MULTIPLICITY RESULTS FOR MAGNETIC FRACTIONAL PROBLEMS
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ABSTRACT. The paper deals with the existence of multiple solutions for a boundary value problem
driven by the magnetic fractional Laplacian (—A)%, that is
(=A)ou=Af(Ju)u in Q, u=0 in R"\ Q,

where A is a real parameter, f is a continuous function and € is a bounded subset of R". We
prove that the problem admits at least two nontrivial weak solutions under two different sets of
conditions on the nonlinear term f which are dual in a suitable sense.

1. INTRODUCTION

In the last years there has been an increasing interest in the study of equations driven by non-
local operators. This is motivated by the fact that non—local operators appear naturally in many
important problems in pure and applied mathematics. The prototype of non—local operator is the
fractional Laplacian (—A)® defined, up to normalization factors, for any u € Cg°(R"™) and s € (0, 1)
as

(1.1) (=A)*u(z) = lim 9911&@%@, z € R™,

e=0+ Jrm\B(z,e) [T — y[" T2
where B(z,¢) denotes the ball of center z and radius . We refer to [7,16] and the references
therein for further details on the fractional Laplacian.

In the present paper, we will focus on the so—called magnetic fractional Laplacian. This non—local
operator has been recently introduced in [6,8] and can be considered as a fractional counterpart
of the magnetic Laplacian (V —iA4)?, with A : R" — R" being a L{° ~vector field, see [9]. We
refer the interested reader to [6] for further details about the physical relevance of the magnetic
fractional Laplacian. In [6], it has been proved that (—A)#% has the following representation when
acting on smooth complex-valued functions u € C§°(R", C)

; T4y
. u(x) — ele=9)-A(% )u(y)
AV () =2 1 dy, eR",
(=8)aule) =2 I, R\ B(x) |z —y[rre b

therefore, the operator is consistent with (1.1) if A = 0. As for the classical fractional Laplacian,
one can define the fractional counterpart of the magnetic Sobolev spaces, see Section 2 below for
the definition. In [18,19,22], it has been studied the stability of these fractional Sobolev norms
when either s 1 or s N\, 0, proving a magnetic counterpart of the Bourgain—-Brezis—-Mironescu
formula (when s 1, see [3]) and the Maz’ya—Shaposhnikova formula (when s N\ 0, see [11,12]).
Finally, we refer to [2,13,23] for multiplicity results for different equations on R™ and driven by
the magnetic fractional Laplacian.

Inspired by the above-mentioned works, in this paper we study the existence of multiple weak
solutions of the following boundary value problem

(~A)qu = A f(ul)u, in©,
(1.2) { ! w=0, inR"\Q,
1
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where A € R and € C R" is an open and bounded set with Lipschitz boundary 0f2.

Concerning the nonlinearity f, we will consider two different situations which can be considered
dual in a sense that we will specify later on. As a first scenario, we will deal with f : [0,00) — R
being a continuous function satisfying the following conditions:

(f1) f(t) = o(1) as t —0;
(f2) f(t) =o(1) as t — oo;

(fs) sup F(t) >0,
te[0,00)

where
t

(1.3) F(t) = / f(r)7dr, for any real t > 0.
0

There are plenty of examples of continuous functions satisfying (f1)-(f3), e.g. f(t) = txjo,1)(t) +
el_tX(LOO) (t). We observe that the nonlinear term f can be controlled from above, thanks to

(f1)—(f3). In particular, for a suitable ¢; > 0
(1.4) |f()t] < et for every ¢t > 0 sufficiently large.
Our first result can be stated now as follows.

Theorem 1.1. Let s € (0,1), n > 2s and let Q@ C R™ be an open and bounded set with Lipschitz
boundary 0. Let f : [0,00) — R be a continuous function satisfying conditions (f1), (f2) and
(f3). Then, there exists \* > 0 such that for every A > \* problem (1.2) has at least two nontrivial
weak solutions.

