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Abstract

In the present paper a new efficient semi-implicit finite volume method is proposed for the solution of the compressible
Euler and Navier-Stokes equations of gas dynamics with general equation of state (EOS). The discrete flow equations
lead to a mildly nonlinear system for the pressure, containing a diagonal nonlinearity due to the EOS. The remaining
linear part of the system is symmetric and at least positive semi-definite. Mildly nonlinear systems with this particular
structure can be very efficiently solved with a nested Newton-type technique.

The new numerical method has to obey only a mild CFL condition, which is based on the fluid velocity and not
on the sound speed. This makes the scheme particularly interesting for low Mach number flows, because large time
steps are permitted. Moreover, being locally and globally conservative, the new method behaves also very well in the
presence of shock waves. The proposed algorithm is first validated against the exact solution of a large set of one-
dimensional Riemann problems for inviscid flows with three different EOS: the ideal gas law, the van der Waals EOS
and the Redlich-Kwong EOS. In the final part of the paper, the method is extended to the two-dimensional viscous
case.

Keywords: semi-implicit finite volume method, staggered grid, large time steps, mildly nonlinear system,
compressible and incompressible flows, general equation of state (EOS), cubic equation of state (EOS), compressible
Navier-Stokes equations

1. Introduction

The use of numerical methods for computational fluid dynamics (CFD) is nowadays widespread in scientific
and engineering applications. For example, CFD is the backbone in the design process of modern cars, aircraft,
engines or wind turbines, but also in the simulation of geophysical and environmental flows, e.g. for the simulation
of atmospheric flows, oceanic currents and tides, storm surges, tsunami waves and for the modelling of water flow in
rivers and lakes. The basic governing equations in all these different applications can be derived from first principles
by considering the conservation of mass, momentum and energy, leading to the so-called Navier-Stokes equations or
one of their simplifications, like the Euler equations or shallow water- type equations. A major difference between
the various applications is the Mach number M = ||v|| /c, which is the ratio between the flow velocity v and the sound
speed c. While typical industrial applications present moderate to high Mach numbers with the formation of shock
waves, geophysical flows are usually characterized by low to very low Mach numbers. In general, each of these two
flow regimes requires the design of different and specific numerical methods.

At the aid of asymptotic analysis it can be shown [36, 37, 42] that in the low Mach number limit M — O of the
compressible Navier-Stokes equations, one retrieves the incompressible Navier—Stokes equations with their typical
V - v = 0 constraint on the divergence of the velocity field. In the incompressible limit, the pressure is composed
of two parts: a spatially constant thermodynamic background pressure that satisfies the equation of state, and the
hydrodynamic pressure fluctuations that are governed by an elliptic pressure Poisson equation. It is very challenging
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to construct numerical methods that apply to both flow regimes, namely to the compressible and to the incompressible
one. While semi-implicit methods are the state-of-the-art for the solution of the incompressible Navier—Stokes equa-
tions with and without free surface [19, 20, 56, 7, 58, 35, 12], in the compressible case the family of explicit upwind
finite difference and Godunov-type finite volume schemes [39, 33, 48, 44, 34, 29, 41, 54, 40, 53] is more popular.
There have been several important contributions to the extension of staggered semi-implicit pressure-based methods
to the compressible regime, see for example [15, 43, 45]. We also would like to refer to the semi-implicit family of
high order discontinuous Galerkin finite element schemes proposed in [22, 23, 24].

For some applications the ideal gas law is a sufficiently accurate approximation. In other cases, a more complex
equation of state is required to account for real gas effects, such as the van der Waals EOS [57], the Redlich-Kwong
EOS [57], the Peng-Robinson EOS [46] or an even more complex EOS like the one of real water, vapor and steam
[60, 30]. It is very important to note that the sound speed in liquids is of the order of one to two thousand meters
per second, while it is of the order of only several hundreds of meters per second in gases. In the wet steam region,
where liquid and gas phase coexist, the sound speed drops significantly to one to ten meters per second. Therefore, in
the case of compressible multi-phase flows that contain at the same time liquid, vapor and wet steam, the local sound
speed and thus the local Mach number changes dramatically, from very low values inside the liquid over moderate
values inside the vapour to very high Mach numbers inside the wet steam. For such flows, it would therefore be useful
to have one numerical method that is able to solve the governing PDE in all flow regimes accurately and efficiently,
from very low Mach numbers up to the high Mach number regime. In [27] a high order accurate explicit Godunov-
type finite volume scheme for general equations of state was presented. However, being explicit, that algorithm is not
efficient in the case of liquid-dominated flows that contain only few local vapour bubbles, since in this case the time
step of the scheme is limited by the large speed of sound in the liquid.

It is therefore the aim of this paper to provide a novel pressure-based semi-implicit method for the compressible
Euler equations that is able to deal with general equations of state, which is locally and globally conservative and
whose time step is only limited by the flow velocity and not by the sound speed. The new method is designed to
apply simultaneously to very low Mach number flows as well as to highly compressible flows with shock waves.
In the proposed scheme, the density equation as well as the nonlinear convective terms for momentum and kinetic
energy are discretized explicitly, while pressure in the momentum equation and velocity in the energy equation are
taken implicitly. This removes the stability condition on the sound speed, and requires only a mild restriction of
the time step based on the flow velocity. Then, the discrete momentum equation is inserted into the discrete energy
equation, leading to a reduced mildly nonlinear system for the pressure. This nonlinear system has the nonlinearity
stemming from the equation of state only on the diagonal, while the remaining linear part of the system is symmetric
and at least positive semi-definite. Hence, the pressure can be efficiently obtained with the new family of (nested)
Newton-type techniques recently introduced and analyzed by Casulli et al. in [11, 17, 18, 8, 9]. The method proposed
in this paper has several similarities with the one forwarded by Park and Munz [45], but while the latter was using a
linear pressure correction equation and thus was restricted to the ideal gas case, the present approach solves a mildly
nonlinear system for the pressure and is sufficiently general to handle complex real gas EOS. Concerning semi-implicit
asymptotic-preserving schemes for all-Mach number flows and general equations of state, we also would like to refer
to the nice work presented by Cordier et al. in [21], which, however, required the solution of a nonlinear system for
pressure and enthalphy, while the present scheme proposed in this paper only requires the solution of a set of scalar
systems for the unknown pressure. Furthermore, the method proposed in [21] did not employ the novel nested Newton
technique of Casulli et al., which makes the scheme presented in this paper particularly simple, robust and efficient.

