + 01 & 1.36e + 01 +
f7 4.81e 4+ 01 + 2.16e + 01 6.59¢ 4+ 01 + 1.06e + 01 + | 4.19e4+01+1.70e+01 | = 1.37e + 02 + 2.31e + 01 +
rs8 2.10e + 01 + 6.02e — 02 2.12e + 01 4 4.44e — 02 + 2.11e + 01 £ 9.75¢ — 02 + 2.11e + 01 & 4.49¢ — 02 +
fo 4.72¢ 4+ 01 + 2.76e + 00 4.32e + 01 + 7.71e + 00 - 7.66e + 01 £ 7.77¢ + 00 + 5.79e + 01 & 4.39¢ + 00 +
f1o0 8.60e — 03 + 5.86e — 03 1.34e — 01 + 1.23¢ — 01 + 2.24e — 02 4 1.49¢ — 02 + 1.24e — 01 & 4.62¢ — 02 +
11 5.36e + 01 + 1.31e + 01 1.24e 4+ 02 + 2.87e + 01 + 2.19¢ + 02 £ 4.56¢ + 02 + | 4.31e —01+5.74e — 01 -
fi2 2.66e + 02 + 1.02¢ + 02 1.58e + 02 + 3.25¢ + 01 - 2.25¢ + 03 £ 1.37¢ + 03 + 4.46e + 02 & 7.92¢ 4 01 +
f13 4.56e + 02 + 8.54e + 01 3.24e + 02 + 4.74e + 01 - 3.36e + 03 £ 1.09¢ + 03 + 5.49¢ + 02 & 6.67¢ 4 01 +
fia 1.49e + 03 £ 3.07e + 02 2.65¢ + 03 & 8.86¢ + 02 + 8.82e¢ + 03 & 1.04e + 03 + | 6.45e + 00 + 3.20e + 00 -
fis 6.30e + 03 + 6.74e + 02 7.46e + 03 £ 7.95¢ + 02 + 9.09e + 03 4 9.43e + 02 + 7.95¢ + 03+ 7.11e 4 02 +
fie 8.66e — 02 + 4.20e — 02 1.75e + 00 £ 7.40e — 01 + | 8.0le —02+4.72¢ —02 | = 2.39e + 00 & 5.90e — 01 +
fi7 1.02e + 02 4 1.04e + 01 1.75e 4+ 02 + 3.72e + 01 + 6.97¢ 4+ 03 4 1.07e + 03 + | 5.14e + 01 + 2.84e — 01 -
fis 4.18¢ + 02 + 5.24¢ + 01 1.85e 4 02 + 3.40e + 01 - 7.08e + 03 £ 9.14e + 02 + 4.94e 4 02 + 1.08e + 02 +
f19 5.04e + 00 4+ 9.33e — 01 4.25¢ + 01 4 2.66¢ + 01 + 6.32¢ + 00 4 1.18e + 00 + 1.40e + 00 + 2.19e — 01 -
f20 2.43¢ + 01 + 5.49¢ — 01 2.00e + 01 + 9.04e — 01 - 2.50e + 01 £ 9.73¢ — 02 + 2.28¢ + 01 & 7.85¢ — 01 -
fa1 2.85e + 02 + 2.20e + 02 9.22¢ + 02 4 3.06¢ + 02 + 8.12¢ + 02 =+ 3.73¢ + 02 + 3.27¢ + 02 & 2.64¢ + 02 =
foo 2.39¢ + 03 + 3.67¢ + 02 3.09¢ + 03 & 9.98¢ + 02 + 1.19¢ 4 04 + 1.26¢ + 03 + | 7.58e+ 01+ 8.58e + 01 -
f23 8.37¢ + 03 + 1.0le + 03 8.88e + 03 & 1.20e + 03 + 1.18¢ 4 04 + 8.52¢ + 02 + 1.05e + 04 £ 1.11e + 03 +
fou 3.22e + 02 + 1.95¢ + 01 2.87e¢ + 02 + 1.47e + 01 - 1.64e 4+ 03 + 1.05e + 03 + 3.56e + 02 & 9.89¢ 4 00 +
fas 3.66e + 02 + 9.94e + 00 3.69¢ + 02 4 1.78¢ 4 01 = 4.94e + 02 4 1.88e + 02 + 3.96e + 02 & 1.19¢ 4 01 +
f26 2.00e + 02 + 3.25e¢ — 02 3.50e + 02 & 7.93¢ 4 01 + 6.0d4e 4+ 024 7.11e + 02 + 2.09e + 02 =+ 3.92¢ 4 01 +
far 1.25e¢ + 03 4 2.08e + 02 1.24e + 03+ 1.56e + 02 | = 1.28¢ 4 03 + 2.51e + 02 = 1.79e + 03 £ 8.78e + 01 +
fag 1.24e + 03 4 1.53e + 03 4.33e + 02 +3.26e + 02 | = 3.27e + 03 & 5.60e + 03 = 6.33e + 02 + 8.95¢ + 02 -