The proof of Theorem 1.1 is mainly variational and based on the application of an abstract
critical point result due to Brézis and Nirenberg in [5]. Theorem 1.1 can be considered as the
fractional magnetic counterpart of [15, Theorem 1] and [10, Theorem 2.1].

The second set of conditions we consider on f is the following:

(f1) There exist a1, az >0 and q € (2,2%) such that |f(t)] < a1 + agt?=? for any t > 0;

(fs) There exist > 2 and to > 0 such that 0 < uF(t) < f(t)t? for any t > to,
where 2% := 2n/(n—2s) is the fractional critical Sobolev exponent. A typical example of f verifying
(f1) and (fs) is given by f(t) = qt9~2, with ¢ € (2,2%). In [10], it is proved that conditions (f4)
and (f5) imply that there exists ¢ > 0 such that

(1.5) |f(t)t] > cat for every ¢t > 0 sufficiently large,

which can be considered as a counterpart of (1.4).
Our second result is the following theorem.

Theorem 1.2. Let s € (0,1), n > 2s and let Q@ C R™ be an open and bounded set with Lipschitz
boundary 0. Let f : [0,00) — R be a continuous function satisfying conditions (f1) and (fs).
Then for every p > 0 and any X € (0, A(p)), with

2
A(p) := a —5, where co and cq are given in (2.12),

alcgq + 2agcgp 2

problem (1.2) has at least two nontrivial weak solutions, one of which has norm strictly less than
p.
The approach in Theorem 1.2 is still variational but based on the application of another abstract

result due to Ricceri in [20]. Theorem 1.2 is the fractional magnetic version of [20, Theorem 4]
which has been subsequently refined and extended in [1, 14, 17].
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The paper is organized as follows. In Section 2, we introduce the necessary functional and
variational setup to study the boundary value problem (1.2). In Section 3, we prove Theorem 1.1.
Finally, in Section 4, we prove Theorem 1.2.

2. FUNCTIONAL AND VARIATIONAL SETUP

Throughout the paper, we indicate with | A| the n-dimensional Lebesgue measure of a measurable
set A C R™. Moreover, for every z € C we will denote by Rz its real part, and by Z its complex
conjugate. Let @ C R” be an open set. We denote by L?(Q2, C) the space of measurable functions

u : 2 — C such that 12
ulla = ( / \u(x)\zdx) < oo,

where | - | is the Euclidean norm in C. For every A € L7 (R"), we consider the semi-norm

Ul o) = ( /Q V() - iA()u()P dx)m,

and following [9], we define H(£2) as the space of functions u € L?(£2, C) such that [u]Hi‘(Q) < 00,
endowed with the norm

1/2
llly e = (Nl + B3 o)) -
We also indicate with H&A(Q) the closure of C§°(Q2,C) in H}(Q).

For any s € (0,1), the magnetic Gagliardo semi-norm is set as

A ge
W @) = //QXQ |x — y|nt2s e '

We denote by H%(2) the space of functions u € L?(€2, C) such that [u] m5(0) < 00, normed with

1/2
(2.1) lllirg oy = (lulifaqey + by @) -
For A = 0, this definition is consistent with the usual fractional space H*(2). We stress out that
Ce(R™,C) € HY(R™), see [6, Proposition 2.2].
In order to define weak solutions of problem (1.2), we introduce the functional space
Xoa={ue Hi(R"): u=0ae. in R"\Q},

which generalizes to the magnetic framework the space introduced in [21]. As in [6], we define the
following real scalar product on XQ A

=A%)y o(z) — eile=v)-A(EY),
I ) D)

|z —y["+2e

which induces the following norm

i(a:—y)~A(m) 2 1/2
—e > Ju(y
(2.3) lullxo. 4 = (// P W)l dxdy) .

We now state and prove some properties of space Xg 4 which will be useful in the sequel.