The rest of the paper is organized as follows: in Section 2 we present the governing differential equations and their
numerical approximation in the one-dimensional inviscid case. A thorough validation of one-dimensional inviscid
flows is presented in Section 3, while the extension to multi-dimensional viscous flows is presented in Section 4.
Some computational results for the multi-dimensional case are shown in Section 5. Finally, in Section 6 we give some
concluding remarks.



2. Governing equations and numerical method

2.1. Governing PDE

The compressible Euler equations of gas dynamics, which represent the principles of conservation of mass, mo-
mentum and total energy, in one space dimension read as follows:
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where ¢t € Rg denotes time and x € Q = [xz, xg] C R is the spatial coordinate. The one-dimensional computational
domain is denoted by Q. Furthermore, p denotes the fluid density, p is the fluid pressure, u is the flow velocity,
pE = pe + pk = pe + %pu2 denotes the total energy density, pk = %pu2 is the kinetic energy density of the fluid and
e = e(T, p) is the specific internal energy per unit mass, which in general depends on temperature 7 and density p. This
relation is the so-called caloric equation of state (EOS), while the relation p = p(T, p) is the so-called thermal equation
of state (EOS). Usually, from these two relations, the temperature is eliminated, leading to one single equation of state
of the form e = e(p, p), which is typically used in Godunov-type finite volume schemes, and which will also be used
in this paper. Another useful quantity is the so-called specific enthalpy, which is defined as h = e + p/p and which
allows to rewrite the flux for the total energy density as follows: u(oE + p) = u(pk) + h(pu). In order to simplify the
notation, & will be used later throughout the paper. The PDE system (1) can be rewritten in terms of the primitive
variables p, u and p as follows:
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with the bulk modulus K = pc? >,
eigenvalues of system (2), which are tfle same as for (1), are 4y = u—c¢, A = uand A3 = u + ¢. The terms in the
system matrix of eqn. (2) that give rise to the sound speed c are the pressure term 1/p p, in the momentum equation
and the velocity term Ku, in the pressure equation. Therefore, these terms will have to be discretized implicitly in the
numerical method in order to avoid a CFL condition based on the sound speed; see also [13] for a similar discussion
in the case of the shallow water equations.

the sound speed c and the abbreviations e, = de/dp and e, = 0e/0p. The

2.1.1. Ideal gas EOS
For the ideal gas, for example, the thermal and caloric EOS read, respectively,

P_Rr, and e=ecfT, 3)

e

with the specific gas constant R = ¢, —c,, and the heat capacities ¢, and c, at constant volume and at constant pressure,
respectively. From the two relations in (3) the temperature can be eliminated, yielding

p
e=e(p,p) = , 4)
(y—-Dp
where y = ¢, /c, denotes the so-called ratio of specific heats.
2.1.2. General cubic EOS
For a general cubic equation of state according to [59], the thermal EOS reads
RT a(T)
p= Q)

v—b (v=br)v—br)

with the specific volume v = 1/p, the so-called co-volume b, the specific gas constant R, two constant parameters r;
and r, and a function a(7’) that governs the attraction term in the EOS. For the special case r; = r, = 0 the famous
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van der Waals EOS [57] is reproduced, while the Redlich-Kwong EOS [47] is obtained by setting r; = 0 and r, = —1.
Finally, the Peng-Robinson EOS [46] can be retrieved with the choice r} = —1 — V2 and rn=-1+ V2. The caloric
EOS of the general cubic equation of state (5) is given for constant ¢, according to [S9] by

- Tad (T
e(T,p) = ¢, T + aTa()U(V’ b, r1,12), 6)

with a’(T) = da/dT and U a known function that depends on the EOS. For the van der Waals gas U = —bp, while
for all other EOS with r; # r, one has U = m irz In (%), see [59]. From (5) and (6) it is clear that for a general
cubic EOS the relation e = e(p, p) can become very complicated and is in general highly nonlinear. However, for a
given density and for a physically meaningful choice of parameters, the specific internal energy e is a non-negative,

non-decreasing function of the fluid pressure p.

2.2. Semi-implicit discretization on a staggered grid

For the discretization of PDE system (1) we introduce a staggered grid, where the primary control volumes
Q; = [x_ 1% +%] are intervals of length Ax; = x;, 1= XL with barycenters x; = %(xi_l + Xyl ). The number of

primary control volumes is denoted by N,. For convenience, we also define the dual mesh spacing Ax;, 1= Xig =X =

%(Ax,- +Ax;;1). The discrete pressure p? is defined in the centers of the primary cells €; and the velocity ; +§ is located
at the boundaries of the control volumes. We also define the discrete density p;,:l at the zone boundaries, so that the

2
discrete momentum density (pu)l’f+l = pl’f+ , u;‘+l is unambiguously defined at the cell boundary. The reason for this
2 2 2

choice is motivated by the objective of obtaining a simple explicit discretization of the convective terms in the mass
and momentum conservation equations that preserves uniform pressure and velocity flows.