Lemma 2.1. There exists a constant C > 1, depending only on n, s and ), such that
2 2 2
(2.4) [ullse, o < llullfs @ny < Cllullx, 4

for any w € Xo a. Thus, (2.3) is a norm on Xy 4 equivalent to (2.1).
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Proof Let v € Xo 4. In order to show (2.4), it is enough to see that there exists a constant
C =C(n,s,) > 0 such that

1(z—y)'A(z+y) 2
2.5 200y < C > W .
L(Q

By [6, Lemma 3.1] we have the p01ntw1se diamagnetic inequality

u(z) — @ ACT )y ()| > ||u(z)| - |u(y)||, for ae. z,y € R,

from which we immediately have

11: y)- A(L;y)u - 2
(y)] |Ju(@)] — [u)]|
d dy > dzd
e R

/CQ </ HU’x ‘__’:+25)H2 dy) dx = /CQ (/Q %@) dz,

where the last equality follows from the fact that u = 0 a.e. in CQ2 := R™\ €. Since Q2 is bounded,
there exists R > 0 such that Q2 C Bg and |Bg \ 2| > 0. For this, it follows that

[u(@)” / /‘MMQ Ba\o|
I gy | de > D gy | de = 2y ,
/CQ </ﬂ =y ) Jpa \Ja 2R (2R)m+2s lullz2o)

which yields (2.5). Now, we observe that

el ey = gy + [l oy < (€ 4 Dllul, oo

therefore setting C' := C+ 1, we get the first part of lemma.
By (2.5) it follows that if ||u|x, , = 0 then u = 0 a.e. in R", which implies that ||| x, , is a norm.
This is enough to conclude the proof. O

Making use of Lemma 2.1 and proceeding exactly as in [21, Lemma 7], we immediately get that

(XO,A, (-, ->X0 A) is a real separable Hilbert space.

Lemma 2.2. Let Q C R” be open and bounded. Then

(2.6) Xoa — H*(Q,C).
Furthermore, if the boundary of 0 is Lipschitz the injection
(2.7) Xo,a — LP(22,C)

is compact for any p € [1,2).
Proof. Let u € X 4. We have

2
> )2 u(y)]

[l s () /]u dx—i—//QXQ \a:— ‘n—f—?s —————dxdy
m+y

2 @ AT ) u(2) — u(y)[?
(28) < [ rass ff = g ey

z+y
ju(z) 2| A(S?) — 12
dxd
+ //QXQ |JU - y|n+28 v

< Julls (o + D
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zty
‘ ’el(x y)- A(T) _ 1’2
dxdy
//QXQ |n+28
i(a:fy)uA(wTﬂ) -1 2
(2.9) = / Ju(z)[? / ‘ nt2s | dy | dx
Q QN{yeRn: |z—y|>1} |z — y|

leshA() )
+ [P ([ ) de = Dy 4 Dy
Q QN{yeR™: |z—y|<1} ’x - y|

Since |elf — 1] < 2, we get

1
2.10 D1§4/u:c)2 / ——dy | dx < C||u|)?
( ) Q ’ ( ’ QN{yeR™: |z—y|>1} ‘1’ - y‘n—i-Qs H HLZ(Q)

Considering that 2 is bounded, there exists a compact set K C R™ such that K D Q. Thus, it

follows that
i(z—y)~A(z+y) -1 2
Do < [ ([ )
K Kn{yeR™: |z—y|<1} |(E - y|n y

Since A is locally bounded and K C R” is compact, we have

where we denote

el ACE) AP < Cle— gy, for |z -yl <1, 2y €K,

from which

1
2.11 Dgg/ux2 / ———dy dr < C||ul/?
(2.11) [ Juto) (m{yem o lullZz
Combining (2.8)—(2.11), we have

lullzrs @) < Cllullzrs @) < Cllullzs @y < Cllul,,

where last inequality is given by (2.4). This concludes the proof of (2.6).
By (2.6) and the hypothesis on the boundary of €, (2.7) directly follows from [7, Corollary 7.2]. O