The discrete total energy density (oE)! is located at the cell centers. However, since (oE)? is not only a function
of pressure, but also of the fluid density and the kinetic energy, and hence of the fluid velocity, we need to link (oE)!
properly to the other flow quantities on the staggered grid. For this purpose, the cell-averaged density o and the
cell-averaged kinetic energy density (pk); are defined as

1 n n
o =5ty i) @
and
o = 5 (R, + o, ) = 5 (50 2+ 30 ®)
A I Y A U e S T o

respectively. The cell-averaged total energy density (oE)? is then linked to the other flow quantities by the relation
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Finally, we also define the specific enthalpy /% at the element interfaces, which will be needed later in our scheme:

P
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hH% = e(pH%,pH%) + o , with pr.1 =max(0, p}, pi,y). (10)
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=

The density equation is now discretized explicity as follows:

At
n+1 n 1Y P
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with the numerical flux
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and the maximum convective velocity [u]"®*| = max (qu s Iu:’+, I). Note that the flow velocity can be easily obtained
-1 1

from mass density and momentum density simply as u:'+, = (pbl)::_] /p;’+I .
3 3 7
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The semi-implicit discretization of the momentum equation reads

Af - (pil - P, (13)

it3
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where pressure is taken implicitly, while the explicit operator for the discretization of the nonlinear convective terms
reads

At(

i A (14

Flou,, = u,, -

i+5

with the numerical flux
u 1 n n n n 1 max n n
7= 3 (ol + ) = (o, = o). 1

Note that the discretization of the nonlinear convective terms in the momentum equation (14) has the same structure
as the one of the density (11), in particular the numerical viscosity term is the same. This is important in order to
preserve constant velocity and constant pressure flows.

A preliminary discretization of the total energy equation is chosen as follows:

1 - - - ~
AxplHe (pr i) + 5 Ax; ((pk)'f*} + (pk)'?+}) = AxF(pE)! — At (h'?+,1(pu)'.'+,1 - h'7+,1(pu)'.’+]1). (16)
2 i-5 i+5 i+5 i+5 -5 -5

The meaning of the tilde symbols will be explained later. The explicit operator F(oE)! contains only the discretization
of the flux term due to the kinetic energy and is given by

FpEY = EY] - o (7% = 2%

x; \"its i-5

). (17)

with the numerical flux
124 = 2t (0 + (00) = 21 (G0, — (o) (18)
il T it i+l i) Ml i+l i)
where we have used the cell-averaged kinetic energy density defined in (7). Note that in the explicit operators for p’f:f,
i+3

F (pu);’+ , and F(pE)? one can recognize an explicit discretization of the advection system of the flux-vector splitting
scheme 2of Toro and Vazquez-Cendén [55]. For a detailed discussion of the eigenstructures of the resulting convection
system and the pressure system, see [55].

Inserting the discrete momentum from (13) into the discrete energy equation (16) yields the following preliminary
system for the unknown pressure:

i’anr]l iln+ll
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If the quantities marked with a tilde symbol are directly discretized at the new time level, the resulting system would

become strongly nonlinear and difficult to control. For that purpose, we employ a Picard iteration technique, as the

one suggested in [17]. From now on the iteration index of the Picard iteration is denoted by r. We obtain the following

iterative scheme, which requires the solution of the following mildly nonlinear system for the pressure p;.”"r“ ateach
Picard iteration,
n+l,r hn+1,r
n+l ntlr+l  ptl) _ A2 i+5 n+lr+l _ nklr+l) i-3 n+lr+l _ ntlr+l\ | _ g
Axip; e(pi Pi ) At Axips (pi+l P ) Ax,_s (pi Piy ) = bi, (20



with the right hand side
1
b, = Axi[FE)! — = ((pk)',”l]’r + (pk)'?ﬁ“) — At (h’f*f”F(pu)f‘ = Y E oy ) @1
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Note that the density pl’f” is already known from (11), hence in (20) the new pressure is the only unknown. Using a
more compact notation, the above system (20) can be written as follows:

V(pn+1,r+1) + Tr pn+1,r+1 — br, (22)
with the vector of the unknowns p™*!/*! = (pi*! 1 prtbrt bl The vector b” contains the known right

hand side of (20), with terms from the old time level and from the old Picard iteration. Matrix T” is symmetric and at
least positive semi-definite and takes into account the linear part of the system, while the nonlinearity is contained in
the vector function V(p™*1) = (Axipi*le(p™ ", o), . Axip!le(py ™ o), L A ol e (Pl o),
which means a componentwise evaluation of the internal energy density in terms of pressure and density. Note that
the density pl’.‘+l at the new time level is already known from (11).

Note that the time step, the mesh spacings and the enthalpy £ are non-negative quantities. Furthermore, the specific
internal energy e (p, p) is a non-negative, non-decreasing function of pressure. Thanks to the use of a semi-implicit
discretization on a staggered mesh, the matrix T" in system (20) is symmetric and at least positive semi-definite. One
therefore can apply the same (nested) Newton-type techniques for its solution as the ones recently introduced in the
context of geophysical flows by Casulli et al. in [11, 16, 17, 18, 12] and analyzed by Brugnano and Casulli in [8, 9].
For all implementation details and the convergence proofs of these (nested) Newton techniques applied to mildly
nonlinear systems such as the one given by (22), the reader is referred to the above references. These Newton-type
techniques successfully apply within semi-implicit numerical methods in the context of incompressible fluids and
weakly compressible barotropic fluids in compliant tubes, see [14, 31, 26].

From the new pressure pf’“”” the momentum density at the next Picard iteration can be readily obtained as
follows:

At

n+lr+1 _ n 2 o n+lr+l  n+lr+l

N v (it =Pttt (23)

As already observed in [17] and as confirmed by our own numerical experiments, a few Picard iterations are sufficient

to obtain a satisfactory solution. In the test problems, we stop the Picard process after r = 3 iterations. At the end

of the last Picard iteration, we set p*! = p/*"+!, (pu):l:ll = (pu):’:ll”“, h:’:,l = h:l:ll”“ and update the total energy
2 3 7 3

density using the conservative formula

At
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From (11), (13), (24) one can directly observe that the scheme is written in flux form for all conservation equations,
hence the proposed method is locally and globally conservative for mass, momentum and energy. Its stability is only
restricted by a mild CFL condition based on the fluid velocity u, and not based on the sound speed c. This makes
the method particularly well suited for the discretization of low Mach number flows. However, being a locally and
globally conservative scheme, it is also able to handle flows with very strong shocks properly, as shown via several
numerical test problems in the next section.

For further stabilization at very strong shocks, the terms (pu):’:j in (16) should be supplemented with a Rusanov-

type dissipation, as proposed in [25], i.e. (pl,t)’?:l1 should be replace&l with
*3

d(pe)
dp

1
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2

and the sound speed at the interface c;i,

;. The use of (25) instead of (pu);’:j in (16) does not change the structure of
system (22). ’
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3. Numerical results in 1D

In the following, the new semi-implicit method is applied to a large set of different Riemann problems and three
different EOS, namely the ideal gas law, the van der Waals EOS and the Redlich-Kwong EOS. Other general EOS !
could also be used, but here we limit ourselves to the three aforementioned equations of state.

3.1. Ideal gas EOS

Here, the new algorithm is applied to a set of well-known Riemann problems for the compressible Euler equations
with ideal gas EOS. The exact Riemann solver has been taken from [53]. All test cases have been run on a uniform
grid with mesh spacing Ax, using a Courant-Friedrichs-Lewy number of CFL = max AL — ().5 based on the maximum
absolute value of the flow velocity |u|. For all test cases the computational grid consists of 200 cells and the ratio
of specific heats is chosen as y = 1.4. The data for the initial conditions are listed in Table 1. In all test cases we
explicitly checked the global conservation error, which was always found to be of the order of machine accuracy.

Contact discontinuity in a low Mach number uniform velocity and pressure flow (RP0). This first test problem
RPO consists of a very strong contact discontinuity moving in a uniform pressure and velocity flow. The density jumps
over five orders of magnitude and the local Mach number in this test problem ranges from M ~ 2.7-10™* to M =~ 0.085.
The computational results are depicted in Fig. 1. In the density variable we can see the typical numerical dissipation
at the contact wave that is characteristic for a first order method like the one used here. One can also observe that the
flow velocity and the fluid pressure remain essentially undisturbed. This is obtained thanks to our particular staggering
of the density, which is located at the same position as the fluid velocity. An alternative cell-centered staggering of
the density led to significant velocity and pressure oscillations in this test problem and was therefore discarded.

Sod problem (RP1) and Lax problem (RP2). These two classical shock tube problems were proposed by Sod
and Lax in [50] and [39], respectively, and have become common benchmark problems for Godunov-type finite
volume methods. They consist in a right-moving shock wave, a left-moving rarefaction fan and an intermediate
contact discontinuity. The numerical solution is compared against the exact solution for both problems in Figs. 2 and
3, respectively. We observe that the shocks are located at the right position and that the post-shock values are also
correct.

Riemann problems RP3 and RP4. These two difficult Riemann problems are taken from the book of Toro [53]
and have been solved with our new semi-implicit algorithm. They are well-suited to test the robustness of a numerical
scheme, since they involve very strong shock waves, slowly moving shocks and strong contact waves. For a detailed
discussion see [53]. In Figs. 4 and 5 we compare the numerical solution with the exact one for both problems and
observe that the method behaves accurately and robustly in all cases. Again, the shocks are in the right position thanks
to the use of a locally and globally conservative method.

Double rarefaction (RP5) and colliding shocks (RP6). These two test cases for ideal gas consider a symmetric
double rarefaction (RP5), as well as two strong colliding shocks (RP6). In the case of the double rarefaction problem,
there are no shock waves involved and the flow can be considered as smooth. However, in Fig. 6 we can note a
visible unphysical kink in the density, while the results obtained for pressure and velocity are in good agreement
with the exact solution. For the colliding shock problem, which was also discussed in [53], we obtain a numerical
solution that is overall in good agreement with the exact one, see Fig. 7, apart from some spurious oscillations
at the shock waves, which are well known also for Godunov-type finite volume schemes (see [53]), but which are
slightly more pronounced with our scheme. However, instead of the classical wall-heating error, which is typically
known from Godunov-type finite volume schemes and that manifests itself in a spurious density drop at the origin,
our new method produces a local density increase at the origin. In other words, our new method is affected by a local
wall-cooling error. Further investigations about this unexpected behaviour will be necessary in the future.

Modified Sod problem. This last test problem (RP7), which is a modification of the original Sod problem, has
been proposed by Toro in [53] in order to study the well-known entropy glitch or sonic glitch problem, which typically
appears inside supersonic rarefaction waves with most first order Godunov-type schemes that use Riemann solvers
with little dissipation. While this phenomenon is only little evident for the Godunov flux based on the exact Riemann

! According to [18] the conditions on the EOS are that the function e(p, p) is a non-negative, non-decreasing function of pressure for a given
density; furthermore, the partial derivative de/dp must be of bounded variation, non-decreasing in the interval (—oo, {] and non-increasing in
[r, +00], with two constants ¢, r € R.



solver [33] and the Osher flux [44], it is particularly evident for entropy-violating Riemann solvers like the one of Roe
[48]. From the numerical results presented in Fig. 8 we can conclude that our new semi-implicit method does not
suffer from the sonic glitch problem. To confirm this statement, we also ran the same test problem again on a very
fine mesh, still without obtaining any spurious entropy glitch.

Table 1: Initial states left and right for density p, velocity u and pressure p for the Riemann problems solved for the compressible Euler equations
with ideal gas EOS. The initial position of the discontinuity (xz) and the initial computational domain Q = [xz; xg] are also specified. In all cases
y=14.