By (2.7), for every p € [1,2%) the number
u
(2.12) cp = sup M,
wexoa\{0} 1ullxo 4

is well-defined and strictly positive. We conclude this section providing a variational formulation
of the problem (1.2). We will say that a function u € X 4 is a weak solution of (1.2) if

o] (ul@) = @A Iu(y) ) (v) = oA (y) o

(2.13) \x -yt

—)\%/ f(u(z Jo(x)dz, for every v € X 4.

Clearly, the weak solutions of (1.2) are the critical points of the Euler-Lagrange functional asso-
ciated with (1.2), that is

(2.14) In(u) == ®(u) = A¥(u), uwe Xopa
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where
(z—y) A(Lﬂ)u( 2
y)l —
(2.15) //}R?" ]ac — dxdy, U(u) = / F(Ju(z)|)dx
and F' is defined as in . Tt is easy to see that J is well-defined and of class C*(Xp 4, R).

3. PROOF OF THEOREM 1.1

Throughout this section, we assume that f : R — R is a continuous function satisfying conditions
(f1), (f2) and (f3), without further mentioning.
The proof of Theorem 1.1 is based on the application of the following abstract theorem in critical
point theory. For the sake of completeness, let us recall that a functional .J : E — R of class C*(E),
on a Banach space E and dual space E*, is said to satisfy the Palais-Smale condition (PS) if any
Palais—Smale sequence associated with J has a strongly convergent subsequence in E. A sequence
{uj}jen in E is called a Palais-Smale sequence if {J(u;)}jen is bounded and ||J'(u;)||g- — 0 as
Jj — oo.
Theorem 3.1 (Theorem 4 of [5]). Let (E, || -||) be a Banach space which admits a decomposition
E=F & FE>,

with dim(Ey) < co. Let J : E — R be a C! functional such that:

(a) J(0) =0

(b) J satisfies the Palais-Smale condition (PS);

(c) J is bounded from below;

(d) inf J(u) <O0.

uek

Let us also suppose that there exists a positive constant R > 0 such that

J(u) >0, uekFE,|ul <R;
J(u) <0, ue By, |ul| <R.

Then J admits at least two nonzero critical points.

(3.1)

Before proving Theorem 1.1, we introduce three technical lemmas necessary to verify that the
functional 7 satisfies the assumptions required to apply Theorem 3.1.

Lemma 3.2. For every A € R, the functional Jy is bounded from below, coercive and satisfies the
(PS) condition.

Proof. If A = 0 the results follows by [4, Proposition 3.32]. Let A # 0. By (f2), for any £ > 0 there
exists r. = r(¢) > 0 such that

|f(t)t] <et, for any t > re.
Let 0. := max |f(t)t] > 0. We get

(3.2) |f(t)t] <et+ 0., foranyt >0,
from which
(3.3) |F(t)] < th +6.t, for any t > 0.

Then, by (3.3), for every ¢ > 0 and for any u € X 4 we have that

1 1 €
Ta(w) = Sllul, , — A ] | Pltuteaa| = 5 lule, =N (Gl + ol
1

> 5 (1= e|Me2)lull%, , — delMexl|ull x4

[\)
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where last inequality is a consequence of injection (2.7), with ¢; and ¢ as in (2.12). By fixing
e < 1/|A|eg, it follows that 7y is bounded from below and coercive.

Now, it remains to check the validity of the Palais-Smale condition. For this, let {u;};cn be a
sequence in X 4 such that

(3.4) {TI\(u))}jen is bounded and J3(u;j) — 0 as j — oo.