RP PL ur, PL PR Ur PR Xd XL XR
0 1000.0 1.0 10° 0.01 1.0 10° -025 -05 05
1 1.0 0.0 1.0 0.125 0.0 0.1 00 -05 05
2 0.445 0.698 3.528 0.5 0.0 0.571 00 -05 05
3 1.0 0.0 1000 1.0 0.0 0.01 0.1 -0.5 05
4 599924 19.5975 460.894 5.99242 -6.19633 46.095 00 -1.0 1.0
5 1.0 -1.0 0.4 1.0 +1.0 0.4 00 -05 05
6 1.0 +2.0 0.1 1.0 -2.0 0.1 00 -05 05
7 1.0 0.75 1.0 0.125 0.0 0.1 -0.1  -05 05
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Figure 1: Exact and numerical solution for the contact wave in very low Mach number ideal gas flow (RPO) at # = 0.5.
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Figure 2: Exact solution and numerical solution for the Sod shock tube problem (RP1) at time ¢ = 0.2 for an ideal gas.
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6 Exact solution
[ - Numerical solution
14
12F HE
° o
2 [
< [
08
o6 ° .
o2l )
-05 -04 -03 -02 01 0 01 02 03 04 05
X
Exact solution
a Numerical solution
s
Qo
<
5
— =
Y Y RUVET FUTET FRTTE THVEE FUTE FURTE SV ST |

0
-05 -04 -03 -02 -01 0 0.1 02 03 04 05
X

25

Exact solution

o Numerical solution

-5
-0.

.5 -04 -03 -02 01 0 0.1
X

02 03 04 05

1200 -

1000

800

600

400

200

Exact solution

o Numerical solution

-200
-0.

.5 -04 -03 -02 -01 0 0.1
X

Figure 4: Exact solution and numerical solution for the shock tube problem RP3 at time # = 0.012 for an ideal gas.
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3.2. Van der Waals EOS

In this section we use the van der Waals equation of state with the following parameters: ¢, = 1, R = 0.4,a = 0.5,
b = 0.5. For this purpose, one has to select r; = r, = 0 in the thermal equation of state (5). The initial conditions
for the Riemann problems solved in this section are listed in Table 2. The quasi-exact solution is obtained using
the general EOS Riemann solver described in all detail in [27]. For comparison purposes, we also show for each
test problem the exact solution that would have been obtained in the case of an ideal gas EOS for the same initial
conditions for density, pressure and velocity. Obviously, the initial condition for temperature is in general different
for a different EOS. The first Riemann problem VDW1 consists in two non-symmetric colliding shock waves. The
numerical results are depicted in Fig. 9. We note overall a good agreement between exact and numerical solution.
However, some spurious oscillations are visible at the shock waves, similar to the ones present in RP6 for the ideal
gas EOS. The oscillations are even more visible in the temperature 7. From Fig. 9 one can also clearly note the
importance of the chosen equation of state, since in this case the results for the ideal gas EOS significantly differ from
the ones obtained with the van der Waals EOS.

The second Riemann problem (VDW?2) is again the Sod shock tube problem, but this time run with the van der
Waals EOS. In Fig. 10 we again observe a good agreement between the numerical solution and the exact solution for
all flow quantities. Fig. 10 also contains the exact solution for an ideal gas for comparison. In this case, the differences
are visible, but not as significant as in the other two cases.

The third Riemann problem (VDW3) uses the same initial data as RP3 before and shows the most dramatic
change in the solution due to the EOS. The numerical results are compared with the exact solution in Fig. 11, where
an excellent agreement can be observed.

In all the test problems shown here, the Newton-type technique used for the solution of (22) converged in exactly
one iteration, since for the van der Waals EOS the specific internal energy e is still a linear function of pressure.

Table 2: Initial states left and right for density p, velocity u and pressure p for the Riemann problems solved for the compressible Euler equations
with the van der Waals EOS. The initial position of the discontinuity (x;) and the initial computational domain Q = [xz; xg] are also specified. In
all casesc, = 1,R=04anda=b=0.5.

VDW  p, uy, )4 PR Ur PR Xd XL XR
1 1.0 +1.0 2.0 1.0 -1.0 1.0 00 -05 05
2 1.0 0.0 1.0 0125 00 01 00 -05 05
3 1.0 0.0 1000 1.0 00 0.01 01 -05 05

3.3. Redlich-Kwong EOS

The Redlich-Kwong EOS is a truly nonlinear equation of state, in the sense that the specific internal energy e is a
nonlinear function of pressure. This is due to the nonlinear term a = a(T) = a/ VT in the thermal EOS (5). In all the
following simulations, we choose @ = 0.5, b = 0.5, ¢, = 1 and R = 0.4. The Redlich-Kwong EOS is obtained from the
general cubic EOS (5) by setting r; = 0 and r, = —1. To compute the function e = e(p, p) one first needs to solve the
thermal equation of state (5) for temperature. This can be either done exactly, using the formula for cubic equations
of Cardano [10], or simply by a standard Newton method. Here, we choose the latter approach for simplicity. Once
the temperature is known from the thermal equation of state, it is inserted into the caloric equation of state (6), thus
yielding the desired relation e = e(p, p).

The initial conditions for the Riemann problems solved in this section are listed in Table 3. In all cases the
Newton-type iteration used for the solution of (22) converged to machine precision in at most three to four iterations.
The numerical results are shown in Figs. 12 to 15, where in general a good agreement between exact and numerical
solution can be appreciated.
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Figure 9: Exact solution and numerical solution for the shock tube problem VDW1 at ¢ = 0.1 for the van der Waals gas. To highlight the importance
of the EOS, the exact solution for the ideal gas case (a = b = 0) is also reported, for comparison.