By the coercivity of 7 and (3.4), the sequence {u;};en is bounded in X 4. Thus, by the reflexivity
of the space X 4 and Lemma 2.2, there exists u € Xy 4 such that, up to a subsequence, still
relabeled {u;};en, we have

(3.5) uj = u in Xo 4 and u; = w in LP(Q2, C) for any p € [1,27),

as j — 00.
By (3.2) with € = 1 and Hoélder inequality, we get

/Q () () (o5 (2) — @)l < /Q ot () 1) — () e + 61 /Q juj () — ule)|de

< ujll2llug — ullr2(q) + d1llu; — ullLiqy,
and by (3.5)

(3.6) /Q | () s () (3 (@) — (@)l = 0 as j — oo.

By differentiating 7\ we immediately have
T4 5)aty =) = gty = w0y = A [ () s ) ) = e

from which, by (3.4), (3.6) and since |J} (u;)(u; — u)| < [|Tx(wi)llxo 0) U5 — ullx, 4, it follows
that

(ujug —u)xo 4 = il . = (W u)xe 0 =0 as j— oo
Thus, using (3.5) we get [|u;||x, , — llullx, 4 as j — oo, and so by [4, Proposition 3.32] we conclude
u; — u in Xg 4 as j — oo. O

Lemma 3.3. There exists \* > 0 such that igl(f Ia(u) <0 for any A > \*.
ucEXg, A

Proof. Let A > 0. Since 2 is bounded, we can pick a point 2y € Q and 7 > 0 such that B(zg,7) C .
By condition (f3), we can find a ¢t > 0 such that F(¢) > 0. Therefore, we can also fix o9 € (0,1)
such that

(3.7) F()af (1= o) max |F(0)] > .

Let w : R™ — R be such that:
(u1) u e Cg°(R™,R), with supp(a) C B(zo,T);
(u) [u(x)] <t], if = € B(zo, 7) \ B(zo,007);
(w) )= T T <a>oiff>’.7)
By [6, Proposition 2.2] we have u € H%(R"), and since u = 0 in R™\ Q we conclude that u € Xg 4.
We claim that

(3.8) U(u) > [F(ﬂag —(1-o07) T%X |F(t)]| wa™ >0,
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where w,, denotes the Lebesgue measure of the unit ball in R™. Indeed, by (u2) we have that

/ Fa))do > - [ F (@)
B(z0,7)\B(z0,00T) B(zo,7)\B(z0,00T)
(3.9) > — max |F(t)| / dz
t<t B(zo,7)\B(z0,00T)
=— F)|(1 —of)wn,".
max | F(8)|(1 = og)wnT
On the other hand, since F'(0) = 0, by (u3) we have that
(3.10) / F(li(2)])dz = 0.
R\ B(z0,7)
Therefore, combining (3.7), (3.9), (3.10) and (u3), we get
| Fliaas = [ o)z + [ F(i(o)])ds
Q B(mo,aof B(zo,7)\B(z0,00T)

/ Fi)dz +/ F(li(2)])dz
B(zo,00T) B(zo,7)\B(x0,00T)

[F(t_)ag —(1-0ay) mggc\F(t)@ wp " >0,
t<t

v

which yields the claim (3.8).
Thus, denoting with A* := ®(u)/¥(u), by (2.14) and (3.8) we have

inf  J\(u) < Jx(u) = ®(u) — A\P(u) <0,
UGXO’A
for any A > A*. This concludes the proof. O

Lemma 3.4. For every A\ € R, there exists R > 0 such that Jx(u) > 0, for any u € Xo a with
[ullxo.4 < R.