Table 3: Initial states left and right for density p, velocity u and pressure p for the Riemann problems solved for the compressible Euler equations
with the van der Waals EOS. The initial position of the discontinuity (x;) and the initial computational domain Q = [xz; xg] are also specified. In
all casesc, = 1,R=04anda=b=0.5.

RK  pL uy, pPL PR Ur PR Xd XL XR
1 1.0 +1.0 2.0 1.0 -1.0 1.0 00 -0.5 05
2 1.0 0.0 1.0 0125 00 01 00 -05 05
3 1.0 0.0 1000 1.0 00 0.01 01 -05 05
4 1.0 0.0 2.0 1.5 0.0 1.0 00 -05 05
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4. Extension to viscous flows in multiple space dimensions

In multiple space dimensions, the compressible Navier-Stokes equations read

p pv 0
a pv |+V-| pvev+pl = V. M(VV+VV) (;N w1 , (26)
pE pkv + hpv (1 (Vv + V) = 2(uV - W) - v + AVT

with the identity matrix I, the velocity vector v = (u, v), the temperature T, the kinetic energy density pk = %pvz, the
specific enthalpy & = e + p/p, the kinematic viscosity y and the thermal conductivity 4. Again, the system needs to
be closed by a thermal equation of state p = p(T, p) and by a caloric equation of state e = e(7, p). The extension of
our new semi-implicit scheme to viscous flows in multiple space dimensions is then straight forward. The discrete
pressure pf; is defined in the control volumes associated with the primary grid, hence [x,_l ; +%] X [y o 1aYj +%]. In
the following, we will suppose an equidistant mesh spacing of size Ax in x direction and Ay in y direction. The
momentum density (pu)” ~and the velocity u g in x direction are defined on an edge-based staggered dual control
+3.j 5

volume given by [x;, xj41] X [y 1Y, +1] wh11e the momentum density (pv)” 4l and the velocity v o in y direction
2

are defined in the staggered control volumes [x;_ 1> Xy 1] X [yj,yj+1]. As dlscussed already for the one-dimensional
case before, an important novelty of this paper is that ‘the density is defined at the same staggered locations as the
discrete velocity, i.e. on the edges of the primary grid and not at the cell centers of the primary control volumes. As a

matter of fact, we also define two density variables, one associated with the x momentum, denoted by p;_il i and one

associated with the y-momentum, denoted by P?j+1 , respectively. The staggered velocities are therefore related to the
2Jt3

associated momentum and mass densities simply by uf e (pu)" L /p and v = (pv)” 4l /p; b respectively.
3]
The respective kinetic energies on the edges are (pk)l’f%j = l+1 ](u” | )2 and (pk)” = 71+ 1( " l)2 The cell
5
centered density needed for the evaluation of the equation of state is g1ven by
no__ 1 ' n 71 7 2
Pij = 4 Pivt +pi—%,j +pi,j+% +pi,j—% @7

For an efficient evaluation of the explicit transport operators for the mass density, the nonlinear convective and viscous
terms in the momentum equation and for the transport of kinetic energy, we first average the staggered quantities onto
the primary control volumes. There, we perform an explicit advection step and then the staggered quantities are
averaged back onto their respective edge-based dual control volumes. This procedure has already been successfully
applied in the context of higher order semi-implicit DG schemes, see [25]. We therefore define at the beginning of
each time step the following cell-centered quantities:

el =3l o) @= gl el @
oy =5 (@ + ooy ) =5 (0, o). (29)
(P! = %((pk)l'.’%’j ok, )+ ((pk):l#l k] ). (30)

Denoting in the following a generic cell-centered quantity of (28)-(30) with qu’ the transport of that quantity is
discretized in an explicit and conservative way as follows:

At n n At n n
Fqi;=d;,; - Ax (fi%,j _fi—%,j) Ay (givj’r% Y é)’ Gl

with the numerical fluxes

n

1
n n n =" - ) — — W no—gt.
ui+%,j|(qi+1,j qi,j)’ gi,j+% - 2vi,j+% (thrl + qw) 2 Vi,j+% (qt,ﬁl ql-])'

1 1
n _ _.n n ny_
far = 34 (qm,j + q,-,,-) B
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The operators on the original edge-based staggered grid can then be obtained again from averaging as

n 1 n n n 1 n n
Fay ;=5 (Fai;+ Fal)).  Fd, =5 (Fg} ;11 + Fd};). (32)
Note that the entire sequence of averaging to the primary grid (28)-(30), conservative update (31) and averaging back
to the staggered grid (32) is conservative, since the two averaging operators are conservative interpolations. With
(31)-(32), the discretization of the density equation on the staggered grid becomes

n+1 (px)n o n+l (p} Ij+7 (33)

I+ j l+ i l ]+

With (33) and (27) the new density at the cell center pl’f;l can be computed. The discrete momentum equations read

7n+1 n+1 n+l n
p“rlj_pll)’ (pv)lj+ (’O)lj+

At At
n+l  _ n n+l _n+l
ou)y ;= Flowy,, -+ ( Ay ~ (el - rr). G4
where pressure is taken implicitly, while all nonlinear convective and viscous terms are discretized explicitly via the
operators F' (pu);‘+l ; and F (pv):’j+ ., respectively. The preliminary form of the discrete total energy equation is given
7 Jr3

by:

e (o) + 5 (@R + ot + @y + b

i+5.,] i,j+3 )
hn+1 (p )n+1 ) At(

A Vl+1 . (p )n+1 hn+1l(p )n+1
Y

ij+3 i,j+3 ij—3 1/—*)

F(pE)ZJ (hn+l (p )n+l

+5,] l+ ] - 2,] — *]

(35)

Here, we have used the abbreviation F(pE); ; = (0E )” (pk)" +F (pk)” Inserting the discrete momentum equation
(34) into the discrete energy equation (35) and maklng tilde symbols exp11c1t via a simple Picard iteration yields the
following discrete wave equation for the unknown pressure:

n+1 n+l,r+1 _n+1
Pij € (pi,j Pij )