Proof. Fix v € (2,2%). By (f1), for any o > 0 there exists 7, = (o) > 0 such that

(3.11) |f(t)t] < ot, foranyt<r,.
1
Let §; > 0 be as in (3.3) with ¢ = 1 and define k, = (2_2 + f;) > 0. If t > r,, a simple
To To

calculation gives
|F(t)| < kot”, forany t>r,
and using (3.11) we conclude

(3.12) |F(t)| < %tz + kot”, for any t > 0.
By (2.12) and (3.12), we get
1
Ia(w) = 5 llullx, , = A /QF(lu(m)l)diU
P\lU
(3.13) > Sl = 5 lellzaio) = WksllulZeq)
WUC il
> Sllullko. = =52 el = ke llull%, ,
1

= 5 (1= od)lullk, . — ko lull%, ,-
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Let us fix o € (0,1/|\|c2). Since v € (2,2%), by (3.13) we can find R > 0 sufficiently small such
that

Ia(u) >0, for ||lullx, , <R.
This concludes the proof. ]

Proof of Theorem 1.1. We want to apply Theorem 3.1 to the functional Jy : Xg 4 — R. First of
all, let us consider the following decomposition of the Hilbert space Xy 4,

Xo,4 = Xo,4 @ {0},

where the direct sum has to be intended with respect to the scalar product set in (2.2). By Lemmas
3.2 and 3.3, the functional J) satisfies conditions (b), (¢) and (d) of Theorem 3.1, for any A > \*
with A\* given in Lemma 3.3. Furthermore, it is immediate to see that J,(0) = 0. Hence, by
Lemma 3.4 we have (3.1), which concludes the proof. O

Remark 3.5. We point out that in Theorem 1.1 the lower threshold \* for parameter A is not
optimal, since \* := ®(u)/V(u) . However, we show that problem (1.2) admits only the trivial
solution when \ € (0,1/c3 1?33<|f(t)|), where co is given in (2.12) and r{1>a§<|f(t)| < o0, by (f1),

(f2) and the continuity of f.
Let us consider a nontrivial weak solution ug of problem (1.2). If X € (0,1/c3 max lf(©)]), by

(2.12) and (2.13) we have

luoll%, . = )\/Qf(\UO(SU)|)\UO(SU)|2d$
< Amax|f(¢)] 1ol 720
< Amax [ £(t)|3 uoll, , < Iluoll%, .-

which yields a contradiction.

4. PROOF OF THEOREM 1.2

Throughout this section, we assume that f : R — R is a continuous function satisfying conditions
(f1) and (f5), without further mentioning.
The proof of Theorem 1.2 is mainly based on the application of the following result.

Theorem 4.1 (Theorem 6 of [20]). Let (E,|| - ||) be a reflexive real Banach space. Let ®, ¥ :
E — R be two continuously Gateauz differentiable functionals such that ® is sequentially weakly
lower semicontinuous and coercive. Further, assume that W is sequentially weakly continuous. In
addition, assume that, for each v > 0, the functional I, : E — R,

I(2) =vP(2) —V(z), z€E,

satisfies (PS).
Then, for every p > infg ® and every

su “1—oop) Y(V) — U(u
v > _iIlf Pued—1(—c0,p) ( ) ( )7
ued—1(—00,p) p— ®(u)
the following alternative holds:

either the functional I, has a strict global minimum in ®~1(—00,p), or L, has at least two critical
points one of which lies in ®~!(—o0, p).
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Here, we consider the functional Zy : Xo 4 — R, given by

Ty(u) = %CIJ(U) ~W(u), u€ Xoa

with ® and ¥ defined as in (2.15). To apply Theorem 4.1, we first prove that Z, satisfies the
Palais—Smale condition.

Lemma 4.2. For every X\ > 0, the functional I, satisfies the (PS) condition.

Proof. Let {u;}jen be a sequence in Xg 4 verifying (3.4).
We first show that {u;}jen is bounded in X 4. By (f1) we have

(4.1) IF(t) < %tQ + 2249 for any t > 0,
q

and so, using again (f4), we have that for any j € N

1
[F(Uj(fﬂ)!) - Mf(!uj(x)l)\uj(%‘)!ﬂ da
2
< [al(”+ ) 4 02(“+Q)t8] = C,
2
with tp and p defined in (f5). Thus, by (f5) and (4.2) we have for any j € N

1 1 1
Iolw:) — T (u) () > [ — — — |12
) = B ) = (55— o ) Tl

(4.2) /Qﬂ{wGR”: |uj(z)|<to}

1
/Q“{IGR": Iuj(x)|<to}[ (sl uf(‘ @)Dl (@)l

11 X
> (55~ 5 ) sl — €

Since {u;} en satisfies (3.4) with Zy, we know there exist a C > 0 such that for any j € N

! (u)) (,“ﬂ)‘ <C.

[l X0,

(4.4) Za(uy)] < C,

Combining (4.3) and (4.4) we prove the boundedness of {u;};en, since u > 2 in (f5). Using (fs)
we conclude as in Lemma 3.2. O

We now study functional ¥, introduced in (2.15).
Lemma 4.3. The functional ¥ is sequentially weakly continuous on Xo A.

Proof. Let {u;};en be asequence in Xg 4 such that u; — uin X 4. By Lemma 2.2 and [4, Theorem

4.9], up to a subsequence, still relabeled {u;};en, we have
A5 uj = uwin LP(Q,C) and u; — v a.e. in Q as j — oo,
(45) |uj(x)| < hp(z) for a.e. x € 2 and for any j € N,

for any p € [1,2%), with h, € LP(Q2). Hence, by (4.1) and (4.5) we get
a

2(1y(0)7) € 1'@)
for a.e. z € Q and for every j € N. By the continuity of F' and (4.5), we also have
(4.7) F(luj(x)]) = F(Ju(z)]) ae. inQ asj— oo.

(16)  1F(lus(@)D] < G ()P + lus (@) < (?(hm»? +
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Using (4.6) and (4.7) and the Lebesgue dominated convergence theorem we conclude

/F(\uj(m)\)dx%/F(]u(w)])dw a5 j = 00,
Q Q

It follows that the map

is continuous from Xy 4 endowed with the weak topology to R. ([l

Proof of Theorem 1.2. By Lemma 4.2, T satisfies the Palais-Smale condition. By (2.15) we im-
mediately see that ® is coercive and sequentially weakly lower semicontinuous, while by Lemma
4.3 the functional ¥ is sequentially weakly continuous. Let ¢ € (2,2%) be as in (fs). For every
p >0 let

2q

0< A< 7—2
aic3q + 2ascip 2

where ¢, ¢, are as in (2.12). We claim that

1 . SUPyed—1(—o0,p) \I/(’U) - qj(“)
4.8 — >0 = f .
48) O = o— ()

Since ®(0) = 0 and ¥(0) = 0, then

(4.9) 0(p) < St oo W(V) | PP Il 0 <07 ¥ (v)
P P

On the other hand, it holds true that

Sup{’UGXQ’A! HUHXO,A</71/2} \IJ(U) < alc% n GQCg q-2
Pz,

4.10 <
(4.10) P 5 .

indeed, by (4.1) we have
al 2 a9
V() < S llvlize(e) + ;HUHqu(Q)

and so (4.10) follows by Lemma 2.2. By (4.9) and (4.10) we infer

2 q
a1cs a2Cq a=2
+—pz

2 q
which yields the claim (4.8). Now we prove that Z) cannot have a strict global minimum in

®~1((—o0,p)). By (f5) and arguing as in [14, Remark 3.2], we have F(tv) > t*F(v) for all t > 1
and v > ty. Hence, it follows that

O(p) <

1 t
T (tug) = ~D(tug) — U(tug) < ~d(ug) — t”/ Flluo(x)))dz + cr|9],
A A {(2€9: |uo(2)|>to}

for every up € Xo,4, where cp = max |F'(t)|]. Choosing ug such that
>to

Hz € Q: |ug(x)] > to}| >0,
recalling that x> 2 and F(t) > 0 for ¢t > ¢, we get
tlgélol)\(tuo) = —o0.

Applying Theorem 4.1 we conclude the proof. O
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