2
_At ( n+1,r( n+lr+1 n+1,r+l)_hn+l,r( n+lr+l n+l,r+l))

Ax2 \ i+5.j\TitLj ij -3, j\"iJ i-1,j
At2 hn+l rf n+lr+l n+1,r+1 hn+1 rf n+lor+l n+l1,r+1 b 36
T Ay i+l ( il TP ) L (p,;j ~Pijn ) - Py (36)

with the known right hand side b P given by terms discretized at the old time #" or at the previous Picard iteration r as
1 1
r _ no_ n+l,r n+lr) _ * n+l,r n+l,r
bij = FE); 2 ((pk) i3 " (pk)i%,j) 2 ((pk)iwj—% + b i»/'+%)

Ar n+1 r n n+1 r n ) At n+1 r n n+l,r n
CAx ( i3] Flowr gy = o F Oy, Ay ( i.j+} Flovyij hi,J—%F(pV)L_i—%)' 37)
The system for the pressure (36) is again a mildly nonlinear system with a linear part that is symmetric and as
least positive semi-definite. Hence, with the usual assumptions on the nonlinearity detailed in [18], it can be again
efficiently solved with the nested Newton method of Casulli and Zanolli [17, 18]. Once the new pressure is known,
the momentum can be readily updated from (34). At the end of the Picard iterations, the total energy is updated as

At At
(pE)Z;-I — F(pE)zj _ A_x (hn+11 )n+l hiH—l (p )Vl+l )_ _(

i+3,] i+3,] i- *_] i— f] Ay

n+11(,0 )i’H—l hn+l](p )n+l

i,j+3 i, /+f i,j—3 )

(38)

In the present paper, the viscous terms are simply discretized in an explicit manner by adding the corresponding
discrete form of the right hand side of (26) to the operators F' (pu),'-f,-, F (pv)i.fj and F (pk)ffj. For that purpose the discrete
velocity gradients on the control volume boundaries are computed according to

1 1
! _—(VV',',.,+VV71<|), w o (Vv L+ Vv
l+7j 2 3 s l,j+ 2 i+ j+

), (39)

o=

-
=3,J%
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with the corner gradient defined as

n - no_yh
1 Vierjr1Vije Vier,;i Vi
n — Ax Ax
VWi, == e M vt DX ] 40)
H—,,,‘]+2 2 i+1,j+1 i+1,j + ij+1 ij
Ay Ay

The temperature gradients are computed in the same way.

5. Numerical results in 2D

In all the following numerical test problems, the ideal gas equation of state is used, in order to make the results
comparable with existing data in the literature.

5.1. Circular explosion problem

In this subsection we solve an inviscid cylindrical explosion problem in the domain Q = [-1, 1] X [-1, 1], whose
initial condition is given by
(1,0,0,1) if x| <0.5,

(o,u,v,p) = { (0.125,0,0,0.1) if ||x|| > 0.5. @D

We run our new semi-implicit scheme on a computational grid composed of 1000 x 1000 elements until a final time
of t = 0.25. Due to the angular symmetry of the problem, a reference solution can be computed according to [53] by
solving an equivalent one-dimensional PDE in radial direction with geometrical source terms. For the computation
of the 1D reference solution we use a second order TVD scheme with the Osher-type flux [28] on a very fine radial
grid with 10000 cells. The numerical solution obtained with our two-dimensional semi-implicit scheme is compared
against the reference solution in Figure 16. Overall, we observe that all waves are properly captured, i.e. the cylindrical
shock wave, the cylindrical contact discontinuity and the inward-moving cylindrical rarefaction wave. In particular we
find no spurious pressure oscillations at the contact wave. For this test problem, we have also computed the average
CPU time necessary for one time step of one element by dividing the total CPU time of the simulation by the number
of elements and time steps. On a single CPU core of a workstation equipped with an Intel Core i7-2600 CPU with 3.4
GHz clock speed and 12 GB of RAM we find an average CPU time per element and time step of only 1 us. The order
of magnitude of this value is comparable to a standard explicit Godunov-type scheme applied to the same problem and
thus clearly highlights the computational efficiency of our new semi-implicit formulation, in particular if we consider
the fact that our method needs the solution of a sequence of linear systems for the pressure.

5.2. Two-dimensional Riemann problems

Here we consider a set of two—dimensional Riemann problems, whose initial conditions are given by

(o1, ui,vi,p1) if x>0Ay>0,
(o2, u2,v2,p2) if x<OAy>0,
(p3,u3,v3,p3) if x<0Ay<O,
(04,ug,v4,pg) if x>0Ay<O.

(o, u, v, p) = (42)

A large set of such two—dimensional Riemann problems has been presented in great detail in the papers by Schulz-
Rinne [49] and Kurganov and Tadmor [38]. These multi-dimensional Riemann problems can also be used as a build-
ing block of cell-centered Godunov-type finite volume schemes. For more details on so-called genuinely multi-
dimensional Riemann solvers, see [2, 1, 4, 6, 3, 5]. Also for these test cases, the fluid is considered inviscid, hence
p = A = 0. The initial conditions for the four configurations solved in this article are listed in Table 4. The compu-
tational domain is given by Q = [-0.5;0.5] x [-0.5;0.5] and is discretized with a uniform Cartesian grid composed
of 1000 x 1000 cells. The computational results obtained with our new semi-implicit scheme are depicted for all four
configurations in Figure 17. We can note a reasonable qualitative agreement with the second and third order results
published in [38]. However, we clearly observe that despite the very fine mesh used here, our numerical results show
more dissipation, since our method is only low order accurate. Also in this set of test problems, the average CPU time
was only about 1 us per element and time step.
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Figure 16:
t=0.25.
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Table 4: Initial conditions for the two—dimensional Riemann problems.

Problem C4 (Configuration 4 in [38])

x<0 x>0
P u v p P u v p
y>0 | 05065 0.8939 0.0 0.35 1.1 0.0 0.0 1.1
y<0 1.1 0.8939 0.8939 1.1 | 0.5065 0.0 0.8939 0.35
Problem C7 (Configuration 7 in [38])
x<0 x>0
P u 4 p P u 14 p
y>0 1.0 0.1 0.1 1.0 | 0.5197 -0.6259 0.1 0.4
y<0 0.8 0.1 0.1 0.4 | 0.5197 0.1 -0.6259 04
Problem C8 (Configuration 8 in [38])
x<0 x>0
P u v p P u v p
y>0 1.0 -0.6259 0.1 1.0 | 0.5197 0.1 0.1 04
y<0 0.8 0.1 0.1 1.0 1.0 0.1 -0.6259 1.0
Problem C16 (Configuration 16 in [38])
x<0 x>0
P u v p P u v p
y>0| 10222 -0.6179 0.1 1.0 | 0.5313 0.1 0.1 0.4
y<0 0.8 0.1 0.1 1.0 1.0 0.1 0.8276 1.0

5.3. Lid-driven cavity

In this last example, we consider the full compressible Navier-Stokes equations (26) at low Mach number, where
the proposed semi-implicit approach is particularly useful, since the time step is only restricted by a CFL condition
based on the flow velocity v, and not by the sound speed ¢ = +/yp/p. A further time step restriction comes from the
explicit discretization of the viscous terms, which, however, is not so stringent for low viscosities. The computational
domain is the box Q = [-0.5,0.5] x[-0.5, 0.5], which is initialized with a density of p = 1, a velocity of v = 0 and the
pressure is set to p = 10°, which corresponds to standard atmospheric reference conditions in SI units. The dynamic
viscosity is chosen as u = 1072, while heat conduction is neglected, i.e. 1 = 0. The flow is driven by the upper
boundary, whose velocity is set to v = (1,0). On the other three boundaries, a no-slip wall boundary condition v = 0
is imposed. This problem is also well-known in the literature as the lid-driven cavity problem, for which reference
data have been provided in the paper of Ghia et al. [32]. We run our semi-implicit scheme for this problem on a mesh
composed of 150 x 150 elements until the final time of + = 50. The reference Mach number of this test case with
respect to the speed of the lid ug = 1is M = uy/c = 2.67 - 1073, Even with an explicit discretization of the viscous
terms in (26), the time step is still about 125 times larger compared to a fully explicit scheme, where the time step is
limited by a CFL condition based on the sound speed. Our computational results are shown in Fig. 18, where also
a comparison with the reference solution of Ghia et al. [32] is presented. We note a reasonable agreement between
the two solutions. We essentially attribute the still visible discrepancy between our results and the ones of Ghia et al.
to the fact that here we solve the compressible Navier-Stokes equations, while the results shown in [32] have been
obtained for the fully incompressible case. Finally, we would like to point out that very recently, excellent numerical
results have been obtained in [52] for this test problem using a new family of high order semi-implicit DG schemes
on extremely coarse staggered unstructured triangular grids.

6. Conclusions

In this paper we have presented a new efficient semi-implicit method for the simulation of compressible flows
with general equation of state. Our particular discretization on a staggered mesh allows us to reduce the problem
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Figure 18: Computational results for the lid-driven cavity problem at time # = 50 and a Reynolds number of Re = 100. Left: horizontal velocity
contours and streamlines obtained with the new semi-implicit method. Right: comparison of the semi-implicit scheme (solid lines) with the solution
obtained by Ghia et al. [32] (squares).

to the solution of a mildly nonlinear system for the fluid pressure, which can be efficiently solved by a Newton-type
technique. The linear part of the mildly nonlinear system is given by a symmetric and positive semi-definite M-matrix,
while the nonlinearity resides only on the diagonal and is contained in the equation of state. The EOS must provide
the specific energy as a function of fluid pressure and density and must satisfy the following conditions: for a given
density e must be a non-negative non-decreasing function of p and its partial derivative w.r.t. p must be a function of
bounded variation, non-decreasing in the interval (—co, £] and non-increasing in [r, +oo], with two constants £, r € R.
The unknown kinetic energy at the new time level as well as the specific enthalpies that appear in the right hand side
and in the linear part of the mildly nonlinear system are updated easily with a simple Picard process, following the
suggestion of [17]. Once the pressure is known at the new time level, the momentum and total energy density can be
readily obtained via a conservative update formula.

The time step of our scheme is only restricted by accuracy requirements, by the fluid velocity and eventually by
the presence of the viscous terms, but not by the sound speed. Therefore, the proposed conservative semi-implicit
algorithm allows to use large time steps and remains efficient also in the case of very low Mach number flows. The
method has been carefully validated in 1D for the ideal gas EOS, for the van der Waals EOS and for the Redlich-
Kwong EOS on a large set of test problems, for each of which an exact or quasi-exact reference solution has been
provided.

In the second part of this paper, we have also shown how our new semi-implicit scheme can be easily extended to
the multi-dimensional case and to the compressible Navier-Stokes equations.

Future work will consist in an extension of the present approach to unstructured meshes in multiple space di-
mensions and to higher order of accuracy, following the ideas outlined in [25, 51, 52] for staggered semi-implicit
discontinuous Galerkin finite element schemes. We also plan an extension of this family of semi-implicit schemes to
the viscous and resistive MHD equations.

Dedication

The new numerical method introduced in this paper is dedicated to Claus-Dieter Munz at the occasion of his
60th birthday and in honor of his scientific contributions to the field of numerical methods for computational fluid
dynamics. His work covers the broad range from low Mach number and nearly incompressible flows to highly
compressible flows with strong shock waves.
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